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Abstract

Reinforcement Learning (RL) serves as a foundational framework for addressing sequential
decision-making problems under uncertainty. In recent years, extensive research in this domain
has led to significant advancements across various fields, including healthcare, recommenda-
tion systems, networks, robotics, finance, and navigation. To develop learning algorithms for
these problems, RL is built upon the mathematical frameworks of Multi-Armed Bandits (MAB)
and Markov Decision Processes (MDP). As opposed to supervised and unsupervised learning,
sequential decision-making problems involve optimizing an objective over a time horizon and
often involve either explicit or implicit planning to make optimal decisions at each step over a
time period. Thus, Reinforcement Learning is a core component for building Artificial Intelli-
gence (AI) agents that seamlessly take in information from the outside world, take decisions,
and perform actions to accomplish a given task.

A major portion of the literature on reinforcement learning focuses on finding optimal algo-
rithms to maximize the expected returns achieved by an agent that can continuously interact
with an environment to gain relevant information. However, such a scenario is a very spe-
cial case, and real-world problems deal with more complex objectives, as well as additional
conditions and constraints imposed on the agent. The agent could be forced to operate in
environments with limited data or changing dynamics. Or it could be expected to follow a
policy that is risk-averse or able to plan over complex tasks. In this thesis, we study sequential
decision-making problems with (i) risk, (ii) lack of online access, and (iii) under the influence
of an exogenous temporal process and provide some theoretical and practical solutions. While
the problem of risk is studied in the framework of bandits, the rest of the problems are studied
in the framework of MDPs.

First, we consider the problem of minimizing risk in a combinatorial semi-bandit, in which an
agent has to choose at each time step a subset of possible actions that satisfy given constraints.
We consider the optimization objective to be the CVaR (Conditional Value-At-Risk), a risk
measure that considers the worst-case returns obtained by the agent, parameterized by some

risk level a. We propose algorithms to tackle this problem for the cases of (i) Gaussian rewards
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and (ii) bounded rewards. We theoretically analyze these algorithms along with some practical
considerations and experimentally corroborate our findings with numerical experiments in a
simulated environment.

Next, we consider the problem of learning optimal RL policies when there is little or no online
access to the environment. First, we consider the problem of learning a hierarchy of policies
solely from an offline dataset of experiences without any access to the environment. Many
sequential tasks require a degree of temporal abstraction and planning to achieve a long-term
goal. To incorporate these elements, a hierarchy of policies is learned that operates at different
time scales. While most works train these policies by exploring the environment, we attempt to
learn such a hierarchy from a given offline dataset collected by an unknown behavior agent. We
propose a model-based algorithm that uses a Conditional Variational Auto-Encoder (CVAE)
along with an ensemble-based uncertainty metric to apply existing online RL algorithms on
offline data. On various continuous control and robotic manipulation tasks, we show that this
method reliably preserves the benefits of a hierarchical agent even without online exploration.

In the offline setting, we also solve the problem of active learning in RL, where the agent
is given an offline dataset and limited access to the environment are available. We tackle the
problem of optimally augmenting the given offline dataset with minimal extra exploration. The
performance of a policy learned from an offline dataset is limited by the quality of the data
in the dataset. In many circumstances, there is an opportunity for an agent to flexibly collect
additional trajectories in the environment, although the number of samples collected needs to
be limited due to issues related to cost, etc. To this end, we propose an active reinforcement
learning framework that uses a representation-based uncertainty model to optimally augment
the existing dataset to minimize overlap and maximize the information gain due to new samples.
We demonstrate our proposed method on various continuous control environments such as Gym-
MuJoCo locomotion environments as well as Maze2d, AntMaze, CARLA and IsaacSimGol.

Finally, we consider the problem of dealing with a changing environment due to the effect
of exogenous events. We introduce a notion of non-stationarity wherein the dynamics of a
Markov Decision Process are affected by the influence of an exogenous temporal event process.
We show that under suitable conditions on the decay of this external process, the sequential
decision problem can be solved by a tractable policy within e-suboptimality. More specifically,
when the perturbations caused by events older than ¢ time steps on the MDP transition dynam-
ics and the event process itself are bounded in total variation by M; and N; respectively, where
> My, Y, Ny are convergent series, we show that the problem has tractable sliding-window
solutions whose approximation error € depends on M; and N;. We propose a policy iteration

algorithm and analyze its properties as a function of the properties of the external events. Fur-
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ther, we analyze the sample complexity of an extension of the Least-Squares Policy Evaluation

algorithm applied to this setting and demonstrate the results experimentally.
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Chapter 1
Introduction

Reinforcement Learning provides a class of learning algorithms to create Al agents that are
capable of taking decisions to achieve long-term goals. These agents take decisions or actions in
an environment and are trained by being given positive or negative reinforcement or punishment
that acts as feedback on whether the decision was right or not.

This is quite different from other fields of machine learning. In supervised learning, the agent
is given a set of examples, each of which consists of a “question” (generally a feature vector
or data point), and an “answer” (the label or target value), with the goal being predicting the
target given the input. However, reinforcement learning does not need access to the correct
target for each data point. All it needs is a noisy or even partial feedback whether the decision
of the agent is in the right direction or not. This results in a more general class of problems
that come under this umbrella. On the other end of the spectrum, unsupervised learning deals
with recognizing patterns in a given dataset to make informed choices, with no objective metric
to decide the performance of the agent, save its own biases and the practitioner’s model of the
data. In contrast, a reinforcement learning agent still has to ultimately optimize its obtained
rewards, thereby performing the task intended by the practitioner who designed the rewards.
This gives flexibility to design an easily determined reward without requiring the right decision
to be known. These learning paradigms only address a narrow subset of problems associated
with learning intelligent agents. While unsupervised learning helps analyze and simplify large
real-world datasets, helping to learn and replicate patterns present in the data, supervised
learning assists humans in making decisions on individual data points.

However, developing general Al agents necessitates learning algorithms that take decisions
and perform actions interactively in an environment. The agents should learn to take actions
based on the past experiences of interactions with the environment, while also taking into

account the effect of these actions on future rewards. Such problems come under the umbrella
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Figure 1.1: Sequential Decision-Making. The agent iteratively takes actions in the environment,
which provides feedback for each action.

of Sequential Decision-Making.

Many sequential decision-making problems have been studied under the multi-armed bandit
framework, in which an agent has to choose from a fixed set of arms and is rewarded stochas-
tically based on its actions. While they are simpler than other forms of sequential decision-
making, Bandits and their generalizations have been found to be useful for a wide variety of
practical applications, such as healthcare for modeling treatment allocation, studying influence
in social networks, recommendation systems, cognitive radio networks, stochastic versions of
problems such as the shortest path problem, etc. In these problems, the performance of a strat-
egy is quantified as the expected total sum of rewards obtained, or using the "regret", defined
as the expected difference between the rewards obtained by an oracle with perfect information
about the reward distributions of all arms, and the rewards obtained by the agent.

Most often, bandit problems have been studied in the online setting, wherein the agent has
to choose optimal actions throughout an episode, while not being aware of the underlying distri-
bution of rewards. Either implicitly or explicitly, a good strategy has to combine the exploration
of the action space to gather information about the reward distributions, and exploitation of
the apparent optimal arm. Variants of algorithms built on this idea, such as the Upper Con-
fidence Bound algorithm (Auer et al., 2002a) and Thompson sampling (Agrawal and Goyal,

2012), have all but solved the vanilla version of the multi-armed bandit under various distribu-



tional constraints on the reward distributions, such as Gaussian rewards (Auer et al., 2002a),
Bernoulli and bounded rewards (Garivier and Cappé, 2011), and heavy-tailed rewards (Bubeck
et al., 2013). However, more general versions of the bandit problem that aim to incorporate
privacy (Mishra and Thakurta, 2015), causality (Lattimore et al., 2016), federation (Shi and
Shen, 2021), etc., still constitute an active research area.

While we discuss sequential decision-making problems, it is worthwhile to recall that the
standard criteria for judging machine learning models or algorithms are expressed in terms
of an optimization of the probabilistic expectation of a performance metric. This extends to
multi-armed bandits and reinforcement learning in general, where one wishes to train agents
that optimize the expected rewards obtained. Although this formulation is useful and effective
in addressing many practical learning problems, there exist situations in which one wishes to
take into consideration more information about the distribution of the performance metric, in
addition to just its expectation. The aim is to prevent scenarios wherein a model performs well
on average, but breaks down in unexpected ways, which leads to the problem of mitigating risk.
This objective is captured by various risk measures.

A straightforward extension to the expectation is a risk measure that considers a combi-
nation of the expectation and the variance of a distribution, such as the Mean-Variance crite-
rion (Sani et al., 2012) and Sharpe ratio (Sharpe, 1966). Such measures incentivize learning an
agent that takes care of the volatility of the obtained rewards. In our work, we consider the
Conditional Value-at-Risk (CVaR), a risk measure that is defined as the expected worst-case
reward obtained by the agent. What constitutes a worst-case scenario is parameterized by some
quantile a.

In problems such as influence maximization and cognitive radio networks, the agent has to
choose a subset of available arms at each time step out of all the available arms. The reward
obtained by the agent is thus based on this subset of arms, called a super-arm. To tackle
such problems, Gai et al. (2010) formulated the combinatorial bandit problem and proposed
an algorithm for the problem of optimally allocating channels to users in a cognitive radio
network. This work was generalized to the LLR (Learning with Linear Rewards) algorithm
(Gai et al., 2012) for combinatorial bandits in which each super arm is characterized as a linear
combination of individual arms. Further works study this problem for more general reward and

distributional settings.

Problem: How does one incorporate risk-aversion in combinatorial semi-bandits?

And how does this affect the regret and computational complexity of the algorithm?

In this thesis, we consider the problem of optimizing the CVaR regret of an agent for tackling
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a combinatorial semi-bandit. We propose two algorithms to solve this problem for the case
where the arms have Gaussian or bounded rewards, and the super-arm rewards are a sum of the
constituent arm rewards. We provide bounds on the regret of these algorithms and discuss the
performance and computational effects of discretizing our algorithm for the arbitrary bounded
rewards case.

In the problems discussed above, it is assumed that the agent operates in a fixed environment
and only needs to consider the rewards obtained due to taking one of many possible decisions.
However, in many scenarios, the actions of the agent directly affect and change the state of the
environment, which have to be taken into account when taking a decision at any time step. In
other words, the agent has to not only consider the current state of the environment, but also
possible future states resulting from its actions.

A generalization of a multi-armed bandit that captures this problem is a Markov Decision
Process (MDP), wherein the agent is considered to be in an environment with an inherent
“state”. This state evolves in a Markov manner based on the previous state and the action taken
by the agent, and the reward obtained is a function of the current state, current action, and the
resultant next state. As a class of problems, being a more general setting, MDPs cover a wider
range of applications that are more complex, including but not limited to video games (Mnih
et al., 2015), visual vehicular navigation (Huang et al., 2021b), robotic manipulation (Han et
al., 2023) and drone control (Song et al., 2021; Kaufmann et al., 2023), to name a few.

Algorithms for solving MDPs have been proposed for a wide variety of scenarios, depending
on the cardinality and nature of the state and action spaces, the class of policies allowed, etc.
Theoretically, many works consider the case where the state and action sets are finite (Dann
and Brunskill, 2015; Domingues et al., 2021; Li et al., 2024). Much work has also been done to
analyze linear MDPs (Jin et al., 2023) and approximations based on classes of functions with
bounded complexity (Ayoub et al., 2020; Wang et al., 2020), neural networks (Huang et al.,
2021a; Dong et al., 2021), etc.

However, in many cases, policies learned using standard reinforcement learning algorithms
struggle to plan over long-horizon tasks that consist of multiple steps. This is due to various
reasons, such as a sparse reward signal that requires extensive exploration and the need to learn
and compose diverse behaviors to execute the aforementioned complicated tasks.

Various techniques have been studied to tackle this problem of long-term planning over
complex sub-tasks. One such technique is the Options framework (Sutton et al., 1999), in
which the agent learns multiple low-level policies, called options, controlled by a single high-
level policy. The high-level policy chooses one of the options to be executed based on the current

state, and the control is passed to the chosen option. This option then continues to be in control



until it decides to terminate. The control is then passed to the high-level policy, which then
chooses an option again, and so on. The Option-Critic (OC) architecture (Bacon et al., 2017)
is a method to discover and learn options that are parameterized by deep neural networks and
learned using policy gradient updates. Further, many variants of the Option-Critic have been
studied that aim to improve certain aspects of the algorithm (Khetarpal et al., 2020; Zhu et al.,
2021; Smith et al., 2018).

Another important aspect of reinforcement learning algorithms in complex settings such
as robotics is the issue of high sample complexity. This is especially relevant for hierarchical
algorithms that need a lot of exploration to learn multiple levels of policies that interact with
each other. This led to the study of reinforcement learning algorithms that do not need access
to an environment to explore and try different strategies. Instead, they just need access to a
fixed dataset of samples collected from the environment by some possibly unknown behavior
policy. Such methods come under the category of Offline Reinforcement Learning (Levine et al.,
2020; Prudencio et al., 2023), since they only use offline data and have no need for online access
to the environment.

The offline setting poses new challenges, such as distributional shift, lack of samples in many
regions of the environment, sub-optimality of the behavior policy, etc. While many algorithms
that deal with these problems have been studied (Fujimoto et al., 2019; Kumar et al., 2020;
Yu et al., 2020; Kidambi et al., 2020), the study of hierarchical algorithms that can deal with

offline data is limited.

Problem: How does one learn hierarchical policies using a given offline dataset

with the same flexibility possible in the online setting?

To solve this problem, we propose a method to convert a given online hierarchical learning
algorithm such that it can operate on a given offline dataset. While many works exist to learn
hierarchical agents in the offline setting, our proposed approach offers a flexible and general
learning algorithm to leverage existing online hierarchical algorithms for constructing offline
algorithms. Based on the task and environment, different hierarchical RL algorithms may have
different objectives and properties to be satisfied by the agent. Instead of redesigning each
algorithm to work in the offline setting, our method allows one to apply the algorithms directly
on the offline dataset, thereby preserving the characteristics of the resultant agents.

In addition to learning an agent from a given offline dataset, one might wish to augment
the dataset with more trajectories to learn a better policy. This is especially important when
the given dataset results in drastically sub-optimal policies, either due to it being formed using

a sub-optimal policy, or because of lack of sufficient coverage of the environment.
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Extending an offline dataset can be accomplished in a straightforward manner using any
online algorithm for exploration, such as SAC (Haarnoja et al., 2018). However, one wishes to
minimize the amount of exploration in the environment and further explore in such a way as
to complement the offline data already available, due to cost concerns. In fact, such concerns
are why an offline dataset is used in the first case, instead of training an agent online from a
tabula rasa state. This motivates the development of strategies to explore the environment in
such a way that minimizes the number of additional samples collected while maximizing the
performance of the final agent.

In the realm of supervised learning, the issue of determining effective methods for data
collection is referred to as Active Learning (Cohn et al., 1996; Settles, 2011; Bachman et al.,
2017). In this scenario, the agent operates with a limited quantity of labeled data alongside a
vast pool of unlabeled data, which incurs significant costs for annotation. The primary goal is
to select a small subset of unlabeled data for labeling, thereby enhancing the performance of a
model trained on this enriched labeled dataset.

This task becomes increasingly complex in the context of sequential decision-making prob-
lems, as the data is represented by samples and trajectories that remain unknown until the
agent engages with the environment through an exploration policy. Consequently, rather than
merely selecting which data points to label, the agent must decide where, how, and to what

extent to explore the environment.

Problem: How does one optimally augment a given offline dataset such that the
resultant reinforcement learning agent achieves the best performance on the task
under consideration, while minimizing the cost associated with additional online

collection of data in the environment?

We propose a method to solve this problem that uses representation models to estimate
epistemic uncertainty of the agent in different regions of the state space of the MDP, and uses
these estimates to optimally start, explore, and stop online data collection. This reduces the
cost incurred by the agent while still maximizing the final performance during deployment.

In the aforementioned settings, the decision-making problem is a fixed one, with a certain
unchanging objective and a fixed rule by which the states evolve stochastically based on the
actions taken by the agent. However, this is not the case in real life. During deployment of the
agent, based on the context, the environment may undergo a variety of changes, ranging from
continuous small changes to occasional drastic changes.

Consider the example of portfolio management in finance. An agent has access to a state

consisting of various fundamental and technical indicators of a number of financial instruments
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and has to decide whether to hold on to an instrument, sell it, short it, etc. However, the price
movements may be affected by external forces such as government decisions like rate hikes or
sudden market movements caused by events occurring in a different sector of the economy that
are not being considered by the agent. Such external events might exert lasting influence over
different time scales depending on the kind of events that occurred. A rate cut might affect
stock prices for a few months, while a flash crash might cease its effect in a few hours.

As another example, consider a navigation problem in which an agent has control of a robot
and needs to travel from one point to another. While the agent can learn to do this task in ideal
conditions, the optimal actions to be taken by the agent might depend on external conditions

such as rain, sudden traffic changes, or human movement patterns.

Problems:

(i) How can one effectively model the influence of external temporal events on the
dynamics of MDPs?

(ii) What role do historical events play in estimating value functions, and how can

one quantify them?

(iii) How does the agent learn policies when the environment is subject to external

temporal influences?

In this thesis, we address the non-stationarity induced in the MDP due to the influence of
an exogenous (non-Markovian) temporal event process. More formally, along with an MDP
M, we consider an external discrete-time temporal event process that is independent of M but
affects its transition probabilities. Associated with each event is a probabilistic mark or feature
vector. We investigate the properties of the event process and its effect on the feasibility and

tractability of finding a good policy in this non-stationary environment.

What is this thesis about?

From the previous discussion, one can see that developing RL algorithms to solve sequential
decision-making problems involves consideration of various constraints such as risk, lack of
online access, and influence due to exogenous events. This is essential for deploying agents in
practical situations.

In the first part of this thesis, we analyze the problem of designing risk-averse agents for
combinatorial semi-bandits. We propose algorithms to tackle this problem and theoretically

analyze and contextualize their performance and computational complexity.



In the next two parts of this thesis, we consider the problem where the agent is given an
offline dataset of experiences and has little to no online access to the environment. In the first
part, we study how this difficulty can be overcome to learn hierarchical policies. In the second
part, we tackle the problem of minimally exploring the environment to optimally augment the
given offline dataset.

In the final part of the thesis, we consider the problem of dealing with non-stationary
scenarios in reinforcement learning. We analyze the feasibility of finding tractable solutions to
a class of non-stationary MDPs, and analyze a variant of the policy iteration algorithm designed

for this setting.

1.1 Revisiting the essentials

In this section, we give an intuitive description of various concepts related to the thesis.

1.1.1 What is Sequential Decision-Making?

In a sequential decision-making problem, an agent is placed in an environment and has to
choose a decision or action a from an available action set A at each time step ¢ € {0,1,...}.
Based on the action a; taken at time ¢ and the properties of the environment at that time step,
the agent obtains a reward r; from the environment.

Based on the setting, and taking into account the effect of its actions on the environment
as well as the future plans of the agent, a strategy has to be followed for choosing the actions
that maximizes the cumulative rewards obtained by the agent.

When the time horizon is finite, this cumulative objective is generally taken as a sum of
rewards ), r, obtained. For an infinite planning horizon, a discounted sum of rewards ), v'r

is considered, from some v € (0, 1).

1.1.2 Multi-Armed Bandits

A multi-armed bandit is the simplest version of a sequential decision-making problem. At each
time step, the agent is given the option of choosing one from a fixed set of K decisions or
actions, also called arms. Each arm ¢ corresponds to a probability distribution P; on the reals.
When an arm is chosen, the agent receives a sample from this distribution as a reward.

The goal of the agent is to strategize and choose arms so as to maximize the expected total
amount of reward obtained.

In an ideal scenario in which the agent knows the exact distributions of the rewards of all
arms beforehand, it can simply always choose the arm with the best expected reward. But in

general, the agent does not know the rewards and thereby makes suboptimal decisions. The



expected difference in rewards obtained by a fully knowledgeable oracle and the agent under
consideration is called the "regret". The goal of multi-armed bandit algorithms is to minimize
the regret, which is equivalent to maximizing the rewards obtained.

Since the agent has no prior knowledge of the reward distributions of the arms, it has to
estimate the distributions from the reward samples obtained. This leads to a class of algorithms
that initially "explore" the reward landscape by choosing each arm a few times to collect some
reward samples. Once sufficient samples are collected to make justified choices, the agent can
then "exploit" by choosing arms with the highest presumed expected reward.

This exploration-exploitation trade-off can be solved in different ways. The simplest method,
called the Explore-Then-Commit algorithm, is to initially pick each arm for a fixed number of
times for exploration, and then stick to exploiting the best-performing arms. A more sophisti-
cated way, called the Upper Confidence Bound algorithm (Auer et al., 2002a), is to implicitly
solve this trade-off by making decisions based on the upper confidence bounds on expected
reward from each arm, calculated using reward samples obtained till then. A brief overview
of bandits and standard algorithms is provided in Section 2.1. For a rigorous and in-depth
presentation of various algorithms and bounds on their performance, refer to Lattimore and
Szepesvéari (2020).

1.1.3 Markov Decision Processes

A Markov Decision Process is a generalization of a multi-armed bandit wherein the agent is
placed in an environment that is in a "state" s € § at each time step.

When the agent takes an action a € A, it obtains a reward r(s,a), and the environment
state transitions to a new state s’ ~ P(.|s,a), based on a transition kernel P that depends on
the state and action.

In this work, we mainly consider infinite-horizon discounted MDPs, wherein this decision
process repeats infinitely. While the goal of the agent is still to maximize rewards, since there
are infinite rewards in this setting, the objective is to maximize a discounted sum of rewards,
with some discount factor v € (0,1). That is, the goal of the agent is to determine a policy
m : & — AA of choosing actions that maximizes the expected discounted sum of rewards

obtained, as follows:

oo
*=argminE ~ br(se,aq) |,
T gWEH atigr(.fl’&) [ZW (s¢, t)]
St+1~P(.|St,at) t=0
where p € AS is some initial distribution of states and II is the class of allowed policies.
In Section 2.2.1 of Chapter 2, we provide an overview of some algorithms to approximately

solve this optimization problem. Comprehensive discussions of standard algorithms for various



settings of MDPs can be found in Sutton and Barto (1998) and Bertsekas (2012).

1.1.4 What do we mean by Risk?

In supervised learning and Bayesian decision theory, risk refers to the expected loss incurred by
an algorithm based on a classification or decision made by the agent following the algorithm,
with the expectation taken with respect to the data available as well as the stochasticity of the
"query" on which the decision is made. However, in the context of this thesis, we consider a
slightly different notion of risk used in the sequential decision-making literature, which is a way
to generalize the performance of an agent beyond expectations of random variables.

For example, a straightforward way to incorporate volatility of the rewards into the objective
is to consider the variance of the reward distributions along with the means. This leads to
the Mean-Variance criterion, defined as the difference between the mean and variance of the
obtained rewards, and the Sharpe Ratio, defined as the ratio of the mean and the standard
deviation.

In this work, we study the Conditional Value-at-Risk (CVaR), which quantifies the expected
worst case reward based on some parameter « that defines what is considered as “worst case”.
Intuitively, the CVaR of a random variable at risk level a € (0,1) is the expected value of the
random variable conditioned on it being from the a-quantile of its probability distribution.
Further technical details on risk metrics and how they are incorporated in multi-armed bandit

problems are provided in Section 2.3.

1.1.5 Temporal Processes

A stochastic process is a set of random variables {X; : t € I}, where [ is an index set. When ¢
denotes time, (X;) describes the evolution of a process and is referred to as a temporal process.

A temporal point process generally refers to a temporal process indexed on some interval
I C R. In this thesis, we study the properties of a Markov Decision Process under the influence
of an exogenous temporal event process. While the temporal process considered is general,
assumptions regarding its nature are motivated by the properties of a Hawkes process, which
is a self-exciting counting process. That is, at any time ¢, it describes the number of “events”
that have occurred till that time, and it is self-exciting since the occurrence of an event at a
particular time affects the rate of occurrence of events in the future. Generally, this effect of
each individual event on future events is considered to decay with time.

Since most reinforcement learning algorithms are formulated as Markov Decision Processes,
in which an agent takes actions at discrete time steps, we consider discrete-time processes as the

exogenous processes that perturb the MDP. Further, as an example, we study a discrete-time
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analogue of the Hawkes process and its effect on the reinforcement learning problem. Technical

details of such temporal processes can be found in Section 2.4.

1.2 Summary of contributions

We begin by studying risk in combinatorial bandit problems. We then move on to Markov
Decision Processes and study algorithms that operate in the offline setting. Finally, we study

more general non-stationary environments and how to tackle them.

1.2.1 Risk-Averse Combinatorial Semi-Bandits

Consider a multi-armed bandit with K arms and time horizon T. Let A C 251 be a constraint
set. At each time step, the agent is allowed to pick a "super-arm" a € A, and is awarded
a reward that is the sum of rewards sampled from all arms in the super-arm. Suppose the
maximum super arm size L = maXqecz |al.

We assume semi-bandit feedback for this combinatorial bandit, which means that at each
time step, the agent only has knowledge of reward samples from those arms in the chosen
super-arm. We propose and analyze algorithms that aim to minimize the CVaR, regret from

interacting with this stochastic combinatorial semi-bandit.

1. First, we consider the case where the rewards from each arm are Gaussian. Assuming
knowledge of upper and lower bounds on the variance, we propose an algorithm to solve

this problem whose cumulative CVaR regret is upper bounded by O (L?K log T).

2. Next, we consider the case where the rewards from each arm are non-negative and bounded
above by a known upper bound. We propose an algorithm that solves this problem and
show that its regret is upper bounded by O (L3log T + K).

3. We then study a discretization of the previous algorithm to reduce its worst-case compu-

tational complexity without incurring any additional regret.

4. Finally, we provide experimental validation of the proposed algorithms in simulated en-

vironments with Bernoulli and Gaussian rewards.

1.2.2 Hierarchical Reinforcement Learning with Offline Data

We consider the problem of learning hierarchical policies when the only data accessible to the
agent is an offline dataset collected in the environment by an unknown, possibly sub-optimal

behavior policy.
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1. We propose a general framework that can be used to convert an online hierarchical rein-

forcement learning algorithm for learning options to learn solely from offline data.

2. We provide experimental validation of this framework on MuJoCo locomotion tasks in

the standard and in the transfer setting.

3. We then validate the suitability of our framework for planning tasks by learning a hier-

archical agent in robot gripper block-stacking tasks.

4. We provide ablations and analyses to show the relevance of each component of the frame-
work to learn hierarchical agents that can leverage offline data for task transfer and

high-level planning.

1.2.3 Active Learning in the Context of Offline Data

Next, we consider the problem of augmenting a given offline dataset in an efficient manner to
minimize the cost to collect additional trajectories, as well as the deterioration of the learned

policy due to abrupt out-of-distribution samples.

1. We propose a representation-aware epistemic uncertainty-based method for determining

regions of the state space where the agent should collect additional trajectories.

2. We propose an uncertainty-based exploration policy for online trajectory collection that

reuses the representation models.

3. Through extensive experimentation, we empirically demonstrate that our approaches can
be widely applicable across a range of continuous control environments. Our active tra-
jectory collection method reduces the need for online interactions by up to 75% when

compared to existing fine-tuning approaches.

4. We also perform ablation experiments to demonstrate the importance of each component

of our algorithm.

1.2.4 Reinforcement Learning under External Influence

Finally, we consider reinforcement learning in an environment that is not static, but is in fact
constantly changing under the influence of external events. We study this problem in a general
setting, where an MDP is perturbed by an external discrete-time temporal process, affecting its
dynamics in a non-Markovian fashion. This process, being exogenous to the decision process,
does not depend on the state of the environment under consideration or the actions of the

agent. Our contributions are as follows:
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1. We outline sufficient conditions that ensure the existence of a well-defined solution for
this problem. Then, we establish criteria under which an approximate solution can be
determined using only the current state and finite history of past events. We show that
this is possible when the perturbations caused by events older than ¢ time steps on the
MDP transition dynamics and the event process itself are bounded in total variation by
M, and N; respectively, and ), M;, >, N, are convergent series. We analyze the trade-off

between the performance of the agent and the length of history considered.

2. We propose a policy iteration algorithm and theoretically analyze its behavior. We show
that policy improvement occurs in regions of the state space where the Bellman error is
“not too low” based on M; and N,. Based on our analysis, we observe that the higher the
approximation error due to non-stationarity, the smaller the region where the policy is

guaranteed to improve.

3. We then analyze the sample complexity of policy evaluation in this setting. For the path-
wise Least Squares Temporal Difference algorithm with linear function approximation,
we extend results in the stationary setting (Lazaric et al., 2012) to study the impact
of non-stationarity on the expected error of the learned value function. We show that
with high probability, the expected error of the value function estimate decomposes into
approximation error due to discarding old events, inherent error due to linear function
approximation, and the standard error terms due to stochasticity and mixing that are

present in the stationary case.

4. We further explain our theoretical results using the discrete-time Hawkes process and

conduct experiments in a non-stationary pendulum environment to validate our results.

1.3 Organization of the thesis

Chapter 2: In this chapter, we discuss basic concepts in multi-armed bandits and reinforce-

ment learning upon which the contributions of this thesis stand.

Chapter 3 We begin by tackling the problem of incorporating risk-aversion in a combinatorial
multi-armed bandit. We propose and theoretically analyze bandit algorithms that minimize a
notion of regret that takes into account the Conditional Value-at-Risk (CVaR), under Gaussian
and bounded reward distributions. We present results of simulation experiments that justify

our approach as opposed to existing baseline algorithms.
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Chapter 4 In the next two chapters, we consider the problem of learning an agent that
optimally operates in a Markov Decision Process (MDP) environment by mainly relying on an
available fixed set of experiences that have been collected by an unknown policy. In this chapter,
we propose a way to learn hierarchical agents that can incorporate planning at different time
scales using solely this offline dataset. We empirically establish the validity of our algorithm

on a variety of continuous control tasks.

Chapter 5 In this chapter, we consider the problem of minimally augmenting the given offline
dataset so as to learn an optimal policy. Motivated by active supervised learning, we propose
a framework to actively select regions of the state space from which to explore, along with an
optimal exploration strategy. We benchmark and analyze our algorithm on a wide variety of

continuous control tasks.

Chapter 6 This chapter deals with the issue of dealing with changing environments under
the influence of exogenous stochastic processes. We formulate this problem and characterize
the conditions under which it has an optimal as well as a tractable e-suboptimal solution. We
then propose and theoretically analyze the behavior of algorithms that take a step towards
solving this problem. Finally, we present simulation experiments to demonstrate our results in

practice.

Chapter 7 We make a few concluding remarks summarizing the importance of the problems

studied in this thesis and our contributions towards solving them.
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Chapter 2
Background and Preliminaries

In a sequential decision-making scenario, an agent is placed in an environment and has to take
a sequence of decisions or actions. At each time step, it receives feedback from the environment
based on the action taken. Based on this feedback, the agent has to carefully plan the actions
to take and the sequence in which they are taken, so as to optimize some performance criterion

over a time horizon.

2.1 Multi-Armed Bandits

A special case of sequential decision-making is formalized by the framework of multi-armed
bandits. In this setting, an agent is set in a decision-making environment for 7" time steps,
called the time horizon. At each time step, it is allowed to choose between K arms, [K]| =
{1,2,...,K}.

Each arm i € [K] has an associated probability distribution D; for its reward. When
an agent chooses arm ¢, it obtains a reward r ~ D; sampled from its corresponding reward
distribution. Generally, D; is assumed to belong to some class of probability distributions, such
as Gaussian, Bernoulli, or simply having some bounded support [a,b] C R.

The aim of the agent is to maximize the expected reward obtained over the course of the
entire time horizon {1,2,...,T}.

Let u; € R be the expected reward obtained from the reward distribution D; of arm 4. Let
1* be the arm that has the highest expected reward.

7" = argmax ;.
1€[K]

An agent that has prior knowledge of the reward distributions D; will always choose this arm.

We denote the resultant expected reward with p* = u;+. However, since this information is not
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usually known, any algorithm has a certain regret due to choosing the wrong arm with a lower
expected reward. This leads to the definition of a performance metric known as the “regret”,
as follows: .
R(T) =E [Z (n* = mt)] , (2.1)
t=1
where 7; is the arm chosen by the agent at time ¢, u* is the expected reward from the optimal arm,
and the expectation is over the stochasticity of the obtained rewards that lead to stochasticity
in the choices of the agent, along with any inherent stochasticity in the decision-making process
of the agent. The regret is just a complement of the rewards, in the sense that maximizing the
expected reward is equivalent to minimizing the regret.
However, one motivation for using regret instead of reward is that the above expression
of the regret can be rearranged to give the following informative expression that is also more

amenable to analysis.
R(T) = Y E[T(T)] A, (2.2)
1€[K]

where T;(t) is the number of times a sub-optimal arm i has been chosen by the agent till time

t, and A; is the expected sub-optimality due to choosing arm i, which is

This expression is more useful for analyzing the regret of the algorithm, since one can analyze
how many times a sub-optimal arm can be chosen by the agent, along with the corresponding

sub-optimality, combining them to obtain bounds on the overall regret.

Algorithms

In supervised learning, or even decision-making in general, the agent has to make decisions
based on all the available data or evidence. However, the fundamental problem of sequential
decision-making is that the decision made by the agent affects the performance metric as well
as the data obtained itself. This leads to a trade-off between exploration, wherein an agent has
to make a decision solely to obtain more or better information to make better decisions in the
future, and exploitation, wherein the agent trusts its available data enough that it can actually
make apparently correct decisions and reap the rewards.

Various algorithms have been studied in the literature to solve this exploration-exploitation
dilemma in different ways. One straightforward method is to simply explore with a fixed small

probability, and exploit the current best arm otherwise. This algorithm, called the e-greedy
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Algorithm 1 e-greedy algorithm
Input: Number of arms K, Time horizon T', Exploration probability e
// Sample each arm once
for each arm i € [K] do
Choose arm 7 to receive reward r; ~ D;
Initialize mean fi; 1 < 7;
end for
/] e-greedy exploration
fortin {K+1,...,T} do
With probability e
Choose arm 7 randomly from [K]
With probability 1 — €
Choose the arm 7 with best p;,
Update the empirical reward mean fi; for selected arm.
end for

algorithm, is given in Algorithm 1, wherein /i;, is the empirical average reward obtained from
arm ¢ till time ¢. While this algorithm eventually finds the best arm because of choosing each
arm many times due to the e probability, it still suffers from linear regret because of choosing

sub-optimal arms even after that.

T
EA’Lt > Z € 1 — 6 m1n = 6(1 - E)AminT7
t=1

M*ﬂ
Mﬂ

Hlt]) =
t=1 t=1

e greedy

where Api, = min {A;(5£0) :4 € [K]} is the minimum regret suffered at any time due to
choosing a sub-optimal arm. A regret that is linear in the number of time steps is not ideal
since it means that the algorithm is not optimally using its access to a greater number of
samples as time passes.

From the above analysis, it is clear that at some point, it becomes more optimal to discard
known sub-optimal arms from consideration and only choose the best known arm. A simple
version of this idea is formalized by the Explore-Then-Commit (ETC) algorithm, given in
Algorithm 2. While this algorithm does perform better in the latter stages of the time horizon
due to pure exploitation, it is still sub-optimal in the initial stages because of a fixed number of
pulls for each arm, even if an arm is known to be sub-optimal. Further, the number of initial
arm pulls m is a hyperparameter that needs to be decided by the agent in advance, which may
not be possible to do optimally.

The fundamental problem of the exploration-exploitation tradeoff is still not solved in the

above two algorithms that consider explicit exploration and exploitation time steps. A frame-
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Algorithm 2 ETC algorithm
Input: Number of arms K, Time horizon T, Number of initial arm pulls m
// Exploration phase
for cach arm i € [K] do
Play the arm ¢ for m consecutive time steps
end for
// Exploitation phase

Determine best arm ¢* = argmax fi; i
1€[K]
fortin {mK +1,...,7T} do
Choose arm 7*
end for

work that solves this tradeoff implicitly is the class of Upper Confidence Bound (UCB) algo-
rithms. The fundamental premise behind UCB algorithms is the idea of “Optimism in the face
of Uncertainty”. At each time step, a UCB agent chooses an arm that has the highest potential
to be the optimal arm, quantified by the upper confidence of the mean of the reward distri-
bution. The upper confidence term is the sum of the current estimate of the expected reward
and an additional index term that captures the uncertainty due to only having access to a
limited number of samples to make a decision. As the number of samples obtained from an arm
increases, the uncertainty reduces, and the upper confidence of the mean moves asymptotically

close to the actual mean of the reward distribution. Such an algorithm is given in Algorithm 3.

Algorithm 3 UCB1 algorithm (Auer et al., 2002a)
Input: Number of arms K, Time horizon T
// Sample each arm once
for each arm i € [K] do
Choose arm 7 to receive reward r; ~ D;
Initialize mean fi; 1 < 7;
Initialize the number of samples n;; = 1
end for
// UCB Phase
fortin {K+1,...,T} do
Determine for each arm i the index term ¢; = /%

// Choose the arm with best UCB
Choose i; = argmax i; + ¢;
1€[K]
Update the empirical reward mean fi;, for selected arm.
Update number of samples for selected arm n;, < n;, +1

end for
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This algorithm directly avoids the pitfalls of the previous algorithms. When an arm gives
very little reward after many pulls, it will not have a high UCB and will thus be ignored from
then on. However, an arm with low empirical reward with a smaller number of pulls will still
be given a chance by virtue of having a high UCB, since the rewards are stochastic and the
first few reward samples might have been low by chance. This avoids having to choose the
hyperparameter m of the ETC algorithm, since the number of exploratory samples is variable

and depends on the actual distribution of rewards for the respective arms.

2.2 Markov Decision Processes

A Markov Decision Process (MDP) is defined by a tuple M = (8, A, r,p, p,7), where § is the
state space, A is the action space, r : § x A — R is the reward function, p is the probability
transition function, p is the initial state distribution and + is the discount factor.

At each time t, the agent is at some known state s; and has to choose an action a; € A. Based
on the chosen action, it receives a reward r(s;, a;) and the state of the environment changes to
some new state s;11 based on the probability distribution p(.|s;, a;) on 8. The objective of the
agent is to maximize the cumulative discounted rewards obtained from the environment.

More precisely, suppose the agent follows a rule 7 : § — AA to choose its action at each
state s. That is, at each state s, the agent chooses an action a according to the probability
distribution on A defined by m(s), denoted by m(.|s). Then the objective of the agent is to

choose a policy 7* that is the solution of the following optimization problem:

oo
= E "7 (80 ar)
T = argmax Egsg~p,s;,ai~(pt,r) Y TriSe, Q)|

mell —0

where the states and actions at each time step are a stochastic function of all the previous
actions taken by the agent and the environment’s transition probabilities, and II is the set of

all allowed policies.
Value Functions and Bellman Equations

For solving such a problem, a general approach is to define functions called value functions that
give the performance of a policy. The value function V™ : § — R for a policy 7 at state s is
defined as

t=0

V7™(s) = E; [i v (sg, ag) ’ Sp = 5] ,

the expected discounted sum of rewards obtained by the agent when starting from state s by

following policy .
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Similarly, the action-value function Q™ : § x A — R, also known as the ()-function, is defined

ZVtT(Staat) S1= 3/]
t=1

the expected discounted sum of rewards obtained by the agent when starting from state s by

as

Q"(s,a) =7(s,a) + YEgmp(|s.a)x

taking action a in the first step and following the policy 7 from then onward. It is clear from
the definition that ) and V are related, with a difference of just the first term due to choosing

the first action in different ways. Therefore, the ) function can be rewritten as

Q" (s,a) = r(s,a) + VEgrp(jsa) [V (s")]
= 1(5,a) + VEgp(fs.aparmn(ls) (@7 (s a)] -

The above equation, which defines the ()-value function recursively in terms of itself, is called
the Bellman equation.

While the above value functions are defined for any arbitrary policy 7, under some regularity
conditions on & and A, there exists an optimal policy m whose action-value function satisfies

the so-called optimal Bellman equation

Q5. @) = (5, @) + 1Ewp(jon {m% Qs a'>} . 23)

The above equations are generally written in terms of the Bellman operator T™ and the

optimal Bellman operator T* on the space of real-valued functions on 8§ or § x A, defined as

T 1)(s) = r(s,7(5)) +1Ewmr(aa /(5
T [f](5) = max {r(s, @) + 1Ewp(nn f(5)}

for f: 8§ — R. Since the domain of these operators contains real-valued functions defined on
the state space, they can act on the value functions. Analogous Bellman and optimal Bellman

operators can be defined on the space 8 x A that operates on () functions.

2.2.1 Algorithms

Policy Iteration

Given that a value function evaluates and quantifies how good a policy is, one can use it to
improve a given policy. This is essentially the idea of Algorithm 4, called the Policy Iteration
algorithm.
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Algorithm 4 Policy Iteration algorithm

Deterministic initial policy 75 : 8 — A
for ¢ in {0,1,2,...,} until convergence do
// Policy Evaluation
Evaluate m; by determining V'™
// Policy Improvement

T41(8) < argmax 7(s,a) + YEywp(js,a)V 7 (5).
acA
end for

If the policy evaluation step is exact, the policy improvement step is guaranteed to actually
improve the policy. Further, when the state and action spaces are finite, this algorithm converges
in a finite number of steps to the optimal policy. Else, provided some regularity conditions are
satisfied, it is guaranteed to converge asymptotically to the optimal policy (Bertsekas, 2012).

This algorithm is not suitable as is for practical applications, since there is an optimization
routine that has to run on the expectation of a function over an unknown probability distribu-
tion. But the general ideas can be extended to () functions to obtain () learning and actor-critic

algorithms.
Q-Learning

A different iterative scheme can be obtained by considering the optimal Bellman operator on
() functions instead. The reinforcement learning problem boils down to finding the @-function

that satisfies the optimal Bellman equation, and the corresponding deterministic policy

7(s) = argmax Q(s,a)
a
induced by this @Q-function is an optimal policy. For finding a solution to the optimal Bellman
equation, an iterative scheme can be used that starts from an initial () estimate and repeatedly
updates it in the direction of minimizing the difference between the left-hand side and the
right-hand side of the optimal Bellman equation. That is, starting with Q(®, the Q-function is
updated at each iteration k > 0 as

Q¥ (s,a) « QW (s,a) + ay (7" + max QW(s,a") — QW (s, a)), (2.4)

where ay, is the learning rate during step k, and (s,a,r,s') is a transition tuple sampled from
the environment.
Under certain assumptions on the learning rate schedule and the distribution of transition

samples from the environment, the above iterative scheme can be shown to converge to the
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optimal @ function, thus giving us a corresponding optimal policy (Watkins and Dayan, 1992).
Actor-Critic Methods

It can be seen that for each step in the above algorithms, the () function update in (2.4) and the
policy improvement step in Algorithm 4 contain a maximization term over all possible actions
in the action space A. While this can be computed easily for a finite action space, it is expensive
to do an exact computation for arbitrary countable or continuous action spaces.

To deal with this issue, a corresponding function p : § — A is used that implicitly keeps
track of an approximate solution for the optimization problem in policy iteration. This function
corresponds to a deterministic policy under consideration in the current iteration and is referred
to as an actor. The objective is the () function of the current policy 7, and is referred to as
the critic.

Using such an abstraction, the iterative scheme can be broken down into two alternate

updates:
p 0 (s) = argmax Q(s, a), (2.5)
a€cA
Q(k+1) = argmin E(SMS,) [(r(s, a) +7Q (3/’ W(s’)) _ Q(S, a))z] | (2.6)
Q

where (2.5) is the @-function variant of the policy improvement step in the policy iteration algo-
rithm, and (2.6) achieves policy evaluation by minimizing the difference between two sides of the
Bellman equation involving the ) function. Replacing the exact solutions to the optimization
problems in the above equations with approximate updates consisting of a few gradient steps
gives rise to actor-critic algorithms. For complex environments, the actor and critic functions
can be represented by neural network function approximators, and the policy can be stochastic
as well. There are a multitude of such actor-critic methods in the literature (Lillicrap et al.,

2016; Haarnoja et al., 2018; Fujimoto et al., 2018) that solve these problems in different ways.

2.3 Risk

In machine learning and statistical learning literature, “risk” refers to expected loss. Consider

a supervised learning task wherein a dataset
D = {(zs,y:) | v € X,y; €Y,1 € [N]}

of samples is given to an algorithm, to be modeled by an unknown function f: X — Y. A loss

function £ : Y xY — R is used as a performance metric to quantify the quality of any prediction
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function. Given the true value y and a prediction g based on some model, /(y, ) signifies how
far the prediction was from the actual ground truth.

But this is just for one specific sample. For defining the quality of prediction for all possible
values of X, one assumes that there exists some probability distribution P(X,Y) on X x Y. In

this case, the risk, defined as the expected loss (Castro, 2007), is given by

R(f) = E(x,y)NP(X,Y) [E(:% f(l‘)) ] .

Many techniques, along with theoretical guarantees, exist to minimize this risk based on an
approximation using available samples, along with an intelligent choice of the model class F
from which the functions f should be taken, as well as possible regularization techniques, etc.
This forms the core of statistical learning theory (Hastie et al., 2009).

In this thesis, we consider a related, but different concept of risk that is more general than
the one defined above, which is used in various fields such as finance. Essentially, it involves
going beyond the expectation of loss metrics to consider other distributional properties as well
for quantifying the performance of various algorithms.

Let D be some domain and A(D) be a class of probability distributions on D. A risk
measure is defined as a function U : A(D) — R that assigns a real number to each probability
distribution on D.

A simple risk measure is the expectation of the distribution itself, i.e,
U(P) = EXNPX, for all P € A(D)

This is the common risk measure used in machine learning. A slightly more general risk measure

is the Mean-Variance model (Sani et al., 2012), which is defined for risk tolerance p as
U(P) = Variance(P) — p Mean(P),

a linear combination of the variance and mean of the distribution defining a risk-reward trade-
off.

While the variance of a distribution does give a meaningful sense of risk because it quantifies
the spread of a distribution, it is inherently symmetric. The spread of a loss above the mean is
treated the same way as the spread below the mean. However, intuition suggests that higher
losses above the mean should indicate higher risk, while lower losses below the mean should
not contribute to a higher risk value.

This is incorporated by the risk measure VaR,, the Value-at-Risk at risk level «, defined for
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a random variable X as

Vara(X) = _jnf AP(X =2)>a},
where Supp(X) is the support of the random variable, and P(-) denotes the probability of
a given event. Here, the random variable X denotes the reward or the negative of the loss
obtained by an algorithm. Intuitively, the Value-at-Risk at risk level « is the a-quantile of the
reward distribution, or the (1 — a))-quantile of the loss distribution. This takes care of skewed
distributions where the loss could be much higher than the average loss.

Still, VaR,, only considers a quantile of the distribution, and ignores the properties of the
distribution above this quantile. Even if the quantile value is small, the shape of the distribution
beyond the quantile could lead to a huge loss with some probability less than a.

These concerns are addressed by the risk measure CVaR,, the Conditional Value-at-Risk,
also called the Expected Shortfall (ES) (Acerbi and Tasche, 2002), defined for a random variable

X as follows.

CVaR,(X) = /0 " VaR,(X) dp,
the average of VaR, values beyond the a-quantile. Essentially, for continuous random variables,
it is the expected value of X conditioned on the value of X being at most its a-quantile, namely
VaR,(X). For discrete distributions, a term needs to be subtracted from this expectation to
account for the extra probability mass at Var, that goes beyond the quantile «.

We consider this concept of risk in the context of multi-armed bandits. The analogue to
loss here is the regret of the bandit algorithm. The regret of a bandit algorithm is defined as
the expected difference between the rewards obtained by an agent with full knowledge of the
underlying distributions and the actual algorithm.

This notion can be extended to a risk measure in multiple ways. Consider a bandit with
K arms and time horizon T, with the reward distribution of each arm 7 being D;. An agent
interacting with the bandit obtains rewards rq, ..., r; that are random and depend on its policy.
The objective is to optimize the risk U(-) of the obtained rewards.

Consider policies of the form = = (my, 79, 73,...,), where m; is a policy that chooses an
action at time t based on all the rewards obtained till time ¢ — 1. Let 7* = (7], 75, ...) be the
oracle policy that knows the underlying distribution over all arm rewards and is optimal with

respect to U. The regret of the algorithm corresponding to policy 7 can be defined as
Re(r) = E [U (F;) U (F;)] ,
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where Ft“ is the empirical distribution of rewards obtained using policy 7 till time t¢.

This metric considers the CVaR, of the empirical distribution of all the rewards obtained
by a policy, which is a cumulative metric that cannot be decomposed into the sum of quantities
at each time step or corresponding to each arm, analogous to how the standard regret defined
in (2.1) could be rewritten as (2.2), which accumulates individual terms for each arm based on
the number of times that arm was chosen. This makes the analysis of this measure of regret
very challenging.

A slightly more reasonable regret measure is the pseudo-regret defined as follows.

Rr(m) = max CVaRy (D) ~ E [CVaRa (F;)} .

Here, the oracle term is replaced by the CVaR of the arm with the best CVaR, which is
simpler than considering a more powerful non-stationarity oracle. This is analogous to the
regret considered in the case of adversarial bandits (Auer et al., 2002b), where the oracle is
given the option to choose just one arm for the entire time horizon. However, it still considers
a cumulative CVaR for the agent, which cannot be broken down across time steps.

Another variant is the proxy-regret (Khajonchotpanya et al., 2021), which considers the
difference between the CVaRs of the optimal arm and the chosen arm, in line with the standard

notion of expected regret in the risk-free case.

Y

1€[K]

T
Rr(m) =T - maxCVaR,(D;) — E [Z CVaR, (D)
t=1

where ! is the arm chosen by the agent at time ¢.

2.4 Temporal Processes

A temporal point process (X;),., is a set of random variables X; indexed by time ¢ in an interval
I C R, which is generally taken to be [0,00). A counting process is a temporal process that, at
each time t, describes the number of some “events” that have occurred till that time.

A continuous time counting process (S¢),, is defined by its conditional intensity function
A(t), defined as )

R E [Stan — Si|H]

the expected rate of new events conditioned on the history H; of events till time t.
A Hawkes process is a self-exciting temporal point process, which means that the probability

of an event occurring in some time period depends on the occurrence of events in the past.
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Formally, the conditional intensity function of a Hawkes process is given by

At) =X+ ult—t),

t'<t

where A is the base intensity, ¢’ are the times at which previous events have occurred, and p is
a function that describes the effect of previous events on the current intensity. A monotonically
decreasing p means that the occurrence of an event increases the probability of occurrence of
more events in the near future, and this effect slowly fades according to the rate of decay of pu.

Since most reinforcement learning algorithms consider discrete-time MDPs, we too con-
sider a discrete-time process as the exogenous process that perturbs the MDP. A discrete-time
analogue of the Hawkes process was proposed by Seol (2015) as follows.

Let (E}),cy be a sequence of random variables taking values in {0, 1}, with E; sampled from
Bernoulli (p;), where the intensity p; at time ¢ depends on the realizations of E; at the previous

time steps as

P1 = G,
t—1

P = g + Zat,t/Eﬂ for t > 1,
=1

where (o;) converges sufficiently quickly to zero. The sum S, = >,,_, F; is a self-exciting
counting process that is the discrete-time counterpart of the continuous-time Hawkes process.
Here, g is analogous to the base intensity A in the continuous-time case, while the sequence
(cv)e>1 is analogous to the kernel function p that determines the effect of previous events based
on the time passed. While the continuous-time kernel is specified as a function of time, the

discrete-time kernel can be specified as either a general sequence or in some parametric form.
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Chapter 3
Risk-Averse Combinatorial Semi-Bandits

In a standard multi-armed bandit problem, the agent has to choose one arm from a fixed set of
arms at each time step. However, many applications (Chen et al., 2013; Gai et al., 2010; Gai
et al., 2012) require the agent to select a combination of arms at each time step, sometimes
satisfying certain constraints. Such problems have been studied as the multi-armed bandit with
multiple plays (Anantharam et al., 1987) and the combinatorial bandit (Gai et al., 2012).

In a combinatorial bandit, a set of constraints is given to the agent, and at each time step,
the agent has to choose a combination of arms, called a super-arm, that satisfies the given
constraints. A reward is given to the agent as a stochastic function of the super-arm chosen. In
the semi-bandit setting, individual rewards from the arms belonging to the selected super arm
are also known to the agent. In this chapter, we study risk-averse combinatorial semi-bandits
and present some algorithms to tackle this problem and derive results on their regret. These

results are also reported in Ayyagari and Dukkipati (2023).

3.1 Problem Formulation

Consider a bandit with K arms and time horizon 7. Each allowed super arm is an element
a € A C 2%l In other words, A defines the constraints on the possible combinations of arms
that can be chosen by the agent at each time step. Let L = max |a] be the maximum possible
size of an allowed super arm.

Each arm ¢ € [K] has an associated probability distribution D; for its reward. When a super
arm a € A is selected, a reward is sampled from each arm ¢ € a and revealed to the agent. The
total reward received by the agent is the sum of these sampled rewards.

Note on notation: We use the symbols @ and @ to denote the binary and n-ary sum of

probability distributions, and so denote the distribution of the reward of super arm a as D, or
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Dg,.,»;- Depending on the context, for any distribution D with some subscript /superscript,
we denote its corresponding cumulative distribution function and probability density/mass
function as F' and f, respectively, with the same subscript/superscript.

For any random variable X ~ D with probability distribution D and cumulative distribution
function Fx, the Conditional Value at Risk, for risk level o € (0, 1), is defined as

1 (0%
CVaR,(X) = — / VaR,(X)dp,
0

«

where VaR, is the Value-at-Risk at risk level p. Value-at-Risk is defined as
VaR,(X) = z, = inf{x € Supp(D) : Fx(x) > a}.

Intuitively, for continuous probability distributions, VaR,, is just the a quantile of distribution,
and CVaR, is the expected value of the random variable conditioned on its value being at most
VaR,. It is the same for discrete distributions, except for an additional term that subtracts any
extra probability mass at the VaR that goes beyond the cutoff a.

The goal of the agent is to choose the super arm with the best Conditional Value-at-Risk at

every time step. Sub-optimal choices induce regret, and the goal is to minimize the cumulative

CVaR regret, defined by

T
Revar,, ( E | (CVaR,(a") — CVaR,(ar)) | | (3.1)
t=1

where CVaR,(a) is the CVaR of the reward distribution D, of super arm a, a; is the super arm

chosen by the agent at time ¢, and a* is the super arm with the highest CVaR. The above regret

Revar, (T) = Y E[Tu(T

acA

can also be written as

where T,(7T) is the number of times super arm a has been chosen till time 7', and A, =
CVaR,(a*) — CVaR,(a) is the CVaR gap of super arm a. Further, let A;, and A, denote the

minimum and maximum nonzero A, among all super arms a € A.

3.2 Algorithms

The naive way to solve a combinatorial bandit problem is to treat each super arm as an arm,
thereby reducing the problem to a standard multi-armed bandit problem. However, this ap-

proach ignores the dependence between super arms and results in regret that depends linearly
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on the number of super arms, which itself may depend exponentially on the number of arms. It
has been shown that an algorithm and regret analysis that takes into account this dependence
can yield a regret upper bound that is only polynomial in the number of arms (Gai et al., 2012).

The crux of such an algorithm is the way in which samples from individual arms are used
to construct estimates of the relevant properties of the super arm reward distributions. This
depends on the nature of the arm reward distributions. In this work, we propose risk-aware

algorithms for two cases: (i) normally distributed and (ii) bounded arm rewards.

3.2.1 Gaussian Rewards

Assume that each arm i gives Gaussian rewards with mean y; and variance o2, and the rewards
of all arms are independent. This implies a super arm a € A has a Gaussian reward distribution
with mean p, = Z p; and variance o2 = Z o?. The CVaR of this super arm is then given by

i€a i€a

Oq

CVaR,(D,) = e — -7 (@7 (w),

where  and ® are the probability density function and cumulative distribution function of the
standard normal distribution. Hence, to estimate the CVaR of a super arm, it is sufficient to
estimate the mean and standard deviation of the super arm.

Since both the mean and the variance are unknown, for obtaining suitable finite-sample
guarantees on our estimates, we assume that the agent knows an upper and lower bound on
the variance of all arms, i.e., there exist known constants M, N > 0 such that N? < ¢? < M?
for every arm i € [K].

This allows us to construct upper confidence bounds on the mean of each arm and lower
confidence bounds on the variance of each arm, and in turn, use these to create upper confidence
bounds on the CVaR of all super arms. During each time step, we select the super arm with
the highest CVaR upper confidence bound, as detailed in Algorithm 5.

Theorem 1. The expected cumulative regret of Algorithm 5 over time horizon T satisfies the

following upper bound:

2
IRCVaRa (T) 5 <2 + 57-[-2) KAmax

2 —1
Lo M?V/LK 1og TApax e 96L\/f7 o o(® ) |
Amin Amin OéN

where K is the number of arms of the bandit, L is the maximum number of arms in any super
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Algorithm 5 Algorithm CVaR,-CUCB-G
Require: M, N
Initially, pick each super arm so that all the arms have at least two rewards obtained
for each time ¢ till 7' do
for each arm i € [K] do
Estimate sample mean ji; & sample variance §?
// Construct corresponding confidence bounds

T;4—1: Number of samples from arm 4

~ ~ 6logt
Mi<_ﬂi+M Tit—1

Ditfl %2M2< 3logt + 3logt >

Tit—1—1 Tit—1—1

# « max { (éin - Di,H) , N2}
end for
// Construct UCB for CVaR of each super arm a

UCB, 4 Yy fis — YEE2 0(01(a))

«

Pick the super arm with the best UCB.
end for

arm, M and N are the (known) upper and lower bounds of the standard deviation of the arms.
Anax and A, are the mazimum and minimum difference between the CVaR of the optimal

super arm and the CVaR of any suboptimal super arm.

The first term in the regret upper bound is due to 2K initialization rounds and the proba-
bility that the confidence intervals are not accurate in the later rounds. The second term is due
to the number of rounds required for the confidence intervals of the super arms to be sufficiently
precise enough to prevent the selection of suboptimal super arms. Since the confidence interval
for the CVaR is constructed by estimating the mean and variance of individual arms, this term
depends on the maximum of two expressions as given, which signify the number of rounds

required to obtain sufficient precision for the estimation of the mean and variance, respectively.

3.2.2 Bounded Rewards

In this setting, we assume that the rewards from each of the arms are non-negative and bounded
above by a known upper bound. Without any loss in generality, we can assume that the rewards
of each arm fall in the interval [0, 1].

In the previous subsection, the Gaussian assumption for the rewards of the arms significantly
simplifies the estimation of CVaR of the super arms since the CVaR of each super arm reduces
to a simple function of the mean and standard deviation of the corresponding individual arms.

But for general nonparametric distributions, obtaining confidence intervals for the CVaR of a
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Algorithm 6 Algorithm CVaR,-SDCB
Initially, pick each super arm so that all the arms have at least one reward obtained
for each time ¢ till T' do
for each arm i € [K] do
E7t_1: Empirical reward distribution
T;4—1: Number of samples from arm 4

Cit1 < 3}0—%(_?
E(a?) - (E(ZL’) — Ci,t—1)+a r <1 '
1, otherwise
end for
Calculate empirical CDF for each super arm a as:
Fa <— F@iEa £

Calculate CVaR, (F;) for each super arm a
Pick super arm with best CVaR
end for

super arm is much less straightforward since it cannot be calculated as a simple function of the
CVaR’s of the constituent arms.

For simply estimating the CVaR of a super arm, it is sufficient to calculate the empirical
CVaR from the obtained rewards. However, for minimizing the CVaR regret, we need to con-
struct upper confidence bounds on the super arm CVaR. This can be done by constructing a
probability distribution that is close but stochastically dominates the super arm reward distri-
bution. This stochastically dominant probability distribution, in turn, can be constructed by
constructing stochastically dominant distributions for each of the individual arms and calcu-
lating the convolution of those distributions.

Thus, if F} is the empirical cumulative distribution function formed by all the samples from
arm 4, we construct a corresponding stochastically dominant distribution F; by subtracting a
constant throughout the domain of F' below 1, the known upper bound for the actual distribu-
tion being estimated. This can be used to construct a stochastically dominant distribution for

cach super arm a as F, = &P F;. This procedure is listed in Algorithm 6.

i€a

Theorem 2. The regret for Algorithm 6 satisfies

R (T)<C—31 T 1 + 1—|——2 KA
a O ax
CVaRg A g ‘EE i 3 m
cap

where ap s the set of arms contained in at least one suboptimal super arm, and A;pn =

min{A,(# 0) : i € a}.
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Computational Complexity

The above algorithm requires computing a stochastically dominant probability distribution for
each super arm in A, which involves computing the probability distribution of a sum of at most
L discrete probability distributions.

For distributions fi, fo, determining f; ® f5 requires performing a convolution of f; and f
and involves at most |Supp(f1)||Supp(f2)| computations, where Supp(.) indicates the support.
Further, |Supp(fi @ f2)| < [Supp(fi)||Supp(f2)| with equality occurring in the worst case.
Following this argument, it is clear that the number of computations required for just the final

step of calculating the stochastically dominant distribution for each a is

L
TT 1Supp ()| < (q;eaaeruppm,t_ln) .

i€a

This quantity is exponential in L(< K) and might cause the algorithm to become computation-
ally expensive for large L, or for a large time horizon that may cause max;c, ]Supp(ﬁi,t,l)\ to
become large for continuous probability distributions. To mitigate this, we propose a discretized

algorithm.

3.2.3 Discretized Algorithm

The above problem of exponentially increasing support can be solved by discretizing the dis-
tributions and allowing the random variables involved to take only certain values. More specif-
ically, we choose some small real number ¢ > 0, and at each time ¢, we “round up" each
distribution Fz’,t—1 to a new distribution F, ; by moving the probability mass at each point
x € Supp(ﬁﬁi,t,l) to the smallest point 2’ > x that is an integral multiple of ¢, i.e, 2’ = [Z]e.
When probability mass from multiple points is moved to the same multiple of €, the individual
mass values are added up to obtain the total probability mass at the final point. The following

lemma quantifies the resultant effect on the super arm CVaR.

Lemma 1. Let F! be the probability distribution obtained by discretizing the distribution F; of

arm i. For each super arm a, let F, = @,., F and F. = @,., F.. Then,

+€(L+1).

CVaR,(F,) < CVaR,(F!) < CVaR,(F,)
(0%

Based on the above result, for our problem of minimizing the CVaR regret, we choose

parameter € = m The regret of the resultant algorithm D-CVAR,-SDCB is bounded as
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Algorithm 7 Algorithm D-CVaR,-SDCB
Require: T
Initially, pick each super arm so that all the arms have at least one reward obtained
for each time ¢ till T' do
for each arm i € [K] do
Fi,t_lz Empirical reward distribution
T;4—1: Number of samples from arm i

3log(t)
C’i,tfl < —2Ti,gt—1
- Fz —Ci1)t, <1
E(:E) « ( ($) )t 1) € .
1, otherwise
Discretize F} to F!
end for
Calculate empirical CDF for each super arm a as:
F— Fg. ,r

Calculate CVaR, (F!) for each super arm a
Pick super arm with best CVaR
end for

follows.

Theorem 3. The algorithm D-CVAR,-SDCB has CVaR regret that satisfies

w2 L3
Revun, (1) <2+ (14 T ) K+ CLlog T Y-

1€ap

Ai,min

Therefore, using a suitable precision € results in no additional regret due to the discretization.
However, this choice of € requires the knowledge of the time horizon T', unlike the previous two

algorithms. The proofs of the theorems are given in Section 3.A.

3.2.4 Remarks
Analysis of the regret of CVaR,-CUCB-G requires two-sided confidence bounds on both the

mean and standard deviation of the arm reward distributions, which is unusual for standard
multi-armed bandit problems. Although bandits with unknown means and variances have been
studied, the optimizing objective still consists of only the expectation of the rewards, and
hence, prior techniques cannot be applied in our case. Auer et al. (2002a) used a concentration
inequality for y? random variables that is a conjecture that they verified numerically. For
constructing confidence intervals as part of our analysis, we use the concentration inequalities

that are a corollary of Lemma 1 in Laurent and Massart (2000). However, the size of such a
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confidence interval for the variance of the Gaussian random variable itself depends on the true
unknown variance. To deal with this, we assume knowledge of upper and lower bounds on the

variance of each arm’s reward distribution.

3.3 Numerical Results

We conducted numerical experiments to compare the performance of algorithms on simulated
combinatorial bandit problems with bounded and Gaussian rewards with a = 0.05. In the first
case, we consider a bandit with K = 20 arms for 7" = 1000 time steps. Each arm’s reward is
Bernoulli, with the mean randomly sampled uniformly from [0, 1]. For A, we randomly sample
30 allowed super arms of size L = 10. We compare our algorithm CVaR,-SDCB with (i) a
random algorithm that uniformly chooses a € A, (ii) a naive e-greedy algorithm that chooses
a random super arm with probability ¢ = 0.1 and the current best super arm with probability
1 —¢, and (iii) a naive extension of CVaR-UCB (Tamkin et al., 2019) that considers each of the
allowed super arms as an arm of the bandit. Figures 3.1a, 3.1c and 3.1e show the CVaR regret,
the cumulative CVaR regret and the cumulative CVaR respectively as a function of the time
step. It is clear that our algorithm significantly outperforms the others, showing that leveraging
the combinatorial nature of the problem does indeed result in better results in practice.

For Gaussian rewards, we use the same values for T, K, L., but the mean for each arm has
been randomly sampled from [—10,10] and the standard deviation from [1,5]. 150 random
super arms of size L form A. Our algorithm is compared with the same random and e-greedy
baselines as before. However, other optimism-based algorithms like CVaR-UCB, etc., assume
that the rewards are bounded and hence cannot be used in this setting as baselines. Therefore,
the third baseline shown is a naive extension of the pessimistic MARAB algorithm (Galichet
et al., 2013), which uses a lower bound of the CVaR of each arm for risk-averse exploration.

For this setting, it can be seen from Figures 3.1b and 3.1d that even though the individual
regret terms at the end of the horizon are almost the same for MARAB, the cumulative regret,
which is the ultimate objective being optimized for, is still superior for CVaR-CUCB-G. The
same is the case for the third metric in Figure 3.1f, which is the empirical CVaR of all rewards
obtained by the algorithm till each time step. This shows that even a pessimistic algorithm
could not avoid taking risky actions in the beginning stages of the episodes, thereby performing

poorly compared to our algorithm.

3.4 Related Work

The multi-armed bandit problem with multiple plays was first studied by Anantharam et al.

(1987), who provided an algorithm and a lower bound on the regret for parameterized rewards.
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Figure 3.1: Comparison of our algorithms (in red) with baselines on two simulated combinatorial
multi-armed bandit problems. The plots show the average of the respective metrics over 15
runs, with the shading representing + as the standard deviation. Figures 3.1a, 3.1c and 3.1e
correspond to a bounded reward setting, and Figures 3.1b, 3.1d and 3.1f correspond to Gaussian
rewards with unknown means and variances. Figures 3.1a and 3.1b are smoothed by taking a
moving average with a window of size 50.
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Gai et al. (2010) formulated the combinatorial bandit problem for the problem of optimally al-
locating channels to users in a cognitive radio network. This has been extended by Chen et al.
(2013) to more general non-linear reward functions that are monotone and smooth. However,
this previous approach only applies when the expected reward from a super arm is fully char-
acterized by the means of the individual arm reward distributions. Because of this assumption,
the super arm selection can be done just by constructing and using the upper confidence bounds
(UCB) for each of the arm rewards means.

The above assumption is removed by Chen et al. (2016), who proposed SDCB (Stochastically
Dominant Confidence Bound), which can also deal with bounded monotone reward functions
that depend on the entire probability distributions of the arm rewards and not just the means.
SDCB constructs a new probability distribution for each arm that acts as a stochastically dom-
inant confidence bound for the unknown arm reward distribution and uses these to determine
the optimal super arm. We adapt this technique to tackle the case of general bounded rewards.

Kveton et al. (2015) provided tight regret bounds for the case of bounded linear rewards,
which are further improved by Combes et al. (2015) for the special case of Bernoulli rewards.
For general bounded rewards, Merlis and Mannor (2019) proposed an algorithm that constructs
confidence bounds for the arms that also use the empirical variance of the observed samples.
Their regret bound is independent of the size of the super arms and instead depends on the
smoothness parameters of the non-linear reward function.

The combinatorial bandit problem has also been tackled using a Thompson sampling ap-
proach by Wang and Chen (2020), whose algorithm achieves the same theoretical regret as
the UCB-based algorithm CUCB (Chen et al., 2013), and matches the regret lower bound of
Kveton et al. (2015) for linear reward functions.

Risk awareness has first been studied for multi-armed bandits under the mean-variance
criterion (Sani et al., 2012) and the MIN and CVaR criteria (Galichet et al., 2013) for bounded
rewards. An algorithm with provable guarantees on the CVaR regret was proposed for bounded
rewards by Galichet (2015).

Bhat and L.A. (2019) provide concentration results for CVaR estimation, and thereby a
UCB-like algorithm for optimizing CVaR regret, for the case of sub-Gaussian arm rewards. A
distribution oblivious algorithm that works with rewards that are unbounded or have heavy
tails has been proposed and analyzed by Kagrecha et al. (2019).

An algorithm, U-UCB, that can deal with general risk metrics, including CVaR, has been
proposed by Cassel et al. (2018). They have also derived performance guarantees for their
algorithm (Cassel et al., 2023) with respect to a stronger form of regret than in other works

that deal with CVaR. Our work is the first to develop and study such risk-aware algorithms in
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a combinatorial setting.

3.5 Outlook

Combinatorial bandit problems are encountered in a wide variety of real-world applications.
They also arise naturally from online resource allocation problems with threshold-based re-
wards (Verma et al., 2019). In this work, we consider the problem of designing risk-averse
algorithms for tackling combinatorial bandits with semi-bandit feedback. More specifically,
we proposed algorithms for optimizing the CVaR of the rewards obtained by an agent from a
combinatorial semi-bandit, for the cases of Gaussian and bounded arm rewards. We provided
upper bounds for the CVaR regret of these two algorithms, and for the bounded reward case,
we also discussed the implications of discretization on the regret and computational complexity
of the corresponding algorithm.

A discretization approach similar to ours was used by Chen et al. (2016) to decrease the
worst-case space and time complexity of maintaining F; from ©(T) and ©(T?) to ©(v/T) and
o(T 3/ %) respectively. However, in our work, we use discretization mainly for tackling the
computation of the probability distributions corresponding to each of the super arms. This
computation has to be done for each of the allowed super arms separately. The number of
allowed super arms |A| is part of the problem specification and can be exponential in the number
of arms in the worst case, rendering the algorithms very computationally expensive. However,
this is unavoidable since determining the optimal super arm is an NP-hard problem (Maehara,
2015) and does not admit a polynomial-time multiplicative approximation algorithm, even with
additional assumptions on A, such as being a matroid.

While some works have proposed polynomial-time online risk-averse algorithms in combi-
natorial settings (Ohsaka and Yoshida, 2017; Soma and Yoshida, 2021), the problem they solve
is a relaxation of our problem in which the agent is allowed to choose a portfolio of super
arms instead of a single super arm. In that setting, the reward from a portfolio is a convex
combination of rewards from the super arms in that portfolio. Note that in our setting, while
the agent can choose to pick different super arms with different probabilities, the effective re-
ward distribution would be a mixture distribution and not equivalent to the portfolio reward
distribution. Further work is needed to bridge the gap between these two different approaches

to sequential decision-making for combinatorial problems.

3.A Appendix: Proofs of Results
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3.A.1 Proof of Theorem 1

Confidence Intervals

We have Hoeffding’s inequality relating the empirical mean and true mean of n Gaussian sam-

ples,

2
P(/l—,u>e)<exp( ne)'

202

A similar inequality holds for the upper deviation as well. For our analysis, we need the

probability of error to be at most t 3 = exp (—3logt) for each arm. So, equating _2332 = —3logt

and replacing the unknown o with known upper bound M, the required € is

6 logt
Ci,t,n - M Og .
n

For bounding the variance, we use the following concentration inequalities for y? random vari-
ables with mean k& (Laurent and Massart, 2000).

P(X — k> 2Vkx + 2x) < exp(—x),
and P(k — X > 2Vkz) < exp(—x).

. N . A~ 2 .
The sample variance 52 can be written as §2 = =X for some x2_; random variable X.

This gives

T
w— + 202n — 1) < exp(—1),

& 1> < exp(—2).

n —

and P (02 — 82 > 207
Similar to the above, we need to replace the unknown variance with its known upper bound

and choose x such that the probability is bounded by exp(—3logt). Combining this with the

known lower and upper bounds on the variance gives us the confidence interval (o7, ,02 ),

logt /3logt
or. :max{§i—2M2 [3 Ogl + 5 og1] ,NQ},
’ n— n—

3logt
and 02, = min {si +oM?, 228 ,MQ} .

where

n—1
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Regret

At every time step, the algorithm chooses the super arm with the highest upper confidence
bound on its CVaR, constructed using upper confidence bounds on the means and lower confi-
dence bounds on the standard deviations of the individual arms in the super arm.

Let S be the set of sub-optimal super arms. We adapt the proof technique by Chen et al.
(2013) and maintain two counts 7;, and N;, for each arm 4. T;; is the number of times the
arm ¢ has been pulled as part of any super arm, till (and including) time ¢t. V;; is set to 2 for
all arms after the initialization phase. After that, at any time ¢, if a sub-optimal super arm
a € S is pulled, then among all the arms in a, the arm with the lowest count of NV; has its
count incremented by 1, i.e. N;; = N;,—1 + 1 for exactly one of the arms in a. Ties are broken
arbitrarily.

Clearly N;; < T, for all 7 and ¢t. Also, when regret occurs due to sub-optimal super arm
selection, N; is incremented for some arm. So, tracking the regret becomes the problem of

keeping track of the increments of Nj;, leading to the following:

T K
§ 2K+ EZZH{at € S, Niﬂg > Ni,tfl}Aat

t=1 i=1

Revar, (T) = E [ZH{at e S}A,,

t=1

T K
< (2K + KO Amax +ED Y "T{ar € S, Niy > Niygo1, Niyo1 > (3 A,

t=1 =1

where a; is the super arm chosen at time ¢. The second inequality holds by writing the first £
increments of each V; as a separate term. Since each increment occurs for exactly one arm and

N; of all other arms in a; are at least N;, this can further be bounded by

T
(2K + KO)Apax +EY T{a, € S, Ny > L for all i € a,;} A,

t=1

T
< (2K + KO)Apax +EY T{a €8, Tpyoy > Cor all i € a,} A,

t=1

We introduce an event E; defined to be true if the actual values of the mean and standard

deviations of the individual arms fall within the respective confidence intervals at time t, i.e.,

R 6logt R 3logt
B =) {mi,t—MszM T }“ (] {"?Ssim—l“w T—g—l}

i€lK] i1 ielK]
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3logt n 3logt <ozl
Toor—1 \[ Ty —1

N ﬂ {§?,Tt_1 — M2
]

€K

Each term in the summation above is bounded above by
E [ ]I{Et, a; € S, E,t—l > { for all 7 € at}] Amax + P{_Et}Amax-

For bounding the second term in this, union bound over the concentration inequalities gives

K t
P(-E) <) > 479 <4kt

i=1 Ty, =1

The first term is 1 if and only if a sub-optimal super arm a, is selected despite the actual CVaR’s
falling inside their confidence bounds, and the number of arm reward samples 7;,_; > ¢. So,

the sub-optimal super arm a, can be selected over the optimal super arm a* only if

. Ul(a*) _1 N Jl(at)
Z [ui7Ti,t—l + OivtyTi,tfl] - _SO((I) (Oé)) < Z I:/“Lini,tfl + CiatyTi,t71:| -

‘ o :
1€a* 1€at

p(®H(a)).

«

Since FE; holds and a; is sub-optimal, the lower confidence bound for the CVaR of a; satisfies

(at)
Z [l&i»Ti,tfl - Ci7t7Ti,t71:| - 2 50((1)_1(@)) < CvaR(at> < CVaR(a*)

3 (0
1€a¢
(a*)
g _
- ZMi,Ti,tfl - SO(Q 1(0[))
. (0
ica*
Ul(a*) 1
< Z [z, + Civmi,y] — (@7 (a))
i€a*
Ul(at) 1
< Z [Mi,Ti,t,l + Cz‘,t,Ti,t,l] - (@ (o)),
1€at
which implies that A,, = CVaR(a*) — CVaR(a;) is bounded by
Ul(at) 1 Ui(tat) 1
Z |:/’Li7Ti,t—1 + Ci,t,Ti,t—J - o gp(@)_ (Oé)) - Z |:/’Li7Ti,t—1 - Ciyt,Ti,t—l] + o SO(CI)_ (Oé))
1€Eat 1€ay
(at) (ar)
(o)) — 0 _
=32, s+ P e ).
1€at
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This bound depends on the number of samples 7;,_1. Since T;, 1 > ¢, for sufficiently large ¢
the confidence intervals become too small, and the above inequality cannot hold, making the
corresponding term in the regret bound 0. For this to happen, it is sufficient that

A
and 0@ — o™ < _ OCmin
b 2p(07Y(a))

min

4L

Ci>t7Ti,Z <

Since Cj o = M Slogt " for the first inequality above,

7
[6logt A 96M?L?log T
M / < 1L or { > —————ZXEL;—————.

To obtain the final regret bound, we need ¢ such that

at) (at) Cyl&nﬁn

O‘ g S EEEee—
LT 25(@ (a))

u
the indicator term involving the event E; vanishes. The confidence intervals of the super arms
are defined in terms of those from the constituent arms. For confidence intervals constructed
using n samples from a Gaussian distribution, we have the following lower and upper confidence

bounds on the variance, respectively.

3logt 3logt
of = 3§ —2M? [%+\/no_g1] , and

3logt
2 _ 2 2
o, =5, +2M 1
Writing the confidence intervals of the variance of the super arms a; as o = | (0wsi)ica ||, and

01" = ||(014)ican |l Where

3logt
037i = min { (S?,Ti,tl +2M? —T't (Ig_ 1) ,MQ} and

3logt 3logt
2 2 2 ’
Tts = T { (Si’Ti’tl - |:,Tit—1 —1 " Tit—1— 1] > a }’

i€ay

gives us o) — Jl(at) < \/Z (00 — 01)%, (3.2)
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a bound based on the confidence interval sizes of the constituent arms. Using

b— :
Vb —a = / —dx_ 2\/_/ dr = ——=, we obtain

1 3logt
wi — Ol < i ; 2M* M?
Oui — O1; < 2\/m(mln { (SZ,Ti,tl + Tt — 1) ;
3logt 3logt
2 2 2
_ . —2M N
s { (a2 [ [ ) o)
2
S% 3logt P 3logt .
N \Ti—1—1 (Tip—1—1)
So, from (3.2), and the fact that a; has at most L arms and T;;_; > ¢,

1 1
Uq(ft (at) < \/_ <3 Ogt 19 3 Ogt)

—1 (-1

So, for making sure that the confidence bounds are sufficiently small so as to preclude sub-

optimal choices (provided FE; is true), ¢ should be chosen such that

.]\42 310gt 310gt aAmin
[ 2
VI (4—1 * (e-1)> < 20(@ 1(a))’

_ \/3logt \/310gt+2 - aN Ay,
ie, )
(-1 (-1 VLM2p(d-1(a))
This means that ¢ should be at least of the order of

0 (ﬁM%@l(a))logT) |

aNAmin

Combining both constraints on ¢ and the bound on the probability of event {—F;}, and using
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1 a2 -
2 S gives

2 2
:RCVaRa (T) < (2 + %) KAmax
LM?K logTA LvVL o1
+0 VL 08 £ Cmax max % \/_, O (@ () .

Amin Amjn alN
3.A.2 Proof of Theorem 2
The regret of the algorithm can be rewritten as

T T

Revar, (T) = E [Z {3 A, | +E D I{~E}A,, |,
t=1 t=1

where a; is the super arm chosen at time ¢, A, is the CVaR gap, and

~

Fir, (7)) — Fj(ﬂf)) > Cj,t—l,Tj,t_l}

& = {There exists arm j € [K] s.t sup
z€[0,1]

is the “bad" event that the empirical distribution and true distribution of some arms are not
close at some point.

The DKW inequality states that the cumulative distribution function F' of a random variable
is close to an empirical cumulative distribution function F,, obtained using n samples with

probability given as follows:

P (sup |F.(z) — F(x)| > 6) <2672

zeR

We use this to bound the first term of the regret. For Ci; 11, , = | /ff—iﬁ,

z€(0,1]

Fio(a) = Fy(a)| = 0)

t—

=

P(&) < i N P ( sup
)

<
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I
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For the second term, since &; does not occur, we have, for every arm ¢,

Fi(x) < Fy(z) < F(x) + Cia—1T1e1> for each arm i € [K],
which implies that F,(z) < F,(z) < Fy(z) + 2 Z Cji-11;,., for all super arms a € A.

j€a

Using Proposition F.1 of Cassel et al. (2023) on CVaR stability that relates differences in cu-

mulative distribution functions with a difference in the CVaR, we obtain

CVaR(F,) < CVaR(F,) < CVaR(F,) + L - w (2 S CLtl,Ti,H) :

i€a

4
amin{a,1 —a}’

where w(z) = b.(x + %), and b =

Now, since only sub-optimal super arms a; that have been chosen at time ¢ contribute to the

regret, we have

0 <A, = CVaR(F,-) — CVaR(F,,)

< CVaR(Fa*) — CVaR(Fat) + Law (22 C@t—l,Ti’tl)

1€a

2
<Lb|2 Z Cj,t*l,Tj,t—l + (2 Z Cj,tl,Tj,t1>

JEat Jj€at

S ¢Zl (22 Cj,tl,Tj,tl) 9

jGCLt

where ¢ ' (z) = max{2Lbx, 2Lbz*}, and ¢r(y) = min{5%, /55 }. So, we have

3logt

A 2 i 1T =2 .

0 < ¢r(Ag) < iezacz,t LT 1 Zeza ST
T

So. Revar, (T) = E | SO1(A,, # 0},
t=1
T T
< KAmax +E Z ]I{_'gt}Aat + Amax Z P{Et}
t=K+1 t=K+1
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T T

2k
S KAmax + E Z ]I{_‘(C—:t}Aat + Arnax Z t_2
t=K+1 t=K+1
(145 k£ | 3 o< opian <23 [2et Ly
B 3 - t=K+1 ’ " i€at 21—;"5_1 "

Following Chen et al. (2016), we define the event

3logt
H, = {0<¢L(Aat) <2) 2Tg1}’
b=

i€at

and two decreasing sequences of constants: 1 = 5 > 1 > ... and a; > ay > ..., such that

limy,_oo o = 0, lim;_, Bx = 0, and

Ooﬁkfl_ﬁk Sk
\/6,;—\/047 <1, Z < 267.

Forte {K+1,...,T}, let

2
ool A >0,
My = (¢1(Aay))

+00 Aat =0,
and Ap; = {i € a; st. Tip—1 < My}

Define the event
Skt = {| Ak > BrL}.

Lemma 2. In the t'th round, if 3, occurs, then there exists k € N such that event Gy, happens.

Proof. Assume H,; happens and none of G, happens. Let Ay, = a; and flk,t = a; \ At Then,

since limy_,o My = 0, following Lemma 5 in Chen et al. (2016),

o (Be-1 — B)L
%\/ z,tfl <; \/m

1 1
This implies ¢r(A,,) < 22 ;’)Togt < \/610gTZ
i,t—1

i€ay T i€ar V ﬂ’tfl
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 (Br_1— Br)L
< \/6logT; —mk,t

o = Bk—l - /Bk
= \/6; W(bL(Aat) < ¢r(Aq,),

which is a contradiction, hence the Lemma. O

Gkt is the event that at least S, K arms in a; do not have “enough" (> my,) number of
samples. Let G, be the corresponding event for a specific arm ¢ € a;. That is, G5 =

Skt N{t € a, T;p—1 < my}. So, when Gy, occurs, G, . occurs for at least K arms, i.e,

Skt Aa > 0} < 27 Z 1{Si ks, Da, > 0},

”LE(ZB
T
and so Z I[{g{t}Aat < Z Z Z ]I{gzkta at
t=K-+1 i€ap k=1 t=K+1
For each arm i € ap, let the arm be contained in N; sub-optimal super arms a,al, ... a2y .
Let A;y = Ags for | € [V;], and without any loss in generality
+oo =002 A1 > D0 > > Ai N, = A in.
Then, following Chen et al. (2016), we have
T
Z ]I{g'ft}Aat < Z Z Z H{Szkta at
t=K+1 i€cap k=1 t=K+1
1
ZEZaB ]Zl ( Aij))? (¢L(Az‘,j—1))2>
Finally, for each i € ag, we have
N.
. 1 1 z N;
- Aij = + Aij— A1)
= <(¢L(Am))2 (¢L(Ai,j1))2> T (on(Aim)) Z ))

Az’ N; Al’l 1
= e /A (@)

Now, ¢ () = min{5%,\/55}. For z € [A;n,, A1, @ < L, and so 5 < o= < 1, therefore,

2L
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op(x) = 313, and

Ni . Ain 272
: 2~ . 5 | Ay < 4L2b2AZ—’Ni2 +4L2b2/ %dx A
(¢L(Ai,j)) (¢L(Ai,jfl)) ( i,N; T Az’,min

=1 Ai,N;

T
1
Therefore, Z {H,} A, < 2136L°0% log T Z A resulting in
t=K+1 icap 0
L3 1 2
Revar, (T) < C—log T GZ Aot (1 - ?) K Ao
i€ap

3.A.3 Proof of Theorem 3

Discretization (Proof of Lemma 1)

Let (f;) ierr) Pe L probability mass functions and f’ be the corresponding discrete distributions
obtained by discretizing the support to points spaced € apart by rounding up. The probability
mass at each point x in the support of f; is shifted to [£]e. Multiple points might be shifted
to the same multiple of €, but for the sake of analysis, we keep track of all the original points
and their probability masses individually, even after merging.

Let 21,5, ... 21 be points in the support of fi, fo,..., fi respectively. Then ., z; €
Supp <@ie[L] f1>, with probability mass Hz‘e[L} fi(z;) due to these L specific points. Let x), ), ... 2
be the points obtained by e-rounding up the corresponding points. These points are in the sup-
port of fi, f5, ..., f] respectively, and Ziem x, € Supp <®i€{L} f{) Now,

L

TR SE 3 I S

i€[L] i€[L] i= i=1
- L x'_
L 1)] €
- €
=1

IA A
B o B
| |

AN VAN
= I[M]=
EREIE
| |
/N N /N, N
Mh . =
m|§ m|§ .
_
| +
N
~ M-
—
v /N
| I I—
- E
I —IJ
= —_
+ N—
—_ |
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That is, the sum of the samples after discretization is no further than distance (L + 1)e to the

right of the original sum. Now, we study how discretization affects CVaR. For discrete X,

CVaRa(X)zélz xfx(z <Z fx(x —a) T

r<Tq r<xq

Y

where z, = VaR,(X) = inf{z : Fx(z) > a}. Now, we consider the CVaR of the discretized
distribution X’. Including the multiplicative factor L + 1 inside €, since the probability mass
shifted rightwards by at most €, we have z, < z/, <z, + €.

Now, for determining the CVaR difference, we divide the points in the support of X based
on whether they contribute to CVaR of X and X’ (before and after the shift). Points contribute
to the CVaR only if they are at most the VaR.

A: Points that contribute to the CVaR of X

B: Points that contribute to the CVaR of X'

So, the set of all points is

(A\B)U(B\ A)U(ANB)U(A°NB).

Considering the contributions of AN B,

Y. dfel) —al, Y fo@) < Y (wteofx(@) —za Y fole

r€ANB a:EAﬁB e ANB r€ANB
= D afxl@) —wa 3 fx@) ey fx(@)
rz€ANB € ANB € ANB

The points in B\ A, those that contribute to X’ but not X, are those that are not greater than

x., but are greater than x,. Their contribution is at most zero because

Y, @rel@)—al Y fel)<an Yo (@) - Y, fol)

T>To,x’ <t T>To,x’ <t T>To,x’ <xl, T>To,x’ <t

So, CVaR,(X’) can be written as

HDIEZICUED SRR (D WA R AT R Y

r€ANB z€B\A '€ ANB z’€B\A
1 /
== > afx(@) —xa Y fi@)—axl+e > fx(@)
r€ANB r€AUB r€ANB
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:é{zifx —ZEafo ) — azl, — Z rfx(x) + 24 Z fi (@) +e Z fX(x)]_

z€A z€A z€A\B x€A\B r€ANB

Now, for x € A\ B, x +€> 2’ > 2!, s0 —x < —z!, + ¢, giving

CVaRa(X’)gé[foX )—xa > fi(a) —axl,—al, Y fx(x)tae Y filx

€A €A x€A\B z€A\B
+€ Z fx(z)+e Z fX(x)}
r€ANB z€A\B
1
g—[foX —vafX — Xy ZfX ) < CVaR,(X) + —
a TEA TEA :EEA a

e(L—i—l).

Therefore, CVaR, (F,) < CVaR,(F!) < CVaR,(F,) +
(6]
Regret

We proceed similar to the proof of Theorem 2, writing the regret as
RCVaRa (T) =E -+ E

Y

T
Z ]I{_'Et}Aat
t=1

T
> I{EGA,,
t=1

with a;, A, and &; as defined previously. For the first term, we know from the previous analysis

that P (&) < 25. For the second term, since &, does not occur, we have

Fy(z) < Fylz) <Fy(z)+2 Z Cit-1.15, 1>

Jj€a
and hence, CVaR(F,) < CVaR(E,) < CVaR(E,) + L.w(z 3 Oj,t_LTm_l)

j€a
Now, since a sub-optimal super arm has been chosen based on the discretized distributions F.,
A,, = CVaR(F,+) — CVaR(F,,)

< CVaR(F,.) — CVaR(F,,) + Lw (2 > cﬁ_l,Tw)

JjEa

e(L+1)
< CVaR(FJ.) — CVaR(F,) + S 4 Lu (2 S cji_LTj’t_l)

JEar
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eL+1)
< o + o7 (QZCj,t—l,Tj,H) )

JEat

L . . Ay - Aq L+1
which implies either =* < ot (2 Zjeat ijt*LTj,t71> or = < %

A -1
When =t < ¢ (2 > icar Cj7t_17ijt71>, we have

A, 3logt
0 - 2 Ciyrr, , =2 .
< oL ( 5 ) < g 41T ; Moy
So, the regret is bounded by
T T
2k 3logt
KAmax+Amax Z t_2+E E H{O<¢L(Aat> <22 QEtl}Aat]
t=K+1 t=K+1 i€ay ’
T
A, e(L+1)
<
+E| Y ]1{ TR } Aq,
t=K+1

From the proof of Theorem 2, for some constant C,

T
3logt 1
E I A 2 A, | <CLlogT :
[ Z {O < 0rBa) < Z QTit—l} | = o Z Ajmin
t=K+1 i€ag ’ i€ap ’
Therefore,
2 1 (L+1)T
Revary (T) < (14 = | KApax + CL*0? log T 2 :
con 115 (145 K- T Y 1l
i€ap
Letting € = —*~= proves Theorem 3.
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Chapter 4

Hierarchical Reinforcement Learning with
Offline Data

Standard reinforcement learning algorithms with a single policy perform poorly on tasks in
complex environments involving sparse rewards, diverse behaviors, or long-term planning. This
motivates the study of algorithms that incorporate temporal abstraction by training a hierarchy
of policies that plan over different time scales. The options framework (Sutton et al., 1999) has
been introduced to implement such temporal abstraction by learning low-level options that act
as extended actions controlled by a high-level policy.

Consider a Markov Decision Process (MDP) defined by the tuple (S, A, r, p, p,7), where 8 is
the state space, A is the action space, r : § x A — R is the reward function, P is the probability
transition function, p is the initial state distribution and + is the discount factor.

In the options framework, the agent consists of a set {2 of options. Each option w €  is
defined by a tuple (J,, 7, B,), where J,, is the set of initial states from which w can be given
control, m, is the actual policy corresponding to w, and [, is the termination function that
decides when the option w relinquishes control and passes it back to the high-level policy. In
most approaches, the initiation set J is the entire state space.

Extending the standard actor-critic approach, options framework approaches consider option-
value functions Qq(s,w),Qu(s,w,a) and Vu(s), and the option-value function upon arrival
U(s',w) that incorporates the probability of the previous option w terminating at state s’ imme-
diately upon arrival. These functions lead to analogous Bellman and policy gradient equations
for updating the critics and actors, respectively.

The main challenge in applying these algorithms to real-world problems is that they suffer

from high sample complexity to train multiple levels of the hierarchy, which is impossible in
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many online settings. Motivated by this, we propose an offline hierarchical RL method that
can learn options from existing offline datasets collected by other unknown agents. This is a
very challenging problem due to the distribution mismatch between the learned options and the
policies responsible for the offline dataset, and to our knowledge, this is the first work in this
direction. We propose a meta-algorithm by which an online hierarchical reinforcement learning
algorithm can be trained on an offline dataset of transitions collected by an unknown behavior
policy. The results presented in this chapter can also be found in Ayyagari et al. (2024).

Standard hierarchical algorithms require the agent to repeatedly interact with the environ-
ment to obtain diverse transitions. However, one might wish to avoid collecting any transitions
and instead use a dataset of existing transitions collected by an unknown behavior policy. This
setting is called Offline Reinforcement Learning.

There are many issues with learning optimal policies from such a dataset. Evaluating a
policy using transitions collected by a different policy leads to a distributional shift. Learning
an optimal policy is prevented by limited coverage of the dataset due to the behavior policy
being sub-optimal or narrow.

Many approaches have been proposed to deal with these issues, most of which incorporate
pessimism into the learning process in various ways. In our work, we consider Model-Based
Offline Reinforcement Learning (MOReL) (Kidambi et al., 2020), in which a pessimistic MDP
(P-MDP) that is an approximation of the true MDP is learned from the dataset and a model-
based Natural Policy Gradient algorithm is then used to learn an optimal policy in the P-MDP.
The performance of a policy in the pessimistic MDP is an approximate lower bound on its

performance in the unknown real MDP.

4.1 Proposed Approach

Consider an offline dataset D created by exploring the environment using an unknown behavior
policy m,. The dataset is a collection of transitions and is of the form
N
D= {(3i7 Qi Ty S'/h di)}izl 3
where s; € S is some state of the environment, a; is the action taken by m, at s;, r; is the reward
obtained, s is the next state the environment transitioned into, and d; is a binary variable
indicating whether this transition resulted in the termination of the episode.
Such a dataset can be directly used to learn a standard reinforcement learning agent, some-

times even naively, because such an agent learns its own policy m whose behavior can be inferred

from the response of the environment to 7.
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However, when a hierarchy of policies needs to be learned, such as in the Option-Critic
architecture (Bacon et al., 2017), the performance of a high-level policy depends on the current
set of options, and it is not possible to directly learn this value since the options keep changing
and the dataset does not have information about how any current option would perform long-
term. This is as opposed to the fact that the dataset contains information on the reward
obtained by a low-level action taken by a flat policy.

So, to convert an arbitrary online hierarchical reinforcement learning algorithm into an
offline algorithm, there is a compelling reason to learn the MDP model, more so than in the
case of learning a flat agent. For this reason, we learn a P-MDP, a pessimistic approximation
of the MDP that terminates with a reward penalty in regions of the state space where it is
uncertain about the true MDP.

The pessimism of the P-MDP explicitly restricts the agent from exploring regions of the
environment’s state-action space that are not represented in the offline dataset and are hence
unknown. Due to the penalty term, the agent is incentivized to plan ahead and stay within the
confines of the offline dataset.

Another approach for restricting the agent from taking out-of-distribution actions is to
explicitly learn the state-action distribution and only allow the agent to sample actions in
the support of this distribution. We also incorporate this approach by learning a Conditional
Variational Auto-Encoder (CVAE) to model the latent space of actions conditioned on the

state, and allowing the low-level policy to only pick an action from this latent space.

4.1.1 Standard Setting

First, we consider the standard offline reinforcement learning setting, where a dataset D of
transitions is given as described above and the goal is to use solely this dataset to learn and
perform optimally in the corresponding online environment during deployment.

Given an offline dataset D as described above, the first step is to construct a pessimistic
MDP (P-MDP) that is a pessimistic approximate model of the real MDP. This is done by
learning an ensemble {7}, Ri}5 | of dynamics models and reward functions. Each model Tj,
takes as input a state-action pair and predicts the change in the environment state due to the
action, while Ry, predicts the reward. The termination condition of the MDP is assumed to be
known.

The T} are trained on D until convergence, and a discrepancy measure M : § x A — R is
considered that acts as a proxy to the epistemic uncertainty of the learned dynamics models.
It takes a state-action pair as input and outputs the disagreement regarding the resultant next

state among the dynamics models in the ensemble. For our experiments, we use the variance
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of the predictions as the discrepancy measure.

The P-MDP model is defined as follows. For sampling an episode from the P-MDP, one
dynamics model T} and reward model R are randomly chosen from among the ensemble. At
each step, for current state s and a given action a, the next state is calculated as ' = s+T(S, a)
and the discrepancy is calculated as M(s,a) = Var ({TJ(E, a)}f:1>, where 5 is the normalized
state. The reward is calculated as Ry(5,a).

If M(s,a) is above a certain threshold, the episode is terminated and a penalty is given to
the agent. The threshold and penalty are hyperparameters that depend on the environment
under consideration. This termination and penalty induce pessimism and deter the agent from
wandering far from the support of the given offline dataset distribution.

The second step is to train a Conditional Variational Auto-Encoder (CVAE), consisting
of an encoder E and a decoder D. Each state-action pair (s,a) in D is passed through the
encoder to obtain the encoding a = E(S,a). For a given state, an action can be sampled in
A by sampling an action a ~ N(0,I) in the latent space and passing it through the decoder,
giving a = D(S, a).

The CVAE is trained in the standard way, with the loss to be minimized being the sum of
the reconstruction error and the KL divergence between the latent actions and the standard
normal distribution.

Now, an arbitrary hierarchical RL algorithm H can be trained using a combination of the
CVAE and the P-MDP as follows. When at state s, the low-level policy takes an action a in
the state-conditioned latent action space of the CVAE. This is passed through the decoder to
obtain the real action a = D(s,a), which is then passed to the learned P-MDP. The P-MDP
returns the next state and reward to H, which uses the transition as it sees fit.

In essence, the algorithm H is operating in the approximate pessimistic MDP constructed
from the offline dataset and is planning in the latent action space of the CVAE. It treats this
setting as if it is an online environment and plans and learns as in the online setting without

any modifications. The overall structure is given in Figure 4.1.

4.1.2 Transfer setting

An advantage of learning reusable low-level skills in a hierarchical agent is the transfer of such
skills to solve a task different from the one the agent was trained on. If the low-level skills are
reusable, then retraining the hierarchical agent on the new task will be more sample-efficient
than retraining a flat agent.

In our work, we consider the setting where an offline dataset is given for a specific task in an

environment, but the agent has online access to the environment and needs to learn a different
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task. We first train the hierarchical agent offline as described previously and then fine-tune it
online on the new task.

The actions to be taken to solve the new task need not be the same actions that solve the
original task. Therefore, while the agent learns to plan in the latent action space during the
offline training, for online fine-tuning, after that, the decoder is discarded, and the agent is

made to plan using the actual actions in the environment.

4.1.3 Goal-Conditioned Setting

In many problem settings, it is desirable to learn a general agent that can reach any goal given
to it, rather than retrain a different agent for each task that needs to be done. This has led
to the study of algorithms that learn goal-conditioned policies that take the current state and
intended goal as input and output an action based on that.

In a hierarchical setting, the final intended goal is given to the high-level policy, which in
turn creates a low-level sub-goal and passes it to the low-level policy to reach. The transitions
in the offline dataset also contain the goal information.

For dealing with such a scenario using our algorithm, we learn a goal-conditioned CVAE, in
which both the encoder and decoder are passed the goal along with the state as the conditioning

input to learn the latent action space. The P-MDP model is left unchanged.
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4.2 Experiments

4.2.1 Standard Setting

For the standard setting, we consider the OpenAl Gym MuJoCo (Brockman et al., 2016)
continuous control environments, HalfCheetah-v2, and Hopper-v2. The agent controls a 2D
figure, and the task is to make the figure move in the forward direction while remaining upright.
We consider the "Medium" and "Medium-Expert" datasets in the D4RL benchmark (Fu et al.,
2020) as the offline datasets on which our algorithm and baselines are run.

For the base online hierarchical algorithm, we use the Multi-updates Option Critic (MOC)
algorithm (Klissarov and Precup, 2021). Here, a stochastic high-level policy chooses the option
to execute, and the options are parameterized by neural networks with shared initial and hidden
layers.

For the baselines, we consider Proximal Policy Optimization (PPO) (Schulman et al., 2017)
and Soft Actor-Critic (SAC) (Haarnoja et al., 2018) algorithms run on top of our CVAE + P-
MDP framework. This gives an insight into whether this framework preserves the advantages
of using a hierarchical agent over a flat agent. The results are shown in Figure 4.2. The plots
in all the figures show the results averaged over five runs, with the shaded region denoting the
standard deviation. Further details of training are provided in Section 4.2.6.

Table 4.1 gives the results of our framework compared with other offline algorithms in the
literature, which are Model-Based Offline Reinforcement Learning (MOReL) (Kidambi et al.,
2020), Model-Based Offline Policy Optimization (MOPO) (Yu et al., 2020), and Conservative
Q-Learning (CQL) (Kumar et al., 2020).

The performance of our algorithm is comparable to that of existing algorithms except on
Hopper Medium. It outperforms the other methods in the HalfCheetah-v2 environment, and
in the case of the HalfCheetah Medium-Expert dataset, where MOReL attains a maximum
unnormalized reward of around 8000, it can be seen that the additional CVAE results in our

method obtaining rewards more than 10, 000.

4.2.2 Transfer Setting

For the task transfer setting, we consider the same MuJoCo locomotion environments as before.
The offline dataset is the same as before, but during the online fine-tuning, the task is changed
to a new one wherein the agent is rewarded for going in the backward direction, as opposed to
the forward direction in the original task.

In the standard setting, we see that the hierarchical agent using MOC is performing as well

as SAC and even PPO in some cases. However, when the task is switched and the trained agents
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Figure 4.2: First row: Rewards obtained in Gym MuJoCo locomotion environments in the
standard offline reinforcement learning setting w.r.t. the number of iterations of training. The
captions specify the environment and the offline dataset on which the algorithms are learned.
All three algorithms are trained on the CVAE + P-MDP framework. Second row: Results for
the transfer task in Gym MuJoCo environments. The dip in the reward corresponds to the start
of online training on the different tasks, and the x-axis corresponds to the number of samples
obtained online.

are updated to learn a new task online, we see in Figure 4.2 that MOC clearly outperforms the
baselines. This shows that learning a hierarchy results in better sample complexity when the
agent is asked to transfer its skills from one task to another. This also means that our framework

preserves the advantages of a hierarchical agent over flat agents in the offline setting.

4.2.3 Goal-Conditioned Setting

For the goal-conditioned setting, we consider two block-stacking tasks wherein the agent controls
a robotic gripper and has to handle and manipulate colored block-shaped objects based on the
goal given.

In the first task, the agent has to learn to achieve the following three goals: (i) grasping
the blue block, (ii) placing it on the red block, and (iii) returning the gripper to the original
position after successfully completing the previous tasks. It is given a 0 reward when the goal
is reached, —1 otherwise. The observations given to the agent consist of information about the
positions and orientations of two blocks, and the goals are in the form of one-hot vectors.

Similarly, the second task involves three blocks and six goals, with goals (i)-(iii) involving
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Table 4.1: Normalized scores on D4RL benchmark. Our algorithm scores are the running
averages over five seeds. Results of MOReL, MOPO, and CQL are reported from their respective
papers.

Offline MOC
Environment Dataset (Ours) MOReLL MOPO CQL
Hopper Medium 76.8 95.4 28.0 86.6
Hopper Medium-Expert 107.4 108.7 23.7 111
HalfCheetah Medium 45.04 42.1 42.3 44 .4
HalfCheetah Medium-Expert 90.6 53.3 63.3 62.4

(a) Goal (i) (b) Goal (ii) (c) Goal (iii)

Figure 4.3: The three high-level goals in the robotics environment: (i) grasping the blue block,
(ii) placing it on the red block, and (iii) returning to the end position. These actions have to
be taken sequentially, necessitating a hierarchical agent with a high-level planner.

setting the blue block on the red block and goals (iv)-(vi) for setting the green block on the red
block.

For these tasks, we consider the Universal Options Framework (UOF') algorithm that learns
a goal-conditioned high-level policy and a goal-conditioned low-level policy. The output of the
high-level policy is the low-level goal given to the low-level policy. The same sparse {—1,0}
reward is given to the low-level policy as the low-level reward, depending on whether it reached
the low-level goal.

A fixed number of low-level goals are defined a prior: that correspond to the high-level
goals and are a function of the current state. The high-level policy chooses one of these as its
high-level action and passes it to the low-level policy.

The high-level policy is trained using a deep-learning based goal-conditioned version of the

Intra-Option Learning algorithm called DIOL. It is also provided with abstract demonstrations,
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Figure 4.4: Results on the first robotic-gripper block-stacking task for UOF along with SAC-
HER and BC baselines, trained on the CVAE + P-MDP framework. The first and second rows
depict the performance when trained on the Medium and Medium-Expert datasets, respectively.
Each plot shows the fraction of times the agents were able to reach the corresponding goal

against the number of training iterations.

which are sequences of high-level actions to take to achieve the desired high-level goal. The
low-level policy is learned using Deep Deterministic Policy Gradient (DDPG) (Lillicrap et al.,
2016) and Hindsight Experience Replay (HER) (Andrychowicz et al., 2017) to deal with sparse
low-level rewards.

We ran the UOF algorithm in the online environment and used two partially trained models
as the behavior policies to create the offline datasets “Medium" and “Medium-Expert" on which
to benchmark the offline algorithms. As baselines, we consider the SAC algorithm with HER
and behavior cloning as a function of the current state and low-level goal. All the algorithms
use the low-level goals in the offline dataset to learn goal-conditioned policies in the latent space
of the goal-conditioned CVAE.

For evaluation, each agent is given a goal to reach. For UOF, the goal is in the form
of a one-hot vector. For the baselines, the goal is in the same format as the low-level goals
of UOF. Figure 4.4 and Table 4.2 show the results of the experiments on the Medium and
Medium-Expert datasets, respectively, as a fraction of evaluation episodes during which the
agent could reach the goal, plotted against the number of training epochs. It is clear that while

all agents can reach the initial goals, the baselines struggle to reach the later goals due to a
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Table 4.2: Performance on the second robotic block stacking task involving six goals. It can
be seen that while the baselines have some success in the first of a sequence of tasks, i.e., tasks

their respective sequence.

Algorithm  Goal (i) (i) (iii) (iv) (v)  (vi)

Our algorithm 0.90 0.71 0.41 0.93 0.81 0.46
SAC+HER 0.33 0.03 0 0.20 0.01 0
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(a) Ablation of pessimistic termination on  (b) Ablation of CVAE for Hopper task
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Figure 4.5: Results for the ablation of pessimistic termination and CVAE, respectively, in the
Hopper environment with the Medium offline dataset.

lack of planning. This demonstrates that a high-level policy guiding a low-level policy to the

desired goal performs better than a single goal-conditioned policy.

4.2.4 Ablations

To analyze the effectiveness of each component of our framework, we perform ablation studies in
the goal-conditioned setting. We conduct experiments to validate the necessity and effectiveness
of the CVAE, the goal-conditioning of the CVAE, and the discrepancy-based termination of the
P-MDP. The results are shown in Figures 4.5 and 4.6.

The necessity and effectiveness of the CVAE is a valid question since the MOReL algorithm
does not need a CVAE to train an agent with a P-MDP. There might be an additional concern
that limiting the actions that can be taken by the agent to the distribution learned by the
CVAE might hinder generalization.

However, we find that it is not the case. Figure 4.6 shows the results of the UOF algorithm
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Figure 4.6: Results for the ablation experiments in the robotic gripper block-stacking tasks,
showing the fraction of times the agent reached the specified goal versus the number of training
iterations.

on the offline dataset with and without the CVAE. It is clear that the CVAE not only enables
learning a better policy, but it enables faster convergence as well, since the decoder acts as
an initial pre-trained policy from which the agent can start and improve. The same can be
observed in the transfer setting as well, as seen in Figure 4.5b, which shows the performance in
the Hopper transfer task after training offline on the Hopper Medium dataset.

Another aspect of the algorithm in the goal-conditioned setting is the goal-conditioning of
the CVAE itself. The same latent action taken by the low-level policy results in different actual
actions executed in the environment based on the desired goal of the low-level policy and the
current state.

To study the value of this approach, we conducted an ablation to compare the performance
with that of an agent in which the CVAE is conditioned only on the state. It can be seen from
Figure 4.6 that removing the goal-conditioning of the CVAE while retaining goal-conditioned
high and low-level policies still results in a worse agent.

Additionally, we also conducted experiments without the pessimistic termination of the
MDP when an uncertain state is encountered. We see that this component does not affect the
performance significantly, possibly because all the episodes are restricted to only 25 time steps
for this task, and so early termination does not significantly affect the behavior of the learned
policies. In environments with longer trajectories, pessimistic termination is an important
component in the offline setting, as seen in Figure 4.5a, which shows the results of this ablation

in the Hopper-v2 environment trained on the Hopper Medium dataset.
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Figure 4.7: Fraction of times each high-level action is chosen by the trained UOF agent at each
time step after being trained using the Medium dataset.
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Figure 4.8: Fraction of times each high-level action is chosen by the trained UOF agent at each
time step after being trained using the Medium-Expert dataset.

4.2.5 Options learned

In the first block stacking task, due to the way the goals are defined, reaching a goal requires
reaching all the previous goals also in order. The three possible high-level actions of the agent
are defined corresponding to the three goals of the environment. So if the options are learned
properly as intended, given a high-level goal, the agent should choose each of the previous
high-level actions until the corresponding high-level goal is reached, and move on to the next
high-level goal, and so on. For example, for reaching goal (iii), the agent should choose high-
level action (i) to reach goal (i), then choose action (ii) to reach (ii), and then choose action
(iii) to reach the intended goal.

It turns out that this is actually the case for the agent learned using UOF on the offline
dataset. This can be seen in Figures 4.7 and 4.8, which show the fraction of times a certain

high-level action is chosen by the agent at a particular time step, when trained on the Medium
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and Medium-Expert datasets respectively till convergence and evaluated 30 times. The x-axis
shows the time passed, and the y-axis shows the fraction of times each option is active at that
time step.

In Figure 4.7, for goal (iii), it can be seen that option 0 is chosen initially. Then the
likelihood of choosing option 1 peaks, followed by option 2, to finally reach the goal. This
order of choosing the options becomes even more evident and consistent in Figure 4.8 since the

training has been done on a better dataset.

4.2.6 Details of Experiments

Robotics Environment

We consider the first two block-stacking tasks described in Yang et al. (2021), wherein the
agent controls a robotic gripper to manipulate given colored blocks. The first task consists of
three goals to (i) catch the blue block, (ii) set it on the red block, and (iii) return to the initial
position. Similarly, the second task consists of six goals corresponding to placing a blue block
or a green block on the red block.

For the hierarchical algorithm, we have two levels of goals. Each of the three goals is given as
a high-level goal to the high-level policy. Additionally, the high-level policy has three high-level
actions or options it can take, corresponding to the three goals. Each of these three high-level
actions is mapped to a corresponding low-level goal by a known function based on the current
state. This low-level goal is represented by the absolute Cartesian coordinates of the block and
the gripper, along with the gripper width. For completing the n’th higher-level goal, the agent
must complete the previous n — 1 goals in proper sequence. So the high-level policy needs to
learn to give these low-level goals to the low-level policy appropriately.

As opposed to the DARL dataset, each sample transition in the offline dataset for the robotics
environment also consists of a low-level goal. Thus, each sample in the static dataset D can
be represented as (s;, a;, gi, Siv1,7i,d;). We create two offline datasets of 1M samples each for
our experiments by running the UOF algorithm online for 20 and 50 epochs, respectively, and
collecting samples using these partially trained models to interact with the environment. We
refer to these two offline datasets as the “Medium” and “Medium-Expert” datasets, respectively.

The high-level policy in UOF takes the one-hot high-level goal as its input, while the low-level
policy can take any low-level goal as input in the format described earlier. For the Behavior-
Cloning (BC) and the SAC-HER agents, there exists no hierarchy. So, the low-level goals in
the dataset from the UOF algorithm are used as the goals for the baseline algorithms.
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Dynamics Model The dynamics model for the robotics environment consists of just a tran-
sition model. The reward function is not learned but defined to be 0 when the goal is reached
and —1 otherwise. The transition model comprises a Multi-Layer Perceptron (MLP) with two
hidden layers of 512 ReLLU activated nodes each. We use an ensemble of 5 models to compute
the discrepancy in the next state prediction. The states are normalized, and the models predict
the residual for the next state. Since normalized states are used, the dynamics model is learned

using the Adam optimizer to minimize the [; loss.

CVAE architecture The proposed CVAE consists of an encoder and a decoder network,
each of which comprises 2 hidden layers with 750 ReLLU activated nodes. The low-level goal is
passed along with the state as input to the CVAE components. The latent dimension is the
same as that of the action dimension. Similar to the dynamics model, we use Adam optimizer
and [; Loss. Once the CVAE is learned, the encoder is discarded, and just the decoder part of
the CVAE is used to convert the latent actions of the agent to the real actions to be taken in

the P-MDP or the environment during training and evaluation of the RL agent, respectively.

Hyperparameters For training the dynamics models and the CVAE, we use a train-validation
split of 85 : 15. The learning rate and the number of hidden neurons in the MLP are decided
by a grid-search technique on the basis of the respective validation losses. The search is done
using Ray Tune (Liaw et al., 2018) to randomly select and evaluate 10 out of all possible

combinations. The ranges on which the hyperparameters are searched are given in Table 4.3.

Table 4.3: Grid search range for hyperparameters of the transition models and CVAE networks.

Hyperparameter Search Range

Learning rate {1073,1074,107,

2x 1075 x 107}
Transition model hidden layer size {128, 256,512, 1024}
CVAE hidden layer size {256,512, 720, 1024}

At any state, when a specific action is taken, a discrepancy is calculated as the variance
of the next state prediction by the transition functions of the model ensemble. As described
previously, when the discrepancy at a particular state-action pair exceeds a certain threshold,
the episode is terminated with a high negative reward.

The threshold can be defined in one of two ways. Once the ensemble is trained and fixed,
the discrepancy value is calculated for each state-action pair in the offline dataset. Using these
values, the threshold can be calculated as either a quantile of these values or a fraction of the

maximum discrepancy value on the dataset.
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Table 4.4: Hyperparameters for dynamics model and CVAE in the robotics environment.

Hyperparameter Value
Dynamics Model MLP(512,512)
Activation ReLU
Batch size 256
Learning rate 1074
Discrepancy quantile 99
Negative reward 50
No. of models in ensemble 5
CVAE MLP (720, 720)
Activation ReLU
Batch size 128
Learning rate 1074

Which of the above two methods to use, and the corresponding quantile or fraction value,
are both hyperparameters, as well as the reward penalty given when the discrepancy exceeds
this threshold and the episode is terminated.

The discrepancy threshold is set by evaluating the UOF agent in the original environment
using the CVAE. For this environment, we set the threshold as a quantile of the discrepancy
values induced by the ensemble on the offline dataset. The final hyperparameters are given
in Table 4.4. The hyperparameters for SAC-HER are the default hyperparameters in Stable
Baselines 3.

The SAC-HER algorithm is taken from Stable-Baselines3 (Hill et al., 2018), and the UOF
code has been adopted from its official implementation (Yang et al., 2021).

Locomotion Environments

For the locomotion environments, we consider two MuJoCo continuous control tasks, Hopper-
v2 and HalfCheetah-v2, in OpenAl Gym (Brockman et al., 2016). The agent controls a 2D
figure, and the task is to make the figure move in the forward direction while remaining upright.
We consider the “Medium” and “Medium-Expert” datasets in the D4RL benchmark (Fu et al.,
2020) as the offline datasets on which our algorithm and baselines are run. The Medium dataset
comprises 1M transitions and the Medium-Expert dataset comprises 2M. After transfer, the
Gym environment is modified such that the environment gives rewards when the agent moves

in the backward direction.

65



Dynamics Model Our dynamics model consists of a transition model as well as a reward
model, each of which comprises an MLP with two hidden layers of 512 RelLU-activated nodes.
We use an ensemble of 5 models to compute the discrepancy in the next state prediction. The
dynamics model and the reward model are both learned using the Adam optimizer and the [y

Loss.

Table 4.5: Grid search range for hyperparameters of the transition models and CVAE networks.

Hyperparameter Search Range

Learning rate {1073,1074,1075,

2x 10745 x 107}
Transition model hidden layer size {128,256,512, 1024}
Reward model hidden layer size {128, 256,512,1024}
CVAE hidden layer size {256,512, 720,1024}

CVAE The CVAE consists of an encoder and a decoder, each of which comprises an MLP
with two layers of 750 ReLLU-activated nodes. The latent dimension is the same as the action
dimension of the environment under consideration. We use Adam optimizer with /; loss to learn

the parameters.

Hyperparameters For training the dynamics models, reward model, and CVAE, we use
a train-validation split of 90 : 10. As in the robotics environment, the learning rate and the
number of hidden neurons in the networks are decided using grid search based on the validation
loss. The range in which the hyperparameters are searched is given in Table 4.5.

Once the CVAE and the dynamics and reward functions are learned, the discrepancy fraction
or quantile of the ensemble, along with the negative reward penalty, are tuned by training
an SAC policy on the CVAE + P-MDP and evaluating it using the CVAE and the real gym
environment, where the actions taken are obtained by passing latent actions through the CVAE
decoder. The hyperparameters thus obtained are given in Tables 4.6 and 4.7.

After fixing the discrepancy threshold and penalty, the hyperparameters of the MOC and
PPO algorithms are set by training on the CVAE + P-MDP model and evaluating using the
CVAE and the real gym environment. The hyperparameters used are given in Table 4.8.

The learning rate and 7 in MOC are tuned using Ray-Tune. Other hyperparameters are
taken from the MOC paper (Klissarov and Precup, 2021). Similarly, for PPO, all the hyperpa-
rameters are tuned except for vf coef, ent coef and PPO steps, which are taken from Hugging
Face. PPO and SAC have been used from Stable-Baselines3 (Hill et al., 2018), and the MOC

code has been adopted from its official implementation (Klissarov and Precup, 2021).
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Table 4.6: CVAE and P-MDP hyperparameters for Hopper

Dataset
Parameter Medium Medium-Expert
Dynamics model MLP (512,512) MLP (512,512)
Activation ReLLU ReLU
Batch size 256 256
Learning rate 1074 1074
Discrepancy fraction 1.08 0.08
Negative reward penalty 20 30
Number of models in ensemble ) )
CVAE MLP(720,720) MLP(720,720)
Activation ReLU ReLU
Batch size 256 128
Learning rate 1074 1074

4.3 Related Work

The concept of options to incorporate temporal abstraction into reinforcement learning agents
was introduced by Sutton et al. (1999). They studied this setting in the framework of Semi-
Markov Decision Processes (SMDPs), in which each option is considered as an extended action
that takes a variable number of time steps to execute. The Option-Critic (OC) architecture (Ba-
con et al., 2017) is a method to discover and learn options that are parameterized by deep neural
networks and learned using policy gradient updates.

Over the years, many variants of the Option-Critic have been studied that aim to improve
certain aspects of the algorithm. Interest Option Critic (Khetarpal et al., 2020) generalizes
initiation sets to learnable interest functions. Residual Soft Option Critic (Zhu et al., 2021)
extend OC by incorporating rewards based on the mutual information between different options
and an entropy term. Smith et al. (2018) consider the options that gave rise to a trajectory as
latent variables and updates all the options to maximize the reward.

The use of a P-MDP for offline learning was introduced by Kidambi et al. (2020), who used
a model-based Natural Policy Gradient (NPG) approach to train the agent in the P-MDP.
Such ideas regarding pessimism or conservatism when dealing with out-of-distribution states
or actions are incorporated by many offline algorithms in different ways. Model-based Offline
Policy Optimization (MOPO) (Yu et al., 2020) also trains an arbitrary RL algorithm in an ap-

proximate MDP, penalizing the agent based on the aleatoric uncertainty of the current model
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Table 4.7: CVAE and P-MDP hyperparameters for HalfCheetah

Dataset
Parameter Medium Medium-Expert
Dynamics model MLP (512,512) MLP (512,512)
Activation ReLU ReLU
Batch size 256 256
Learning rate 1074 1074
Discrepancy fraction 0.1 0.0101
Negative reward penalty 20 20
Number of models in ensemble ) )
CVAE MLP(720,720) MLP(720,720)
Activation ReLU ReLU
Batch size 256 128
Learning rate 1074 1074

at every time step. Lu et al. (2022) empirically compares different choices of uncertainty penal-
ization along with other design choices in model-based offline RL. Model-Based Offline Options
(MO2) (Salter et al., 2022) learns an option-transition model that predicts termination state
distribution from a state-option-action tuple to optimize behavior cloning and predictability
objectives.

The use of a CVAE trained on the offline dataset to implicitly constrain possible actions
was introduced by Fujimoto et al. (2019) as a component of the Batch Constrained deep Q-
learning (BCQ) algorithm. However, in BCQ, the actions output by the CVAE decoder are
perturbed by a separate perturbation model learned using DDPG@G, and the actions are selected
in a model-free manner by sampling multiple actions and choosing the best based on the Q-
values. The Policy in Latent Space (PLAS) (Zhou et al., 2021) algorithm is another model-free
algorithm that trains an agent in the latent space of a CVAE and uses an optional perturbation
layer after the decoder for out-of-distribution generalization. Nasiriany et al. (2019) and Li
et al. (2022) employ a VAE and a CVAE, respectively, to learn latent represenTransitioning
from simple simulations to complex practical applications requires one to solve a host of new
challenges, including a costly collection of data and the incorporation of high-level reasoning.
Ajay et al. (2021) learn a continuous space of low-level skills by treating a skill as a latent
variable corresponding to a sub-trajectory in the offline dataset and the low-level policy as a
function of the state and the skill.
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Table 4.8: Hyperparameters for MOC and PPO

Hyperparameter Hopper-v2 HalfCheetah-v2

MOC
Ir 1074,107%,107* 107%,107%,1074
clipping value 0.2 0.2
i 0.7 0.7
v 0.99 0.99
A 0.95 0.95
PPO
steps 2048 2048
Ir 9.80828 x 1079 0.0003
clipping value 0.1 0.2
vi coef 0.835671 0.835671
ent coef 0.00229519 0.00229519

4.4 QOutlook

In recent times, Reinforcement Learning has increasingly been used to learn complex tasks
for developing agents deployable in the real world. Transitioning from simple simulations to
complex practical applications requires one to solve a host of new challenges, including costly
collection of data and incorporation of high-level reasoning.

The problem of a lack of access to online samples from the environment is mitigated by
offline algorithms designed to work on datasets that have been collected previously by an
unknown policy. High-level complex reasoning is achieved by the use of hierarchical policies
that incorporate temporal abstraction, operating at different time scales across various levels of
the hierarchy. However, learning such policies is highly sample-intensive, and there is limited
research on a broad approach to incorporate hierarchy into an agent using just an offline dataset.

We solve this problem by proposing a general approach to convert any online hierarchical
algorithm to operate solely on an offline dataset. Our approach consists of constructing a new
MDP that is a pessimistic approximation of the real environment, and whose action space is
the state-conditional latent action space of the behavior policy learned from the offline dataset
using a CVAE.

We demonstrated the validity of our method on various continuous control tasks. First,
we built upon MOC (Klissarov and Precup, 2021), an online algorithm that learns a two-

level hierarchy in the form of options, to tackle MuJoCo locomotion tasks. We showed that
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it outperforms or is comparable to other state-of-the-art flat offline algorithms. Further, we
showed that the hierarchy learned is valid and preserves the advantages of learning the hierarchy,
just as in an online setting, by applying the algorithm in a transfer task and demonstrating
that a hierarchical policy learned using our framework learns to solve a target task online faster
and better than a flat agent.

Next, we incorporated our method into the Universal Options Framework (UOF) (Yang et
al., 2021) to learn to perform goal-conditioned tasks in a robotic gripper-based block-stacking
environment. We showed that this outperforms flat goal-based algorithms such as Hindsight
Experience Replay and Behavior Cloning. We performed further analysis in the form of ablation
studies to demonstrate the importance of each component of our algorithm.

While there are algorithms that can deal with complex tasks using hierarchical or goal-
conditioned policies in the offline setting, our algorithm differs in its generality. For any
environment or task, along with desired behavior for an agent, e.g., interpretability or gen-
eralization, a suitable existing online algorithm known to work for a similar setting can be

chosen and adapted using our approach to solve the task offline.
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Chapter 5
Active Offline Reinforcement Learning

Real-world applications of machine learning often involve sequential decision-making problems,
wherein the agent has to not only react to the current state of the environment but also plan for
the future on how its actions affect the evolution of the environment. Training such an agent
requires extensive data on how its actions affect the environment in diverse regions of the state
space of the environment.

Strategies for collecting new data in such sequential settings are particularly complex due
to the multitude of factors that have to be taken into consideration by the exploration agent.
Choices that have to be made during exploration include where to collect new data, which path
to follow, and how much to collect.

In many real-world cases, there may exist constraints on the regions of the environment from
which an agent can explore and gain additional experience. For instance, consider the problem
of determining the optimal treatment regimen in clinical trials. We have access to existing data
from related trials and wish to collect additional data that is more relevant and informative by
providing the treatment to new patients. However, each new possible patient has a different
treatment and medical history and can be at a different stage of diagnosis. Using a limited
budget, we have to choose the optimal subset of participants to provide the treatment so as to
optimally complement existing data.

Given budget constraints, there is an additional dilemma of continuing along a long trajec-
tory versus collecting multiple short trajectories at various regions. For example, consider the
problem of collecting additional data to improve the navigation capability of self-driving vehi-
cles. Data collection is redundant in regions where representative samples are already present
in the dataset at hand, in which case any trajectory that enters such a region can be cut short,
and a new trajectory can be started in a more informative location.

In the context of supervised learning, this problem of choosing how to collect more data
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is studied as Active Learning. The agent has access to a small amount of labeled data and a
huge dataset of unlabeled data that is expensive to annotate. The objective is to pick a small
subset of unlabeled data to be labeled to maximize the performance of a model trained on this
augmented labeled dataset.

This becomes more challenging in the case of sequential decision-making problems since the
data is in the form of samples and trajectories that are unknown until an agent interacts with
an environment via an exploration policy. So here, instead of choosing what points to label,
the agent has to choose where, how, and how much to explore the environment.

Since collecting data is expensive in many cases, we wish to reuse existing related data
previously collected by someone with some unknown exploration policy. Learning a policy
using solely such an offline dataset is studied as the problem of offline reinforcement learning.

In our work, we wish to study strategies for further active exploration of the environment
in the context of this offline dataset. We consider the case where a small exploration budget is
given to the agent, and the data should be collected efficiently so as to complement the offline
dataset and avoid redundant data. Details of our experiments and results can also be found in
Dukkipati et al. (2025).

5.1 Problem Formulation
Consider an MDP defined by the tuple M = (8, A,T,r, p,v), where 8 is the set of possible

states of an environment, A is the continuous space of actions that can be taken by the agent,
T:8x A — AS is the transition function, r : § Xx A — R is the reward function, p is the initial
state distribution and v € [0, 1) is the discount factor.

Let V7 (s) be the expected sum of discounted rewards obtained by an agent following policy
m: 8 — AA from starting state s. The goal of reinforcement learning is to find a policy that

maximizes V™. We are given an offline dataset D of the form

D= {(Si7ai7 Sguriadi>}1§i§N7

where s is a next state sample due to taking action a at state s;, r; is the resultant reward,
and d; denotes whether it resulted in episode termination.

First, we explain the problem in a supervised learning setting. Here, given an unlabeled set
of data points Dy, and a small set of labeled points Dy, the agent has to choose which points
in Dyy to label, in the context of what is already available as labeled data. More precisely,
consider a supervised learning algorithm Alg that takes a labeled dataset Dy, and returns a

trained model majg(Diap). Further, any model 7 has to finally perform well on some unknown
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distribution, quantified by some performance measure V™. At each stage, the goal of the active
learning agent is to choose a point 7 € Dyy to label so as to optimize V' of the model learned
on this new dataset, i.e.,

7* = argmax VWAIg(DlabU{T})'
7€Dyn

The aim here is to pose this problem in an MDP setting. Due to the sequential nature of the
problem, the unlabeled data points in supervised learning correspond to unknown trajectories.
Further, a trajectory (which translates to a data point in supervised learning) is not available
to be chosen here but can only be observed as a stochastic function of some exploration strategy
employed by the active learning agent in the context of constraints imposed by the environment.
We formalize these aspects below.

Consider the following MDP Ma = (8, A, T, 7, p,7y), with a different initial state distribu-
tion p for the active trajectory collection phase. At the start of each episode, a set of candidate
initial states € = {s; ~p:1 <i < N} is sampled from p. The agent can choose to start ex-
ploring the environment from any subset of these candidates and can also stop exploring at any
time, if necessary, to preserve its budget.

Thus, the active learning agent p = (J, 7, §) has three components: (i) an initial state
selection function J : § — R that decides the utility of collecting a trajectory from a given
state, (ii) an exploration policy 7 : 8§ — AA that maps states to probability distributions over
actions, and (iii) a termination function g : 8 — {0,1} that decides whether to terminate the
current trajectory.

Such an agent i induces a distribution ¥ over trajectories due to the stochasticity of the
initial state distribution and the exploration policy. The objective of the agent is to collect
new samples within a budget in the context of the current dataset D, so as to maximize the
performance in the original MDP M of the policy 7aj trained on this augmented dataset using

the offline algorithm Alg, i.e.,

p = argmax E; gu |:V7TA|g(DU{T})] '
p=(,m,8)

For example, for the medical trials problem discussed above, candidate initial states are
generated by p corresponding to patients with varied medical histories till that point. The
agent should choose a subset of these based on the state and existing data. Similarly, in
the navigation setting, when a known state is reached while exploring the environment, the
termination function S stops the current trajectory so as to prevent the collection of redundant

samples. The procedure for active exploration is listed in Algorithm 8.
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Algorithm 8 Active Offline Reinforcement Learning

Require: Offline Dataset D
Offline RL algorithm Alg
Interaction budget B
Ensure: T = {r;}: Trajectories actively collected from the MDP Mx
Initialize T'= { }
while B > 0 do
Learn policy u = p® = (J,7,3) based on DU T
// Obtain candidate states from the environment
€~ p(Mact)
// Choose the best state
Sinit — argmax J(s;)
1<i<|e]
// Collect trajectories from Sini¢
r=0
§ = Sinit
while B > 0 and §(s) =0 do
a~ m(s)
s~ T(s,a)
r=r(s,a)
T+ 1TU{(s,a,5,r)}
B+ B-1
s+ 8
end while
T+ TuUur
end while
TAlg = A|g (@ U T)
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5.2 Algorithm

A practical implementation of actively collecting trajectories in addition to offline data and
learning an optimal agent consists of two components: (i) The base offline reinforcement learning
algorithm Alg that learns a policy given a dataset of transitions, and (ii) The active collection
strategy p = (J,m, B).

In this work, we consider existing offline algorithms for the first component. For the second
active component, the goal is to collect transitions that are diverse and underrepresented in the
given offline dataset. To solve this, we propose an epistemic uncertainty-based method, where
we learn an ensemble of representation models for encoding states and state-action pairs and

use them to estimate the uncertainty of the agent in state and state-action space.

5.2.1 Representation-based Uncertainty Estimation

We consider representation models of the form € = (€%, £%) to encode state and state-action
representations, where €% and €% encode state and action information, respectively. € has the

following modes of operation:

(a) Given a state s as input, the latent embedding is obtained by passing it through the state

encoder, i.e. £(s) = €%(s), and

(b) Given a state-action pair (s,a) as input, the latent embedding is obtained by adding the
embeddings of the state and action obtained through their respective encoders, i.e. £(s,a) =

E%(s) + £%a).

To obtain meaningful embeddings using this method that are consistent with the structure
of the environment, we enforce the following two modeling objectives for aligning the latent

representations learned by &:
(i) Clustering: Similar states (or observations) must be clustered in the latent space, and

(ii) Transition Dynamics Modeling: The embedding of a state-action pair must align with the

latent representation of the corresponding next state.

Consider a transition tuple (s, a,s’,r,d) ~ D. To satisfy the clustering objective, we use s
as the anchor sample, s’ as the positive sample, and any other observation s” sampled from D is
considered as the negative sample. Embedding vectors v, v, and v~ are obtained by passing
s, s, and s” respectively through the state encoder £°. Moreover, to satisfy the transition

dynamics modeling objective, we enforce the encoding vt = (s, a) to be close to v™.
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We train an ensemble {&;}~ | of such models to maximize the following augmented noise-

contrastive loss:
L =log(o(v-vh) +log(l—o(v-v7))—A|¥" = V+||2 ,

where o(x) = 1/(1 + exp (—x)) is the sigmoid function and A is a hyperparameter.

We consider epistemic uncertainty for both initial state selection and exploration. A natural
strategy to estimate the same is to use the ensemble {€;}X | of state representation models
and calculate the amount of dissimilarity among the latent representations of said models, i.e.,
disagreement, for a given state or state-action pair.

Let v denote the latent representation of a state or state-action pair in model €. So, for a
given state or state-action pair, we have K vectors {v;}= ;. We construct a similarity matrix

S as follows:
Si; = |vi —v,||*, foralli,je{1,2,., K} (5.1)

We use the value of the largest element in S as our proxy for epistemic uncertainty of the model

with respect to the environment.

5.2.2 Active Offline Reinforcement Learning Algorithm

We wish to solve the problem of learning an optimal RL agent by effectively making use of
a given offline dataset while minimally actively exploring the environment in the context of
available data. To achieve this, we propose a two-phase algorithm.

In the first phase of our algorithm, we learn an ensemble of representation models and an
RL agent using solely the offline dataset without any exploration. Each representation model is
independently learned using the techniques described in Section 5.2.1. The RL agent is learned
using a suitable offline reinforcement learning algorithm depending on the environment.

The second phase is that of active exploration, which consists of two components: (i) Initial
state selection, and (ii) Trajectory collection from thereon.

Given candidate initial states € = {s;} from p, those initial states are chosen that result in

maximum uncertainty based on the representation model ensemble {€;}£ |, calculated as
Uncertainty(s;) = max 1€5(s:) — &5 ()17

For trajectory collection starting at the chosen states s, we consider the current policy .

At the beginning of the active phase, this is just the policy learned on the offline dataset with
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the appropriate offline RL algorithm. In later epochs, it is the latest policy under consideration.
At each step, M actions are sampled from 7(.|s) for the current state s, resulting in M state-
action pairs. The policy 7 could be deterministic, in which case a scaled isotropic Gaussian
noise is added to m(s) in order to sample multiple actions.

The uncertainty for each pair is calculated using (5.1), and the action resulting in the
most uncertain state-action pair is chosen as the action to execute. This exploration strategy
is continued until the uncertainty of the current state falls below a certain threshold or the
episode terminates.

The degree of exploration is controlled by using an e-greedy variant of the exploration policy
that explores using the aforementioned environment-aware uncertainty-based procedure with
probability e, and simply follows the policy m otherwise. The overall algorithm is listed in
Algorithm 9.

5.2.2.1 Restricted initial states

In certain environments, it might be infeasible to modify the initial state distribution. Even if
the agent has access to some candidate initial states at informative regions of the state space,
the environment might prevent us from starting directly at those states, instead only allowing
the agent to start from the default initial state distribution. This prevents us from executing
the first phase of our active learning framework described above.

To solve this problem, we propose a modified version of the Algorithm 9, in which the agent
follows a two-stage policy during active collection. In the first stage, it starts from the default
initial state of the environment and goes to the optimal candidate initial state, from which the
actual exploration can be done in the second stage. We train two separate policies for these
two stages.

For the first stage, we train a goal-based policy on the offline dataset. We then create a
weighted undirected graph G from the offline dataset, with each node corresponding to a state
and the weight of edge {s1, 55} being e~lI*1=52ll "and divide the nodes into clusters. The second
stage policy is the uncertainty-based exploration policy described in Algorithm 9.

During active collection, the goal-based policy is first used to reach the cluster of states
nearest to the identified optimal candidate state, i.e, the candidate state corresponding to the
most uncertainty. From here, the agent begins uncertainty-based exploration as described in

the previous subsection.

5.3 Experiments
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Algorithm 9 Active Offline Reinforcement Learning
Require: Offline Dataset D, Interaction budget Budget
Train 7 and {Sk}le // Train offline policy and representation models
while Budget > 0 do
Buffer = ¢
while Buffer is not full and Budget > 0 do
Done < False
Sample candidate states C' = {s;} ~ p
U= (Uncertainty(si))Li'1 // Calculate uncertainties for candidate states

idx = argmax Uj;
i

§ = Siax
while Uncertainty(s) > threshold and done is not True and Budget > 0 do
a~ m(s)

// Explore with probability e
if ¢ <Uniform(0,1) then
Sample M actions as a,, + a+ N(0, I)
idx = argmax Uncertainty(s, a,,)
Q4 <= Qigx "
end if
s',r,done ~ env.step(s,a)
Buffer + Buffer U{(s,a,s’,r,done)}
Budget < Budget — 1
s<4 s
end while
end while
D < D UBuffer
Update 7 and {&€;}}_, using augmented dataset D
end while
TAlg = Alg (@ U T)

78



Figure 5.1: The pruned Maze2d D4RL datasets. The first image (on the left) corre-
sponds to the maze2d-medium-v1 environment. We prune the dataset near the goal state
to create maze2d-medium-easy-vl. The other two images correspond to versions of the
maze2d-large-vl environment, an easy version maze2d-large-easy-v1l and a hard version
maze2d-large-hard-vl, respectively. The blue lines in the images correspond to the offline
transitions remaining in the final dataset after pruning.

5.3.1 Environments

For evaluating our algorithm, we use various continuous control MuJoCo (Todorov et al., 2012)
environments. For the offline datasets, we consider variants of D4RL (Fu et al., 2020), a

collection of datasets for benchmarking offline RL algorithms.

Maze2d These environments involve the agent moving a force-actuated ball in a maze-like
environment along the X and Y axes to a fixed target location by adjusting its velocity and
direction. The state space 8 € R* and the action space A € R2. These environments have
varying levels of difficulties such as maze2d-open-v1, maze2d-umaze-v1, maze2d-medium-v1
and maze2d-large-v1. The agent gets a positive reward when close to the target location and
zero everywhere else. (There are also dense-reward versions of these environments, but they
make the problem even simpler.)

For the offline datasets, we prune the medium and large variants by removing trajectories
near the goal state to different extents, resulting in the datasets maze2d-medium-easy-vi,
maze2d-large-easy-vl, and maze2d-large-hard-v1, which have varying levels of difficulty.
This leaves some room for exploration during the active trajectory collection phase. Figure 5.1

visualizes these pruned datasets.
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AntMaze This is an extension of the Maze2d environment in which the agent is replaced
by an "Ant" instead, which can be manipulated by controlling its joints. The state space § is
29-dimensional, and the action space is 7-dimensional. For the offline dataset, we subsample
30% of the trajectories from the D4RL dataset to make the task challenging.

Locomotion We consider the HalfCheetah, Hopper, and Walker2d locomotion environ-
ments from OpenAl Gym MuJoCo, in which the objective is to control a 2D stick figure with
multiple joints to stably move forward. For all these environments, we randomly subsampled

20% of the random and medium D4RL datasets to create our offline datasets.

CARLA This is a self-driving vehicle simulator wherein the agent has to control the accelera-
tion and steering of a vehicle so as to stay in its lane, avoid collisions, and reach a specified goal.
We use a predefined expert policy to collect the offline dataset at a roundabout with 4 exits. 8
starting "waypoints" are located equidistant from each other throughout the roundabout. The
offline dataset is collected with 1 entry and 2 exits. However, the goal exit is not present in the
offline dataset. The state space is augmented with the coordinates of the vehicle. For creating

the offline dataset, we run a deterministic policy and collect 500K transitions.

IsaacSimGol This is a GPU-based simulator to control a legged 4 x 3 DOF quadrupedal
robot using proprioceptive measurements along with ego-centric height information of the ter-
rain. We use the legged_gym API (Rudin et al., 2022) to simulate Unitree Gol robots. Initially,
we used the default walking policy for the physical robot, described as Mode 2 in Gol SDK
HighLevel Interfaces (2023), to collect an offline dataset comprising trajectories on a flat sur-
face. For the final evaluation, the robot is expected to walk on a complex terrain consisting
of flights of stairs and discrete obstacles, shown in Figure 5.2, requiring it to choose suitable
starting locations during the active collection phase.

The state space was 45-dimensional, and we consider a total of 500K transitions as the
offline dataset. We adapt it to the IsaacSim, where the size of the state space is 48 and the
ego-centric height observation space is 187, resulting in a 235-dimensional observation space.
Since the offline dataset was collected on flat regions, the 187-dimensional height observations
were almost constant and were easy to adapt. We estimated velocities along the three spatial
dimensions from the offline dataset itself.

We consider three terrains, gol-easy, gol-medium and gol-hard. The behavior policy was
trained on the gol-easy terrain and achieves reasonably high rewards for the locomotion task
on the flat surface. We then assume that the environment has been modified and the agent
needs to update its policy as quickly as possible in the modified environment. We call this the

gol-medium terrain where on a grid of size 49 (7 x 7), five cells are upward pyramids with steps,
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Figure 5.2: The figures display the terrains for the Unitree Gol robot experiments in the
Nvidia Isaac Simulator. We named the three terrains (from left to right in order) gol-easy,
gol-medium, and gol-hard. The behavior policy was trained on the gol-easy terrain and
achieves reasonably high rewards for the locomotion task on the flat surface, as shown. However,
we assume that the environment has been modified, and the agent needs to update its policy
as quickly as possible in the modified environment. If the agent efficiently uses its exploration
budget, then it will be able to generalize the experiences gathered during Active Collection and
be able to get high rewards in the gol-hard terrain in spite of being given access to gol-medium
terrain during Active trajectory collection.

five cells are downward pyramids with steps, five cells are uneven terrain (discrete obstacles),
and the remaining 34 cells remain flat. The policy already trained on the flat regions can gain
more information while adapting to the new terrain by exploring the unexplored obstacles (30%
of the terrain). Finally, the gol-hard has only 5 cells of flat terrain, whereas the remaining
comprise 19 upward pyramids, 19 downward pyramids, and finally 6 cells of uneven terrain.
The agent needs to generalize the experiences gathered during Active Collection and be able
to get high rewards in the gol-hard terrain in spite of being given access to only gol-medium

terrain during Active trajectory collection.

5.3.2 Base Offline Algorithms

As described in Section 5.2, our overall algorithm consists of two phases. The first phase is the
offline learning phase, in which two components are trained: (i) a base offline algorithm that
learns the best possible policy based on just the given offline dataset, and (ii) an ensemble of
representation models to be used to get uncertainty estimates for the next phase.

For the base offline algorithm, we choose among the following existing standard offline RL

algorithms in the literature based on the task at hand.

TD3 + BC is a simple approach to offline reinforcement learning that combines the Twin-
Delayed Deep Deterministic Policy Gradient algorithm (TD3) (Fujimoto et al., 2018) with
Behavior Cloning (BC). TD3 is a popular and efficient online off-policy algorithm for reinforce-
ment learning that extends and improves DDPG (Lillicrap et al., 2016) by incorporating clipped
double-Q learning, delayed policy updates, and target policy smoothing. Behavior cloning is a
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simple imitation learning algorithm that learns to imitate a policy from a given dataset of state-
action pairs. TD3-+BC works by first learning a Q-function from the dataset of state-action
pairs. The Q-function is then used to train a deterministic actor with behavior cloning as a

regularizer. Essentially, the policy is obtained by solving the following optimization problem:
= arg max Esapen (@ (5,7(s)) — o (m(s) — a)Q} :

Conservative Q-Learning is an offline extension of the Soft Actor-Critic (SAC) (Haarnoja
et al., 2018) algorithm that minimizes the following additional term for learning the critic along

with the standard Bellman error.
a Egep logZexp (Q(s,a)) — ExunQ(s,a)

This prevents overestimation of the Q-values at state-action values that are not in the distri-
bution of the offline dataset, leading to a conservative estimate of the Q-function.

For continuous action spaces, the summation over actions in the first term is replaced by
an empirical average based on actions sampled from the uniform distributions and the current
policy. The a term is updated via Lagrangian dual descent. The policy update is as in SAC.

In our work, we used the d3rlpy (Seno and Imai, 2022) implementation of this algorithm.

Implicit Q-Learning (IQL) (Kostrikov et al., 2022) works by using expectile regression to
learn the value function using only samples from the offline dataset. The learned value function
is then used to extract a policy via advantage-weighted behavior cloning. The value function

estimation updates are made according to the following objectives.

Ly (¥) = Eayn [L5(Q4(s,a) — Vy(s))], and
Lq(0) = Esasn~n [(7(s,a) +9Vy(s") = Qols,a))?]

where L(u) = |7 — I(u < 0)[u? is the expectile loss. Once the value function is estimated

reasonably well, the policy is extracted by optimizing the following loss.

Lr(¢) = E(sap~n [exp (B (Q4(s, a) — Vi(s))) log,(als)] .

Behavior Proximal Policy Optimization (BPPO) (Zhuang et al., 2023) is an offline ver-
sion of the PPO algorithm. Initially, a policy is learned to mimic the behavior policy using the

given offline dataset. This policy is then updated just as in PPO, except that the transitions
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are sampled from the offline dataset, and the advantage function is estimated using a learned
Q-function corresponding to the behavior policy instead of the observed rewards.

In our work, we use TD3+BC as the base offline algorithm for the Maze2d and Locomo-
tion environments, Behavior Cloning for legged quadrupedal locomotion, and CQL and IQL in
CARLA and AntMaze environments, respectively. This is because TD3+BC does not work

in environments where some notion of stitching is required for finding an optimal policy.

5.3.3 Uncertainty Model

5.3.3.1 Representation Models

For our purpose, we use K = 5 representation models without any weight sharing to compute
the epistemic uncertainty for each of the datasets for the corresponding environment. We use 2
affine layers for encoding the state and action representations. For Maze2d, Locomotion, and
CARLA environments, we use a hidden dimension of 256, while for AntMaze and IsaacSim-

Gol we increase it to 512. We set A = 1.0 for all our experiments.
5.3.3.2 e-greedy Exploration Policy

In the case of algorithms such as TD3+BC, which has a deterministic actor that produces the
same action for the same state, we cannot “sample” actions for a particular state. To remedy
this, we add 8 N(0,I) to get a candidate set of actions from which we pick the action that
maximizes our uncertainty metric. For stochastic actor algorithms like IQL, we do not require
the noise to sample actions, as we find that the underlying stochasticity of the policy is enough.

The uncertainty-based exploration policy is used in an e-greedy setup, where with probability
€ we select our uncertain action, otherwise we select the policy action. We tried combinations
of e € {0.1,0.15,0.2,0.25,0.5} and 8 € {0.1,0.2,0.3,0.5}. For Locomotion environments, we
find 8 = 0.1 and € = 0.25 to work best, while for simpler Maze2d environments, we find larger
value § = 0.3 and € = 0.5 work better. In AntMaze environments where we use IQL, we do
not add the noise and keep § = 0 with e = 0.3.

5.3.4 Baselines

To validate the effectiveness of our proposed active collection, we compare our method with a
baseline that collects new trajectories after offline learning without active initial state selection
and active exploration. The offline phase remains the same, wherein an offline RL algorithm is
trained on the given dataset. In the second (fine-tuning) phase (denoted by FT in Table 5.1),
new trajectories are collected starting from the original initial state distribution p of the MDP

M, using the learned offline policy 7 as the exploration policy.
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Table 5.1: Results for our active method compared to respective baselines. Mean normalized
scores (according to D4RL) are reported across various runs. As can be observed, we consis-
tently improve the performance of the offline trained policy across multiple environments when
compared to existing SOTA methods. We also observe a significant reduction in the number
of samples required to reach the same performance as the baselines. (We denote inconclusive
reduction by 7).

. Offline Offline + Offline + %age of less
BC Offline +FT  RND  AC (Ours) interactions
maze2d-medium-easy-v1 -4.5 -4.0 77.5 59.1 134.3 62.5
maze2d-large-easy-v1 1.7 -2.0 21.7 10.2 197.3 75
maze2d-large-hard-v1 -2.3 -2.0 6.0 1.0 201.7 62.5
Maze-pruned total -5.1 -8.0  105.2 70.3 533.3
antmaze-umaze-v( 62.0 86.7 86.1 81.5 88.1 37.5
antmaze-umaze-diverse-v( 54.0 56.0 43.9 39.2 71.6 50
antmaze-medium-play-v0 0.0 59.0 68.9 56.8 73.1 37.5
antmaze-medium-diverse-v( 1.3 62.3 68.5 62.1 73.8 25
antmaze-large-play-v0 0.0 10.3 19.9 14.0 22.8 25
antmaze-large-diverse-v( 0.0 9.0 19.8 9.9 22.9 37.5
AntMaze-subsampled total 117.3  283.3 307.1 268.2 352.3
halfcheetah-random-v2 2.3 13.5 36.9 41.8 42.5 60
hopper-random-v2 4.2 8.2 26.3 23.6 28.1 55.5
walker2d-random-v2 2.0 7.9 9.1 10.8 11.4 33.3
halfcheetah-medium-v2 42.8 48.3 59.1 58.1 62.7 50
hopper-medium-v2 54.0 68.1 93.4 88.4 96.7 37.5
walker2d-medium-v2 73.1 83.6 84.9 85.2 88.5 -
Locomotion-subsampled total | 178.4  229.6  309.7 307.9 329.9
CARLA 0.0 0.0 72.1 88.8 98.4 67
unitree-gol-hard 23.1 23.1 34.6 46.7 59.0 50
Combined total 313.7  528.0 828.7 781.9 1372.9
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Figure 5.3: Results of our algorithm compared with the corresponding fine-tuning baseline. The
plots show the results averaged over multiple random seeds, and the shaded region denotes the
standard deviation. It can be observed that our method performs better overall when compared
to the corresponding baselines.



Specifically, for the Maze2d and Locomotion environments, TD3+BC is used as the of-
fline algorithm in the first phase. In the fine-tuning phase, the same training is continued
on the newly collected data, with the o value being exponentially decayed to deal with the
distribution shift (Beeson and Montana, 2022). For the AntMaze and CARLA environ-
ments, QL and CQL, respectively, are used directly for both the offline and online fine-tuning
phases, as in Kostrikov et al. (2022) and Kumar et al. (2020). For legged locomotion, we use
BPPO (Zhuang et al., 2023) as the offline policy learning algorithm in the active phase, which
is perturbed for exploration based on the uncertainty models as described in Section 5.3.3.2.

For these settings, each epoch in the finetuning or active collection phase consists of col-
lecting X transitions from the environment and augmenting the dataset with these transitions,
followed by Y updates using this augmented dataset. We use X = 5000 and Y = 25000 when
our base algorithm is TD3+BC, while we use X = 5000 and Y = 50000 when our base algo-
rithm is IQL. For all of the AntMaze tasks we run 8 epochs, and for Locomotion tasks we
run 10 epochs. For the pruned versions of maze2d-large-v1, we run 16 epochs, and for the
smaller maze2d-medium-v1 versions, we run 8 epochs. In cases where our base algorithm is
TD3+BC, we exponentially decay « by a factor of 5.0 across the epochs.

As an additional trajectory collection baseline for the active phase, we consider Random
Network Distillation (Burda et al., 2019), in which the offline learned policy is distilled into an
ensemble of smaller networks and used for exploration. Finally, we also report the performance
of a simple Behavior Cloning (BC) baseline without any additional data collection.

The results are given in Table 5.1 and Figure 5.3. In the final column, we report the percent-
age of fewer additional interactions with the environment required by our algorithm to reach
the best performance of the corresponding Offline + Fine-tuning baseline. One can observe
that across the various environments and corresponding datasets, our method demonstrates a
significant advantage over the corresponding baselines, both in terms of the rewards obtained
as well as the number of samples required to achieve a certain performance.

In particular, we observe that our method performs well in scenarios where the behavior
policy is sub-optimal and has not learned to explore certain areas of the environment where
better rewards are present. Hence, our method augments the offline dataset that does not have
good coverage of the state-space in a given MDP. For instance, in Table 5.1 we observe that
our method achieves the most performance gain in the pruned Maze2d datasets where certain
regions are missing from the offline dataset. Figures 5.4 and 5.5 illustrate the differences in
exploration behavior between our method and the fine-tuning baseline.

Additionally, our active method was applied on top of TD3+BC, IQL and CQL, depending

on the environment, showing that it is compatible with multiple offline algorithms.
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Figure 5.4: Evolution of the dataset during online trajectory collection using our method. First
column: Dataset used for offline training. Second column: environment-aware uncertainty.
Third column: Newly collected trajectories. Fourth column: Actively collected data till now.
Uncertainty is high in regions where the data was not available. The 2nd and 3rd rows cor-
respond to the 6th and 13th epochs of data collection. It can be noticed that the trajectory
collection focuses primarily on the unobserved region of the offline dataset.

5.3.5 Ablations and Further Experiments

To effectively analyze the properties of our framework, we conduct additional experiments to

understand the impact of different components of our algorithm.

Active Initial State Selection We perform an ablation by starting exploration only from

states sampled from p, the initial state distribution of the original MDP M. The results of this
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Figure 5.5: Demonstration of the evolution of the dataset during online trajectory collection
at the same intervals as in Figure 5.4 using baseline fine-tuning methods. As can be noticed,
in contrast to our method, other methods keep collecting redundant trajectories during the
online data collection phase and hence do not perform very well, especially if the majority of
the reward is in the unexplored regions of the offline dataset.

ablation are given in Table 5.2 as “I4+-U”, denoting the choice of starting at the default initial

states and using our uncertainty-based exploration policy.

Exploration Policy To study the importance of a suitable exploration policy, we conduct an
ablation by replacing our uncertainty-based exploration strategy (U) with random exploration
(R) and exploration using the policy learned offline (P) using the base offline algorithm. The

results are shown in Table 5.2.
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Table 5.2: Ablation results to understand various components of our approach. For the initial
state selection, ‘A’ denotes active initial state selection, and ‘I’ denotes usage of the unal-
tered initial states from the MDP. ‘R’, ‘P’ and ‘U’ denote random policy, offline policy, and
uncertainty-based exploration policy, respectively. Active initial state selection followed by an
uncertainty-based exploration policy performs best. Further, A and U individually improve
performance too.

Algorithm | maze2d-large-easy maze2d-large-hard

BC 1.7 -2.3

Offline -2.0 -2.0

I+R 45.5 25.0

[+P 0.7 0.2

[+U o1.1 -1.5

A+R 88.1 74.6

A+P 92.9 139.9

A+U 133.8 176.3

Table 5.3: Uncertainty metric ablation on Maze2d.

‘ var mean min  max

maze2d-medium-easy | 97.1 108.8 105.6 110.1
maze2d-large-easy 111.3 1225 1239 133.8
maze2d-large-hard | 144.6 170.8 159.2 176.3

It can clearly be seen that both these components of our algorithm are vital to obtain
optimal results, while also providing an advantage when individually paired with other baseline

strategies.

Uncertainty Metric In our algorithm, the maximum squared difference among the embed-
dings learned by the representation model ensemble is chosen as the uncertainty metric, which
has been used both for initial state selection as well as the exploration policy. To verify whether
this is the best choice, we have compared this metric with variants that use the variance of
the model estimates, and the mean and minimum of the squared differences between the em-
beddings. The results in Table 5.3 show that the maximum squared difference is the optimal
choice.

Pure Online Setting While the main goal of the algorithm is to efficiently augment a given
offline dataset to obtain the optimal policy with the fewest additional interactions, it can also
be applied to the setting where there is no offline dataset available. Therefore, we studied

the effectiveness of our algorithm for exploring the environment from scratch. Here, we start
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Table 5.4: Results for ablation with no initial dataset, analogous to the online setting. When
TD3+BC is used as the base offline algorithm, it is evident that our approach performs better
than the corresponding online algorithm TD3.

TD3 ActiveRL (ours)
maze2d-umaze-v1 142.79 164.8
maze2d-medium-v1 | 148.1 178.8
maze2d-large-v1 98.7 169
unitree-gol-hard 43.9 52.8
Total 433.5 565.4

from a random policy, collect trajectories, and train on these experiences to simulate online
learning. The results in Table 5.4 show that even in the absence of an initial offline dataset,

our exploration strategy gains a significant advantage over the corresponding online algorithm.

5.4 Related Work

The use of uncertainty-based methods for actively labeling data points has been studied in the
context of supervised learning (Balcan et al., 2006; Gal et al., 2017).

Similarly, in online reinforcement learning, successful methods for exploring MDPs typically
rely on estimates of uncertainty about the Q-values (of state-action pairs) in order to encourage
the agent to explore the environment (Osband et al., 2016). Some exploration strategies also
rely on uncertainty-based intrinsic rewards or bonuses. Popular approaches include indirect
methods for uncertainty estimation such as approximate count (Bellemare et al., 2016), random
network distillation Burda et al. (2019), and curiosity-driven exploration (Pathak et al., 2017).
Mai et al. (2022) learn variance ensembles for capturing the uncertainty.

In offline reinforcement learning, both model-free and model-based methods incorporate
uncertainty in different ways. MOPO (Yu et al., 2020) and MOREL (Kidambi et al., 2020) are
model-based methods in which the epistemic uncertainty of models learned on the offline dataset
is explicitly used to induce pessimism in the trained policy. On the other hand, COMBO (Yu et
al., 2021) incorporates conservatism without explicitly estimating the uncertainty of the model.

In a model-free setting, UWAC (Wu et al., 2021) approximates the uncertainty through
dropout variational inference. EDAC (An et al., 2021) uses the variance of the gradients of an
ensemble of () networks.

The work of Yin et al. (2023) comes closest to our work in terms of application. However,
their approach is applicable to the online setting and is primarily constrained to discrete control

settings such as Atari 2600. Our approach differs in the following ways: (i) Unlike our approach,
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they use an ensemble of Q-Networks, and the variance across QQ-values defines the uncertainty
metric, (ii) they allow resetting to a previously observed state, and (iii) they sample actions
from a uniform distribution and use local planning for exploration.

Active Offline Policy Selection (Konyushova et al., 2021) studies a related problem where
the goal is to collect additional trajectories for evaluating a given set of policies and determining
the best among them. In contrast, our method deals with collecting trajectories for the final
goal of learning an optimal policy from the augmented dataset and not just evaluating given
policies.

In Go-Explore algorithms (Ecoffet et al., 2021), the agent explores and comes back to
already observed states to explore again, which does not work when the environment is largely
unexplored. Our method, by contrast, assumes a given set of states and chooses the optimal

states from which to start based on the available offline dataset.

5.5 Outlook

In the realm of reinforcement learning, where agents need to explore the environment to contin-
uously gather data to improve themselves, practical considerations force one to optimize how
the data is collected and used. When an existing dataset that has been collected by some pos-
sibly unknown behavior policy is available, offline reinforcement learning techniques optimally
make use of this data to learn agents in a completely offline fashion. However, the composition
of this dataset frequently imposes a ceiling on the performance of any agent that is trained
solely on the given data.

By taking motivation from active learning, which is well-studied in supervised learning
settings, we studied how to optimally augment a given offline dataset so as to use existing
offline algorithms and learn better agents on this augmented dataset. We proposed a two-phase
active learning strategy with which agents, using an ensemble of representation models to
estimate epistemic uncertainty, choose optimal regions of the state space to acquire trajectories
and explore optimally from thereon to obtain the most useful agent-environment interactions
that enhance their performance under a limited budget.

We demonstrated the efficacy of our method through extensive experimentation across a
range of continuous control environments. Our results showed that our active trajectory col-
lection method reduces the need for additional online interactions by up to 75% compared to
standard fine-tuning approaches, while still significantly improving policy performance. Addi-
tionally, ablation studies confirmed the importance of each component of our proposed method,
reinforcing the effectiveness of our uncertainty-driven exploration strategy.

Our findings contribute to the broader study of data-efficient reinforcement learning by
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providing a principled method for selectively augmenting offline datasets. This work aligns
with the concepts of active learning in supervised settings and extends them to the domain
of sequential decision-making, where the challenges of exploration and trajectory collection
are inherently more complex. Future work could explore further refinements to our approach,
including more explicit and adaptive budget allocation strategies, and broader applicability to
high-dimensional state spaces and real-world applications. Our results highlight the potential of
intelligent exploration strategies in improving reinforcement learning efficiency while minimizing
costly online interactions, paving the way for more practical and scalable deployment of RL

agents in real-world settings.
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Chapter 6

Reinforcement Learning under External

Influence

In the mathematical framework of Markov Decision Processes that forms the core of reinforce-
ment learning, an agent interacts with an ‘environment’, and at each time step, the agent is
required to make a decision and take an action. The state of the environment changes stochasti-
cally in accordance with the Markov property, relying solely on the present state and the action
taken by the agent. While solving various sequential decision-making problems, most RL algo-
rithms assume that while the state of an MDP may be constantly changing, the rules governing
state transitions remain unchanged. However, in practical applications, external events may
influence the agent’s environment and change its dynamics.

For example, in the context of portfolio management in finance, an agent has access to a
state consisting of various fundamental and technical indicators of a select number of financial
instruments and has to make decisions sequentially on whether to hold on to an instrument,
sell it, short it, etc. However, the price movements of these instruments may be affected
by external forces, such as government decisions like rate hikes or sudden market movements
caused by events occurring in a completely different sector of the economy that are not being
considered by the agent. Such an external event might exert lasting influence over different time
scales depending on the kind of event that occurred. A rate cut might affect stock prices for a
few months, while a flash crash might cease its effect in a few hours. An example illustrating
the persistent non-stationarity effect of perturbations due to exogenous events is depicted in
Figure 6.1.

As another example, consider a navigation problem in which an agent has control of a robot

and needs to travel from one point to another. While the agent can learn to do this task in
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Figure 6.1: Sustained effect of transient non-stationarity. The plot shows the prices of two
assets following a Geometric Brownian motion. A few exogenous Gaussian shocks to one asset
force it to diverge significantly from the other over the long term, with a markedly different
pattern of evolution long after the effect of the exogenous event decays.

ideal conditions, the optimal actions taken by the agent might depend on external conditions
such as rain, sudden traffic changes, or human movement patterns. Hence, while an agent can
learn to achieve goals in an ideal environment, it cannot be oblivious to external changes that
influence the environment dynamics differently.

In the literature, non-stationarity in RL settings has been studied considering many special
cases, mostly providing practical solutions. Some works model non-stationarity as piece-wise
stationarity (Alegre et al., 2021; Hadoux et al., 2014; Li et al., 2025), while a few consider
drifting environments (Lecarpentier and Rachelson, 2019; Cheung et al., 2020). Hallak et al.
(2015) study Contextual MDPs, in which the environment dynamics change based on externally
specified “contexts” that are episodic and possibly unknown chosen from among a finite set of
known values. Tennenholtz et al. (2023) extend this setting to handle dynamic contexts that are
known to the agent, change at each time step, and influence the state transition distribution.
However, their contexts are not exogenous and come from a finite set of possible vectors.

In contrast to the existing literature, we study this problem in a more general setting, where
an MDP is perturbed by an external discrete-time temporal process. This external process
affects the dynamics of the MDP in a non-Markovian fashion, resulting in a non-stationary
problem. This process, being exogenous to the decision process, does not depend on the state
of the environment under consideration or the actions of the agent.

We study conditions that the exogenous process has to satisfy, along with its effect on the
MDP, such that almost-optimal solutions exist that are tractable in some sense. We formulate

variants of standard reinforcement learning algorithms that consider the above-mentioned non-
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Figure 6.2: Reinforcement Learning under exogenous influence. An external temporal event
process influences the dynamics of the environment. The agent has access to information about
the events as they occur.

stationarity problem and theoretically analyze the properties of these algorithms. The results

presented in this thesis can also be found in Ayyagari and Dukkipati (2024).

6.1 Preliminaries and Notation
Consider a Markov Decision Process (MDP) defined by a tuple M = (8, A, @, r,v), where 8 is

the state space, the set of all possible states of the environment, A is the action space, the set
of all possible actions that can be taken by the agent, () is the transition probability kernel, r
is the reward function, and ~ is the discount factor. At each time step ¢, the agent is in state
s € 8§ and has to take action a € A obtaining reward (s, a), and the environment transitions
to state s’ ~ Q (. |s,a).

In general, § and A are Borel spaces, 7 : 8§ x A — R is a measurable function, and vy € (0, 1).
@ is a stochastic kernel on 8 given 8§ x A. That is, Q(.|y) is a probability measure on § for
each y € 8 X A, and Q(B].) is a measurable function on 8§ x A for each B € B(8), the Borel

o-algebra on §.
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Given a class of possible policies II, the goal of the agent is to determine a policy 7 € II that
achieves the maximum possible value function V™, the expected discounted reward obtained by

the agent following policy

V7T(s) = ES, o [Z Vtr(st,at)] , mell,s e,
t=0

the expected sum of discounted rewards obtained by an agent when it starts from a state s
and follows a policy 7w resulting in a trajectory of states sy = s, $1,59,... by taking actions
ap, a1, as,.... The expectation is over the states and actions in the agent’s trajectory due to
the stochasticity of the environment and possibly the policy itself. Let 7* be an optimal policy
that achieves a corresponding value function V7, denoted as V*.

A measurable function v : § — R is said to be a solution to the Bellman optimality equation

if it satisfies v = Tv, where T is the optimal Bellman operator defined as

[Tv](s) = max {7’(3, a) + 7/811(3')Q(ds']3, a)] : for all s € 8. (6.1)
A function that satisfies the optimal Bellman equation is a fixed point of the operator J. Under
suitable regularity conditions on the rewards and transition kernel, the optimal value function
V* satisfies this equation.

In this thesis, we have considered the setting where the agent received “rewards” from the
environment, defined by the reward function r : § x A — R, and its goal is to maximize
the expected returns obtained. Equivalently, many works consider an agent incurring “costs”,
defined by an analogous cost function ¢ : § x A — R. In this case, the objective of the agent
would be to minimize the expected discounted sum of the costs incurred, and so the Bellman
operator is defined as a minimization of the right-hand side in (6.1).

For this cost setting, consider the following assumptions.

(i) The one-stage cost ¢ is lower semi-continuous, non-negative and inf-compact on 8 x A.
(ii) Q is strongly continuous.

(iii) There exists a policy 7 such that V™ (s) < oo for all s € 8.

Under the above assumptions, we can make some statements about the existence and uniqueness

of the optimal policy and value function, given by the following Theorem.

Theorem 4 (Theorem 4.2.3 of Hernandez-Lerma and Lasserre (1996)). Suppose the above two

assumptions hold, then:
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1. The optimal value function V* is the pointwise minimal solution to the above Bellman

equation. If u(.) is any other solution to the above equation, then u(.) > V*(.).

2. There exists a function ©* : 8§ — A such that 7*(s) € A attains the minimum in the

Bellman equation, i.e.,
V*(s) = c(z, 7" (s)) + ’y/V*(s’)Q(ds'|s, 7*(s)), foralls €S,

and the deterministic stationary policy 7 is optimal. Conversely, any deterministic sta-

tionary policy that is optimal satisfies the above equation.

3. If an optimal policy exists, then there exists one that is deterministic and stationary.

6.2 MDP under a Temporal Process

Let M = (8, A, @, r,7) be an MDP with state and action spaces § and A respectively, transition
kernel @), discount factor v, and reward function r : § x A x § — R, which defines the reward
r(s,a,s’) as a function of the state-action pair (s,a) and the next state s’. Consider an external
discrete-time temporal process X = (t;, X;),.y that influences the transition probabilities of M.
Here, X is exogenous; hence it is not affected by M. The probability of an event occurring
in the external process at time ¢ is a function of all the past (external) events till that time.
Associated with each event is a probabilistic mark = € X, where X is a closed subset of R¢.

Let H; = {(t1,%1), (t2,22),...,(t;,z;)} be the history of external events till time ¢, where
the ordered pair (¢;,z;) denotes an event with mark x; that occurred at time ¢;. History H;
perturbs the stochastic kernel @) of the MDP to give rise to a new transition kernel @)y, on 8
given § X A. At the same time, this history also determines the next event that occurs in the
temporal process. We denote the distribution of the event mark at time ¢ by Qgt, which is a
probability distribution on X. Since this describes the event distribution that is external to the
MDP, it does not depend on the state of the MDP or the action taken by the agent.

We consider a discrete-time event process and assume the following.
(A1) There exists an event with a mark, say X = 0 (zero), that is equivalent to a non-event.

(A2) Events that occurred in the distant past have a reduced influence on the current proba-
bility transition kernel of the MDP. Specifically, there exists a convergent series > . My

of real numbers, such that at any time ¢, for any event histories H; and HJ, if the MDP is
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(A3)

in state s and action a is taken, and if H; and H| differ by only one event at time #', then
TV (QHt(.]s, a),QHé(.|s,a)) < My, forall s€8,ac€A,

provided t —¢ > T'. That is, if an event is older than T, its influence on the current prob-
ability distribution has a Total Variation distance upper bounded by My. Furthermore,
R n, is conditionally independent of previous states given the current state. That is, Qp,

is Markovian with respect to the state.

Similarly, events that occurred in the distant past also have a reduced influence on the
probability distribution of the current event mark. Specifically, there exists a convergent
series Y . Ny of real numbers such that for event histories H; and H; at time ¢ that differ

at only one event at time t', if t — ¢’ > T, then
TV (QF,. Q%) < Nr.

Further, s;1; and x;,, are conditionally independent given the current state s;, history

H,; of events, and action ay.

Along with the above assumptions (A1-A3), the MDP M under the influence of the exogenous

event process needs to satisfy a set of regularity conditions for guaranteeing the existence and

uniqueness of optimal solutions.

Define a new expected reward function rp : § x A — R induced from r by P as

TP(*Sa a) = Es’wP(.|s,a) [T(Sa a, Sl)] >

where P is any stochastic kernel on 8 given 8§ x A. We assume the following regularity conditions

on r and Q).

(B1)

(B2)

(B3)

rp is a bounded measurable function. Without any loss in generality, assume its co-domain
is [0,1] C R.

The function rp(s,.) is upper semi-continuous for each state s € 8 and any probability
distribution P = @ induced as a transition kernel on the MDP by any possible external

event history H of the temporal process.

rp is sup-compact on 8§ x A, i.e., for every s € 8,7 € R and any probability distribution
P = Qg induced as a transition kernel on the MDP by any possible external event history

H of the temporal process, the set {a € A:rp(s,a) > r}(C A) is compact.
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(B4) Q@ is strongly continuous.
(B5) Qp and Q% are strongly continuous for any feasible event history H.

Note that a transition kernel P is said to be strongly continuous if v(s,a) = Eyp(|sa)[v(s’)] is

continuous and bounded on & x A for every measurable bounded function v on 8.

6.2.1 Examples

Non-Markov self-exciting event processes that can be described as above are studied extensively
in finance, economics, epidemiology, etc., in the form of variants of Hawkes and jump processes.
While they are studied predominantly in continuous time and sometimes in discrete time, we
consider discrete-time versions to fit into the traditional discrete-time reinforcement learning
framework.

Consider a discrete-time marked Hawkes process (£, X;),.y defined as follows: (E}),. is a
sequence of random variables taking values in {0, 1}, with E; sampled from Bernoulli (p;), where

the intensity p; at time ¢t depends on the realizations of E; at the previous time steps as

p1 = o, and
t—1
Pt = Op + Z at—t’Et/ for t > 1,

t'=1

and the marks X, are real-valued Gaussian random variables clipped to [—b, b, satisfying

X1~ Nip(0,1), and

t—1
~ N—b,b ﬁt—t'EtXta 1 if E, = 17
Xy o <; fort > 1,
=0 otherwise,

where N_; ;) is the normal distribution clipped to be within interval [—b,b], and (oy) and (5;)
are sequences that converge sufficiently quickly to zero. The sum S; = Zi,zl E} is a self-exciting
counting process that is the discrete-time counterpart of the continuous-time Hawkes process.

The above-defined sequence of random variables satisfies Assumptions (A1) and (A2) re-
quired for the external process. X; is zero when no event occurs, and old events have a reduced
and decaying influence on current events. More precisely, given two historical sequences (X )y <
and (X} )y« that only differ by one event at some time ¢ < ¢t — T with E}, = X, = 0 and
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Ey =1, Xy = z, the difference in intensities is p; — p; = a4y, and hence,

t—1 i—1
TV (X, X]) < oy + TV (N[_b,b} (Z B By Xy, 1) Nicby (Z Bi_wn B X], 1))

t'=1 =1

t—1 t—1
<oy +p TV (N (Z B By X4, 1) N (Z 5t—t"EtXt/> 1))

t=1 t=1

6t—t’x> </6Tb)
= Qy_u + f < +erf[ —— | = No. 6.2
g pter<2\/§ ar+ef( 75 T (6.2)

For sufficiently fast converging ar and fr, the total variation perturbation Ny due to events

older than T time steps goes to zero, satisfying Assumption (A2).

While («,) and (f3,,) are any general sequences that need to satisfy some regularity condi-
tions (Seol, 2015) and the above bound, they could also decay in a more structured manner.
For instance, for some ¢, A > 0, letting o, = ce " gives a process that has exponentially
decaying intensity due to past events. In the terminology employed to describe the standard
continuous-time Hawkes process, oy = c is like the base or background intensity, and e™* is
the excitation function. Similarly, 3,, which determines the distribution of the event, could

also be a parametric sequence that decays in an exponential or polynomial fashion.

6.3 Guarantees for the Existence of Almost-Optimal Solu-

tions
Consider the MDP M = (8, A, Q,r,7), where 8§ and A are closed subsets of R™ and R" respec-

tively, and r : § x A x 8 — R is the reward as a function of the state, action, and resultant next
state. Given an external discrete-time temporal process X = {(¢;, X;)}; that acts on MDP M,
we construct a new augmented MDP My, where the marks of all the events that occurred till

time t are appended to the state s € 8 to form a new augmented state 5 € 8, where

o0 o0
5= (8,4, Tt_1,T4 2, T¢3,...), and § = 8 x HDC <§ R™ x HRd> :
t=0 t=0
Here, x; is the mark of the external event that occurred at time ¢. If no event occurred at time
t, then x; = 0.
Because of the interference from external events, the decision process (8, A, Q,r, ) does not
remain an MDP since the transition function is being perturbed by external events. However,

the corresponding decision process Mx = (8, A, Qu,r,7y) is a Markov Decision Process because
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all the factors that affect the transitions are included in the augmented state 5 € 8.
Further, the state space of My is infinite-dimensional. However, Assumptions (A2) and
(A3) in Section 6.2 allow one to study the possibility of finding a suitable policy that only

depends on a finite horizon of past events. The following result formalizes this.

Theorem 5. Suppose the MDP M and the external process satisfy the assumptions (A1-A3)
and the reqularity conditions (B1-B5). Then, we have the following.

(1) There exists a deterministic optimal policy for the augmented MDP My, with corresponding

optimal value function V*, that satisfies the optimal Bellman equation.

(2) For any € > 0, there exists a time horizon T and a policy =) that depends only on the

current state and past T' events such that
v > v —e

That is, for every required mazimum suboptimality €, there exists a corresponding “finite-
horizon" policy that achieves that e-suboptimal value. Further, the past event horizon T

required for e-suboptimality is T that satisfies

4

S e(1—7)? S e(1—7)?
t;IMt < andt;INt <=0 (6.3)
This result guarantees that the formulated problem is well-posed, with an optimal solution
that can be approximated using a tractable policy that is a function of the current state and
only a finite history of events. This approximation can be as accurate as necessary based on
the properties of the exogenous event process and the size of the event history considered. To

prove Theorem 5, we establish the following result, whose proof is given in Section 6.A.1.

Lemma 3. Consider a new auziliary MDP Mg) that has the same underlying stochastic process
as the augmented MDP My , with one difference: only events in the past T time steps affect the
current state transition and event distribution, with the events before that having no effect and
being effectively zero. Let m be an arbitrary policy as a function of the augmented state § € S.
That is, ™ can be either stochastic or deterministic and can depend on the current state s € §

and any number of past events in X. Then,

s s
Vi = Vit

OO) i (M + Ny),

t=T+1

1 K
LO < T~ (||7“||Oo + HVM@
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where r is the reward function and Vy; denotes the value function of policy ™ in MDP M.

Proof of Theorem 5. The state space, being a countable product of Borel sets, is Borel. So,
part (1) follows from the regularity conditions (B1-B5) satisfying the assumptions of Theorem
4.2.3 in Hernandez-Lerma and Lasserre (1996), coupled with the boundedness of the reward
function. For part (2), let 7* be the deterministic optimal stationary policy for My and let
7*(T) be the deterministic optimal stationary policy for Mg‘(r). From Lemma 3, since ||7][o <1
and [Vl < 7,

7I.=o<(T) ﬂ.*(T) 1 > T 1 >
2 - e (32, ) 2 - (2 00
- 2 -
2 Vitx D ( > (Mt+Nt)>-
t=T+1

Since both series ) 3, M; and ), N, converge, there exists 7' € N satisfying (6.3). Choosing

such a T proves the result. O

6.4 A Policy Iteration Algorithm

Now that we have established the existence of a e-optimal policy that is a function of only a
finite event horizon, we wish to find such a policy. We propose a policy iteration algorithm that
alternates between approximate policy evaluation and approximate policy improvement. This
procedure is listed in Algorithm 10.

The policy evaluation step considers candidate value functions that are functions of the
finite event horizon. We define the value function in Mx at an infinitely augmented state as a
function of the state augmented by just a finite event horizon, by sampling the previous older
events from some arbitrary distribution p;. In practice, u; is just the actual event process.
The value function can thus be approximated using Monte Carlo methods. For the purpose of
analysis, we consider the exact evaluation of this approximate value function.

In the policy improvement step, the policy is improved based on the reward and value
function resulting from one transition. This transition can be due to past events coming from
any arbitrary distribution ps. The deterministic policy at an augmented state depends only
on the finite event horizon and is just the action that maximizes the right-hand side, which
depends on the approximate value function.

Solving the optimization problem in the policy improvement step requires knowledge of the

models 7(s,a, '), Q, and Q. In this work, we ignore any approximation errors that arise due
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to estimating the models and analyze the algorithm by assuming the exact step is taken as
defined.

Algorithm 10 Policy Iteration

Start with arbitrary deterministic policy mg : & x X7+ — A
for each k € {0,1,...} till termination do
// Approximate Policy Evaluation

Vk ((57 xO:oo)) = EI/T+1:ooN'“1 VT ((87 Xo:.T, x’/1’+1;oo>) .

// Approximate Policy Improvement

7Tk+1 ((87 xO:oo)) = argmax ES/NQT z! 19
acA “0: 7% T 41100

end for

6.4.1 Analysis

For the analysis of this algorithm, we need the following results, which bound the difference in
the value function at two different augmented states when they differ in events that are more

than T time steps old.

Lemma 4. Let m be a policy that depends only on the current state and the past T events.

Then,
1 9]
sup |Vﬂ' (5) -V ((Sa Zo.T, (0)T+1:oo))| < m Z (Mt + Nt) .
§:(s,$0;oo) ’y t:T+1

Here, (s, 2o.7, (0)741:00) = (8,0, T1, ..., 27,0,0,...) € S is the extended state that has been
essentially “truncated” and made finite by replacing events older than T time steps by zero.

The proof of Lemma 4 is provided in Section 6.A.2.

Corollary 5. For a given policy w that is a function of events only in the past T time steps,
and for any two augmented states 51 and 5o that differ in any number of events that occurred

before the previous T time steps,

(VT (51) = V7™ (82)] < =2



Essentially, this means that if a policy considers only events in the past T' time steps, its
value at states differing at older events differs by an amount proportional to the extent of
non-stationarity induced by all events older than T steps.

This helps characterize the behavior of the policy iteration procedure described in Algo-
rithm 10. While exact policy iteration results in a sequence of policies that converge to the
optimal policy, our approximate policy iteration produces policies whose value functions satisfy

the following result, whose proof is given later in this section.

Lemma 6.
3(1 >
yren s pm - SUEI S g vy,
=77 45,

That is, while there is no guarantee that the sequence of value functions {V7™} is non-

decreasing, Lemma 6 provides a guarantee that they do not decrease by more than a specific

2 o
amount. This is due to the approximation error e = ——— Z (M; + N,;) at each time step

1=7) t=T+1
induced by the non-stationarity due to the exogenous events.

In general, approximate policy iteration algorithms converge under the assumption that the
approximation errors slowly vanish over the course of the algorithm. However, our approxi-
mation error of € remains constant throughout, leading to the above situation. Intuitively, it
would seem that such a small approximation error € should only disturb the convergence of the
algorithm when we are e-close to the optimal solution. During the initial iterations, when far
from the solution, such small approximation errors should not matter.

We next establish that the degradation of the value function can occur only in parts of
the state space where the Bellman error is close to zero. A Bellman error of zero generally,
although not always, corresponds to the optimal policy. This interplay between Bellman error

and approximation error in our algorithm is formalized by the following result.

Theorem 6. At iteration k of the policy iteration procedure given in Algorithm 10, for any

augmented state 5 € 8§ = 8§ x H X, at least one of the following holds:

VT(5) > V(S), or (6.4)
Tk(g Tk (g 11 S
| TV ™ (5) — V™ (5)| < Wt;I(Mt—H\Q), (6.5)

where V™ denotes the value function of policy m in the MDP Mx.
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That is, the performance of the policy improves everywhere except the region of the state
space where the Bellman error is very small. The faster the decay of exogenous event influence,
the lesser the approximation error and the smaller the region of state space where the policy
may not improve.

Corollary 7. Consider an MDP with the exogenous process being a discrete-time Hawkes pro-

cess as described in Section 6.2.1, with an exponentially decaying excitation function c,e !

)\ﬁt

along with an exponentially decaying By = cge™
At

and state transition perturbations that decay
as M, = ce~ Then, each step k of the policy iteration algorithm is quaranteed to keep the
value function of the policy non-decreasing everywhere in the state space except regions 5§ € 8

satisfying

1]_ C 3 C, C b
TV™(5) — V(5)| « —— [ Se M 4 Sap=dar G5 eABT) _
TV (E) = V) < s (e T -

As the time window T considered increases, the error reduces as e_{j‘“\“”\B}T. Hence, de-
pending on the rate of influence decay, increasing the time window beyond a certain point gives
diminishing returns. The error also has a proportional dependence on ¢, the base intensity of
the Hawkes process, and an inverse dependency on \,, the decay of the excitation function of

the Hawkes process.

Proof of Theorem 6. Which of the given two statements holds depends on whether or not the
state 5 falls in the “sub-optimality" set B, which is the set of all states 5 = (s, Zp.0o) € 8 that
satisfy

Ev~q (Isa) |7 (5,0, 8) +7‘7k((8’,a:’,xom_1))}
()

/

z01T’CL‘T-!—I:OO

’ X
z'~Q /
IO?T’ZT+1:00

/
xT«l»l:oo’VM2

a=m(5)

< max Esg (J5,0) |:T(8, a,s’) + yvk((s', x, xo:T—1))] -0
ac

()

/
T0:T""T41:00
/ X
z'~Q /
TO:T T 41:00
/
xT+1:ooN/’L2

for some suitable 6 > 0 yet to be chosen. It is to be noted that whether or not this condition

holds, the above inequality or the corresponding equality holds for § = 0 by the definition of

Tk41-
Suppose the above condition holds. Then, for € = ﬁ Z (M; + Ny),
t=T+1
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Vﬂ-k ((87 :UOCOO)) S Em}+1:mwu2 Vﬂk ((Sa xO:T? 'T/T—‘,-lzoo)> + €

- ESINQEO;T;IITH;OOHS@) [7’(8, a, 3/> + AV ((S/a @', zo.r, 'CE,T—&-lzoo))} €
IINQfO:T’zII“+1:oo .

/
T 41:00H2

a=my(8)
<Einq, . (e 7(508) + V(2 w0r)| + e+ e
o'~QY )

/

chiT’xT+1:oo
’

T 41100 " H2

a=T(5)
< ESINQIO;T»I'T_,_y (.]s,a) [T(S, a, S/) + ’ka((s’, I/, l’o;T,1>>i| + e +€— )
'~ X ’
wOIT’w’IT%»l:oo(

/
Tr41:00™H2

a=my41(3)
<Evegu (o0 [r(s, a,8) +Vil(s, 2, mm))}
PnQEX ()
a=mp11(5)
/7/ o0
- <1+:) S (My+N)+yete—0
t=T+1
= Es’NQI():OO(.\s,a)T(Sa a, 3,) + fYEs’Nonjm(Js,a) VT ((3,7 x/’ xO:oo))
P~QE () P~QE ()
a=mp11(5) a=m11(5)
1 o
+1T Z (M + Ny) + ve+ve+e€—0.
T

That is, V™ (5) can be bounded recursively in terms of the reward obtained using 74, and
V™ (§"), where 5 comes from following policy mg.;. This inequality can further be unrolled

infinitely to obtain

o o0 1 1 o0
V() < By > A'r(s,a,8") =0+ T |10y > (Mi+ Ny) + (14 27)e
t=0 t=T+1
= V™1 (5),
1 > (1+2y)
for 6 = — (M; + Ny) + ——e.
(1-7)? tzT;l YT 1y

Now, suppose § ¢ B. We need to show that this implies (6.5), that is, the Bellman error
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should be very small. It is anyway always true that TV > V. In the other direction, for any
5= (8,T0.00) €8,

TV™(5) = max By (lsa) [7(550,8) + V™ (8,2, 0.00)]

G Qg ()

< max EvnQuy (Js:0) [r(s, a,s’) + Wi (s, 2, 3:0:T_1)] + e (6.6)
WA Qg ()

. 1 e
< , / / / . :| -
< I(Eleaj( E, Qe (1) [r(s, a,s) + Vi (s, 2", xor_1) | +ve+ - Z (M; + Ny)

/ t=T+1
xr ~ .
QIOiT’z’II“+1:oo
/
"L‘T<|—1:oo'\"l'L2
o

- 1
(fs.0) [r(s, a,s') + Vi (s, 2, xO:T—l)] et > (Mi+ )
) t=T+1

= ESINQ

/
Z0:T"T41:00
/
z'~Q / .
IOIT’IT+1:00
’
IT«l»l:oo’V'u‘2
a=p41(5)

(6.7)
~ 1 °°
(Is.a) [r(s,a, ') + Vi (s’,:v’,xo;T_l)} +ye+t = Z (M + N,) +6

< Eu
- s NQ%OiT’x’ITﬁ»l:oo ’Y
®) t=T+1

!
Qe
!
Tr41:00H2
a=m(8)

(since 5 ¢ B)

(.]s,a) [T’(S, a, Sl) + Vvﬂ—k (5/7 xla To.T-1, xljl"oo)] + e
)

— Eyq

!
IO!T‘IT+1:00
/
€T~ /
szOiT‘ITJfl:oo
!
CET«l»l:oo,\JM2
00~ H
a=my(5)

9 S
< ESINQIOJOO("S7a) [7"(8, a, 3’) + ,-)/Vﬂ'k (s/’ x’, $0:oo)] + 2”}/6 + 1— Z (Mt + Nt) + 4
x/NQmO(os)() o t=T+1
a=my(5

2
=V™(5) + 0+ 276+ ——— > (M + ).

t=T+1

Inequality (6.6) above is due to the definition of V;, and (6.7) is due to the definition of
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Trr1- Lherefore,

o

2
[TV™(5) = VT (5)] < 0+ 276+ ——— > (M, + Ny)
t=T+1
1 = (1+27) p
t=T+1 t=T+1
> 3—2v+4 2(1+2
= Z(MﬁM)[ 1y 2 73)]
S (=) (I—=7)

o0

3142y 2(1+2)
- Z(M”Nt’[u—w” (1—7)3]

t=T+1

11
A=y > (M + N).
Vi

IN

]

Proof of Lemma 6. Letting 6 = 0 in the first part of the above proof gives us the Lemma for

which there is no assumption on the extent of policy improvement.

V7E(5) < V™1(5) + L [L i (M + Ny) + (1 +27)e

1—x 1_7t:T+1
B 1 2(1—1—27)] -
= V™+H1(5) + { + M; + N,
O+ [T " T | 2 (M )
3437
=V (s) 4 ———= > (M + Ny).
(=) t=T+1

O

In Theorem 6, in regions of the augmented state space without guaranteed policy improve-
ment, the Bellman error depends on the approximation error due to ignoring old events. It is
a cumulative effect of all events older than T on the current events, as well as the state tran-
sition kernel. Specifically, it is proportional to > °,. | (M + Ny), where T is the time window
beyond which events are discarded, M, is an upper bound on the total variation disturbance on
the state transition kernel caused by an event older than ¢ time steps, and similarly N, bounds
the total variation effect due to old events on the event process itself. The faster the decay of

exogenous event influence, the smaller the truncation error due to non-stationarity.
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Proof of Corollary 7. From (6.2), the extra error introduced is proportional to

(e%e] 0 _ b 7)\51‘/
S MA+N)< Y (Ee_’\t + cqe !+ erf <ﬂ>>
t=T+1 t=T+1 2v2
< Z Ee_j‘t+ca€_/\°‘t+ 1 — exp Cﬂb e—2Apt
it 2m
= 5 cgb
< Z (Ee’\t F e Nt 4 2 e’\Bt)
t=T+1 V27
o X cgb
< ce M 4 e et Le‘*ﬂt) dt
N /tT ( V2
C &

C _x Ca _ b
ey P B e T

>\ >\a vV 27T>\ﬂ

6.5 Sample Complexity

While the algorithm given in Section 6.4 defines the value function and its update, in practice, it
has to be learned using samples obtained from the environment and is generally approximated
from a chosen class of functions. In this section, we analyze the sample complexity of policy
evaluation by pathwise Least-Squares Temporal Difference (LSTD) (Lazaric et al., 2012), which
uses samples from a single sample path induced by the policy, and give error bounds on the
evaluation error for the case of a linear function space and some regularity assumptions on the
MDP.

In contrast to Lazaric et al. (2012), our work considers an MDP with an infinite-dimensional
augmented state space, a stochastic reward function, and an additional error due to the use of
tractable policies and value functions on a finite-dimensional domain. This results in additional
sample complexity even for evaluating a given policy, depending on the extent to which the
exogenous events affect the evolution of the states. In this section, we quantify the precise
nature of this error.

Consider a function class F of functions that are to be used to approximate the value function
on the augmented MDP, I C { f:8— R}. Since the domain of the functions in this class is
infinite-dimensional, this can be further broken down into two approximations for dealing with
these functions practically: a truncation operation to make the domain finite-dimensional, and

then another class of functions that are then used to cover possible functions on this domain,
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ie,

T
F = {f ofD . re §(T)}, where f{1),:8 =8 x [[ .
t=0

ft(rﬂm is a fixed truncation function that removes extra events that are older than 7' time steps
while preserving the current state and new events, and F) is some function class of functions
defined on this new truncated domain. For a fixed T, finding the best function in F is the same
as finding the best function in F).

Finally, we wish to break down the error between the true value function and the learned
truncated value function in terms of the errors introduced due to these two operations, as well
as the stochasticity of the samples used to learn the approximate function. The aim is to

provide a bound to HV Ve , where V is the true value function on 8, V is the learned value

P _
function in J, p is some distribution over 8, and the norm ||-||, is the {*(p)-norm, which is the

expected [? norm of the value of the function w.r.t the measure p, i.e,
113 = [ 1@ ptao)

While the fﬁ’nc operator just ignores old events, we also define a projection operator T1"¢

onto the function space defined on the truncated domain, as

™™V = argmin  ||f = V|
F8XTTEy X—R

which finds the best approximation that does not depend on the old events, where ‘best’ is
defined in expectation with respect to p.

A standard approximating function space considered is an arbitrary finite-dimensional func-
tion space. Specifically, assume that there are d basis functions ¢; : § x XT*! — R that lin-
early span F) and are bounded by L, that is, for each f € FT), there exist a € R? such
that f = Zie[d] a;p;. These basis functions together form a feature representation function
¢ : 8 x XTI+ — R? defined by ¢(z) = (p1(x),. .., pa(z)).

6.5.1 Approximate Policy Evaluation

The best approximate value function V is that function in F (or equivalently ™)) that mini-
mizes the above-expected norm difference.
Suppose we are given just /N samples 51,...,5y from a Markov chain induced by policy 7

in the augmented MDP My, and corresponding rewards rq, ..., 7ry. We minimize the empirical
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norm difference at these points, defined as

2

171y = (% me)?)

The above function defines a norm, along with a corresponding inner product, in a new
inner product space Fy, the space of all (V) values of the functions at the given sample points.

This can be considered as a subset of RY with the obvious inner product.
Ty ={(fG)s o fen)  fe Ty ={(F (7)o s (s0))) : F € TP} = {@a:a e RY,

where ¢ = (gb <§§T)> RN (55?)) and EET) = t(ﬂm (S;).
Nxd
In pathwise LSTD, given a sequence of states s1, ..., s, and corresponding rewards rq, ..., 7,

obtained by following policy 7, the value function is approximated as

. N1+
V=3 d, fora= [@T (1 _ wﬂ o'
i€[d]
where ¢ = <gb <§§T)> ) (5%?)) is the feature matrix, with EET) = t(r?nc(@-), and Py, =
Nxd
(I{j =i+ 1}),; is the pathwise empirical transition matrix.
For determining the expected error of this estimate, the intermediate task is to bound

the difference between this and the true solution on these given data points, i.e., |V — V|,

as a function of the number of data points and the complexity of the function class under

consideration.
Lemma 8. Let v = (V<§t>>te[N} and 0 = (V(Et)> N Then, with probability at least 1 — ¢,
te[N
. ~ L d 2log(2d/6) 1
— < —1I = = o= Sk A
lv =70y < — v UN+(1_7>2 VN( N +N ;

where N is the number of samples used, I1 is the projection onto Fy, d is the dimensionality of
the linear function space considered, L is the upper bound of the basis functions, and vy is the

smallest positive eigenvalue of the Gram matriz ®T®.
Proof. See Section 6.A.3. O

The above inequality is almost identical to the one in Lazaric et al. (2012), the reason being

that we are still operating in the range space of the basis functions restricted to a finite set
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of states, and so the structure of the MDP in our setting does not affect the analysis. Since
the proof follows a similar path, we have included in the Appendix those steps that differ from
the original proof, which are mainly due to the noise terms taken in the martingale difference
sequence. In our setting, these noise terms also include stochasticity due to the reward in
addition to the transition function, leading to a difference in the final expression.

While this final inequality is quite similar, we shall see that when considering the expected
error in the augmented state space, we can bring out the properties of our setting by splitting
the expected error in terms of error due to function truncation and the inherent error due to

linear function approximation.

6.5.2 Expected Error

The above inequality bounds the average error of the estimated value function evaluated only
at those points obtained as a sample from the environment. It is desirable to study the error
in the approximate value function learned as an expectation over the states with respect to
some distribution p. Generally, p is taken to be the stationary distribution of the Markov chain
induced in the MDP by the policy w. To obtain such a result, additional assumptions are
imposed on this Markov chain, such as the speed of convergence to its stationary distribution,
ete.

For linear function spaces, assuming that the policy induces a S-mixing Markov chain gives

the following generalization bound for policy evaluation.

Theorem 7. Assume that the policy w induces on the MDP My a -mizing Markov chain with
parameters B, b, k and stationary distribution p. Let 5, ... , Sy be a sample path obtained
using policy w. Suppose the first N samples are discarded for Markov chain burn-in, and the
remaining N samples are used to compute the truncated least-squares path-wise estimate 1% of
the true value function V. Let v be a lower bound on the eigenvalues of the sample-based Gram

matriz that holds with probability 1 — §/4. Then, provided the number of discarded samples is
N = <% log @) ;, with probability at least 1 — 6,

vl < A2 (g 3 wer o -, )

V1I-? \(1=7%) Z=,

2L d < M_’_i) —|-€1(N7B7b,li,d,6)+2\/§€2(N767b7’€75)7

+(1—7)2 v N N
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where €;(N,d, ) =

24 \/2A1(N,5,d,6/4)maX{A1(N,5,d,5/4>,1}”’
1—7 N b

1 2\, (N, B.6/4 Ao(N.B.5/4) 1+
62(N,(5)212 (S—FLHQ*H)\/ 2( _;V67 /)max{w,l} y

V' is the true value function, V is the learned value function clipped at ﬁ, 1wy s the
best possible value function on the truncated state space, IIV is the best approrimating value
function in the linear function space considered, M; and N; are the upper bounds on the total
variation due to exogenous events older than t time steps induced in the transition dynamics
and event mark distribution respectively, A1(N,d,d) and Ay(N, ) are as defined in Lemma 9
in Section 6.A.3, and o is such that IIV =" afe;.

This result breaks down the overall error into individual components, viz. the approximation
error due to the non-stationarity, the inherent error due to linear function approximation, the
error due to stochasticity of the samples that reduces with the number of samples, and other
errors due to mixing of the Markov chain, the dimensionality of the function space, etc.

The effect of the non-stationarity is reflected in the first term proportional to >, (M, +1V;) for
a general exogenous process whose events have an effect that decays as M; and N, on the state
transition and next event distribution, respectively. For a specific temporal process, such as
the discrete Hawkes process described in Corollary 7, this term is replaced by its corresponding
upper bound <§6_’_\T + f\—‘ze"\“T + \/;Tﬁ,\ﬁe_/\ﬂ> that depends on the parameters of the process.

The detailed background for the conditions on the MDP under which the results hold, the
exact expressions for A; and A, as well as supporting generalization Lemmas needed for the

proof, are given in Section 6.A.3.

Proof of Theorem 7. Following proof of Theorem 5 in Lazaric et al. (2012),

— €1, (6.8)

p

2|[v=vl, 227 vl 2 [ -
N N

where the first inequality results from truncation, and the second inequality is a generalization

Lemma for Markov chains stated in Section 6.A.3, and so

Hf/—v

§2HV—VH te (6.9)
P N

2 ~ 2L d 2log(2d/0") 1
<2 |v-n H —\/j 2085000 4 1
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4\/§ € A trunc
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4\/5 € € € A trunc
< ﬁ(yyv—v Iy + IV = V(s 20, 0) ], + v 11V || )
2L d 2log(2d/d’ 1
TV ( %/) + N) + 6 +2V26 (6.15)
4\/§ 3 - runc
2 ((1_ 2) Z <]\/[t—i_Nt)"i_||1_[t V_HVHP>
1=~ T It
2L d 2log(2d/d’ 1
. ;< #+N> Fat 22 (6.16)

Inequality (6.10) is due to Lemma 8, (6.11) is by the definition of I, and (6.12) is the general-
ization bound similar to (6.8) in the opposite direction for upper bounding the empirical error
in terms of the expected error. (6.13) is just the triangle inequality.

(6.14) is by definition of the II""™¢ operator, where V¢ is the ‘truncated’ value function of
an e-suboptimal policy that depends only on the past T events. This is guaranteed from the
proof of Theorem 5 for € = ﬁ > o (M 4 Ny). (6.15) is due to the triangle inequality
by adding and subtracting the actual value function V¢ of the e-suboptimal policy. The final
inequality (6.16) is due to Lemma 4 and the value of e.

Both these generalization bounds happen with probability at least 1 — ¢’ each. Further,
with the lower bound v on vy holding with probability at least 1 — ¢’, the final bound holds
with probability at least 1 — 6 =1 — 4¢'. ]
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Figure 6.3: Performance of pathwise LSTD. The plots show the dependence of the Mean Squared
Error of the value function learned using pathwise LSTD as a function of the rate of decay of the
exogenous Hawkes process, the horizon of past events considered, and the number of samples
used.

The generalization terms due to linear function approximation using Markov samples remain
essentially the same as in Lazaric et al. (2012). The main difference is the first extra term in the
error that is induced due to truncating the augmented state space by discarding the features of
old events. The amount of error introduced due to this approximation depends on the amount
of influence exerted by old events on the current events, as well as the state transition kernel.

The results required for the proof can be taken from Lazaric et al. (2012) without any
modifications because, even if some of the results, specifically the results on the bound on the
covering numbers for linear function spaces taken from Gyorfi et al. (2002), require the domain
of the basis functions to be finite-dimensional, the analysis takes place in the co-domain and so
can be directly applied to our setting. We state the complete theorem along with the Lemmas
in Section 6.A.3.

6.6 Experiments

Policy Evaluation We conducted experiments for analyzing policy evaluation in a non-
stationary variant of the classic Pendulum-v1 environment in the control suite of OpenAl Gym.
The task consists of applying torque to a pendulum to swing it and keep it upright. We consid-
ered a fixed neural-network policy that has been pre-trained partially using DDPG (Lillicrap
et al., 2016). We then used pathwise LSTD with linear function approximation for evaluating
this policy as described in Section 6.5. The features considered are the standard cosine and
sine of the angle and the angular velocity, with additional features being the angle itself along
with the squares of all these features, making the state 8 dimensional.

For the non-stationarity, we consider the discrete-time Gaussian marked Hawkes process
described in Section 6.2.1. The intensity due to an event is decayed as o = e ! with A\, = 1.0,
and the effect on the event mark decays as 3; = 1/(1+t?). The events are added to the torque

applied to the pendulum. Figure 6.3 shows the expected error of the learned value function
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as a function of the number of samples, the event horizon T, and the rate A\, of decay of the
Hawkes process.

For a fixed event horizon 5, the error reduces as the number of samples increases, which is
quite intuitive. For a fixed number of samples 10, 000, the average error initially reduces as the
event horizon increases, corresponding to the first term in the sample complexity of the total
variation induced by events older than the event horizon. After a certain stage, increasing the
event horizon results in a gradual increase in the error. This is because the events older than the
horizon now contribute a negligible influence on the current dynamics, while the dimensionality
of the features is increasing due to the inclusion of more past events in the features, resulting
in a slightly greater expected error.

The first plot shows the dependence on A, the rate of decay of a;. Faster decay results
in lesser non-stationarity and lower approximation error due to the first term in the sample
complexity upper bound.

We conducted 20 trials and plotted the median of the Mean Squared Errors for the experi-
ments with respect to decay rate and number of samples. The error bars indicate the range of
40-60 percentile versus the decay rate and 20-80 percentile for the other two.

These results empirically demonstrate the sample complexity bound for policy evaluation
with linear function approximation in Theorem 7. The average error decreases with increasing
N and decreasing N;.

Increasing the event horizon T' increases d while reducing » %, {M;, N;}, resulting in a
trade-off between the corresponding two terms in the bound, with the minimal error being
achieved for T' = 2.

Policy Deployment In this chapter, we have considered the setting where the environment
containing an agent is perturbed due to the presence of exogenous factors. Suppose there is a
trained policy available to the agent that is optimal in the absence of these external influences.
Now, we wish to deploy this agent in a non-stationary environment where these external events
do affect the MDP dynamics. In this case, it would be more efficient to modify the existing
policy to deal with the non-stationarity directly than to train a new policy from the ground up.

We consider a simple model-based planning strategy, wherein the agent learns the dynamics
model and uses it to simulate a few trajectories using the current policy. More precisely,
given a pretrained policy 7, when at augmented state s € & during deployment, d actions
aiy,...,aq are sampled by perturbing the action a = 7(5). From each of these actions a;, a
trajectory (s,a;, Si1,ai1,--.,Si g, 0, ) is obtained and its corresponding sum of rewards r; =
Zil 7(8i1, 1) is calculated. The action a; that gave rise to the highest reward r; is chosen

and taken in the environment. This process is repeated at each time step during deployment.
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Figure 6.4: Results on non-stationary Pendulum and Point Maze environments. Learning state
dynamics and exogenous events separately and planning intelligently outperforms a stationary
policy or a model-based policy that tries to learn the dynamics model in the augmented state
space directly.

This procedure can be done in two different ways. A naive way to do this is to learn a
dynamics model T:8xA— AS directly in the augmented state space and use it to simulate
trajectories. However, a more intelligent method to this is to learn the event process separately,
and use it to simulate events e;; that are fed into a dynamic model T : 8§ x A — 8 that only
predicts the states. Figure 6.4 depicts the results obtained using these two methods, along
with those of a baseline that is just the stationary policy learned in the stationary version
of the environment. The first plot shows the results on the non-stationary pendulum task
described previously. The second plot is for a non-stationary version of the Gymnasium Point
Maze environment (Fu et al., 2020), in which a 2DoF ball is force-actuated in the Cartesian
x-y directions to reach a random specified target goal in a closed, continuous 2D maze. The
non-stationarity is induced by independent Hawkes processes as described previously that occur
at 5 randomly sampled and fixed points in the maze, each of which exerts a pulling force on
the agent towards itself that is inversely proportional to the squared distance. From the plots,
it is evident that an intelligent model-based look-ahead policy that mimics the structure of the
non-stationarity performs better than the naive baselines.

The algorithms theoretically analyzed in the previous sections are extensions to standard
reinforcement learning algorithms that operate in the augmented state space instead. This is a
valid strategy in many cases, as observed in the policy evaluation experiments described above.

However, such a strategy ignores the structure of the non-stationarity, sacrificing performance
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for generality. When there is additional knowledge on the nature of the exogenous event pro-
cess, a valid question to ask is whether using this knowledge helps solve the problem better.
This experiment showed that, for the case of deploying a stationary policy in a non-stationary
environment by using model-based planning, taking into account the nature of the event pro-
cess and incorporating it intelligently with current algorithms will lead to better results than
ignoring the structure of the non-stationarity and solely operating in the augmented state space.

This discrepancy is due to the nature of neural-network function approximation primarily
used in practical scenarios. The approximate policy improvement step in Algorithm 10 at-
tempts to maximize the one-step returns obtained from each augmented state s, which requires
knowledge of the dynamics model. When this is unknown, an approximate model is used, which
can be constructed in two ways, as described above. Standard neural network dynamics models
used in literature are ill-equipped to model event processes, compelling one to model them sep-
arately from the original state s € § when possible. Further research needs to be done on how
precisely to model and incorporate event processes in reinforcement learning policies in a way

that utilizes the structure of the non-stationarity and the nature of the induced perturbations.

6.7 Related Work

Many previous studies on non-stationarity primarily provide practical solutions that lack the-
oretical backing. Here, we do not discuss such works but try to position our work among the
existing theoretical results.

Lecarpentier and Rachelson (2019) considers a finite horizon MDP in which the transition
dynamics and reward function evolve such that they are Lipschitz continuous with respect to
time. Cheung et al. (2020) considers such a setting in a finite MDP where the amount of
total change in the environment, referred to as the variation budget, is known to the agent,
proposing an optimistic Value Iteration-based algorithm with guarantees on the upper bound of
its dynamic regret. Wei and Luo (2021) proposes a black-box reduction that turns any suitable
algorithm with optimal performance in a near-stationary environment into an algorithm that
achieves optimal dynamic regret in a non-stationary environment. Guo et al. (2024) studies
average reward non-stationary MDPs in Borel spaces and proposes a rolling-horizon algorithm
to obtain arbitrarily almost-optimal solutions based on a suitably changing horizon. At each
stage, a finite horizon problem starting from that stage is solved to obtain the decision rule at
that stage. In contrast, our algorithm considers a horizon of past external events instead for
choosing the current action. Further, along with standard regularity conditions of compactness,
continuity, etc, Condition 1 in Guo et al. (2024) contains global conditions on the sequence of

transition kernels at each stage of the MDP to guarantee the existence of optimal policies and

118



solutions to the Average Optimality Equation. In contrast, our assumptions (A2) and (A3) are
more local in nature, with bounds on perturbations of the transition kernel.

Hadoux et al. (2014) formalized a class of piecewise stationary MDPs called Hidden-Semi-
Markov-Model MDPs, where the transition from one hidden stationary MDP mode to another
is semi-Markov in nature. To solve this problem, they adapt the Partially Observable Monte
Carlo Planning (POMCP) algorithm used for solving Partially Observable Markov Decision
Processes (POMDPs).

Some algorithms assume additional structure on the nature of non-stationarity. Feng et al.
(2022) propose Factored Non-stationary MDPs (FN-MDPs), where the transition dynamics are
defined in terms of a Dynamic Bayesian Network over the states, actions, rewards, and latent
change factors that cause non-stationarity. Here, both the states and the latent change factors
have transition dynamics obeying this causal graph, and the latent factors evolve in a Markov
fashion. They propose using a Variational Auto-Encoder (VAE) framework to learn transition
dynamics and present results in MuJoCo and robotic manipulation tasks.

A factorization setting with a resemblance to ours is the Exogenous MDP (Efroni et al.,
2022), wherein the environment state is divided into two parts, an endogenous state which is
controllable by the agent’s actions, and an exogenous state, which evolves on its own and does
not affect the agent’s reward. The precise way in which this division exists is unknown to the
agent. While this may seem similar to our formulation of states and external events, in our case,
the external events do influence the dynamics of the state and, thereby, the rewards obtained by
the agent. Further, Efroni et al. (2022) only consider the tabular setting and propose algorithms
that can only deal with finite horizon episodes.

A similar decomposition of the state space into endogenous and exogenous sub-spaces was
studied in Dietterich et al. (2018), where it is assumed that the exogenous states evolve in
a Markov fashion and the reward function can be additively decomposed into an exogenous
reward and an endogenous reward. This work proposed algorithms to determine the exogenous
component of the state as projections that maximize the partial correlation coefficient as a proxy
for the mutual information between the exogenous next state and the endogenous current state
and action conditioned on the exogenous current state.

While previous studies like Efroni et al. (2022) and Dietterich et al. (2018) focus on the
decomposition of states into endogenous and exogenous components, our work addresses a
fundamentally different problem: the impact of integrating exogenous event information into
reinforcement learning.

Changing dynamics of environments based on externally specified “contexts” has also been
studied under Contextual MDPs (Hallak et al., 2015). However, these studies consider contexts
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that are constant for each episode and have a finite number of possible values. The aforemen-
tioned work proposes the CECE algorithm that learns a set of policies corresponding to all the
contexts and determines the latent context for an episode (if unknown) to choose the policy
corresponding to the current context.

More specifically, CECE clusters an initial set of trajectories into groups corresponding to
a fixed set of latent contexts. For each new episode, a partial realization is used to classify it
into one of these clusters and to use a model learned on that cluster to exploit the rest of the
trajectory. This algorithm cannot handle the setting considered by us because each new time
step results in a change in the context, and knowledge of a latent context for the current time
step does not guarantee the same context for the rest of the episode, except in a trivial special
case.

Modi et al. (2018) consider a relatively closer setting to ours, where the context is known
and possibly continuous, with their algorithm being more amenable to being adapted to handle
dynamic contexts. However, it works by keeping count of the number of occurrences of (s, a) in
each of a set of representative contexts to learn a set of explicit models, which is only possible
in the setting of finite state and action spaces.

Tennenholtz et al. (2023) extend Contextual MDPs to handle dynamic contexts that are
known to the agent, change at each time step, and influence the state transition distribution.
However, this work differs from ours in several significant aspects. This work considers the
contexts at each time step to depend on the history of states, actions, and contexts, while the
next state depends only on the current state, action, and context. This means causality exists
in both directions, from states to contexts and vice versa. Whereas in our work, the contexts
are exogenous events that cannot be controlled by the agent, and the causality flows only in
one direction, from contexts to states. Further, their work considers finite state spaces, with
the analysis explicitly geared towards such spaces and bounds that depend on the size of the
state and action sets.

In Tennenholtz et al. (2023), the context space is a fixed finite set of M vectors, and a
latent map is learned from the (state, action, context) space to RM, with the range of the map
still being a finite albeit exponentially increasing set. This work also considers a finite-horizon
MDP. This relatively simple setting allows one to tractably find the latent map and learn an
optimal policy. In this sense, our setting is much more general and challenging. In addition to
this, the work of Tennenholtz et al. (2023) presents regret analysis, while our study focuses on
the convergence results of algorithms.

Our analysis addresses the non-stationarity induced in the MDP due to the influence of

non-Markovian events, necessitating the learning of policies that are contingent upon both
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the current state and a history of prior events. Although this approach bears resemblance to
the strategies employed in Partially Observable MDPs (POMDPs) (Sunberg and Kochenderfer,
2018), the underlying rationale diverges significantly. In POMDPs, histories of observations are
utilized despite the Markovian nature of state transition and observation functions, primarily to
mitigate the agent’s inability to perceive the true state. Conversely, in our framework, both the
state and external events are fully observable, and the necessity for an augmented space that
incorporates event histories arises from the intrinsic non-Markovian characteristics of the non-
stationary environment. Moreover, the causal framework of our scenario is distinctly different.
The events exhibit non-Markovian properties, and the state at any given time directly affects
the distribution of the subsequent state, regardless of the knowledge of the event. In POMDPs,
while beliefs and sufficient statistics are contingent upon a history of observations, the states
themselves maintain a Markovian nature, leading to observations that are causally independent.

Our work makes significant inroads into understanding how characteristics of exogenous
event processes affect the tractability of the problem and the convergence and sample complexity
of RL algorithms. To the best of our knowledge, there are no existing works in the literature
that offer these findings.

6.8 Outlook

This work lays the groundwork for understanding sequential decision-making problems under
the influence of external temporal events and provides several theoretical insights in a rein-
forcement learning framework. The results are established in a very general setting and rely
on learning functions in an augmented state space that could be exponentially bigger in the
presence of long-term dependencies due to external events. To mitigate this, one needs to
develop provable approximate methods for reducing the size of the state space. Due to the
“factorization" of the environment into Markovian states and non-Markovian events that im-
pact these states, compressing the histories of events into latent features that are independent
of the states may provide a strategic advantage. This approach could facilitate the learning
of representations of the expanded states by developing a distinct event distribution model
that can be scaled up, as it does not rely on the agent, alongside a separate state transition
model that necessitates agent interaction with the environment. A compressed representation
of events derived from extensive event data can subsequently be utilized to learn a feasible
state transition kernel. This can be achieved either implicitly through function approximators
such as recurrent neural networks (or LSTMs) or explicitly by learning compressed state rep-
resentations using mutual information bottlenecks, etc. While these are practical methods, the

theoretical analysis of such learned compressed state representations remains an open problem.
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The analysis of sample complexity in Section 6.5 hinges on generalizing the sample error of
policy evaluation to an expected error over the entire state space. Such generalization generally
requires assumptions on the distribution over states. In our result, the assumption pertains
to the rate of convergence of the Markov chain induced from the augmented MDP by the
policy under evaluation, a notion frequently encountered in reinforcement learning literature.
However, in our case, the specific structure of the state space—specifically, the separation of
the augmented state space into states and events with different characteristics—may necessitate
alternate assumptions. For instance, while the recurrence and aperiodicity of the Markov chain
may not hold, it may be reasonable to assume stationarity solely for the event sequence. Due to
this, the generalizability of the value function in our setting can be analyzed in a more specific
way that takes into account this exogenous structure.

The policy improvement step involves optimizing over the action space based on the expected
one-step reward and the value function at the next time step, which requires knowledge of the
model. Thus, in the case of an unknown transition and reward model, it is important to
investigate the sample complexity of learning the models from samples and how this affects the

performance of the resultant policy.

6.A Appendix: Details of Lemmas and Proofs

6.A.1 Proof of Lemma 3

The aim is to study the value function of the policy in two MDPs Mx and Mg), where M x
is the non-stationary MDP with augmented states consisting of the actual state and the entire
history of events till then, and MS(T) is an approximate MDP where only events in the past T
time steps affect the state transition and event distribution. O

We adapt the proof of Theorem 1 from Xiao et al. (2019). For notational convenience, one
can extend the state space of MS(T) to that of M x by including the information of every past
event in the state without changing the transition function. Define a class of MDPs MELT),
h €{0,1,2,...} such that when starting from initial (augmented) state 5 € S, the transitions
follow the transition kernel of M x for i time steps and then the transition kernel of Mg) for
all transitions thereafter. The value functions induced by 7 in My and Mg) can be related
using these new intermediate MDPs, which interpolate between those two environments.

Since only a single policy is under discussion, the 7 in V™ is omitted for the rest of this
proof for simplicity of notation. V denotes the value function of the policy in My, VT denotes

its value in ME(T), and Vh(T) in M&LT).
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From the definition of MELT) and the boundedness of r, we have

v =v® and V = lim V7,
h—o0

and hence,
H-1
. T . T ; T T
Vv = fim Vi Vo= Jim (V7= Y) = Jim 3 (W5 1)
T T
-2 (Wh-un).

That is, the difference between V and V(T) can be characterized in terms of differences between
Vh(T) and Vh(ﬂ for each h € {0,1,2,...}. Now, for any augmented state 5 € S,

h—1
T S < < —_ p—
Vh( )(3) = ZVtE siepe(f5) (T(5ts ey 5eq1)] + o = sompn(ls) 7By an, 5nyn)]
t=0 ag~m(.|5¢t) an~(.5n)
Se+1rp(-[8tar) St41~p ) ([8n,an)
+ Z WtE se~pt") opn (15) [T(§t7at7‘§t+l)]7
t=h+1 atNTl'(.|§t)

5z+1~P(T) (.|5¢,at)

where p;(.|5) denotes a transition of ¢ steps in the environment My starting from s, a superscript
(T) denotes the corresponding object in ME(T), and the policy 7 is implicit whenever it is not
explicitly mentioned in any expression. The reward function does not depend on the external
events, S0 7(5, ay, S;11) is just r(s;, ar, S¢41), where § = (s,x) and s is the actual state.

This can also be written as

h—1
T)/ ~ _ _ _
Vh( )<5) - ZVtE §t~pt(<|-|_§)) [r(Se, at, Se1)] + VhEswph(-I@)V(T)(Sh)
t=0 at~T(.|St

St+1~p(-|5¢,at)

Using these two representations for Vh(T) and Vh(ﬂ respectively gives

T) /— T /_ _ _ _
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Since the current state and the current event mark are independent and depend only on the
previous events, the transition kernel can be factored as two independent distributions over S
and X. Hence, replacing the augmented state 5 € S with the explicit representation (s, H),

where s € S and H € X* gives, for any bounded measurable function f on S x X,

E(St+1,Hz+1)~p(-|8t,Ht,at)f(st-i-l’ Ht-H) - E(St+17Ht+1)Np<T)(,|3t7Ht7at)f(St-‘r1) Ht+1)
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The second-to-last inequality is a result of Total Variation Distance being an integral probability

metric (Sriperumbudur et al., 2012). Using this expression in the previous equation gives

Vi) =) <4 Il ( > (v +Nt>) + A" VO ( S +Nt>)
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This gives the final result,

[V = VO <39 (Il 47 V) ( S +Nt>)
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1
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6.A.2 Proof of Lemma 4

Let m be a policy that depends only on the current state and the past T" events.

Vﬂ—((sa IO:oo)) - Es’NQZOIM(.\s,a) [T<Sv a, Sl) + 4 ((Sla I_/’ xO:oo))] )
IlNon;oo(')
a=7((s,z0.T))

and V7((s, zo.1,0)) = Egyrq, . (Js0) [1(5,0,8) + VT ((s', 2", z0.7))] -
xlNon;T(')

a:ﬂ-((sva:T))
Taking the difference between these two expressions and adding and subtracting the additional

term

ES,NQxO:T (.|s,a) Vﬂ'((sla "L‘/7 xO:oo))
' ~Qu.p ()
a=7((s,z0.1))
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t=T+1 t=T+1
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In the above inequality, the left-hand side is the difference between two value functions whose
first T events are the same and differ everywhere else, but the right-hand side has a discounted
term in which the first 7'+ 1 terms coincide. So, repeating the same procedure results in value
function differences at states that increasingly coincide.

Since each repetition adds a v factor to the term, which itself is bounded by ﬁ due to the
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rewards being bounded, the resulting series converges, giving us the following bound.

sup |V ((s, 20.00)) — V7 (5, 207, 0))]
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6.A.3 Sample Complexity

The proof of Theorem 7 closely follows the results in Lazaric et al. (2012). In this section,
we state the preliminaries and statements of some of their Lemmas and give details where our
proof differs from theirs.

The final result is a bound on the expected error of the learned value function, so the proof
has two parts, the first being Lemma 8, a bound on the empirical value function, and the second
part being generalization to the entire space. The bound on the empirical error is quite similar
to the original in the stationary case, due to which we skip some steps. The final bound on
the expected error, whose proof is given in Section 6.A.3, offers more insights into the trade-off

between the tractability of the algorithm and the approximation error due to non-stationarity.
Empirical Error
We wish to show that with probability at least 1 — ¢,
. L d 2log(2d/d 1
[y K (YIS |
N (1—=9)2Vuy N N

1
v—10|y £ ——
| HN—M
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Following Lazaric et al. (2012),

1

Vv =lv-dlly < ——
v =7l ==y < ——

H?J—HUH HHU—H‘j'v

(6.17)

N

The first term is the approximation error, which is due to the restricted function space and
is unavoidable. The second term also includes the estimation error due to using the pathwise
Bellman operator instead of the actual Bellman operator and is a function of the number of

samples used. It can be written as Hﬁ§ H , where & = Tv — v is the estimation error. Now, for
N
t <N,

§ =1+ 9V (5041) — V(5)
=184, m(8¢), $t41) + YV (541) — Bg,y [7 (56, 7(5¢, Se41) + 7V (Siq1)]
= T(St’ ﬂ-(gt)a 8t+1) o ESt+1NQz:t(~|5t77T(§t)) [T(St, W(gt)7 St-i-l)]

+ 7|V (5t41) — E§t+1~Q,Q§:t(.|st,ﬂ-(§t))v<gt+1)] )
and for t = N,
& = (s, m(8e), Se41) — ESt+1NQx:t(~‘3t7W(§t)) [(s¢, m(5¢), St41)] — 7E5‘t+1~Q,Q§{t(.|st,w(§t)) [V<gt+1)} .

& are functions of 5;, which are samples from the Markov chain induced by the policy
7 in the augmented MDP M. Considering them as a random variables, (§,94(51));<;,.y 15 a
Martingale difference sequence w.r.t s;, with each element being zero mean and bounded by

%. So, applying Azuma’s inequality to (&¢;(5):)1<t<n gives, for each i € [d],

([on]ze) <o (i)

Letting the right hand side be g, with probability at least 1 — 9,

)| < %\/2(]\[ —1)log <27d> for all ¢ € [d].

Since |&,0i(5:)| < % always, we have,

< % <\/2(N —1)log <27d) + 1) ,forallie[d wp. >1—0. (6.18)
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Following Lazaric et al. (2012), this can be used to bound ||TI&,||x as

A N 1 /d
H‘J'U—HUHN < N V—nmzax

where v, is the smallest positive eigenvalue of the Gram matrix ®'®.
Substituting (6.18) and (6.19) in (6.17) gives the desired result.

, (6.19)

N
th%(st)

Generalization

Intuitively, bounding the expected error of the estimated value function based on the error
at just a few samples requires the samples to be close to the stationary distribution and the
function values at the samples to be close to their expected values.

The first requirement is formalized in terms of the rate of mixing of the Markov chain
induced by the MDP by the policy.

Definition 1. A Markov chain M = (Xt)t21 s said to be exponentially B-mixing with param-

eters B, b, k if its mizing coefficients

tzl BEU(Xt+i,---)

B; = sup [ sup P (B|Xi,...,X;) — P(B)]

satisfy B; < Bexp (—bi").

When such an exponentially mixing Markov chain is also ergodic and aperiodic with sta-
tionary distribution p, for any initial distribution A, there is a bound on the following total
variation: (Definition 21 of Lazaric et al. (2012))

This helps in bounding the difference between the norm of a function in the stationary

< Bexp (—bi").
TV

/x A(dx)P () — p()

distribution and the empirical distribution defined using a few samples.

Lemma 9 (Generalization Lemma for Markov chains, Lemma 24 of Lazaric et al. (2012)).
Let F be the d-dimensional class of linear functions truncated at threshold B. Let <Xt)te[n] be
a sequence of samples from an ergodic, aperiodic exponentially B-mixing Markov chain with
parameters (3,b, k, arbitrary initial distribution, and stationary distribution p. If the first @i

samples are discarded and only the last n — n samples are used, then with probability at least
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1 — 0, the empirical and ls(p) norm of any function f € F are related as,

7] -2]7],,, =@,
.-l =0
for €(5) 123\/ ZA(”n__ﬁf’ld7 ) max {M 1};,

A(n,d,8) = 2(d + 1) logn + 1og§ +log* (max {16(6¢)2“Y BY)
and n = (% log <26§n>) K :

The above lemma is essentially a generalization bound for truncated linear functions op-

erating on samples from an exponentially mixing Markov chain and is used in the proof of
Theorem 7 to translate the bound on the empirical error to a bound on the expected error in
the stationary distribution of the Markov chain induced by the policy under evaluation.

The above bounds hold for every member of the d-dimensional class of functions, hence the
dependence of € on d through A(n,d,d). In contrast, when there is just one truncated linear
function under consideration, the above bound holds, but with
€

A(n,d) =log 5

+ log (max {6, nﬂ_}) :

Another issue for generalizing the sample-based bound in Lemma 8 to the entire state space
is its dependence on the eigenvalues of the sample Gram matrix. For tackling this problem,
Lazaric et al. (2012) derived the following probabilistic lower bound on the smallest eigenvalue

of the sample-based Gram matrix as a function of the smallest eigenvalue of the Gram matrix

G = Eop [0(z)0(2)].

Lemma 10 (Lemma 4 of Lazaric et al. (2012)). Let w > 0 be the smallest eigenvalue of the
Gram matrix defined above. If the data generating process is an exponentially S-mizing Markov
chain with parameters B, b, k, then the smallest eigenvalue v,, of the sample-based Gram matrix

constructed using n samples satisfies

o = YT g () M) 1




provided the number of samples n satisfies

988 L2 A A .
. 88 (n,d,é)max{ (n,d,é)jl} |

w b

where A(n,d,0) = 2(d+ 1)logn + logg + log™ (max {18(66)2(d+1), B})

comes from a simpler version of Lemma 9 without the additional initial n samples for burn-in
of the Markov chain.

The generalization Lemma 9, combined with the lower bound on the eigenvalues and our
results in Sections 6.3 and 6.4.1, give rise to Theorem 7 on the sample complexity of policy

evaluation.
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Chapter 7
Conclusion

While reinforcement learning offers a very general framework to train agents that can perform
arbitrary sequential decision-making tasks, it is very data-intensive and offers unique challenges
that are mostly not present in other learning tasks such as supervised and unsupervised learning.
In this thesis, we focus on studying reinforcement learning at its limits, where the agent has
to operate under constraints imposed on its behavior and objectives. Specifically, we explored
three key challenges: (i) risk-sensitive sequential decision-making, (ii) learning in the absence
of online access to the environment, and (iii) dealing with non-stationarity in the environment
due to the influence of an exogenous temporal event process.

First, we studied sequential decision-making under a risk metric, wherein the agent is ex-
pected to optimize according to worst-case scenarios of obtained rewards. We analyzed this
problem in the setting of combinatorial semi-bandits, where an agent selects a subset of actions
(super-arms) at each time step and receives feedback only for the selected arms. The objective
of the agent is to minimize the Conditional Value-At-Risk (CVaR) of the sum of the rewards
obtained at each time step, over a given time horizon. We proposed and theoretically analyzed
two algorithms to minimize the CVaR regret, considering cases where the reward distributions of
the individual arms of the bandit are Gaussian and bounded, respectively. Since the algorithm
for the bounded rewards case is significantly more computationally expensive, we studied the
effect of discretizing the algorithm on the regret and the computational complexity. Finally, we
validated our theoretical results through experiments on synthetic environments with Gaussian
and Bernoulli rewards.

Next, we considered the task of learning complex agents with limited data. We first con-
sidered the case where the agent is given a fixed dataset collected in an unknown fashion and
needs to learn hierarchical policies that can plan over high-level tasks. We introduced a general

method that enables the adaptation of existing online hierarchical RL algorithms to the offline
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setting by leveraging a pessimistic model. More specifically, we showed that by planning in the
latent action space of a Conditional Variational Auto-Encoder learned on the offline dataset
in a pessimistic manner, an online hierarchical algorithm can be applied in the offline setting
without losing the advantages associated with learning a hierarchy online. Experimental results
on standard continuous control tasks demonstrated the efficacy of this approach in standard,
transfer, and goal-conditioned settings.

We then broadened our focus to consider the setting where the agent is given the option
to minimally augment the given data so as to obtain an optimal policy. We showed that
using a representation-based uncertainty model to choose new regions of the environment to
explore, followed by using a novel exploration policy based on the same model, allows the agent
to optimize the tradeoff between final performance and the cost of exploration and augment
the given dataset in a targeted and efficient manner. Through extensive experimentation on
continuous control benchmarks, we showed that our active trajectory collection method signif-
icantly reduces the need for additional online interaction compared to conventional fine-tuning
approaches.

Finally, we considered the most general reinforcement learning setting wherein the envi-
ronment of the agent itself evolves dynamically due to the influence of an exogenous temporal
event process. In such cases, the transition dynamics of the environment are subject to external
perturbations that do not depend on the agent’s actions, thereby violating the standard Marko-
vian assumption. We formulated this problem rigorously and derived conditions under which
the problem is well-posed and a tractable, approximately optimal solution exists. Our analysis
revealed that if the influence of past events on the environment as well as future events decays
at a sufficiently fast rate, then the agent can effectively learn policies using a finite history
of past events, with the requisite length of the history depending on the rate of decay of the
perturbations.

We proposed a policy iteration algorithm for this setting and theoretically analyzed its
convergence behavior. We show that while it is not guaranteed to converge, because of ap-
proximation errors due to the non-Markovian nature of the external influence, the policy is
guaranteed to improve in those regions of the state space where the Bellman error is sufficiently
large, depending again on the rate of decay of influence of the exogenous events. Furthermore,
we extended the finite-sample analysis of Least Squares Temporal Difference (LSTD) to our
setting and quantified the impact of non-stationarity on policy evaluation. We then conducted
experiments using a non-stationary pendulum control task influenced by a discrete-time Hawkes
process, empirically validating our theoretical results.

While there are numerous challenges that hinder the deployment of reinforcement learning
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algorithms in the real world, this thesis is a step towards understanding and analyzing funda-
mental problems that arise in many such scenarios. For the problems of developing risk-averse
sequential decision-making algorithms, learning from offline data, and adapting to dynamically
evolving environments, we provide theoretical insights and algorithmic advances that contribute
to making RL more robust and applicable to constrained and uncertain settings. Future work
may extend these ideas further by exploring richer classes of risk measures, extending our
uncertainty-based algorithms to high-dimensional and real-world environments, and developing

scalable algorithms that can handle complex non-stationary environments.
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