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Ledñei
.

Probability spaces and Getting stolid
- -

Aim :- Aim of probability theory is IT

formalize and model the conceptof
" Random Eapenmeat

"
.

Random Enpeiineut is a an enperineut
where

* set of
outcomes of eaperiwut is

known •

priori
.

* In
any single eaperimeut one

does not know Ctu outcome priori
* The enpuimeut com he repeated
as

many times on it required .



Remini
.

- Probability is a set function
on we are not just interline eis assigning
probabilities IT out corner , but
" set

of outcomes
"
. The

Finals
D= {*i }

,

PGHB
PlsB)
P A.B)
Pto)

Dfo - Algebra !- Let v2 denote set of
all outcomes ( 09 sample paints ) .

A collection of subsets of r e:c

Fg C 2$ is said like a - -algebra
is



i. ¥0
-3 F- C- fi ⇒ Ec c- fi

a
-3 { En}e fi then F-ne ti

En
. ! 202 is a - algebra
? Fe =p is not a a- algebras

Z
,

Fe = {R
,
013 is a- -alphas

5k
, 7=903 is not a - - •be hrs

& Fi =} 10
,
A. AS r} is a--•fehn

*ÉPÉE )
Collection

of outcomes
R together wins

a a-algebra fr CR is referred to on

Souuple spare



- If d contains only finitely many
points (d. fr ) is called ' mile sample
spare - (①ne can set 7=2")

- If he contains atmost countably
number

of points
then Calif ) is

called discrete probability space .

(one can set Fe=Ñ)
- If he contains uncountable many
points this Cd

, 7) is calked

uncountable sample spree .

{Here we can set Fr=Ñ but
we can not anign probabilities}

Encamped !- Consider Cain tossing
cnperimat .

The set of outcomes are
D-- {Hi }

If 4=2
, fe={0

, 9*3.973,9-4-33



I Consider D= { Hit ]
Fe = SO

,
9*3]

§ Cain is tossed twice . Then

D= {CH
,
H)
,
Citi)

,
(IH )

,

(Ti )}
We scan set Fe=2R .

4-
,
A die is dolled a- times .

The

sample space is (Ati ) where
D= { Ca ,- - an) :HEH,234.5b$e-= 1,2 - - - n

set fr = 2h
.

F-nun Atf that shows I

atleast once .
A-
- { Cn , . . - an) : atleast one of ni ist }
=D - { cnn.am) : nong ni in 1 ]
= D= { ( a , - - .am) : Né C- { 2.3.45, b }

5--1,2 - - . n ]



§ A coin is tossed till the bint head

appears i. e

D= {
"I
,

#H.TFH.tt?-n-.----. }
We can choose Fe = & .

We can write D on the muncher

of tosses required to get a head .

D= IN
↳
set of

natural nudes
.

7€Fact !- There is no probabilitymeanuerlhatcomhedefimdou2
* Of Measure (on a sample spare)
Let Chih ) he a sample spine .

tutte : fi→ Rv {a} is said A-
Leo

. measure on trig



t.de (A) -30 HA c- Fr

?Mo
-3
.

Lt {An]c Fr he a countable

collection of mutually disjoint
sets

. e. e Ain Aj=O,
i -1-5 .

I,j -4,2 - - -

-

thees

tea!A.) = Erkan)
h = ,

Paobahihtjrotheanue!- On a
sample space 1,7 , probability
measure P : F→ IR is a

measure aoictP(r)=$



Given a sample space CA
, 7)

a set function P : Fi→ in said the
a

probability measure iy
t
, Pcr) -4

I P (A) 30 , HA c- fi

-3
, { An}CF , countable collection

of disjoint sets
i. e A;D Aj =D
i-5,55=1,1 - - -

this
&

P ( J A.)=3 Plan)
2= , n=\↳ countable

odditid-iuy-Rem.nu:3Pño. probability meaner this

0 EP (A) 2- 1

and Pto) ⇐0
A



- For A c- F
,
P (A) probability of an euut

- CAF
,
P) probability spare .

- Lt {A.<3,?= .ch a finite collection
0 disjoint sets they

n

PC a.) =3Psa)
k=

,

countable additivity

⇒ finite additivity .

* Remade:-(Discrete Probability Measure)
Conradin a sample space Chits)
Such Clint R is countable and

= 2N . Suppose I can be

enumerated as

a- { ao.io, - - -- 3



Corvider a sequence of real numbers
a④Cfo

,
,] such that €

,

Pn = 1

Now P : Fi → 10
, , ] ñ said li he a

discrete profanity measure . fer

sample space (1.7) w.at
.

sequence 9h3 is

PlA)-_§,tnIa$
HA tyy

.

↳ emits became

⇐Pn = I
→

:D⇒ Eon} is a chain-link
function

Into)={ I • e-A0 otherwise



ltomeconk ?-
d) show Kat iy {An] ctr are

mutually disjoint this

II.an= Etn= , -9-4
⑦ show that the discrete probability
measure P is indeed a probability
measure .

Note:- For any with ,

P({wiD=¥s
e'=/
,
2- - - .

In the careof discrete probability
measure it is enough + assigns
probabilities IT Singleton sets ,



NIK !- In the Corentinnous care the

building block are going b- he

bites ooh dolliesTheus Singleton
Seti .



Lactones
.

Record ?-

- D: set of all outcomes
- fr : set of all events which is a

-
- olgehrer Frazer

- P : probability measure
P : Fe→ ☒

- Discrete probability Meanie
D= { w , , _wz - -- - - 3

Ritz - - -
.

0<-12⇐ I

⇐ K - iA- c- 2%7
PCA)= £? kn Ialwn)



*Some Properties Of probability measure
d. A
,BEA

,
A E- B ⇒ PCA) c- PCB)

2
,
A.Bth A- C-B ⇒ PCB -A)=P /B) - PIA)
? A c- Fi thus PCA')= 1- PIA )
*Remote : - be home Pto) -0
If PIA)=o for some Aft /⇒ A- =p

Sinulog Jn Perks g- PIB)= )
for some Btfr -1-3 PCB)=1

TIM :- Crit,P) he • probability space
A.Btf then PIAUB) =P /A) +PID-Plans)
Kraft
AUB = (A-B) 6- § -A) 6- (Ans)
PIAVB) ⇐ PIA -B)+ P1B-A) 1- Plans)

D- = @ -B) ☒ IANB ) ①
B=/B-A) t.tt/Anss)



By the finite addition her
P /A) = PIA -B) + PlanB) ②
P (B) = P (B -A) + Planb)@

By ①② ⑧ we have the result
.

Corollary !- CAFE,P) probability space
①A,B c- fi ⇒ PIAUB) EPIA) +Pls)
@ {Antti ⇒ P BAD ⇐ E.Plan)
Demonic :- If D= R
Lt J is set of intervals .

7=-62)

↳smalmt-_?beithat container F
.



* A cot

.
Smallest -- algebra that

contains AA .

A- ={µof : 7. is a --ofhimand Say }
-(A) = A 71

7*1
Fact !- Intersection of arbitrary

collection of
-- afehreer is ar→lywa,y



Rebound :-(R
,
BBGR)) , whine {*}

BGR) is set of all
Borel Hotmail

function . Define IFF : IR→ IR he
a distribution function , which
satisfies f- ( ta) = $

1067 A fruition 1- : R→ IR ñ said

IT headistibutionfunc-h.my
tis ""demeaning " '
Riaz FIR

,

N
,
ca
, ⇒ Ha ,) c- the,)

2-
, f is light continuum.

Raf no a decreasing segueing
in IR then fail → tao)

Now P :B→ IR a probability measure
induced by FF i. e



PC- g. a) = Fla) → ☒+a) =P/n)
P is called Borel probability nieonne

* at E¥olpno↳y- space !-
Lt I D. 7. P) he a probability space
and BE fy such that P(B) =/0 .

Pnobahity measure PB : Yu→ for]
defined an

B /A) = PlAp%÷g *Atty
is known

on theconditional probably
measure - Ppg /A) is written as

PCAIB)
TIM!- Conditional probability measure
is indeed a paobohihyy meanie

poet .- A -W



¥17T Can nltiptication Rule )
( n
,
ti
,
P) hea P. S, and A , - - . Ant fy

wins P ( Ñ
'

A;) -3,0 .
Then

j = ,

P (§,Ak) =P/ADP /Aa )A.) this lot,nad
-
-

i
- Plan / Eia)

p⇒t Easy
.

*pnopko.mg#bahihy.)Cnih.p)P.s.Le-EEB,?...o7 he
a partition ofN
Then for any Acts
P (a)= §=.pe/A1E.DPlEa)



t¥:¥É
*Proposition+ (Boyer Rule)
Lt Crit

,
P) he a probability space

and her { E.if he a portion of n
Their fu ouy A c- 71 , such TratPlato

""H=¥¥p¥¥!¥¥→



⇒ { an} CIR when do we
say an

→ no?
-_

-

¥•nn=µ% Itsnnis
bounded
alone

✗ If Sardis
Is not bounds

¥in={¥•÷ ionis bowled
below

-A Oltvsuise
.

a. eowuyn←→tEin=LE#
I

ran-7-3 is
,
Nlt)

If 00 IN C-Zt

Hazm Inn -B) < c-



*Df :- Liz of segnuuegsetse
that {An] he a sequence of subsets

of D. Define
→

Dnt

n¥z= É$A A-•er him:)

Lt
a-*

= Ak ( upper time;)
→Cnt

,

It¥µAn=nLtIwAn=A, we say
that limitfor An exists and

equal letA . We write

¥1



* Proposition .

'

- Suppose {An} he a sequence

of salt
① If An is a monotonically ninecoming
sequence of sets i. e An C- Ant, It n
Then limit emits and

II.
•
An __I

,

② If Anis • monotonically demoing
i. e An? Ann+ , then limit emits

and Ltn→An=?Aµ
Pag !- Him →9-
##THEOREM-i-htcn.fi

,
P) he a probability

space. belt @53cg he a sequence of
events such that BnPB TheyPL¥BD=¥aPl$



proof: - we have
P(¥•Bn) =P (EB)

⇒nd .

Suppose .
A,=B,
An = Bn-Bh

- , ,
n -12,3- - - -

a

g)
Bs-Ba⇒ ¥an=Y?Bn

and Ans came $⑨hµ¥
mutually disbarred .

PGEBn)=P ( Isan)
=§

,

plan) ÷ By
count.we

EÉm=&*&in%d*"



= ¥*§=
,

Plaid ←
= Lt [PIBDTPIBD -PIBD
a-a

+ - - THIEN
4

A> B
'

= hut
,

Pkn)

pµsD=PH-"
* THEOREI-G.fi

,
Pj he a probability

space, thus the following stalemalt
one equivalent

① ftp.cfr.D-jnn-jn-o, 4- e-* j

P /E.An) -⇐ Plan)



② Lt BnTB { Bn] of this

PILE
,
B.) = II.

a.
PHD

andfor any Scifi.ch
mutually disjoint

P(¥?aD=§=
,

Pca
.)

P⇒t①⇒@
② ⇒①1☒

* cottony!- Ant
,
A

kmµ←P(¥•An)=¥aPCAD
p⇒ :- ÑnTµcr



Keating
Recoil ! -

Probability spare (¥1.
Measurable Sample Probability
space # space

measure
* Continuous and Discrete probability

space
☒ Conditional probability
☒ Continuum property of probability
AIA then Plan)→PlA)

* THF-OREM-tfpnobahih.ly measure - noontime?
Lt (nite,p) heapnobahih.IT space
{ABeti suchthat zAn=A - Then

Pff:<A) = #•Plan)



proof :- be home
§n Ak C- An ⇐€¥⇒nAk

P

ftp.na.DEPCADEP/Eak).?YaonotonocihTof
probability measure
L ABE Fi

,

A C-B

L ther PIA) EPIB )

!EpfE
.

a.)←
E.PH#.Pl.En-D-PlEiEn-kK-IEAnkPlY:iI.P-I
P(!tzIn)±¥§A.) =P /E.•A)



P (A) ± ¥
,

plan) I Pla )

* Proposition :- Lt G. 7.D he a probability
face {En} a fr he a sequence of events
Their

d. PIE
,

PIE,) a- ¥, It.PE)
?_? P(nÑ=

.Y.IE?EkzsInPlE)pno-0ftjLtFn--EnEksk--I 2--
-
.

Fntl heme PHI E.) =¥↳Plfn)

=¥•PlÑ⇒E)a

Nao NEE Ei Hi > n



P (
n

E.) a- PIE¥) i >n.

P / PIE ,e) E ait PCE;) ?i>n

HQ C-A
,
⇐ IQ÷:÷

¥⇒PLAINE) ⇐ ¥, :& ME)
⇒ P ( I E.E.) ± Ha :#A;)



DI I-Ii her crit , P) he a

probability space .
A
,
B C- Fi one said

b- he ai dependent iy
PlanB) =P /A) Pls)

PoinwiseIndependf !- A satay events
Act said to he pain cuisse

independent for any A-
i.Az C- A

PIA
,DAD =P /A.) PIA,)

www.YIndepeudut-i-
Fang any {A¥?⇐ .CA

P(Ñ,AD=1÷Pt



* Facts :- APB c- fr are independent
then P (A)B) =P /A) providedPlato

PIBI A)=P (B) PIAS>o

* FIT :- If ABB c- y are independent
events Ctu

1-
,

A and ABC are eisdependent
I. AloudB one aidependent
2. AloudB

'
ome aidependent .



*Remaly:- Lt {EBay he a sequence of
events Then we have

Lt Sapien=D Ñ
ma

,n=
,
k=n¥

-
.

= {WER : WEEN ta infinitely]
many n

a

÷ Let Fn=¥Ek
⇒ Fn :{wed :Ik

'
>n such that}
WE F-

w
.

.

.gg , gun ,

ngggngnei.g.n.gymowyEnWeSuy@En.e.o
}={En •comes aifinility

manytimes
= EE



JEN f. If = { En occurs finitely
many if

= I E. EE
*TIME ⇒ {awed : wc-Enfaeisbim.ly}f g many n

then E =
,
NEK

they!- a-

I

* THE0REM_ :-(The bint Baul-Cattle]

Let {En] he a sequence of events
such that E PIED -8 .÷
Then almost surely only finitely
money End will occets i



Plk:<sapf-nt-P.EE?Ea)--opegttorE--dEEE
TST ⇐ PCEN)or ⇒ PIE )=o

Lt Fn = LIE, , n -4,2- - - Fat
,

Then P (E)=P / Ñ=
.

Fn)
= £381K)

Plfn)=P / E.E.) a- EINE.)
HM

PCEKYI.PE ) ← In ,&nPlEn)
- 8



4- series •nursery# its tail
series cough

⇒ PIE E.E)⇒
⇒THE0Ry:-(The second Borel colelhi)

Lt{En]cf,heaseqwiuegaidepuoht@camels suehcteit ⇐ POE
,)=A

Then almost surely infinitely
money En will occur . Thetis

P(¥fpEn)=PtYÑ
,

☒E)=p
t⇒ :-(En f. °) = DIE?



F-Tst P ( I
,

E. Ei)=o

PINE PIECE)± EERIEE)
suppose B% = NEE

m = th
,
nti- - - -

Bini tied
¥14B:')=p fairs:)
Also Ñ BI? E. AIMEE
•

=P = Enki



PAI Ei
.

E.) ± Er PIE.E:)
=E. Pf!:& E.E)
=E. Pl I:B:*)
=Erp ( Ñ Bit) . :B: km

,m=n 4f-& ¥
,
PIB:)

he
, m>n

= § at PH?)h =
,
M-78

=§ 4-

n = ,

m→a
MTP (Ei)
K = n



= &
,

Ha II. G- PIED
⇐ §

. .

¥
, ¥? e-
*E)

•
• : e-Ii -a

EE §? ☒* e-
TEPE)

⇐
0 :-& PIE

.)=s
k=n

burn the result -



Lectured
.

25Jom20#
Read !-
Fist Borel cautalh. !-

{ En} he a sequence of events
•

such that ⇐ P(E.)<8 .

Then almost surely only finitely
money Enn will occur . i - e

P( Lt sup En) =P/ YEE,)=oa-so

Secodnd Boel Cantalhi

{En} he a segue of independent
events such that £ PIED =A

h= ]

Then almost surely infinitely
money En will occur - That is

PIEEPED-POI.IE ,e) =L



F- A coin is tossed independently
many times
PCAN) : probability of obtaining

head at 2in lots

t.PIHD.tn , na
, §,PW=a

By second Bond Cautalli

Hn occurs infinitely many
times .

"÷ÉIt is
,

heard can occur

I suppose PCHD= tix
⇒ Patris ← to

By bint Borel Colñalloi • Lemma
almost surely only finitely
many heads will occur .



# Recoil ?- We have defined QQ

Probability spare CD, Fi, II.
set function

it is very difficult
to do

{ ÷:÷÷→
.

Randan outtametric or algebraic operation
Variable ? Most often we are interested

in observing 9ha or measuring

↳ we wantlo-ppuale.euReal space ./
D= { (H) , (TH) , it

.
.
-- - ]

D=DX
, Fr = 2N



#Df opense-hei.IR .

: A set ACIR

is said to he
open if H n C- D-

I 8> o such that

Ca- S
,
atd) CA

in IR
- All open in

lies ooh are open set
- § and IR one opensets
- A set Boris said to he

closed g- Bi is open €7
- Set

of
all
open sets in IR one

denoted T.IR/o-geeh-es with
T is called iimol Topology

"

on IR
.

- Ibt G. d) he a metric spare
this only can define o. tpobuy

onN .



Proposition !- Gomidu IR together with
set of all open sett ein R

,
T .

Then

① R
,
01 C- T

@ Lt {As]
,

he a arbitrary
collection of

sets in T . Anees

U Aa C-T
✗c-A-

③ Lt{AII.at he a finite collection

of open sets thus

Ñ Ak c- T
K = a

PIG !- ① easy t show
② suppose 2 c- U An arbitrary

4 C-A



TST IS>o such that

ca - s
,
sets) - U Aa

✗ c-A-

'

.

'

a c- U Asn
,

tha C-A-
✗EA

such ctat 2 C- Age
I

•

Anna is ☒pen , If so suchttuu
Ca
-fats) <As

Leave the result
.

d) a c- ÑAK
K =)

⇒ N f AK
,

K =L
,
2 - - - h

I SKSO Suchthat
G- fk

,
at 8.) CAK

K= 1,2 -- - h

f
,
-

- nein } f , - -- - died
⇒ (a- So

,
2 + to) can

, 1<=4 - - -n
.



*Proposition ?- Lt In
#

he outa

arbitrary collection of --algebras
then

N This a-- olgetua .

•←It

Pfaff A.*,

#DI Bordighera !- Suppose T
deno lets set of all open seh-ei.IR .

.

Then the smallest -- algebra that

contains TY denoted by - (T) is
called Borel - - oldhier .

i.
eiy c- { Frazil : Fi is ar-alpha

and Tcp }
Then the Borel - - •fewer B. is
B
= My
Fl C-C



Df Raudomllaviahle!- Lt cnn.t.DE
a probability spare . A function

✗ :D→ IR is said the Random

Variable iy

th * Bt B.

F D= {1,2
,

3
, 4,5, 6 } We choose

Fl = { $
,
93

,
923,4 . 5,63 , I]

✗ : is → R

)I → I

2 → 0

3 → 1

he → 0

5→ I

6 → o
µ,,.pµ,,,⇒µ



* THE0RE→ :-( From An•lyin)
Lt GAR he an

open
sit ii. so

. .

Then G is a union of constable

disjoint clans of . open intervals .

Paso) !- suppose a -1-0 , and a c- G.
i G is a open sit

⇒&- o 3
Cn -In +f) e G -

Lt & denotes set of all opens
eietesooh in IR

.

Define I☒== U I
IEJ
I c-G

In n c-I

-←¥I¥#÷←*→-



We have the following 06 locations
- Ia CG
- In is an open

interval

- If Y c- In ⇒ In = Ig
- 72 c- a

,
a -1-2

,

Then I. = Ig
or In nIy=§

Sppe f= {Inn : a c- G)
Ian Ig = §
and G=¥eyI.

do- Lis cantabile

Let Gq = 92 C- Q ? n c- G]



Now define a function A-

f.④→ FOIL
on f-(a) = In H n C- Gn

Claus !- f is well defined
-

.

'

a c- Gn
,

I unique I c-I
→ a c-I

.
This aycuut is

true .

.

. Leo all the

eisltsvahiu L are

disjoint .

Eleni :- f is on b-
-

: b- In c- 1,19 C- 9
→ n c- In

E÷÷:÷÷⇒D- a national number in



* Lenny :-(n
, f) he a sample space

hit ✗ : R → v2 he any function .

Their foot following stolemeals
one equivalent

① xt C-a. a) c- Fr

② xt C-a. a) c- Fr
③ I' Ca

,
a) c- 7g

⑨ Fa, a) c- Fr toOughta

p⇒ • sketch !-

C-a. D= D: c-as attn ]

{ Cair ) = (-& if[x,a) = ME (x -& .a)
C-a.a) = { a.a) '

①⇒@ ⇒⑧⇒④→①



THEORF-M-i.fr
,
7s
,

P) he a probability space
✗ : A→ v2 he an R - Y • Then ✗

induces a probability measure
on the spare CR

.
B)

defined on

E.CD =P (x
"

Crs)
b-BtoB

.

pseoft - ¥. - ¥1 .

{ Here you hee see how ]bell he hovered ✗-1 is



* Proposition : courier a sample
space G. 7) .

hit Sc IR he a

collection of sets such that D=-(A)G-
where B is the Borel -- •by then .

Then

✗ :D -sin is a. is ⇐ I (A) c- 7s

(
*Afs .

proof :- ⇒ obvious
. -

⇐ on
-
-
B

suppose
on = { B. e-B : I' (b) c- 7 ]
-

Iff --

⇒ Acm ( From ltuhysolh-i.rs )
•

wdgm.mg?=fB---TsT⇒B3A⑨



claims :- on is a -- algebra .

Proof[ Here you see how well]hehound ☒ ' is

⇒ Ain ar - onlyhier which contain
A- ⇒ on >B

⇒ on --83 .

cloiu on is a -- olyhre

×$⇒*'r⇒⑧%OR



-2¥ 1Feb2022_

Record :- (☒ 7. D)→ ( X, R, B)
-! Random Variable

-

X : D.→ IR R
- v

il 4- BeB
,
X
"

(B) c- 71

I. From Analysis !- Envy open set
is a union of countable disjoint
clan of open eirtsvuh .

-3
,
The following statements are
equivalent

✗
" C-8. a) c-fi , - - - - - -

K
,
R -X ✗ inducer a probability
measure

P×(B) =P I' (B)



# Proposition :- Lt G. A) he a sp&
Sample spare .

Let D- a Roz'R he a

collection of Sils
such that B=o④f-

Their

✗ is a. RV ⇒ X
' (A) f Fr Hata

poof '-⇐ ☒
Given 54A) c- fy HA c- 7

TST X' (B) c- Fr HBTD

Suppose
M={BEB :X" CD tf ]

From the hypothesis Sam
and by tht definition MEB

claim's on is or-algebra
⇒ on IB ⇒ on -- B



Poo of claim :-

Tim is nonempty rear

② Suppose Mem ⇒MEB

and ☒ Cnn) e- Fi
Now since B ( : Bison -olgehm)

* Cme) = film)J c- Fr

⇒ me c-on

Suppose Stan} am a countable

collection of sets from M .

Mn C- B
,
H n

,

and I
'
Cann) c- fy

am gym .. , . . .
e- olyehus

*
' II .mn)=É

,

I
'

Garde Fi

☒



* conoltony !- Lt The the set of all

open
sets eis IR

. They

✗ :D→ IR is any⇒ I ' G) t.FM
µ

HTG too
* THEOREM-fcn.fr) he a sample space
courier a function ✗ :D→sR•R,
Then

✗ is

n.si#x-'C-qa)c-frHkc-Rpn-0g!-⇒✓

⇐ It is enough to show that

☒ C-8.a) c- Fr Ha c-SR

⇒ ☒
'
G) C- Fr HT C-

TET onhitnay . I%) a Ra
countable collection of disjoint
open eeitesools such that

1-= In



Claim: If I
' C-9. a) c- felt a c- IR

gg
that thang open

ailing

IED , I
' CI ) ft

[Him]
Now G) = III.In)

=É x-ics-r.se
/

* D.f-Bonelmeax.m.ahlefuud-r.az/Afunction f :D→ IR is said lo he

Borel measurable if 4-BEB ,

f-
'

CB> ⇐B n→×R-
*TAI !- Lt ✗ he •why defined on

sample span crit) . Lt

G : IR→Rhea 20Borel measurable
Their 81×3 :D→ IR ñaa .#



If !- Distribution Function (on R)
A- function f :D→ IR ñ said b-

Leo distribution function g-
f. f- is nondecreasing i. e
✓ 7,2 GIR

,
2
,
- Nz ⇒ findEffy)

⇒ f- is right - continuous
i. e f- (at) = f- In) Hat:2

Note :-b)f :D→His sight continues

iy and, no , a decreasing
sequence in IR. Utes

tooo)→ find
⇒ f- is Montone their flat)

f-(a) eaiish



*of P±ÉÉÉtn
ofouR
It ✗ he can RH defined on 11,7 ,D)
Then a function Fx : sR→sR

defined on

Fx (a) =P, ,
C-as a] =P☒C-a. a]
¥

probability
measure induced

yx .

#THI ?- F> is indeed a distribution

function



¥00T?- TST F× satisfies the following

properties
-1
, Riaz C- IR 7<92⇒ Fca ,) e- Fln,)
-3 Flat) = Fla) Ha

i. e 9an3aR
,
an IR ⇒Flan)→F↳

I 8-C-a) =D and f- Cta) =/

1- Fxcn ,)= PI
' C-a. a)

Fxcn,)= PX-ic-o.az]

÷¥:÷¥÷÷÷
= Fln

,)t PI' Cash ]
a- Ffg) - : Picon.az]zo
I Fcan)=Px- ' C- a. nn$
Suppose An = I' c-goin]



claim!- An is a decreasing segueing
{ H.ms ]

a

<
An -_ An - I

' Cann]

= 5' cnn.FC-a.ms)
= I' C-a. no]] → 3

b- Flank ¥aP Ian)=P(¥*An)

n-iw-px-lc-x.se#--fCRo)
HIM !- Think caouupln where
lift conh-nnou.LT will not hod .

-3
,
TST F

>
C-g)= 0

4.*



*THEOREM-fhe-CD.fr) he a sample

spare -They

x :D→R and Y :D →Rare

9. in this ✗+y ñ out . "

G) ✗ c- IR
,
× :n→iR ñonn . "

then a ✗ is our .my

d) ✗ :n→iR and I :D→ IR are

d.YA this ✗✗ is an -4

pseof !-
TST for any nets?lxt-D-lca.to#-iRx(tx)-'Cx.a)--{wth : City) /w) > a]

= {wtn : ✗Cw> ttlw) > a ]
= {wer :X /w) > a- YIWB



= U {war : ✗ (w) >a > a -41W)]
4-Q

! Q C- IR
,

C- so
,
then I

• stop → • as - • + c-

÷:÷::÷
.

show that the above

= U {wer : xcw)>is
req

n { wer : Ylw) > a-s )
= U ✗

- '
cha) n 5 ' cnn.su)

rtQ

c- Fy - : * is countable
N

t.EE#-



E) ✓

③ ) show that is R. ✗

* a.a)
= {no .es : ✗ IWJ >a]
= fwtn : ✗ Iw) > rn}
U {wer : ✗ Iw) -- ra ]

= ✗→ Crain) text to
,

- rn)
c-M

✗ ✗ = 1m (✗ ++5- lx- ✗
2nd Assignment : Term paper . Study
Riemann Integration and summarise
where this Integration fails . singes .



F- ✗ enpectation.

If ✗ ñdiosuelt :-

§ countable set s c- IR

such that P(☒ c- s) =/

{a) =# B-E.←ns.i#h))s--tan3n=IPlx--aD--bn
⇒ E.tn"

F- ✗ = Ein.tn#-.ETT---fInf-pHdxEx--
Sxd$



-¥⇐i÷±
.

A c- Top (A) =?
☒ ooo rih

Ath

on (a) ?
so



Lecture 3Feb2O22_

# Intended real number systems 117

1R*=1Ru{-a3U{+a}
that satisfies

I RGIR
,
- a - a - to

I
,
NER

,
- 8ta=-8 -Ttn=+a

+8+8=1-8 -at -4): -

3
, MEIR

,
acts) -1+02=+8 Jiya>once)= -632=-0

x(+a) =@a) a :-O
Rfa)= C-a) a = +a)Tko
80 = C-a) 0=0

Cta)Cs→)=to
The following are not defined
C-a)t.to) C-a) + C-a)
In>CI)

, Casta> d-a)Aa)



Remote !- IR't : Enbñnded Reolnuuhes.

- ACIR't
,
D- =/ if iy A hour no

bnpdper bound in IR then we write

sup D- = to
- Similarly

, g- A hon.no lower bound

thus we write ñsfA -

.
- Af

- If A-crit theand A =/ § thus

supremum
and infimum of A

always emits
- Emery monotone co-Regent sequence
is R* is convergent .



Df heuylb-fuuc-h.co#:-LtJheche-
set

of all wilts ooh ni IR

Lt [o, ta] .== {next : n>0
= [adv { to]

Their length function > :S→ for]
is defined as

>(ICE :D
= { I b- a) g- at c- IR
to either Q = -8 A

b- = to about#tÑ→M- pnop-nt.mg Length function
-

hit > he a leeylts function

>
Monotone properly1. > (013--0

? I
,JEJ oudI% thus

> CI) ± > (J)



I
,

I c-I → I J,, Jz C- F, J,N Jz=D

and I = J
,
U Jz They

>CI)= > (F) + > 1J,)
↳ Finite additivity

d. Lt Icg he a finite eislisval
such that I = In
where I,qGJ , 1*-1,2 --- -

Proof :- F-
any

*Dft -- olgehra ! Same on before
# Remond !- Ina arbitrary eislisseetim

Of - - algebras is a-- olgehra .

#Blgetua '- Cn,T) Topological
→

spare . Then -(p) ñ called

Borel -- algebra



8¥ A-lgehr-at.frcar is called alphas
ii. 1

,
10 c-y

3 A- c- Fe ⇒ A' c- fy

I EAD ti nor

⇒ He AKE Fi

# Lenya !- D he any set , Fr he Q

algebra of sets . Then for any
{An}oh {Bio Fi
Such that

1
, Bin Bj =P ☒ é=j

3 Un Bn = Un An



*Remodel, Jez'R he set of intervals.
> : g-art
, HI c- 8

,
> (I >30

I {In} -708 and IinIj=¥
,

then > ( II. In) = E. ICIN)
I >(I) = > (I +a)

4-Iff
,

2 C-R
.

* Intension of
the leuzlts function

to
open

and closed sets .

- If D- air open, ⇒ {In] air
andIiNI

,
- § Hits, →

A- = In



Now we can define > (A) as

> (A) = n§
,

> (In)
§ B. CIR he closed .

I a. b C- into Cair) > B

> (Cais) = > (B) + a CB
')

✗ (B) = b-a - > Chi)
I.
open

# DI Measure IR (Hypothetical )
on : IR→ [0.x] is said to he
→

measure if it satisfies the following
conditions .

Pt, Mis well defined for all ACIR
2
, If D- CIR is an oiler val thees

om IA) = ☒ (A)



3
,

Lt {D-Do a couutahecolki.hn

•wd Ain Aj =D, i=j thees

HEAD =§imca!5☒
¥ For

any A- CIR and RER

on (At a) = on(A)1
Result !-

There
is no

such

function
on
:#→ toile

Leine
we
will weakenUtfismtpnope$



# Daf :- feehesgneoutesmeasme
Lebesgue outs measure

out : IR→ fox ]
is a function defined as follows
for any F- c- IN

ntE=ñsf{ §> (In ) : ACI.IN
TEEN -

now eisuiulisvoif
# Remond !- Lt at : → [or] hea
outer measure this

d) outA) zo , 4- A C-ROB
• ro

. mica)= list § > (In)
Ac Un In "= '
Inñ 0pm
autism



I >E)zo It I c-8

§
,

> (In) 20 HACU In

⇒ have cat statement .

I ntco)=o

Houy a c- R
,

10 =Ga)

>(a. a) =o and Mt /A)20
⇒ wtf# 5=0

* Lenny:- out : ⇒→ fo.to) he our
outs measure •Then for any
A.Beak

,
A EB

⇒ out (A) €m*(B)

proof !- Him



Renard !- not④ =p 17a)

43C (n - E , at E)
⇒ ntfn} ± > In - E. atE)

=f
I C- is ouhitng
niqab -0

*Lemme 1- out : ziR→ for] only
measure •Then fray aisles v01

Icar
suitCI ) = > II )

peg !-

conf !- hotsupposeI he closed
finite interval .



let I= fair]
,
air c- IR

TST not CI ) ⇐ G-a

Now for any c-so arbitrary
[air] a (a - f

,
abt f)

m*CI ) ⇐ > (a- E , At E)
= ft E- a + E
= b-a + c-

y.nu,,
,

ntlI) ← b-a

TST out (1) I G-a

m*[a. of = wit É? > LID
{⇒ c-glad

6g [a. b) = { {In] : where EID is a

open counter fair) }



Now it is euyh K prone cleat fr

{Imn§ c- 4g fair]

£ > (In) > b-a
n= ,

[AND is compact from Heine-Bond

→Theorem I É?F EFF

|¥¥÷÷÷÷-if From every arbitrary
open cones of A, IIone
can extract a finite cones

A- ¢ U Fog Where For one open
*€¥¥ n

I9-- done-A-→ A £ E. F*,



1¥ 15%2-02.2

Record :
- Length function > :&→ 1R*

*
set of an inlet ooh

- ✗ can he enleieded Is open
and

closed sets in Ñ

-

le-hesg.ae#asme:m*:zR
→ [ 0.83

F- c- DR

MEE)=ñf{§> (In) : A -I.In where
In is open

interval}
* out(A) zo It A C- 2

"

* n'+(f)=D
* AEB

,

then not (A) Em"TB)



* If D- C- IR is a Singleton set thus

pit (A) = 0

# Lemmy !- out :P→ for] ñ a
outer measure . Then for any uilisul
I c- IR

m*(I )= so> CI)

proof t Lt I = Ifa :b) fu a. bad
then > (I )= b- &

card ?- I is closed i. e I = for , b)

TST out CI ) e- b- &

for any C- > 0
,

[a,b) a la - E, at f)

MEI) ⇐ ✗ G - E , ↳E)
= b- at En

anyway my,, , ,,



TST m*CI) I G-a

→
out fair] = int &> (In)

In] Guy I:D a "

t
.

Bet of "' I

open coven

of fair]
It is enough to show that for any
looked {In} c- 4g said

§gÑIn) I G- a
-

:[a. b) is compact from
Heine -Baul

themes I {I,¥o { In}
[aide In



Now -

: a c- fair] . I IK, C- { In }?d=
,

⇒ a C- In
,

If b- c- Ik , then fair] I IK ,

⇒ HI ,,) > G- e
⇒ > (In) 3 b-&

If G d- Is
, ,
let IK

,
- 19.4)

where •
,
<a
,
and G

,
> b-

° :b
,
C- fqw] and 4 ¢ Ikon

I Ik
,

C- {In]
"

He= ,
°

↳ c- Ik
,

let IK
,
= Kaz.bz)

:
continue to this proves



•

.

' his fonih , say it
terminals

at km where men

i. e Ikm= (am .fm) and btlan.hn

[a. b) a Ñ P
e- = ,
- ké

Now £ > CI,<e.) = £14. -• i )
e- = , e- = ,

= (b
,
- a.) + (↳-ait - - - Hom - and

where ↳→C-(ai . b.) i. e
•
e.
< bi

-FG.

=
- a
,
+ lb, -a) +1k-%)

+ - - - + (Gm
,

- Qm)
> Gm - Q

, 2- G- q
than

•



cared !- Lt I he any finite
mites me

Fn
any

C-> °
, arbitrary I closed

eistesvol Jc I -3

>CI) - E- - > (J )

(
: I -

-
I / a :o)

[at §
,

b- E) G-I
* CI) = b-a

Ha + § , b- E) => II)- t
> CI ) - e- < > (J) =m*(J)±m*lI)
m*lI) a- not (E) = > (E)

T
⇐ ✗ CI )

⇒ > II) -t - > Is)± > (1)
⇒ > Is)= > II )



carets !- I he any infinite
interval

0mg c- so
,
I J CI closed

interval → > (J) = C-

m*(I ) ⇒ outG) ⇒G) = t
•

: c- is onhit nay
m*lI)=&=HI)

* Lemmy ! - out : IR→ 1%3 he a

outs measure Their net is countably
subadditi he

i. e { En}CIR

then nt ( E.)⇐§?nt%)
HEY !- Lt {In

.
] he open counter

F-
n n =\

,
2- -
⇒



éuf &> CIK)out E) ⇐
⇐no ,YÉ.

"

Anne for any { In] which is open
interval comes for I.En
nt (I. E.) ⇐ I >CID

9<=1

Seine { In
,} en, is open • interval

C K)

cones for §=
,
En ←④

at II. E.) ± I £ > (In.)
n -7 k= 1

Now choose {In
,]
⇒
on an open

interval cones Ju En 2 for a

given C-so



MIEN) + §. > §=
,

> ( Imc)

cÉ¥Ñ:==÷¥¥Ñ⇒prop

Hume from 4

m%Ea-nk-E.EE >E.)
c.EE/ntlEn)s-%)
= § nilE.) + c-It

n= ,
2h

HI ,

= ET ontCEn)tch
=p

I C- is arbitrary a

rat III.Ends E.→ E)



¥17 Conotaiy !- Lt ECIR he a countable

set and sub : → fog]→É%
mean

nice)⇒

pngofi-H.im#ConoHa-yI
. Jo

,
if is not countable .

* Lenny :- not : zR→ for] he a outer
measure this for any F-on

out (E) = not (F- + f)
↳ It . hi

* Proposition!- Lt with a outermean
to Buy D- C- IR and given C-so

I
open sit 0 G- IR → A co

and not 0 ⇐ notA + c-

PIG!-↳ Hmi



* Remt Lt not : → 90.x ] Leda

outs measure for any A , B c- zR

if
not (A) -0 thus

not (AUB) = not (B)
*↳ A. in

⇒ Df : CAR A THEODOR YA
'

Definite,

:÷::÷÷÷tetni-i.si?-Eo.aJLecheoutis-

said to he Lebesgue measurable
i. e E c- oh , is 4- A CR

out (A) = mit (AnE)tent/AnEY



FLO
A- = CANE) u@ NE ']

For F- the measurable we need③* (A)=m* /AnE)tnt fan E)
→ • isn't is outs measure we obulg
home
at/a) Ent/anE) tntfn-nr.it
Duvet show that E is Lebesgue
measurable we need

at (A) 3m£ fanE)+at lanai)



*Runoff Lt not he outermeasure
LetM he set of all Lebesgue anomala
SIT this

① § c- 2h and R GM

② A CR
,

A C- on⇒ D-
'
c- on

↳
H.int#Dmeohemma-?-
For
any

F- ER
, ignite)=o

L⇒ F- c-on

> b. IN



Lethe l7Feb2022-
*Recoil

.

Lebesgue outer measure
m* : IR→ for]
not F- = éuf{§

,

>(In) : where [In)
is an open interval
comes for F- }

- m* respects length function on
miles ooh

- out is countable suhodelitine

- A
,
B c- z'R

. iy m*(A) = 0

then m* (AUB) = not (B)



# Cara theodicy definition of

eemeasm.INT
: → [0,a] our outer measure

A set F- CIR is said to he

Lebesgue measurable ig HAGER

not (A) = out /AnE) +m*(An E ')
# M : set of all

measurable Solli in

IR
.

- If M*(E)=o ⇒ E E M

For
any ACR

F-TST out/An E) tout CANE)
Emit /A)

We have A-NE E E

⇒ m*(An E) a- MME )=o
⇒ m* (An E) = o
-



An E
'
CA

m*( An E') snit in )
⇒ m*( AnE) +m*(ANE ')

= out /An E ' ) a- m*(A)
* Lemmy !- E ,, F-<a )R one Lebesgue
measurable this E

,
U Ez is Lebesgue
-

measurable

theft Tst for any AGSR,
n'+ (An (E) UED) + ntfs-nr.us:-D')

2- m*(A)
Lsts : m*(•
=m*(@nEDv@nE))

+ nt(AnEinEi )



•

! E
,
is measurable

m*lAnEi)=m*( An # nE±)
+m* CANE.cn Ei)

Also

A- NCE
,VED CANE

,)UtAnEzn¥)
⇒ ntlan EVEN

4- m*(An E.) tntln-nE.net)
Aho

m☒(a) = out /AnE.) tntfan:')
→ Hao finish the proof . H . His



* tenma ?- Lt out : → tea] he

a- adenosine . {E.}?
. .

- M

and F-inEj = if 4- i=j, i,'s --1,2- - - n
.

Then for any

AÑ;÷:¥⇒milan vii.E)
9 = Isn't can E.a)

K =\

PIG !- One induction on n .

A. IN
.

* Lemme :-&)I=.cm
⇒ Ek c-M

-

H.iq



# Remade !- Dna zR is an Algebra
II. to c-on

I D- EM ⇒ D-
'

em

3- {An} com
→

⇒ AKEN

*Demaria:- {An]am
,
I {Bison

-3 BinBj =p, it é=j and

E. An = Un Bn
* Lemmy !- { En} am ⇒ En c- M

pray !- F- = I. En , TST F- c- on

TST D- A- OR

MYA) > m*(An E ') +m*(AnE)



Suppose {Fn} con → Fine
,
- =§

Hi#j
and Fn = # F-n

•

:mis our algebra, c-

Morita) --ntln-n.EE#)+mYn-nH..Ej)-3m4n-nE=.E)+ni-Ian E)
Fk E Ek

{④⇒E)'3 ,

E.)'

an .CI#T=anf:& :)
'

If MCM ⇒ MMM )=m7aD



not (A)3 Int can F.c) tout /Ans:')
K →HA

Hn
⑥ Z EE not Ian%) tnt /AnE)
→ ☒⇒ - -

Now corridor ⇐ nt Can Find
An vii. Fkn = ÉAn Find
⇒ milan #

⇒

Fn) &
± §gm4an%)

⇒ m
*

(A) 7nF fan E) + m* fans:')
* Conolly!- om is -- algebra



* Lemmas:- Interval C-4
,
a) c-on
Tfa c-R

Prof : - TST C-a. a) c-M

TST It ACIR

not (A) zm*(AnED
+netcan c-gas)

Now
if not (A) =a twee one done

suppose nF(A) - Au
,

I open miles coal cones {In]
for A such that

myA) + c-3€> (In)
We have ACI.IN
⇒ an c-a. a) a I.Innova)



⇒ outCan C-a. a)) a- not (Inn c-⇒
Similarly
ntCan C-gay) Ent Inn c-as a5)
Heure

out can c-ga)) + at fan C-ga5)
⇐ nt(vii. (In n c- as a))

t.at/E.CInnc-a.asJ)s-E?nt(Innc-gaD
h = I

+ § nt ( Inn c-east
n= ,

H.by③
=§ on

"CID IntlA)ten
= 1 :

'

C- is onhit ray
have the merit -



⑨
Inn c-a.a) and

Ij' ioueeislisuih
and disjoint/② out and> one same can

L
.

intervals

* hew--ug ? F-
way

eisl-e.si#ool is

measurable

proof !- C-a. a) =C-a. a)v9 a]
c-
pm Ems

{ A. vy
Lemmy!- Open and closed IR are
measurable

.



* Lenny?- B =-(T)
B am

page TC B

T can

B. cm
# DfLehesgneme.nu#RLehesgneneeaneM:om

→ So
,
,]

and m = m*/m



Leafy 22Feb2O22-

&•¥ Length function on IR

- Oates measure

- Lebesgue meanie
an : m→ {o.o]
and m = m*|m

Crim) I
set of all
measurable

sehRemo_nki@ymr.on-9o.a] he Lebesgue
measure -Then {En} com and

Ent
,

and m(E.) or

theism / En)ÑmlEn)



(2) MCB-A) = m (B)- m /A)

when A-C B and M (B) <a

* ✗Aeasenahlispau !- R heavy sit .
M• Then I ligates with a -- alghn
M is called measurable tspoee

Off www.ihlef-tion.cn
,
M) measurable space
(•X
,
T) ftp.loepaicalspuu

f :D→ * is said the
measurable then f-YJ) C-M

kT←t
.#henry:- f :D→ By Kitsis measurable

f- is measurable⇐ f-
'

C-ga) em



Renard :- Indicates ←→ Characteristic
R

. y function
.

G.m) measurable spree .

hit F-Cd

Then the characteristic function

Je :D → IR is
measurable

⇐ F- Gay

PIF : very easy H -H

Remond !- tut Ixion) heanieosua We

spun .
and / Y

, TSS) he a topological
space . Let ☒ : ✗→ ✗ they

f- is measurable (⇒ CY, B) a resultout
•Borel measurable

space and£J'CB)c$
Def Ry



Remote !- If ✗ and ✗ one R - ✗

Then ✗+4
,
X - X, XY are

R.li#Homewuk-'.-hit (n
,
on) he a

measurable space and

fn :D→☒ he a sequence

of measurable function .

Then$fnowdI→atn
One measured .

it



Remote !- f
, g : r→Ñ•* are two

entendre real valued measurable

functions then man {£93 is

measurable

peg :-
man { f.g)

→
Ca,a$ c-on

D- a c- ID

moralt.gjca.ae]
-{• c-r : man④ g) (w) > a ]§
= {war : f- to)>an glw) >a]
= {war : this >a) u { war : glad>a)
= f-

'

[a.a) u g-
' Cair) e- on

/



Recaflonmeonuo.tl#rctim-Thef@Iff:r-1Rn-a measurable

function . The following are
equivalent

f-' C-a. a) c- on

f-' C-a, a] EM

f-' ca
,
a) c- on

ft for
,
a) c-om

- f :D→ IR is measurable
Then for any %flR

f-' 9%3 c-on



- f : F-→it
,

ECR
,
there is

measurable . E
,
CE and

E
,
C-M Then f) E. is measure.

- f; gone measurable thus

{war : tlnwcglnw} em
- µ : on→ Rt he Lebesgue
measure . Lt f : F- → iR*

heavy function F- C-on

It on (E) so this f- is

measurable .



If :- skpfueuclion :- A function
4 : Ia, Ib] → IR is said the a

stepJunction iy I a portion
np c- Plaid

,
F- {Me]k⇒

→

4 / Ca,←µq,)
is constant

H k ⇒ 2- - - n .

Melt !- Rouge ga step function
is finite.

*Lennox :- Any step function is

measurable .

Proof :- Let 4 :[a. b)→Rhea function
w.at P c-Plaid and F- 9%3,1

,



TST fan' EIR arbitrary
f-' C- a. ñ) c- m

we can write

n
[a.v1 =/ Ñcnn.us/u/K=oEa.3)K=--ssf-'C-goi)--fnc-UnCa..,mj:finKaBlc--

I

ufrt.ly?o9a.3:fiaksi}
= Ñfn c- cnn.ie) : fin) < a ' }
K =\

U { E) { a- me : takai )
n
'

I { cake; ,%i)}i=
.

< { cnn.a.DE
.



→ h C- (Nk
, , ,

9
µ. ) ⇒ f In) cat

K = 1
,
L -- - n

= Ñ cnn.ira.) u ¥
,
9%3I = ,

where 1- Ink
, ,
) < a'
e-= 1

,
2 -- - n 1

C- on
> or

* Dft_m@nepoutgafu_uctionhtfi.E
→R he

any function

the poutoff ñ defined or ft : E→ v2

f-
+
(a)= man { fins. 0)

Negative part of fñ defined as

f- : f-→ R

f- (a)= man f- fins, o ]



H !- show that@ f- = ft- f-
✗:n→•R ② 15-1=1-+1-5
Remand ! - f-☒→ is measurable

⇐ ft and f-aremeasurable
* temma-thtf.tn :⑧→R] tea
sequence of measurable functions .

Then the following functions are
measurable

1. man {t.fi?=.minff.B..?Z.sunptneeinttn
2
, nht-afnowdht-n-a.tn
-
-



# Cooling !- Let ffn : F- →R]
Sequence of measurable function
⇒ In = t then f- is measurable

:L%tn=¥→afn=¥Itn=t

µmm→tht{xn:r→iR3segaY9.)in this

{ war : ¥jnCw)= ✗ to]
c-7

yy p⇒tcoue
I iy ✗n does not

converge

| fawc-ni.nht.info = ✗ 1ns]=§



{lots :#into -

- ✗ Iw))

¥m:¥÷""
✗ iyaud ☒ooueR.vn

Then fwtn : ☒ IN)=Ha )) c-Fg
* Indicator R.tl

, 1A , A- c- A

Isis measurable ?



* Of simplefuuc-h-om-i.lt/-:E-siR
is said let he a simple function

if I {E.if CE DE;AEj=§
* e-⇒j

and E = ¥
,

E
,e ,
E
,,
measurable

I ⑨K) OR > flu) --9k$ Hate,
10£ :- E
,
= {site : f-(a) = a.e)

ztñ=É?k¥÷!



Lecture

2hefeb2022.tk#:-Dyof
measurable function.

- step function which is measurable

- If t ,
,
fz : F-→ IR nine measurable

this f-man and twin are wearied .

f-
man

(n) -- man { tins, tins]
fminln> = min ff.la), f. In)]

- If f, g one onecanna ble they

f- ± <→ constant

1 f)
at

trttg
1-gf - g
Ig Gta) -1-0, HAE

are measurable



- the and - he pout of a measurable
functions are measurable

- f-
n ,
n --1,2 - - - one measurable

bets

snupfnuintfnhtn-iatnnht.tn
Out rhllasvrerhle .

- If fn→ f- then iy

fn one measurable .

- fn : F-→ IR a sequence of
measurable functions☐f- ⇒fate : htma.tn/n)=fCn)) is
meoseuaÉ→



Result !- If g- and g one measurable

{NEE : fins - gins] n•-em
= f-g)To>

P

→
F-fate : LEI.n-Gir-ht-m.in")

# Simplefuution !- A function
f. F- → IR is said b- he a simple
function ig I {E.B*?⇒aE→

monk

⇒ F-in Ej =D, é -1-5 and F- =¥=,E,

owdEKOW-j-fa.is?.=.aR-flaka..*ai-E..Remonk-
④A Kimple function f- can he

written on t-= §
,

or (a) Hate



② F-
way simple function

is

measurable

Alternate Definition of simple function
- -

4 : E →Ris said to be simple
if ① 4 is measurable¢ ② Range/4) is finite

.

E-- fate : 41ns --%)
> A canonical representation of
simple function g.

'

•

If Rangel4) = 9%3,7
. .

4 (a) = £0k ✗Efa)
NH=§.z±⇐*⇒



⇒ Lemmy !-1 Product of too simple
functions are simple

2-
, Any linear combination

of simple function b- simple .

#Twohemm# EEIR
① f. HE → IR , F- is measurable

and iy f- is continuous they

f- is measured
⑨ f

, g measurable this

y%tñmeama#G. Fr) heon probability space

**;÷÷÷g. I countableset F- IR )



If :-(a.e) [a.s for probability)
Given a measure space
G.on

,µ) , a property P

is said to hold good almost

every where on a set Sig
the set of paints

• of s where

P fails to hold has measure

zero -

E Equivalent function

it
,g : F-→ IR are said to he:⇒☐:T÷-
H ⇒



Do •Two R.vn ✗ candy are

said to he equal a. s

If p{war : ✗ to)=Y1w)-4=0
lttoomemewalepnohluu !- Lt f. of R

and E ña open set .
Lt faudg

are continuous •

is f g ⇒ f- g

¥→É÷s

t÷ta - notes⇒ f- initiate
gyp) /

Boston!it
pnobahily

↳Metric onR



11--1^2!- hit f : F-→ IR
,

F- is measurable

g- f- is continuous a. e en E

Then 1- is Lebesgue measurable

±
i.→÷¥¥¥IÉ:ÉÉ
.



*of !-Cyane of segueingfunction
D- segueing function {fn : f-→ v23
is said to he concierge a. e IT

f- : F- →Rig

tefneri. Eatin =/ tins]-0
Reward :- fn -0J f- Them

if fn are measurable 1- is

measurable



*henna !- Lt f. E-→ IR't and f- so
a measurable function . They

9- ffs] simple function 3
0<-4

,
I 421--9,-

< f-

→ Lt 4n=f (pointwise)
a->a

f⇒jtn
ni¥÷÷i÷÷÷÷

→



Define Yn on
- eis@tsjteiil-esvali.e

In ± fine
has -- In

-

if f-(a) crosses n éeflidzn

4n=n

Klas=/
¥ it In c- fuss :*

1=0,1
,
-- rain- l

n j tins >n



claims : - Qn is simple§ai!- Yn E 4n+ , 2=1,2 - - .claims !- Qn→f pointwise .

In

;÷É¥÷im
.

k s

⇐É¥;÷a¥-1
4*3=4%1

✗ :#→ IR a- RY

E×=f✗d$



Éne 1^9042-022

Aim :-(n.fr ) sample spare
✗ : R→ IR is Rx

iy ☒
'

(B) c- Fr

In measure theoretic Seine

Random 00miahles one nothing
but measurable function .

We need to define F-# = Jxdp
←

Expectation w.at paobahily
measure P.

strategy is to define integral for

simple functions and then
enleid it IT general measurable
function .



A nonnegative
* $_impleFuucti

✗
4 : E → IR is

said b- he a simple function
iy I a portion of F- , {An] ,?= ,
such that n

Yla) = E. a. Ea)
Cannon cat representative

* tenma :- f : F-→ it and f > o
a measurable function . Then

I 9%3 simple functions -3

0<-9
,
a- 42£ -- -- If ⇒

Lt 4n=f (pointwise)n→ a



÷¥÷÷¥÷of size In
→

Define yn as
k

ya,÷, g g , g ,,, , egg
n j fin) >n



claim !- Yn is swipe
TSI !- t

,
Y
,
is measurable

3 Range of his finite
To C-R is arbitrary1. 4-n' C- a. %)

= {a C-E : 4G) < To ]
suppose to C-It →

¥ < To ⇐ ¥-
ii. c-%)
= ⑧

"

fate : Fn ⇐ tins < ¥n]
l = ,

C- on



z
, Easy .

Claim: 4ns 4n+
,
in -1,2 - - - -

TST Yn (a) E Yn+,ln ) Hate

has __ In is £±tEe÷

4n+,G)=÷+, is #f- fine
,

¥

÷÷:!÷"
:

Nfl%÷¥m
÷n⇒=!na¥=¥t¥ ,



⇒ 4min) 34in)
claim

.

- 9n→•f pointwise
caret !- f-In)<£

,

thus In c-zt

Iten
also ⇒ eezts In stink ¥n
⇒ 4am>= In

fins - has / = Kfw - Yin)D
< e÷ - En = In

£9
, / tins -4cal/ =o
⇒ Hilda )=tk )



Cared !- f- Cn) = 8 Then Ynln ) : n

⇒%ln ) = a = fin )
*corollary?- Lt f : E → Rt the a
measurable function •Then I a

sequence of simple function
99 : F-→ D) → 4- Yn -- t -

n→a

paint wise

proof !- f- = E- f-
when ft -- man / to]

f- = mean f- f, o]
•

: f-
+
and tf one measurable and

non negative I simple functions
{g) and fhn] →



Lt
,<
Gn = ft and ht hn = f-

n→a

f-- ft- f- = 6- (Gn- hn)
n→a

Un = Gn - h
☒
is simple .

* Df cozgeueeiumeanue-fpnobo.hih.ly)
hit { tn : f- → No ) he a sequence of
measurable functions . { fn) is
said to be converge ein measure

b- f- : F-→Rt, written as

tn#fight
a-*Mfa c-E :/ fins - fins /⇒o

ae=sÉmonu@



* siwplefuudi-i-cr.sn?5-heo?hn
measurable space .

⇒ -

4 : ☐→ IR't defined on

yin> = £%Ya"k= , simple
Iii in a portion g r ,

toutsm
one denoted b

KI
⇒ Dnf Integral of non -negative

simple-fuu-t.CN
,
Em
,µ) hea measure spare ,

n

4fkFwittY-E.onfa@Theuiulgnalgeew.a.tmeasureµ
is defined as

f4dµ = ale (Aa)
K= ,



claim!- This def isweHdefi③
Let y hour two representations
n m

HE 20¥ fan %=§!'- ✗Bu-
ka -

nand

ya)=§=.am/Iid--E?G-Yrs*k=
,

TST 14, old = f4zdM

§AB,?=
,

and 9%3 ,⇐? are two
partitions of n .

Define a newportion of Ron

{AinBj]j=
,,z- -

m
,
i⇒ L-- - n



and also

Ya
,
=
EM ✗ i= :L -- - n

j=
,
Ain Bij

n n

Y
,
⇐ Zoila .ie??i&=.fn-inBje- =

,

similarly 1111
M

M

% = Ebjfrsj §
,

↳&
,

✗
AinB;j =

,

we have

ya>= É↳&=
,

Jains
;

")
j = ,

I

= Zai É Jains
;

'

e' =
,

J=
,

suppose notaihhittnay and no C-Aion Bjo
n m

is a portion , no
• :{AinBBE

, 5- i
will he there in bury other portion .



4 (no) ⇐ 6¥
,

= %
,

Now
n

14
,
die = ¥99K i )
= ?§ • in (É

,

Ain B;)
M

= [ ai §
, ,

91A in B;)
e-=

,

=§b
; &

,

µ (Ain B;)
j =

,

= f%dµ



" :- ILI
t
, Y c- ILF

,

then 01 fYdµ Eta
? 4 c- ILF •no C- IR then

JnoµdM= no/ 4dm
? 4,42 C- 1 Lot then 9,1-42 G- Hot

☒ 1-E)die -- ftp.deetflfdee



Lefty 3Mon2022_

Recoil :-( r.sn ,µ) measure
spare 4 c- ILF µ et of all thesimple funds)
with 4 = Éa£☒①

K =\

Then

fydµ=&•*µi*
Resu The above definition is
well - defined

Tacky!- y c- Kot then 0E) 4dmEta
%

c-R
, J c4dµ= c /4dm

4,42 c-KI then 4th c- Hot

then J4( + E)dµ=fYda+fhdM



*Lem•:- Lt Crim,µ) he a measure
space . Lt Kot he set of all non

- negation
simple functions .

c- kFrdM=.%
"""

3
, define 8 : m→ on follower

VCE ) =$4 fedµ HE EM

Then v is a measure on (Nim)

Further V ( E§=O whenever

Proof !- hit 4= §=
,

ok fan •KZ °
1<=1
,
2-- . N

9A ,Bñ apartition g n



4Git §E?k TEA?:)
4¥")=(É

.

"Ya.in)) / YEK)
If her, 4fECa)= ÉQK Tenali)K=\

2¢ E then 4 G) = 0

4 XE = £0k Ya
,
.nl?) +0 ✗

EeK= ,

where
{Ann E.3$ UE '

n=,

is tht portion of R

⇒ have Y¥fKF



Z
,

V = on→

ACE >=/ 4 ¥⑧
*show that n is a measureHiN°n(n,m)→1

# tenma!- 4,4, C- ILF , 4,342 m
Him ⇒ JY,did =/ 4, die

⇒ Remond :- consider CD. DD,µ)

YC-kfcr.cm#/s+P" "^

4=141, LE
,
#Éaeom)

§knr¥?¥¥%y£ (%*?)Att-



# hemma-I-YC-IL.to , A,B c- on
2 A ☒ B.=D

Thenµ = J y + fil
A B

PIG !- Y = §gakAn where
•

£4 = &
,

9. µ laid
= É

,

QKM (AKNCAUBD
= §=

,

9am @Anna)tM lotionB)]
-

- fie¥+14k !"- tie



# Lenny :- Lt ftp.ckf • on a

measure space crim .a)

I hit Unto this film to
3 Suppose I y c- 1↳+FTy
-

thus fynTf4
Proof !- We hone Yn>i¥n+,⇒ this/%

,

: 4>-0 ⇒ fYn
⇒ E.alien > °

Lt C- so he arbitrary
Put In = man { 4,1ns : nor]
n

Éi*E:
1<=1✓



Define E. = four : 4in) > c- }
⇒ F-nEMn=i,2-
andµ(E,$

•

- tent
, ,

En to owdMlE!
on n→a

I Next ⇒ n3NlE
Now for any seer

Ynla) < %
,
(a) Hn > N

This can he written n

Yn
,
= Ya

,
✗Eat 4m In- Ex,
I ^^ ✗Eat C- %

-Ex,



→ Yn E M Jen
,

t c- In
-%,
* n?N

⇒ fan ← macE) + c-µ (r -En.)
-

;⇒=MY
< in c- + c-µG.¥÷= c- fxnt µ Cr- End]

*man
•

: c- ñ arbitrary
II.
a ten --0



I YnTy ⇒ ⑨ -4)to

⇒ seen)&I°⇒¥Ie -e.⇒
⇒ ¥: tense

# Lemond !- 4,42 C- It on measure

space cabs,µ)

Then man 94,423 c- Kot
and min 94,92] c- KF

Further fruin (4,42) 2- file. e-⇒ 2

2- fmaa Child
*,



# hemma-i-KIG.sn
,
9)

{43
, { 4m] CKI →-

-→

ynp and 4mF
4-
a->ok = ¥-4m =$

"
+

Aus

Italien = ¥14m
PIG! - For a fined on we have

fun { an,4m33⑦T
i. •min { Union}Emin fun

,
,



join fun, Gif -- min / t.fm}
= 4m

-

: that
4- fminflln.hn] =/ Hmh→a

Hm
↳eaho have

nun { Ynifm]E4n
Hmm

→ fnuinfyn.fm}
E) Yn Hain

⇒ nhtofmin94.im)±¥af¥*m



⇒ film ← Eaten * m

⇒ Eaten ← Eaten
By symmetry of argument
→ we also have

Lenfilm >¥1k
# Homework I
-.

-

① Chou
,µ) , 4 c- KF

]•gm•md¥nT" ±;$;£••



@ A
,
Beom

,
A c- B

⇒ £4 due § 4dm
③ F- C-on

,
MCE )=O

then £4 = f.elf .

fcimI.Senda
F-✗ ✗ = -5-5



Icty 8140€22

Roof !-
- simple function Yfkfcn)

4 = E. •- fan
where fan? is a finite portion
gr

n
- f. 4dµ= Each IAK)

k= ,

↳ This is well defined

Aim !- To entered the definition

of integration & positive
measurable function



*Df?- Lt CD, M ,µ) he measure space

↳7pnobahi
Lt he set of all functions

f- : r-nii-tfyifcv.tl
and 4nTf . Then integral 0ft
he . a. 1-µ is defined on

ffdu = ¥
,•
fender
→
Simple R.vn .

{x:r→iE-I{h3ckÉ)4nFf. They F-spectator of ✗
to . Afp is defined as

Ex --fxd.P=£ta / Under



ohvnoah.com#.tyfc-1L+ thus too
2
, f is measurable

3 Integral off is well defined
we

have i. e I { fun]allot and P
hlribied

there and Lt,jfn=f they
4-
Synder -- Entendre

= f tofu
* Lemmy ?- (characterization of Kt )

f- fittest allot -3019kt

É
"- n



tarot !- ⇒ obvious

⇐ geht
,

0<-9 If
4n→f

f④=manf%
,

4
, - -- - %)

# Lenny !-

cn.my?f:n-siEfc-1E----Dsupffydu:oa-Y--ti,YGkF}=$*d$



* hemmed 's f- C- Kt H.IN

ffdee -- sup 4dm : a-yet# ee
sMEk'o

*PIG ofpreuioustemmatc-h.ie
I 9%305,4^1^-3

Habit
Lt p= sup fYdµ

4 C- ILF
•c-yet

, , .gg ,, µ
.

-Ey=fner:t]f-
Ey



Suppose if C- 1Lot 3 0<-4 If

onhitmy.
Bn= frfr : 41ns ⇐ 4in]

2=1,2- - - i

⇒ Bnf and Bn =D

LiedME Sandra Efik duBn

¥± Extender

⇒ Lyda ⇐ Ltda
iilñonhitnay Eff g- fildaeftdel

YFKF ⇒ p⇐ftdM



still we need b- show

Pz LtdM
comet :- If f f da = 1-& thus for any
N c- 2-+ ⇒ no → fyn

.
die > N

÷ % c- { fedµ : a-Yet
,

4-É$
⇒ p> N N is arbitrary

P =+a

cone :- If ffdµ a-✗
then for any c-so

,

I n ' c- It

Shida =/ 1-da - E-
⇒ pz Itda - c-
-

: C- is arbitrary PZ f f-da.



Important characterization
f- is the measurable function

*nsup$0<-4Et
Y c- iL** µ

tthemma? -
t
, f- c- IE ⇒ / f⑧zo ✗

••

Z
, f. f, f)I, t, Et,⇒ It, Effie
? taauy a c- IR

,
1- c- 12+4>0

Safdie = - ftdee
k
, fist, HE H
It, + f.) =/ f. + ft,



✗owdytRN.vn defined on a

probability Space .
ThenE④→)=E✗t

Remand !- §f for F- C- on

⇒ Ltte
f- c- sit ⇒ J-flnl.clLot → cliff
F- Em

, { Yn ✗E) c- hot 9*0
91=1^1-1

,-=



*Lemmy ?- f f 1Lt
,
F- C-M

v (E) = let #÷E¥
thus 8 : on→ is a measure

on (nm)
and if delE) =0 ⇒ V (E) = 0

PIG !- H -w

* hemmed- fly § f + § f
A Ut B=L



* Lemmy !- f- FEI IE

f f- =o ⇒ f- In)=o a.eone
F-

PIG !- Lt A-- {a c-F- : fin) > 0]
↳ Atm ?

Comin dis

An -_ fate : f- In) > In ]
ANT and A = An

Assume Chart MIA) 7×0
D- not 21+2 µ (nee : tin) > %)>o

¥tdME ffdu-ztn.ee/nc-r=:fcnb-tnoBo-I5f.fda> o ⇒ ⇐



* Remote ?- when do we say

ch-utExenirh-E1x1@ttsIgiutegnahlefuuition.We
say f- C- II is integrable

is It <a
* Lemmy ?- ✗ is ttuenv thus

g- F-✗ exists this ✗ infinite a. e

t c- IT
, f- is integrable thusfisGinil



PH !-
E- fun : ten> = + a]

TSTµ (E) = o
F-
n= {men : fins > n]
Ent
,

F-=E
Now £fdµ=c < to

£fddµz§nfdµ µ(ED@
→ vk.fi?.tmn3⇒ cznµlEn)

⇒MEDE £
£%MKEn)==µ (E) so ⇒ MIEKO



tE0REM_ (monotone convergence Thenar )
Lt CN

, ftp.heapnobahih-4-spaee
✗
n
a seq of the a. vs and Xnth

Then ✗ is a the a.v and
-

EX = ¥,, F- ✗n

THEoRE FATOU's hemmed

✗
n
is a seq of the random varius

J ¥
,
Xndp Enhtgafxndp

E± tins -- { o n - n

I 7 I n

tnto J¥atn=o
Itn =#☐

tn + §⇒fn = + &



KfW 10min22

Record !- Lt : set of all the measurable
functions

f- c- IFCatania)

ft = sup fy
0 a-yet
9 c-KI

#

THEORF.SI?-MonotoneCotMt#heaen
Let G. M,µ) he a me#
{fn]cut and tuff .

They f- c- IT and

ftdr-nht.su/tndM



Prof '
.tn c- It
, Chief Kot , 9%9 tn

H n -42 - - -

④ - - -
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