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Abstract

Spectral graph theory involves the study of the eigenvalues and eigenvectors of graph

connectivity matrices such as the adjacency matrix, Laplacian or the signless Laplacian.

Spectral methods have often proved to be e�cient and are widely used in solving problems

where the underlying objects can be represented by graphs. While graph theory has a

variety of applications, it has often been observed in many real-world instances that the

pair-wise relationships captured in graphs do not describe the data in its entirety. To

overcome this limitation, the notion of hypergraphs was introduced. Hypergraphs are a

general version of a graph, where an edge may span more than two nodes. They have been

studied extensively from a combinatorial perspective. Recently there has been renewed

interest in applying spectral methods to problems in hypergraphs, especially hypergraph

partitioning and community detection, which have applications in machine learning. In

order to employ spectral techniques, a crucial issue that needs to be addressed is the

appropriate representation of the hypergraphs.

In this work, we consider various representations of hypergraphs to study their spec-

tral properties. These representations include some matrix-based representations such as

clique expansion, star expansion and simplicial complexes as well as tensor representa-

tions. We present a comparative study of the representations and study how one can

extend existing results for 2-graphs to hypergraphs, in particular, to non-uniform hyper-

graphs. We de�ne a Laplacian in each of the representation and study its spectrum. We

also provide bounds for the largest and the second smallest eigenvalue of the Laplacians

in terms of each of the representations.
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Abstract vii

One of the most important results in spectral graph theory is the Cheeger inequality, which

relates the isoperimetric number of a graph and the second smallest eigenvalue of the

graph Laplacian. We provide a generalized version of Cheeger inequality for non-uniform

hypergraphs using the weighted clique approach as well as using a tensor approach. This

is our main contribution of this work. We then compare these results with the existing

Cheeger inequality for simplicial complexes. In addition, we also provide a conjecture on

a generalized Mixing Lemma for simplicial complexes.



Notation

Z The set of integers

R The set of real numbers

C The set of complex numbers

n Number of vertices

k Size of edge in hypergraph

kmin Size of smallest edge in hypergraph

kmax Size of largest edge in hypergraph

In n× n Identity matrix

1n All ones vector

A Adjacency matrix

B Incidence matrix

D Degree matrix

L Laplacian matrix

L̂ Normalized Laplacian matrix

µ1 ≥ . . . ≥ µn Eigenvalues of adjacency matrix

λ1 ≤ . . . ≤ λn Eigenvalues of Laplacian matrix

A Adjacency tensor

L Laplacian tensor
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Chapter 1

Introduction

The story of graph theory begins as a puzzle in 18-th century Konigsberg. The puzzle was

to start on any of the four land masses separated by the river Pregel and walk across each

of the seven bridges that spanned the grounds exactly once and return to the starting

point. The leading mathematician of the day, Leonhard Euler, took it upon himself to

prove the impossibility of such a tour. He further gave the necessary conditions for such

a tour to be possible. Thus began the �eld of study which became graph theory.

Later in mid 19-th century, graph theory was studied with reference to speci�c appli-

cations. Spanning trees were studied by Kircho� while describing electrical networks.

Cayley enumerated all possible spanning trees while describing the structure of hydrocar-

bons. Subsequently in the 20-th century, graph theory developed as a separate �eld of

study in its own right.

In a nutshell, graph theory is the study of connections. These could be any kind of

connections from the physical road network to the virtual world-wide-web. Graph theory

has played an important role in various disciplines, from communications to production

management to software engineering to machine learning.

The traditional combinatorial graph models the connections between two entities. In

1



Chapter 1. Introduction 2

many cases, such a representation proves inadequate to describe the system. For example,

consider the network of researchers. One could model the problem as a 2-graph, where

two authors share an edge if they have a common publication. But this network is better

represented using hypergraphs, where the researchers are the vertices and each publication

is an edge that spans its authors. There is a di�erence between knowing authors A, B

and C have a paper together and knowing A, B and C have worked with each other. A

hypergraph captures that di�erence, whereas a 2-graph does not.

Hypergraphs are a generalization of combinatorial graphs, where an edge may span two

or more vertices. Formally, a hypergraph H(V,E) is a collection of vertices V and edges

E, where each edge e ∈ E is a subset of V . If each edge is of the same size k, then it is

called a k-uniform hypergraph or a k-graph for short. If the edges are of di�erent sizes,

then it is called a non-uniform hypergraph.

Hypergraphs have proved to be an invaluable tool in understanding large data sets. There

has been a recent surge in interest to study hypergraphs. Many reasons can be attributed

to this development. One is the advance in computing technology, which has allowed

previously intractable problems to be solved quickly and cheaply. Second is the profusion

of data in its various formats, the so-called `big data'. Traditional graphical models no

longer prove adequate to understand the complexities of large volumes of data. Thirdly,

the convergence and interdependence of various scienti�c disciplines has enabled hyper-

graphs to be employed in diverse areas: from VLSI design (Karypis et al., 1999), protein

interaction (Ramadan et al., 2004), to image processing (Ducournau et al., 2012), to

community detection in social media (Qian et al., 2009). Hypergraphs have enormous

potential to alter the landscape of data processing.

We quickly give the intuition behind the kind of problems we encounter in hypergraph

theory. Consider the earlier network of researchers. Suppose we want to identify the

researchers who work in the same �eld or in the same institution. Consider a similar

problem where have a pool of cricketers and we are given no information except the

playing eleven for every match. We now wish to identify the bowlers and batsmen among
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the players. These are examples of classi�cation problems.

Spectral Methods

For 2-graphs, it is well-known that many problems, such as 3-colouring or maximal clique

detection, are NP-Hard. One approach to tackle such problems is to employ heuristics.

Another approach is to use spectral algorithms.

To each graph, we de�ne connectivity matrices such as the adjacency matrix or the Lapla-

cian matrix. We compute the eigenvalues and eigenvectors of these matrices, which can

be used to get approximate solutions to intractable problems. For example, the Wilf The-

orem and Ho�man bound provide an upper and lower bound for the chromatic number

of a graph in terms of the eigenvalues of the adjacency matrix.

Spectral methods �rst appeared in (Hückel, 1931). Later spectral graph theory became

an important branch of algebraic graph theory. Initially, the spectra of the adjacency

matrices were studied. Later, the Laplacians proved to be more useful in describing the

connectivity of the graphs. The Laplacians for graphs are the discrete counterparts of the

Laplacians for Riemannian manifolds. Spectral graph theory has since been applied in

various problems such as parallel computation (Simon, 1991), graph visualization (Biggs

et al., 1993) and graph clustering (Ng et al., 2002; Von Luxburg, 2007).

Spectral clustering has been useful in machine learning. Several algorithms have been

proposed based on spectral methods in the recent years (Leordeanu and Sminchisescu,

2012; Papa and Markov, 2007; Zhou et al., 2007). Typically, in these algorithms, we

de�ne an adjacency or Laplacian matrix. We then use the use the top k eigenvalues and

corresponding eigenvectors to construct k clusters.

The advantage of spectral methods is that the spectrum of a matrix can be computed in

polynomial time. In addition, several bounds exist on di�erent parameters of graphs with

respect to the eigenvalues, which guarantee that spectral algorithms provide a solution

that is close to an optimal one. A comprehensive study of spectral graph theory can be
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found in (Chung and Graham, 1997; Cvetkovic et al., 2009)

Cheeger Inequality

An important result in spectral graph theory is the Cheeger inequality. It provides a

guarantee on the correctness of the algorithms. The Cheeger constant or the isoperimetric

number of a graph G is de�ned as

φ(G) = min
0<|A|≤ |V |

2

|E(A, V \A)|
|A|

,

where for every A ⊆ V , E(A, V \A) denotes the boundary edges with one vertex in A and

other vertex in V \A.

The Cheeger inequality is a two-sided bound on the isoperimetric number φ in terms of

the second smallest eigenvalue of the Laplacian, denoted by λ. Whereas computing φ is

NP-Hard, the eigenvalue λ can be computed easily. This demonstrates the computational

advantage that is typical in spectral algorithms. The result can be stated as follows.

Suppose λ denotes the second smallest eigenvalue of the Laplacian of a graph G with

maximum degree dmax and isoperimetric number φ, then,

λ

2
≤ φ ≤

√
2λdmax.

Challenges

Before we investigate speci�c problems on hypergraphs, we pause to re�ect on the chal-

lenges that lie ahead. The �rst issue is that there is no single representation for hyper-

graphs. As we shall see in this thesis, unlike 2-graphs for which the connectivity matrices

are intuitive and straightforward, in the case of hypergraphs, there are diverse represen-

tations.

Second, many terms and parameters for 2-graphs do not have counterparts for hyper-

graphs. For example, consider the problem of vertex colouring. In case of graphs, one
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tries to colour vertices such that no edge spans vertices of same colour. In the case of

hypergraphs, do we want the edges to have at least two colours or do we need vertices to

have colours di�erent from each other? Or consider the problem of edge-cuts. In graphs,

there is exactly only way to break an edge, but in hypergraphs, there are many ways to

break an edge. One needs to de�ne the terms and problems clearly before studying them

further.

Finally, the e�cacy of spectral methods is no longer guaranteed. The key feature of

spectral algorithms for graphs is that eigenvalues of a matrix can be computed easily. In

the case of tensor representation of hypergraphs, computing eigenvalues of connectivity

tensors is intractable. Hence spectral methods appear to confer no advantage over other

approaches.

In each instance, the challenges are overcome by modifying the de�nition or the problem

depending upon the application. For instance, in the vertex colouring problem, if the

hyperedges need to have at least two colours, it is called weak vertex colouring, and if

the hyperedges needs the vertices to have distinct colours, then it is called strong vertex

colouring.

1.1 Contributions of this thesis

In literature, much of the work has been focussed on uniform hypergraphs. Very few

papers have been devoted entirely to non-uniform hypergraphs, and typically, these papers

make use of just one kind of representation. The aim of this thesis is to study di�erent

representations of non-uniform hypergraphs in terms of their spectral properties.

We analyze unweighted and undirected non-uniform hypergraphs and de�ne Laplacians

for them. We then obtain bounds on the largest and second smallest eigenvalues of these

Laplacians with respect to di�erent graph parameters. We also obtain a version of Cheeger

inequality in each of these representations.

Every e�ort has been made to ensure this thesis is self-contained. The only requirement on
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the part of the reader is a working knowledge of linear algebra and some basic knowledge

of combinatorial graphs. In many instances, concepts have been borrowed from diverse

�elds. We provide the basic terminology associated with these concepts but discuss them

only to the extent to which they aid in our study of hypergraphs.

Summary of results

1. We extend the results for uniform hypergraphs to non-uniform hypergraphs under

the weighted clique expansion. We give upper bounds for the largest eigenvalue and

second smallest eigenvalues.

2. We obtain bounds on the analytic connectivity for non-uniform hypergraphs using

tensors.

3. We obtain a version of Cheeger inequality for hypergraphs under the weighted clique

expansion. We also obtain an analogous result for non-uniform hypergraphs in

tensor representation.

4. We state a conjecture on Mixing Lemma for simplicial complexes.

1.2 Organization of thesis

This work is organized as follows. Chapter 2 contains basic spectral graph theory. In this

chapter we state the preliminary results for 2-graphs which we extend to hypergraphs.

In Chapter 3, we discuss the matrix representations of hypergraphs. We extend known

bounds for 2-graphs to hypergraphs under the weighted clique expansion and provide a

Cheeger inequality. It also contains a brief discussion on other kinds of matrix representa-

tions. In Chapter 4, we discuss representation of hypergraphs using simplicial complexes.

Although it is essentially a matrix representation, we devote a chapter due to its sig-

ni�cance. We discuss the recent developments regarding Cheeger inequality and Mixing

Lemma for simplices. We state a conjecture on a generalized Mixing Lemma. Chapter

5 contains the results on tensor representation of hypergraphs. We de�ne eigenvalues for
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tensors and extend known results for uniform hypergraphs to general hypergraphs. In

particular, we obtain bounds on the analytic connectivity for non-uniform hypergraphs

and Cheeger inequality for non-uniform hypergraphs. In Chapter 6, we provide some

concluding remarks and point out the future directions of this area.



Chapter 2

Preliminaries and Background

In this chapter, we provide the foundation for the main results of this thesis. The purpose

of this chapter is twofold. First, we provide the essential concepts and results required

for this work. Second, we provide a �avour of the theorems and proof techniques for

hypergraphs. The proofs discussed in this thesis often resort to approaches that are well-

known for 2-graphs. The contents of this chapter thus o�er much insight and intuition

into hypergraphs for a beginner. A fairly knowledgeable reader may be familiar with

much of the material presented here and they may skim or skip altogether the �rst two

sections of this chapter.

Spectral graph theory is a vast �eld by itself and it would be impossible to give a detailed

survey here. The review provided in this chapter is far from exhaustive and details only

those results which pertain to this thesis. The de�nitions and results mentioned here may

be found in any standard textbook (Godsil and Royle, 2001; Brouwer and Haemers, 2011;

Chung and Graham, 1997).

This chapter contains three sections. In Section 2.1, we start with the very basic de�nitions

of a combinatorial graph and establish the necessary notation. In Section 2.2, we recall

some elementary linear algebra and list a few simple results for graphs. In Section 2.3, we

discuss two key results in spectral theory, namely the Cheeger inequality and the Mixing

8
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Lemma. The Cheeger inequality will be revisited in each of the subsequent chapters. We

conclude the chapter with a short introduction to hypergraphs in Section 2.4.

2.1 Basics of Graphs

A combinatorial graph G(V,E) is a collection of vertices V and edges E. An edge e =

(u, v) is an ordered pair of vertices in the case of directed graphs, or simply the set {u, v}

in the case of undirected graphs. Graphs without self-loops and multiple edges across

same pair of vertices are called simple graphs. If uv is an edge in G, we say u is adjacent

to v, denoted by u ∼ v, or that u is a neighbour of v. The set of vertices adjacent to

a vertex v is called the neighbourhood of v, denoted by N(v). A vertex is incident with

an edge if it is one of the two endpoints of the edge. A graph G′ is a subgraph of G if

V (G′) ⊆ V (G) and E(G′) ⊆ E(G). It is called an induced subgraph if two vertices of G′

are adjacent if and only if they are adjacent in G.

In the case of weighted graphs, there is a real-valued function W : V × V −→ R that

assigns a weight w(u, v) to each edge. For most practical applications, the weight function

is non-negative. One may consider an unweighted graph simply as a weighted graph with

weights in {0, 1}.

W : V × V −→ {0, 1}

Wuv =

1 if uv ∈ E,

0 otherwise.

The degree of a vertex v, denoted by d(v), is the number of edges containing v. For a

weighted graph, the degree is the sum of weights of edges incident on the vertex, i.e.

d(v) =
∑

uv∈E wuv. A graph is called regular if all vertices have same degree. In case

of directed graphs, the outdegree is the number of directed edges emanating from the

vertex and indegree is the number of directed edges converging on the vertex. A walk is

a sequence of vertices (v1, . . . , vk) such that vi is adjacent to vi+1 for 1 ≤ i < k. A walk
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where all vertices are distinct is called a path. The distance between a pair of vertices u

and v is the length of the shortest path connecting them. The diameter is the greatest

distance between any pair of vertices in the graph.

A graph is said to be connected if there exists a path between every pair of vertices in

the graph. A connected component is a maximal connected subgraph of G. The vertex

connectivity of a graph is the size of the smallest set of vertices whose removal disconnects

the graph. A graph is called k-connected if its vertex connectivity is greater than or

equal to k. The edge connectivity is the size of the smallest set of edges whose removal

disconnects the graphs. The vertex-connectivity of a graph is less than or equal to its

edge-connectivity.

We now de�ne the connectivity matrices of a graph. Let n be the number of vertices |V |

and m be the number of edges |E|.

De�nition 1. The adjacency matrix A of a graph G(V,E) is an n× n matrix over R

de�ned as

Auv =

1 if uv ∈ E,

0 otherwise.

For weighted graphs, Auv is assigned the weight of the edge wuv. This matrix is symmetric

for undirected graphs. The row sum and column sum for each vertex is its degree. The

adjacency matrix captures many properties of the graph. For example, for the higher

powers i ≥ 2, (Ai)uv is the number of paths from u to v of length i.

Another useful connectivity matrix is the incidence matrix.

De�nition 2. The incidence matrix B of a graph G(V,E) is an n×m matrix over R,

with rows indexed by vertices and columns indexed by edges and de�ned as

Bue =

1 if u ∈ e,

0 otherwise.
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Each row sum is the degree of the vertex. Each column sum is two. Sometimes the edges

are assigned an orientation to get the oriented incidence matrix B′, with B′ue = 1 and

B′ve = −1 for an edge e = uv.

The matrix most commonly used to study a graph is the Laplacian matrix. Originally,

Laplacian operators were used in di�erential calculus, but have since been de�ned in

discrete settings as well. The Laplacians describe the connectivity properties of a graph

better than the adjacency. This matrix is the central object of study in this thesis. In

the following chapters, a Laplacian is de�ned for hypergraphs with respect to di�erent

representations.

De�nition 3. The Laplacian matrix L of a graph G(V,E) is an n× n matrix over R,

de�ned as L = D − A, where D is the diagonal matrix containing degrees of the vertices

and A is the adjacency matrix. Written explicitly,

Lij =


di if i = j,

−aij if i ∼ j,

0 otherwise.

The Laplacian is related to the oriented incidence matrix as L = B′B′T . The Laplacian

is symmetric, with row and column sums zero. A related but less studied matrix is the

signless Laplacian Q, de�ned as Q = D +A. This matrix is also symmetric and contains

non-negative entries.

Example 1. Consider the following graph. The connectivity matrices are as follows.
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Figure 2.1: A simple graph

A =

1 2 3 4 5

1 0 1 0 1 0

2 1 0 1 1 0

3 0 1 0 1 1

4 1 1 1 0 1

5 0 0 1 1 0

B =

a b c d e f g

1 1 0 0 1 0 0 0

2 1 1 0 0 1 0 0

3 0 1 1 0 0 1 0

4 0 0 1 1 1 0 1

5 0 0 0 0 0 1 1

L =

1 2 3 4 5

1 2 −1 0 −1 0

2 −1 3 −1 −1 0

3 0 −1 3 −1 −1

4 −1 −1 −1 4 −1

5 0 0 −1 −1 2

.

In many applications, normalized versions of the adjacency and Laplacian are used. The

normalized adjacency matrix denoted by A is the row normalized matrix D−1A. The

Laplacian can be normalized in two ways. One method is to de�ne L = I −D−1A. This
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de�nition is inspired by a random walk on the graph. The normalized Laplacian thus

obtained is no longer symmetric. To retain the symmetry, the following de�nition is used.

De�nition 4. The normalized Laplacian L̂ is de�ned as

L̂ = I −D−1/2AD−1/2.

Written explicitly,

L̂ij =


1 if i = j,

−1√
didj

if i ∼ j,

0 otherwise.

2.2 Spectral theory for graphs

Let M ∈ Rn×n be a square matrix. Suppose there exist a scalar λ ∈ R and a non-zero

vector x ∈ Rn such that

Mx = λx,

then λ is called an eigenvalue of M and x is called an eigenvector corresponding to λ.

The eigenvalues are the roots of the characteristic polynomial, which is a polynomial in

one variable of degree n de�ned as det(xIn −M).

In addition, if the matrix is symmetric, i.e. M = MT , as is often in the case of connectivity

matrices of a graph, we can assume additional properties about the eigenvalues of M .

Theorem 2.2.1. (Spectral Decomposition Theorem) Let M ∈ Rn×n be a real and sym-

metric matrix. Then, there exist real numbers λ1, . . . , λn and n mutually orthogonal unit

vectors u1, . . . , un such that ui is an eigenvector for λi, for 1 ≤ i ≤ n and

M =
n∑
i=1

λiuiu
T
i = UΛUT ,

where U is an orthonormal matrix whose columns are ui and Λ is a diagonal matrix whose
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entries are λi, for 1 ≤ i ≤ n.

An alternate characterization of eigenvalues is obtained through Rayleigh principle.

De�nition 5. The Rayleigh quotient of a non-zero vector x ∈ Rn with respect to a

matrix M ∈ Rn×n is de�ned as

RM(x) =
xTMx

xTx
.

The eigenvalues are the optimal values for the Rayleigh quotient as given by Courant-

Fischer-Weyl theorem below.

Theorem 2.2.2. LetM be an n×n real symmetric matrix with eigenvalues λ1 ≤ . . . ≤ λn.

Then for 1 ≤ k ≤ n,

λk = min
U

{
max
x∈U

xTMx

xTx
: dim(U) = k

}

and

λk = max
U

{
min
x∈U

xTMx

xTx
: dim(U) = n− k + 1

}
,

where U is a subspace of Rn. In particular,

λ1 ≤
xTMx

xTx
≤ λn,

and these bounds are attained when x is an eigenvector.

A real symmetric matrix M is said to be positive de�nite (or positive semide�nite) if the

scalar xTMx is strictly positive (or non-negative) for all non-zero x ∈ Rn. This condition

also implies that the eigenvalues are positive (or non-negative).

We now state two important theorems from spectral theory.

Theorem 2.2.3. (Gershgorin Theorem, (Brouwer and Haemers, 2011)) Let A be a com-

plex n × n matrix, with entries aij. For i ∈ {1, . . . , n}, let ri =
∑

j 6=i |aij| be the sum of

the absolute values of the non-diagonal entries in the i-th row. Let D(aii, Ri) ⊆ C be a
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closed disc centered at aii with radius ri. Then, every eigenvalue of A lies within at least

one of the discs D(aii, ri), where i ∈ {1, . . . , n}.

Theorem 2.2.4. (Perron-Frobenius Theorem, (Brouwer and Haemers, 2011)) Let A be

a real n× n non-negative matrix such that for all indices i, j there is a positive integer k

such that (Ak)ij > 0. Then there is a (unique) positive real number λ0 with the following

properties:

1. There is a real vector x0 with positive entries such that Ax0 = λ0x0 .

2. λ0 has geometric and algebraic multiplicity one.

3. For each eigenvalue λ of A, we have |λ| ≤ λ0.

4. Any non-negative eigenvector of A has eigenvalue λ0.

Let A and L be the adjacency and Laplacian matrices of a graph G as de�ned in the

previous section. The Laplacian L is positive semide�nite, since the expression xTLx can

be rewritten as

xTLx =
∑
uv∈E

(xu − xv)2. (2.1)

Let λ1 ≤ . . . ≤ λn be the eigenvalues of L. From (2.1) above, we note that the smallest

eigenvalue λ1 is zero and the corresponding eigenvector is 1n. Let µ1 ≥ . . . ≥ µn be the

eigenvalues of A. Since the trace of A is zero, we know that the sum of eigenvalues of

A is zero. This implies that for a non-empty graph, the largest eigenvalue µ1 is strictly

positive and the smallest eigenvalue µn is strictly negative. In case of d-regular graphs,

there is a one-to-one correspondence between λi and µi. Since L = dIn − A, we have

λi = d− µi, for all 1 ≤ i ≤ n.

We state a few elementary results from spectral graph theory (Brouwer and Haemers,
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2011). We give the spectra of a few simple graphs below. These graphs are useful

in the sense that they provide an upper bound for the spectrum. In many spectral

problems, these are the cases that represent the extremal cases, hence worthwhile to

study. We consider graphs with n vertices. The exponent represents the multiplicity of

the eigenvalue.

Proposition 2.2.5. Let Kn denote the complete graph with all possible edges. The spectra

of the adjacency and Laplacian matrices are {(n − 1)1, (−1)n−1} and {01, nn−1} respec-

tively.

Proposition 2.2.6. Let Km,n denote the complete bipartite graph with partitions of sizes

m and n. The spectra of the adjacency and Laplacian matrices are {±
√
mn, 0m+n−2} and

{01,mn−1, nm−1, (m+ n)1} respectively.

Proposition 2.2.7. Let Sn denote a star graph with (n − 1) spokes. The spectra of the

adjacency and Laplacian matrices are {±
√
n− 1, 0n−2} and {01, 1n−2, n1} respectively.

Proposition 2.2.8. Let G be a graph with connected components Gi, 1 ≤ i ≤ s. Then, the

spectra of the adjacency and Laplacian of G is the union of the spectra of corresponding

matrices of Gi with the multiplicities added.

Proposition 2.2.9. The multiplicity of zero in Laplacian spectrum of a graph G equals

the number of connected components of G.

Proof. Su�ces to show that for a connected graph, zero occurs with multiplicity exactly

one. 1n is an eigenvector corresponding to 0. L = B′B′T , whereB′ is the oriented incidence

matrix. Lx = 0 if and only if B′Tx = 0, that is, for every edge the vector x takes the

same value on both endpoints. For connected graph, that means that x = c · 1n.

The second smallest eigenvalue of Laplacian is called algebraic connectivity. It is also

sometimes referred to as the spectral gap. This de�nition was introduced by Fiedler

(1973) (also refer Lemma 3.2.9 in Chapter 3). This term measures the connectivity



Chapter 2. Preliminaries and Background 17

quantitatively as well: the larger λ2 is, the more connected the graph. This relation is

explicitly described by the Cheeger inequality in the next section.

Proposition 2.2.10. The maximum eigenvalue λn is bounded by the maximum degree as

follows.

λn ≤ 2 dmax.

Proof. Let x be the eigenvector of λn. Let xi be the largest component. Assume 0 < xi ≤

1.

λnxi = (Lx)i = dixi −
∑
i∼j

aijxj ≤ dixi +
∑
i∼j

|aijxj|

≤ dixi +
∑
i∼j

|aijxi| ≤ 2dixi ≤ 2 dmaxxi.

Proposition 2.2.11. The maximum eigenvalue λn is bounded by the sum of degrees as

follows.

λn ≤ max
i∼j

(di + dj).

Proof. Consider D−1LD.

(D−1LD)ij =

di if i = j,

−aij djdi otherwise.

Applying Gerschgorin theorem, there exists an i such that

|λn − di| ≤
∑
i∼j

∣∣∣∣aij djdi
∣∣∣∣ =

∑
j aijdj∑
j aij

≤ max
i∼j

dj.

Hence

λn ≤ max
i∼j

(di + dj).
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2.3 Key Results

One of the most important results in spectral graph theory is the Cheeger inequality,

which was originally proved by Cheeger (1970) for Laplacians on Riemann manifolds.

Subsequently, it was adapted for the discrete setting on graphs by Mohar (1989). The

result provides a two-sided bound on the isoperimetric number or the Cheeger constant

with respect to the spectral gap.

Cheeger constant is an important parameter that measures the connectivity in a graph.

Graphs with high connectivity are known as expander graphs. These graphs are widely

studied and have many applications in areas such as computer networks, error-correcting

codes, pseudorandomness etc. Cheeger inequality is extremely useful in estimating the

Cheeger constant of an expander graph. Computing Cheeger constant is NP-Hard (Mohar,

1989). However, the eigenvalues of the Laplacian can be computed e�ciently. Cheeger

inequality guarantees that combinatorial expansion is equivalent to spectral expansion,

hence the second eigenvalue acts as a proxy for the Cheeger constant. In other words, a

graph is highly connected if and only if the spectral gap is large.

De�nition 6. For a graph G(V,E), the Cheeger constant or the isoperimetric num-

ber is de�ned as

φ(G) = min
0<|A|≤ |V |

2

|E(A, V \A)|
|A|

,

where for every A ⊆ V , E(A, V \A) denotes the boundary edges with one vertex in A and

other vertex in V \A.

Some authors (e.g. Parzanchevski et al. (2016); Gundert and Szedlák (2014)) de�ne it as

h(G) = min
0<|A|<|V |

|V |
|V \A|

|E(A, V \A)|
|A|

.

However, since the factor |V |
|V \A| lies between 1/2 and 1, we have φ(G) ≤ h(G) ≤ 2φ(G).
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Sometimes the term edge expansion denoted by ε, is used to refer to the normalized

Cheeger constant h(G)/d, where d is the average degree.

Theorem 2.3.1. (Cheeger inequality) Let λ denote the second smallest eigenvalue of the

Laplacian of a graph G with maximum degree dmax and isoperimetric number φ. Then,

λ

2
≤ φ ≤

√
2λdmax.

In terms of h, this can be written as λ ≤ h ≤
√

8λdmax. Equivalently,

φ2

2dmax

≤ λ ≤ 2φ or
h2

8dmax

≤ λ ≤ h.

Mohar (1989) proved as slightly stronger version φ2

(2dmax−λ)
≤ λ (which holds with the

exceptions of G = K1, K2 and K3) which gives us

dmax −
√
d2
max − φ2 ≤ λ ≤ 2φ.

The isoperimetric number φ does not always represent the connectivity between subsets

accurately. For example, consider the complete bipartite graph Kn,n. It has φ = n, yet

there exist sets of size n/2 with no edges across them. The connectivity across subsets is

better described by the Mixing Lemma. It was �rst proposed by Alon and Chung (1988)

to approximate graphs that behaved like random graphs.

Suppose S, T ⊂ V (G) are disjoint subsets in a d-regular graph. In a random graph chosen

from Erdös-Renyi model, the expected number of edges between S and T is d
n
|S||T |. If

the graph G is similar to a random graph, then the actual number of edges E(S, T ) is

close to d
n
|S||T |. The di�erence is known as discrepancy. Mixing Lemma bounds the

discrepancy with respect to the second largest eigenvalue of the adjacency matrix.

Theorem 2.3.2. (Mixing Lemma) For a d-regular graph G(V,E) with disjoint subsets
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S, T ⊂ V we have ∣∣∣∣E(S, T )− d

n
|S||T |

∣∣∣∣ ≤ µ(G) ·
√
|S||T |,

where µ(G) = max{µ2(A), |µn(A)|}.

Another way to look at the result is that it shows the range of the spectrum of L. If the

eigenvalues of L are concentrated, then the graph is almost random. The converse of the

result has been proved by Bilu and Linial (2006). The Inverse Mixing Lemma is given

below. It has since been generalized to hypergraphs by Cohen et al. (2014).

Theorem 2.3.3. If G is an r-regular graph such that for every disjoint S, T ⊂ V (G)

∣∣∣E(S, T )− r

n
|S||T |

∣∣∣ ≤ ρ|S||T |

for some positive real number ρ, then

µ(G) = O(ρ(log(r/ρ) + 1)).

2.4 Introduction to Hypergraphs

In this section, we give a brief introduction to hypergraphs. The de�nitions and results

given here can be found in (Berge, 1984).

A hypergraph H(V,E) is a collection of vertices V and edges E, where each edge e ∈ E

is a subset of V . A hypergraph is said to be simple if for all ei, ej ∈ E, ei ⊂ ej implies

ei = ej. A hypergraph is said to be k-uniform if |e| = k for all e ∈ E. A vertex u is said

to be adjacent to v if there exists an edge e ∈ E such that {u, v} ⊂ e. The set of adjacent

vertices of v is called neighbourhood of v, denoted by N(v).

The degree of a vertex v is the number of edges containing v. A hypergraph is said to be

regular if all vertices have the same degree.

We have the following simple relations between the size of the edge and the degrees of the
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vertices.

Proposition 2.4.1. Let H(V,E) be a k-uniform hypergraph. The n-tuple d1 ≥ . . . ≥ dn

is the degree sequence if and only if dn ≥ 1 and
n∑
i=1

di is a multiple of k.

Proposition 2.4.2. Given m integers r1, . . . , rm and n-tuple d1 ≥ . . . ≥ dn, there exists

a hypergraph H(V,E) such that d(vi) = di for i ≤ n and |ej| = rj for j ≤ m if and only if

1.
m∑
j=1

min{rj, k} ≥ d1 + . . .+ dk, for all k < n,

2.
m∑
j=1

rj = d1 + . . .+ dn.

De�nition 7. A hypergraph H(V,E) is said to bem-colourable of there exists a partition

S1, . . . , Sm of V such that every edge intersects at least two classes of the partition. In

other words, for all e ∈ E, e 6⊂ Si, for 1 ≤ I ≤ m. The smallest positive integer I such

that H is I-colourable is called the chromatic number of H, denoted by χ(H).
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Matrix Representations

The simplest way to represent a hypergraph is by a matrix. The fundamental idea is to

convert a hypergraph into a 2-graph, so that we may be able to apply existing results and

strategies to solve hypergraph problems. The advantages of such an approach is apparent.

First and foremost, it enables us to de�ne the adjacency and Laplacian matrices for hyper-

graphs and directly apply spectral methods on hypergraphs with little or no modi�cation.

Secondly, matrices are compact data structures and there are many e�cient algorithms

to perform matrix calculations. While the focus of this thesis is on combinatorial results,

one can appreciate how this type of representation may be useful in practice.

In this chapter, we introduce several matrix representations of hypergraphs. These include

clique expansion, weighted clique expansion, star expansion, set-union representation,

random walks and �attened tensors. Among these, we study the weighted clique expansion

in depth. We provide the spectrum of complete graph, complete k-partite graph and star

graph. We also provide a few bounds on the largest and second smallest eigenvalues of

the Laplacian. We generalize existing connectivity bounds to non-uniform hypergraphs.

Finally, we prove a Cheeger inequality for uniform and non-uniform hypergraphs under

this representation.

22
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This chapter is organized as follows. In Section 3.1, we list the various matrix representa-

tions. In Section 3.2, we present some properties of weighted clique expansion. Subsection

3.2.1 contains the preliminary results and subsection 3.2.2 contains the Cheeger inequal-

ity. We conclude the chapter with a brief discussion on the disadvantages of the weighted

clique representation.

3.1 Matrix Representations

In this section we list some of the matrix-based representations. There are a few other

approaches not listed here that are mostly a variation of clique or star expansion (Agarwal

et al., 2006).

3.1.1 Clique Expansion

The naive and straightforward way to convert a hypergraph into a graph would be to

consider a clique expansion, i.e. to consider each hyperedge as a clique in a 2-graph over

the same set of vertices.

Let H(V,E) be a hypergraph. We construct a 2-graph G(V,E ′) such that for vertices

i, j ∈ V , ij ∈ E ′(G) if and only if there exists e ∈ E(H) such that {i, j} ⊂ e.

Example 2. For the 3-graph with edges {123, 345, 567, 287}, the resulting clique-expanded

2-graph can be shown.

Figure 3.1: Clique expansion
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The drawback of such a representation is evident. The mapping between the hypergraph

and the resulting 2-graph is not injective. Many hypergraphs may give rise to the same

2-graph.

Example 3. Consider two non-isomorphic 3-graphs G1 = {123, 124, 234} and G2 =

{123, 124, 134, 234}. They both give rise to the same 2-graph.

This limitation is overcome by modifying the expansion to get a weighted graph.

3.1.2 Weighted Clique Expansion

This representation was introduced by Rodriguez (2003) and later used in (Rodriguez,

2009). Instead of an unweighted 2-graph, we construct a weighted 2-graph based on the

hypergraph. For uniform hypergraphs, the 2-graph obtained is unique to the hypergraph.

Most of this chapter is devoted to results pertaining to this representation.

Let H(V,E) be a hypergraph. We de�ne an n × n adjacency matrix A such that for all

pairs of vertices i and j, aij is the number of edges containing i and j.

aij =


0 if i = j,

|{e : i, j ∈ e}| if i ∼ j,

0 otherwise.

For a 2-graph, this de�nition coincides with the familiar de�nition of adjacency matrix.

We will revisit this representation in Section 3.2.

3.1.3 Clique Averaging

This description was introduced by Agarwal et al. (2005). The idea is similar to clique

expansion. The aim is to convert a weighted k-graph to a weighted 2-graph. We make

use of a clique incidence matrix of dimensions
(
n
k

)
×
(
n
2

)
to expand the hypergraph and

map k-edges to corresponding 2-edges. This matrix is very sparse, and this property is
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exploited in the computation of hypergraph partitions. Typically, in clique expansion,

when a k-edge is expanded as a clique of 2-edges, the weight of the k-edge is uniformly

distributed across all the subedges, i.e. if e is a hyperedge and i, j are vertices, then

g(i, j) =

(
n− 2

k − 2

)−1
(∑
i,j∈e

h(e)

)
,

where g(i, j) is the weight of the 2-edge (i, j) in the clique expanded graph and h(e) is

the weight of the k-edge e containing i and j in the original hypergraph.

In Clique Averaging, a modi�ed function is used to distribute the weights. In addition,

it has been shown that this representation di�ers from the usual clique expansion by

multiplication of a symmetric matrix. Suppose wH represents the weight of hyperedges

and wG represents the weight of the 2-edges in the expanded 2-graph, then

∆wG = ckwH ,

where ∆ is the clique incidence matrix and ck is some constant dependent on k. The

resulting weights are related to the clique expansion weights by the following equation.

wcG = ∆∆TwG,

where wcG is the weights obtained from clique expansion. It is claimed that this approach

preserves the information otherwise lost in clique expansion.

This representation can also be extended to non-uniform hypergraphs without any mod-

i�cation. However, it comes with a caveat that the clique averaging is not e�ective on all

hypergraphs but only those which can be partitioned easily. In practice, this often turns

out to be a reasonable assumption. Hence, this is a useful representation which provides

a good approximation of a hypergraph.
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3.1.4 Star Expansion

In this representation, for each hyperedge we add an extra vertex and connect it to

the existing vertices that are contained in the hyperedge. This results in a bipartite 2-

graph of (|V | + |E|) vertices, with partitions of sizes |V | and |E|. This representation

is unique to each hypergraph, hence captures the information of the hypergraph in its

entirety. Also, this de�nition makes no distinction between uniform and non-uniform

hypergraphs. In this representation, we may potentially have to add
(
n
k

)
vertices to the

graph. However, in practice, the number of vertices added is much lower, typically O(n2).

This approach is also used in many of the hypergraph partitioning algorithms (Zien et al.,

1999). Agarwal et al. (2006), the authors prove a non-intuitive result that the eigenvectors

of the normalized Laplacian for the clique expansion graph are exactly the eigenvectors

of the normalized Laplacian for standard star expansion. The proof given is for k-graph,

but it appears the proof can be extended to non-uniform hypergraphs as well.

Example 4. For the 3-graph H = {123, 345} the star expansion is given below.

Figure 3.2: Star expansion

3.1.5 Set Union Representation

This representation was introduced by Steven Butler in his thesis (Butler, 2008). This

representation has not gained much visibility, but it is an interesting approach worth

noting. As with other representations, it is primarily de�ned for k-uniform hypergraphs.

The de�nitions given here are extracted from Chapter 3, Section 3.5 of (Butler, 2008).

For a k-graph, we �x an integer i such that 0 < i < k and de�ne an adjacency matrix
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A(i,k−i) by indexing the rows with i-element subsets of vertices and indexing columns with

(k − i)-element subsets of vertices. The entry aXY is 1, if X ∪ Y forms a k-edge.

aXY =

1 if X ∪ Y ∈ E,

0 otherwise.

The usual adjacency matrix for a 2-graph is simply A(1,1), the unique possible repre-

sentation. The adjacency matrix thus obtained is no longer square, but rectangular of

dimensions
(
n
i

)
and

(
n
k−i

)
. Hence, we need to work with singular values instead of eigen-

values.

The degree of a set X is de�ned as deg(i)(X) = |{Y : X ∪ Y ∈ E}|. With this de�nition

Butler proceeds to de�ne a normalized adjacency matrix and obtains a version of Mixing

Lemma for k-graphs. It is unclear how the Laplacian can be de�ned.

As for extending to non-uniform hypergraphs, we have two possibilities. One is to keep the

de�nition unaltered and choose any �xed integer i, 0 < i < kmin, to obtain an adjacency

matrix A(i,kmax−i). The only di�erence is that X and Y need not be disjoint. As a result,

a single edge may lead to more than one entry in each row.

Another possibility is to de�ne an adjacency matrix A(i,k−i) for each edge size k. This

maintains all the properties of k-uniform hypergraph, except we have several adjacency

matrices, each corresponding to a particular edge size.

It appears that the intuition behind this representation is similar to that of coboundary

operators for simplicial complexes discussed in the next chapter (See 4.1). Given the

mathematical tools and considerable literature available for them, simplicial complexes

are more useful compared to this representation. Even so, this matrix representation

presents an interesting direction to explore in the future.



Chapter 3. Matrix Representations 28

3.1.6 Random Walk Representation

For 2-graphs, the Laplacian is sometimes de�ned based on random walks on the graph

(Chung and Graham, 1997; Lovász et al., 1993; Hoory et al., 2006). This leads to a

Laplacian de�ned as L = I − D−1A. A similar approach has been applied to obtain a

normalized cut for hypergraphs Zhou et al. (2007).

Let B be a |V | × |E| incidence matrix. Let d(v) =
∑

v∈ew(e), where w(e) is the weight

of the edge, and δ(e) = |e|. Then d(v) =
∑

e∈E w(e)B(v, e) and δ(e) =
∑

v∈V B(v, e).

Consider a random walk starting at vertex u. One of the hyperedges incident on u is

chosen at random, with probability w(e)/d(u) and one of the vertices v in the edge is

chosen with probability 1/δ(e). Thus, the transition probability matrix P whose entry

Puv denotes the walk from u to v is given by

Puv =
∑
e∈E

w(e)
B(u, e)

d(u)

B(v, e)

δ(e)
.

In matrix form, transition matrix can be written as

P = D−1
v BWD−1

e BT ,

where Dv is the diagonal matrix containing the degrees of vertices, De is the diagonal

matrix containing the sizes of the edges and W is the diagonal matrix containing the

weights of the edges. This leads to a normalized Laplacian de�ned as

L̂ = I −D−1/2
v BWD−1

e BTD−1/2
v .

Spectral algorithms are applied to this normalized Laplacian to obtain clusters. A similar

approach is taken in Lee et al. (2011).
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3.1.7 Flattened Tensor Representation

This is not a representation of a hypergraph in itself, but an intermediate stage of com-

putation. In many hypergraph clustering algorithms, a tensor is used to represent a

hypergraph. To proceed with spectral clustering, the tensor is �attened or converted into

a matrix by taking mode-1 product.

De�nition 8. For a tensor A of dimension n and order k, the �attened matrix Ã ∈

Rn×nk−1
is given by

Ãij = Aii2...im , when j = 1 +
k∑
`=2

(i` − 1)n`−2.

Spectral algorithms such as higher-order SVD are performed on this �attened matrix to

obtain the required clusters. Tensor decomposition using this idea was introduced by

Govindu (2005) and has been used widely since. Tensor representation is discussed in

depth in Chapter 5. Further results can be found in (Ghoshdastidar and Dukkipati, 2014;

Ghoshdastidar et al., 2017; Anandkumar et al., 2016).

The following table summarizes the dimensions of the matrices in each of the representa-

tions.

Representation Dimensions

Clique expansion n× n

Weighted clique n× n

Clique averaging
(
n
k

)
×
(
n
2

)
Star expansion (n+ e)× (n+ e)

Set-union
(
n
i

)
×
(
n
k−i

)
Random walk n× n

Flattened tensor n× n(k−1)
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3.2 Spectral Bounds in Weighted Clique Expansion

In this section, we study the weighted clique expansion in depth. First, we de�ne a

Laplacian matrix. For a weighted graph, the degree of a vertex is usually de�ned as

the sum of weights of the edges incident on it. However, in this case, let the degree be

de�ned as it is for 2-graph, which is the number of edges containing the vertex. We de�ne

δi =
n∑
j=1

aij as Laplacian degree of a vertex (Rodriguez, 2009).

Let Laplacian be de�ned as follows.

Lij =

δi if i = j,

−aij otherwise.

For a k-uniform graph, we have δi = (k−1)di. For a general hypergraph, δi =
∑
e3i

|e|−di,

which gives us the inequality, (kmin − 1)di ≤ δi ≤ (kmax − 1)di. We may observe that the

vertex with maximum degree need not be the vertex with maximum δ. For example in

the graph below, dA > dB but δB > δA.

Figure 3.3: Degree and Laplacian degree

With this Laplacian, it is possible to extend several results of 2-graphs to hypergraphs.

3.2.1 Preliminary Results

We now consider the spectrum of a complete k-graph and a complete k-partite graph.

The spectra for hypergraphs are similar to those of 2-graphs (Refer Chapter 2).
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Proposition 3.2.1. The Laplacian spectrum of complete k-graph with n vertices is 0 with

multiplicity one and n
(
n−2
k−2

)
with multiplicity (n− 1).

Proof. The Laplacian matrix is as follows.

Lij =

(n− 1)
(
n−2
k−2

)
if i = j,

−
(
n−2
k−2

)
otherwise.

The vector 1Tn corresponds to eigenvalue 0 and (1,−1, 0, . . . , 0)T to (1, 0, . . . , 0,−1)T cor-

respond to eigenvalue n
(
n−2
k−2

)
.

Example 5. For a complete 3-graph with 5 vertices,

L =



12 −3 −3 −3 −3

−3 12 −3 −3 −3

−3 −3 12 −3 −3

−3 −3 −3 12 −3

−3 −3 −3 −3 12



It is possible to get a similar result for a k-partite graph, i.e. a graph where the vertex

set is divided into k-partitions and each edge consists of exactly one vertex from each

partition.

Proposition 3.2.2. For a complete k-partite graph with partitions of size n1, . . . , nk, the

Laplacian spectrum consists of 0 with multiplicity one, (k − 1)

(
k∏
j=1

nj

)
/ni with multi-

plicity (ni − 1) for all i = 1, . . . , k. The remaining (k − 1) eigenvalues are roots of the

polynomial

Xk−1 − Ak−2X
k−2 + . . .+ (−1)k−1A0,

where the coe�cient Ai, the sum of products of roots taken (k− 1− i) at a time, is given
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by

Ai = (i+ 1)kk−2−i

(
k∏
j=1

nj

)k−2−i
 ∑

1≤j1...ji+1≤k

nj1 . . . nji+1

 .

For example, consider a 5-partition where the sizes of the partitions are a, b, c, d, e. Then

the eigenvalues are 0 with multiplicity one, 4abcd with multiplicity (e − 1), 4abce with

multiplicity (d−1), 4abde with multiplicity (c−1), 4acde with multiplicity (b−1) and 4bcde

with multiplicity (a− 1). The remaining four eigenvalues are the roots of the polynomial

X4 − 4 S4X
3 + 3 · 5 S5 S3X

2

− 2 · 52 S2
5 S2X + 1 · 53 S3

5 S1.

where Si is the symmetric polynomial S5,i(a, b, c, d, e) for 1 ≤ i ≤ 5.

In the case of a 3-graph, suppose the partitions are of sizes a, b, c, then the eigenvalues

are 0, 2ab, 2bc, 2ac with multiplicities 1, (c−1), (a−1), (b−1) respectively. The remaining

two eigenvalues are the roots of the quadratic polynomial X2 − BX + C, where B =

2(ab + bc + ac) and C = 3abc(a + b + c). It can be veri�ed that these roots are real and

positive.

In the special case where two partitions have same size, i.e. a, a, b, the eigenvalues are 0

with multiplicity 1, 2ab with multiplicity (2a− 2), 2a2 with multiplicity (b− 1), a(2a+ b)

and 3ab with multiplicities 1 each. The eigenvectors are given below.
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0 : (1, . . . , 1)T ,

2ab : (1,−1, 0, . . . , 0|0, . . . , 0|0, . . . , 0)T , . . . , (1, 0, . . . , 0,−1|0, . . . , 0|0, . . . , 0)T ,

: (0, . . . , 0|1,−1, 0, . . . , 0|0, . . . , 0)T , . . . , (0, . . . , 0|1, 0, . . . , 0,−1|0, . . . , 0)T ,

2a2 : (0, . . . , 0|0, . . . , 0|1,−1, 0, . . . , 0)T , . . . , (0, . . . , 0|0, . . . , 0|1, 0, . . . , 0,−1)T ,

a(2a+ b) : (1, . . . , 1|1, . . . , 1| − 2a/b, . . . ,−2a/b)T ,

3ab : (1, . . . , 1| − 1, . . . ,−1|0, . . . , 0)T .

The eigenvectors are similar for the general case.

Example 6. For the complete 3-partite graph with partitions of sizes 2, 3, 4, the Laplacian

is given by 

24 0 −4 −4 −4 −3 −3 −3 −3

0 24 −4 −4 −4 −3 −3 −3 −3

−4 −4 16 0 0 −2 −2 −2 −2

−4 −4 0 16 0 −2 −2 −2 −2

−4 −4 0 0 16 −2 −2 −2 −2

−3 −3 −2 −2 −2 12 0 0 0

−3 −3 −2 −2 −2 0 12 0 0

−3 −3 −2 −2 −2 0 0 12 0

−3 −3 −2 −2 −2 0 0 0 12


and the eigenvalues are 01, 241, 162, 123 and B = 52 and C = 648 which gives the other

eigenvalues 20.7085, 31.2915.

For a star k-graph with r spokes, the spectrum is obtained easily. The number of vertices

in such a graph is given by n = (k − 1)r + 1.

Proposition 3.2.3. The Laplacian spectrum of a star k-graph with r spokes consists of
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0 and n with multiplicity one each, 1 with multiplicity (r − 1), and k with multiplicity

(k − 2)r.

The eigenvectors are given below.

0 : (1, . . . , 1)T ,

n : (n− 1| − 1, . . . ,−1)T ,

1 : (0|1, . . . , 1| − 1, . . . ,−1|0, . . . , 0)T , . . . , (0|1, . . . , 1|0, . . . , 0| − 1, . . . ,−1)T ,

k : (0|1,−1, 0, . . . , 0|0, . . . , 0)T , . . . , (0|1, 0, . . . , 0,−1|0, . . . , 0)T , . . . ,

: (0|0, . . . , 0|1,−1, 0, . . . , 0)T , . . . , (0|0, . . . , 0|1, 0, . . . , 0,−1)T .

Example 7. For a star 4-graph with 3 spokes, the spectrum is 01, 12, 46, 101. The Lapla-

cian is given by



9 −1 −1 −1 −1 −1 −1 −1 −1 −1

−1 3 −1 −1 0 0 0 0 0 0

−1 −1 3 −1 0 0 0 0 0 0

−1 −1 −1 3 0 0 0 0 0 0

−1 0 0 0 3 −1 −1 0 0 0

−1 0 0 0 −1 3 −1 0 0 0

−1 0 0 0 −1 −1 3 0 0 0

−1 0 0 0 0 0 0 3 −1 −1

−1 0 0 0 0 0 0 −1 3 −1

−1 0 0 0 0 0 0 −1 −1 3



It is possible to get some simple bounds on the largest eigenvalue of the Laplacian. These

are generalizations of the bounds for 2-graphs. The results mentioned here are valid for

both uniform as well as non-uniform hypergraphs. The proofs are exactly the same as for
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weighted graphs.

Proposition 3.2.4. The maximum eigenvalue λn is bounded by the maximum Laplacian

degree as follows.

λn ≤ 2 max
i
δi.

Proof. Let x be the eigenvector of λn. Let xi be the largest component, i.e. |xi| ≥ |xj|

for all j = 1, . . . , n. Assume 0 < xi ≤ 1.

λxi = (Lx)i = δixi −
∑
i∼j

aijxj

≤ δixi +
∑
i∼j

|aijxj|

≤ δixi +
∑
i∼j

|aijxi|

≤ 2δixi ≤ 2 max
i
δixi.

Proposition 3.2.5. The maximum eigenvalue λn is bounded by the sum of Laplacian

degrees as follows.

λn ≤ max
i∼j

(δi + δj).

Proof. Let ∆ = diag(δ1, . . . , δn). Consider ∆−1L∆.

(∆−1L∆)ij =

δi if i = j,

−aij δjδi otherwise.

Applying Gerschgorin theorem, there exists an i such that

|λn − δi| ≤
∑
i∼j

|aij
δj
δi
| =

∑
j aijδj∑
j aij

≤ max
i∼j

δj.
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Hence

λn ≤ max
i∼j

(δi + δj).

Let mi denote the average degree of neighbours, i.e. mi =
∑
i∼j dj

di
. There are many

upper bounds on the largest eigenvalue in terms of mi. (For example, see (Aouchiche and

Hansen, 2010) and the references therein).

We have the following bound for 2-graphs by Zhu (2010) that relates the largest eigenvalue

with the degree and average degree of neighbours of each vertex.

Theorem 3.2.6.

λn ≤ max
i∼j

{
di(di +mi) + dj(dj +mj)− 2

∑
`∈N(i)∩N(j) d`

di + dj

}
,

where N(i) is the set of vertices adjacent to i. This result holds for k-uniform hypergraphs

in the same form. For non-uniform hypergraphs there is an additional factor of
(
kmax−1
kmin−1

)
.

In order to prove the result for non-uniform case we make use of the lemma below .

Lemma 3.2.7. (Theorem 2.3 in (Zhu, 2010)) Let G = (V,E) be a simple graph. Let

f : V × V −→ R+ ∪ {0} be a non-negative function that is positive on edges. Then λn is

less than or equal to

max
i∼j

{
|N(i) ∩N(j)|+

∑
`∈N(i)\N(j) f(i, `) +

∑
`∈N(j)\N(i) f(j, `)

f(i, j)

}
.

The generalization of Theorem 3.2.6 for non-uniform hypergraphs is presented below.

Theorem 3.2.8.

λn ≤ max
i∼j

{(
kmax − 1

kmin − 1

)(
di(di +mi) + dj(dj +mj)− 2

∑
`∈N(i)∩N(j) d`

di + dj

)}
.
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Proof. Substituting f(i, j) = δi + δj in Lemma 3.2.7, we get the term

∑
`∈N(i)\N(j)

(δi + δ`) +
∑

`∈N(j)\N(i)

(δj + δ`)

=
∑
N(i)

(δi + δ`) +
∑
N(j)

(δj + δ`)−
∑

N(i)∩N(j)

(δi + δj + 2δ`).

Then

|N(i) ∩N(j)|+
∑

N(i)(δi + δ`) +
∑

N(j)(δj + δ`)

δi + δj
− |N(i) ∩N(j)|(δi + δj)

(δi + δj)

−
2
∑

N(i)∩N(j) δ`

δi + δj

=

∑
N(i)(δi + δ`) +

∑
N(j)(δj + δ`)− 2

∑
N(i)∩N(j) δ`

δi + δj
.

Since δi ≤ (kmax − 1) di, for all i = 1, . . . , n, for the numerator we have,

∑
N(i)

(δi + δ`) +
∑
N(j)

(δj + δ`)− 2
∑

N(i)∩N(j)

δ` (3.1)

≤ (kmax − 1)

di(di +mi) + dj(dj +mj)− 2
∑

`∈N(i)∩N(j)

d`

 (3.2)

The denominator of the expression becomes

δi + δj ≥ (kmin − 1)(di + dj),

since δi ≥ (kmin − 1) di. Together with the equation (3.1) we get the required result.

One can observe that each of the results mentioned is an improvement over the preced-

ing bound. Not all such results, however, translate from 2-graphs to hypergraphs. For
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example consider the statement from Proposition 3.2.5.

For 2-graphs we have,

λn ≤ max
i∼j

(di + dj).

However, this statement does not extend to hypergraphs in the form

λn ≤ max
i1...ir∈E

(di1 + . . .+ dir).

The counterexample is as follows.

Example 8. Consider the graph H = {123, 124, 235, 345}. λn = 8.23 > 8 = {d2+d3+d5}.

A generalized result may exist in a di�erent representation. For example, a similar upper

bound for second smallest eigenvalue can be extended using a tensor representation. (See

Theorem 5.3.1 in Chapter 5)

We now present some connectivity results for general hypergraphs. Let ∂S denote the edge

boundary of S, that is, the set of edges with at least one vertex within S and one vertex

outside of S, which is de�ned as ∂S = E(S, V \S) 1. Various connectivity parameters can

be de�ned in terms of ∂S. Some results have been provided for uniform hypergraphs by

Rodriguez (2009). We provide the same for non-uniform hypergraphs.

First, we prove the following lemma.

Lemma 3.2.9. For any S ⊂ V ,

4λ2|S|(n− |S|)
nk2

max

≤ |∂S| ≤ λn|S|(n− |S|)
n(kmin − 1)

.

Proof. The bound holds for extreme cases S = ∅ and S = V . Let S be a proper subset of

1A modi�ed de�nition is given in Chapter 4. Conceptually they are equivalent.
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V . Let WS be the indicator vector of S,

WS =

1 if i ∈ S,

0 otherwise.

Then
∑
i∈V

∑
j∈V

(wi −wj)2 = 2|S|(n− |S|). We have the following results by Fiedler (1973).

λ2 = 2nmin

{ ∑
i∼j aij(wi − wj)2∑

i∈V
∑

j∈V (wi − wj)2
: w 6= c · 1n for c ∈ R

}
.

λn = 2nmax

{ ∑
i∼j aij(wi − wj)2∑

i∈V
∑

j∈V (wi − wj)2
: w 6= c · 1n for c ∈ R

}
.

Thus we have,

λ2 ≤
n
∑

i∼j aij(wi − wj)2

|S|(n− |S|)
≤ λn.

In the sum (wi − wj)2, only the boundary edges contribute to the sum. Let e ∈ ∂S such

that |e ∩ S| = k. The edge e contributes k(|e| − k) to the sum. The maximum value

of this function over all the edges in E is k2
max/4, and the minimum value is (kmin − 1).

Substituting we get the required inequality.

The following results directly follow from Lemma 3.2.9 above. We prove a bound on the

edge-density of a hypergraph. We obtain a lower bound in terms of λ2 and an upper

bound in terms of λn.

Theorem 3.2.10. Let the edge-density of a set S ⊂ V be de�ned as ρ(S) = |∂S|
|S|(n−|S|) .

Then,
4λ2

nk2
max

≤ ρ(S) ≤ λn
n(kmin − 1)

.

We also have an upper bound for the max-cut of a hypergraph.
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Theorem 3.2.11. Let max-cut of H be de�ned as max {|∂S| : S ⊂ V }. Then,

max-cut(H) ≤ nλn
4(kmin − 1)

.

Proof. From Lemma 3.2.9, we have

|∂S| ≤ λn|S|(n− |S|)
n(kmin − 1)

. (3.3)

The expression |S|(n − |S|) attains maximum value at |S| = n/2 when n is even and

|S| = (n− 1)/2 when n is odd. The maximum value is n2

4
when n is even and n2−1

4
when

n is odd. Hence n2

4
is an upper bound for the expression |S|(n − |S|). Substituting in

(3.3) for the set S which gives the max-cut, we get

max-cut(H) ≤ n2

4

λn
n(kmin − 1)

≤ nλn
4(kmin − 1)

.

3.2.2 Cheeger Inequality

We now present the Cheeger inequality in this representation. For 2-graphs we have from

Chapter 2,
φ2

2dmax

≤ λ2 ≤ 2φ.

Let the isoperimetric number be de�ned as φ(H) = minS⊂V

{
|∂S|
|S| : |S| ≤ n/2

}
. The upper

bound for λ2 in terms of φ(H) can be obtained easily as follows.

Theorem 3.2.12.

φ(H) ≥ 2λ2

k2
max

.

This once again follows from Lemma 3.2.9.
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We now proceed to derive an equivalent lower bound for λ2 using existing results for

weighted graphs. First, let us consider the case for k-graphs.

Let H be a k-graph and let Gw be the weighted 2-graph we obtain upon the expansion.

Suppose dmax(H) is the largest degree in H. Then δmax(Gw) = (k − 1)dmax(H). For

weighted 2-graphs, the boundary of a subset S ⊂ V is de�ned as the sum of weights of

the boundary edges. Considering S ⊂ V (H) as a subset of V (Gw), we have |∂S|(Gw) =∑
i∈S
j /∈S

aij ≥ (k − 1)|(∂S)(H)|.

|∂S|(Gw)

|S|
≥ (k − 1)

|∂S|(H)

|S|
.

In particular, this is true for the subset that attains the isoperimetric number.

φ(Gw) ≥ (k − 1)φ(H). (3.4)

For weighted 2-graphs, we have the result in (Friedland and Nabben, 2002; Berman and

Zhang, 2000),

λ2(M−1L) ≥ 1

maximi

(
φ2

2δmax

)
where M is a diagonal matrix diag(m1, . . . ,mn). When M = In, we have from (Mohar,

1997)

λ2(L) ≥ φ2

2δmax

. (3.5)

Substituting Gw in (3.5) we get

λ2(Gw) ≥ (φ(Gw))2

2δmax(Gw)

=
(k − 1)2(φ(H))2

2(k − 1)dmax

from(3.4).
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Thus for the hypergraph H, we have a lower bound second smallest eigenvalue .

λ2(H) ≥ (k − 1)(φ(H))2

2dmax

. (3.6)

For non-uniform hypergraphs,

δmax(Gw) ≤ (kmax − 1)dmax(H)

φ(Gw) ≥ (kmin − 1)φ(H).

We then have

λ2 ≥
(kmin − 1)2φ2

2(kmax − 1)dmax

. (3.7)

We can now give a Cheeger inequality for weighted clique expansion. From Theorem

3.2.12 and (3.7) we have the following theorem.

Theorem 3.2.13.
(kmin − 1)2φ2

2(kmax − 1)dmax

≤ λ2 ≤
k2

maxφ

2
. (3.8)

Example 9. Consider the 4-graph {1234, 1345}. k = 4 and dmax = 2. The Laplacian L

is given by 

6 −1 −2 −2 −1

−1 3 −1 −1 0

−2 −1 6 −2 −1

−2 −1 −2 6 −1

−1 0 −1 −1 3


with spectrum 0, 3, 5, 82. λ2 = 3. The minimum φ(H) = 1, attained by the singleton {2}.

3 · 1
2 · 2

< 3 <
42 · 1

2
.

Note that {2, 5} also gives φ = 1, which may lead us to infer incorrectly that vertices 2
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and 5 are tightly connected, while in fact there is no edge spanning these vertices. This

occurs because {1, 3, 4} are tightly connected. This anomaly is due to the small size of

vertex set and is unlikely to occur in real-life situations.

3.2.3 Discussion

It appears that the introduction of terms kmin and kmax necessarily slackens the bounds.

The equality is attained only in k-uniform hypergraphs.

Example 10. Consider the following 3-graph G = {123, 234, 456, 156}. The spectrum of

Figure 3.4: A 3-uniform graph

the Laplacian is 01, 21, 41, 63. The set A = {1, 4} attains the upper bound of Lemma 3.2.9.

|∂A| = 4 =

⌊
6 · 2 · 4

2 · 6

⌋
.

The set B = {1, 2, 3} attains the lower bound.

|∂B| = 2 =

⌈
4 · 2 · 3 · 3

8 · 6

⌉
.

Now consider the following non-uniform graph G′ = {123, 456, 34, 1256}. The spectrum

Figure 3.5: A non-uniform graph
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of the Laplacian is 01, 32, 61, 72. The set A = {1, 2, 4} attains the maximum.

|∂A| = 4 <

⌊
7 · 3 · 3

1 · 6

⌋
.

Similarly, the singleton set B = {3} attains the minimum.

|∂B| = 2 >

⌈
4 · 3 · 1 · 5

4 · 4 · 6

⌉
.

Note that if we had used k2
min in the denominator instead of k2

max, the lemma would no

longer be true.

Another crucial property in this representation that does not translate from uniform

to non-uniform hypergraphs is the uniqueness. Consider the two di�erent hypergraphs

below.

Figure 3.6: A single 3-edge and three 2-edges

They both give rise to the same matrix.

A =


0 1 1

1 0 1

1 1 0


Hence it is not possible to distinguish between the two hypergraphs using the adjacency

matrix from this representation. This runs counter to our fundamental principle that the

3-edge is di�erent from a triangle made of 2-edges. The idea of weighted clique expansion

was introduced to circumvent this problem in the �rst place.

Also, this raises an apparent contradiction in our results proved above, as to how the
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results could be valid if the underlying matrices do not provide a true description. Since

the adjacency matrices are same, the Laplacian and its eigenvalues will be identical to

both the graphs, but the connectivity properties di�er for both graphs. This can be

explained when we observe that the quantity |∂S| di�ers in each case. For example,

consider the singleton set {1} in each of the two graphs. In the 3-graph, |∂S| consists of

a single 3-edge, whereas in the 2-graph |∂S| is two (2-edges). Hence, the results are valid,

though their applications may di�er depending on the kind of hypergraph in question.



Chapter 4

Simplicial Complex

Simplicial complexes are higher dimensional solids and they are useful in visualizing hyper-

graphs. These solids are endowed with a certain algebraic structure that can be exploited

to understand the combinatorial properties of hypergraphs. Simplicial complexes lie at the

intersection of various disciplines of mathematics. One might study simplicial complexes

as objects in geometry, or topology, or algebra. Our approach is through combinatorics.

A simplicial complex consists of smaller building blocks known as simplices. One may pic-

ture a simplex as a higher dimensional triangle or tetrahedron, with each vertex connected

to every other vertex. In a hypergraph, viewing each edge as a simplex, the simplicial

complex thus obtained uniquely represents the hypergraph. A 2-edge would correspond

to a line segment, a 3-edge to a triangle and so on. This way a simplicial complex captures

the the structure of the hypergraph more faithfully compared to other matrix representa-

tions. For example, a 3-edge as a triangle o�ers more insight than three pairs of 2-edges

obtained in clique expansion.

The faces across di�erent dimensions are connected using boundary maps and their dual

known as coboundary maps. These provide the complex with an algebraic structure or

homology. The Laplacians of graphs can be generalized to hypergraphs by de�ning them

using boundary maps. Using the spectral properties of these Laplacians, we hope to infer

46
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the combinatorial properties of the hypergraph. As in other representations, the results

of graphs do not always translate smoothly in the hypergraph setting. In that case, we

modify the de�nitions to obtain similar meaningful results.

In this chapter, we provide some spectral results for hypergraphs based on a representa-

tion using simplicial complexes. Although simplicial complexes have been well-studied,

their application to spectral hypergraph theory appears to be fairly recent (Horak and

Jost, 2013). Many signi�cant results have been established in this area (Steenbergen

et al., 2014). In this thesis, we shall restrict our attention to two major results, namely

the Cheeger inequality and Mixing Lemma. We provide an alternative proof to obtain

the spectrum of a complete simplex from �rst principles. We state a conjecture on a

generalized Mixing Lemma.

This chapter is organized as follows. In Section 4.1, we provide the basic de�nitions

and terminologies. These are standard de�nitions that can be found in any textbook

on algebraic topology (Munkres, 1984; Hatcher, 2002). The additional notations given

in this chapter are borrowed from (Horak and Jost, 2013; Gundert and Szedlák, 2014;

Parzanchevski, 2017). In Section 4.2, we provide the spectrum of a complete simplex.

Section 4.3 contains the recent developments in literature concerning Cheeger inequality

for simplicial complexes. Section 4.4 contains a discussion on Mixing Lemma for hy-

pergraphs. We conclude the chapter by providing a conjecture on Mixing Lemma for

simplicial complexes.

4.1 Preliminaries

Let V be a �nite set. An abstract simplicial complex X on a �nite set V is a collection

of subsets of V , which is closed under inclusion, i.e. σ ⊂ τ ∈ X implies σ ∈ X. An

element σ ∈ X is called a simplex or face of X. The dimension of a simplex σ denoted

by dim σ is |σ| − 1. 0-faces correspond to the elements of V and are usually called

vertices. The dimension of the complex X is the maximal dimension of its faces, i.e.

dim X = maxσ∈X dim σ.
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The collection of all i-faces of simplicial complex X is denoted by Xi. The faces that are

maximal under inclusion are called facets. A complex X is called pure if all facets have

the same dimension. This corresponds to a uniform hypergraph where all edges are of

same size.

Two i-faces are said to be lower adjacent if they both share a common (i−1)-face and are

said to be upper adjacent if they both are part of a common (i+ 1)-face. Note that upper

adjacency implies lower adjacency. The degree of an i-face is the number of (i + 1)-faces

containing it, i.e. deg σ = |{τ ⊃ σ : dim τ = dim σ + 1}|.

The collection of all simplices of dimension at most i is called the i-skeleton of X denoted

by X(i). We de�ne X−1 = {∅}. The complete k-simplex denoted by Kk
n contains all

possible i-faces for all i ≤ k. The link of a face σ in X is de�ned as lk(σ,X) = {τ ∈ X :

σ ∪ τ = X, σ ∩ τ = ∅}.

By assuming a linear order on the set of vertices, it is possible to give an orientation to

each face of X. An oriented face σ = {v0, . . . , vi} is denoted by [v0, . . . , vi]. Two orderings

of the vertices are equivalent if they di�er by an even permutation, and opposite otherwise.

For an i-face τ = [v0, . . . , vi] and (i− 1)-face σ, the oriented incidence number is de�ned

as [τ : σ] = (−1)j, where σ = τ \ vj for some j = 0, . . . , i if σ ⊂ τ and zero otherwise, i.e.

if σ * τ .

Given a k-complexX, for all i = 0, . . . , k, let Ci(X,F) denote the set of linear combinations

of i-faces over a �eld F. The vector space Ci is known as the i-th chain group of X over

F. Usually, the chain group is de�ned over R or Z2. The set of i-faces Xi forms a basis

for Ci, and the dimension of Ci is |Xi|.

The dual space of Ci which is the set of linear functions from Ci to F, is called the i-th co-

chain group, denoted by Ci(X,F), for all i = 0, . . . , k. It is possible to map each element
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τ ∈ Xi to a unique function eτ ∈ Ci de�ned as follows:

eτ (σ) =

1 if τ = σ,

0 otherwise.

Thus, there is a one-to-one correspondence between i-faces and functionals acting on them.

Functions of the form eτ are known as elementary cochains. Clearly, dim Ci = dim Ci.

We de�ne the one-dimensional vector space C−1(X,F) to be generated by the identity

function on the empty simplex. Hence, C−1(X,F) ∼= F.

De�nition 9. The coboundary operator δi : Ci(X,F) −→ Ci+1(X,F) is the linear function

given by

(δif)(τ) =
∑
σ∈Xi

[τ : σ]f(σ),

for all τ ∈ Xi+1, f ∈ Ci and −1 ≤ i ≤ k.

Explicitly, this means

(δif)([v0, . . . , vi]) =
i∑

j=0

(−1)j[v0, . . . , v̂j, . . . , vi],

where v̂j denotes that the vertex vj has been omitted.

Each coboundary operator connects the i-faces to (i+ 1)-faces forming a sequence which

is called the augmented cochain complex. We de�ne δi = 0, for all other values of i to

bookend the sequence.

0 −→ C−1 . . . −→ Ci−1 δi−1−→ Ci δi−→ Ci+1 −→ . . . Ck −→ 0.

We can de�ne an inner product on the vector spaces Ci as follows.

〈f, g〉 =
∑
τ∈Xi

f(τ)g(τ),
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for all 0 ≤ i ≤ k.

De�nition 10. The boundary operator ∂i : Ci(X,F) −→ Ci−1(X,F) is the dual operator

of the coboundary operator δi−1 such that

〈∂if, g〉Ci−1 = 〈f, δi−1g〉Ci ,

for f ∈ Ci and g ∈ Ci−1.

0←− C−1 . . .←− Ci−1 ←−
∂i

Ci ←−
∂i+1

Ci+1←− . . . Ck ←− 0.

The boundary operator can also be viewed to act on the i-faces as a function that deter-

mines which (i− 1)-faces form the boundary of an i-face. This is similar to the incidence

matrix of a 2-graph.

∂i : Ci −→ Ci−1

[v0, . . . , vi] 7−→
i∑

j=0

(−1)j[v0, . . . , v̂j, . . . , vi],

where v̂j denotes that the vertex vj has been omitted.

Example 11. The boundary matrix ∂2 = δ∗1 of the complete simplex containing all 2-edges

and 3-edges over {1, 2, 3, 4} is given below.

∂2 =



123 124 134 234

12 1 1 0 0

13 −1 0 1 0

23 1 0 0 1

14 0 −1 −1 0

24 0 1 0 −1

34 0 0 1 1


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We de�ne Zi = ker δi and B
i = im δi−1. Similarly, for the boundary operator we de�ne

Zi = ker ∂i and Bi = im ∂i+1. It can be seen that δi ◦ δi−1 = 0 = ∂i+1 ◦ ∂i, for all

0 ≤ i ≤ k − 1. For example, in the simplex in Example 11 we can see that

∂1∂2([123]) = ∂1([23]− [13] + [12]) = [2]− [3]− ([1]− [3]) + [1]− [2] = 0.

Hence Bi ⊆ Zi and Bi ⊆ Zi.

De�nition 11. The i-th homology group and i-th cohomology group of X over F are

de�ned as

H i(X;F) = Zi(X;F)/Bi(X;F),

Hi(X;F) = Zi(X;F)/Bi(X;F),

for 0 ≤ i ≤ k.

This de�nition is slightly modi�ed to accommodate the case i = −1 to obtain a reduced

cohomology. This is simply a convention from algebraic topology to tie up the loose end,

and since the cohomology and reduced cohomology groups are identical for all positive i,

in this thesis we shall only refer to the cohomology group.

We have the following Hodge decomposition theorem by Eckmann (1944).

Theorem 4.1.1. For the terms de�ned as above Hi(X;R) ∼= H i(X;R) and the vector

space Ci(X;R) can be decomposed as

Ci(X;R) = Hi(X;R)⊕Bi(X;R)⊕Bi(X;R).

Thus we have the following relations between the subspaces.

Zi = H i ⊕Bi = (Bi)
⊥.

Zi = Hi ⊕Bi = (Bi)⊥.
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Alternatively, one may also de�ne Hi = Zi ∩Zi, as done by Gundert and Szedlák (2014),

since these de�nitions are equivalent. The orthogonality between each pair of the sub-

spaces in the decomposition may be checked as below. For x ∈ H i, y ∈ Bi, z ∈ Bi, we

have

〈x, y〉 = 〈x, δi−1v〉 = 〈∂ix, v〉Ci−1 = 0, since x ∈ ker ∂i.

〈x, z〉 = 〈x, ∂i+1w〉 = 〈δix,w〉Ci+1 = 0, since x ∈ ker δi.

〈y, z〉 = 〈δi−1v, ∂i+1w〉 = 〈δiδi−1v, w〉Ci+1 = 0, since δiδi−1 = 0.

For the remainder of this section, we assume the underlying �eld is the set of real numbers

R unless mentioned otherwise. Consider the vector spaces

Ci−1
δi−1

�
∂i

Ci
δi
�
∂i
Ci+1.

De�nition 12. For a k-complex X, the upper, lower and full Laplacian operators on Ci,

denoted by Lupi , L
dn
i , Li, are de�ned as

Lupi = ∂i+1δi = δ∗i δi,

Ldni = δi−1∂i = δi−1δ
∗
i−1,

Li = Lupi + Ldni = δ∗i δi + δi−1δ
∗
i−1,

for 0 ≤ i ≤ k − 1.

We can de�ne the degree, upper and lower adjacency operators denoted by Di, A
∼
i and
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Ati on Ci as

(Dif)(σ) = deg (σ)f(σ),

(A∼i f)(σ) =
∑
σ′∼ σ

f(σ′),

(Ati f)(σ) =
∑
σ′t σ

f(σ′),

where σ t σ′ denotes that i-faces σ and σ′ are lower adjacent, i.e. share a common

(i− 1)-face and induce the same orientation on it, and σ ∼ σ′ denotes that i-faces σ and

σ′ are upper adjacent i.e. σ t σ′ and σ ∪ σ′ ∈ Xi+1. Then the Laplacian can be written

explicitly in terms of the adjacency operators as

Lupi = Di − A∼i

f(σ) 7−→ deg (σ)f(σ)−
∑
σ′∼ σ

f(σ′).

Ldni = (i+ 1)I + Ati

f(σ) 7−→ (i+ 1)f(σ) +
∑
σ′t σ

f(σ′).

Li = Lupi + Ldni

f(σ) 7−→ (deg σ + i+ 1)f(σ) +
∑
σ′t σ
σ′ 6∼ σ

f(σ′).

This de�nition is consistent with that of Laplacians of graphs, which is Lup0 .

From the de�nition of Lupi , L
dn
i , Li, we can see that the matrices are self-adjoint and

positive semi-de�nite. This implies all eigenvalues of these matrices are non-negative.

In addition, since for any linear operator T the spectra of TT ∗ and T ∗T di�er only in

the multiplicity of zero, Lupi and Ldni+1 have the same non-zero eigenvalues. Hence, it is

su�cient to study Lupi . Also, it must be noted that the spectrum of the Laplacians do

not depend on the orientation of the simplices.

Example 12. The upper Laplacian matrix Lup1 = δ∗1δ1 of the complete simplex in Example
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11 is given below.

Lup1 =



12 13 23 14 24 34

12 2 −1 1 −1 1 0

13 −1 2 −1 −1 0 1

23 1 −1 2 0 −1 1

14 −1 −1 0 2 −1 −1

24 1 0 −1 −1 2 −1

34 0 1 1 −1 −1 2



4.2 Spectrum of complete simplex

In this section we provide the spectrum of the complete simplex Kk
n, which is the simplex

on n vertices containing all possible k-faces.

Before we give the spectrum of a complete simplex, we make a small observation on the

size of the edge cover for a complete simplex. Suppose we have a complete simplicial

complex and we wish to count the minimum number of (k + 1)-edges (or k-faces) needed

so that every k-edge (or (k − 1)-face) is contained in at least one of the (k + 1)-edges.

This is a reformulation of the well-known edge cover problem for 2-graphs.

For a �xed k, let C(n, k) denote the size of such a cover for a complete simplicial complex

with n vertices. The number of edges to be covered is
(
n
k

)
, which is of complexity Θ(nk).1

We obtain a recurrence relation for C(n, k) by reasoning as follows. C(n + 1, k) denotes

the number of (k + 1) edges needed to include all k-edges over (n+ 1) vertices. Let P be

a �xed vertex. C(n, k) covers all k-edges not containing P . For the k-edges containing

P , we need at most C(n, k − 1) k-edges, where one of the vertices is P .

C(n+ 1, k) ≤ C(n, k) + C(n, k − 1).

1There exist constants a and b such that ank ≤
(
n
k

)
≤ bnk
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This recurrence relation has the same asymptotic growth rate as
(
n+1
k

)
. We also have

(
n

k

)
/(k + 1) ≤ C(n, k) ≤

(
n

k

)
.

Thus C(n, k) is of complexity Θ(nk) for a �xed k.

The complete simplex Kk
n corresponds to a complete (k + 1)-uniform hypergraph on n

vertices. Recall that for a complete 2-graph Kn, the spectrum of the Laplacian consists of

0 and n with multiplicities 1 and (n− 1) respectively. We generalize the result to higher

dimensions and show that the Laplacian of a complete simplex exhibits a similar property.

A similar result is given in (Gundert and Wagner, 2012) with a more elegant proof. Also

refer (Brouwer and Haemers, 2011)(Section 3. 12).

Proposition 4.2.1. For all 0 ≤ i ≤ k, Rank(Lupi (Kk
n))=

(
n−1
i+1

)
.

Proof. Since Lupi = ∂i+1∂
∗
i+1, Rank(Lupi )= Rank(∂i+1). Let ∂(n) denote the (i + 1)-

boundary matrix for n vertices. We prove that rank of ∂(n) is
(
n−1
i+1

)
using induction

on number of vertices. For base case n = i + 2, the number of (i + 1)-faces is one. The

rank is
(
i+2−1
i+1

)
which is one, hence the statement holds.

Assume the statement is true for n vertices. Fix a vertex O in the simplex. Adding a

new vertex P adds
(
n
i

)
new i-faces and

(
n
i+1

)
new (i+ 1)-faces, for all 1 ≤ i < k, of which(

n−1
i

)
i-faces contain O and P , and

(
n−1
i+1

)
(i+ 1)-faces contain P but not O.

Let {σ1, . . . , σ(n−1
i )} denote the columns of ∂

(n+1) corresponding to the (i + 1)-faces con-

taining both O and P . Each such face contains a unique i-face containing neither O nor

P . Hence they are linearly independent. The matrix corresponding to ∂(n+1) is of the
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form:

∂(n+1) =



w/o P σ1 · · · σ(n−1
i ) with P not O

∂(n)

0 −1 −1 −1

0 1 0 0
...

...
. . .

...

0 0 0 1


Let T be the basis for columns of ∂(n). By induction hypothesis, |T | =

(
n−1
i+1

)
. By abuse

of notation we will allow them to represent columns of ∂(n+1) as well. Consider column v

of ∂(n+1). If the (i + 1)-face of v does not contain P , then v ∈ span(T ). If v contains P

and O, then v ∈ {σ1, . . . , σ(n−1
i )}. If v contains P but not O, then it consists of (i + 1)

i-faces of which i contain P and one does not. But every such i-face is part of σj for some

j = 1, . . . ,
(
n−1
i

)
. Hence, v can be written as a linear combination of those columns.

v =
∑

v∩σj 6=∅

σj + τ,

where τ is a i-face that does not contain P . However, τ ∈ span(T ), since the simplex

contains every (i + 1)-face, for i < k. Therefore, T ∪ {σ1, . . . , σ(n−1
i )} forms a basis for

column space of ∂(n+1). This implies for all 0 ≤ i < k

Rank(∂(n+1)) = Rank(∂(n)) +

(
n− 1

i

)
=

(
n− 1

i+ 1

)
+

(
n− 1

i

)
=

(
n

i+ 1

)
.

Proposition 4.2.2. For all 0 ≤ i ≤ k, n is an eigenvalue of Lupi with multiplicity
(
n−1
i+1

)
.

Proof. It su�ces to show that Lupi v = nv, for all column vectors of ∂i+1. Consider the
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matrix Lupi .

(Lup)σ,τ =



n− k − 1 if σ = τ,

1 if σ ∼ τ and they have same orientation,

−1 if σ ∼ τ and they have opposite orientation,

0 otherwise.

Let v be a column of ∂i+1 corresponding to (i+ 1)-face formed by σ1, . . . , σi.

vτ =

(−1)t+1 if τ = σt, t = 1, . . . , i,

0 otherwise,

where σ, τ are i-faces.

(Lupv)τ = Lupτσ1vσ1 + . . .+ Lupτσivσi . (4.1)

For the i-face σ1 we have

(Lupv)σ1 = Lupσ1σ1vσ1 + . . .+ Lupσ1σkvσk = (n− k − 1) + (−1)(−1) + . . .+ (1)(1)︸ ︷︷ ︸
(k − 1) terms

= n.

For every other i-face τ , the sum in the expression (4.1) is zero. Hence,

(Lupv)τ =

n(−1)t+1 if τ = σt, t = 1, . . . , i,

0 otherwise,

= nvτ .

Propositions 4.2.1 and 4.2.2 directly give us the following result.

Theorem 4.2.3. For all 0 ≤ i ≤ k spec(Lupi (Kk
n)) consists of 0 and n of multiplicities
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(
n−1
i

)
and

(
n−1
i+1

)
respectively.

Example 13. For the complete simplex K3
4 in Example 11, the spectrum is {03, 43}.

4.3 Cheeger Inequality

While simplicial complexes have been studied extensively in topology, there has also been

work that extend several existing results for graphs to hypergraphs. Horak and Jost

(2013) provide a general de�nition for the Laplacian using weighted inner products on

Ci. The de�nition for Laplacian in De�nition 12 and normalized Laplacian arise out of

speci�c weight functions, namely the constant function 1 and deg σ respectively. They

also prove a bound on the largest eigenvalue of the Laplacian (Theorem 3.2 in (Horak and

Jost, 2013)).

λmax(Lupi ) ≤ (i+ 2) max
σ∈Xi

deg σ,

λmax(L̂upi ) ≤ (i+ 2),

where L̂ denotes the normalized Laplacian. This is the extension of the result λmax(G) ≤

2dmax for graphs.

Various attempts have been made to extend Cheeger inequality for simplicial complexes.

The Laplacian Lk−1 contains many trivial zeros. Hence the spectral gap λ is de�ned in

terms of the eigenvalues that occur in the subspace Zk−1, as de�ned in Hodge decomposi-

tion theorem. It has been shown that the inequality does not hold for simplicial complexes

in general.

Gundert and Wagner (2012) provide a counterexample on Z2-cohomology using a random

generating model, which has a non-trivial spectral gap but Cheeger constant zero, i.e.

λ > h = 0. Steenbergen et al. (2014) proved that there does not exist a Cheeger inequality

for the cochain complex. They prove a stronger assertion that there are no constants c,

m1, m2 such that λ ≤ cφm1 or φm2

dmax
≤ λ. However, they were able to provide a Cheeger
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inequality on the chain complex for some special cases. Under certain assumptions on the

orientation of a k-complex and the degree of the (k− 1)-skeleton, they were able to show

h2

2k + 1
≤ λ ≤ h.

Parzanchevski et al. (2016) modify the de�nition of h(X) as

h(X) = min
V=]Ai
Ai 6=∅

|V ||F (A0, . . . , Ak)|
|A0| . . . |Ak|

,

where A0, . . . , Ak form a partition on V and F (A0, . . . , Ak) represents the set of k-faces

with exactly one vertex in each Ai, for i = 0, . . . , k. They proved the lower bound of

h(X) for complexes with full (k − 1)-skeleton, i.e. h ≤ λ. This result has been proved

for k-complexes without the assumption of complete skeleton by Gundert and Szedlák

(2014). It has also been shown by Parzanchevski et al. (2016) that the upper bound of h

in terms of λ is not possible.

4.4 Mixing Lemma

In this section we provide a brief description of the existing results on Mixing Lemma.

We also state a conjecture for a generalized Mixing Lemma.

Recall from Chapter 2, that the Mixing Lemma for 2-graphs provides a measure for the

randomness of the graph. We use the eigenvalue of the adjacency rather than that of the

Laplacian. Stated formally, the result is as follows.

Theorem 4.4.1. For a d-regular graph G(V,E) with disjoint subsets S, T ⊂ V we have∣∣∣∣E(S, T )− d|S||T |
n

∣∣∣∣ ≤ µ(G) ·
√
|S||T |,

where µ(G) = max{µ2(A), |µn(A)|}.
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The condition for the sets to be disjoint is not necessary. If S and T are not disjoint, the

edges within the intersection are counted twice.

In a sense, this counting problem is the dual of the colourability problem. In vertex

colourability, we partition the vertices such that no edge lies wholly within any partition.

In this case, we are given a partition and we wish to count the edges across the partition.

The Mixing Lemma is a relaxed version of this problem, where we do not require a

partition but merely two subsets.

In the case of k-graphs, the equivalent counting problem would be to estimate the number

of k-edges that span a k-partition S1, . . . , Sk ⊂ V .

The result has been extended to hypergraphs in several ways. One version using tensors

was given by Friedman and Wigderson (1995). Another version using a di�erent repre-

sentation was given by Butler (2008) (See Section 3.1 in Chapter 3). A result similar to

Mixing Lemma was proved for 3-graphs using the notion of quasi-randomness by Gowers

(2006). This has been improved for simplicial complexes of two dimensions by Gundert

(2013).

Parzanchevski et al. (2016) provide a Mixing Lemma for a complex with complete skeleton.

For a complex of dimension k and average degree d, we have∣∣∣∣F (A0, . . . , Ak)−
d

n
|A0| . . . |Ak|

∣∣∣∣ ≤ ρ · (|A0| . . . |Ak|)
k
k+1 ,

where A0, . . . , Ak are disjoint subsets of V and F (A0, . . . , Ak) denotes the number of

edges with one vertex in each Ai, for i = 0, . . . , k, and ρ is the maximum absolute value

of the non-trivial eigenvalues of dI−Lup. The result has been extended by Parzanchevski

(2017) by removing the assumption of complete skeleton. Essentially, the result states that

assuming the complex is a (dj, εj)-expander in lower dimensions, then it is an expander

in dimension k as well.

Theorem 4.4.2. If a k-dimensional complex X is a (dj, εj)-expander for all j = 0, . . . , k−
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1, and A0, . . . , Ak are disjoint subsets of V , then∣∣∣∣F (A0, . . . , Ak)−
d0 . . . dk−1

nk
|A0| . . . |Ak|

∣∣∣∣ ≤ ckd0 . . . dk−1(ε0 + . . .+ εk−1) max |Ai|,

where ck depends only on k.

The existing results count the number of k-edges spanning k-disjoint subsets. We believe

the question makes sense even if we considered fewer than k sets. Suppose we were to

consider a k-edge spanning m subsets, with m < k. Then, some of the subsets will contain

more than one vertex of the edge. In that case, we simply count those subsets repeatedly.

In other words, we feel that Theorem 4.4.2 holds even when the subsets Ai are not distinct.

For example, consider a complex of dimension 2. Let S and T be disjoint subsets of V .

Let c be the cell density of the complex. Then we expect the following statement to hold.

∣∣∣∣F (S, T )− c
(
S

2

)(
T

1

)∣∣∣∣ ≤ ρ · S4/3T 2/3∣∣∣∣F (S, T )− c
(
S

1

)(
T

2

)∣∣∣∣ ≤ ρ · S2/3T 4/3

|F (S, T )− E(S, T )| ≤ ρ ·max{S, T}

where F (S, T ) is the number of 3-edges across S and T , and E(S, T ) is the expected

number of 3-edges, which is c
((
S
2

)(
T
1

)
+
(
S
1

)(
T
2

))
.

For a general k-graph we expect the following statement to be true.

Conjecture 4.4.1. Let A1, . . . , Am be disjoint subsets of V , withm < k. Let F (A1, . . . , Am)

denote the number of k-edges e such that e ∩ Ai 6= ∅ and e ⊂
⋃
iAi, for i = 1, . . . ,m.

Let c be the cell density of the complex, d the average degree and ρ denote the maximum
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non-trivial eigenvalue of dI − Lup. Then∣∣∣∣∣∣∣∣F (A1, . . . , Am)− c
∑
si>0∑
si=k

(
A1

s1

)
. . .

(
Am
sm

)∣∣∣∣∣∣∣∣ ≤ ρmax |Ai|.



Chapter 5

Tensor Representations

Tensors are an intuitive way to represent uniform hypergraphs. Put simply, tensors are

multi-dimensional arrays that generalize matrices. Tensors have been well-studied and

are widely used in physics and engineering. In computer science, tensors are ideal for

representing data with several features. For example, in image processing, every image can

be represented by a tensor, where each pixel has several attributes such as co-ordinates,

RGB values and so on.

Mathematically, a tensor is a multilinear function between vector spaces. Under a suitable

basis, the function can be denoted by a hypermatrix which is a multi-dimensional array.

Often, the hypermatrix is identi�ed with the tensor and the terms are used interchange-

ably.

A k-uniform hypergraph can be represented using an order k tensor. Unlike the weighted

clique representation, this describes the hypergraph completely without any loss of infor-

mation. Just as in graphs, it is possible to infer many properties of the hypergraph from

the tensor. Several combinatorial results exist using tensors. In this chapter we study the

spectral properties of a hypergraph using a tensor representation.

However, �rst, one needs to de�ne an eigenvalue for a tensor. Lim (2005) and Qi (2005)

63
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independently introduced the concept of eigenvalue for a tensor and proceeded to develop

a spectral theory for tensors. Some properties of spectra of matrices no longer hold. For

example, there may be more than n eigenvalues for a tensor of dimension n. Nonetheless,

it is possible to extend many of the results for tensors.

While tensors may seem a natural approach to understand uniform hypergraphs, one of its

disadvantages is the large size of the array that makes it cumbersome to store and process.

In addition, computing the eigenvalues of a tensor is NP-Hard. Tensor computation is a

vast area in its own right. Some results on tensor decomposition may be found in (Kolda

and Bader, 2009).

In this chapter, we provide some bounds on analytic connectivity α of a hypergraph, which

is the analogue of the second smallest eigenvalue of the Laplacian matrix. We obtain a

bound with respect to the degrees of vertices. We also prove a lower bound with respect

to the diameter of a hypergraph. Finally, we prove Cheeger inequality to non-uniform

hypergraphs, which is the most important result of this chapter.

This chapter is organized as follows. Section 5.1 contains the basic de�nitions we require.

In Section 5.2 we survey the existing literature and provide some necessary preliminary

lemmas. The original results are given in Section 5.3. We prove two bounds on the

second eigenvalue of the Laplacian tensor and prove a version of Cheeger inequality for

non-uniform hypergraphs. We conclude the chapter with a brief discussion in Section 5.4

5.1 Preliminaries

In this section, we introduce some of the basic terminology for tensors and state the exist-

ing results for hypergraphs. The following de�nitions can be found in (Qi, 2005; Cooper

and Dutle, 2012). Some of the exposition given here can be found in (Ghoshdastidar,

2016).
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De�nition 13. A tensor T of order (p, q) is a multilinear map of the form

T : V ∗ × . . .× V ∗︸ ︷︷ ︸
p times

×V × . . .× V︸ ︷︷ ︸
q times

−→ F

where V is a vector space over �eld F and V ∗ is the dual space of V .

If the dimension of the vector space V is n, then under a �xed basis, the tensor can be

represented as a collection of nk elements over F, where k = p + q. Such a collection

arranged as a multidimensional array of the form n× . . .× n (k times) is a hypermatrix.

In this thesis the underlying �eld will be R or C. A hypermatrix is said to be symmetric

if entries corresponding to a �xed set of indices is same, i.e. if ti1i2...ik = tiσ(1)iσ(2)...iσ(k) for

all σ ∈ Sk, where Sk is the set of permutations on a sets of size k. For k = 2, this agrees

with the usual de�nition of a symmetric matrix. (Some authors, e.g. Qi (2005); Ko�dis

and Regalia (2002), refer to this condition as supersymmetry.)

The trace of a tensor denotes the sum of the diagonal entries, i.e. Trace(T ) =
∑n

i=1 ti...i.

De�nition 14. Let T be a hypermatrix over R of order k and dimension n and U ∈ Rr×n.

The mode-m product of T and U is a tensor of order k denoted by T ×m U , whose size

is n along all directions except the m-th one, for which the dimension is r. The entries

of T ×m U are given by

(T ×m U)i1...im−1jim+1...ik =
n∑

im=1

ti1...im−1imim+1...ikujim ,

for i1, . . . , im−1, im+1, . . . , ik ∈ {1, . . . n} and j ∈ {1, . . . , r}.

Suppose we took the mode-m product of the tensor with a row vector along each direction,

the result would be a scalar. Viewing the tensor T as a k-linear functional, for any k

vectors u1, . . . , uk ∈ Rn, we have

(u1, . . . , uk) 7−→ T ×1 u
T
1 ×2 . . .×k uTk .



Chapter 5. Tensor Representations 66

Then, one could consider the following optimization problem.

maximize
u:‖u‖p=1

T ×1 u
T ×2 . . .×k uT . (5.1)

This formulation is similar to the optimization problem for a matrix A ∈ Rn×n, and a

vector u ∈ Rn.

maximize
u:‖u‖2=1

uTAu.

The solution to this problem gives the largest eigenvalue of the matrix A. Additional

constraints on the argument vector u gives the Rayleigh principle that leads to the other

eigen pairs of the matrix. Similarly, the maximum of (5.1) would correspond to eigenvalues

and the arguments would correspond to the eigenvectors of the tensor T . This motivates

the following de�nition.

For a hypermatrix T over R of order k and dimension n, and a vector u ∈ Rn, the product

T uk−1 denotes a vector in Rn, whose j-th component is given as

(T uk−1)j =
n∑

i2,i3...ik=1

tji2,i3...ikui2 . . . uik .

De�nition 15. Let T be a hypermatrix over R of order k and dimension n. We say

λ ∈ C is an eigenvalue and x ∈ Cn is an eigenvector of T if for all j ∈ {1, . . . , k},

(T xk−1)j =
n∑

i2,i3...ik=1

tji2,i3...ikxi2 . . . xik = λxk−1
j ,

where xk−1
j represents the j-th component raised to exponent (k−1). In addition, if λ ∈ R

and x ∈ Rn, then they are called H-eigenvalue and H-eigenvector respectively.

De�nition 16. Let T be a hypermatrix over R of order k and dimension n, we say λ ∈ C
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is an E-eigenvalue and x ∈ Cn is an E-eigenvector of T if they satisfy the following

T xk−1 = λx and

n∑
i=1

x2
i = 1.

In addition, if λ ∈ R and x ∈ Rn, then they are called Z-eigenvalue and Z-eigenvector

respectively.

It can be seen that substituting k = 2 yields the familiar de�nition of eigenvalue in both

cases. Note that in (5.1), taking `k-norm we get the de�nition forH-eigenvalues and taking

`2-norm we get the de�nition for Z-eigenvalue. While multiplying an H-eigenvector by a

constant preserves its property, it is not so in the case of Z-eigenvalue. Also, other concepts

such as determinant, characteristic polynomial have their counterparts for tensors as well.

For instance, the idea of hyperdeterminant for tensors appears to have been proposed by

Cayley (1845) in mid-19th century. Since then it has been rede�ned by Gelfand et al.

(2008). Some of the properties of the eigenvalues are given below from (Qi, 2005).

Theorem 5.1.1. For a hypermatrix A of order m and dimension n over C, the following

properties hold.

1. A number λ ∈ C is an eigenvalue of A if and only if it is a root of the characteristic

polynomial.

2. The number of eigenvalues of A is n(m− 1)n−1 . Their product is equal to det(A).

3. The sum of all the eigenvalues of A is (m− 1)n−1 · tr(A).

4. If A is diagonal, then A has n H-eigenvalues, which are its diagonal elements with

multiplicity (m− 1)n−1 and with corresponding unit vectors as their H-eigenvectors.

In the recent years, many papers have been published on spectra of tensors. One useful

result is the generalization of Perron-Frobenius theorem (Chang et al., 2008; Yang and

Yang, 2010).
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These results hold for all tensors. In this thesis we are interested in applying tensors

within the context of hypergraphs. Just as in 2-graphs, the tensors we use will have many

special properties, such as symmetry, distribution of eigenvalues and so on. We begin by

introducing the adjacency and Laplacian tensors which are de�ned in a natural way.

De�nition 17. For a k-hypergraph H(V,E) with n vertices, the (normalized) adjacency

hypermatrix A(H) of order k and dimension n is de�ned as

ai1i2...ik =
1

(k − 1)!

1 if {i1i2 . . . ik} ∈ E,

0 otherwise.

The normalization factor of 1/(k−1)! is added to ensure that each edge contributes a sum

of one in each slice of the hypermatrix. This helps us generalize many of the properties

of spectra of graphs to hypergraphs in a natural way. The degree of a vertex is de�ned

as the number of edges that contain it, which is identical to the de�nition in a 2-graph.

The spectrum of the adjacency matrix provides many insights into the hypergraph and

has been studied in (Friedman and Wigderson, 1995; Cooper and Dutle, 2012). In this

work, we study the spectrum of the Laplacian hypermatrix, which is the more useful.

De�nition 18. For a k-hypergraph H(V,E) with n vertices, the Laplacian hyperma-

trix, L(H) is de�ned as L(H) = D(H) − A(H), where D(H) is the degree hypermatrix

with diagonal entries di...i = deg (vi) and non-diagonal entries as zero.

This de�nition has been extended to non-uniform hypergraphs by Banerjee et al. (2017)

as follows.

De�nition 19. Let H(V,E) be a non-uniform hypergraph with size of the largest edge

denoted by kmax. Then the adjacency hypermatrix A of H is a hypermatrix of order

kmax and dimension n de�ned such that for each edge {vp1 , . . . , vpk} ∈ E of cardinality

k ≤ kmax

ai1...ikmax
=
k

Ω
,
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where

Ω =
∑
mj≥1∑
mj=k

kmax!

m1! . . .mk!
,

and i1, . . . , ikmax are chosen in all possible ways from {p1, . . . , pk} with each element chosen

at least once. All other entries of the hypermatrix are zero.

The Laplacian of a non-uniform hypergraph can be de�ned as usual as L(H) = D(H)−

A(H). Once Laplacian has been de�ned, it is possible to de�ned a normalized Laplacian.

As in the case of 2-graphs, there are two di�erent ways to induce normalization (Refer

Chapter 2). We use the de�nition that gives a symmetric hypermatrix (See De�nition

3.12 in (Banerjee et al., 2017)).

De�nition 20. Let H(V,E) be a non-uniform hypergraph with size of the largest edge

denoted by kmax. Then the normalized Laplacian hypermatrix L̂ of H is a hypermatrix

of order kmax and dimension n de�ned such that for each edge {vp1 , . . . , vpk} ∈ E of

cardinality k ≤ kmax

li1...ikmax
= − k

Ω

kmax∏
j=1

1
kmax
√
d(vij)

,

where

Ω =
∑
mj≥1∑
mj=k

kmax!

m1! . . .mk!
,

and i1, . . . , ikmax are chosen in all possible ways from {p1, . . . , pk} with each element chosen

at least once. The diagonal entries are 1 and all other entries of the hypermatrix are zero.

This de�nition provides with us many results for the spectra of the normalized Laplacian

analogous to graphs. For ease of readability, let m = kmax denote the size of the largest

edge.

Let e = {vp1 , . . . , vpk} ∈ E(H) be an edge. By xm(e) we denote the expression

xm(e) =
∑

xi1 . . . xim ,
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where i1, . . . , im are chosen in all possible ways from {p1, . . . , pk} with each element chosen

at least once. Let L(e)xm denote a homogeneous polynomial of degree m in k variables

such that

L(e)xm =
k∑
j=1

xmij −
k

Ω
xm(e).

Lxm =
∑
e∈E

L(e)xm denotes the summation over all edges.

5.2 Previous results

In this section we review the existing results for tensors. One of the important results in

spectral theory is the Perron-Frobenius Theorem. It is applicable to the adjacency matrix

of 2-graphs. A similar result has been extended for tensors relatively recently (Friedland

et al., 2013).

As mentioned in Theorem 5.1.1, the adjacency and Laplacian tensors may have several

eigenvalues. The eigenvalues of interest are those that re�ect the inherent properties of

the hypergraphs. These are the non-negative H-eigenvectors which are referred as H+-

eigenvalues. The properties of H+-eigenvalues are studied in (Qi, 2014). It can be shown

that for k ≥ 3, the Laplacian has at least (n+ 1) H+-eigenvalues. The behaviour of these

eigenvalues is similar to those of 2-graphs. The bounds of largest eigenvalues of Laplacian

hold for k-graphs. We list some of the results for H+-eigenvalues (Qi, 2014).

Theorem 5.2.1. (Qi, 2014) For a k-graph with k ≥ 3, the following results hold for the

Laplacian L.

1. For all H-eigenvalues λ, 0 ≤ λ ≤ 2dmax.

2. For j = 1, . . . , n, dj is a H
+-eigenvalue of L with H-eigenvector ej.
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3. The largest Laplacian H+-eigenvalue is dmax. We have

dmax = max

{
Lxk : x ∈ Rn

+,

n∑
i=1

xki = 1

}
.

Recall that for a graph, the second eigenvalue of the Laplacian λ2 is given by the Rayleigh

quotient as

λ2(G) = min
x⊥1

xTLx

xTx
.

The parameter that best represents the second smallest eigenvalue of a 2-graph is that

of analytic connectivity. It is inspired by algebraic connectivity of 2-graphs, which was

introduced by Fiedler (1975) as the second eigenvalue of the Laplacian. (Also refer Lemma

3.2.9 of Chapter 3).

Lemma 5.2.2. (Fiedler, 1975) For a graph G with n vertices,

λ2(G) = 2nmin

{ ∑
(vi,vj)∈E(xi − xj)2∑n
i=1

∑n
j=1(xi − xj)2

: x 6= c.1n, for all c ∈ R

}
.

Qi (2014) introduced the concept of analytic connectivity for a uniform hypergraph, usu-

ally denoted by α(H).

De�nition 21. The analytic connectivity of a k-uniform hypergraph H is de�ned as

α(H) = min
j=1,...,n

min

{
Lxk : x ∈ Rn

+,

n∑
i=1

xki = 1, xj = 0

}
.

As in 2-graphs, α(H) captures the connectivity of hypergraphs.

Theorem 5.2.3. (Qi, 2014) A k-graph H is connected if and only if the analytic connec-

tivity α(H) > 0.

In addition, we also have the following results for α(H).
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Theorem 5.2.4. (Qi, 2014) For a k-graph H, we have 0 ≤ α(H) ≤ dmin.

Lemma 5.2.5. For a complete k-graph on n vertices, α(Kk
n) =

(
n−2
k−2

)
.

Of signi�cance is the Cheeger inequality for uniform hypergraphs, where the isoperimetric

number of the hypergraph is bounded by α(H). As in other representations, these concepts

were de�ned for uniform hypergraphs, but can be applied to non-uniform hypergraphs

without any modi�cation. The de�nition for α(H) also extends to a general hypergraphs

in a natural way (Banerjee et al., 2017). We use the de�nition to extend the results for

uniform hypergraphs by Li et al. (2017) to non-uniform hypergraphs. It must be noted

that unlike the case of matrices of 2-graphs, calculating α(H) is non-trivial. However, it

is possible to obtain reliable estimates e�ciently (Cui et al., 2016).

Some of the results for uniform hypergraphs have been extended to non-uniform hyper-

graphs.

Theorem 5.2.6. (Banerjee et al., 2017) Let µ be an H-eigenvalue of A . Then |µ| ≤ dmax.

Proof. Let A be of order m and dimension n. Let µ be a H-eigenvalue with eigenvector

x = (x1, x2, . . . , xn). Let xp = max{|x1|, . . . , |xn|}. Without loss of any generality we can

assume that xp = 1.

|µ| = |µxm−1
p | =

∣∣∣∣∣
n∑

i2...im=1

api2...imxi2 . . . xim

∣∣∣∣∣
≤

n∑
i2...im=1

|api2...im||xp|m−1 = d(vp)

≤ dmax.

In particular, for a d-regular graph this implies the following property.

Theorem 5.2.7. (Banerjee et al., 2017) Let H = (V,E) be a d-regular hypergraph with
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n vertices. Then, A has an H-eigenvalue d.

Proof. For all i = 1, . . . , n, we have (A · 1)i =
n∑

i2...im=1

aii2...im = d.

As in 2-graphs and uniform graphs, the eigenvalues of Laplacian are bounded by twice

the maximum degree and the analytic connectivity re�ects the connectivity.

Theorem 5.2.8. (Banerjee et al., 2017) Let L be the Laplacian hypermatrix of a general

hypergraph H. Then, 0 ≤ λ ≤ 2dmax, where λ is an H-eigenvalue of L.

Theorem 5.2.9. (Banerjee et al., 2017) A general hypergraph H is connected if and only

if α(H) > 0.

The results mentioned here hold for the combinatorial Laplacian. The normalized Lapla-

cian has also been studied in literature. The spectrum of the normalized Laplacian lies

in the interval [0, 2]. Since the objective of the normalized Laplacian is to mitigate the

e�ects of vertices with extremely large or small degrees, the spectral bounds are indepen-

dent of the degrees in the hypergraph. This property is useful in many applications such

as partitioning. We state one result on the spectrum of normalized Laplacian below.

Theorem 5.2.10. (Banerjee et al., 2017) Let H be a general hypergraph with edge of

largest size kmax. Let L̂ be the normalized Laplacian hypermatrix of H. Suppose m(λ)

represents the algebraic multiplicity of λ ∈ spec(L̂). Then,
∑

λm(λ)λ = n(kmax − 1)n−1.

We now state the results for uniform hypergraphs which we wish to extend to general

hypergraphs.

Theorem 5.2.11. (Li et al., 2017) Let H be k-graph with more than one edge. Then

α(H) ≤ min

{
d(vi1) + d(vi2) + . . .+ d(vik)− k

k
: {vi1 , vi2 , . . . , vik} ∈ E

}
.

We have the following result that gives a lower bound on the diameter of a graph in terms
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of the second eigenvalue of Laplacian. We rewrite it to give a lower bound on the second

eigenvalue instead.

Theorem 5.2.12. (Mohar, 1991) For a 2-graph G with n vertices,

λ2(G) ≥ 4

n · diam(G)
.

Proof. For each pair (u, v) choose the shortest path Puv. Let x be the eigenvector of λ2.

We can show from Lemma 5.2.2 that

2n
∑
uv∈E

(xu − xv)2 = λ2

∑
u∈V

∑
v∈V

(xu − xv)2,

since x⊥1n implies
∑
v∈V

xv = 0 and
∑
uv∈E

(xu − xv)2 = λ2

∑
v∈V

x2
v.

(xu − xv)2 = [(xu − xv1) + (xv1 − xv2) + . . . (xvk−1
− xv)]2

≤ dist(u, v)
∑
e∈Puv

δ2(e),

where δ2(e) denotes (xa − xb)2 for edge e = (a, b). De�ne indicator function χuv as

χuv =

1 if e ∈ Puv,

0 otherwise.

∑
u∈V

∑
v∈V

(xu − xv)2 ≤
∑
u∈V

∑
v∈V

dist(u, v)
∑
e∈E

δ2(e)χuv(e)

=
∑
e∈E

δ2(e)
∑
u∈V

∑
v∈V

dist(u, v)χuv(e).

We have ∑
u∈V

∑
v∈V

χuv(e) ≤
2n2

4
=
n2

2
,
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and since dist(u, v) ≤ diam(G), this implies,

2n
∑
uv∈E

(xu − xv)2 = 2n
∑
e∈E

δ2(e) ≤ λ2 diam(G) · n
2

2

∑
e∈E

δ2(e),

which gives the result

λ2 ≥
4

n · diam(G)
.

The above result has been extended to uniform hypergraphs by Li et al. (2017).

Theorem 5.2.13. (Li et al., 2017) Let H be a k-graph. Then

α(H) ≥ 4

n2(k − 1)diam(H)
.

The de�nition of isoperimteric number φ is identical to the de�nition in 2-graphs.

φ(H) = min

{
E(S, V \S)

|S|
: 0 < |S| ≤ |V |

2

}
.

Cheeger inequality for uniform hypergraphs is given as follows (Li et al., 2017).

Theorem 5.2.14. (Li et al., 2017) For a k-graph H with k ≥ 3,

(dmax −
√
d2

max − φ2) ≤ α(H) ≤ k

2
φ.

5.3 Results for general hypergraphs

In this section we prove the corresponding results for non-uniform hypergraphs. The

inequalities are similar to that of uniform hypergraphs, except for an additional factor of(
kmin

kmax

)
.
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First, we prove an upper bound of the analytic connectivity that is analogous to Theo-

rem 5.2.11. The statement remains unchanged, except the size of the edge is no longer

constant.

Theorem 5.3.1. Let H be a non-uniform hypergraph with more than one edge. Then

α(H) ≤ min

{
d(vi1) + d(vi2) + . . .+ d(vik)− k

k
: {vi1 , vi2 , . . . , vik} ∈ E

}
.

Proof. Let us denote the size of the largest edge kmax by m for ease of notation. Let

e0 = {vi1 , vi2 , . . . , vik} ∈ E. De�ne a vector x ∈ Rn
+ such that

xi =

k
−m if vi ∈ e0,

0 otherwise.

Then
m∑
i=1

xmi = k(
1

k1/m
)m = 1. L(e0)xm =

m∑
i=1

xmi −
k

Ω
xm(e0) = 0.

α(H) ≤ Lxm

=
∑
e∈E

L(e)xm

=
∑

e∈E\{e0}

L(e)xm + L(e0)xm

= (d(vi1)− 1)(1/k) + (d(vi2)− 1)(1/k) + . . .+ (d(vik)− 1)(1/k)

=
d(vi1) + d(vi2) + . . .+ d(vik)− k

k
.

We state a lemma involving the arithmetic and geometric mean of a sequence, which is

required to prove Theorems 5.3.3 and 5.3.4 .

Lemma 5.3.2. (Li et al., 2017) Let a = (a1, . . . , an) ∈ Rn
+. Let A = (a1 + . . . + an)/n
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and G = (a1 . . . an)1/n. Then

A−G ≥ 1

n(n− 1)

∑
1≤i<j≤n

(
√
ai −

√
aj)

2. (5.2)

A−G ≥ 1

n

bn/2c∑
j=1

(
√
bj −

√
bn+1−j)

2. (5.3)

where bj = aσ(j), for j = 1, . . . , n and σ is a permutation of the set {1, . . . , n}.

We now give a lower bound on analytic connectivity in terms of the diameter of the

hypergraph. This generalizes the results of Theorems 5.2.12 and 5.2.13. The statement

replaces the size of edge k with the size of largest edge kmaxand has an additional factor

of kmin

kmax
.

Theorem 5.3.3. Let H be a general hypergraph. Then

α(H) ≥ 4kmin

n2kmax(kmax − 1)diam(H)
.

Proof. Let us denote the size of the largest edge kmax by m for ease of notation. Let

x = (x1, x2, . . . , xn) be the vector achieving α(H). Assume xn = 0. De�ne a 2-graph

H∗ with vertex set V (H) and u ∼ v in H∗ if and only if {u, v} ⊂ e ∈ E. In other

words H∗ is the clique expansion of H. We know that diam(H) = diam(H∗). For edge

e = {vi1 , . . . , vik} ∈ E , consider `1 copies of xm1 , `2 copies of xm2 and `k copies of xmk ,

where `j ≥ 1 and
∑
`j = m. From Lemma 5.3.2 we have,

`1x
m
1 + `2x

m
2 + . . . `kx

m
k

m
− x`11 x`22 . . . x

`k
k

≥ 1

m(m− 1)
[(x

m/2
1 − xm/22 )2 + (x

m/2
1 − xm/23 )2 + . . .+ (x

m/2
k−1 − x

m/2
k )2]

=
1

m(m− 1)

∑
1≤i<j≤k

(x
m/2
i − xm/2j )2.
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Summing over di�erent values of `1, `2, . . . , `k we get

Ω

k

(
k∑
i=1

xmi

)
− xm(e) ≥ Ω

m(m− 1)

∑
1≤i<j≤k

(x
m/2
i − xm/2j )2

1

k

(
k∑
i=1

xmi −
k

Ω
xm(e)

)
≥ 1

m(m− 1)

∑
1≤i<j≤k

(x
m/2
i − xm/2j )2

L(e)xm ≥ k

m

1

(m− 1)

∑
1≤i<j≤k

(x
m/2
i − xm/2j )2

≥ kmin

m

1

(m− 1)

∑
1≤i<j≤k

(x
m/2
i − xm/2j )2.

Thus for every edge e ∈ E(H), the expression L(e)xm is lower bounded. For ease of

notation, let y = x(m/2). It is possible to write the expression in terms of the edges

e ∈ E(H∗).

α =
∑

e∈E(H)

L(e)xm

≥ kmin

m

1

(m− 1)

∑
(vivj)∈E(H∗)

(x
m/2
i − xm/2j )2

=
kmin

m

1

(m− 1)

∑
(vivj)∈E(H∗)

(yi − yj)2

=
kmin

m

1

(m− 1)

n∑
i=1

n∑
j=1

(yi − yj)2

∑
(vivj)∈E(H∗)(yi − yj)2∑n
i=1

∑n
j=1(yi − yj)2

≥ λ2(H∗)

2n(m− 1)

kmin

m

n∑
i=1

n∑
j=1

(yi − yj)2 from Lemma 5.2.2.
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The expression
∑n

i=1

∑n
j=1(yi − yj)2 can be bounded by a constant as follows.

n∑
i=1

n∑
j=1

(yi − yj)2 =
n∑
i=1

n∑
j=1

y2
i +

n∑
i=1

n∑
j=1

y2
j − 2

n∑
i=1

n∑
j=1

yiyj

= 2n

(
n∑
i=1

y2
i

)
− 2

(
n−1∑
i=1

yi

)2

(since yn = 0)

≥ 2n− 2(n− 1)

(
n∑
i=1

y2
i

)
(from Cauchy-Schwarz)

= 2.

We have

α ≥ λ2(H∗)

2n(m− 1)

kmin

m
· 2.

From Theorem 5.2.12, λ2(H∗) ≥ 4
diam(H∗)·n . Therefore,

α ≥
(
kmin

kmax

)
4

n2(kmax − 1) · diam(H∗)
.

We prove the Cheeger inequality for general hypergraphs in this representation.

Theorem 5.3.4. For a non-uniform hypergraph H,

(
kmin

kmax

)
(dmax −

√
d2

max − φ2) ≤ α(H) ≤ kmax

2
φ.

Proof. Let m the size of the largest edge. First let us show the upper bound on α.

Suppose S ⊂ V gives the isoperimetric number φ. Let y = (y1, . . . , yn) ∈ Rn
+ be the vector

de�ned as follows.

yi =


1

|S|1/m if vi ∈ S,

0 otherwise.
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Let tS(e) = |{v : v ∈ e ∩ S}| be the number of vertices of e in S and t(S) =
∑
e∈∂S tS(e)

|∂S| .

t(S) + t(S) =

∑
e∈∂S(tS(e) + tS(e))

|∂S|
≤ m. (5.4)

Summing over all edges in the hypergraph,

α ≤ Lym =
∑
e∈S

L(e)ym +
∑
e∈S

L(e)ym +
∑
e∈∂S

L(e)ym. (5.5)

If e = {v1, . . . , vk} ⊂ S, L(e)ym =
∑
ymi − k

Ω
ym(e) = 0. If e = {v1, . . . , vk} ⊂ S,

L(e)ym =
m∑
i=1

ymi −
k

Ω
ym(e)

=
k

|S|
− k

Ω

∑ 1

|S|
· 1

= 0.

Therefore only edges in the boundary contribute to the sum of (5.5).

α ≤
∑
e∈∂S

∑
vi∈e∩S

ymi

=
∑
e∈∂S

tS(e)

|S|
=

1

|S|
t(S)|∂S|

= t(S) · φ.

Similarly we can get α ≤ t(S) · φ. Adding them we get 2α ≤ (t(S) + t(S))φ. Combining

with (5.4), we get α ≤ (kmaxφ)/2.

To prove the lower bound, suppose x = (x1, . . . , xn) achieves α. For each edge e =

{vi1 , vi2 , . . . , vik} assume xi1 ≤ xi2 ≤ . . . ≤ xik by rearranging the vertices. We de�ne a

2-graph H̃ whose vertex set is same as H and edges are such that

E(H̃) = ∪e∈E(H){vijvik+1−j : j = 1, . . . , bk/2c}.
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Then

α =
∑

e={vi1 ,...,vik}

 k∑
j=1

xmij −
k

Ω

∑
`i≥1∑
`i=m

x`1i1 . . . x
`k
ik

 . (5.6)

Consider `1 copies of x
m
1 , `2 copies of x

m
2 and `k copies of x

m
k , where `j ≥ 1 and

∑
`j = m.

Applying Lemma 5.3.2 on A.M.-G.M. permutations we get

`1x
m
1 + `2x

m
2 + . . . `kx

m
k

m
− x`11 x`22 . . . x

`k
k ≥

1

m

bm/2c∑
i=1

(
√
bi −

√
bm+1−i)

2 (5.7)

where b1, . . . , bm is any permutation of the variables xi. In particular consider the as-

signment b1 = xmi1 , b2 = xmi2 , . . . , bbk/2c = xmik/2 , bm+1−bk/2c = xmik+1−bk/2c
, . . . , bm = xmik , and

bbk/2c+1, . . . , bm−bk/2c are assigned to any of the remaining (m− k) variables. Then

bm/2c∑
i=1

(
√
bi −

√
bm+1−i)

2 ≥
bk/2c∑
i=1

(
√
bi −

√
bm+1−i)

2 ( since k ≤ m)

=

bk/2c∑
j=1

(
√
xmij −

√
xmik+1−j

)2

Using the above inequality with (5.7), and summing over all possible values of l1, . . . , lk

as in proof of Theorem 5.3.3 we get

α ≥
∑

e={vi1 ,...,vik}∈E(H)

 k

m

bk/2c∑
j=1

(
√
xmij −

√
xmik+1−j

)2


≥ kmin

kmax

∑
e={vi1 ,...,vik}∈E(H)

bk/2c∑
j=1

(
√
xmij −

√
xmik+1−j

)2


=
kmin

kmax

∑
{vi,vj}∈E(H̃)

(
√
xmi −

√
xmj )2.

Proceeding as in proof of k-graphs in (Li et al., 2017), let

M =
∑

{vi,vj}∈E′
(yi − yj)2, where E ′ = E(H̃)
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and yi =
√
xmi . From Cauchy-Schwarz inequality we have

M ≥
(
∑
{vi,vj}∈E′ |y

2
i − y2

j |)2∑
{vi,vj}∈E′(yi + yj)2

. (5.8)

Let w0(= 0) < w1 < . . . < wh be the distinct values of yi, for i = 1, . . . , n. For j = 0, . . . , h,

let Vj = {vi ∈ V : yi ≥ wj}. The summation can be split across the distinct values in the

vector.

∑
{vi,vj}∈E′

|y2
i − y2

j | =
h∑
r=1

∑
{vi,vj}∈E′
vi∈Vr
vj /∈Vr

(y2
i − y2

j ) =
h∑
r=1

∑
{vi,vj}∈E′
yi=wr
yj=ws
s<r

(w2
r − w2

s)

=
h∑
r=1

∑
{vi,vj}∈E′
yi=wr
yj=ws
s<r

(w2
r − w2

r−1) + (w2
r−1 − w2

r−2) + . . .+ (w2
s+1 − w2

s)

=
h∑
r=1

∑
{vi,vj}∈E′
vi∈Vr

∑
vj /∈Vr

(w2
r − w2

r−1)

For each edge e ∈ ∂(Vj), let δj(e) = min{|Vj ∩ e|, |Vj ∩ e|}. Let δ(Vj) = min{δj(e) : e ∈

∂(Vj)} and δ(H) = minj=0,...,h δ(Vj). Then, the expression
∑
{vi,vj}∈E′ |y

2
i − y2

j | can be

bounded as follows.
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∑
{vi,vj}∈E′

|y2
i − y2

j | ≥
h∑
r=1

δ(Vr)|∂Vr|(w2
r − w2

r−1)

≥
h∑
r=1

δ(H)φ(H)|Vr|(w2
r − w2

r−1)

= δ(H)φ(H)(|Vh|(w2
h − w2

h−1) + . . .+ |V1|(w2
1 − w2

0))

= δ(H)φ(H)((|Vh| − |Vh−1|)w2
h + . . .+ (|V1| − |V2|)w2

1)

= δ(H)φ(H)
n∑
i=1

y2
i

The denominator of (5.8) can be bounded in terms of the maximum degree.

∑
{vi,vj}∈E′

(yi + yj)
2 = 2

∑
vi,vj∈E′

(y2
i + y2

j )−
∑

vi,vj∈E′
(yi − yj)2

≤ 2
n∑
i=1

d(vi)y
2
i −

∑
vi,vj∈E′

(yi − yj)2

≤ 2dmax(H̃)
n∑
i=1

y2
i −

∑
vi,vj∈E′

(yi − yj)2

= 2dmax(H̃)−M

≤ 2dmax(H)−M.

M ≥ δ(H)2φ2

2dmax −M
≥ φ2

2dmax −M
,

solving which we get M ≥ dmax −
√
d2

max − φ2. Substituting in (5.8) we get

α ≥
(
kmin

kmax

)
(dmax −

√
d2

max − φ2).
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We can relax the lower bound to obtain a neater expression below that is often used in

practice. (
kmin

kmax

)
φ2

2dmax

≤ α ≤ kmax

2
φ.

5.4 Discussion

We conclude this chapter with a brief discussion on the results. Tensor representation for

hypergraphs has been well-studied compared to others. This is partly due to the natural

way in which tensors lend themselves for application in hypergraphs. Hence many results

have been proved, at least with respect to uniform hypergraphs. The emphasis of this

thesis has been in generalizing the results to non-uniform hypergraphs.

The biggest challenge one faces while studying general hypergraphs compared to uniform

hypergraphs is the density of the connectivity tensors. For most practical applications,

the tensors tend to be sparse. However, in the case of general hypergraphs, a single edge

adds several entries to the tensors.

Another challenge is the computational overhead. The spectrum of the tensor cannot

be computed in polynomial time. Performing these computations on tensors might be

infeasible, particularly in cases where the number of vertices and the order of the tensors

is large. Fortunately, tensors are ideal candidates for parallel processing. Recent advances

in parallel computation have made tensors a suitable representation for hypergraphs.



Chapter 6

Conclusions

We conclude this thesis with some �nal remarks on the topic. In this chapter, we review

the results discussed in this thesis in Section 6.1. In Section 6.2, we explore some of the

future directions of research that emerge from this thesis.

6.1 Review of results

In this thesis, we have studied di�erent representations for non-uniform hypergraphs.

Broadly, these representations can be classi�ed as matrix-based and tensor representa-

tions. Within matrix representations, we have observed several di�erent approaches.

This thesis has focussed on the weighted clique expansion and the representation using

simplicial complexes. We have been able to state and prove many familiar results from

2-graphs to non-uniform hypergraphs.

In Chapter 3, we extended the weighted clique expansion to general hypergraphs and de-

scribed the spectrum of a complete graph, a complete k-partite graph and a star graph. We

obtained upper bounds on the largest eigenvalue of the Laplacian with respect to degrees

and average degree of neighbours of a hypergraph. We obtained bounds on connectivity

parameters such as edge-density and max-cut in terms of second smallest eigenvalue and
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the largest eigenvalue. We also proved a Cheeger inequality for uniform and non-uniform

hypergraphs.

In Chapter 4, we studied simplicial complexes. We gave an alternate proof to obtain the

spectrum of a complete simplex. We studied the existing results on Cheeger inequality in

this representation. Also, we provided a conjecture on a generalized Mixing Lemma for

simplicial complexes.

In Chapter 5, we discussed the tensor representation of hypergraphs. We studied the

existing de�nition for eigenvalues. We obtained results for analytic connectivity of general

hypergraphs. We proved an upper bound with respect to degrees and a lower bound in

terms of the diameter of a hypergraph. Finally, we proved Cheeger inequality for non-

uniform hypergraphs.

Recall that the Cheeger constant for graphs and hypergraphs is de�ned as φ = min |E(S,V \S)|
|S|

and the modi�ed Cheeger constant h(X) = min |V ||F (A0,...,Ak)|
|A0|...|Ak|

. The spectral gap is denoted

by λ, which is the second smallest eigenvalue of the Laplacian. The analytic connectivity

for tensors α is de�ned as

α(H) = min
j=1,...,n

min

{
Lxk : x ∈ Rn

+,
n∑
i=1

xki = 1, xj = 0

}
.

The result across di�erent representations are tabulated below.

Representation Cheeger Inequality

2-graph
φ2

2dmax
≤ λ ≤ 2φ

Weighted Clique
(kmin−1)2φ2

2(kmax−1)dmax
≤ λ ≤ k2maxφ

2

Simplicial h2

2k+1 ≤ λ ≤ h

Tensor

(
kmin

kmax

)
φ2

2dmax
≤ α ≤ kmax

2 φ
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6.2 Future Directions

Improving the bounds

The most striking feature of the bounds is the slackness. As mentioned earlier, this

slackness cannot be eliminated entirely. A factor of (kmin/kmax) is present in most bounds

and removing it necessarily collapses the general hypergraph to a uniform hypergraph.

However, the bounds may be improved by replacing with similar expressions. For example,

perhaps we may be able to substitute (kavg/kmax) instead of (kmin/kmax). The results given

here provide �rm theoretical guarantees. However, the bounds may be improved further.

Proving the conjecture

An open problem contained in this thesis is the conjecture on Mixing Lemma for simplicial

complexes (in Section 4.4). The reason this generalization may be an improvement is that

the existing result counts the number of edges satisfying a speci�c condition, namely that

the edge spans k sets. First, this does not directly translate for a general hypergraph.

Second, the number of edges between any subsets might be a better measure indicative

of randomness in a hypergraph. We believe the statement can be proved in the future.

Hypergraph partitioning

The key motivation for studying spectral bounds for hypergraphs is to develop clustering

algorithms. Several spectral algorithms exist for hypergraph partitioning. Many algo-

rithms currently used require some assumptions. For example, the number of clusters

needs to be known a priori. It would be interesting to see how the results given here

will help in clustering general hypergraphs. Also, an important question which has been

ignored in this thesis is determining the appropriate representation for each application.

We have avoided any discussion on the computational aspects. These questions must be

explored further.



Chapter 6. Conclusions 88

Weighted and directed hypergraphs

This work has examined unweighted and undirected hypergraphs. A natural direction to

proceed is to extend these results to weighted and directed hypergraphs. Note that we

already have the notion of orientation in simplicial complexes. But the feature of direction

of a hyperedge appears to be di�erent altogether. Some work has already been done for

directed hypergraphs. It would be interesting to see how Laplacians behave in this case.

Real-world examples

In this thesis we have tried to cover the broadest variety of hypergraphs without any

assumption on the number of vertices or the size of the edges. We have implicitly as-

sumed that n, kmin and kmax are independent of each other. However, in most practical

applications, the largest and the smallest edge may not di�er by much. It is quite possible

that the size of the edge is dependent on the number of vertices. The application of the

results in such contexts can be investigated further.

We have studied hypergraphs at their most fundamental level in this thesis. Many of

the results given here follow naturally from intuition, but have been rigorously proved

nonetheless. We hope this work, the results herein as well as the new research problems

that arise, prove to be a useful addition to the literature on hypergraphs.
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