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Abstract

The explosion of digital information and the growing involve-
ment of people in social networks led to enormous research
activity to develop methods that can extract meaningful in-
formation from interaction data. Commonly, interactions are
represented by edges in a network or a graph, which im-
plicitly assumes that the interactions are pairwise and static.
However, real-world interactions deviate from these assump-
tions: (i) interactions can be multi-way, involving more than
two nodes or individuals (e.g., family relationships, protein
interactions), and (ii) interactions can change over a period of
time (e.g., change of opinions and friendship status). While
pairwise interactions have been studied in a dynamic net-
work setting and multi-way interactions have been studied
using hypergraphs in static networks, there exists no method,
at present, that can predict multi-way interactions or hyper-
edges in dynamic settings. Existing related methods cannot
answer temporal queries like what type of interaction will oc-
cur next and when it will occur. This paper proposes a tempo-
ral point process model for hyperedge prediction to address
these problems. Our proposed model uses dynamic represen-
tation learning techniques for nodes in a neural point process
framework to forecast hyperedges. We present several experi-
mental results and set benchmark results. As far as our knowl-
edge, this is the first work that uses the temporal point process
to forecast hyperedges in dynamic networks.

1 Introduction

Learning from temporal interactions between entities to
extract meaningful information and knowledge is of
paramount importance. For example, learning how a per-
son interacts on social media can provide knowledge about
that person’s preferences, and it can help in recommend-
ing items to that person. Similarly, an e-commerce web-
site can better understand the users’ needs if it efficiently
extracts knowledge from users’ consumption history. Previ-
ously these problems have been studied using representation
or embedding learning in dynamic networks where interac-
tions were modeled as instantaneous links or edges between
two nodes formed at the time of interaction (Nguyen et al.
2018; Kumar, Zhang, and Leskovec 2019). For this, Tempo-
ral Point Processes (TPP) (Daley and Vere-Jones 2003) have
been introduced for modeling edge formation in dynamic
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networks. TPPs are stochastic processes that model local-
ized events in time, and the events can be of multiple types.
To model dynamic networks, one represents each edge as
an event type, and a probability distribution is defined over
the time of its formation. Here, the probability distribution
is parameterized using an intensity function based on rep-
resentations of nodes. These node representations are func-
tions of time and past interaction events. The parameters of
these functions are learned by minimizing the negative log-
likelihood of the interactions in the training data.

However, most real-world interactions are more complex
than just pairwise interactions. For example, a person can
have multiple items in a single shopping order, a group of
people can co-author an article, mutual funds have stocks
of various companies, and so on. These types of problems
have been studied using hypergraphs, and there have been
many theoretical advances have taken place (Ghoshdastidar
and Dukkipati 2017a,b).

A common technique employed to deal with this problem
is to approximate these multiway interactions with pairwise
interactions, which amounts to approximating hypergraphs
with graphs. This leads to enormous information loss, as
demonstrated in Figure 1. In this example, two different
kinds of interaction between nodes {v1,vs,v3,v4,v5, 05}
have the same pairwise interaction graph. Further, it is im-
possible to infer the original interactions once they are pro-
jected into a pairwise graph.

In this paper, we address the problem of forecasting
higher-order interactions as hyperedge events using TPP. We
define a conditional intensity function on each hyperedge
that takes node representations as inputs. Since each hyper-
edge can have a variable number of nodes, we use a self
attention-based architecture for hyperedge encoding. Since
nodes evolve as they interact, it is essential to employ dy-
namic node representations. In earlier works on dynamic
networks (Trivedi et al. 2019; Dai et al. 2016; Cao et al.
2021), node embeddings are updated based on the node em-
bedding of the other node in the interaction. For example,
consider edge event (v, vp) occurring at time ¢. To update
node embeddings of v,, we use the node embeddings of
vp and vice versa. However, hyperedge events have a vari-
able number of nodes (Figure 1), so the techniques devel-
oped for pairwise interaction are not directly applicable to
higher-order interaction. Hence, to address this, we use a
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Figure 1: Higher-order interactions at time ¢ are shown as hyperedges in Figures 1a and 1b. Here, hyperedges are represented
by geometric shapes with their ends/corners showing the nodes and color showing their identity. One can see two different
hypergraphs having the same projected graph in Figure 1c. This demonstrate a need for a technique that predicts hyperedges

without approximating the hypergraph with a pairwise graph.

self-attention-based encoding for node updates with param-
eters shared with the hyperlink prediction model.

Contributions. We propose a model called Hypergraph
Dynamic Hyperedge (HGDHE) to model higher-order inter-
actions as hyperedge events in a dynamic Hypergraph. Fur-
ther, one can notice that these interactions will not always be
between a homogeneous set of nodes. Hence, we also devel-
oped a bipartite hyperedge variant of our model called Hy-
pergraph Bipartite Dynamic Hyperedge (HGBDHE). This
will help in modeling interactions between two different
types of nodes. Our contributions are as follows. (1) A tem-
poral point process framework for hyperedge modeling that
can forecast the type and time of interaction; (2) A model for
representation learning for higher-order interaction data; (3)
Extensive experiments on real-world datasets on both homo-
geneous and bipartite hyperedges; (4) Empirical results on
performance gain obtained when we use hyperedges instead
of pairwise modeling; and (5) Empirical results on perfor-
mance gain are obtained when we use dynamic models in-
stead of static models.

Related Works. Earlier works in modeling temporal in-
formation into networks can be categorized as (i) discrete-
time models and (ii) continuous-time models. In discrete-
time models, time is discretized into bins of equal size, and
recurrent neural network-based models are used for mod-
eling temporal evolution (Gupta, Sharma, and Dukkipati
2019; Gracious et al. 2021). Since discretization results in
information loss and selecting bin size is a difficult task,
the recent focus has been on continuous-time models (Ku-
mar, Zhang, and Leskovec 2019; da Xu et al. 2020; Rossi
et al. 2020). Unlike these discrete-time models, TPP-based
continuous-time models can predict both dynamic inter-
action and time of interaction. Recently neural network-
based TPP has been proposed to model dynamic interac-
tion. However, these works approximate higher-order inter-
actions with pairwise interactions (Dai et al. 2016; Trivedi
et al. 2019; Cao et al. 2021) It has been shown in Hyper-
SAGNN (Zhang, Zou, and Ma 2019) that directly modeling

the higher-order interaction will result in better performance
than decomposing them into pairwise interactions.

Higher-order interaction between nodes can be modeled
as link prediction in a hypergraph. Earlier works use matrix
completion techniques to predict hyperedge. Coordinated
Matrix Minimization (CMM) (Zhang et al. 2018), infer the
missing hyperedges in the network by modeling adjacency
matrix using a non-negative matrix factorization based latent
representation. Recent works mainly concentrate on neural
network-based scoring functions as they perform better than
matrix completion-based techniques and are easier to train.
Hyperpath (Huang, Liu, and Song 2019) model’s hyperedge
as a tuple and uses a neural network-based scoring function
to predict links. This method cannot model higher-order in-
teractions as it expects the hyperedge size to be uniform for
all edges. HyperSANN (Zhang, Zou, and Ma 2019) uses a
self-attention-based architecture for predicting hyperlinks. It
can learn node embeddings and predict non-uniform hyper-
links. However, it is a static model and cannot model the
dynamic nature of hyperedges. The work presented in this
paper is the first work that uses TPPs to forecast hyperedges
when networks are evolving with time.

2 Dynamic Hyperedge Forecasting

Given a set of nodes V = {vy,va,... ,UW|}, an interaction
event between a subset of these nodes is modeled as a hyper-
edge (h;) with the time of interaction as its edge attribute.
Here, h; € H is a subset of nodes in V and H is set of
all valid combination of nodes. Given the historical events
E(tm) = {(h1,t1),, .., (hm,tm)} tll time t,,, aim is to
forecast future hyperedge h; at time ¢ > ¢,,

2.1 Hyperedge Event Modeling

Given a hyperedge h = {v1,va, ..., vy}, the probability of
h occurring at time ¢ can be modeled using TPP with condi-
tional intensity Ay, (t) as

Pr(t) = An(t)Sh(t), (1)



where Sy, (t) is survival function that denotes probability that
no event happened during the interval [t} t) for hyp eredge
h. This is defined as

Si(t) = exp ( /. —Ah(T)dT>, @

where t} = max,cp, ¥ and ¢¥ denotes the most recent in-
teraction time of node v in h. We provide a more detailed
background explanation of TPP in Appendix B. The condi-
tional intensity function A, (t) is parameterized by defining
a positive function over the embeddings of nodes in h as,

An(t) = f(vi(t), v2(1), . .., k(). ©)

Here f(.) > 0 can be realized by neural network for hyper-
edge events, and v;(t) € R? is the node embeddings at time
t for node v;. We follow the same architecture of the hyper-
edge modeling technique as Hyper-SAGNN (Zhang, Zou,
and Ma 2019) with a final softplus layer as explained in Ap-
pendix C.1. In this paper, we have also developed baseline
models using piece-wise constant node embeddings with in-
tensity defined by Rayleigh Process to create an equivalent
model for DeepCoevolve (Dai et al. 2016) in hyperedge in-
teractions, as shown below,

An(t) = f(vl(tg),w(t;;),...,vk(tg))(t_tg). @)

This formulation will give us a closed-form solution for sur-
vival function, thereby for the probability of the event. Oth-
erwise, integration has to be approximated by sampling.

2.2 Dynamic Node Representation

For each node in the network, we learn a low dimensional
embedding v(t) € R? that changes with time. It is done
through three stages, i) Temporal drift, ii) History aggrega-
tion, and iii) Interaction update, as

v(t):tanh( Wov(t2F) + Wy d(t — t2) +

Interaction Update

Temporal Drift

Wov®(ti—1) +bo)- ©)
—_———

History Aggregation

Here, Wy, W1, Wy € R4 by € R? are learnable pa-
rameters, v(¢2 ") is the node embedding just after previous
interaction for node v at time t£ and ¢;_; is the last event
time, t;_1 < t.

Temporal drift. This term models the inter-event evolu-
tion of a node with time. For a node v with previous
event time tP, the drift in embedding at time ¢ is mod-
elled by W ®(t — tP), where ®(t) € R? is Fourier time
features (da Xu et al. 2020; Cao et al. 2021) defined as
®(t) = [cos(wit + 01),. .., cos(wat + 04)]. Here, {w; }L ,,
and {0;}¢_, are learnable parameters.

History aggregation. This stage wuses hypergraph
convolution-based feature aggregation to incorporate the ef-
fect of past events. For this, we will construct a hypergraph
using the past M events, {(h;—ar,timpr)s .- (hiz1,ti—1)},
and uses its incidence matrix H(t;_;) € RIVI*M (o apply
hypergraph convolution as [v§(ti-1),... v}y, (ti-1)] =

HGNN (H(ti_l), [vl(tgﬁ), . vl(tngﬁ)D . Here,

HGNN is a hypergraph graph convolution defined as
in (Bai, Zhang, and Torr 2021).

Interaction update. 'When a node v is involved in an in-
teraction h, it is influenced by the nodes it interacts within
h. For extracting features of interaction, we use the dynamic
embedding d calculated as a function of embeddings of
nodes h — {v} at time t. The architecture of calculating
this is shared with conditional intensity function as shown
in Equation 13 in Appendix C.1.The entire update equation
isv(tt) = tanh(Wav(tE 1)+ W@ (t—1tP) + Wsd? +by).
Here, W3, W4, Wy € R%*? and by € R are learnable pa-
rameters. If node v is involved in multiple hyperedge events
{hi, hit1, ... hit 1}, then we will take the mean of dynamic
embeddings from all of the hyperedges. Here, L is the num-
ber of concurrent hyperedges.

3 Learning Procedure
3.1 Loss Function

Once intensity parameterization is fixed for temporal point
process as in Equation 3 or 4, the likelihood for hy-
peredge events E(T) = {(h1,t1),..., (hm,tm)} occur-
ring in an interval [0,7] can be modeled as, p(E(T)) =
T2 pn, (t:) TTjeq Sn(th. T). Here, pp, (t;) is the proba-
bility of hyperedge event h; occurring at time ¢; as de-
fined in Equation 1, Sy,(t5,T) is the probability that no
event occurred for hyperedge h for the interval [t/ , T, and
t¢ is the last time occurrence for h (t§, = 0, when no
event of h is observed). The loss for learning parameters
can be found by taking the negative of log-likelihood as,
L= =" log(Mn(t:) + Spen Jo An(t)dt. Here, the
first term corresponds to the sum of the negative log inten-
sity of occurred events. The second term corresponds to the
sum of intensities of all events. The following happens when
we minimize the loss, the intensity rate of occurring events
increases due to minimization of the first term, and intensity
rates of events not occur decrease due to minimization of the
second term. However, directly implementing this equation
is computationally inefficient as |H| < 2/V| is very large.
Further, the integration in the second term does not always
have a closed-form expression. In the next section, we will
give this model a computationally efficient mini-batch train-
ing procedure.

3.2 Mini-Batch Loss

We divide the event sequences into independent segments
to make backpropagation through time feasible, as done
in previous works on pair-wise dynamic networks (Dai
et al. 2016). Then the loss for each segment is calcu-
lated as follows, for each (h;,t;) in the segment &y =



{(h1,t1),..., (har,tar)}, we use Monte-Carlo integration
to find the log survival term of pp, (¢;). Then the negative
log-likelihood for that event is,

T = {t;}N,1 — Uniform(ti,l,ti,N)
L, = —log(\n, (t:)) + Z —t_ DA (). (6

Here, 7 is the set of uniformly sampled time points from
the interval [t;_1,t;]. Then to consider the interactions
events h € H that were not observed during the above pe-
riod, we sample some negative hyperedges for each interac-
tion event (h;, t;) as described below,

1. Choose the size of negative hyperedge k based on a cate-
gorical distribution over hyperedge sizes observed in the
training data. Here, parameters of the categorical distri-
bution are learned from the training dataset.

2. Sample min([k/2],|h;|) nodes from the hyperedge h;
and rest of the nodes from V' — h;. This strategy will avoid
trivial negative samples.

Following the above steps, we sample H' = {h7,..., h}}
negative hyperedges, and for each of them, we calculate
the negative log-likelihood for events not happening using
Monte-Carlo integration. Then Equation 6 becomes,

S S

heHPU{h;} j=2

Lhi = - IOg(/\hz‘ (tl)) +

The final mini-batch loss is calculated by summing all Lp,
for the events (h;,t;) in Exy, Zle Ly, . Then the gradients
are backpropagated for this loss, and the above training pro-
cedure is repeated in the next segment.

4 Extending to Bipartite Hyperedges

A higher-order interaction between nodes of two differ-
ent type can be represented as a bipartite hyperedge h =
({v1,..., v}, {vyr, ... v }). Here, {vq,...,0} € H is
the left hyperedge with nodes from set V', {v;/,..., v/} €
H' is the right hyperedge with nodes from set V', and
VNV = ). More details on these types of higher-order het-
erogeneous graphs can be found in the recent work (Sharma
et al. 2021). For defining conditional intensity function,
similar to homogenous hyperedges, we define A\, (t) =
fv1,.. o uet {vyr, . v }). Here f(.) > 0 is defined
by a neural network, and 'uz( ), v, (t) are node embeddings
of the nodes in h. We follow the same architecture of CAT-
SETMAT (Sharma et al. 2021) for defining f(.) as explained
in Appendix C.2.

Now to learn good dynamic representation for nodes,
we follow the same architecture explained in Section 2.2.
But, the left and right hyperedges have their own set
of parameters for the Temporal drift, History
aggregation, and Interaction update stages.
Further, for dynamic embeddings in the Interaction
update stage, nodes in the left hyperedge have it as a func-
tion of embeddings of nodes in the right hyperedge, and vice

Datasets v Ve H| A
email-Enron 143 N/A 10,883 1,542 N/A
email-Eu 998 N/A 2347760 25,791 N/A

congress-bills 1,718 N/A 260,851 85,082 N/A
NDC-classes 1,161 N/A 49,724 1,222 N/A

NDC-sub 5,311 N/A 112,405 10,025 N/A
CastGenre 5,763 20 12,295 11,665 2,065
CastKeyword 12,180 3,997 3,360 3,360 3,345
CastCrew 12,634 12,704 3517 3,507 3,517

Table 1: Datasets used for Homogeneous and Bipartite Hy-
peredges along with their vital statistics.

versa. This function shares its parameters with the condi-
tional intensity function, as shown in Equation 16 in Ap-
pendix C.2.

For learning parameters, we follow the same procedure as
that of homogenous hyperedges as explained in Section 3,
except the negative sampling is done differently. We keep the
left or right hyperedge fixed for generating negative samples
and add a corrupted hyperedge on the other side. For ex-
ample, for generating left hyperedge negative samples, we
replace the right hyperedge by selecting a random subset of
nodes from the right node-set V'. The size of the corrupted
hyperedge is selected based on the categorical distribution
of sizes of the right hyperedge in the training set.

5 Experimental Settings
5.1 Datasets

All the datasets for homogeneous hyperedge interactions in
Table 1 are taken from work (Benson et al. 2018)!. The bi-
partite hyperedges interactions are prepared from Kaggle’s
The Movies Dataset 2. A detailed explanation of all the
datasets is given in Appendix D. For homogeneous hyper-
graphs, |V’ | is not applicable (N/A) as there is only one type
of node, and || is N/A as it is not directed.

5.2 Baselines

In Table 2, we have compared the properties of the baseline
models we created against the proposed models HGDHE for
the homogenous hyperedge interactions and HGBDHE for
the bipartite hyperedge interactions. Here, models Dynamic
Edge (DE) and Dynamic Edge-drift (DE-drift) use pairwise
edge models instead of hyperedge interaction. Similarly,
model Bipartite Dynamic Edge (BDE) uses bipartite pair-
wise edges to model bipartite hyperedge interaction. Further,
in models Rayleigh Hyperedge (RHE) and Rayleigh Dy-
namic Hyperedge (RDHE), conditional intensity is modeled
as the Rayleigh process as in Equation 4, and duration pre-
dictions are made using the closed-form expression in Equa-
tion 9. Dynamic Hyperedge (DHE) is the model that uses hy-
peredges for predicting higher-order interactions and has the
same dynamic node presentation as of DE model. So, in our

"https://www.cs.cornell.edu/ arb/data/
*https://www.kaggle.com/datasets/tmdb/tmdb-movie-metadata
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RHE
RDHE

DE-drift
DE

DHE-drift
DHE

HGDHE-hist
HGDHE

BDE |
BDHE |
HGBDHE |

| TD. | H.G. | LU. | Hyperedge | Bipartite

Table 2: Models and their properties. Here, v indicates the
usage of that property, and X indicates the absence of that
property. Here, T.D. corresponds to Temporal drift,
H.Gcorresponds to History aggregation,andI.U.
corresponds to Interaction update.
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studies, we will compare these two models to claim and es-
tablish the advantage of hyperedge modeling over pairwise
modeling. Similarly, Dynamic Hyperedge-drift (DHE-drift)
is the hyperedge model version of the DE-drift model. In
the case of bipartite hyperedge interactions, we will compare
models Bipartite Dynamic Hyperedge (BDHE) and BDE. A
more detailed description of baselines can be found in Ap-
pendix E.

Apart from the models mentioned above, we also provide
comparisons against the current state-of-the-art approaches
for temporal pairwise graphs DyRep (Trivedi et al. 2019),
TGAT (da Xu et al. 2020), and TGN (Rossi et al. 2020). In
this, DyRep uses the temporal point process framework for
model edges and can predict both type and time of interac-
tion. The other two models, TGAT and TGN, use a continu-
ous time dynamic graph neural network for modeling edges
and can only predict the type of interaction occurring at a
particular time.

5.3 Prediction Tasks

Using temporal point process models, one can predict both
the next event type and the time of the event. The following
are the equivalent tasks in our settings.

Interaction type prediction. The type of interaction that
occurs at time ¢ can be predicted by finding the h; with the
maximum intensity value at that time, as shown below,

h = argmax A, (t). ™
Interaction duration prediction. For interaction h oc-
curred at time th, to predict the duration for future inter-
action, we have to calculate the expected time ¢ with respect
the conditional distribution py,(t) in Equation 1,

t= / (t =t} )pn(t)dt. (8)
t

P
h

If A(t) is modeled using a Rayleigh process as in Equation
4, we calculate the £ in close form as,

= \/QGXP f('Ul(tZ), ’v2(tfb)a cee 7vk(ti)) .

Otherwise, we have to compute the integration by sampling.

)

5.4 Metrics of Evaluation

Mean Average Reciprocal Rank (MRR). We use this for
evaluating the performance of interaction prediction at time
t. For finding this, we find the reciprocal of rank (r;) of the
true hyperedge against candidate negative hyperedge in de-
scending order of A\, (t) and then average them for all sam-

ples in the test set, MRR = & SN =

performing models have higher MRR values.

Here, better-

Mean Average Error (MAE). We use this for evaluating
the performance of interaction duration prediction, M AE =
+ Zf\il |t; — tirue|. Here, better-performing models have
lower MAE values.

5.5 Parameter Settings

For all experiments, we use the learning rate of 0.001, the
embedding size d is fixed at 64 for homogeneous hyperedges
and bipartite hyperedges, the batch size M is fixed as 128,
and the negative sampling is fixed as B = 20, and the train-
ing is done for 100 epochs. For the Monte Carlo estimate of
log of survival probability in Section 3.2, we use N = 20 for
datasets email-Enron, email-EU, and NDC-classes, N = 5
for NDC-sub and congress-bills datasets. The choice of N
is made by considering memory constraints. All models are
implemented PyTorch (Paszke et al. 2019), and all training is
done using its Adam (Kingma and Ba 2015) optimizer. For
all datasets, we use the first 50% of interactions for training,
the next 25% for validation, and the rest for testing. The de-
tails of the computational infrastructure used are provided
in the Appendix F. All the reported scores are the average of
ten randomized runs along with their standard deviation.

6 Results
6.1 Performance

In Table 3, one can see that the proposed model Hypergraph
Dynamic Hyperedge (HGDHE) performs better than base-
lines in almost all the settings. Further, it significantly out-
performs RHE, which uses static, and RDHE, which uses
piece-wise constant node embeddings. Even though these
models have a closed form expression for the event prob-
ability and duration estimation 7, their performance is poor
compared to HGDHE, which has conditional intensity as a
function of its dynamic node representation. We can also
see that by comparing baselines, DHE to RDHE and RHE
to DHE-drift, the models DHE and DHE-drift perform bet-
ter as they use dynamic node representations as input to the
conditional intensity function. This is because those models
have more expressiveness and do not assume a parametric
form for Ap(t).



Methods email-Enron email-Eu congress-bills NDC-classes NDC-sub

MRR MAE MRR MAE MRR MAE MRR MAE MRR MAE
DyRep® 42.08 £1.14 23.74 £ 1.68 32.23 £0.70 22.77 £ 0.87 40.30 £ 0.40 6.83 £0.12 65.80 £ 1.14 3.50 4+ 0.20 55.71 £ 1.56 5.354+0.43
TGAT® 52.60 £ 0.95 N/A 57.53 +0.89 N/A 78.47 £1.52 N/A 83.14+0.72 N/A 77.06 £ 1.30 N/A
TGN® 54.32 +1.02 N/A 64.63 £ 1.2 N/A 80.61 £ 1.8 N/A 91.06 + 0.81 N/A 79.33 £ 1.90 N/A
RHE 3445 +0.81  127.19+12.17  52.37+0.47 26.43 +0.47 32.14+0.38 54.13+9.60 87.64+1.63 8.98 +1.09 74.33 £0.30 4.66 +0.15
RDHE 26.73 £ 2.76 34.22+0.49 27.68 £5.02 17.54 4+ 0.68 52.90 +3.24 2.44+0.22 81.17 + 2.56 6.29 £ 0.91 66.46 + 1.50 2.52£0.07
DE-drift 30.84 £0.29 48.50 £ 0.65 43.47 £ 1.69 21.21+0.06 43.27£0.23 4.07£0.32 60.64 +0.19 5.02+0.15 64.90 £0.29  12.384+0.84
DE 52.89 +0.38 16.52 + 3.14 44.27+0.74 19.37+1.27 56.27 £ 2.89 2.65 +0.42 64.58 £0.78 3.60 4+ 0.38 65.83 £1.41 13.82+1.93
DHE-drift 50.25 + 1.65 88.14 £4.59 58.38 £ 0.20 33.56 £ 0.82 84.50 £0.13 3.8440.26 88.68 £0.71 1.92+0.12 79.31 £0.41 3.034+0.01
DHE 60.57 +£1.97 25.48 +£4.37 64.03 £2.22 19.724+2.00 92.214+0.19 1.87+£0.22 88.93 +0.16 1.84 +£0.21 86.52 +0.18 3.49+0.14
HGDHE-hist 65.26 +£1.24  18.25 4 0.43 60.69 £ 0.09 24.66 +0.77 85.31 +0.10 3444034 91.24+0.74 1.42+0.08 80.73 £0.15 1.75+0.19
HGDHE 62.21+£2.85 16.12+1.45 66.12+2.90 15.18+2.14 92.09+0.03 1.65+0.06 91.01+0.35 1.21+0.04 86.92+0.51 1.65+0.18

Table 3: Performance of dynamic homogeneous hyperedge forecasting in tasks of interaction type and interaction duration
prediction. Here, interaction type prediction is evaluated using MRR in %, and interaction duration prediction is evaluated
using MAE. The proposed model HGDHE beats baseline models in almost all the settings. Citations: ¢ (Trivedi et al. 2019), ?

(da Xu et al. 2020), ¢ (Rossi et al. 2020)

Further, one can observe the advantage of using hyper-
edge for modeling higher-order interactions when compar-
ing models DHE to DE and DHE-drift to DE-drift. This
comparison is important because those models use the same
dynamic node presentation, but DHE uses hyperedge mod-
eling, and DE uses pairwise edge modeling. The same ap-
plies to the comparison of DHE-drift to DE-drift. Between
DHE and DE, there is an improvement in the MRR metric
in interaction type prediction tasks for all datasets. There is
a 38.4% percentage gain in MRR for DHE compared to DE
and a 40.3% gain for DHE-drift compared to DE-drift. In
the interaction duration prediction task, we can observe a
significant reduction in MAE for all the datasets except for
the email-Enron and email-Eu datasets. A similar observa-
tion can be made between DHE-drift and DE-drift models.
This is because more than 70% of interactions are pairwise
in both of those datasets. Even though pairwise edges can
achieve reasonable performance, we cannot identify the hy-
peredge among them if there are concurrent hyperedges with
common nodes, as explained in Figure 1. Hence, hyperedge
models perform better than pairwise models for interaction
type prediction.

Comparison with previous works. In Table 3, we have
compared our model HGDHE against previous works on
pairwise temporal graphs DyRep, TGAT, and TGN. Here,
we can see that our model considerably outperforms pre-
vious works as they are not hyperedge prediction models.
The margin of performance is higher for datasets congress-
bills and NDC-Sub compared to email-Enron and email-Eu
as they have more higher-order interactions than the latter.
Further, the low performance of DyRep compared to other
works TGAT and TGN is because of the staleness in em-
bedding (Kazemi et al. 2020) as it does not have a tem-
poral drift stage to model evolve embedding during the in-
terevent stage. The poor performance of TGAT and TGN is
also because they use edge and node attributes along with
graph neural networks to find the dynamic embeddings of
the node. This information is not available for the datasets
used in these experiments, so we initialized the node embed-
dings with random features and did not use edge features.

Performance on Bipartite interactions. In Table 4, one
can observe that the proposed model Hypergraph Bipartite
Dynamic Hyperedge (HGBDHE) performs better than all
the other baselines in almost all settings. We can see that the
models that use the bipartite property of the interaction per-
form better than their homogeneous counterparts. This can
be inferred by the better performance of BDHE compared
to DHE and HGBDHE compared to HGDHE. There is a
gain of 23.6% in MRR and a reduction of 12.4% MAE for
BDHE compared to DHE. Similarly, there is a gain of 36.2%
in MRR and a reduction of 46.1% MAE for HGBDHE com-
pared to HGDHE. This is because these models are more
expressive and consider the bipartite nature of the interac-
tion, as explained in Section 4. Similar to the case of homo-
geneous interactions, the pairwise model performs consider-
ably poorer than the bipartite hyperedge models. It can be in-
ferred from the poor performance of the BDE model, which
uses a bipartite pairwise edge, compared to BDHE, which
uses bipartite hyperedge for interaction modeling. Hence,
one can conclude that bipartite hyperedge modeling repre-
sents data more accurately than pairwise modeling.

6.2 Ablation Studies

Effect of interaction update on performance. Here, we
compare the performance of models that have this partic-
ular state in their update equation vs the models that do not.
Firstly, we can observe a reduction of MAE by 24.7% and
a gain of 3.9% in MRR for HGDHE compared to HGDHE-
hist. Similarly, DHE outperforms DHE-drift considerably in
the interaction type prediction task for all datasets. One can
also observe a significant reduction in MAE for email-Enron
and email-Eu datasets. Between RHE and RDHE, one can
see that RDHE has a performance gain in interaction du-
ration prediction in all datasets. Even though RHE performs
better in MRR in most datasets, one can see MRR for RDHE
is much better in congress-bills datasets. Hence one can con-
clude that using Interaction update stage resulted in
performance improvement.

Effect of temporal drift on performance. Similar to the
earlier study, the advantage of this stage can be observed
by comparing the performance of RHE to DHE-drift and



CastGenre CastKeyword CastCrew
Methods
MRR MAE MRR MAE MRR MAE
BDE 23.55+£0.75 10.34£0.34 13.61£0.14 21.98+0.60 13.61+0.24 22.23+1.03
DHE 27.58 £0.88 2.88 +0.43 36.18 +£1.34 15.32+1.75 26.03+1.75 9.29 +2.01
BDHE 33.22£0.52 291+0.26 38.77£1.69 9.61+£233 3729+265 9.18+1.37
HGDHE 27.59+1.60 19.39 +£1.62 35.32+£1.96 22.64+1.50 25.194+2.83 8.85+2.07

HGBDHE 33.65 = 1.58 4.16 £ 0.84 41.32+1.74 9.27 4+ 1.67 42.77 4 2.00 8.77 - 1.68

Table 4: Performance of dynamic bipartite hyperedge forecasting in tasks of interaction type and interaction duration prediction.
Proposed model HGBDHE beats baseline models in almost in all the settings.
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Figure 2: Figure 2a shows the effect of hyperedge size (k) on
interaction type prediction, and Figure 2b shows the effect
on interaction duration prediction for NDC-classes dataset

RDHE to DHE. There is an average of 44% gain in MRR
and 42.03% reduction in MAE for DHE-drift compared to
RHE. Further, DHE uniformly outperforms RDHE for inter-
action type prediction in all datasets. There is an average of
90% improvement in the MRR for the interaction type pre-
diction task and a 13.7% decrease in the MAE error for the
duration prediction task. Hence, Temporal drift stage
helps in performance improvement.

Effect of history aggregation on performance. The ad-
vantage of this stage can be observed by comparing HGDHE
to DHE and HGDHE-hist to DHE-drift. We can see HGDHE
outperforms DHE in all the tasks except in Congress bills.
There is an average gain of 1.7% in MRR and a 31.75% re-
duction in MAE for HGDHE compared to DHE. We can see
HGDHE-hist outperforms DHE-drift in all settings. A simi-
lar observation can be made in bipartite datasets when com-
paring models HGBDHE and BDHE. Both models give a
comparable performance for interaction duration prediction
except for CastGenre dataset. For interaction type prediction
HGBDHE achieves a gain of 7% in MRR when compared to
BDHE.

6.3 Hyperedge Size (k) Vs Performance

While both the models DHE and DE use dynamic represen-
tations, they have different conditional intensity functions.
While DHE uses a hyperedge-based conditional intensity
function, and DE uses a pairwise edge-based function. To

compare them, we divide hyperedges into different groups
based on their sizes, and the mean value of the evaluation
metric is calculated for each group. These groups are defined
so that each group has enough samples to make the com-
parisons statistically significant. In Figures 2a and 2b, we
have shown the effect of hyperedge size on our model DHE,
which uses hyperedge modeling, and compared it against
model DE, which uses pairwise edges. Here, each hyperedge
is grouped into groups with k = 2,3 < kK < 4,5 < k < 8
and k£ > 9. From Figure 2a, we can see that performance of
DE is poor for hyperedges with a size of more than 2, but our
model DHE has almost similar performance for hyperedges
of different sizes. The reason for this is that DHE is suited
more for hyperedges of varying sizes compared to DE. We
observed a similar trend in other datasets, as shown in Ap-
pendix G. For the interaction duration prediction task, the
error for the DE model increases with hyperedge size while
the DHE model performs similarly for all hyperedge sizes.

7 Concluding Remarks

The problem of forecasting higher-order interactions in
time-evolving hypergraphs is very challenging, and this has
not been studied before. In this work, we provide the first
solution to this problem by proposing a model for forecast-
ing higher-order interaction between nodes in a network as
temporal hyperedge formation events. For this, we develop a
mechanism that uses the temporal point process to learn the
dynamic representation of nodes. Our future work includes
extending the proposed model for modeling multi-relational
higher orders interactions (Fatemi et al. 2020) and incorpo-
rating multi-hop information into node representation using
hypergraph neural network-based techniques for better pre-
dictive performance. We also plan to explore options to re-
duce the training time by using ¢-batch (Kumar, Zhang, and
Leskovec 2019) based approach that can use parallel train-
ing techniques.
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A Notations

Table 5 shows the notations and their respective definitions
used in this paper. We used bold lower-case letters to show
vectors and bold upper-case letters to show matrices.

B Background on Temporal Point Process

A TPP (Daley and Vere-Jones 2003) is a continuous-time
stochastic process that models discrete events in time %;,
t; € R*. It defines a conditional density function (CDF)
for future event time t by observing historical event times
till time ¢,,, 7 (t,) = {¢1,t2,...,tn}. A convenient and in-
terpretable way to parameterize CDF is by defining a condi-
tional intensity function or instantaneous stochastic rate of
events \(t) defined below,

A(t)dt = p(eventin[t, t + dt]| T (t)). (10)

That is, A(t)d¢ is the probability of observing an event in
interval [¢,t + d¢] by observing history till ¢. Then we can
write the CDF of the next event time as,

p(t|T(tn)) = AB)S(1),
S(t) =exp (/75 —A(1)dr). (11)

Here, S(t) is the probability that no event happened during
the interval [¢;,¢), which is called the survival function.

The choice of the functional form of A(¢) depends upon
the nature of the problem we are trying to model. For ex-
ample, the Poisson process has constant intensity A(¢) = p.
Hawkes process (Hawkes 1971) is used when events have
self exciting nature with A(£) =+ o 3"y oy K(E = ).
Here, 11 > 0 is the base rate, K(¢) > 0 is the excitation ker-
nel, and o > 0 is the strength of excitation. Rayleigh process
(Ghosh 2009) with A(t) = at, where rate of events increase
with time and o > 0 is the weight parameter. If the inten-
sity is the output of neural network f(.) that takes history as
input, A(t) = f(T(t)), it is called Neural Temporal Point
process (Shchur et al. 2021).

C Conditional Intensity Function
Architecture
C.1 Homogeneous

Given the node embeddings of hyperedge h =
{v1, va, ..., vy}, the importance weights for each node are
calculated by a self-attention layer, as given by,

eij = (WHvi(t)" Wiw; (1), V1 < i, j < ki # j,
exp(eij)

Z exp (eig).

1<0<k, il

(12)

aij

These weights are used to calculate the dynamic embed-
dings for each node v; as,

d? = tanh Z

1<j<k,i#j

aiiWivi(t) | . (13)

Here, Wo, Wi, Wy € R4 are learnable weights.

We also create static embeddings s? = Wjv;(t), where

W, € R%? is a learnable parameter. Then we calculate

the Hadamard power of the difference between static and

dynamic embedding pairs followed by a linear layer and av-
: h

erage pooling to get the final score P" as shown below,

0; = W(T(d? - 8?)2 + bo,

k k
1 1
ph — - E Ph = z E log(1 + exp (0;)). (14)
i=1

i=1

Here, W, € R%*'h, € R are learnable pa-
rameters of output layer. In our model the value of

foi(t),va(t),. .., vp(t)) = P

C.2 Bipartite

For a bipartite hyperedge h, there are two sets of nodes with
a directed relation between them. This can represented as
h = ({vi,ve,..., 0%}, {vy, vy, ..., v, } ). Here, we use
the cross attention between the sets of nodes to create dy-
namic embeddings, as shown below,

ciy = (Whoi(t)" W Lo (), V1<i<kl<j <k,

ey, = (Whwy () Wivf (). V1<i <k . 1<j<k
exp (eij/)

YY) ewlew)

1</ <k’

P e (cv;) . (15)

YN explery)

1<e<k

These weights are used to find the dynamic embeddings for
left node v; and right node v,/ as follows,

d? = tanh Z ;i W‘q;,'ujf (t)
1<5' <K'

d;‘, = tanh Z ai/jW$vj(t) . (16)
1<j<k

Here, Wgo, Wk, Wy ¢ R%*4 are the learnable weights
for nodes in the left, and W, W, -, W s € R¥*? are the

learnable weights for nodes in the right. Then static embed-
dings are created for both left s? = Wv;(t) and right side

sh = W v (t), where Wy, W, € R%%4 are learnable

p;rameters. Then we calculate the Hadamard power of the

difference between static and dynamic embedding pairs for
both the left and right nodes, followed by a linear layer and
average pooling to get final score P" as shown below,



Datasets Definitions
At) Conditional intensity function
t Time
k Hyperedge size
124 Previous time
dt Derivative of time ¢
R Real space with dimension 1
1% Set of nodes
T Historical event times
d Embedding size
v; ith node
h; t1th hyperedge/higher-order interaction
H Set of all valid interactions
£ Sequence of temporal ordered interaction events
An(t) Conditional intensity function of interaction h
ty Previous time of interaction for hyperedge h
t* Monte-carlo ¢ sample
p(t)/p(t) Probability of the event/interaction h
S(t) Survival function for the event
th Previous time of interaction for node v
tlh Last time occurrence of h
fO) Scoring function for conditional intensity
0 Learnable parameter
v(t) Node embedding at time ¢
Wy, W1, Wy, bg Learnable parameters for dynamic node embeddings
W3, Wy, Wy, by Learnable parameters for interaction update
v3(1) History aggregation embeddings
®(1) Time embedding function
{w;}4_, and {0;}¢, Learnable parameters of ®(t)
Wo, Wk, Wy Self-Attention learnable weights
€ij Attention inner-product score
Qi Attention weights
W, Static embeddings linear layer
d? Dynamic embeddings
sh Static embeddings
0; Output Hadamard layer
Wo, b, Output linear layer
P Scoring function
K() Kernel function
I Baseline intensity
Q@ Weight parameter
B Negative sample size
N Sampling for Monte-Carlo integration
M Mini batch segment size

Table 5: Notations




0; = ”g(dzh_s"il)Q"i'bO’
oy = Whdl —s")* +b,,
o 3 1
1 1 &
h _ . R
P = Z E log(1 + exp (0;)) + 7 E log(1 + exp (0;))-

=1 i=1

)

Here, W,,, WO/ e R4*! and b,y,bo € R are learn-
able parameters of output layer. In our model the value of
f(’l}l(t),’l)2(t), cee 7vk(t)) = Ph'

D Datasets

Email Network [email-Enron (Klimt and Yang 2004);
email-Eu (Paranjape, Benson, and Leskovec 2017)]. This is
a sequence of timestamped email interactions between em-
ployees at a company. The entities involved are the email
addresses of the sender and receivers. The timestamps in
this are recorded at a resolution of 1-millisecond, which are
scaled down in all our experiments. The scaling factor is
chosen as the median value of interevent duration for both
datasets.

congress-bills (Fowler 2006). Here, interactions are the
legislative bills put forth in the House of Representatives and
the Senate in the US. The entities involved in an interaction
are the US congresspersons who sponsor and co-sponsor the
bill. The timestamp in this is the date when the bill is intro-
duced.

Drug Networks [NDC-classes, NDC-sub]. Each interac-
tion is a sequence of drugs, and timestamps are the dates
at which the drugs were introduced in the market. In NDC
classes, nodes involved in the interaction are class labels ap-
plied to the drugs. In NDC-sub, nodes involved in the inter-
action are substances that make up the drug.

[CastGenre, CastKeyword, CastCrew] These datasets
are prepared from the subset of Kaggle’s The Movie
Dataset 3. For the CastGenre dataset, nodes in the left hy-
peredge are movie actors and the genres associated with the
movie in the right hyperedge. For the CastKeyword dataset,
we use keywords associated with movie plots for right hy-
peredge instead of genres. Here, the movie release date
is the timestamp associated with each hyperedge. For the
CastCrew dataset, we use the name of the crew associated
with movie production for the right hyperedge. We only con-
sidered movies released after 1990 and followed the same
preprocessing as the recent work (Sharma et al. 2021) for
preparing these datasets.

E Baselines

Rayleigh Hyperedge (RHE). In this, we keep embed-
dings v(t) fixed for every time instance. Then intensity is
modeled as the Rayleigh process as in Equation 4, and dura-
tion predictions are made using the closed form expression
in Equation 9.

*https://www.kaggle.com/datasets/tmdb/tmdb-movie-metadata

Rayleigh Dynamic Hyperedge (RDHE). Similar to
RHE, but here we allow the node embeddings wv(t)
to evolve when an interaction involving the node
v occurs as per the Interaction Update stage
but not through Temporal Drift and History
Aggregation stage. So, v(t) is piece-wise continuous
(node embeddings are constant during interevent time) as
we do not allow the model to evolve the node embedding
during the interevent time. This model is based on DeepCo-
evolve (Dai et al. 2016) model used for sequential recom-
mendation.

Dynamic Edge-Drift (DE-Drift). In this model, each hy-
peredge event is modeled as a concurrent pairwise edge
events. For example, h = {v1,vq,v3} is modeled as
concurrent edge events {(vi,vs), (v2,v3), (v, v3)}. Here,
node embeddings v(t) are allowed to evolve during the in-
terevent time using Temporal Drift stage. For predict-
ing interaction at time ¢, we use the product of all con-
ditional intensity functions of concurrent edge events (e.g.
Avy s (1) Avgvg (1), Av, ws (t) for interaction h). For predict-
ing the time of interaction, we calculate {in Equation 8 for
each edge in the interaction and average them. In this model,
conditional intensity is defined as Ay, (1) v, (1) = v7 (£)v2(t).

Dynamic Edge (DE). This uses the same modeling tech-
nique as DE-Drift. In addition, it also uses Interaction
Update stage to evolve embeddings.

Dynamic Hyperedge-Drift (DHE-Drift). This uses
hyperedge modeling explained in Section 2.2, but
do not use Interaction Update and History
Aggregation stage.

Dynamic Hyperedge (DHE). This uses hyperedge mod-
eling explained in Section 2.2, but does not use History
Aggregation stage.

Hypergraph Dynamic Hyperedge-hist (HGDHE-hist).
This uses hyperedge modeling explained in Section 2.2, but
does notuse Interaction Update stage.

Bipartite Dynamic Edge (BDE). This is the bipartite
version of DE, where each bi-partite hyperedge is mod-
eled as concurrent bipartite edges. For example, h =
({v1,v2}, {vy7, vy }) is modeled as concurrent edge events
{(v1,vy), (v2,v;7), (v1,vy ), (v2, vy )}. For learning node
representation, the left and right nodes have a different set
of parameters as explained in Section 4.

Bipartite Dynamic Hyperedge (BDHE). This is the bi-
partite version of DHE.

DyReP. (Trivedi et al. 2019) This is designed for fore-
casting pairwise links in a dynamic graph. The archi-
tecture of this is similar to DE model, however it uses
graph neural network based neighborhood aggregation in
the Interaction Update Stage and do not use
Temporal Drift to evolve the embedding during the
interevent time. We used our own implementation of this
model to get comparable performance.
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Figure 3: Figure 3a shows the effect of hyperedge size (k) on
interaction type prediction, and Figure 3b shows the effect
on interaction duration prediction for email-Eu dataset

TGAT. (da Xu et al. 2020) This is a dynamic link predic-
tion model for temporal graphs. For learning dynamic node
embeddings, it uses graph attention to aggregate the topo-
logical features by considering the temporal history of the
data. We transferred the hypergraph dataset to pairwise edge
by clique expansion and used the code # provided by the au-
thors to learn the model.

TGN. (Rossi et al. 2020) This model is for link predic-
tion in temporal graphs. In this, interactions are stored in
the form of messages and are used to update the respective
nodes’ memory modules. This memory embedding is used
as an input to the temporal graph attention module for get-
ting the dynamic node embedding. We followed the same
preprocessing as for TGAT and used the code 3 provided by
the authors to learn the model.

F Computational Infrastructure

We used a workstation with AMD EPYC 7742 processor,
Nvidia-DGX-A100 with 512 GB of main memory, and 4 x
A100 GPUs with 40 GB of memory.

G Effect of Hyperedge Size on Performance

The results for analysis on hyperedge size on performance
explained in Section 6.3 for datasets email-Eu, congress-
bills, NDC-classes, and NDC-sub are shown in Figures 3,
4,5, and 6, respectively. In all figures, we observe that MRR
for interaction type prediction is poor for DE compared to
DHE for hyperedge of size (k) more than 2.

*https://github.com/StatsDLMathsRecomSys/Inductive-
representation-learning-on-temporal-graphs
>https://github.com/twitter-research/tgn
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Figure 4: Figure 4a shows the effect of hyperedge size (k) on
interaction type prediction, and Figure 4b shows the effect
on interaction duration prediction for congress-bills dataset
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Figure 5: Figure 5a shows the effect of hyperedge size (k) on
interaction type prediction, and Figure 5b shows the effect

Size of Hyperedge (k)
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Size of Hyperedge (k)
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on interaction duration prediction for Enron dataset
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Figure 6: Figure 6a shows the effect of hyperedge size (k) on
interaction type prediction, and Figure 6b shows the effect

Size of Hyperedge (k)
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Size of Hyperedge (k)

(b)

on interaction duration prediction for NDC-sub dataset




