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Abstract
In this paper, we study the problem of reinforcement learning under the influence of ex-
ternal events. For this, we consider Markov decision processes with continuous state and
action spaces whose transition dynamics are perturbed by an external process in a non-
Markovian manner. First, we establish the conditions under which the problem becomes
tractable, allowing it to be addressed by considering only a finite history of events, based
on the properties of the perturbations introduced by the exogenous process. We propose
and theoretically analyze a policy iteration algorithm to tackle this problem that learns
policies contingent on the current state of the environment and a finite history of prior ex-
ogenous events. Since this algorithm is not guaranteed to converge, we provide a guaran-
tee for policy improvement in regions of the state space determined by the approximation
error induced by considering tractable policies and value functions. We also establish the
sample complexity of least-squares policy evaluation and policy improvement algorithms
that account for approximations arising from considering only a finite history of temporal
events. While our results are applicable to general discrete-time processes satisfying cer-
tain conditions on the rate of decay of the influence of their events, we further analyze the
case of discrete-time Hawkes processes with Gaussian marks. We performed experiments
to demonstrate our findings for policy evaluation and deployment in traditional control
environments.
Keywords: Markov Decision Processes, Temporal Point Processes, Policy Iteration

1 Introduction

In the mathematical framework of Markov Decision Processes (MDP), which forms the
core of reinforcement learning, an agent interacts with an ‘environment’, and at each time
step, the agent is required to make a decision and take an action. The state of the environ-
ment changes stochastically according to the Markov property, depending solely on the
current state and the action taken by the agent. When solving various sequential decision-
making problems, most RL algorithms assume that although the state of an MDP may be
constantly changing, the rules governing state transitions remain unchanged. However, in
practical applications, external events may influence the agent’s environment and change
its dynamics.

Consider portfolio management in finance, where an agent has access to a state com-
prising various fundamental and technical indicators for a select set of financial instru-
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Figure 1: Sustained effect of transient nonstationarity. The plot shows the prices of the
two assets following a Geometric Brownian motion. A few exogenous Gaussian
shocks to one asset force it to diverge significantly from the other over the long
term, with a markedly different pattern of evolution long after the effect of the
exogenous event decays.

ments and must make sequential decisions about whether to hold, sell, or short each in-
strument. However, the price movements of these instruments may be affected by external
forces, such as government decisions, such as rate hikes, or sudden market movements
caused by events occurring in a completely different sector of the economy that are not
being considered by the agent. Such an external event might exert a lasting influence over
different time scales, depending on the type of event that occurred. A rate cut might af-
fect stock prices for a few months, whereas a flash crash might cease its effect in a few
hours. An example illustrating the persistent nonstationarity effect of perturbations due
to exogenous events is shown in Figure 1.

As another example, consider a navigation problem in which an agent has control of a
robot and must travel from one point to another. Although the agent can learn to perform
this task under ideal conditions, its optimal actions might depend on external factors, such
as rain, sudden traffic changes, or human movement patterns. Hence, while an agent can
learn to achieve goals in an ideal environment, it cannot be oblivious to external changes
that influence environmental dynamics.

In the literature, nonstationarity in RL settings has been studied by considering many
special cases, mostly providing practical solutions. Some works model nonstationarity as
piece-wise stationarity (Alegre et al., 2021; Hadoux et al., 2014; Li et al., 2025), while a few
consider drifting environments (Lecarpentier and Rachelson, 2019; Cheung et al., 2020).
Hallak et al. (2015) study Contextual MDPs, in which the environment dynamics change
based on externally specified “contexts” that are episodic and possibly unknown, chosen
from among a finite set of known values. Tennenholtz et al. (2023) extend this setting to
handle dynamic contexts known to the agent that change at each time step and influence
the state transition distribution. However, their contexts are not exogenous and originate
from a finite set of possible vectors.
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In this study, we examine Markov Decision Processes (MDPs) with continuous state
and action spaces whose transition dynamics are perturbed by an external process in a
non-Markovian manner. This setting is very general, as one would only know that there
is nonstationarity without explicit information about how the rewards and the probability
transition matrix are affected by it. This compels one to consider the history of events
at each time step to make optimal decisions, increasing the computational complexity
of any algorithms considered. Furthermore, external influence mandates an additional
approximation for which we establish sample complexity results.
Contributions. Our contributions are as follows.
(1) We outline the necessary conditions that ensure the existence of a well-defined solu-
tion for this problem. Then, we establish the criteria under which an approximate solution
can be determined using only the current state and finite history of past events. We show
that this is possible when the perturbations caused by events older than t time steps on
the MDP transition dynamics and the event process itself are bounded in total variation
by Mt and Nt respectively, and

∑︁
t
Mt ,

∑︁
t
Nt are convergent series. We analyze the trade-off

between the agent’s performance and the length of history considered.
(2) We propose a policy iteration algorithm and theoretically analyze its behavior. We
show that policy improvement occurs in regions of the state space where the Bellman er-
ror is “not too low” based on Mt and Nt. Based on our analysis, we observe that the higher
the approximation error due to nonstationarity, the smaller the region in which the policy
is guaranteed to improve.
(3) We then analyze the sample complexity of pathwise least-squares temporal difference
policy evaluation and approximate least-squares policy iteration in this setting. We study
the impact of nonstationarity on the expected error of the learned value function (Lazaric
et al., 2012) and the expected suboptimality of the resultant policy after K iterations. For
policy evaluation, we show that, with high probability, the expected error of the value
function estimate decomposes into an approximation error arising from discarding old
events, an inherent error due to linear function approximation, and standard error terms
due to stochasticity and mixing present in the stationary case. For the overall policy it-
eration algorithm, we quantify the effect of the additional error that occurs due to the
consideration of approximately greedy policies that only depend on the current state and
a finite history of events.
(4) We further explain our theoretical results using the discrete-time Hawkes process and
conduct experiments for policy evaluation and policy deployment in nonstationary pen-
dulum and point maze environments to validate our results.

2 Preliminaries and Notation

Consider a Markov Decision Process (MDP) defined by a tupleM = (S ,A , Q, r, γ), where
S is the state space, A is the action space, Q is the transition probability kernel, r is the
reward function, and γ is the discount factor. At each time step t, the agent in state s ∈ S
takes an action a ∈ A obtaining a reward r(s, a), and the environment transitions to state
s′ ∼ Q ( . |s, a).

In general, S and A are Borel spaces, r : S × A → R is a measurable function, and
γ ∈ (0, 1). Q is a stochastic kernel on S given S × A . That is, Q(.|y) is a probability
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measure on S for each y ∈ S ×A , and Q(B|.) is a measurable function on S ×A for each
B ∈ B (S ), the Borel σ -algebra on S .

Given a class of possible policies Π, the goal of the agent is to determine a policy π ∈ Π
that achieves the maximum possible value function V π,

V π(s) = Eπst ,at

⎡⎢⎢⎢⎢⎢⎣ ∞∑︂
t=0

γ tr(st , at)

⎤⎥⎥⎥⎥⎥⎦ , π ∈ Π, s ∈ S ,

the expected sum of discounted rewards obtained by an agent when it starts from a state s
and follows a policy π resulting in a trajectory of states s0 = s, s1, s2, . . . by taking actions
a0, a1, a2, . . . . The expectation is over the states and actions in the agent’s trajectory owing
to the stochasticity of the environment and possibly the policy itself.

Let π∗ be an optimal policy that achieves a corresponding value function V π∗ , denoted
V ∗. A measurable function v : S → R is said to be a solution to the Bellman optimality
equation if it satisfies v = T v, where T is the optimal Bellman operator defined as

[T v](s) = max
a∈A

[︄
r(s, a) + γ

∫︂
S

v(s′)Q(ds′ |s, a)
]︄
, for all s ∈ S . (1)

A function that satisfies the optimal Bellman equation is a fixed point of the operator T .
Under suitable regularity conditions on the rewards and transition kernel, the optimal
value function V ∗ satisfies (1).

In this paper, we consider the setting in which the agent receives rewards from the
environment, defined by the reward function r : S × A → R, and its goal is to maximize
expected return. Equivalently, many studies consider an agent incurring “costs”, defined
by an analogous cost function c : S × A → R. In this case, the objective of the agent is to
minimize the expected discounted sum of the costs incurred; thus, the Bellman operator
is defined as the minimization of the right-hand side in (1).

For this cost setting, under the assumptions of (i) the one-stage cost c is lower semi-
continuous, non-negative, and inf-compact on S × A , (ii) Q is strongly continuous, and
(iii) there exists a policy π such that V π(s) < ∞ for all s ∈ S , one can establish the ex-
istence and uniqueness of the optimal policy and value function, given by the following
result.

Theorem 1 (Theorem 4.2.3 of Hernández-Lerma and Lasserre (1996)). If the above two
assumptions hold, then:

1. The optimal value function V ∗ is the pointwise minimal solution to the above Bellman
equation. If u(.) is any other solution to the above equation, then u(.) ≥ V ∗(.).

2. There exists a function π∗ : S → A such that π∗(s) ∈ A attains the minimum in the
Bellman equation, i.e.,

V ∗(s) = c(x, π∗(s)) + γ

∫︂
V ∗(s′)Q(ds′ |s, π∗(s)), for all s ∈ S ,

The deterministic stationary policy π∗ is optimal. Conversely, any deterministic stationary
policy that is optimal satisfies the above equation.

3. If an optimal policy exists, then there exists one that is deterministic and stationary.
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3 MDP influenced by a Temporal Process

Let M = (S ,A , Q, r, γ) be an MDP with state and action spaces S and A respectively,
transition kernel Q, discount factor γ , and reward function r : S × A × S → R, which
defines the reward r(s, a, s′) as a function of the state-action pair (s, a) and the next state
s′. Consider an external discrete-time temporal process X = (ti , Xi)i∈N that influences the
transition probabilities of M . Here, X is exogenous; hence, it is not affected by M . The
probability of an event occurring in the external process at time t is a function of all past
(external) events until that time. Associated with each event is a probabilistic mark x ∈ X ,
where X is a closed subset of Rd .

Let Ht = {(t1, x1), (t2, x2), . . . , (tj , xj )} be the history of external events until time t, where
the ordered pair (ti , xi) denotes an event with mark xi that occurred at time ti . History Ht

perturbs the stochastic kernel Q of the MDP to give rise to a new transition kernel QHt

on S given S × A . At the same time, this history determines the next event in the
temporal process. We denote the distribution of the event mark at time t by QX

Ht
, which is

a probability distribution on X . Because this describes the event distribution external to
the MDP, it does not depend on the state of the MDP or the action taken by the agent.

In this paper, we consider a discrete-time event process as an external influence and
make the following assumptions.
(A1) There exists an event with a mark, say X = 0 (zero), that is equivalent to a non-event.
(A2) Events that occurred in the distant past have a reduced influence on the current prob-
ability transition kernel of the MDP. Specifically, there exists a convergent series

∑︁
T
MT of

real numbers, such that at any time t, for any event histories Ht and H ′t , if the MDP is in
state s and action a is taken, and if Ht and H ′t differ by only one event at time t′, then

TV
(︂
QHt

(.|s, a), QH ′t (.|s, a)
)︂
< MT , for all s ∈ S , a ∈ A ,

provided t − t′ ≥ T . That is, if an event is older than T , its influence on the current prob-
ability distribution has a Total Variation distance upper bounded by MT . Furthermore,
QHt

is independent of the previous states conditioned on the current state. That is, QHt

is Markovian with respect to the state. Furthermore, st+1 and xt+1 are conditionally inde-
pendent given the history (Ht), current state (st), and action (at).
(A3) Similarly, events that occurred in the distant past also have a reduced influence on the
probability distribution of the current event mark. Specifically, there exists a convergent
series

∑︁
T
NT of real numbers such that for event histories Ht and H ′t at time t that differ at

only one event at time t′, if t − t′ ≥ T , then

TV
(︂
QX

Ht
, QX

H ′t

)︂
< NT .

Along with the above assumptions (A1-A3), the MDPM under the influence of the ex-
ogenous event process must satisfy a set of regularity conditions to guarantee the existence
and uniqueness of optimal solutions.

Define a new expected reward function rP : S × A → R induced from r by P as

rP (s, a) = Es′∼P (.|s,a)
[︁
r(s, a, s′)

]︁
,
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where P is any stochastic kernel on S given S × A . We assume the following regularity
conditions on r and Q.
(B1) rP is a bounded measurable function. Without any loss of generality, we assume that
its co-domain is [0, 1] ⊂ R.
(B2) The function rP (s, .) is upper semi-continuous for each state s ∈ S and any prob-
ability distribution P = QH induced as a transition kernel on the MDP by any possible
external event history H of the temporal process.
(B3) rP is sup-compact on S × A , i.e., for every s ∈ S , r ∈ R and any probability distri-
bution P = QH induced as a transition kernel on the MDP by any possible external event
history H of the temporal process, the set {a ∈ A : rP (s, a) ≥ r}(⊆ A ) is compact.
(B4) Q is strongly continuous.
(B5) QH and QX

H are strongly continuous for any feasible event history H .
Note that a transition kernel P is said to be strongly continuous if v(s, a) = Es′∼P (.|s,a)[v(s′)]

is continuous and bounded on S × A for every measurable bounded function v on S .

3.1 Example

Non-Markov self-exciting event processes are studied extensively in finance, economics,
epidemiology, etc., in the form of variants of Hawkes and jump processes. Although they
are studied predominantly in continuous time, we consider discrete-time versions to fit
into the traditional discrete-time reinforcement learning framework.

Consider a discrete-time marked Hawkes process (Bt , Xt)t∈N defined as follows: (Bt)t∈N
is a sequence of random variables taking values in {0, 1}, with Bt sampled from Bernoulli (pt),
where the intensity pt at time t depends on the realizations of Bt at the previous time steps
as

p1 = α0, and pt = α0 +
t−1∑︂
t′=1

αt−t′Bt′

and the marks Xt are real-valued Gaussian random variables clipped to [−b, b], satisfying

X1

⎧⎪⎨⎪⎩∼ N[−b,b] (0, 1) if B1 = 1,

= 0 otherwise,
for t > 1,

Xt

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∼ N[−b,b]

⎛⎜⎜⎜⎜⎜⎝ t−1∑︂
t′=1

βt−t′Bt′Xt′ , 1

⎞⎟⎟⎟⎟⎟⎠ if Bt = 1,

= 0 otherwise,

for t > 1,

where N[−b,b] is the normal distribution clipped to be within the interval [−b, b], and (αt)

and (βt) are sequences that converge sufficiently quickly to zero. The sum St =
t∑︁

t′=1
Bt is a

self-exciting counting process that is the discrete-time counterpart of the continuous-time
Hawkes process.

The above-defined sequence of random variables satisfies Assumptions (A1) and (A2),
which are required for the external process. Xt is zero when no event occurs, and old
events have a reduced and decaying influence on the current events. More precisely, given
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two historical sequences (Xt′ )t′<t and (X ′t′ )t′<t that only differ by one event at some time
t′ ≤ t − T with B′t′ = X ′t′ = 0 and Bt′ = 1, Xt′ = x, the difference in intensities is pt − p′t =
αt−t′ , and hence,

TV (Xt , X
′
t) ≤

αt−t′

2
+ ptTV

⎛⎜⎜⎜⎜⎜⎝N[−b,b]

⎛⎜⎜⎜⎜⎜⎝ t−1∑︂
t′′=1

βt−t′′Bt′′Xt′′ , 1

⎞⎟⎟⎟⎟⎟⎠ ,N[−b,b]

⎛⎜⎜⎜⎜⎜⎝ t−1∑︂
t′′=1

βt−t′′Bt′′X
′
t′′ , 1

⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎠

≤ αt−t′

2
+ ptTV

⎛⎜⎜⎜⎜⎜⎝N
⎛⎜⎜⎜⎜⎜⎝ t−1∑︂
t′′=1

βt−t′′Bt′′Xt′′ , 1

⎞⎟⎟⎟⎟⎟⎠ ,N
⎛⎜⎜⎜⎜⎜⎝ t−1∑︂
t′′=1

βt−t′′Bt′′X
′
t′′ , 1

⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎠

=
αt−t′

2
+ pt erf

(︄
βt−t′x

2
√

2

)︄
<

αT

2
+ erf

(︄
βT b

2
√

2

)︄
= NT . (2)

One can find the details of this calculation in Appendix B. That is, for sufficiently fast
converging αT and βT , the total variation perturbation NT due to events older than T time
steps approaches zero, satisfying Assumption (A2).

While (αn) and (βn) are any general sequences that need to satisfy some regularity
conditions (Seol, 2015) and the above bound, they could also decay in a more structured
manner, as follows. For instance, for some c, λ > 0, letting αn = ce−λn gives a process
with exponentially decaying intensity due to past events. In the terminology employed to
describe the standard continuous-time Hawkes process, α0 = c is like the base or back-
ground intensity, and e−λx is the excitation function. Similarly, βn, which determines the
distribution of the event, could also be a parametric sequence that decays exponentially or
polynomially.

4 Guarantees for the Existence of Almost-Optimal Solutions

Consider the MDP M = (S ,A , Q, r, γ), where S and A are closed subsets of Rm and
Rn respectively, and r : S × A × S → R is the reward as a function of the state, action,
and resultant next state. Given an external discrete-time temporal process X = {(ti , Xti )}i
influences MDP M , we construct a new augmented MDP MX , where the marks of all the
events that occurred till time t are appended to the state s ∈ S to form a new augmented
state s̄ ∈ S̄ , where

s̄ = (s, xt , xt−1, xt−2, xt−3, . . . ), and S̄ = S ×
∞∏︂
t=0

X

⎛⎜⎜⎜⎜⎜⎝⊆ Rm ×
∞∏︂
t=0

Rd

⎞⎟⎟⎟⎟⎟⎠ .
Here, xt is the mark of an external event that occurred at time t. If no event occurs at time
t, then xt = 0.

Due to the influence of external events, the decision process (S ,A , Q, r, γ) does not
remain an MDP because the transition function is perturbed by external events. However,
the corresponding decision process MX = (S̄ ,A , Q̄, r, γ) is an MDP, where Q̄ is the tran-
sition kernel on the augmented state s̄, because all factors that affect the transitions are
included in the augmented state s̄ ∈ S̄ .

Furthermore, the state space of MX is infinite-dimensional. However, Assumptions
(A2) and (A3) in Section 3 allow one to study the possibility of finding a suitable pol-
icy that only depends on a finite horizon of past events. In this context, we present the
following results.
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Theorem 2. Suppose the MDP M and the external process satisfy the assumptions (A1-A3)
and the regularity conditions (B1-B5). Then, we have the following.

(1) There exists a deterministic optimal policy for the augmented MDPMX , with corresponding
optimal value function V ∗, that satisfies the optimal Bellman equation.

(2) For any ϵ > 0, there exists a time horizon T and a policy π(T ) that depends only on the
current state and past T events such that

V π(T )
≥ V ∗ − ϵ.

That is, for every required maximum suboptimality ϵ, there exists a corresponding “finite-
horizon” policy that achieves that ϵ-suboptimal value. Further, the past event horizon T
required for ϵ-suboptimality is T that satisfies

∞∑︂
t=T+1

Mt <
ϵ(1 − γ)2

4
and

∞∑︂
t=T+1

Nt <
ϵ(1 − γ)2

4
. (3)

This result guarantees that the formulated problem is well-posed, with an optimal so-
lution that can be approximated by a tractable policy that depends only on the current
state and a finite history of events. This approximation can be made as accurate as neces-
sary, depending on the properties of the exogenous event process and the size of the event
history. To prove Theorem 2, we establish the following result, whose proof is given in
Appendix C.

Lemma 3. Consider a new auxiliary MDPM (T )
X that has the same underlying stochastic process

as the augmented MDP MX , with one difference: only events in the past T time steps affect the
current state transition and event distribution, with events before that having no effect and being
effectively zero. Let π be an arbitrary policy as a function of the augmented state s̄ ∈ S̄. That is,
π can be either stochastic or deterministic and can depend on the current state s ∈ S and any
number of past events in X . Then,⃦⃦⃦⃦⃦

V π

M
(T )
X

− V π
MX

⃦⃦⃦⃦⃦
∞
≤ 1

1 − γ

(︄
∥r∥∞ + γ

⃦⃦⃦⃦⃦
V π

M
(T )
X

⃦⃦⃦⃦⃦
∞

)︄ ∞∑︂
t=T+1

(Mt + Nt) ,

where r is the reward function, and V π
M denotes the value function of policy π in MDPM .

Proof of Theorem 2 The state space is Borel because it is a countable product of Borel
sets. Therefore, part (1) follows from the regularity conditions (B1-B5) satisfying the
assumptions of Theorem 4.2.3 in Hernández-Lerma and Lasserre (1996), coupled with
the boundedness of the reward function. For part (2), let π∗ be the deterministic optimal

stationary policy forMX and π∗(T ) be the deterministic optimal stationary policy forM (T )
X .

From Lemma 3, since ∥r∥∞ ≤ 1 and ∥V ∥∞ ≤ 1
1−γ ,

V π∗(T )

MX
≥ V π∗(T )

M
(T )
X

− 1
(1 − γ)2

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠ ≥ V π∗

M
(T )
X

− 1
(1 − γ)2

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠
8
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≥ V π∗

MX
− 2

(1 − γ)2

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠ .
Since both series

∑︁
t
Mt and

∑︁
t
Nt converge, there exists T ∈ N satisfying (3). Choosing such

an T proves the result. ■

5 A Policy Iteration Algorithm

Considering that we have established the existence of an ϵ-optimal policy that is a function
of only a finite event horizon, the aim is to find such a policy. To this end, we propose
a policy iteration algorithm that alternates between approximate policy evaluation and
approximate policy improvement. This procedure is listed in Algorithm 1.

The policy evaluation step considers candidate value functions that are functions of a
finite event horizon. We define the value function inMX at an infinitely augmented state as
a function of the state augmented by just a finite event horizon, by sampling the previous
older events from the posterior distribution µ1 of the event process. In practice, µ1 is the
actual event process. Thus, the value function can be approximated using Monte Carlo
methods. For the purpose of analysis, we consider the exact evaluation of the approximate
value function.

In the policy improvement step, the policy is improved based on the reward and value
function resulting from one transition. This transition can be due to past events from any
arbitrary distribution µ2. The deterministic policy at an augmented state depends only
on the finite event horizon and is the action that maximizes the right-hand side, which
depends on the approximate value function.

Solving the optimization problem in the policy improvement step requires knowledge
of models r(s, a, s′), QH , and QX

H for arbitrary histories H . In this work, we ignore any
approximation errors that arise due to estimating the models and analyze the algorithm
by assuming the exact step is taken as defined.

Algorithm 1 Policy Iteration

Start with arbitrary deterministic policy π0 : S × X T+1 → A
for each k ∈ {0, 1, . . . } till termination do

// Approximate Policy Evaluation

V̂k ((s, x0:∞)) = Ex′T+1:∞∼µ1
V πk

(︁(︁
s, x0:T , x

′
T+1:∞

)︁)︁
.

// Approximate Policy Improvement

πk+1 ((s, x0:∞)) = argmax
a∈A

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.|s)

x′T+1:∞∼µ2

[︄
r(s, a, s′) + γV̂k ((s′ , x′ , x0:T−1))

]︄
.

end for
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5.1 Analysis

For the analysis of this algorithm, we establish the following results, which bound the dif-
ference in the value function at two different augmented states when they differ in events
that are older than T time steps.

Lemma 4. Let π be a policy that depends only on the current state and past T events. Then,

sup
s̄=(s,x0:∞)

⃓⃓⃓
V π (s̄) − V π ((s, x0:T , (0)T+1:∞))

⃓⃓⃓
<

1
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) .

Here, (s, x0:T , (0)T+1:∞) = (s, x0, x1, . . . , xT , 0, 0, . . . ) ∈ S̄ is the extended state that has been
essentially “truncated” and made finite by replacing events older than T time steps with
zero. The proof of Lemma 4 is provided in Section C.1.

Corollary 5. For a given policy π that is a function of events only in the past T time steps, and
for any two augmented states s̄1 and s̄2 that have the same state and differ in any number of
events that occurred before the previous T time steps,

⃓⃓⃓
V π (s̄1) − V π (s̄2)

⃓⃓⃓
≤ 2

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) .

Essentially, this means that if a policy considers only events in the past T time steps,
its value at states that differ at older events varies by an amount proportional to the extent
of nonstationarity induced by events older than T time steps. This helps characterize the
behavior of the policy iteration procedure described in Algorithm 1. While exact policy
iteration results in a sequence of policies that converge to the optimal policy, our approxi-
mate policy iteration produces policies whose value functions satisfy the following result,
the proof of which is provided later in this section.

Lemma 6.

V πk+1 ≥ V πk −
2(1 + γ)
(1 − γ)3

∞∑︂
t=T+1

(Mt + Nt).

That is, while there is no guarantee that the sequence of value functions {V πk }k is non-
decreasing, Lemma 6 guarantees that they do not decrease by more than a specific amount.

This is due to the approximation error ϵ =
2

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) at each time step in-

duced by the nonstationarity due to exogenous events.
In general, approximate policy iteration algorithms converge under the assumption

that the approximation errors gradually vanish over the course of the algorithm. How-
ever, our approximation error of ϵ remains constant throughout, leading to the above-
mentioned situation. Intuitively, such a small approximation error ϵ should only disturb
the convergence of the algorithm when we are ϵ-close to the optimal solution. During the

10
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initial iterations, when far from the solution, such small approximation errors are insignif-
icant.

Next, we establish that the value function can degrade only in regions of the state space
where the Bellman error is close to zero. A Bellman error of zero generally, although not
always, corresponds to an optimal policy. This interplay between the Bellman error and
approximation error in our algorithm is formalized by the following result.

Theorem 7. At iteration k of the policy iteration procedure given in Algorithm 1, for any aug-

mented state s̄ ∈ S̄ = S ×
∞∏︂
t=0

X , at least one of the following holds:

V πk+1(s̄) ≥ V πk (s̄), or (4)⃓⃓⃓
T V πk (s̄) − V πk (s̄)

⃓⃓⃓
<

4(1 + γ)
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt), (5)

where V π denotes the value function of policy π in MDPMX .

That is, the policy’s performance improves everywhere except in the region of the state
space where the Bellman error is very small. The faster the decay of the exogenous event
influence, the smaller the approximation error and the smaller the region of the state space
in which the policy may not improve.

Corollary 8. Consider an MDP with the exogenous process being a discrete-time Hawkes pro-
cess as described in Section 3.1, with an exponentially decaying excitation function cαe

−λα t,
along with an exponentially decaying βt = cβe

−λβ t and state transition perturbations that decay
as Mt = c̄e−λ̄t. Then, each step k of the policy iteration algorithm is guaranteed to keep the
value function of the policy non-decreasing everywhere in the state space except regions s̄ ∈ S̄
satisfying

⃓⃓⃓
T V πk (s̄) − V πk (s̄)

⃓⃓⃓
<

4(1 + γ)
(1 − γ)2

⎛⎜⎜⎜⎜⎜⎝ c̄λ e−λ̄T +
cα
λα

e−λαT +
cβb√
2πλβ

e−λβT

⎞⎟⎟⎟⎟⎟⎠ .
As the time window T considered increases, the error reduces as e−{λ̄,λα ,λβ}T . Hence,

depending on the rate of influence decay, increasing the time window beyond a certain
point results in diminishing returns. The error also has a proportional dependence on cα,
the base intensity of the Hawkes process, and an inverse dependency on λα, the decay of
the excitation function of the Hawkes process.

Proof of Theorem 7 Whether (4) or (5) holds depends on the state s̄ falls in the “sub-
optimality” set B or not, which is the set of all states s̄ = (s, x0:∞) ∈ S̄ that satisfy

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

a∼πk(s̄)

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

11
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< max
a∈A

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂
− δ

for some suitable δ > 0 that is yet to be chosen. It is to be noted that whether or not this
condition holds, the above inequality or the corresponding equality holds for δ = 0 by the
definition of πk+1.

By definition of V̂k and using corollary 5, we have

V̂k((s, x0:T )) = Ex′T+1:∞∼µ2

[︁
V πk ((s, x0:T , x

′
T+1:∞))

]︁
(6)

|V πk ((s, x0:∞)) − V̂k((s, x0:T ))| = |Ex′T+1:∞∼µ2

[︁
V πk ((s, x0:∞)) − V πk ((s, x0:T , x

′
T+1:∞))

]︁
|

≤ Ex′T+1:∞∼µ2

⎡⎢⎢⎢⎢⎢⎣ 2
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt)

⎤⎥⎥⎥⎥⎥⎦ (7)

Using the Bellman equation, we have

V πk ((s, x0:∞)) = E′∼Qx0:∞ (.|s,a)
x′∼QX

x0:∞ (.)
a∼πk(s̄)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁
V πk ((s, x0:∞)) ≤ Es′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.)

a∼πk(s̄)

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

+
2γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) (8)

≤ Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

a∼πk(s̄)

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

+
1

1 − γ

∞∑︂
t=T+1

(Mt + Nt) +
2γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) (9)

The inequality in (8) follows from (7) and the inequality in (9) follows from (31).
Suppose that s̄ ∈ B. Then,

V πk ((s, x0:∞)) ≤ Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

a∼πk+1(s̄)

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

+
1 + γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) − δ (10)

12
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≤ Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

a∼πk+1(s̄)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁

+
2γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) +
1 + γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) − δ (11)

≤ Es′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.)

a∼πk+1(s̄)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁

+
1

1 − γ

∞∑︂
t=T+1

(Mt + Nt) +
1 + 3γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) − δ (12)

= Eπk+1

[︁
r(s, a, s′) + γV πk (s̄′)

]︁
+

2(1 + γ)
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) − δ (13)

≤ Eπk+1

⎡⎢⎢⎢⎢⎢⎣ ∞∑︂
t=0

γ tr(s, a, s′)

⎤⎥⎥⎥⎥⎥⎦ +
1

1 − γ

⎡⎢⎢⎢⎢⎢⎣2(1 + γ)
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) − δ

⎤⎥⎥⎥⎥⎥⎦ (14)

= V πk+1(s̄) +
1

1 − γ

⎡⎢⎢⎢⎢⎢⎣2(1 + γ)
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) − δ

⎤⎥⎥⎥⎥⎥⎦ (15)

= V πk+1(s̄),

for δ = 2(1+γ)
(1−γ)2

∞∑︁
t=T+1

(Mt + Nt).

The inequality in (10) follows from the fact that s̄ ∈ B. The inequality in (11) follows
from (7) and the inequality in (12) follows from (31). Recursively expanding V πk in (13)
gives (14)

Now, suppose s̄ < B, We need to show that this implies (5), that is, the Bellman error
should be very small. It is always true that T V ≥ V . In the other direction, for any
s̄ = (s, x0:∞) ∈ S̄ ,

Since s̄ < B,

max
a∈A

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

≤ Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

a=πk(s̄)

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂
+ δ (16)

13
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We can lower bound bound the left hand side of (16) using (7) and (31)

max
a∈A

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

≥ max
a∈A

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁

− 2
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt)

≥ max
a∈A

Es′∼Qx0:∞ (.|s,a)
x′∼QX

x0:∞ (.)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁
− 1

(1 − γ)

∞∑︂
t=T+1

(Mt + Nt) −
2

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) (17)

We can upper bound the right hand side of (16) using (7) and (31)

Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2
a=πk(s̄)

[︂
r(s, a, s′) + γV̂k((s′ , x′ , x0:T−1))

]︂

≤ Es′∼Qx0:T ,x′T+1:∞
(.|s,a)

x′∼QX
x0:T ,x′T+1:∞

(.)

x′T+1:∞∼µ2

a=πk(s̄)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁

+
2γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt)

≤ Es′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.)

a=πk(s̄)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁

+
1

(1 − γ)

∞∑︂
t=T+1

(Mt + Nt) +
2γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) (18)

Therefore, from (17) and (18), and taking δ = 2(1+γ)
(1−γ)2

∞∑︁
t=T+1

(Mt + Nt) we get

−2γ
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) −
1

1 − γ

∞∑︂
t=T+1

(Mt + Nt)

+ max
a∈A

Es′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁
14
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≤ E′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.)

a=πk(s̄)

[︁
r(s, a, s′) + γV πk ((s′ , x′ , x0:∞))

]︁

+
2γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) +
1

1 − γ

∞∑︂
t=T+1

(Mt + Nt) + δ

(T V πk )(s̄) −
1 + γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt)

≤ V πk (s̄) +
1 + γ

(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) + δ

(T V πk )(s̄) − V πk (s̄) ≤
4(1 + γ)
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt)

Therefore, |(T V πk )(s̄) − V πk (s̄)| ≤ 4(1+γ)
(1−γ)2

∞∑︁
t=T+1

(Mt + Nt)

Proof of Lemma 6 Setting δ = 0 in the first part of the above proof gives us the Lemma,
for which there is no assumption on the extent of policy improvement.

V πk (s̄) ≤ V πk+1(s̄) +
1

1 − γ

⎡⎢⎢⎢⎢⎢⎣2(1 + γ)
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt)

⎤⎥⎥⎥⎥⎥⎦
V πk (s̄) ≤ V πk+1(s̄) +

2(1 + γ)
(1 − γ)3

∞∑︂
t=T+1

(Mt + Nt)

■
In Theorem 7, in regions of the augmented state space without guaranteed policy im-

provement, the Bellman error depends on the approximation error due to the ignoring old
events. It is the cumulative effect of all events older than T on the current events, as well

as the state transition kernel. Specifically, it is proportional to
∞∑︁

t=T+1
(Mt + Nt) , where T is

the time window beyond which events are discarded, Mt is an upper bound on the total
variation disturbance on the state transition kernel caused by an event older than t time
steps, and Nt bounds the total variation effect due to old events on the event process itself.
The faster the decay of the exogenous event influence, the smaller the truncation error due
to nonstationarity.

Proof of Corollary 8 From (2), the extra error introduced is proportional to

∞∑︂
t=T+1

(Mt + Nt) ≤
∞∑︂

t=T+1

⎛⎜⎜⎜⎜⎝c̄e−λ̄t + cαe
−λα t + erf

⎛⎜⎜⎜⎜⎝ cβbe−λβ t

2
√

2

⎞⎟⎟⎟⎟⎠⎞⎟⎟⎟⎟⎠
≤

∞∑︂
t=T+1

⎛⎜⎜⎜⎜⎜⎜⎜⎝c̄e−λ̄t + cαe
−λα t +

⌜⎷
1 − exp

⎛⎜⎜⎜⎜⎜⎝−c2
βb

2

2π
e−2λβ t

⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎟⎠

15
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≤
∞∑︂

t=T+1

(︄
c̄e−λ̄t + cαe

−λα t +
cβb√
2π

e−λβ t

)︄
≤

∫︂ ∞
t=T

(︄
c̄e−λ̄t + cαe

−λα t +
cβb√
2π

e−λβ t

)︄
dt

=
c̄
λ
e−λ̄T +

cα
λα

e−λαT +
cβb√
2πλβ

e−λβT .

■

6 Least-Squares Policy Iteration

Although the algorithm presented in Section 5 specifies the value function and its update,
in practice, it is essential to note that, in practice, this function must be learned through
samples acquired from the environment and is typically approximated using a selected
class of functions.

In this section, we analyze the sample complexity associated with policy iteration, in
which the policy evaluation step is achieved by employing pathwise Least-Squares Tempo-
ral Difference (LSTD) learning (Lazaric et al., 2012). This method utilizes samples derived
from a singular sample path generated by the policy. We begin by establishing bounds for
the evaluation error within the linear function space case, along with certain regularity
conditions imposed on the MDP. Subsequently, we employ these results to bound the sub-
optimality of the least-squares policy iteration.

In contrast to Lazaric et al. (2012), our study deals with an MDP characterized by
an infinite-dimensional augmented state space, a stochastic reward function, and, more
importantly, an additional error due to the use of tractable policies and value functions
on a finite-dimensional domain. This results in additional sample complexity, even for
evaluating a given policy, depending on the extent to which exogenous events affect the
evolution of the states. In this section, we quantify the precise nature of these errors.

Consider a function class F consisting of functions that can approximate the value
function on the augmented MDP, F ⊂

{︂
f : S̄ → R

}︂
. Since the domain of the functions in

this class is infinite-dimensional, this can be further broken down into two approximations
for dealing with these functions practically: a truncation operation to make the domain
finite-dimensional, and then another class of functions that are then used to cover possible
functions on this domain, i.e,

F =
{︃
f ◦ f

(T )
trunc : f ∈ F (T )

}︃
, and f

(T )
trunc : S̄ → S ×

T∏︂
t=0

X ,

where

F (T ) =

⎧⎪⎪⎨⎪⎪⎩f : S ×
T∏︂
t=0

X → R

⎫⎪⎪⎬⎪⎪⎭
Here, f (T )

trunc is a fixed truncation function that removes extra events that are older than
T time steps while preserving the current state and new events, and F (T ) is a function
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class defined on this new truncated domain. For a fixed T , finding the best function in F
is the same as finding the best function in F (T ).

The standard approximating function space considered is an arbitrary finite-dimensional
function space. Specifically, assume that there are d basis functions ϕi : S × X T+1 → R
that linearly span F (T ) and are bounded by L. That is, for each f ∈ F (T ), there exists
α ∈ Rd such that f =

∑︁
i∈[d]

αiϕi . These basis functions together form a feature representa-

tion function φ : S ×X T+1 → Rd , defined by φ(x) = (ϕ1(x), . . . , ϕd(x)). Further, we define˜︂F as the class of functions obtained by truncating the functions in F to be bounded by
L.

We now consider the adaptation of the standard Least-Squares Policy Iteration to our
setting. The policy evaluation step is described in Section 6.1, wherein a value function is
learned as a function of the current state and a finite history of events, with the previous
event values set to zero for simplicity. In the policy improvement step, a greedy policy is
defined as a function of the state and a finite history of events. This induces an additional
approximation error in the model. The overall procedure is listed in Algorithm 2.

Algorithm 2 Approximate Least-Squares Policy Iteration

Given: Basis function set φ = (ϕ1, . . . , ϕd) : S × X T+1 → Rd

Start with arbitrary deterministic policy π0 : S × X T+1 → A
for each k ∈ {0, 1, . . . } till termination do

// Least-Squares Temporal Difference Learning for policy evaluation

Obtain samples s̄1, . . . , s̄n and rewards r1, . . . , rn using policy πk

Construct the feature vectors as

Φ =
(︃
φ

(︃
s̄

(T )
1

)︃
, . . . ,Φ

(︃
s̄

(T )
n

)︃)︃
. (19)

Obtain value function ˜︁V = Trunc

⎛⎜⎜⎜⎜⎝ ∑︁
i∈[d]

α̂iϕi

⎞⎟⎟⎟⎟⎠, where

α̂ =
[︂
Φ
⊺ (︂

I − γP̂
)︂]︂+

Φ
⊺
r.

// Approximate Greedy Policy Improvement

Define new policy as the best approximating greedy policy that is a function of the
state and just a finite history of events, as

πk+1 ((s, x0:∞)) = argmax
a∈A

Es′∼Qx0:T ,(0)(.|s,a)

x′∼QX
x0:T ,(0)(.|s)

[︄
r(s, a, s′) + γṼk ((s′ , x′ , x0:T−1))

]︄
.

end for

17



Ayyagari, Eega and Dukkipati

6.1 Approximate Policy Evaluation

The error between the true value function and the learned truncated value function can
be broken down in terms of the errors introduced by truncating the infinite-dimensional
domain and employing linear function approximation, as well as the stochasticity of the
samples used to learn the approximate function. The aim is to provide a bound to ∥V −˜︁V ∥ρ,
where V is the true value function on S̄ , ˜︁V is the learned value function in F , ρ is some
distribution over S̄ , and the norm ∥·∥ρ is the l2(ρ)-norm, which is the expected l2 norm of
the value of the function w.r.t the measure ρ, i.e,

∥f ∥2ρ =
∫︂
S̄

f (x)2 ρ(dx).

While the f
(T )

trunc operator ignores old events, we also define a projection operator Πtrunc

onto the function space defined on the truncated domain, as

ΠtruncV = argmin

f :S ×
T∏︁
t=0
X →R

∥f − V ∥ρ .

which finds the best approximation that does not depend on the old events, where ‘best’
is defined in expectation with respect to ρ. The best approximate value function ˜︁V is that
function in F (or equivalently F (T )) that minimizes the above-expected norm difference.

Suppose we are given N samples s̄1, . . . , s̄N from a Markov chain induced by policy π
in the augmented MDP MX , and the corresponding rewards r1, . . . , rN . We minimize the
empirical norm difference at these points, defined as

∥f ∥N =

⎛⎜⎜⎜⎜⎜⎝ 1
N

N∑︂
t=1

f (xt)
2

⎞⎟⎟⎟⎟⎟⎠
1
2

.

The above function defines a norm, along with a corresponding inner product, in a new
inner product space FN , which is the space of all (N ) values of the functions at the given
sample points. This can be considered a subset of RN with an inner product. Here, FN =

{(f (s̄1), . . . , f (s̄N )) : f ∈ F } = {(f (s(T )
1 ), . . . , f (s(T )

N )) : f ∈ F (T )} = {Φα : α ∈ Rd}, where

Φ = (φ(s̄(T )
1 ), . . . , φ(s̄(T )

N ))N×d and s̄
(T )
i = f

(T )
trunc (s̄i). In pathwise LSTD, given a sequence of

states s̄1, . . . , s̄n and corresponding rewards r1, . . . , rn obtained by following policy π, the
value function is approximated as

V̂ =
∑︂
i∈[d]

α̂iϕi , for α̂ =
[︂
Φ
⊺ (︂

I − γP̂
)︂]︂+

Φ
⊺
r,

where Φ = (φ(s̄(T )
1 ), . . . , φ(s̄(T )

N ))N×d is the feature matrix, s̄
(T )
i = f

(T )
trunc(s̄i), and P̂n×n =

(I {j = i + 1})i,j is the pathwise empirical transition matrix. Since the reward function takes
values in [0, 1], the true value function is bounded by 1/(1 − γ). Therefore, to obtain the
best approximation, the above obtained ˆ︁V can be truncated to take values in [0, 1/(1 − γ)]
to obtain the final estimate ˜︁V .
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6.2 Sample complexity of Policy Evaluation

The aim is to provide a bound to the expected error
⃦⃦⃦
V − ˜︁V ⃦⃦⃦

ρ
, where V is the true value

function on S̄ , ˜︁V is the learned value function in F , ρ is a distribution over S̄ , and the
norm ∥·∥ρ is the l2(ρ)-norm.

To determine the expected error of the value estimates in the specified norm, the in-
termediate task is to bound the empirical error, which is the difference between the true
solution and the estimate on the given data points that have been used to determine the
estimate. We derive a bound on ∥V − ˆ︁V ∥N as a function of the number of data points and
the complexity of the function class under consideration.

Lemma 9. Let v = (V (s̄t))t∈[N ] and v̂ =
(︂
V̂ (s̄t)

)︂
t∈[N ]

. Then, with probability at least 1 − δ,

∥v − v̂∥N ≤
1√︁

1 − γ2

⃦⃦⃦
v − Π̂v

⃦⃦⃦
N

+
L

(1 − γ)2

√︃
d
νN

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ , (20)

where N is the number of samples used, Π̂ is the projection onto FN , d is the dimensionality of
the linear function space considered, L is the upper bound of the basis functions, and νN is the
smallest positive eigenvalue of the Gram matrix Φ

⊺
Φ.

Proof See Appendix D.1.1.

The inequality (20) is almost identical to the one in Lazaric et al. (2012) because we are
still operating in the range space of the basis functions restricted to a finite set of states;
therefore, the structure of the MDP in our setting does not affect the analysis. Because
the proof follows a similar path, we have included in the Appendix those steps that differ
from the original proof, which are mainly due to the noise terms taken in the martingale
difference sequence. In our setting, these noise terms also include stochasticity due to the
reward, in addition to the transition function, leading to a difference in the final expres-
sion.

While this final inequality is quite similar, we shall see that when considering the ex-
pected error in the augmented state space, we can bring out the properties of our setting
by splitting the expected error in terms of the error due to function truncation and the
inherent error due to linear function approximation.

The above inequality bounds the average error of the estimated value function, which
is evaluated only at the points obtained as samples from the environment. It is desirable to
study the error in the approximate value function learned as an expectation over the states
with respect to a distribution ρ. Generally, ρ is taken to be the stationary distribution of
the Markov chain induced in the MDP by the policy π. To obtain such a result, additional
assumptions are imposed on this Markov chain, such as the speed of convergence to its
stationary distribution.

For linear function spaces, assuming that the policy induces a β-mixing Markov chain
gives the following generalization bound for policy evaluation.

Theorem 10. Assume that the policy π induces on the MDPMX a β-mixing Markov chain with
parameters β̄, b, κ and stationary distribution ρ. Let s̄1, . . . , s̄N+˜︁N be a sample path obtained
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using the policy π. Suppose the first ˜︁N samples are discarded for Markov chain burn-in, and the
remaining N samples are used to compute the truncated least-squares path-wise estimate ˜︁V of
the true value function V . Let ν be a lower bound on the eigenvalues of the sample-based Gram
matrix that holds with a probability 1 − δ/4. Then, provided the number of discarded samples is

Ñ =
(︃

1
b log 2eβ̄n

δ

)︃ 1
κ
, with probability at least 1 − δ,

⃦⃦⃦˜︁V − V ⃦⃦⃦
ρ
≤ 4

√
2√︁

1 − γ2

⎛⎜⎜⎜⎜⎜⎝ 3
(1 − γ2)

∞∑︂
t=T+1

(Mt + Nt) +
⃦⃦⃦
ΠtruncV −ΠV

⃦⃦⃦
ρ

⎞⎟⎟⎟⎟⎟⎠
+

2L
(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(8d/δ)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1(N, β̄, b, κ, d, δ) + 2
√

2ϵ2(N, β̄, b, κ, δ),

where ϵ1(N, d, δ) =
24

1 − γ

√︄
2Λ1(N, β̄, d, δ/4)

N
max

{︄
Λ1(N, β̄, d, δ/4)

b
, 1

}︄ 1
κ

,

ϵ2(N, δ) = 12
(︄

1
1 − γ

+ L ∥α∗∥
)︄√︄

2Λ2(N, β̄, δ/4)
N

max
{︄
Λ2(N, β̄, δ/4)

b
, 1

}︄ 1
κ

,

V is the true value function, ˜︁V is the learned value function clipped at 1
1−γ , ΠtruncV is the

best possible value function on the truncated state space, ΠV is the best approximating value
function in the linear function space considered, Mt and Nt are the upper bounds on the total
variation due to exogenous events older than t time steps induced in the transition dynamics
and event mark distribution, respectively, Λ1(N, d, δ) and Λ2(N, δ) are as defined in Lemma 13
in Section D, and α∗ is such that ΠV =

∑︁
i
α∗iϕi .

This result breaks down the overall error into individual components, namely, the ap-
proximation error due to nonstationarity, the inherent error due to linear function approx-
imation, the error due to the stochasticity of the samples that reduces with the number of
samples, and other errors due to mixing of the Markov chain, the dimensionality of the
function space, etc.

The effect of nonstationarity is reflected in the first term proportional to
∑︁
t

(Mt + Nt)

for a general exogenous process whose events have an effect that decays as Mt and Nt

on the state transition and next event distribution, respectively. For a specific temporal
process, such as the discrete Hawkes process described in Corollary 8, this term is replaced

by its corresponding upper bound
(︃
c̄
λ e
−λ̄T + cα

λα
e−λαT +

cβ√
2πλβ

e−λβT
)︃

that depends on the

parameters of the process.
The detailed background for the conditions on the MDP under which the results hold,

the exact expressions for Λ1 and Λ2, and the supporting generalization Lemmas needed
for the proof are provided in Section D.

Proof of Theorem 10 Following proof of Theorem 5 in Lazaric et al. (2012),

2
⃦⃦⃦
V̂ − V

⃦⃦⃦
N
≥ 2

⃦⃦⃦˜︁V − V ⃦⃦⃦
N
≥

⃦⃦⃦˜︁V − V ⃦⃦⃦
ρ
− ϵ1, (21)
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where the first inequality results from truncation, and the second inequality is a general-
ization Lemma for Markov chains stated in Section D, and so⃦⃦⃦˜︁V − V ⃦⃦⃦

ρ
≤ 2

⃦⃦⃦
V̂ − V

⃦⃦⃦
N

+ ϵ1 (22)

≤ 2√︁
1 − γ2

⃦⃦⃦
V − Π̂V

⃦⃦⃦
N

+
2L

(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 (23)

≤ 2√︁
1 − γ2

∥V −ΠV ∥N +
2L

(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 (24)

≤ 4
√

2√︁
1 − γ2

∥V −ΠV ∥ρ +
2L

(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 + 2
√

2ϵ2 (25)

≤ 4
√

2√︁
1 − γ2

(︃⃦⃦⃦
V −ΠtruncV

⃦⃦⃦
ρ

+
⃦⃦⃦
ΠtruncV −ΠV

⃦⃦⃦
ρ

)︃
+

2L
(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 + 2
√

2ϵ2 (26)

≤ 4
√

2√︁
1 − γ2

(︃⃦⃦⃦
V − V ϵ(s, x0:T , 0̄)

⃦⃦⃦
ρ

+
⃦⃦⃦
ΠtruncV −ΠV

⃦⃦⃦
ρ

)︃
+

2L
(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 + 2
√

2ϵ2 (27)

≤ 4
√

2√︁
1 − γ2

(︃
∥V − V ϵ∥ρ +

⃦⃦⃦
V ϵ − V ϵ(s, x0:T , 0̄)

⃦⃦⃦
ρ

+
⃦⃦⃦
ΠtruncV −ΠV

⃦⃦⃦
ρ

)︃
+

2L
(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 + 2
√

2ϵ2 (28)

≤ 4
√

2√︁
1 − γ2

⎛⎜⎜⎜⎜⎜⎝ 3
(1 − γ2)

∞∑︂
t=T+1

(Mt + Nt) +
⃦⃦⃦
ΠtruncV −ΠV

⃦⃦⃦
ρ

⎞⎟⎟⎟⎟⎟⎠
+

2L
(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ′)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + ϵ1 + 2
√

2ϵ2. (29)

Inequality (23) is due to Lemma 9, (24) is by the definition of Π̂, and (25) is the gener-
alization bound similar to (21) in the opposite direction for upper bounding the empirical
error in terms of the expected error. (26) is just the triangle inequality.

(27) is by definition of the Πtrunc operator, where V ϵ is the ‘truncated’ value function
of an ϵ-suboptimal policy that depends only on the past T events. This is guaranteed from

the proof of Theorem 2 for ϵ = 2
(1−γ)2

∞∑︁
t=T+1

(Mt + Nt).

(28) is due to the triangle inequality by adding and subtracting the actual value func-
tion V ϵ of the ϵ-suboptimal policy. The final inequality (29) is due to Lemma 4 and the
value of ϵ.
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Both these generalization bounds happen with probability at least 1 − δ′ each. Fur-
thermore, with the lower bound ν on νN holding with probability at least 1 − δ′, the final
bound holds with probability at least 1 − δ = 1 − 4δ′.

■

The generalization terms due to linear function approximation using Markov samples
remain essentially the same as in Lazaric et al. (2012). The main difference is the first extra
term in the error, which is induced by truncating the augmented state space by discarding
the features of old events. The amount of error introduced owing to this approximation
depends on the amount of influence exerted by old events on the current events and the
state transition kernel.

The results required for the proof can be taken from Lazaric et al. (2012) without any
modifications because, even if some of the results, specifically the results on the bound on
the covering numbers for linear function spaces taken from Györfi et al. (2002), require
the domain of the basis functions to be finite-dimensional, the analysis takes place in the
co-domain and can be directly applied to our setting. We state the complete theorem along
with the Lemmas in Section D.

6.3 Sample Complexity of Least Squares Policy Iteration

To analyze Algorithm 1, we need to consider the following standard regularity conditions
on the stationary distribution of greedy policies, future-state distribution of arbitrary se-
quences of policies, and linear independence of the features.
(C1) (Lower-bounding distribution) There exists a distribution ν and corresponding con-
stant Cν < ∞ such that for any policy π that is greedy with respect to a function in the
truncated space ˜︂F , ν ≤ Cνρ

π, where ρπ is the stationary distribution of policy π.
(C2) (Discounted-average concentrability of future-state distribution (Antos et al., 2008))
Given the target distribution ρ and an arbitrary sequence of policies {πm}m≥1, the concen-
trability coefficient

cρ,ν(m) = sup
π1···πm

⃦⃦⃦⃦⃦
⃦dνP π1P π2 ...P πm

dρ

⃦⃦⃦⃦⃦
⃦
∞
,

and the second-order discounted-average concentrability of future-state distributions, as
defined below, is finite.

Cρ,ν = (1 − γ)2
∑︂
m≥1

mγm−1cρ,ν(m).

(C3) (Linearly independent features) Let ν be the lower-bounding distribution from As-
sumption (C1). The features φ(·) of the function space F are linearly independent w.r.t.
ν, and the smallest eigenvalue ων of the Gram matrix Gν ∈ Rdxd w.r.t. ν is strictly positive.
(C4) (Slower β-mixing process) There exists a stationary β-mixing process with param-
eters β̄, b, κ, such that for any policy π that is greedy w.r.t. a function in the truncated
space F̃ (T ), it is slower than the stationary β-mixing process with stationary distribution
ρπ (with parameters β̄π, bπ, κπ). This means that β̄ is larger, and b and κ are smaller than
their counterparts β̄π, bπ and κπ.
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Theorem 11. Under Assumptions (C1-C4), the value function of policy πK obtained using
Algorithm 2 for K iterations satisfies, with probability at least 1 − δ,

⃦⃦⃦
V ∗ − V πK

⃦⃦⃦
ρ
≤

√︁
3γ

(1 − γ)2

√︂
Cρ,ν

⎡⎢⎢⎢⎢⎣(1 + γ)
√︁

2Cν

⎛⎜⎜⎜⎜⎝ 4
√

2√︁
1 − γ2

⎛⎜⎜⎜⎜⎜⎝ 3
(1 − γ2)

∞∑︂
t=T+1

(Mt + Nt) + E0(F )

⎞⎟⎟⎟⎟⎟⎠
+

2L
(1 − γ)2

√︃
d
ν

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(8d/δ)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ + E1 + 2
√

2E2

⎞⎟⎟⎟⎟⎠ +
2

1 − γ

∞∑︂
t=T+1

(Mt + Nt)

⎤⎥⎥⎥⎥⎦
+

√
6γK/2

(1 − γ)2 ,

where,
- E0(F ) = sup

π∈G (F̃ )
∥ΠtruncV π −ΠV π∥ρπ

- E1 is ϵ1 from Theorem 10 written for the slower β-mixing process defined in Assumption
4,

- E2 is ϵ2 from Theorem 10 written for the slower β-mixing process defined in Assumption

4, and ∥α∗∥ replaced by
√︂

C
ωµ

1
1−γ , and

- νµ is ν from Lemma 14 in which ω is replaced by ων defined in Assumption 3, and the
second term is written for the slower β-mixing process defined in Assumption 4.

The error due to the finite history approximation of nonstationarity induced by exter-
nal influence is captured by the first term and the second-to-last term in the bound, that

is,
∞∑︁

t=T+1
(Mt + Nt). For instance, when we consider the external process as a discrete-time

Hawkes process (see Section 3.1), this additional error due to external influence can be

written as
(︃
c̄
λ e
−λ̄T + cα

λα
e−λαT +

cβ√
2πλβ

e−λβT
)︃
, One can notice that this term decays expo-

nentially with T .
Proof of Theorem 11 For the sequence Ṽk of approximate value functions of the policies
πk obtained by Algorithm 2, Lemma 15 provides the following recursion for the subopti-
mality of the policies.

V ∗ − V πk+1 ≤ γP π∗(V ∗ − V πk ) + γEkbk + E′khk ,

where Ek = P πk+1 (I − γP πk+1)−1 − P π∗ (I − γP πk )−1 ,

E′k = γP πk+1 (I − γP πk+1)−1 + I,

bk = Ṽk − T πk Ṽk ,

and hk = T π̄k+1 Ṽk − T πk+1 Ṽk .

Here, P π is an operator that provides the expected next-step value function when follow-
ing policy π, and is defined as P πV (s̄) = Es′∼Q(s̄,π(s))V (s̄′).

This bound on the difference between the optimal and current approximate value func-
tion has an extra term E′khk because our algorithm uses an approximate greedy policy that
only depends on the current state and past T events instead of the true greedy policy,
which can be a function of an infinite history of events. This is reflected in hk , which is the
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difference due to applying the T π̄k+1 on the previous value function Ṽk using true greedy
policy π̄, instead of T πk+1 with approximate greedy policy πk+1.

By induction and then taking absolute value, we obtain

⃓⃓⃓
V ∗ − V π̂K

⃓⃓⃓
≤

K−1∑︂
k=0

(γP π∗)K−k−1(γFk |bk | + F′k |hk |) + (γP π∗)K
⃓⃓⃓
V ∗ − V π0

⃓⃓⃓
,

where Fk = P πk+1 (I − γP πk+1)−1 + P π∗ (I − γP πk )−1

and F′k = γP πk+1 (I − γP πk+1)−1 + I.

Using the fact that V ∗ − V π0 ≤ 2
1−γRmax1, where Rmax is the maximum possible reward in

any transition, one can rewrite the above bound as

⃓⃓⃓
V ∗ − V πK

⃓⃓⃓
≤

1 + 2γ + γK − 4γK+1

(1 − γ)2

⎡⎢⎢⎢⎢⎢⎣K−1∑︂
k=0

(αkAk |bk | + βkBk |hk |) + αKAKRmax1

⎤⎥⎥⎥⎥⎥⎦ ,
where Ak and Bk represent the operators defined as

Ak =

⎧⎪⎪⎨⎪⎪⎩1−γ
2 (P π∗)K−k−1Fk , 0 ≤ k < K

(P π∗)K k = K.

Bk = (1 − γ)(P π∗)K−k−1F′k ,

and corresponding coefficients

αk =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2(1−γ)γK−k

1+2γ+γK−4γK+1 , 0 ≤ k < K,
2(1−γ)γK

1+2γ+γK−4γK+1 , k = K,

βk =
(1 − γ)γK−k−1

1 + 2γ + γK − 4γK+1 .

The operators Ak and Bk are positive, that is, AkV ≥ 0 and BkV ≥ 0 whenever V ≥ 0,
and leave unity invariance, that is, Ak1 = 1 and Bk1 = 1, and the corresponding coeffi-
cients sum to 1. Therefore, after raising both sides of the inequality to the power p and
integrating with respect to an arbitrary distribution ρ, we can use the Jensen inequality to
obtain ⃦⃦⃦

V ∗ − V πK
⃦⃦⃦p
p,ρ
≤ λK . ρ

⎡⎢⎢⎢⎢⎢⎣K−1∑︂
k=0

(αkAk |bk |p + βkBk |hk |p) + αKAKR
p
max1

⎤⎥⎥⎥⎥⎥⎦ ,
where the ρ· operator gives the expectation with respect to ρ, i.e., ρV = Es̄∼ρV (s̄), and

λK =
(︃

1+2γ+γK−4γK+1

(1−γ)2

)︃p
.

From definitions of coefficients cρ,ν(m),

ρAk ≤ (1 − γ)
∑︂
m≥0

γmcρ,ν(m + K − k)ν, and
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ρBk ≤ (1 − γ)
∑︂
m≥0

γmcρ,ν(m + K − k − 1)ν.

This gives us

⃦⃦⃦
V ∗ − V πK

⃦⃦⃦p
p,ρ
≤ λK

⎡⎢⎢⎢⎢⎣ K−1∑︂
k=0

⎛⎜⎜⎜⎜⎝αk(1 − γ)
∑︂
m≥0

γmcρ,ν(m + K − k)∥bk∥
p
p,ν

+ βk(1 − γ)
∑︂
m≥0

γmcρ,ν(m + K − k − 1)∥hk∥
p
p,ν

⎞⎟⎟⎟⎟⎠ + αKR
p
max

⎤⎥⎥⎥⎥⎦.

Let ϵ1
def= max

0≤k<K
∥bk∥p,ν = max

0≤k<K

⃦⃦⃦
Ṽk − T πk Ṽk

⃦⃦⃦
p,ν

, and

ϵ2
def=

2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt).

Here, ϵ1 is the maximum Bellman error for all value function approximations over all
iterations, and ϵ2 is the approximation error term due to the use of a truncated and finite
representation of the augmented state space, which consists of just the current state and
events in the past T time steps. Using Lemma 16, |hk | can be bounded and, one can write,

⃦⃦⃦
V ∗ − V πK

⃦⃦⃦p
p,ρ
≤ λK

⎡⎢⎢⎢⎢⎣ 2γ
1 + 2γ + γK − 4γK+1 Cρ,νϵ

p
1 +

γ

1 + 2γ + γK − 4γK+1 Cρ,νϵ
p
2

+
2(1 − γ)γK

1 + 2γ + γK − 4γK+1 R
p
max

⎤⎥⎥⎥⎥⎦
≤

⎛⎜⎜⎜⎜⎝ 1
(1 − γ)2

⎞⎟⎟⎟⎟⎠p⎡⎢⎢⎢⎢⎣γ(1 + 2γ + γK − 4γK+1)p−1Cρ,ν(2ϵp1 + ϵ
p
2)

+ 2(1 − γ)γK (1 + 2γ + γK − 4γK+1)p−1R
p
max

⎤⎥⎥⎥⎥⎦.
Noting that 1 + 2γ + γK − 4γK+1 < 3, and considering the l2 norm by setting p = 2, we
obtain

⃦⃦⃦
V ∗ − V πK

⃦⃦⃦
ρ
≤

√︁
3γ

(1 − γ)2

√︂
Cρ,ν(

√
2ϵ1 + ϵ2) +

√
6γK/2

(1 − γ)2 Rmax

=

√︁
3γ

(1 − γ)2

√︂
Cρ,ν

⎛⎜⎜⎜⎜⎝√2 max
0≤k<K

∥Vk − T π̂kVk∥ν +
2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎠
+

√
6γK/2

(1 − γ)2 Rmax.
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Based on Assumption (C1) of ν being the lower bounding distribution of all ρk with cor-
responding constant Cν , we have

⃦⃦⃦
V ∗ − V πK

⃦⃦⃦
ρ
≤

√︁
3γ

(1 − γ)2

√︂
Cρ,ν

⎛⎜⎜⎜⎜⎝√︁2Cν max
0≤k<K

∥Vk − T πkVk∥ρk +
2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎠
+

√
6γK/2

(1 − γ)2 Rmax.

By applying Lemma 9 of Lazaric et al. (2012) to the approximate greedy policy πk , one can
bound the Bellman error using the evaluation error as

⃦⃦⃦
V ∗ − V πK

⃦⃦⃦
ρ
≤

√︁
3γ

(1 − γ)2

√︂
Cρ,ν

⎛⎜⎜⎜⎜⎝(1 + γ)
√︁

2Cν max
0≤k<K

∥Vk − V πk∥ρk +
2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎠
+

√
6γK/2

(1 − γ)2 Rmax.

The first term, which is the maximum evaluation error over K iterations, can be bounded
using Theorem 10 to obtain the final result.

7 Experiments

7.1 Policy Evaluation

We conducted experiments to analyze policy evaluation in a nonstationary variant of the
classic Pendulum-v1 environment within the OpenAI Gym control suite. The task involves
applying torque to a pendulum to swing it and keep it upright. We utilized a fixed neural
network policy that was partially pretrained using DDPG (Lillicrap et al., 2016). Subse-
quently, we employed pathwise LSTD with linear function approximation to evaluate this
policy, as described in Section 6. The features considered are the standard cosine and sine
of the angle and the angular velocity, with additional features being the angle itself, along
with the squares of all these features, resulting in an 8-dimensional state.

To address nonstationarity, we consider the discrete-time Gaussian-marked Hawkes
process outlined in Section 3.1. The intensity resulting from due to an event decays as
α = e−λα t with λα = 1.0, and the effect on the event mark decays as βt = 1/(1 + t2). The
events were added to the torque applied to the pendulum. Figure 2 shows the expected
error of the learned value function as a function of the number of samples, event horizon
T , and rate λα of decay of the Hawkes process.

For a fixed event horizon 5, the error decreases as the number of samples increases,
which is intuitive. For a fixed number of samples 10, 000, the average error initially de-
creases as the event horizon increases, corresponding to the first term in the sample com-
plexity of the total variation induced by events older than the event horizon. After a certain
stage, increasing the event horizon results in a gradual increase in error. This is because
events older than the horizon now contribute a negligible influence on the current dynam-
ics, while the dimensionality of the features increases owing to the inclusion of more past
events in the features, resulting in a slightly greater expected error.
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Figure 2: Performance of pathwise LSTD. The plots show the dependence of the Mean
Squared Error of the value function learned using pathwise LSTD as a function
of the rate of decay of the exogenous Hawkes process, the horizon of past events
considered, and the number of samples used.

The first plot shows the dependence on λα, the rate of decay of αt. Faster decay results
in less nonstationarity and a lower approximation error owing to the first term in the upper
bound of the sample complexity.

We conducted 20 trials and plotted the median of the Mean Squared Errors for the
experiments with respect to the decay rate and number of samples. The error bars indicate
the range of 40-60 percentile versus the decay rate and 20-80 percentile for the other two.

These results empirically demonstrate the sample complexity bound for policy evalua-
tion with linear function approximation in Theorem 10. The average error decreases with
increasing N and decreasing Nt.

Increasing the event horizon T increases d while reducing
∞∑︁

t=T+1
{Mt , Nt}, resulting in a

trade-off between the corresponding two terms in the bound, with the minimal error being
achieved for T = 2.

We conducted experiments for policy improvement using the car racing environment
of the gymnasium library. We modified the environment to make it nonstationary. The
external event in this case was the occurrence of rain, which reduced road friction. This
reduction in road friction is temporary, and the friction increases exponentially over time
back to the original value as the road dries. The agent should learn to account for the
reduced friction, especially in the corners, and reduce its speed. Otherwise, the agent goes
off the course. In a car racing scenario, where even a slight mistake will end up in losing
the race, the agent needs to drive at the right speed to lead in the race while ensuring that
the car does not skid.

We trained the original environment with the maximum number of steps set to 800.
The agent was trained almost perfectly, completing the lap without going off course. This
score serves as the upper bound for the nonstationary case. Next, we trained an agent
for the nonstationary case, where the agent had no information about external events. As
expected, the agent’s performance was not as good as that in the stationary case. Because
the agent has no information about the external event, it has learned to navigate the course
at a lower speed to avoid going off course. We then experimented by providing the agent
with information regarding the past T events for T=10, 15, and 25. With the additional
information of T, the agent was able to learn a better policy. As shown in Figure 3, as
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Figure 3: Left: Car racing environment in action. The friction between the road and car
tires changes due to rain, which acts as an external event. The road friction
will increase to the original value over time. Right: Policy improvement for
nonstationary environment with different time horizons T.

we increase horizon T, the agent can learn a better policy. However, the effect of passing
information related to external events decreases as T increases, as the effect of older events
diminishes exponentially.

7.2 Policy Deployment

In this paper, we considered a setting in which the environment containing an agent is
perturbed owing to the presence of exogenous factors. Suppose a trained policy is available
to the agent that is optimal in the absence of these external influences. Now, we wish to
deploy this agent in a nonstationary environment where these external events affect the
MDP dynamics. In this case, it would be more efficient to modify the existing policy to
deal with nonstationarity directly than to train a new policy from the ground up.

We consider a simple model-based planning strategy, wherein the agent learns the
dynamics model and uses it to simulate a few trajectories based on the current policy.
More precisely, given a pretrained policy π, when at an augmented state s̄ ∈ S during
deployment, d actions a1, . . . , ad are sampled by perturbing the action a = π(s̄). From each
action ai , a trajectory (s, ai , si,1, ai,1, . . . , si,H , ai,H ) is obtained, and its corresponding sum of

rewards ri =
H∑︁
t=1

r(si,1, ai,1) is calculated. The action ai that gives rise to the highest reward

ri is chosen and taken in the environment. This process was repeated at each time step
during the deployment.

This procedure can be performed in two different ways. A naive way to do this is to
learn a dynamics model T̂ : S̄ × A → ∆S̄ directly in the augmented state space and
use it to simulate the trajectories. However, a more intelligent method is to learn the
event process separately, and use it to simulate events ei,t that are fed into a dynamic

28



Reinforcement Learning under External Influence

Figure 4: Results on nonstationary Pendulum and Point Maze environments. Learning
state dynamics and exogenous events separately and planning intelligently out-
performs a stationary policy or a model-based policy that tries to learn the dy-
namics model in the augmented state space directly.

model T̄ : S̄ × A → S that only predicts the states. Figure 4 depicts the results ob-
tained using these two methods, along with those of a baseline that is the stationary policy
learned in the stationary version of the environment. The first plot shows the results of
the nonstationary pendulum task described previously. The second plot is for a nonsta-
tionary version of the Gymnasium Point Maze environment (Fu et al., 2020), in which a
2DoF ball is force-actuated in the Cartesian x-y directions to reach a randomly specified
target goal in a closed, continuous 2D maze. Nonstationarity is induced by independent
Hawkes processes, as described previously, that occur at 5 randomly sampled and fixed
points in the maze, each of which exerts a pulling force on the agent towards itself that
is inversely proportional to the squared distance. From the plots, it is evident that an in-
telligent model-based look-ahead policy that mimics the structure of the nonstationarity
performs better than naive baselines.

The algorithms theoretically analyzed in the previous sections are extensions of stan-
dard reinforcement learning algorithms that operate in the augmented state space. This
is a valid strategy in many cases, as observed in the policy evaluation experiments de-
scribed earlier. However, such a strategy ignores the structure of nonstationarity, sacrific-
ing performance for generality. When there is additional knowledge on the nature of the
exogenous event process, a valid question is whether using this knowledge helps solve the
problem better. This experiment showed that, for the case of deploying a stationary pol-
icy in a nonstationary environment using model-based planning, considering the nature
of the event process and incorporating it intelligently with current algorithms will lead to
better results than ignoring the structure of the nonstationarity and solely operating in the
augmented state space.

This discrepancy is due to the nature of the neural network function approximation
primarily used in practical scenarios. The approximate policy improvement step in Algo-
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rithm 1 attempts to maximize the one-step returns obtained from each augmented state
s̄, which requires knowledge of the dynamics model. When this is unknown, an approx-
imate model is used, which can be constructed in two ways, as described in the previous
sections. Standard neural network dynamics models used in the literature are ill-equipped
to model event processes, compelling one to model them separately from the original state
s ∈ S when possible. Further research is needed on how to precisely model and incorpo-
rate event processes in reinforcement learning policies in a way that utilizes the structure
of nonstationarity and the nature of the induced perturbations.

8 Related Work

Numerous prior studies addressing nonstationary RL problems predominantly offer prac-
tical solutions that lack theoretical backing. In this context, we refrain from discussing
such works and instead aim to position our research within the framework of existing
theoretical findings.

Lecarpentier and Rachelson (2019) considers a finite horizon MDP where the transi-
tion dynamics and reward function change in a manner that is Lipschitz continuous over
time. Cheung et al. (2020) analyzes a similar scenario within a finite MDP, where the
total variation in the environment, termed the variation budget, is known to the agent.
This work proposes an optimistic value iteration-based algorithm that guarantees an up-
per bound on its dynamic regret. Wei and Luo (2021) introduces a black-box reduction
that transforms any appropriate algorithm with optimal performance in a near-stationary
environment into an algorithm that achieves optimal dynamic regret in a nonstationary
environment. Guo et al. (2024) investigates average reward nonstationary MDPs in Borel
spaces and proposes a rolling-horizon algorithm to obtain arbitrarily almost-optimal solu-
tions based on a suitably changing horizon. At each stage, a finite horizon problem starting
from that stage is solved to obtain the decision rule. In contrast, our algorithm considers a
horizon of past external events instead of choosing the current action. Furthermore, along
with standard regularity conditions of compactness, continuity, etc., Condition 1 in Guo
et al. (2024) contains global conditions on the sequence of transition kernels at each stage
of the MDP to guarantee the existence of optimal policies and solutions to the Average
Optimality Equation. In contrast, our assumptions (A2) and (A3) are more local in nature,
with bounds on the perturbations of the transition kernel.

Hadoux et al. (2014) introduced a class of piecewise stationary MDPs known as Hidden-
Semi-Markov-Model MDPs, characterized by semi-Markov transitions between hidden
stationary MDP models. To solve this problem, this work adapts the partially observable
Monte Carlo planning algorithm used for solving partially observable MDPs.

Feng et al. (2022) propose factored nonstationary MDPs, where the transition dynamics
are defined in terms of a dynamic Bayesian network over the states, actions, rewards, and
latent change factors that induce nonstationarity. Here, both the states and the latent
change factors have transition dynamics obeying this causal graph, and the latent factors
evolve in a Markovian fashion. This work suggests employing variational autoencoders to
learn the transition dynamics.

A factorization setting called exogenous MDP is presented in (Efroni et al., 2022),
wherein the state is divided into two parts: an endogenous state, which is controllable by
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the agent’s actions, and an exogenous state, which evolves on its own and does not affect
the agent’s reward. The precise manner in which this division exists is unknown to the
agent. While this may appear similar to our interpretation of states and external events,
in our scenario, external events affect the dynamics of the state and, consequently, the
rewards received by the agent. It is important to note that this work only considered the
tabular setting and proposed algorithms that can only deal with finite horizon episodes.
A similar decomposition of the state space into endogenous and exogenous subspaces was
studied by Dietterich et al. (2018). In this study, it was posited that the exogenous states
evolve in a Markov fashion and that the reward function can be additively decomposed
into exogenous and endogenous rewards. This study proposed algorithms to determine
the exogenous component of the state as projections that maximize the partial correlation
coefficient as a proxy for the mutual information between the exogenous next state and
the endogenous current state and action conditioned on the exogenous current state.

While previous studies, such as Efroni et al. (2022); Dietterich et al. (2018), focused
on the decomposition of states into endogenous and exogenous components, our work
addresses a fundamentally different problem: the impact of integrating exogenous event
information into reinforcement learning.

Changing dynamics of environments based on externally specified “contexts” have also
been studied under Contextual MDPs (Hallak et al., 2015). However, these studies con-
sidered contexts that are constant for each episode and have a finite number of possible
values. The aforementioned study proposed the CECE algorithm, which learns a set of
policies corresponding to all contexts and determines the latent context for an episode (if
unknown) to choose the policy corresponding to the current context.

More specifically, the CECE clusters an initial set of trajectories into groups corre-
sponding to a fixed set of latent contexts. For each new episode, a partial realization is
used to classify it into one of these clusters, and a model learned on that cluster is used to
exploit the rest of the trajectory. This algorithm cannot handle the setting considered in
this study because each new time step results in a change in the context, and knowledge of
a latent context for the current time step does not guarantee the same context for the rest
of the episode, except in a trivial special case.

Modi et al. (2018) consider a relatively closer setting to ours, where the context is
known and possibly continuous, with their algorithm being more amenable to being adapted
to handle dynamic contexts. However, it works by keeping count of the number of occur-
rences of (s, a) in each of a set of representative contexts to learn a set of explicit models,
which is only possible in the setting of finite states and action spaces.

Tennenholtz et al. (2023) extend Contextual MDPs to handle dynamic contexts that
are known to the agent, change at each time step, and influence the state transition dis-
tribution. However, their work differs from ours in several significant aspects. This study
considers the contexts at each time step to depend on the history of states, actions, and
contexts, whereas the next state depends only on the current state, action, and context.
This means that causality exists in both directions, from states to contexts and vice versa.
In contrast, in our work, the contexts are exogenous events that cannot be controlled by
the agent, and the causality flows only in one direction, from contexts to states. Further-
more, their work considers finite state spaces, with the analysis explicitly geared towards
such spaces and bounds that depend on the size of the state and action sets.
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In Tennenholtz et al. (2023), the context space is a fixed finite set of M vectors, and a
latent map is learned from the (state, action, context) space to RM , with the range of the
map still being a finite, albeit exponentially increasing, set. This study also considers a
finite-horizon MDP. This relatively simple setting allows one to tractably find the latent
map and learn an optimal policy. In this sense, our setting is much more general and
challenging. In addition, the work of Tennenholtz et al. (2023) presents regret analysis,
whereas our study focuses on the convergence results of algorithms.

Our analysis addresses the nonstationarity induced in the MDP by the influence of
non-Markovian events, necessitating the learning of policies that are contingent upon both
the current state and a history of prior events. Although this approach bears resemblance
to the strategies employed in Partially Observable MDPs (POMDPs) (Sunberg and Kochen-
derfer, 2018), the underlying rationale diverges significantly. In POMDPs, histories of ob-
servations are utilized despite the Markovian nature of state transition and observation
functions, primarily to mitigate an agent’s inability to perceive the true state. Conversely,
in our framework, both the state and external events are fully observable, and the ne-
cessity for an augmented space that incorporates event histories arises from the intrin-
sic non-Markovian characteristics of a nonstationary environment. Moreover, the causal
framework of our scenario is distinctly different. The events exhibit non-Markovian prop-
erties, and the state at any given time directly affects the distribution of the subsequent
state, regardless of the knowledge of an event. In POMDPs, while beliefs and sufficient
statistics are contingent upon a history of observations, the states themselves maintain a
Markovian nature, leading to observations that are causally independent.

Our work makes significant inroads into understanding how the characteristics of ex-
ogenous event processes affect the tractability of the problem and the convergence and
sample complexity of RL algorithms. To the best of our knowledge, no existing studies in
the literature offer these findings.

9 Outlook

This study lays the groundwork for understanding sequential decision-making problems
under the influence of external temporal events, offering several theoretical insights within
the reinforcement learning framework. The results are established in a general setting that
relies on learning functions in an augmented state space. The challenge here is that the
augmented state space can be exponentially larger due to the long-term dependencies of
external events; hence, it is essential to develop provable approximate methods to mitigate
this.

The “factorization” of the environment into Markovian states and non-Markovian events
that impact these states, compressing the histories of events into latent features that are in-
dependent of the states, may provide a strategic advantage. This approach could facilitate
the learning of representations of the expanded states by developing a distinct event dis-
tribution model that can be scaled up, as it does not rely on the agent, along with a separate
state transition model that necessitates agent interaction with the environment. A com-
pressed representation of events derived from extensive event data can be used to learn
a feasible state transition kernel. This can be achieved either implicitly through function
approximators, such as recurrent neural networks (or LSTMs), or explicitly by learning
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compressed state representations using mutual information bottlenecks. Although these
are practical methods, the theoretical analysis of such learned compressed state represen-
tations remains an open problem.

In this work, we used an augmented state representation obtained by considering the
current state and a fixed time horizon T of past events. The choice of T is a hyperparameter
that controls the extent to which information about the environment is preserved, with
larger values of T resulting in better approximation and thereby better performance of
the corresponding algorithms, as described in Theorems 7, 10 and 11. Although this is a
fixed choice made by the algorithm designer, the next logical step would be to learn the
optimal value of T using the data collected from the environment and adapt it based on
the performance of the agent. We leave this as a future research problem.

The analysis of sample complexity in Section 6 hinges on generalizing the sample error
of policy evaluation to an expected error over the entire state space. Such generalizations
typically necessitate assumptions regarding the distribution of states. In our results, the
assumption pertains to the rate of convergence of the Markov chain induced from the
augmented MDP by the policy under evaluation, a notion frequently encountered in the
reinforcement learning literature. However, in our case, the specific structure of the state
space, specifically, the separation of the augmented state space into states and events with
different characteristics, may necessitate alternate assumptions. For instance, while the
recurrence and aperiodicity of the Markov chain may not hold, it may be reasonable to
assume stationarity solely for the event sequences. Therefore, the generalizability of the
value function in our setting can be analyzed in a more specific way that considers this
exogenous structure.

The policy improvement step involves optimizing the action space in accordance with
the expected one-step reward and value function for the subsequent time step, necessi-
tating an understanding of the model structure. Therefore, when faced with an unknown
transition and reward model, it is crucial to explore the sample complexity associated
with learning these models from samples and the impact this has on the effectiveness of
the resulting policy.

Appendix A. List of notations and abbreviations

Standard mathematical notations are used.

Notation Description

N Set of natural numbers, {1, 2, 3, . . . }.
R Set of real numbers.
|X | Cardinality of set X .
inf Infimum of a given set
sup Supremum of a given set
∥·∥2 l2 norm of a vector.
[N ] The set {1, 2, . . . , N } for some N ∈ N.

E[·] Expectation with respect to a certain distribution.
P(·) Probability of a given event with respect to some distribution.
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∆(·) Class of probability distributions over a given set
N (µ, σ2) Normal distribution with mean µ and variance σ2

Notation related to reinforcement learning.

Notation Description

M A Markov Decision Process (MDP)
S State space of an MDP
A Action space of an MDP
r Reward function
Q Transition kernel of an MDP
γ Discount factor
π A policy that acts in an MDP
π∗ Optimal policy
V π Value function of policy π
V ∗ Optimal value function
Qπ Action-value function of policy π
Q∗ Optimal Q function
T Bellman operator

Abbreviations.

Notation Description

MDP Markov Decision Process
PPO Proximal Policy Optimization
DOF Degrees Of Freedom

Appendix B. Proof of inequality 2
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Now, we proceed to show the steps involved in establishing (2). Given two historical
sequences (Xt′ )t′<t and (X ′t′ )t′<t that only differ by one event at some time t′ ≤ t − T with
B′t′ = X ′t′ = 0 and Bt′ = 1, Xt′ = x, the difference in intensities is pt − p′t = αt−t′

Let q1 and q2 be the density function of Xt and X ′t
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′
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Appendix C. Proof of Lemma 3

The aim is to study the value function of the policy in two MDPs MX and M (T )
X , where

MX is the nonstationary MDP with augmented states consisting of the actual state and the

entire history of events until then, and M (T )
X is an approximate MDP where only events

in the past T time steps affect the state transition and event distribution. For notational

convenience, one can extend the state space ofM (T )
X to that ofMX by including the infor-

mation of every past event in the state, without changing the transition function. Define

a class of auxiliary MDPs M (T )
h , h ∈ {0, 1, 2, . . . } (similar to that of Theorem 1 from Xiao

et al. (2019)) such that when starting from the initial (augmented) state s̄ ∈ S̄, the tran-
sitions follow the transition kernel of MX for h time steps and then the transition kernel

ofM (T )
X for all transitions that follow. The value functions induced by π inMX andM (T )

X
can be related using these new intermediate MDPs, which interpolate between the two
environments.
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Since only a single policy is under discussion, the π in V π is omitted for the rest of this
proof for the sake of simplicity. V denotes the value function of the policy in MX , V (T )

denotes its value inM (T )
X , and V

(T )
h denotes its value inM (T )

h .

From the definition ofM (T )
h and the boundedness of r, we have

V (T ) = V
(T )
0 , and V = lim

h→∞
V

(T )
h ,

and hence,

V − V (T ) = lim
H→∞

V
(T )
H − V0 = lim

H→∞

(︃
V

(T )
H − V0

)︃
= lim

H→∞

H−1∑︂
h=0

(︃
V

(T )
h+1 − V

(T )
h

)︃
=
∞∑︂
h=0

(︃
V

(T )
h+1 − V

(T )
h

)︃
.

That is, the difference between V and V (T ) can be characterized in terms of the differences
between V

(T )
h and V

(T )
h+1 for each h ∈ {0, 1, 2, . . . }. Now, for any augmented state s̄ ∈ S̄,

V
(T )
h (s̄) =

h−1∑︂
t=0

γ tEs̄t∼pt(.|s̄)
at∼π(.|s̄t)
s̄t+1∼p(.|s̄t ,at)

[r(s̄t , at , s̄t+1)] + γhEs̄h∼ph(.|s̄)
ah∼π(.|s̄h)

s̄h+1∼p(T )(.|s̄h,ah)

[r(s̄h, ah, s̄h+1)]

+
∞∑︂

t=h+1

γ tE
s̄t∼p

(T )
t−h◦ph(.|s̄)

at∼π(.|s̄t)

s̄t+1∼p(T )(.|s̄t ,at)

[r(s̄t , at , s̄t+1)] ,

where pt(.|s̄) denotes a transition of t steps in the environmentMX starting from s̄, a super-

script (T ) denotes the corresponding object inM (T )
X , and the policy π is implicit whenever

it is not explicitly mentioned in any expression. The reward function does not depend on
the external events, so r(s̄t , at , s̄t+1) is just r(st , at , st+1), where s̄ = (s, x) and s is the actual
state.

This can also be written as

V
(T )
h (s̄) =

h−1∑︂
t=0

γ tEs̄t∼pt(.|s̄)
at∼π(.|s̄t)
s̄t+1∼p(.|s̄t ,at)

[r(s̄t , at , s̄t+1)] + γhEs̄h∼ph(.|s̄)V
(T )(s̄h).

Using these two representations for V (T )
h and V

(T )
h+1 respectively gives

V
(T )
h+1(s̄) − V (T )

h (s̄)

= γhEs̄h∼ph(.|s̄)
ah∼π(.|s̄h)

s̄h+1∼p(.|s̄h,ah)

[r(s̄h, ah, s̄h+1)] + γh+1Es̄h+1∼ph+1(.|s̄)V
(T )(s̄h+1)
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− γhEs̄h∼ph(.|s̄)
ah∼π(.|s̄h)

s̄t+1∼p(T )(.|s̄h,ah)

[r(s̄h, ah, s̄h+1)] − γh+1Es̄h+1∼p(T )◦ph(.|s̄)V
(T )(s̄h+1)

= γhEs̄h∼ph(.|s̄)
ah∼π(.|s̄h)

[︄
Es̄h+1∼p(.|s̄h,ah)r(s̄h, ah, s̄h+1) − Es̄h+1∼p(T )(.|s̄h,ah)r(s̄h, ah, s̄h+1)

]︄

+ γh+1Es̄h∼ph(.|s̄)
ah∼π(.|s̄h,ah)

[︄
Es̄h+1∼p(.|s̄h,ah)V

(T )(s̄h+1) − Es̄h+1∼p(T )(.|s̄h,ah)V
(T )(s̄h+1)

]︄
.

Because the current state and current event marks are independent and depend only on
the previous events, the transition kernel can be factored as two independent distributions
over S and X . Hence, replacing the augmented state s̄ ∈ S̄ with the explicit representation
(s, H), where s ∈ S and H ∈ X ∞ gives, for any bounded measurable function f on S ×X ∞,

E(st+1,Ht+1)∼p(.|st ,Ht ,at)f (st+1, Ht+1) − E(st+1,Ht+1)∼p(T )(.|st ,Ht ,at)f (st+1, Ht+1)

= Est+1∼QHt (.|st ,at)

Xt+1∼QX
Ht

(.|st ,at)

f (st+1, Xt+1, Ht) − Est+1∼Q
(T )
Ht

(.|st ,at)

Xt+1∼Q
X(T )
Ht

(.|st ,at)

f (st+1, Xt+1, Ht)

= Est+1∼QHt (.|st ,at)

Xt+1∼QX
Ht

(.)

f (st+1, Xt+1, Ht) − Est+1∼Q
(T )
Ht

(.|st ,at)

Xt+1∼QX
Ht

(.)

f (st+1, Xt+1, Ht)

+ E
st+1∼Q

(T )
Ht

(.|st ,at)

Xt+1∼QX
Ht

(.)

f (st+1, Xt+1, Ht) − Est+1∼Q
(T )
Ht

(.|st ,at)
Xt+1∼Q

X(T )
Ht

(.)

f (st+1, Xt+1, Ht)

≤ EXt+1∼QX
Ht

(.)

[︃
∥f (., Xt+1, Ht)∥∞ TV

(︃
QHt

(.|st , at), Q
(T )
Ht

(.|st , at)
)︃]︃

+ E
st+1∼Q

(T )
Ht

(.|st ,at)

[︃
∥f (st+1, ., Ht)∥∞ TV

(︃
QX

Ht
(.), QX(T )

Ht
(.)

)︃]︃
≤ ∥f ∥∞

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

Mt +
∞∑︂

t=T+1

Nt

⎞⎟⎟⎟⎟⎟⎠ . (31)

The second-to-last inequality is a result of the Total Variation Distance being an integral
probability metric (Sriperumbudur et al., 2012). Using this expression in the previous
equation gives

V
(T )
h+1(s̄) − V (T )

h (s̄) ≤ γh ∥r∥∞

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠ + γh+1
⃦⃦⃦
V (T )

⃦⃦⃦
∞

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠
≤ γh

(︂
∥r∥∞ + γ

⃦⃦⃦
V (T )

⃦⃦⃦
∞

)︂ ⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠ .
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This gives the final result,

⃦⃦⃦
V − V (T )

⃦⃦⃦
∞ ≤

∞∑︂
h=0

γh
(︂
∥r∥∞ + γ

⃦⃦⃦
V (T )

⃦⃦⃦
∞

)︂ ⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠
=

1
1 − γ

(︂
∥r∥∞ + γ

⃦⃦⃦
V (T )

⃦⃦⃦
∞

)︂ ⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

(Mt + Nt)

⎞⎟⎟⎟⎟⎟⎠ .
■

C.1 Proof of Lemma 4

Let π be a policy that depends only on the current state and the past T events.

V π((s, x0:∞)) = Es′∼Qx0:∞ (.|s,a)

x′∼Qx0:∞ (.)

a=π((s,x0:T ))

[︁
r(s, a, s′) + γV π ((s′ , x′ , x0:∞))

]︁
,

and V π((s, x0:T , 0)) = Es′∼Qx0:T (.|s,a)

x′∼Qx0:T (.)

a=π((s,x0:T ))

[︁
r(s, a, s′) + γV π ((s′ , x′ , x0:T , 0))

]︁
.

Taking the difference between these two expressions and adding and subtracting the ad-
ditional term

Es′∼Qx0:T (.|s,a)

x′∼Qx0:T (.)

a=π((s,x0:T ))

V π((s′ , x′ , x0:∞))

gives
⃓⃓⃓
V π((s, x0:∞)) − V π((s, x0:T , 0))

⃓⃓⃓
≤ ∥r∥∞

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

Mt

⎞⎟⎟⎟⎟⎟⎠ + γ
⃦⃦⃦
V π

⃦⃦⃦
∞

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t=T+1

Mt + Nt

⎞⎟⎟⎟⎟⎟⎠
+ γEs′∼Qx0:T (.|s,a)

x′∼Qx0:T (.)

a=π((s,x0:T ))

⃓⃓⃓
V π((s′ , x′ , x0:∞)) − V π((s′ , x′ , x0:T , 0))

⃓⃓⃓
.

The first term on the right-hand side is a result of the modification of inequality (31),
where the function is not dependent on the external process. In the above inequality, the
left-hand side is the difference between two value functions whose first T events are the
same and differ everywhere else, but the right-hand side has a discounted term in which
the first T + 1 terms coincide. Therefore, repeating the same procedure results in value
function differences in states that increasingly coincide.

Since each repetition adds a γ factor to the term, which itself is bounded by 1
1−γ due to

the rewards being bounded, the resulting series converges, giving us the following bound.

sup
s̄=(s,x0:∞)

⃓⃓⃓
V π((s, x0:∞)) − V π((s, x0:T , 0))

⃓⃓⃓
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≤
∞∑︂

t=T+1

γ t−T−1

⎡⎢⎢⎢⎢⎢⎣∥r∥∞
⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t′=t

Mt′

⎞⎟⎟⎟⎟⎟⎠ + γ ∥V ∥∞

⎛⎜⎜⎜⎜⎜⎝ ∞∑︂
t′=t

Mt′ + Nt′

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦

≤
(︄
1 +

γ

1 − γ

)︄ ∞∑︂
t=T+1

∞∑︂
t′=t

γ t−T−1(Mt′ + Nt′ )

≤ 1
1 − γ

∞∑︂
t′=T+1

T−t′−1∑︂
t=0

γ t(Mt′ + Nt′ )

=
1

1 − γ

∞∑︂
t′=T+1

1 − γ t′−T

1 − γ
(Mt′ + Nt′ )

≤ 1
(1 − γ)2

∞∑︂
t=T+1

(Mt + Nt) .

■

Appendix D. Sample Complexity

In this section, we provide details of the proofs of the sample complexity of policy evalu-
ation as well as the overall policy iteration algorithm, wherein the policy evaluation step
is performed using LSTD. The analysis closely follows the results in Lazaric et al. (2012).
We state the preliminaries and statements of some of their lemmas and provide details of
where our proof differs from theirs.

D.1 Sample Complexity of Least-Squares Policy Evaluation

This theorem states an upper bound on the expected error of the learned value function.
Therefore, the proof has two parts: the first is Lemma 9, which is a bound on the em-
pirical value function, and the second is a generalization to the entire space. The bound
on the empirical error is quite similar to the original in the stationary case; therefore, we
skip some steps. The final bound on the expected error, whose proof is provided in Sec-
tion D.1.2, offers more insights into the trade-off between the tractability of the algorithm
and the approximation error due to nonstationarity.

D.1.1 Empirical Error

We wish to show that with probability at least 1 − δ,

∥v − v̂∥N ≤
1√︁

1 − γ2

⃦⃦⃦
v − ˆ︁Πv

⃦⃦⃦
N

+
L

(1 − γ)2

√︃
d
νN

⎛⎜⎜⎜⎜⎜⎝
√︃

2 log(2d/δ)
N

+
1
N

⎞⎟⎟⎟⎟⎟⎠ .
Following Lazaric et al. (2012),⃦⃦⃦

V − ˆ︁V ⃦⃦⃦
N

= ∥v − v̂∥N ≤
1√︁

1 − γ2

⃦⃦⃦
v − ˆ︁Πv

⃦⃦⃦
N

+
1

1 − γ

⃦⃦⃦⃦ˆ︁Πv − ˆ︁Πˆ︂T v
⃦⃦⃦⃦
N
. (32)

The first term is the approximation error, which is unavoidable owing to the restricted
function space. The second term also includes the estimation error due to using the path-
wise Bellman operator instead of the actual Bellman operator and is a function of the
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number of samples used in the training. It can be written as
⃦⃦⃦ˆ︁Πξ

⃦⃦⃦
N

, where ξ = ˆ︂T v − v is
the estimation error of the output. Now, for t < N ,

ξt = rt + γV (s̄t+1) − V (s̄t)

= r(st , π(s̄t), st+1) + γV (s̄t+1) − ES̄t+1

[︂
r(st , π(s̄t , S̄t+1) + γV (S̄t+1)

]︂
= r(st , π(s̄t), st+1) − ESt+1∼Qx:t (.|st ,π(s̄t)) [r(st , π(s̄t), St+1)]

+ γ
[︂
V (s̄t+1) − ES̄t+1∼Q,QX

x:t (.|st ,π(s̄t))V (S̄t+1)
]︂
,

and for t = N ,

ξt = r(st , π(s̄t), st+1)−ESt+1∼Qx:t (.|st ,π(s̄t)) [r(st , π(s̄t), St+1)]

− γES̄t+1∼Q,QX
x:t (.|st ,π(s̄t))

[︂
V (S̄t+1)

]︂
.

ξt are functions of s̄t, which are samples from the Markov chain induced by policy π
in the augmented MDP M̄. Considering them as random variables, (ξtϕt(s̄t))1≤t<N is a
martingale difference sequence w.r.t s̄t, with each element being zero mean and bounded
by L

1−γ . So, applying Azuma’s inequality to (ξtϕi(s̄))1≤t<N gives, for each i ∈ [d],

P

⎛⎜⎜⎜⎜⎜⎝
⃓⃓⃓⃓⃓
⃓⃓N−1∑︂
t=1

ξtϕi(st)

⃓⃓⃓⃓⃓
⃓⃓ ≥ ϵ

⎞⎟⎟⎟⎟⎟⎠ < 2 exp
(︄
−
ϵ2(1 − γ)2

2(N − 1)L2

)︄
.

Letting the right hand side be δ
d , with probability at least 1 − δ,⃓⃓⃓⃓⃓

⃓⃓N−1∑︂
t=1

ξtϕi(st)

⃓⃓⃓⃓⃓
⃓⃓ < L

1 − γ

√︄
2(N − 1) log

(︄
2d
δ

)︄
, for all i ∈ [d].

Since |ξnϕi(s̄t)| < L
1−γ always, we have,⃓⃓⃓⃓⃓

⃓⃓N−1∑︂
t=1

ξtϕi(st)

⃓⃓⃓⃓⃓
⃓⃓ < L

1 − γ

⎛⎜⎜⎜⎜⎜⎜⎝
√︄

2(N − 1) log
(︄

2d
δ

)︄
+ 1

⎞⎟⎟⎟⎟⎟⎟⎠ , for all i ∈ [d] w.p. ≥ 1 − δ. (33)

Following Lazaric et al. (2012), this can be used to bound ||Π̂ξn||N as⃦⃦⃦⃦ˆ︁Πˆ︂T v − ˆ︁Πv
⃦⃦⃦⃦
N
≤ 1

N

√︃
d
νn

max
i

⃓⃓⃓⃓⃓
⃓⃓ N∑︂
t=1

ξtϕi(st)

⃓⃓⃓⃓⃓
⃓⃓ , (34)

where νn is the smallest positive eigenvalue of the Gram matrix Φ
⊺
Φ. By substituting (33)

and (34) in (32) gives the desired result.

D.1.2 Generalization

Intuitively, bounding the expected error of the estimated value function based on the error
at only a few samples requires the samples to be close to the stationary distribution and
the function values at the samples to be close to their expected values.

The first requirement is formalized in terms of the rate of mixing of the Markov chain
induced by the MDP using the policy.
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Definition 12. A Markov chainM = (Xt)t≥1 is said to be exponentially β-mixing with param-
eters β̄, b, κ if its mixing coefficients

βi = sup
t≥1

⎡⎢⎢⎢⎢⎣ sup
B∈σ (Xt+i ,... )

|P (B|X1, . . . , Xt) − P(B)|
⎤⎥⎥⎥⎥⎦

satisfy βi ≤ β̄ exp (−biκ).

When such an exponentially mixing Markov chain is also ergodic and aperiodic with
stationary distribution ρ, for any initial distribution λ, there is a bound on the following
total variation: (Definition 21 of Lazaric et al. (2012))⃦⃦⃦⃦⃦∫︂

X
λ(dx)P (.|x) − ρ(.)

⃦⃦⃦⃦⃦
TV
≤ β̄ exp (−biκ) .

This helps bound the difference between the norm of a function in the stationary dis-
tribution and the empirical distribution defined using a few samples.

Lemma 13 (Generalization Lemma for Markov chains, Lemma 24 of Lazaric et al. (2012)).
Let F̃ be the d-dimensional class of linear functions truncated at the threshold B. Let (Xt)t∈[n]
be a sequence of samples from an ergodic, aperiodic, exponentially β-mixing Markov chain with
parameters β̄, b, κ, arbitrary initial distribution, and stationary distribution ρ. If the first ñ
samples are discarded and only the last n − ñ samples are used, then with probability at least
1 − δ, the empirical and l2(ρ) norm of any function f̃ ∈ F̃ are related as,⃦⃦⃦

f̃
⃦⃦⃦
− 2

⃦⃦⃦
f̃
⃦⃦⃦
X1:n
≤ ϵ(δ),⃦⃦⃦

f̃
⃦⃦⃦
X1:n
− 2
√

2
⃦⃦⃦
f̃
⃦⃦⃦
≤ ϵ(δ),

for ϵ(δ) = 12B

√︄
2Λ(n − ñ, d, δ)

n − ñ
max

{︄
Λ(n − ñ, d, δ)

1
, 1

}︄ 1
κ

,

Λ(n, d, δ) = 2(d + 1) log n + log
ϵ
δ

+ log+
(︂
max

{︂
16(6e)2(d+1), β̄

}︂)︂
,

and ñ =
(︄

1
b

log
(︄

2eβ̄n
δ

)︄)︄ 1
κ

.

The above lemma is essentially a generalization bound for truncated linear functions
operating on samples from an exponentially mixing Markov chain and is used in the proof
of Theorem 10 to translate the bound on the empirical error to a bound on the expected
error in the stationary distribution of the Markov chain induced by the policy under eval-
uation.

The above bounds hold for every member of the d-dimensional class of functions,
hence the dependence of ϵ on d through Λ(n, d, δ). In contrast, when there is just one
truncated linear function under consideration, the above bound holds, but with

Λ(n, δ) = log
ϵ
δ

+ log
(︂
max

{︂
6, nβ̄

}︂)︂
.
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Another issue in generalizing the sample-based bound in Lemma 9 to the entire state
space is its dependence on the eigenvalues of the sample Gram matrix. To tackle this prob-
lem, Lazaric et al. (2012) derived the following probabilistic lower bound on the smallest
eigenvalue of the sample-based Gram matrix as a function of the smallest eigenvalue of
the Gram matrix G = Ex∼ρ

[︂
φ(x)φ(x)⊺

]︂
.

Lemma 14 (Lemma 4 of Lazaric et al. (2012)). Let ω > 0 be the smallest eigenvalue of the
Gram matrix, defined above. If the data generating process is an exponentially β-mixing Markov
chain with parameters β̄, b, κ, then the smallest eigenvalue νn of the sample-based Gram matrix
constructed using n samples satisfies

√
νn ≥

√
ν =
√
ω

2
− 6L

√︄
2Λ(n, d, δ)

n
max

{︄
Λ(n, d, δ)

b
, 1

}︄ 1
κ

> 0,

provided the number of samples n satisfies

n >
288L2Λ(n, d, δ)

ω
max

{︄
Λ(n, d, δ)

b
, 1

}︄ 1
κ

,

where Λ(n, d, δ) = 2(d + 1) log n + log
e
δ

+ log+
(︂
max

{︂
18(6e)2(d+1), β̄

}︂)︂
comes from a simpler version of Lemma 13 without the additional initial ñ samples for the
burn-in of the Markov chain.

The generalization Lemma 13, combined with the lower bound on the eigenvalues and
our results in Sections 4 and 5.1, give rise to Theorem 10 on the sample complexity of
policy evaluation.

D.2 Sample Complexity of Approximate Least-Squares Policy Iteration (Algorithm 2)

Here, we develop a recursive bound on the approximate suboptimality ∥V ∗− Ṽ πk+1∥ needed
to study the propagation of error and obtain an upper bound on the suboptimality of the
policy after K steps of our algorithm. Denote ℓk = V ∗−V πk , ek = Ṽk−V πk , gk = V πk+1−V πk ,
bk = Ṽk − T πk ˜︁Vk , and hk = T π̄k+1 ˜︁Vk − T πk+1 ˜︁Vk .

Lemma 15.

ℓk+1 ≤ γP π∗ lk + γP πk+1
[︂[︂
I − γ (I − γP πk+1)−1 (P πk − P πk+1)

]︂
ek

+ [I − γP πk+1]−1 hk
]︂
− γP π∗ek + hk

≤ γP π∗ lk + γ
[︂
P πk+1 (I − γP πk+1)−1 − P π∗ (I − γP πk )−1

]︂
bk

+
[︂
γP πk+1 (I − γP πk+1)−1 + I

]︂
hk
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Proof We adapt and modify Lemmas 2-4 of Munos (2003) to account for the fact that
the policy under consideration by our algorithm is not the true greedy policy, but an ap-
proximately greedy policy that considers only a subset of the extended state, which is the
current state and a finite history of events. Following Lemma 2 of Munos (2003), we obtain

ℓk+1 = V ∗ − V πk+1

= (T π∗V ∗ − T π∗V πk ) + (T π∗V πk − T π∗ Ṽk) + (T π∗ Ṽk − T π̄k+1 Ṽk)

+ (T π̄k+1 Ṽk − T πk+1 Ṽk) + (T πk+1 Ṽk − T πk+1V πk ) + (T πk+1V πk − T πk+1V πk+1)

≤ γP π∗ lk − γP π∗ek + 0 + hk + γP πk+1ek − γP πk+1gk . (35)

Similarly, following Lemma 3 of Munos (2003),

gk = V πk+1 − V πk

= (T πk+1V πk+1 − T πk+1V πk ) + (T πk+1V πk − T πk+1 Ṽk) + (T πk+1 Ṽk − T π̄k+1 Ṽk)

+ (T π̄k+1 Ṽk − T πk Ṽk) + (T πk Ṽk − T πkV πk )

≥ γP πk+1gk − γP πk+1 − hk + γP πk ek

≥ − [I − γP πk+1]−1 [γ (P πk+1 − P πk ) ek + hk] .

Finally, following Lemma 4 of Munos (2003),

ek − gk ≤
[︂
I − γ (I − γP πk+1)−1 (P πk − P πk+1)

]︂
ek + [I − γP πk+1]−1 hk .

Substituting the above in (35) yields the desired result.

Lemma 16.

|hk(s̄)| ≤ 2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt)

for all states s̄ ∈ S̄, the augmented state space.

Proof For s̄(T ) = (s, x0:T ), the approximately greedy policy and true greedy policy are
defined as below.

πk+1

(︂
s̄(T )

)︂
= argmax

a∈A
Es′∼Qx0:T ,(0)(.|s,a)

x′∼QX
x0:T ,(0)(.|s)

[︄
r(s, a, s′) + γ ˜︁Vk ((s′ , x′ , x0:T−1))

]︄

π̄k+1 (s̄) = argmax
a∈A

Es′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.|s)

[︄
r(s, a, s′) + γ ˜︁Vk ((s′ , x′ , x0:T−1))

]︄
Define corresponding Bellman operators

(T πk+1Vk)(s̄) = Es′∼Qx0:∞ (.|s,πk+1(s̄(T )))

x′∼QX
x0:∞ (.|s)

[︄
r(s, πk+1(s̄(T )), s′) + γ ˜︁Vk ((s′ , x′ , x0:T−1))

]︄
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(T πk+1Vk)(s̄) = Es′∼Qx0:∞ (.|s,πk+1(s̄(T )))

x′∼QX
x0:∞ (.|s)

[︄
r(s, πk+1(s̄(T )), s′) + γ ˜︁Vk ((s′ , x′ , x0:T−1))

]︄

(T π̄k+1Vk)(s̄) = Es′∼Qx0:∞ (.|s,π̄k+1(s̄)

x′∼QX
x0:∞ (.|s)

[︄
r(s, π̄k+1(s̄), s′) + γ ˜︁Vk ((s′ , x′ , x0:T−1))

]︄

Define the approximate state-action value function ˜︁Vaction function as below (state-
action function is also referred to as Q function, to avoid conflict of notation, we denote
this by Vaction)

˜︁Vaction(s̄,a) = Es′∼Qx0:∞ (.|s,a)

x′∼QX
x0:∞ (.|s)

[︄
r(s, a, s′) + γ ˜︁Vk ((s′ , x′ , x0:T−1))

]︄

Using the definition of ˜︁Vaction, we can write policies πk+1, π̄k+1 and their corresponding
Bellman operators as below

πk+1(s̄(T )) = arg max
a

˜︁Vaction((s̄(T ), (0)T+1:∞), a)

π̄k+1(s̄) = arg max
a

˜︁Vaction(s̄, a)

(T πk+1Vk)(s̄) = ˜︁Vaction(s̄, πk+1(s̄(T ))) = ˜︁Vaction(s̄, π̄k+1((s̄(T ), (0)T+1:∞)))

(T π̄k+1Vk)(s̄) = ˜︁Vaction(s̄, π̄k+1(s̄)) = max
a

˜︁Vaction(s̄, a)

Using the above definitions, we can write hk(s̄) for all s̄ ∈ S̄ as

hk(s̄) = ˜︁Vaction(s̄, π̄k+1(s̄)) − ˜︁Vaction(s̄, π̄k+1((s̄(T ), (0)T+1:∞)))

hk(s̄) = ˜︁Vaction(s̄, π̄k+1(s̄)) − ˜︁Vaction

(︂
s̄, π̄k+1((s̄(T ), (0)T+1:∞))

)︂
hk(s̄) = ˜︁Vaction(s̄, π̄k+1(s̄)) − ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1((s̄(T ), (0)T+1:∞))

)︂
+ ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1((s̄(T ), (0)T+1:∞))

)︂
− ˜︁Vaction

(︂
s̄, π̄k+1((s̄(T ), (0)T+1:∞))

)︂
(36)

Using (31), we can bound

˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1((s̄(T ), (0)T+1:∞))

)︂
− ˜︁Vaction

(︂
s̄, π̄k+1((s̄(T ), (0)T+1:∞))

)︂
≤ ∥˜︁Vaction∥∞

∞∑︂
t=T+1

(Mt + Nt) ≤
Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt) (37)

Bounding the first term of (36),

˜︁Vaction(s̄, π̄k+1(s̄)) − ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1((s̄(T ), (0)T+1:∞))

)︂
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= ˜︁Vaction(s̄, π̄k+1(s̄)) − ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1(s̄)

)︂
+ ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1(s̄)

)︂
− ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1((s̄(T ), (0)T+1:∞))

)︂
Using (31) and by the definition of ˜︁Vaction and π̄k+1,

˜︁Vaction(s̄, π̄k+1(s̄)) − ˜︁Vaction

(︂
(s̄(T ), (0)T+1:∞), π̄k+1((s̄(T ), (0)T+1:∞))

)︂
≤ ∥˜︁Vaction∥∞

∞∑︂
t=T+1

(Mt + Nt)

≤ Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt) (38)

By substituting (37) and (38) in (36), we get

hk(s̄) ≤ 2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt) .

Similarly,

−hk(s̄) ≤ 2Rmax

1 − γ

∞∑︂
t=T+1

(Mt + Nt) .
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