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Abstract

Networks or graphs provide mathematical tools for describing and analyzing relational data.
They are used in biology to model interactions between proteins, in economics to identify trade
alliances among countries, in epidemiology to study the spread of diseases, and in computer
science to rank webpages on a search engine, to name a few. Each application domain in this
wide assortment encounters networks with diverse properties and imposes various constraints.
For example, networks may be dynamic, heterogeneous, or attributed, and an application do-
main may require a fairness constraint on the communities. However, most existing research is
concerned with the simplest type of networks with a fixed set of nodes and edges and focuses
on the canonical forms of tasks like community detection and link prediction. This thesis aims
at bridging this gap by proposing community detection and link prediction methods to analyze
different types of networks from various perspectives.

Our first contribution includes two spectral algorithms with theoretical guarantees that find
‘fair’ clusters. We define a notion of individual fairness in communities using an auxiliary
representation graph. Nodes are connected in this graph if they can represent each others’
interests in various communities. Informally speaking, a node considers a community fair if
an adequate number of its representatives belong to that community. The goal is to find
communities that are considered fair by all nodes under the representation graph. We show
that our proposed fairness criterion (i) generalizes the idea of statistical fairness and (ii) is also
applicable in cases where the sensitive node attributes (like gender and race) are not observable
but instead manifest themselves as intrinsic or latent features of a social network. We develop
fair spectral clustering algorithms and prove that they are weakly consistent (#mistakes = o(N)
with probability 1 — o(1)) under a proposed variant of the stochastic block model.

Second, we propose a community-based statistical model for dynamic networks where edges
appear and disappear over time. Many networks like social networks, citation networks, con-
tact networks, etc., are dynamic in nature. Our model embeds the nodes and communities
in a d-dimensional latent space and specifies a procedure for updating these embeddings over

time to model the network’s evolution. Given an observed dynamic network, we infer these
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Abstract

latent quantities using variational inference and use them for link forecasting and community
detection. Unlike existing approaches, our model supports the birth and death of communities.
It also allows us to use powerful neural networks during inference. Experiments demonstrate
that our model is better at link forecasting and community detection as compared to existing
approaches. Moreover, it discovers stable communities, as quantified by the normalized mu-
tual information (NMI) score between communities discovered at successive time steps. This
desirable quality is absent in methods that ignore the network dynamics.

Third, we propose a statistical model for heterogeneous dynamic networks where the nodes
and relations additionally have a type associated with them (e.g., knowledge graphs). Besides
the latent node attributes, this model also encodes a set of interaction matrices for each type of
relation. These matrices specify the affinity between nodes based on their attribute values and
can represent both homophyllic (like attracts like) and heterophyllic relationships (opposites
attract). We develop a scalable neural network-based inference procedure for this model and
demonstrate that it outperforms existing state-of-the-art approaches on several homogeneous
and heterogeneous dynamic network datasets, particularly the temporal knowledge graphs.

Fourth, we develop a model for networks with node covariates to bring explainability to
community detection. This model integrates node covariates into a stochastic block model using
restricted Boltzmann machines. We subscribe to the view that a community can be explained
by identifying the defining covariates of its member nodes. Our model provides the relative
importance of various covariates in each community, thereby explaining its decision to group
the members. Existing approaches for modeling networks with covariates lack this property,
especially the ones that are based on deep neural networks. We also derive an efficient inference
procedure that runs in linear time in the number of nodes and edges. Experiments confirm that
our model’s community detection performance is comparable with recent deep neural network-
based approaches. However, it additionally offers the advantage of explainability.

The discussion till this point views communities as passive structures arising out of inter-
actions between nodes. However, just like existing links in a network determine future links,
communities also play a functional role in shaping the behavior of the nodes (for example, pref-
erence for a clothing brand). Our final contribution explores this functional view of communities
and shows that they affect emergent communication in a networked multi-agent reinforcement

learning setting.

v
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Chapter 1
Introduction

The World Health Organization declared Covid-19 as a pandemic on March 11, 2020*. As of
the time of writing this thesis, roughly 750000 new cases were still being documented worldwide
per day. Being a highly infectious disease, it uses the interactions among individuals for its
transmission. This is just one of the many examples where considering entities in isolation is
not sufficient and one must understand their interactions to study a phenomenon, namely the
transmission of Covid-19 in the example above.

Networks (or graphs) provide a mathematical framework for specifying and analyzing these
interactions. Besides finding applications in modeling relationships between people, networks
also appear in fields as diverse as biology (Emmert-Streib and Dehmer, 2011), economics
(Economides, 1996), computer science (Salter-Townshend et al., 2012), and astronomy (Ne-
pusz et al., 2012), to name a few. For example, proteins rarely act alone, but their interactions
control all vital life functions (Nepusz et al., 2012). Similarly, trade relations among countries
govern the global economy (Benedictis and Tajoli, 2011), associations on social media influence
the flow of information (Lazer et al., 2018), and forces between stellar objects hold the galaxies
together (Hong et al., 2016).

Over the years, networks have been studied from many perspectives (Newman, 2018) and
there are several high impact success stories. The celebrated PageRank algorithm (Page et al.,
1999) ranks webpages based on their connectivity structure (hyperlinks between them) and
forms the foundation of Google as we know it. The Watts-Strogatz model (Watts and Strogatz,
1998) explains the so called “small-world effect” or “six-degrees of separation phenomenon”
that is commonly observed in many real-world networks. For example, in a social network

such as Facebook, most people are related to each other via a short chain of “a friend of a

'Link to the World Health Organization’s announcement


https://www.who.int/director-general/speeches/detail/who-director-general-s-opening-remarks-at-the-media-briefing-on-covid-19---11-march-2020

friend” relationship, despite having only a small number friends. This effect also explains
why the internet works at a reasonable speed even though most devices are not connected
by a direct link. Another notable example is the study of percolation theory (Sahimi, 1994),
which answers questions like “What is a good vaccination strategy for controlling an epidemic?”
Finally, classical problems like finding shortest path in networks (Dijkstra, 1959), searching
(Cormen et al., 2009, Chapter 22), and computing network flows (Ford and Fulkerson, 1956)
have many practical applications.

More recently, network indexed data have attracted the attention of the machine learning
community (Chami et al., 2020). This can largely be attributed to the expansion of social
media platforms, which benefit from employing machine learning techniques for tasks like friend
recommendation (Ding et al., 2017), fake news detection (Nguyen et al., 2020), and targeted
advertising (Bimpikis et al., 2016). Several machine learning methods have also been developed
for networks other than social networks (Zhou et al., 2018a). For example, the construction,
completion, and subsequent use of knowledge graphs (Ji et al., 2020) for applications like
recommendation systems (Zhang et al., 2016a), information retrieval (Liu et al., 2018), and
question answering (Huang et al., 2019), is an active area of machine learning research.

Two problems related to networks are of particular interest in this thesis: community de-
tection (Fortunato, 2010) and link prediction (Zhang and Chen, 2018). Community detection
is concerned with identifying groups of similar nodes in a network. For example, Wilkinson
and Huberman (2004) find communities of functionally related genes in a gene co-occurrence
network, which can help in identifying causal associations between genes and diseases. Other
examples include finding groups of like-minded people in social networks (Bedi and Sharma,
2016), identifying academic domains in citation networks (Rosvall and Bergstrom, 2008), find-
ing related products on an e-commerce platform (Jebabli et al., 2015), and understanding
relationships between stocks on the financial market (Heimo et al., 2008). In general, commu-
nities summarize a network and offer high-level insights about its structure. Existing methods
for community detection use a wide variety approaches including modularity maximization
(Newman, 2006b), spectral relaxation (Ng et al., 2001), statistical inference (Bickel and Chen,
2009), and convex optimization (Chen et al., 2014). Approaches like label propagation (Ragha-
van et al., 2007), clique percolation (Derényi et al., 2005), and the modern graph representation
learning methods (Mehta et al., 2019) do not neatly fit in either of these categories.

Networks encode pairwise relationships between entities. Often, some of these relationships
are unknown. Link prediction is concerned with inferring the state of these missing relation-
ships. Several applications that involve recommendations in some form can be formulated as

link prediction problems. FExamples include recommending friends on social media, movies



on streaming services, compounds for drug discovery, and so on. Link prediction approaches
usually compute a measure of similarity between nodes in the network and suggest new relation-
ships based on this measure. To compute similarities, these methods either use hand-crafted
features like the number of shared neighbors (Gao et al., 2015) or learned vector representa-
tion of nodes (Grover and Leskovec, 2016). Other approaches for this task include statistical
inference (Heaukulani and Ghahramani, 2013) and matrix factorization (Menon and Elkan,
2011).

Before proceeding further, it is important to mention that there are a number of other
interesting problems in network science (besides community detection and link prediction) that
are a subject of active machine learning research. One may be interested in classifying nodes,
edges, or even entire networks (Morris et al., 2019). Learning to generate networks that mimic
the properties of observed real-world data is interesting in applications like drug-discovery (You
et al., 2018; Yan et al., 2021). The parent task of learning vector representations of nodes, edges,
and networks (Hamilton, 2020) has driven most of the recent research in this domain, and recent
methods often use variants of neural networks that are tailored towards graph structured data
(Kipf and Welling, 2017; Xu et al., 2019) for learning representations. While these methods
are undoubtedly interesting in their own rights and are at the frontiers of our knowledge, this
thesis restricts its focus to community detection and link prediction, and develops statistical
models that use neural network based inference procedures.

Traditionally, networks have been specified by two components: a set of nodes and a set
of edges connecting these nodes. However, this specification is often inadequate for meeting
the modeling requirements in many application domains. For example, citation networks must
support addition of new publications over time, which makes the sets of nodes and edges
time dependent. Similarly, social networks often include auxiliary information about people
(like their age, gender, and hometown), and entities in a knowledge graph can be connected by
several types of relations (e.g., a person can both produce and direct a movie). Besides different
modeling requirements, application domains may also impose various constraints on the set of
acceptable solutions. For example, it may be essential for a news recommendation system to
ensure that articles clustered by topic have a diversity of opinions in them. Until recently,
approaches for community detection and link prediction have largely focused on the canonical
form of these tasks for the simplest types of networks. However, with the increasing number
of applications that can benefit from network analysis, the shortcomings of these traditional
approaches have become a bottleneck. This thesis addresses this gap and introduces community
detection and link prediction methods for various types of networks under various constraints.

More specifically, this thesis considers the problem of community detection in simple net-



works under fairness constraints. It also introduces statistical models for dynamic networks
(such as citation networks), heterogeneous networks (such as knowledge graphs), and networks
with node covariates (such as social networks). Before getting into further details, it is worth
mentioning that there are other interesting classes of networks like hypergraphs (Ghoshdasti-
dar, 2016), spatial networks (or geometric graphs) (Penrose, 2003), and multimodal networks
(Heath and Sioson, 2008), that present different modeling challenges, and are subjects of active
research. It is a testament to the vastness of this field that no single document can reasonably
attempt to make meaningful progress in all possible directions. This thesis too restricts its
focus to the classes of networks mentioned above. Similarly, while this thesis considers only a
fairness constraint on communities, other forms of constraints, most notably the must-link and
cannot-link constraints (Basu et al., 2008), are more meaningful in some domains, and have
been addressed by a number of existing approaches (Yu and Shi, 2001; Cucuringu et al., 2016).

The remainder of this section motivates the problems considered in this thesis.

Fair clustering: First, consider the issue of fairness in community detection. Like people,
machine learning algorithms may also learn to discriminate against marginalized groups!. Fair-
ness is concerned with ensuring that biases that exist in the data do not lead to discriminatory
decision-making by machine learning algorithms (Mehrabi et al., 2019). For example, in a su-
pervised learning setting, two people with a similar financial profile must be treated identically
by a classifier that decides their eligibility for a loan, irrespective of their gender. Fairness
notions in the literature encode either statistical or individual fairness (Dwork et al., 2012).
The difference between these two groups is best explained by an example. Assume that there is
an (unknown) ground-truth partitioning of applicants based on their eligibility for a loan. The
equal opportunity criterion (Hardt et al., 2016), which encodes statistical fairness, requires the
classifier to have the same true positive rate across all genders. However, this does not prevent
the classifier from treating similar individuals differently (thereby being unfair from the individ-
ual’s perspective) as long as it maintains the “correct” true positive rate on the sub-populations
as a whole. On the other hand, the individual fairness criterion in Dwork et al. (2012) explicitly
requires the classifier to have similar output for similar individuals. An interested reader may
refer to Mehrabi et al. (2019) and the references within to learn more about various fairness
notions for supervised learning.

Community detection is an unsupervised learning problem, and defining fairness notions for
unsupervised learning problems is more nuanced. For example, Samadi et al. (2018) discovered

that Principle Component Analysis (PCA) has a different reconstruction error on male and

LA criminal justice system that is biased against people of color
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female faces drawn from a commonly used real-world dataset, and proposed a modification to
PCA to remove this bias. In general, several approaches for fair representation learning have
been proposed in recent years (Louizos et al., 2016; Zhang et al., 2018a). Fairness has also
been studied in the context of other unsupervised learning problems like ranking (Celis et al.,
2018b), data summarization (Celis et al., 2018a), and language modeling (Bordia and Bowman,
2019). Community detection involves clustering nodes in a network. Chierichetti et al. (2017)
proposed a fairness notion for clustering which requires the clusters to be balanced with respect
to various protected groups (like gender or race). For example, if 50% of the population is
female then the same proportion should be respected in all clusters. This idea of proportional
representation has been extended in various forms (Résner and Schmidt, 2018; Bercea et al.,
2019; Bera et al., 2019), and several efficient algorithms for discovering fair clusters under
this notion have been proposed (Schmidt et al., 2018; Ahmadian et al., 2019; Kleindessner
et al., 2019). While proportional representation enforces statistical fairness, Chen et al. (2019)
and Mahabadi and Vakilian (2020) develop individual fairness notions by requiring members
to be “sufficiently close” to their respective cluster centroids. Anderson et al. (2020) pursue a
different direction and adapt the fairness notion proposed by Dwork et al. (2012) to the problem
of clustering.

Note that a fairness notion merely quantifies the fairness of proposed clusters/communities.
Developing algorithms for finding fair clusters and establishing guarantees on their performance
is another challenge. Unfortunately, it is often NP-hard to find clusters that satisfy the fairness
criterion exactly (Chierichetti et al., 2017). Most existing methods propose modifications to
the standard k-means clustering algorithm (MacQueen, 1967; Lloyd, 1982) to get clusters that
approximately satisfy the fairness criterion (Chierichetti et al., 2017; Ahmadian et al., 2019;
Chen et al., 2019; Mahabadi and Vakilian, 2020). Kleindessner et al. (2019) take a different
approach and instead propose a fair variant of the popular spectral clustering algorithm (Ng et
al., 2001; Luxburg, 2007). Spectral clustering is more suitable for network indexed data where
one directly observes the pairwise similarity between nodes instead of observing their feature
representations in an Fuclidean space, as required by k-means. Moreover, like k-means, spectral
clustering has been extensively studied in the literature and several authors have established
theoretical guarantees on its performance under mild assumptions (Ng et al., 2001; Luxburg
et al., 2008; Rohe et al., 2011; Lei and Rinaldo, 2015). The statistical guarantees usually take
the form “the algorithm makes o( N)! mistakes with probability 1 —o0(1)” where the randomness

is over networks sampled from a stochastic block model (Holland et al., 1983) or its variants

!Notational remark: f(n) = o(g(n)) = lim, % = 0. Thus, asymptotically, f(n) << g(n).



(Karrer and Newman, 2011) in most cases. An algorithm that satisfies the condition on the
number of mistakes specified above is called weakly consistent.

Existing fairness notions assume that sensitive attributes (like age, gender, and race) are
directly observable, which raises concerns about privacy in practice. In contrast, the fairness
notion developed in this thesis is defined in terms of an auxiliary graph (called a representation
graph) that may be constructed from latent sensitive attributes that are never directly revealed
to an algorithm. Moreover, unlike existing approaches, the proposed fairness criterion can
encode both statistical and individual fairness for different configurations of the representation
graph. We develop fair spectral clustering algorithms along the lines of Kleindessner et al.
(2019), however our algorithms use the more general fairness criterion mentioned above, thereby
strictly generalizing their work. We show that the proposed algorithms not only work well in

practice, but are also weakly consistent under a modified variant of the stochastic block model.

Dynamic networks: Recall that the objective of this thesis is to develop community de-
tection and link prediction methods for various types of networks under various constraints.
The problem of fair community detection belongs to the latter category, where the network
is of a traditional type but certain solution are deemed unfair, and hence are unacceptable.
The next three contributions are concerned with networks of various types. First, consider a
scenario where the network changes with time. For example, people join social networks and
make new friends, researchers in a collaboration network forge new connections, new roads are
constructed in a transportation network, new devices are added to a communication network,
and employees switch from one team to another within their company’s network. Such net-
works are known as dynamic networks (Kazemi et al., 2020). One way to represent a dynamic
network is via a sequence of static network snapshots (Rossetti and Cazabet, 2018). However,
static network analysis techniques are often insufficient for dynamic networks. For example, for
reasons described below, one can often do better than simply applying a “static” community
detection algorithm individually to each dynamic network snapshot.

Community detection in dynamic networks faces the additional challenge of tracking the
evolution of communities over time, besides simply identifying them. As the network changes,
so do the communities. In many practical cases, it is reasonable to assume that the changes are
gradual and macro-structures like communities are relatively stable over time. This temporal
smoothness requirement makes community detection more challenging in dynamic networks,
and static algorithms applied independently to each snapshot often fail to produce such stable
communities. Existing methods for community detection in dynamic networks can be broadly
classified into three groups. In the first group, methods identify communities in isolation for all

static snapshots and then perform a post-processing step to match these communities across
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time (Spiliopoulou et al., 2006). The second category of methods find communities at time ¢
based on communities discovered at time ¢ — 1 (Chakrabarti et al., 2006). A third category of
methods add edges between nodes across snapshots, creating a bigger “fused” static network,
on which traditional community detection algorithms can be used (Jdidia et al., 2007). A
few methods do not fit in any of the categories mentioned above as they instead try to find
a single partitioning of nodes that works well across all snapshots, for example via tensor
factorization (Gauvin et al., 2014). Rossetti and Cazabet (2018) provide a comprehensive survey
of community detection methods for dynamic networks and highlight their relative advantages
and disadvantages.

The link prediction problem also takes a different avatar in dynamic networks. Unlike
missing link prediction where the goal is to predict the state of missing edges, link forecasting in
dynamic networks is concerned with predicting the future state of all the edges. Most existing
link forecasting methods use statistical models that specify the following two fundamental
components of a dynamic network: the structure of individual snapshots and the temporal
dynamics encoded by the sequence of snapshots. Among statistical models, the so-called latent
space models are a popular choice (Hoff et al., 2002; Kim et al., 2018). These models use latent
random variables to represent node features and specify the probability of an edge between two
nodes in terms of these latent random variables. The temporal dynamics are then encoded by
specifying the process by which these latent representations change with time. For example,
Sarkar and Moore (2005) use a d-dimensional latent space where each node is represented
by a vector. The temporal dynamics are modeled as a Gaussian random walk in this space.
In general, the temporal dynamics are often specified using Markov processes (Holland and
Leinhardt, 1977). The models differ in terms of the characteristics of their latent variables
and the specification of edge probabilities. For example, Sewell and Chen (2015) modify the
model presented in Sarkar and Moore (2005) to include node popularity while modeling the
edges. Similarly, Foulds et al. (2011) use a binary latent space in a non-parametric setting,
Heaukulani and Ghahramani (2013) allow binary latent variables of a node to be influenced
by its neighbors, and Kim and Leskovec (2013) model latent random variables to denote group
memberships in a non-parametric setting. Other models use latent community memberships of
nodes along with stochastic block model (Xing et al., 2010; Ho et al., 2011; Xu and Hero, 2014;
Xu, 2015). See Kim et al. (2018) for a comprehensive survey.

More recently, several deep representation learning methods for dynamic networks have been
proposed (Kazemi et al., 2020). Their goal is to learn time dependent vector representation of
nodes and a function that computes similarity between nodes given their vector representations

(often this similarity function is the standard inner product). The simplest methods aggregate



the snapshots seen till time ¢ to get a static network and then apply static network representa-
tion learning methods on the aggregated data (Hisano, 2018). Other approaches instead apply
similar aggregation to the latent representations learned by the neural network (Yao et al.,
2016). These methods lose critical information about the order of events due to aggregation.
Mahdavi et al. (2018), Bian et al. (2019), and Sajjad et al. (2019) borrow the idea of using
random walks to learn representations from Grover and Leskovec (2016), but condition the ran-
dom walks at time ¢ on the history up to that time. Finally, graph neural network architectures
have been modified in various ways to accommodate dynamic networks (Seo et al., 2018; Pareja
et al., 2020; Sankar et al., 2020). See Kazemi et al. (2020) for a comprehensive review.

Deep neural network based models have high expressivity!, but are very data intensive.
Statistical models on the other hand encode the properties of networks that they model, which
limits their expressivity, but allows them to work with small quantities of data without overfit-
ting. Can we develop models that have both of these advantages? The second contribution in
this thesis is a latent space based statistical model for dynamic networks called Evolving Latent
Space Model (ELSM). Unlike existing statistical models that use Markov-Chain Monte-Carlo
inference, ELSM uses variational inference (see Chapter 2), which is usually faster in practice
(Blei et al., 2017). In addition, it allows one to use powerful neural networks to model the
learnable parameters used by the inference procedure. This results in an approach that works
for small networks without overfitting while harnessing the flexibility of neural networks to

learn from complex data.

Temporal knowledge graphs: Recently, there has been a significant amount of interest in
knowledge graphs (KGs), especially among the natural language processing researchers. KGs
represent real-world facts using tuples of the form (entity,, relation, entity,) (Jiet al., 2020).
For example, the fact “IISc is located in India” is represented as (IISc,located in,India).
Viewed as a graph, the nodes correspond to entities (real or abstract) and the edges represent
relationships between these entities. Many large scale KGs like Freebase (Google, 2013) and
YAGO (Suchanek et al., 2007) are publicly available while commercial KGs like Microsoft’s
Satori and Google’s Knowledge Graph can be accessed via APIs (Dong et al., 2014). KGs are
useful in many real-world applications like question-answering (Huang et al., 2019), recommen-
dation systems (Wang et al., 2019b), and information retrieval (Xiong et al., 2017), as they
provide a basis for common-sense reasoning. What differentiates knowledge graphs from tradi-
tional networks is that their nodes (entities) and edges (relations) have a type associated with

them. For example, a node can correspond to a person, business, country, movie, and so on.

IExpressivity implies that a model can represent a diversity of graphs (Kazemi et al., 2020)
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Similarly, an edge may encode relations like “located in”, “born in”, “president of”, “likes”, etc.
Such networks where the nodes and edges have a type associated with them are known as het-
erogeneous networks. Networks with only one type of nodes and edges are called homogeneous
networks.

Constructing KGs by parsing raw text to extract the entities (Lample et al., 2016) and
relations between them (Katiyar and Cardie, 2017) is an interesting research problem, but it is
beyond the scope of this thesis. A related problem is that of completing a KG, where the goal is
to identify facts that are currently missing from the KG, but are likely to be true. This problem
can be formulated as a link prediction problem where the additional challenge is to identify the
type(s) of relation(s) between entities instead of merely indicating the presence of a relation.
Existing methods for this task embed the entities and relations in a d-dimensional vector space
such that certain arithmetic operations make intuitive sense. For example, given the tuple
(IISc,located in,India), the addition of vectors corresponding to IISc and located in
must be close to the vector for India (Bordes et al., 2013). Several modifications to this idea
have been proposed. For example, TransR (Lin et al., 2015) models meta-relations between
relations by using different vector spaces to represent entities and relations. Other similar
ideas include TransH (Wang et al., 2014) and RotatE (Sun et al., 2019), to name a few. Recent
approaches have also used variants of graph neural networks to learn representations for entities
and relations (Schlichtkrull et al., 2018; Nathani et al., 2019; Shang et al., 2019). Refer to Ji
et al. (2020) for an excellent review.

In the real-world, many facts have a limited temporal validity. For example, a president is
usually elected for a fixed term, hence (X, president of,Y) is a valid fact only for the duration
of that term. A temporal or dynamic knowledge graph encodes such time varying facts. In
its simplest form, a dynamic KG can be represented as a sequence of static KGs much like a
dynamic network can be represented as a sequence of static snapshots'. Besides inheriting the
usual challenges for link forecasting in dynamic networks as described before, dynamic KGs also
inherit the challenges associated with link prediction in heterogeneous networks. Several authors
have adapted static KG representation learning techniques to work with dynamic KGs. For
example, Leblay and Chekol (2018b) modified TransE (Bordes et al., 2013) by including a vector
representation of the time index at each snapshot. Other examples in this category include

HyTE (Dasgupta et al., 2018), TA-DistMult (Garcia-Duran et al., 2018), ConT (Ma et al.,

LA sequence of snapshots representation entails that each snapshot is valid for a fixed quantum of time. In
some cases, researchers instead prefer to use an asynchronous representation, where the validity of a fact can
change at arbitrary times, rather than following fixed quantized intervals. That being said, a dynamic KG can
always be represented as a sequence of static KG snapshots by using a fine enough temporal resolution. This
thesis assumes the sequence-of-snapshots representation for dynamic KGs.



2019), and TComplEx (Lacroix et al., 2020). While these approaches use a fixed representation
for entities and relations across time, a second category of methods learn time dependent
representations for entities (Goel et al., 2020), relations (Jiang et al., 2016b; Jiang et al.,
2016a), or both (Trivedi et al., 2017; Jin et al., 2020).

The third contribution in this thesis is a statistical model for heterogeneous dynamic net-
works called Neural Latent Space Model (NLSM). As a special case, NLSM can also represent
homogeneous dynamic networks. It improves over our previous model ELSM in several signifi-
cant ways. First, it can model both directed and undirected networks. Second, unlike ELSM,
it can represent heterophyllic connections (edges between dissimilar nodes). Finally, third, its
inference procedure is more scalable as compared to ELSM. Notably, the proposed approach
seems to be the first one in the literature to unify the treatment of homogeneous and hetero-
geneous dynamic networks using a common model. Our experiments demonstrate that NLSM
has a better link prediction performance on temporal KGs as compared to the state-of-the-
art representation learning methods mentioned above, even though these methods are tailored

towards temporal KGs and have limited applicability as compared to NLSM.

Networks with covariates: Next, let us focus on networks with covariates. Networks en-
code relationships between nodes. Often, these nodes also have an individual identity that
can be described by a set of features/attributes/covariates. For example, people in a social
network have attributes like age, gender, hometown, etc. Similarly, in a collaboration network,
every researcher has a list of keywords describing their interests. Such networks where nodes!
have observable covariates are known as networks with covariates (Binkiewicz et al., 2017) or
networks with attributes (Yang et al., 2013). Besides the connectivity pattern, these covariates
provide an additional source of information that can be exploited by the algorithms to improve
their performance on tasks like community detection (Chang and Blei, 2009; Wang et al., 2019a)
and link prediction (Zhao et al., 2017; Zhang et al., 2018c).

We focus on community detection in this setting. Besides potentially improving their per-
formance, node covariates also provide an opportunity to the community detection methods
to explain their outputs to a user. For example, in a social network, a community detection
method can explain its decision to group certain people together by highlighting that it has done
so because these people have similar ages and have attended the same high school. Not that
the focus here is not just on identifying common attributes of members within a community.
Instead, the goal is to identify the common attributes that the algorithm has used to justify

grouping the members together. To understand this point in detail, recall that community

!Covariates may also be associated with edges instead of nodes in some applications (Ma et al., 2020), but
this thesis does not consider such networks
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detection is an unsupervised learning task. Metrics like the modularity score (Newman, 2006b)
and ratio-cut (Luxburg, 2007) quantify the goodness of communities from various perspectives.
Some algorithms find communities by approximately optimizing these metrics (Ng et al., 2001;
Newman, 2006b). Others are based on statistical models and find community assignments that
maximize the likelihood of the observed data under the model (Bickel and Chen, 2009). In
either case, a community detection method starts with a notion of what an ideal community
must look like, and works towards finding communities that are most similar to this ideal no-
tion. Because community detection is an unsupervised learning task, there is no single “correct”
way to partition the nodes into communities. Unfortunately, given two “reasonable” community
assignments, the best most methods can do is inform a user that one of the assignments attains
a higher score under their metric than the other. As metrics like modularity tend to have an
abstract definition, a common user may find such explanations unsatisfactory. When an algo-
rithm returns a particular set of communities, ideally it must also provide an explanation for
why it believes that the members in the discovered communities belong together. Additionally,
this explanation must be in a form that can be easily understood by a common user. This
thesis subscribes to the view that a community can be explained by specifying its relationship
with other communities and identifying salient covariates shared by its members that were used
by the algorithm in making its decision.

Existing approaches for community detection in networks with covariates can be broadly
divided into three categories. The first category includes methods that modify community
detection algorithms for traditional networks to accommodate covariates (Ruan et al., 2013;
Zhou et al., 2010; Binkiewicz et al., 2017). The modifications made by these methods are often
ad-hoc and do not help in explaining the algorithm’s output. For example, Ruan et al. (2013)
construct a backbone graph by adding edges to the observed network based on attribute val-
ues. The authors then use standard community detection algorithms on the newly constructed
backbone graph. Other notable examples in this category include Akoglu et al. (2012), Zhang
et al. (2016b), and Li et al. (2018). While some of these methods come with strong theoretical
guarantees on their performance, they do not offer explainable insights about the algorithm’s
working. The second category of methods use representation learning methods (Perozzi et al.,
2014) that are often based on graph neural networks (Kipf and Welling, 2016; Hamilton et al.,
2017; Pan et al., 2018; Jin et al., 2019; Velickovi¢ et al., 2019). For example, Hamilton et al.
(2017) propose GraphSAGE which uses covariates to learn representations for previously unseen
nodes using a graph neural network. While most of the recent performance benchmarks have
been set by these methods, they often use complex neural network architectures that are hard

to interpret. The third category includes statistical models. Both discriminative (Yang et al.,
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2009) and generative probabilistic models (Cohn and Hofmann, 2001; Erosheva et al., 2004;
Chang and Blei, 2009; Liu et al., 2009; Balasubramanyan and Cohen, 2011; Xu et al., 2012)
have been proposed. However, most of them tend to make domain-specific assumptions and
have limited applicability. For example, Erosheva et al. (2004) use Latent Dirichlet Allocation
(Blei et al., 2003) to model document networks. Moreover, while these approaches are more
explainable than the other two categories, their performance is usually inferior as compared to
modern representation learning methods. A notable example of a statistical model that does
not use strong domain specific assumptions is Yang et al. (2013). Methods like Mehta et al.
(2019) combine statistical models with complex neural networks and lie at the intersection of
the last two categories.

The fourth contribution in this thesis is a statistical model for networks with covariates.
The proposed model avoids making domain specific assumptions by using Restricted Boltz-
mann Machines (Fischer and Igel, 2012), which can represent a rich class of distributions. We
demonstrate that the model can explain its output by indicating salient covariates in each of the
discovered communities, while performing at par with deep representation learning methods.
Because explainability is important for unsupervised learning tasks like community detection,
the proposed model has immense practical utility. While our discussion on networks with node
covariates has largely focused on community detection till this point, our experiments show

that the proposed model also has a good link prediction performance.

Emergent communication in networks: To understand the final contribution in this the-
sis, it is essential to take a brief detour into the field of multi-agent reinforcement learning
(Zhang et al., 2019) with an emphasis on emergent communication (Lazaridou and Baroni,
2020). Reinforcement learning is concerned with solving sequential decision making problems.
A learner or an agent takes actions in an environment and receives rewards in return. The
state of the environment changes in response to the agent’s actions, thereby influencing the
future rewards that the agent will get. The goal of reinforcement learning is to learn a policy,
that dictates the agent’s actions in various states, to maximize the total rewards collected over
a period of time (Sutton and Barto, 2018). For example, consider an agent that must learn
to steer a car in traffic to avoid collision. This is a sequential decision making problem as the
agent’s current actions could lead to a collision in the future. Several reinforcement learning
strategies like actor-critic methods (Barto et al., 1984), Q-learning (Watkins and Dayan, 1992),
and policy gradients (Williams, 1992) have been proposed to learn optimal policies from experi-
ences. Many of these classical techniques have also been adapted to work with neural networks
(Mnih et al., 2015; Lillicrap et al., 2016; Schulman et al., 2017; Haarnoja et al., 2018), which

has produced several promising results in the recent past (Silver et al., 2018).
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Tasks like playing football and managing traffic controllers require multiple agents to coor-
dinate with each other. The optimal policy for each agent in this case depends on the current
behavior of the other agents. For example, passing the football is a good strategy only if the
player on the receiving end knows how to successfully intercept it. As all agents simultaneously
learn in each other’s presence, their behavior changes, which modifies the optimal policy for
everyone. Thus, it is as if the agents are trying to chase a moving target. This problem is known
as non-stationarity of the environment (Littman, 1994; Gupta and Dukkipati, 2019). Owing
to this issue, independently training each agent using standard reinforcement learning tech-
niques is often unstable (Tan, 1993; Tampuu et al., 2017). Multi-agent reinforcement learning
is concerned with solving reinforcement learning problems in such settings. A commonly used
paradigm called centralized training and decentralized execution uses a common critic for all
the agents in an actor-critic framework (Lowe et al., 2017). Agents optimize their policies with
respect to this shared critic, thereby addressing the non-stationarity issue. See He et al. (2016),
Sunehag et al. (2018), Rashid et al. (2018), Igbal and Sha (2019), and Gupta and Dukkipati
(2019) for example approaches that follow this paradigm.

Another way for agents to share information is by directly communicating with each other.
Communication allows agents to coordinate with each other even during the decentralized exe-
cution phase. One way to communicate is to fix a communication protocol and train the agents
to utilize it (Zhang et al., 2018b). Another approach is to provide a communication channel to
the agents, but let them learn how to use it. The latter approach is studied under the name of
emergent communication in the multi-agent reinforcement learning literature (Foerster et al.,
2016; Sukhbaatar et al., 2016). This approach is best explained through an example. Consider
a fictitious game between two agents who want to meet each other. The first agent chooses a
place for the meeting and the second one chooses a time. They must communicate this infor-
mation with each other to successfully schedule the meeting. However, they are only allowed
to send integers between 1 and 1000 to each other, and they have not agreed on the meaning
of these numbers beforehand. The goal of the learning process is to allow the agents to develop
a language of their own using these numbers to accomplish the task of scheduling the meeting.
This approach is more flexible than a fixed communication protocol approach. Authors have
studied emergent communication using continuous valued messages (Sukhbaatar et al., 2016;
Das et al., 2019), single bit messages (Foerster et al., 2016), discrete symbols (Mordatch and
Abbeel, 2018), and sequences of discrete symbols (Havrylov and Titov, 2017). The properties
of emergent communication have also attracted considerable attention (Mordatch and Abbeel,
2018; Choi et al., 2018). A full review of these methods is beyond the scope of this thesis, but

an interested reader may refer to Lazaridou and Baroni (2020).
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The last contribution in this thesis has a different flavor. The discussion till this point has
viewed communities as passive structures arising out of interactions between nodes. However,
just like existing links in a network determine future links (this is the basis for link prediction),
communities also play a functional role. They shape the behavior of nodes (for example,
preference for a particular clothing brand) and determine their state in the future. Our last
contribution takes such a functional view of the communities. We study the emergence of
language between agents that are connected by an underlying social network. Interestingly,
our results demonstrate that different structural communities in the network learn different
languages. This points to a functional role of communities, in that they affect the language

that is learned by their members.

1.1 Networks: Notation and basic definitions

We use the following notational conventions. Calligraphic letters like § and 'V denote sets or
tuples. Capital bold-face letters like A and B denote matrices. Small bold-face letters like x
and y denote vectors. Normal-font letters like n and T' denote scalars. R and N refer to the set
of all real numbers and natural numbers (except 0), respectively. For any n € N, [n] denotes
the set {1,2,...,n}. The cardinality of a finite set X is denoted by |X|. Finally, 2% represents
the power set of a finite set X. A detailed list of symbols is given before Chapter 1.

This section presents basic definitions and introduces the associated notations that will be
used in the remainder of this thesis. Section 1.1.1 formally defines the various types of networks
that we are interested in. Sections 1.1.2 and 1.1.3 specify the community detection and link

prediction problems.

1.1.1 Networks

A network or graph is specified by a tuple § = (V, €), where V = {vy,... vy} is the set of N
nodes or vertices and € C 'V x 'V is the set of edges or links. Unless stated otherwise, we assume
that there are no self-loops in the network, i.e., (v;,v;) ¢ € for all v; € V. The adjacency matrix
A € {0, 1}V of a network § specifies the connections in it. The (4, j)"* entry of A is denoted

by A;; and A;; = 1, if and only if nodes v; and v; are connected to each other (i.e., (v;,v;) € €).

Dynamic networks: The set of nodes and edges in a dynamic network change with time.
A dynamic network over T' time steps is specified by a sequence of static network snapshots
W 6@ G where G = (VO €M) for all t € [T]. We often consider a simplified case
where the set of nodes in the network is constant across time and use V = V1) = ... = V@) to

denote this set. A) denotes the adjacency matrix of the network snapshot ) at time ¢ € [T7.
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Heterogeneous networks: A heterogeneous network is a network that has multiple types of
nodes and edges. We often use the terms edges and relations interchangeably in the context of
heterogeneous networks. For simplicity, we will use V to denote the set of all nodes irrespective
of their type. The set €, C V xV contains edges corresponding to the r' type of relation, for all
r € [R], where R denotes the number of types of relations in the network. Thus, a heterogeneous
network is specified by the tuple (V, €1, Es,...,ER). Using a common node set V allows us to
share information across different types of relations (see Chapter 5 for more details). As before,
A, € {0,1}¥*¥ denotes the adjacency matrix of the network corresponding to the edge set &,.
If a heterogeneous network is also dynamic (e.g., temporal knowledge graphs), we specify the

time index in the superscript, as in V®, e and AW,

Networks with covariates: A network with node covariates or attributes has a M-dimensional
covariate vector associated with each node. We use y; € RM to denote the covariate vector
associated with node v; € V. The covariate matrix Y € RY*M contains y1,...,yx as its rows.
A network with covariate is formally specified by the tuple (V,E,Y).

Having set the notation for different types of networks, next, we formally define community

detection and link prediction.

1.1.2 Community detection

Given a network § = (V,€) and an integer K > 2, community detection is the task of parti-
tioning the set of nodes V into subsets Cy,Cy,...,Cx C V, such that nodes that belong to the
same subset are “similar” to each other, but distinct from nodes in other subsets. These subsets
are called communities. In general, communities can be arbitrary subsets of V, but we will only
consider the case of non-overlapping communities for which €; N €; = ® for all ¢, 5 € [K] such
that ¢ # j. Moreover, we will assume that each node belongs to at least one community so that
UK CL=".

In networks, it is common to assume that edges are noisy indicators of similarity between
nodes. That is, if two nodes are connected, then they are likely to be similar to each other.
Under this assumption, communities are characterized by a high density of edges within com-
munities and low density of edges across communities. Several metrics like the modularity score
(Newman, 2006b) and ratio-cut (Luxburg, 2007) measure the quality of communities using this
vy €€k A;; be the fraction
of edges that lie entirely within community €, and let 8, = ﬁ Zz]‘?[jzl Ayl{v; € €V, € CpH

heuristic. For example, consider the modularity score. Let ay, = ﬁ >

be the probability of encountering an edge where at least one end-point lies in community Cy.

In a random network that has the same node degrees as the given network, 37 is the probability

'Recall that I{p} evaluates to one if statement p is true, else it evaluates to zero.

15



with which an edge lies entirely in €. The modularity score is given by

K
MOd(le SR GK) = Z(ak - ﬁl%)

k=1

It measures the probability of observing an edge between nodes in the same community in excess
of the random chance of observing such edges. Clearly, well-separated and densely connected
communities have a high modularity score (—1/2 < Mod(Cy,...,Cx) < 1 (Brandes et al.,
2008)). We discuss ratio-cut in detail in Chapter 2 in the context of spectral clustering.

In dynamic networks, one is often interested in finding communities at each step. Thus, we
add a time index to the communities in our notation, as in G,(:). A common requirement in
such cases is stability, i.e., the community structure should not exhibit dramatic changes over
a short period of time. We use the normalized mutual information (NMI) score to measure the
stability of the communities, as described below.

Let X and Y be two discrete random variables defined on support X and Y respectively.
The mutual information between X and Y is defined as (Cover and Thomas, 2006, Chapter 2)

PXY( y)
= 2 Poleyng by

where Pxy is the joint distribution over X and Y and Px and Py are marginal distributions.
Mutual information /(X;Y’) measures the average amount of information about X contained
in Y (or vice-versa). In general, I(X;Y) > 0, and the equality holds if and only if X and Y
are independent. Because there is no upper bound on the values that I(X;Y") can take, it is
common in practice to normalize it by the entropy of random variables X and Y, where the

entropy of a random variable X is defined as (Cover and Thomas, 2006, Chapter 2)

==Y Px(z)InPx(x).

zeX

Thus, the normalized mutual information (NMI) score between two random variables X and Y’

is given by
I(X;Y)

NMI(X;Y) = HX) L BT

Let K® denote the number of communities at time ¢ and define pk =¥ Ly ¥ Hu; e t)}
to be the fraction of nodes that belong to community Gk at time t, for all k € [K®)]. Let Z®
be a random variable that takes value Z®) = k with probability pff) for all £ € [K®]. Then,
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NMI(Z® | Zt+D) measures the similarity between the communities discovered at time ¢ and
t + 1. If communities are stable, then NMI(Z® Z(+1) will be high for all ¢ € [T — 1].

1.1.3 Link prediction

Networks are often incompletely specified. In an ideal world, one would know the state of all
O(N?) pairwise connections in the network with certainty. However, in practice, the absence
of an edge between two nodes may also indicate that the status of their relationship is not
known. For example, absence of a link between two people on a social media platform does not
necessarily indicate that the people are unknown to each other. Link prediction is concerned
with finding such connections that are “missing” from the network. Formally, the goal of link
prediction is to learn a binary classifier f : 'V x V — {0, 1} that predicts the state of missing
edges in the network.

A commonly used procedure for evaluating link prediction methods marks a certain number
of known “positive” and “negative” edges as missing during training. The trained function
f is used to predict the state of these missing edges and its accuracy is computed as the
fraction of correct predictions made by f. Another commonly used measure of the quality of
f is the F} score. For a given class A in a multi-class classification setting, define: TP, =
number of examples from A that were classified into A, FP, = number of non-examples of
A that were classified into A, TNy = number of non-examples of A that were classified as
non-examples of A, and FN, = number of examples of A that were classified as non-examples
of A. These are short-hand notations for “True-Positive”, “False-Positive”, “True-Negative”, and

“False-Negative”, respectively. The F} score from the perspective of class A is defined as

TP 4
Fi(A) = .
1A) TP, + (FP, + FNy)/2
One can show that Fj(A) is the harmonic mean of the precision (%) and recall (%)

for class A. Methods usually report an aggregate F) score for all classes. Macro-Fj score is
computed as the simple arithmetic average of Fj(A) for all classes A. Micro-F; score uses
globally computed TP, FP, TN, and FN to compute the aggregate F} score. Here, for example,
FN is the sum of FN4 for all classes A. F} score ranges between 0 and 1, and higher values are
better.

Often, the function f computes the probability of an edge being present instead of directly
computing a binary output. Of course, one can convert this to a binary output by using a
threshold 6 and returning one if f(-) > 6 and zero otherwise. However, choosing the optimal

threshold 6 to maximize the accuracy is a challenging task. A Receiver Operating Characteristic
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(ROC) curve plots the recall on y-axis as a function of the false positive rate on r-axis

TP
for various values of threshold 6 € [0,1]. The Area Under Curve (AUC) metric computes the
area under the ROC curve to quantify the performance of f without actually computing an
optimal . AUC takes values between 0 and 1, and higher values are desirable. As with F}
score, AUC also has two variants, macro-AUC and micro-AUC.

In dynamic networks, the goal is often to predict the entire state of the network up to a
future time ¢+ p given the observed network till time ¢. Thus, all edges in the future are treated
as “missing” edges, and f must predict the state of all of them. This problem is also known
as link forecasting. When p = 1, the procedure is known as single-step link forecasting. When
p > 1, it is known as multi-step link forecasting. In heterogeneous networks, there are several
types of relations between nodes. Thus, one must learn R functions fi, fa, ..., fr, one for each

type of relation.

1.2 Summary of contributions

We begin by proposing fair community detection algorithms for simple networks, and establish
that they are weakly consistent under mild assumptions. We also develop statistical models for
various types of networks and use them for community detection and link prediction. Finally,

we consider a functional view of communities and explore their impact on an emergent language.

1.2.1 Fair community detection

Given a graph G, our goal is to find fair communities Cq,...,Cx. The notion of fairness can
be defined in many ways. Existing approaches are usually concerned with statistical fairness.
That is, they assume that nodes belong to observable protected groups (e.g., males and females),
and require these protected groups to have a proportional representation in all communities
(Chierichetti et al., 2017; Rosner and Schmidt, 2018; Bercea et al., 2019; Bera et al., 2019;
Kleindessner et al., 2019). Interestingly, we demonstrate in Chapter 3 that communities can
be statistically fair while being highly unfair from the perspective of all individuals. A handful
of existing approaches define fairness from each individual’s perspective (Chen et al., 2019;
Mahabadi and Vakilian, 2020; Jung et al., 2020; Anderson et al., 2020). However, they do so
without considering sensitive attributes of the nodes.

We propose a fairness notion for communities using an auxiliary graph R, called a represen-
tation graph. This graph is defined on the same set of vertices as the input graph G. Intuitively,
nodes are connected in R if they trust each other and believe that they can represent each
others’ interests in various communities. Under the proposed fairness notion, communities €y,

Gy, ..., Cx in G are defined to be fair with respect to a given R if the neighbors of each node
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in R are proportionally represented in all communities. We show that our notion of fairness
has two desirable properties: (i) It does not require the protected groups to be directly ob-
servable. Instead, the protected groups can manifest themselves as intrinsic or latent features
of the structure of R. (ii) In general, our fairness notion is from the perspective of each indi-
vidual. However, we recover statistical fairness as a special case for a particular configuration
of R. We further develop a modified variant of the stochastic block model conditioned on R,
called R-SBM. We also develop spectral clustering algorithms for finding fair communities and
establish the weak-consistency of our algorithms for networks sampled from R-SBM.

To understand our consistency results, assume that R is a d-regular network! and all com-
munities have equal sizes. We show that it is possible to sample graphs from R-SBM where
the ground-truth communities €1, Co, ..., Cx are fair. Let © € {0, 1}V*¥ indicate the ground-
truth community memberships, i.e., ©;; = 1 < v; € €;. Similarly, O©c {0, 1}¥*E indicates the
communities in § found by our algorithm, i.e., (:)ij = 1 if and only if the algorithm assigns v;

to the j** community. The fraction of misclustered nodes is given by
M(©,8) = min —||© — ]|
= min —||® —
’ yeg N 0

where J is the set of all K x K permutation matrices (Lei and Rinaldo, 2015). The statement

below presents a template of our consistency results.

Theorem 1 (Informal template for our consistency results). Let v be an appropriately defined
measure of eigengap in the expected case. Under mild assumptions on the representation graph
R, if v grows sufficiently fast as N increases, then M(©,0) = o(1) with probability 1 — o(1).

The theorem above implies that the algorithm is weakly consistent. Besides the consistency
results, we also experiment with several synthetic and real-world networks and show that our

algorithms recover fair communities in practice.

1.2.2 Modeling dynamic networks

Next, we propose a statistical model for dynamic networks, that we call Evolving Latent Space
Model (ELSM). ELSM represents nodes and communities in a d-dimensional latent space. It
specifies rules for (i) generating observed adjacency matrices from the latent embeddings, and
(ii) modifying the latent embeddings over time to model network evolution. Given an observed
dynamic network, we infer these latent quantities using variational inference (Blei et al., 2017),
where the parameters of the variational distributions are modeled using neural networks. The

inferred latent embeddings are then used for link forecasting and community detection.

LA network is d-regular if all nodes have degree d
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There are many interesting existing approaches for modeling dynamic networks (Xing et al.,
2010; Foulds et al., 2011; Heaukulani and Ghahramani, 2013; Kim and Leskovec, 2013; Xu and
Hero, 2014). Usually, they represent the nodes using discrete vectors in the latent space, use
the Markov Chain Monte-Carlo (MCMC) method for performing inference, or do not support
the birth and death of communities over time. ELSM uses a more flexible continuous latent
space. It also uses variational inference, which is faster than MCMC in practice (Blei et al.,
2017) and allows us to use powerful neural networks. Moreover, ELSM supports the birth and
death of communities, a phenomenon of practical importance.

Our experiments demonstrate that ELSM outperforms existing methods on the link forecast-
ing task on several benchmark dynamic network datasets. We also show that it discovers high
quality communities (based on modularity score) that are stable across time (as described in
Section 1.1.2). In contrast, community detection algorithms for static networks fail to produce

stable communities when applied to each network snapshot independently.

1.2.3 Modeling heterogeneous networks

Our next statistical model, that we call Neural Latent Space Model (NLSM), models hetero-
geneous dynamic networks. As in ELSM, it represents nodes in a latent space using attribute
vectors, but it additionally has latent interaction matrices for each type of relation. Together,
these latent quantities specify the probability of edges at each step for each type of relation.
The node attributes are shared across relations and work towards capturing the dependencies
between them. The interaction matrices can be learned to represent both homophyllic (like at-
tracts like) or heterophyllic relationships (opposites attract). We also propose a neural network
based variational inference procedure for NLSM.

The versatility of NLSM sets it apart from existing approaches (Trivedi et al., 2017; Zhou et
al., 2018b; Goyal et al., 2017; Goyal et al., 2020; Sankar et al., 2020; Trivedi et al., 2019; Jin et
al., 2020). To the best of our knowledge, it is the first model to support both homogeneous and
heterogeneous dynamic networks. Besides being more widely applicable, NLSM also supports
a significantly more scalable inference procedure as compared to ELSM, which is itself more
scalable than other existing classical approaches.

We tested NLSM'’s single-step and multi-step link forecasting performance on homogeneous
and heterogeneous dynamic networks. In particular, NLSM outperforms existing state-of-the-
art approaches on several temporal knowledge graphs (KGs), even though these approaches are
tailored for temporal KGs and have limited applicability otherwise (Trivedi et al., 2017; Trivedi
et al., 2019; Jin et al., 2020).
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1.2.4 Modeling networks with covariates

The next model is called Restricted Boltzmann Stochastic Block Model (RB-SBM), and it mod-
els networks with node covariates. RB-SBM integrates node covariates into a stochastic block
model (SBM) (Holland et al., 1983) using restricted Boltzmann machines (RBM) (Fischer and
Igel, 2012). While a node’s community membership is sampled from a multinomial distribution
in a traditional SBM, in RB-SBM, it is a function of node covariates, and is sampled from a
modified RBM. We derive an efficient inference procedure for RB-SBM that runs in linear time
in the number of nodes and edges. We also develop variants of RB-SBM that generalize its
capabilities to, for instance, mixed community memberships.

RB-SBM is designed with an emphasis on model explainability. We subscribe to the view
that a community can be explained by identifying the defining attributes of its member nodes.
Our model provides the relative importance of various covariates in defining each community,
thereby explaining its decision to group the members together. Existing approaches for mod-
eling networks with covariates either make domain specific assumptions (Erosheva et al., 2004;
Yang et al., 2009) or lack explainability (Ruan et al., 2013; Binkiewicz et al., 2017; Li et al.,
2018). The lack of explainability is especially an issue for neural network based models (Perozzi
et al., 2014; Kipf and Welling, 2016; Pan et al., 2018; Wang et al., 2019a).

Our experiments demonstrate that RB-SBM outperforms traditional approaches for com-
munity detection and link prediction in networks with covariates. Moreover, its community
detection performance is comparable with recent deep neural network based models, while at

the same time it is more explainable.

1.2.5 Network communities and emergent language

The last contribution in this thesis is set in a networked multi-agent setting. Here, we assume
that the communities are known apriori and explore their impact on the behavior of the nodes.
We propose a voting game where two candidates contest in an election and attempt to solicit
votes from a population of members that are connected via a social network. We collectively
refer to the candidates and members in the game as agents. These agents communicate with
each other using sequences of discrete symbols. Notably, these sequences are learned by them
to achieve their goals (such as winning the election), instead of being hard-coded. In essence,
the agents learn to communicate to maximize their rewards. Such communication is known as
emergent communication in the multi-agent reinforcement learning literature.
Existing approaches study emergent communication primarily from the perspective of ground-

ing and compositionality (Foerster et al., 2016; Das et al., 2017; Lazaridou et al., 2017; Lazari-
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dou et al., 2018; Mordatch and Abbeel, 2018). They use environments where the discrete
symbols can (i) point to physical objects (grounding), and (ii) combine in meaningful ways to
represent complex ideas (compositionality). However, these approaches consider language as a
referential tool and ignore its functional aspects. We study the role of emergent communication
in devising abstract strategies (namely, winning an election). Moreover, to the best of our
knowledge, ours is the first work that explores the interplay between emergent communication
and the structure of the social network that connects the agents.

In our experiments, we count the number of times each symbol is uttered by every member.
An interesting result from our analysis shows that the communities found by grouping nodes
based on symbol usage overlap almost entirely with the structural communities in the underlying
social network. This points to the functional role of communities in that they impact the

“language” learned by the agents.

1.3 Organization of the thesis
In this section, we briefly summarize the contents of each subsequent chapter.

Chapter 2: In this chapter, we discuss the background material that is needed to understand

the technical contributions in this thesis.

Chapter 3: We begin with the study of fairness in community detection. This chapter
proposes a notion of fair communities, develops fair variants of the popular spectral clustering
algorithm, and establishes the statistical consistency of the proposed algorithms on networks
drawn from a modified variant of the stochastic block model. We also present numerical results

to corroborate our theoretical findings.

Chapter 4: In the next three chapters, we develop statistical models for various types of
networks. This chapter is concerned with homogeneous dynamic networks. We describe our
proposed model, called Evolving Latent Space Model (ELSM), that embeds the nodes as vectors
in a latent space and models the evolution of these vectors over time. We develop a neural net-
work based variational inference procedure for the proposed model and empirically demonstrate

that it discovers stable communities.

Chapter 5: In this chapter, we significantly generalize the capabilities of ELSM, and propose
a new statistical model that supports both homogeneous and heterogeneous dynamic networks.
We show that the new model, called Neural Latent Space Model (NLSM), also admits a neu-
ral network based variational inference procedure, which is more scalable than the inference

procedure for ELSM. We use NLSM to perform link forecasting in temporal knowledge graphs
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(KGs) and show that it achieves state-of-the-art performance, while being more broadly appli-

cable than existing approaches for temporal KGs.

Chapter 6: Here, we shift our focus from dynamic networks to networks with node covariates.
We argue that a community detection method must explain its output so that a user feels
confident in using it. We develop a community driven statistical model that incorporates node
covariates into an SBM using restricted Boltzmann machines and show that this model is
explainable, i.e., it identifies the salient covariates in each community based on which it has
decided to group the nodes together. Experiments show that the proposed model has a similar
or better community detection performance as compared to existing approaches (even the ones

that are based on deep neural networks), while being more explainable.

Chapter 7: This chapter deals with the functional role of communities. We start by describ-
ing a wvoting game that is played by a set of agents that are connected by a social network.
In this game, the agents learn to talk with each other to accomplish their goals. We show a
correlation between the learned language and the community structure in the underlying social

network, thereby demonstrating the functional role of the communities.

Chapter: 8: We make a few concluding remarks in the last chapter of this thesis. This
chapter summarizes our final comments on the results presented in this thesis and elaborates

on the directions for future work.
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Chapter 2
Background and Preliminaries

This chapter reviews a few topics that are necessary to understand the technical contributions
in this thesis. Section 2.1 reviews the spectral clustering algorithm based on which we propose
fair clustering algorithms in Chapter 3. Section 2.2 provides a brief overview of variational
inference that will be used in Chapters 4-6 to infer the parameters of the proposed statistical
models for different types of networks. We conclude this chapter with a discussion on some
fundamental concepts related to reinforcement learning (Section 2.3). These ideas will be used

in Chapter 7 for training agents in a multi-agent reinforcement learning setting.

2.1 Spectral clustering

Given a simple network § = (V, €) with adjacency matrix A and the number of communities
K > 2, the objective of spectral clustering is to partition the set of nodes V into K commu-
nities or clusters Cy,...,Cx C V (see Section 1.1.2). We will use the terms communities and
clusters interchangeably throughout this thesis. In this section, we review two variants of the
popular spectral clustering algorithm, namely unnormalized spectral clustering (Section 2.1.1)

and normalized spectral clustering (Section 2.1.2).

2.1.1 Unnormalized spectral clustering

We use spectral clustering without any qualification to refer to unnormalized spectral clus-
tering. As mentioned in Section 1.1.2, community detection algorithms find communities by
approximately optimizing a quality metric such as modularity. Spectral clustering optimizes a

different metric known as the ratio-cut (Luxburg, 2007), defined as

K
RCut(Gl, Cey GK) = Z



Here, V\C; denotes the set difference between sets V and €;. For any two subsets X,Y C 'V,
Cut(X,Y) is defined as
cuux;y)::% > Ay
v, €X,v;€Y
That is, Cut(X,Y) counts the number of edges that have one endpoint on X and another
endpoint in Y.

Assuming that similar nodes tend to connect more often than dissimilar ones, it is reasonable
to expect that a good community C; will have a low Cut(C;, V\C;) value. However, on its
own, cut is not a good measure of the quality of a community. As communities get larger,
Cut(€;, V\C;) invariably increases because nodes in real-world networks do connect with nodes
outside their community, albeit with a smaller probability. The ratio-cut objective addresses
this issue by dividing Cut(C;, V\C;) by the size of the community €;. Communities Cy, ..., Cx
that minimize the ratio-cut objective are thus sparsely connected to each other.

We need additional notation to specify the optimization problem solved by spectral cluster-
ing. Given a simple network G with adjacency matrix A, the Laplacian matrix L of G is defined

as
L=D-A. (2.1)

Here, D € RV*¥ is a diagonal matrix such that Dy = Zjvzl A;j for all i € [N]. The matrix D

is often referred to as the degree matrix of network G. Further, define H € RV*K as

1 ifUiEej

Hy =4 Vil (2.2)

0 otherwise.

Note that the matrix H uniquely identifies a set of communities Cy,...,Cx and vice-versa.
While H is a function of the communities under consideration, we suppress this in the notation
to avoid unnecessary clutter. One can easily verify that RCut(Cy,...,Cx) = trace{HTLH}
(Luxburg, 2007), where H corresponds to communities Cy,...,Cx. Thus, to find good com-
munities, one can minimize trace{ HTLH?} over all matrices H that are of the form specified in

(2.2). Thus, we get the following optimization problem:

min  trace{HTLH} s.t. H is of the form (2.2).

HERN XK

Unfortunately, it is computationally hard to solve this optimization problem due to the

combinatorial nature of the constraint (Wagner and Wagner, 1993). Spectral clustering instead
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Algorithm 1 Unnormalized spectral clustering
1: Input: Adjacency matrix A, number of clusters K > 2
2: Compute the Laplacian matrix L =D — A.
3: Compute the first K eigenvectors uy,...,ux of L. Let H* € RV*¥X be a matrix that has

uy,...,ug as its columns.
4: Let h} denote the i row of H*. Cluster hi, ..., h} into K clusters using k-means clustering.
5: Qutput: Communities Ci,...,Cg, s.t. C; = {v; € V : h} was assigned to the i"" cluster}.

solves the following relaxed optimization problem:

HerngvrlxK trace{fHTLH} st. HHH =1L (2.3)
Note that if H is of the form (2.2), then indeed HTH = I, where I is an identity matrix
of appropriate dimensions. By Rayleigh-Ritz theorem (Liitkepohl, 1996, Section 5.2.2), the
solution to this trace minimization problem is given by the K leading eigenvectors of L. That
is, the optimal matrix H* is such that it has u;,uy,...,ux € RY as its columns, where u; is
the eigenvector corresponding to the it smallest eigenvalue of L for all i = 1,2, ..., K.

Unfortunately, because (2.3) solves a relaxed variant of the ratio-cut minimization problem,
the optimal matrix H* is unlikely to have the form given in (2.2). Due to this, it is not as
straightforward as before to find the community membership of nodes based on the entries
in H*. Spectral clustering algorithm clusters the rows of H* into K clusters using k-means
clustering. Node v; is then assigned to community €; if the i row of H* was assigned to the
5t cluster by k-means. Algorithm 1 summarizes this procedure.

The Laplacian given in (2.1) is more specifically known as unnormalized Laplacian. Simi-
larly, the algorithm described in Algorithm 1 is more specifically known as unnormalized spectral
clustering. The next subsection describes a variant of spectral clustering, known as normalized
spectral clustering (Shi and Malik, 2000; Ng et al., 2001), that uses a different but related qual-
ity metric known as NCut. Unless stated otherwise, we will use spectral clustering (without

any qualification) to refer to unnormalized spectral clustering throughout this thesis.

2.1.2 Normalized spectral clustering

The ratio-cut objective divides Cut(C;, V\C;) by the number of nodes in €; to balance the size
of the communities. The volume of a community is another popular notion of its size. The

volume of a community € C V is defined as

Vol(€) = " Dy,

v; €C
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Algorithm 2 Normalized spectral clustering
1: Input: Adjacency matrix A, number of clusters K > 2
2. Compute the normalized Laplacian matrix Lyom = I — D~1/2AD~1/2.
3: Compute the first K eigenvectors ui,...,ux of Lyom. Let H* € RY*E be a matrix that
has uy,...,ux as its columns.
4: Let h} denote the i row of H*. Compute h} =

||h*|| foralle=1,2,..., N.

5: Cluster fl ..., h}y into K clusters usmg k-means clusterlng
6: Output: Commumtles Cy,...,Cx, st G = {v; €V: h* was assigned to the i’ cluster}.

where D;; is the i diagonal entry of the degree matrix D that contains the degree of node
v;. The normalized cut or NCut objective divides Cut(C;, V\C;) by Vol(C;) to find balanced

communities under this new notion of size. Formally,

K
Cut(@,,\?\el)
NCut(Cq,...,Ck) = _—
(G ) 2 Vol(€;)

As before, one can show that NCut(Cy,...,Ck) = trace{TTLT} (Luxburg, 2007), where T €

RN*K is defined as

1 ifv;, € Cj
T, = Vol(€;) (2.4)
0 otherwise.

Note that TTDT = I. Thus, the optimization problem for minimizing the NCut objective is

min  trace{TTLT} s.t. TTDT =1 and T is of the form (2.4).

TERNXK

As before, this optimization problem is hard to solve, and normalized spectral clustering solves
a relaxed variant of this problem. Let H = DY?T and define the normalized graph Laplacian as

Lyomn = I—D/2AD~/2. Normalized spectral clustering solves the following relaxed problem:

Her%}vnw trace{H' Lo, H} st. HH =1
Note that HTH =1 < TTDT = 1. This is again the standard form of the trace minimization
problem that can be solved using the Rayleigh-Ritz theorem as before. Algorithm 2 summarizes
the normalized spectral clustering algorithm. Besides computing the eigenvectors of the nor-
malized Laplacian L, instead of the unnormalized Laplacian L, Algorithm 2 also normalizes
the rows of the optimal matrix H* before the k-means step. This improves the performance of

the algorithm on nodes with a relatively small degree (Luxburg, 2007).
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2.1.3 Theoretical guarantees for spectral clustering

Spectral clustering not only performs well in practice, but is also backed by strong theoretical
guarantees. Luxburg et al. (2008) established the consistency of spectral clustering when the
input adjacency matrix represents a similarity graph that is obtained from data that follows a
specified probability distribution. Rohe et al. (2011) and Lei and Rinaldo (2015) proved that
spectral clustering is weakly consistent under variants of the stochastic block model. Binkiewicz
et al. (2017) studied a modified variant of spectral clustering that also considers node attributes.
Other authors have proposed and analyzed variants of spectral clustering that extend its ca-
pabilities to accommodate, for example, non-overlapping communities (Zhang et al., 2014),
very large networks (Tremblay et al., 2016), and statistical fairness constraints (Kleindessner
et al., 2019). Spectral clustering has also found applications in finding communities in other
types of graphs, such as uniform (Ghoshdastidar and Dukkipati, 2017b) and non-uniform hy-
pergraphs (Ghoshdastidar and Dukkipati, 2017a). Additionally, while we have presented the
graph cut based approach to spectral clustering, it can also be viewed from other perspectives.

An interested reader is referred to Luxburg (2007) for an excellent overview.

2.2 Variational inference

Statistical models often describe observed data in terms of unobserved or latent random vari-
ables. Inference is concerned with computing a posterior distribution over the latent random
variables to find their likely values given the observed data. For example, a stochastic block
model specifies the probability of a connection between two nodes based on their latent com-
munity membership. In this setup, the connections between nodes are observed, but their
community memberships are latent. The goal of the inference procedure is to find the latent
community membership of the nodes given the observed network.

Before venturing into a more general treatment of variational inference, it is instructive to
look at a concrete example using the formal notation. Let § = (V, €) be a simple and undirected
network with N nodes and K communities. We use z; € {0,1}¥ to denote the community
membership of node v; for all i € [N]. The vector z; is one-hot encoded® and zi; = 1 if and
only if v; € C;, where z;; denotes the 4" element of the vector z;. The stochastic block model
(SBM) uses a K x K block matrix B, where the (i, j)' entry specifies the probability of an edge
between nodes from communities C; and C;, to specify the probability of observed edges. For
now, assume that G is undirected and B is symmetric. More specifically, the entries of adjacency

matrix, A;; for 7 > j, are independent of each other given the community membership of the

LA vector x € {0,1}X is one hot encoded if Zfil x; =1

28



nodes and
P(AZ] = 1‘ZZ',ZJ') = ZIBZJ

Thus, given the community assignments zi,...,zy, we can compute the probability of an ob-
served network A as P(Alzi,...,zy) = [[;.; P(44]zi, z;). In practice, one observes a network
A and wishes to identify the underlying latent community structure. Probabilistic inference in
SBM is concerned with finding the posterior distribution P(z1,...,zx|A). One can then, for
example, find the community assignments that are most likely under this posterior distribution.

In general, a statistical model has certain observed random variables, which we will denote
by X1, Xs, ..., X, and certain latent random variables, which we will denote by 2, Zs, ..., Z,,.
For brevity, we will use X (resp. Z) to collectively refer to Xi,..., X, (resp. Z1,...,Z,). A
statistical model either specifies a joint distribution between these random variables P(X, Z)
or a conditional distribution over the observed random variables given the latent ones P(X|Z).
The goal of inference is to find the posterior distribution P(Z|X). In the simplest cases, one
can find this posterior using Bayes’ theorem as follows

P(Z[X) = —P(}ﬂ?{f;(z)

Unfortunately, in general, it is hard to compute the denominator P(X) from the joint P(X, Z)
or conditional distribution P(X]|Z) specified by the model, as it involves marginalizing out the

latent random variable Z. For example, for the case of SBM mentioned above,

P(A) :ZZ...,ZP(A,zl,...,zN).

Z1  Z9 ZN

This computation involves summing over K terms for all possible configurations of the un-
derlying latent community structure. Clearly, this computation becomes intractable as the
number of nodes in the network increases. In general, exact inference is intractable due to the
high marginalization cost of computing P(X) that is used in Bayes’ theorem.

Approximate inference methods can be broadly classified into two categories: Markov Chain
Monte-Carlo (MCMC) methods and variational inference. As the name suggests, MCMC meth-
ods construct a Markov chain whose stationary distribution matches the desired posterior
P(Z|X) (Andrieu et al., 2003). After an initial burn-in period, the distribution of samples
drawn from the Markov chain closely mimics the posterior P(Z|X). See Andrieu et al. (2003)
for a comprehensive overview of MCMC methods in machine learning. In this thesis, we focus

only on the other type of approximate inference method known as variational inference. We
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provide a high-level comparison between MCMC methods and variational inference towards the
end of this section.

Variational inference transforms the probabilistic inference problem into an optimization
problem (Blei et al., 2017). The fundamental idea is to find an approximating distribution
Q(Z) from a family of distributions Q such that Q(Z) is as close to the true posterior P(Z|X)
as possible. In the most common formulation of variational inference, the closeness between the
distributions P(Z|X) and Q(Z) is measured in terms of the Kullback-Leibler (KL) divergence
(Cover and Thomas, 2006, Chapter 2). Thus, the objective is to solve the following optimization
problem:

min - KL (Q(Z)[|P(Z|X))
where KL (Q(Z)||P(Z]|X)) = Ez¢ [ln P(Z‘X)] is the KL divergence between distributions Q(Z)
and P(Z|X). Note that KL divergence is not symmetric and hence KL (Q(Z)||P(Z|X)) #

KL (P(Z|X)||Q(Z)) in general. Certain formulations of variational inference use the KL di-
vergence in the “other direction”; i.e., KL (P(Z|X)||Q(Z)), as the optimization objective (see
expectation propagation (Minka, 2001)), but are often harder to solve in practice (Blei et al.,
2017). This thesis restricts its attention to the formulation given above.

The quality of the solution depends on the richness of the class of distributions Q over
which the optimization is performed. For example, Q can be the set of all multivariate normal
distributions where the covariance matrix has the form oI for some o > 0. If the posterior
P(Z|X) belongs to Q, the optimization problem returns the true posterior as the solution
(assuming that the global minima is reached). However, this is often not true in practice
as one chooses Q to be simple enough to make the optimization feasible. Richer classes of
distributions lead to better approximations, but make the optimization problem harder. A
common assumption that is used in practice is called the mean-field assumption. Under this

assumption, the approximating distribution @ factorizes over the components of Z, i.e.,

This makes the optimization problem tractable in many interesting cases, as we will see later.
Due to its dependence on P(Z|Q), it is not possible to directly compute the KL divergence
objective in the optimization problem given above. Thus, one optimizes a surrogate objective

known as Evidence Lower Bound Objective (ELBO) instead of directly optimizing the KL
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divergence. Note that

KL (Q(Z)|[P(Z|X)) = Ez.q {m%]
= Ez.q {ln P((Q}((,Z)Z) + 1nP<X)}

= —£(Q) + InP(X), (2.5)

where £(Q) == Ez.q [InP(X,Z) —InQ(Z)] is the ELBO. As InP(X) does not depend on Q,
minimizing KL (Q(Z)||P(Z|X)) is equivalent to maximizing the ELBO £(Q). Because KL diver-
gence is always positive, it follows from (2.5) that £(Q) < InP(X). Thus, maximizing ELBO
also corresponds to maximizing the log-probability of the observed data. The optimization

problem solved by variational inference methods in practice is thus given by

max L(Q) =EzqInP(X,Z) —InQ(Z)]. (2.6)
Note that both P(X,Z) and Q(Z) can be computed easily in many interesting cases.

In this thesis, we use two approaches to solve the optimization problem in (2.6) for different
statistical models. The first approach assumes that Q is a parametric class of distributions and
uses gradient ascent to maximize the ELBO. The second approach assumes that QQ belongs to
the exponential family of distributions and uses conjugacy arguments to maximize ELBO via

a coordinate ascent method. The next two subsections describe these approaches.

2.2.1 Gradient based maximization of ELBO

Assume that the approximating distribution Q is a parametric distribution with parameters
0. For example, if () were a multivariate normal distribution, then the parameters ¢ would
be its mean and covariance matrix. The parametric family of distributions Q is given by
Q ={Qp : 0 € ©}, where © denotes the set of all valid parameters. Note that we have used 6
in the subscript to denote that Q is a function of 8. The optimization problem in (2.6) can be
written as

max £(Qp) = Ez.q, InP(X,Z) —InQy(Z)] .

0cO
In particular, we will be interested in cases where © = R? for some d € N. The optimization
problem given above is an unconstrained optimization problem in this case. One can compute
the gradients of ELBO with respect to 6 and follow the gradients to reach a local maxima using

gradient ascent. Before we compute VL, let use recall a simple trick. Let X be a random
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variable with distribution Py(X) and let f be a function of X that does not depend on 6. Then,

VB f00] = Vo] [Pa)00) ax]
_ / [VoPo(X)] £(X) dX

_ / Py(X) [V InPy(X)] £(X) dX
= EXNP@ [f(X)VH In PG(X)] :

The third equality above uses the identity VylnPy(X) = ng(g)(())()'

shows that the gradient of the expected value of a function with respect to a parameter of

The calculation above

the distribution Py can be expressed as the expectation of another function under the same
distribution. Applying this trick to ELBO, we get

VoL = Vg[Ez.q,[InP(X,Z) —InQy(Z)]]
= Ez.q, InP(X,Z)VInQy(Z)] + Vo H (Qo),

where H(Qp) is the entropy of the random variable Z which follows distribution Q. The entropy
and its derivative can be computed in closed form for many common choices of Qy. Computing
the first term may be more tricky in some cases if the expectation is hard to compute. In
such cases, one often estimates the expectation by taking the empirical average of L samples
Zy,...,2; ~ Q. Thus, we get:

L
Vol ~ % S I P(X, Z) Vo In Q(Z:) + VoH (Qy). (2.7)

i=1

It has been empirically shown that even L = 1 suffices for some interesting applications in
practice (Kingma and Welling, 2014). The estimator of gradients above is known by various
names in the literature such as score function estimator (Kleijnen and Y.Rubinstein, 1996;
Mohamed et al., 2020), likelihood ratio method (Glynn, 1987), and REINFORCE estimator
(Williams, 1992). One can use the standard gradient ascent procedure to maximize the ELBO

once the gradients VoL have been estimated. Next, we discuss an alternative approach to
maximize the ELBO.
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2.2.2 Coordinate ascent variational inference

As mentioned before, let us assume that the approximating distribution Q belongs a mean-field

family of distributions. That is,
=@z
i=1

We will use Q-; to denote the product distribution [];,; Q;(Z;) over random variables
Z ,=27y,...,2;1,%ii1,-..,%m. The basic idea behind coordinate ascent variational inference
(CAVI) algorithm is to update the factors of Q(Z) in a round robin order while keeping the
other factors fixed, until convergence.
Assume for now that Q_; is held constant. Define Q;(Z;) = exp (Ez_,~q_, InP(X,Z)]) and
= [Qi(Z;) dZ;. The ELBO can be written as

£(Q) = Ez-q |Ez 0., [lnP (X, Z) Zln Q,;(Z

= Ez-0, an;Z)—l Qi(Z)| + > H(Q) + Int;
L ¢ J#
‘ i

Notice that only the first term in the expression above depends on Q;. Thus, to maximize £(Q)
with respect to Q; for a fixed Q_;, one must minimize KL (Qi(ZZ-) %) The KL divergence

is minimized when the two probability distributions are equal. Hence,

Qi(Z:)

Q; (Z:) = m

xexp (Ez_,~q_, [InP(X,Z)]).
The optimal QF can be computed as long as one can compute the expectation in the definition of
Q;. For many practical problems, this expectation can be computed using conjugacy arguments,
as we also do in Chapter 6. The CAVTI algorithm iterates over all factors in Q in a round-robin
order and updates them for a fixed value of other factors, until convergence. Because each
update can only increase the value of ELBO, the algorithm converges when no single Q; can
be updated in isolation to increase the ELBO further.

An interested reader is encouraged to refer to Blei et al. (2017) for an excellent tutorial
on variational inference. We conclude this section by briefly comparing variational inference
with MCMC methods. A major advantage of MCMC methods is that they are asymptotically
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State Action Reward

(relax,1.0) (relax,0.3) (relax,0.3) relax 0
(work, 0.3) (work, 0.3) (work, 1.0) normal work 1
heated relax 0
(work, 0.7) (work, 0.7) work 2
normal l—) heated ) burned b . relax 5
?relax, 0.7) ?relax, 0.7) urne work -10
(a) State transition diagram (b) Reward function

Figure 2.1: MDP for the toy example described in Section 2.3. Panel (a) shows the state
transition diagram, where circles are states and arrows represent transitions. The labels on the
transitions indicate the probability with which the transition occurs for various actions. For
example, the relax action in heated state will lead to normal state with probability 0.7 and
heated state with probability 0.3. Panel (b) shows the reward function for each (state, action)
pair.

optimal, i.e., they produce samples from the true posterior distribution as the number of steps
for which the Markov chain is run tends to infinity. On the other hand, variational inference
can only find the best approximation within the approximating class Q used in (2.6), even
asymptotically. However, in practice, MCMC methods tend to be more computationally ex-
pensive than variational inference. Variational inference can also utilize powerful optimization
methods to support rich classes of distributions Q to address its shortcomings. Blei et al. (2017)

recommend the use of variational inference for large datasets over MCMC methods.

2.3 Fundamentals of reinforcement learning

Reinforcement learning is concerned with sequential decision-making problems. A learner or
an agent interacts with an environment to gain rewards. The goal of the agent is to learn to
optimize its long term rewards based on a process of trial and error. Formally, a reinforcement
learning problem is specified by a Markov Decision Process (MDP) (Bellman, 1957), which we
denote by M = (8, A, p,r,v). Here, 8 is the set of environment states, A is the set of actions
available to the agent, p : 8§ x A — A(S) is the transition function, where A(8) denotes the
set of all probability distributions over states in 8, r : § x A — R is the reward function, and
v € [0,1] is the discount factor.

The agent starts in an initial state s € 8. At each time t = 0,1, 2, ..., the agent samples
an action a') € A using a function 7 : § — A(A), based on the current state s(). This function
7 is known as the policy of the agent. In general, the policy can also depend on time, but we

will only consider stationary policies that only depend on the current state. In response to the
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action a® chosen by the agent, the environment draws the next state s**1) from the transition
function p(-|s®), a®) and returns a reward r® := r(s®, a®) to the agent. Often, this process
ends after T steps, where 7" is known as the horizon (otherwise T = o0). The agent’s goal is

to find a policy 7 that maximizes its expected sum of rewards, i.e.,

T
7 = argmax E [Z Pytr(t)] .
T t=0
Note that the reward at time ¢ is discounted by a factor 4*. This encodes the common belief
that, due to the uncertainty in the future, getting rewards now is better than getting them
in future. The expectation is over the randomness introduced by the policy 7, the transition
function p, and choice of initial state s(0.

For example, consider a simple robot that can be in one of the following three states § =
{normal, heated, burned}. At each step, it takes one of the two actions A = {work, relax}.
Figure 2.1 specifies the transition function p and reward function r used by the MDP for this
robot. Clearly, the robot earns rewards for the work action, but only if it is not in the burned
state. Because work can lead the robot to the burned state where the rewards are negative,
it must learn to balance between the two actions to maximize its expected sum of discounted
rewards.

First, note that any MDP with a finite horizon 7" < oo can be equivalently expressed by an
MDP with an infinite horizon by introducing an additional absorbing state. The agent enters
this state after T" steps and does not leave it thereafter. Further, all actions get zero reward in
this state. Thus, we assume that T" = oo in the remainder of this section. We will discuss two
high-level ideas to find the optimal policy 7*. The first one learns the so-called action-value
function to assess the long term utility of taking various actions in a given state. The second
one parameterizes policies using a parameter # and optimizes over this parameter to find 7*.

An action-value function or a Q-function @), : 8 x A — R computes the long term discounted
reward that an agent can expect by starting in a given state, taking the given action, and

thereafter following policy 7.

Qw(sy CL) = E7r

- t (1)

Define Q*(s,a) = max, Q-(s,a) for all (s,a) € § x A. Then, it is easy to show that policy

s =500 = a]

m*(s) = argmax,c 4 Q*(s,a) is an optimal policy with the corresponding action-value function

given by Q* (Sutton and Barto, 2018). Thus, the problem reduces to learning the function Q*.
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The famous @Q-learning algorithm (Watkins and Dayan, 1992) learns Q* by iteratively updating
an estimate @ till it follows the @-Bellman equation (Sutton and Barto, 2018) given by

Q*(s,a) = Zp(s'|s, a) {r(s, a) +ymaxQ*(s',a’)

a’eA
s'eS

The second approach directly parameterizes the policy 7 using parameters 6. For exam-
ple, 6 can represent the parameters of a neural network that specifies the policy 7. Define
J(0) = Eg, [ZtT:o Vtr(t)]. One can find the derivative of Jy with respect to € using the score
function estimator (Section 2.2.1) and use it to maximize J(#) via gradient ascent. This is the
fundamental idea behind the policy gradients algorithm (Williams, 1992).

These two methods are by no means the only methods used in reinforcement learning, but
they are more than sufficient for the purpose of this thesis. While this section only presents
high-level ideas, more details are given in Chapter 7, where we extended these ideas to train
communicating agents in a multi-agent reinforcement learning setting. The reinforcement learn-
ing book by Sutton and Barto (Sutton and Barto, 2018) provides a very accessible introduction
to the field, and an interested reader is encouraged to refer to it for further details. This
concludes the review of the background material that is required to understand the technical
contributions in this thesis. We begin by pursuing fair community detection algorithms in the

next chapter.
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Chapter 3
Fair Spectral Clustering with Guarantees

The first problem that we address in this thesis is concerned with finding “fair” communities
in a given network G. To motivate this, consider a service that finds communities in a network
of news articles based on topic. This service must provide a diversity of opinions within each
community to counter polarization. Intuitively, the objective of community detection seems
to be at odds with fairness (Chierichetti et al., 2017). If the data has an inherent bias, a
community detection algorithm will benefit from exploiting it. However, the solution favored
by the algorithm may not be ethical, as pointed in the example above. Fortunately, several
recent studies have shown that it is often possible to find fair communities while only paying a
relatively small price (Bercea et al., 2019).

Several recent approaches have presented fair variants of commonly used supervised (Dwork
et al., 2012; Hardt et al., 2016; Caton and Haas, 2020) and unsupervised machine learning
algorithms (Chierichetti et al., 2017; Celis et al., 2018a; Celis et al., 2018b; Samadi et al.,
2018). In the context of clustering, Chierichetti et al. (2017) proposed a fairness notion that
uses the disparate impact doctrine to suggest that all protected groups (such as gender or race)
must have approximately equal representation in all communities. Others have followed up
on the idea of proportional representation in various forms (Ahmadian et al., 2019; Backurs
et al., 2019; Bera et al., 2019; Kleindessner et al., 2019; Ahmadian et al., 2020). While these
approaches assume that sensitive attributes under consideration are binary or categorical, others
have worked with real-valued attributes (Abraham et al., 2020).

All approaches listed above assume that the algorithm can directly observe the sensitive
attributes that provide a notion of diversity, hence assuming that protected groups are readily
available. However, this is often not true in practice due to privacy concerns related to the
profiling of individuals. We consider a case where the diversity is an intrinsic or latent feature

of the individuals connected by a social network. Moreover, our approach considers fairness
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from the perspective of each individual, whereas, in most cases, fairness is dealt with at the level
of population. While approaches that consider individual fairness for clustering do exist, they
do not use sensitive attributes, but instead rely on examples being close to cluster centroids
(Mahabadi and Vakilian, 2020; Jung et al., 2020; Chen et al., 2019). Motivated by this, we

address the following questions:

e Q1: How can we define fairness when the sensitive attributes are not observable, but
protected groups manifest themselves as latent features of an underlying social network
R (Section 3.1)7

e Q2: Can the spectral graph methods solve this problem, especially with individual fairness

constraints (Section 3.2)7

e Q3: If so, are the resultant spectral algorithms consistent (Section 3.3)7

To answer these questions, we develop fair variants of the unnormalized and normalized
spectral clustering algorithm. These variants enforce our proposed notion of individual fairness
in the discovered communities. We further propose a new stochastic block model that not only
plants predefined communities but also plants the properties of another network R (Section
3.3.1). Then, we show that the proposed algorithms are weakly consistent with respect to
this variant of stochastic block model (Section 3.3.2). This chapter concludes with numerical
studies that corroborate our theoretical findings (Section 3.4). We use the term clusters instead

of communities in this chapter to avoid confusion while referring to spectral “clustering”.

3.1 Fairness criterion

Consider the topic of a “good” economy, where individual opinions lie on a broad spectrum.
Suppose the goal is to partition the population into clusters that will frame their separate eco-
nomic policies. However, as members can trade across clusters, one cluster’s policies will likely
also affect others’ prosperity. Thus, every individual wishes to have other like-minded people
representing their viewpoint in other clusters. But, being like-minded is often a complex func-
tion of several factors. For example, individuals having the same perspective on the economy
may not always trust each other due to, for instance, differences in their personality.

A representation graph R = ('V, é) is defined on the same set of nodes V as the input graph
G. It specifies pairs of individuals who believe that they can represent each other’s viewpoint
in different clusters. In other words, nodes v; and v, are connected in R if they can represent

each other. We use R € {0, 1}¥*¥ to denote the binary symmetric adjacency matrix of R.
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Definition 1 (Fairness criterion). Given a representation graph R, a node v; finds clusters

C1,...,Cx of G fair, if all its neighbors in R are proportionately represented in each cluster.
That is
{v; € V:R;; =1Av; € Cy} _ {v; € V:R;; = 1}|7 vk € [K]. (3.1)
€l N
Clusters Cy,...,Ck are said to be fair with respect to the representation graph R, if all nodes

in'V find the clusters fair.

We recall the definition of the matrix H from Section 2.1 (eq. (2.2)).

1 ifv, € Gj
Hy = ] (3.2)
0 otherwise.

The next lemma specifies a condition on H that ensures the fairness of the corresponding

clusters €y, ..., Cx under the criterion given above.

Lemma 1. Let H € RV*E have the form specified in (3.2). The condition

1 T _
R(I— 11MH =0 (3.3)

implies that the corresponding clusters Cy,...,Cx are fair under the representation graph R.

Here, 1 is the N x N identity matrix and 1 is a N-dimensional all-ones vector.

Proof. Fix an arbitrary node v; € V and k € [K]. Because R(I — 117/N)H = 0,

N 1 N N
> Ry;Hj, = N (Z Rz’j) (Z ij)
=1 j=1 j=1

1 1
= ——H{v; €V: Ry =1Nv; € G} = -{v; €V: R;; = 1}]
v |Cl N
|Ch N '

Because this holds for an arbitrary v; € V and k € [K], R(I-117/N)H = 0 implies the fairness

criterion in Definition 1. O]

The next few remarks highlight a few important properties of our fairness notion.

Statistical fairness as a special case: Several approaches assign each node to one of the
P protected groups Py, ..., Pp C 'V (Chierichetti et al., 2017; Kleindessner et al., 2019), and
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Figure 3.1: An example representation graph R. Panel (a) shows the protected groups recovered
from R. Panel (b) shows the clusters recovered by a statistically fair clustering algorithm. Panel
(c) shows the ideal individually fair clusters.

require these protected groups to have a proportional representation in all clusters, i.e.,

PN El [P

J

This is an example of statistical fairness. Before we show that statistical fairness is a special
case of our fairness notion, it is instructive to understand when a statistical fairness notion is
not enough.

Consider the representation graph specified in Figure 3.1a, where sensitive attributes are not
observed but manifest themselves as latent structures in this graph. All nodes have a self-loop
associated with them that has not been shown for clarity. In this example, N = 24, K = 2,
and every node is connected to d = 6 nodes (including the self-loop). To use a statistical
fairness notion, one would begin by clustering the nodes in the representation graph to find
protected groups Pq, Po, ..., Pp. A natural choice is to have two protected groups, as shown in
Figure 3.1a using different colors. However, clustering nodes based on these protected groups
can produce the green and yellow clusters shown in Figure 3.1b. It is easy to verify that these
clusters satisfy the statistical fairness criterion given above. However, these clusters are very
unfair from the perspective of each individual. For example, only one of the six neighbors of
node vy is in the yellow cluster, despite the equal size of both the clusters. Thus, node v; does
not have enough representation in the yellow cluster. A similar argument can be made for every
other node in this graph. This example highlights an extreme case where a statistically fair
clustering is highly unfair from the perspective of each individual. Figure 3.1c shows another
clustering assignment, and it is easy to verify that the blue and red clusters are individually
fair with respect to R, as per Definition 1. In particular, each node has three neighbors in both

red and blue clusters.

40



We now show that the fairness criterion in Definition 1 is equivalent to a statistical fairness
notion for an appropriately constructed representation graph R from the given protected groups
P1,...,Pp. Namely, let R be such that R;; = 1 if and only if v; and v; belong to the same
protected group. In this case, it is easy to verify that the fairness criterion in Definition 1
reduces to the statistical fairness criterion given above. In general, for other configurations of
the representation graph, we strictly generalize the statistical fairness notion. We also generalize
the approach presented in Kleindessner et al. (2019) for using spectral clustering to produce
statistically fair clusters. Also noteworthy is the assumption made by statistical fairness, namely
that every pair of vertices in a protected group can represent each others’ interests (R;; = 1 < v;
and v; are in the same protected group), or they are very similar with respect to some sensitive

attributes. This assumption becomes unreasonable as protected groups grow in size.

Sensitive attributes and protected groups: The proposed fairness criterion only requires
a representation graph R. It has two advantages over existing fairness criteria: (i) it does not
require observable sensitive attributes, and (ii) even if sensitive attributes are provided, one
need not specify the number of protected groups or explicitly compute them. This ensures
data privacy and helps against individual profiling. Our fairness criterion only requires access
to the representation graph R. This graph can either be directly elicited from the individuals
or derived as a function of several sensitive attributes. In either case, once R is available, we
no longer need to expose any sensitive attributes to the clustering algorithm. For example,
individuals in R may be connected if their age difference is less than five years and if they went
to the same school. Crucially, the sensitive attributes used to construct R may be numerical,

binary, categorical, etc.

Realizability: Clearly, not all representation graphs admit a fair solution. In particular,
because the columns of H € RY*K in (3.2) are orthogonal, (3.3) cannot be satisfied if the
dimension of null{R(I—117/N)} is less than K. Intuitively, as rank{R(I —117/N)} increases,
it becomes harder to satisfy (3.3). In particular, any clustering is fair when R = 117 (i.e.,
every individual can represent every other individual) and hence rank{R(I—117/N)} = 0. We
impose additional constraints on R in our consistency analysis in Section 3.3 to ensure that
a fair clustering always exists. While those constraints are sufficient, they are by no means
necessary, and hence our fairness notion is applicable more generally. In the next section, we

develop fair variants of unnormalized and normalized spectral clustering.
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Algorithm 3 UREP-FAIRSC

: Input: Adjacency matrix A, representation graph R, number of clusters K > 2
Compute Y containing orthonormal basis vectors of null{R( ~117)}

Compute Laplacian L=D — A

Compute leading K eigenvectors of YTLY. Let Z contain these vectors as its columns.
Apply k-means clustering to rows of H = YZ to get clusters 61, (‘32, .. (‘3 K

Return: Clusters Cl, 62, .. @K

3.2 Algorithms

Section 3.2.1 describes unnormalized fair spectral clustering and Section 3.2.2 describes nor-
malized fair spectral clustering. See Section 2.1 for a review of the standard spectral clustering
algorithm without a fairness constraint. In what follows, we use A (resp. R) to denote the

adjacency matrix of the input graph G (resp. representation graph R).

3.2.1 Unnormalized fair spectral clustering (UREP-FAIRSC)

Recall from Section 2.1 that unnormalized spectral clustering approximately minimizes the
ratio-cut objective by relaxing an NP-hard optimization problem to the one given in (2.3).
Lemma 1 provides a sufficient condition that a matrix H of the form (3.2) must satisfy to
ensure that the corresponding clusters are fair. Ideally, we would like to solve the following

optimization problem to get fair clusters,
1
m&n trace{HTLH} s.t. H is of the form (3.2); R(I— NllT)H =0, (3.4)

where L = D — A is the unnormalized graph Laplacian defined in (2.1), and D € R¥*¥ is a
diagonal matrix with D;; = Zjvzl A;; for all i € [N]. However, as noted in Section 2.1, the
constraint on H makes this problem NP-hard. Following Kleindessner et al. (2019), we instead

solve the following relaxed problem,
1
m}iln trace{fHTLH} st. HH=I R(I—- NllT)H =0. (3.5)

Clearly, the columns of any feasible H must belong to the null space of R(I — 117/N). Thus,
any feasible H can be expressed as H = YZ for some matrix Z € RYN""*K where Y € RV*N-"
is an orthonormal matrix containing the basis vectors of the null space of R(I — 117/N) as its
columns. Here, r is the rank of R(I — 117/N). Because Y'Y =1, HH = ZTY'YZ = Z7Z.
Thus, HH = I & Z7Z = 1. The following optimization problem is equivalent to (3.5) by
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setting H = YZ.
mZin trace{Z"YTLYZ} st. Z'Z =1, (3.6)

As in standard spectral clustering (Section 2.1), the solution to (3.6) is given by the K leading
eigenvectors of YTLY . Of course, for K eigenvectors to exist, N —r must be at least K, as YTLY
has dimensions N —r x N —r. The clusters can then be recovered by using k-means clustering
to cluster the rows of H = YZ, as in standard spectral clustering (Algorithm 1). Algorithm 3
summarizes this procedure. We refer to this algorithm as unnormalized representation aware
fair spectral clustering (UREP-FAIRSC).

3.2.2 Normalized fair spectral clustering (NREP-FAIRSC)

In this section, we develop a fair variant of the normalized spectral clustering algorithm using
a similar strategy as the previous section. Recall from Section 2.1.2 that normalized spectral

clustering approximately minimizes the NCut objective, which has been reproduced below.
H}lin trace{TTLT} s.t. T'DT =1I; T is of the form (2.4). (3.7)

The lemma below is a counterpart of Lemma 1. It formulates a necessary condition that implies

the fairness criterion in Definition 1, but this time in terms of the matrix T (defined in (2.4)).

Lemma 2. Let T € RY*K have the form specified in (2.4). The condition

1 T —
R(I— 11T =0 (3.8)

implies that the corresponding clusters Cq, ..., Ck are fair under the given representation graph

R. Here, I is the N x N identity matrix and 1 is a N dimensional all-ones vector.

Proof. Fix an arbitrary node v; € V and k € [K]. Because R(I — 117/N)T = 0,

N 1 N N
> BT = (Z Riﬂ‘) (Z Tﬂ’f)
=1 j=1 j=1

1 1 |Ck|
= — v, e V: R =1ANv; € CY=—=Hv,eV:R; = 1}———r
Vol(ek)’{ J J J k}| N’{ J J }| Vol(@k)

|{Uj GVIRU :1/\Uj S Gk}’ _ |{Uj EVZRZ‘J’ = 1}|
€| N

Here, recall that Vol(Cy) = >_, o, Dii is the volume of the cluster €y, which is used in (2.4).
Because this holds for an arbitrary v; € V and k € [K], R(I—117/N)T = 0 implies the fairness
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Algorithm 4 NREP-FAIRSC

: Input: Adjacency matrix A, representation graph R, number of clusters K > 2
Compute Y containing orthonormal basis vectors of null{R(I — +117)}

Compute Laplacian L=D — A

Compute Q = vYTDY using the matrix square root

Compute leading K eigenvectors of Q 'YTLYQ™!. Set them as columns of Ve ]RN T K
Apply k-means clustering to the rows of T =YQ™ 1V to get clusters 61, 62, ey Cx
Return: Clusters (‘31, 82, .. GK

criterion in Definition 1. O]

We can now proceed as before and incorporate constraint (3.8) in optimization problem
(3.7). We also apply the spectral relaxation as before and drop the constraint that requires T
to be of the form (2.4). Thus, we get

m%n trace{TTLT} st. T'DT=I, R(I-117/N)T =0. (3.9)

As before, T = YZ for some Z € RY="*K_where recall that columns of Y contain orthonormal
basis for null{R(I — 117/N)}. This reparameterization yields

mzin trace{Z"Y'LYZ} st. ZTY'DYZ =1

Define Q € RY-"N=" guch that Q> = YTDY. Note that Q exists as the entries of D are
non-negative!. Let V = QZ. Then, Z = Q7 'V and ZTQ?Z = VTV as Q is symmetric.

Reparameterizing again, we get:
H{i,n trace{VIQ'Y'LYQ 'V} st. VIV=L

This again is the standard form of the trace minimization problem and the optimal solution
is given by the leading K eigenvectors of Q 'YTLYQ™!. Algorithm 4 summarizes the nor-
malized fair spectral clustering algorithm, which we denote by NREP-FAIRSC. The overall
process in Algorithm 4 is similar to that in Algorithm 3, except that it uses the eigenvectors
of Q'YTLYQ™!. Note that the algorithm assumes that Q is invertible, which requires the
absence of isolated nodes in the input graph §. Before proceeding with the theoretical analysis

in Section 3.3, we first make a few remarks about the proposed algorithms.

Let P = YTDY. As P is symmetric, P = UXUT using spectral decomposition. Then, Q is defined as
Q = VP = UVXUT, where the square root is applied to all entries of the diagonal matrix 3 element by
element.
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Relation with Kleindessner et al. (2019): Kleindessner et al. (2019) also follow the same
strategy and introduce their (statistical) fairness criterion as an equality constraint in spectral
clustering’s optimization problem. As noted in Section 3.1, a particular configuration of the
representation graph R reduces our fairness criterion to theirs. Thus, their algorithms are
special cases of UREP-FAIRSC and NREP-FAIRSC. We refer to the algorithms presented in
Kleindessner et al. (2019) as UFAIRSC and NFAIRSC, corresponding to the unnormalized and

normalized fair spectral clustering, respectively.

Fairness of the clusters: Note that the constraint R(I —117/N)H = 0 implies the fairness
of the clusters discovered by UREP-FAIRSC only when H has the form given in (3.2). Thus,
a feasible solution to the relaxed optimization problem in (3.5) may not necessarily result in
fair clusters. In fact, as noted in Kleindessner et al. (2019), there are no general guarantees
that bound the difference between the optimal solution of (2.3) and the optimal solution of
the original NP-hard ratio-cut problem. Hence, we cannot guarantee the fairness of clusters
discovered by solving (3.6) instead of solving (3.4) in the general case. Nonetheless, we show in
Section 3.3 that the discovered clusters are indeed fair under certain assumptions. Analogous

statements also apply to NREP-FAIRSC.

Computational complexity: Algorithms 3 and 4 have a time complexity of O(N?) and
space complexity of O(N?). Finding the null space of R(I — 117/N) to calculate Y and
computing the eigenvectors of appropriate matrices are the computationally dominant steps in
both cases. This matches the worst-case complexity of both the standard spectral clustering
algorithm and the algorithms proposed in Kleindessner et al. (2019). For small K, several
approximations can reduce complexity, but most such techniques work only when K =2 (Yu
and Shi, 2004; Xu et al., 2009).

3.3 Theoretical guarantees

In this section, we show that Algorithms 3 and 4 recover the ground truth clusters with a high
probability under mild assumptions on the representation graph. As we will see in Section
3.3.2, the ground truth clusters are fair by construction for networks sampled from a modified
variant of the Stochastic Block Model (SBM) (Holland et al., 1983), described in Section 3.3.1.
Section 3.3.2 presents our main results that establish the weak consistency of both the proposed

algorithms.
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3.3.1 R-SBM

The well known Stochastic Block Model (SBM) (Holland et al., 1983) takes a function 7 :
V — [K] as input. This function assigns each node v; € V to one of the K clusters. Then,
independently for all node pairs (v;, v;) such that i > j,

P<A’LJ - 1) - Bﬂ'(vi)w(vj)a

where B € [0, 1]5*¥ is a symmetric matrix. The entry By, of B specifies the probability of a
connection between two nodes that belong to clusters G, and €, respectively. A commonly used
variant of SBM assumes By, = « and By, = ( for all k,¢ € [K] such that k # ¢. We define
a SBM with respect to a representation graph R below. We refer to this modified variant of
SBM as R-planted SBM or R-SBM.

Definition 2 (R-SBM). A R-SBM is defined by the tuple (7, R,p,q,r,s), where 7 :V — [K]
maps nodes in V to clusters, R is a representation graph, and 1 > p > q >r > s > 0 are

probabilities used for sampling edges. Under this model,

.
p if m(v;) = m(v;) and R;; =1,

(vs) )
q if m(v;) )
rif w(v;) = w(v;) and R;; =0,
s if m(v;) # m(vy) and R;; = 0.

(3.10)

\

When nodes v; and v; belong to the same cluster, they have a higher probability of con-
nection between them for a fixed value of R;; (p > ¢ and r > s). However, the nodes also
have a higher tendency to connect if they are connected in R, even if they do not belong to the
same cluster (¢ > 7). When R itself has a community structure, there are two natural ways to
cluster the nodes: (i) based on the ground-truth clusters €y, Cy, ..., Cx specified by 7; and
(ii) based on the communities in R. The clusters based on communities in R are likely to not
satisfy the fairness criterion in Definition 1. To see this, note that tightly connected nodes in R
will be assigned to the same cluster in this case rather than being spread evenly across clusters,
as demanded by the fairness criterion. On the other hand, the ground-truth clusters can be
constructed to be fair, as we demonstrate in Section 3.3.2 after enforcing more constraints on
R. Assuming that the ground-truth clusters are fair, the goal is to show that Algorithms 3
and 4 recover the ground-truth clusters with high probability rather than returning any other

natural but unfair clusters.
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3.3.2 Consistency of the algorithms

As noted in Section 3.1, some representation graphs lead to fairness constraints that cannot be
satisfied. For example, consider an R where a node v; has only two neighbors. It is not possible
for this node to have a representative in all clusters if K > 2. Therefore, some additional
assumptions are required on R to ensure that a fair clustering is indeed possible. We start by

motivating our assumptions.
Assumption 1. rank{R} < N — K.

Note that I — 117/N is a projection matrix and 1 is its eigenvector with eigenvalue 0. Any
vector orthogonal to 1 is also an eigenvector with eigenvalue 1. Thus, rank{I—-117/N} = N—1.
Because rank{R(I—117/N)} < min(rank{R}, rank{I—117/N}), requiring rank{R} < N — K
ensures that rank{R(I — 117/N)} < N — K, which is necessary for (3.6) and (3.9) to have a

solution.

Assumption 2. All ground truth clusters have the same number of nodes. Thus, |C;| = % for

all i € [K]. This implicitly requires N to be a multiple of K.

This assumption, together with the next one, allows us to compute the smallest K eigen-
values of the Laplacian matrix in the expected case. This is a crucial step in proving Theorems
2 and 3. Kleindessner et al. (2019) also use the assumption above and, unfortunately, there is

no straightforward way to avoid it.

Assumption 3. R is a d-reqular graph for some K < d < N. Moreover, R; =1 for alli € [N],
and each node in R is connected to d/K nodes from cluster C;, for all i € [K] (including the
self-loop). As in Assumption 2, this requires d to be a multiple of K.

Recall that the function 7 : V — [K] assigns each node to a cluster in R-SBM. Assumption 3
ensures the existence of a m for which the corresponding ground-truth clusters are fair under
R. Namely, let 7(v;) =k, if (k — 1)X < i < k¥ for all i € [N], and k € [K]. It can be easily
verified that the resulting clusters C, = {v; : m(v;) = k}, k € [K] are fair under R.

Remark 1. In practice, Algorithms 3 and 4 only require Assumption 1 to ensure that the
corresponding optimization problems indeed have a solution. Assumptions 2 and 3 are only

needed for our theoretical analysis.

The next two theorems establish the weak consistency of UREP-FAIRSC and NREP-
FAIRSC, respectively. They place a high-probability upper bound on the fraction of mis-
clustered nodes for input graphs § drawn from a R-SBM, where the representation graph R
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satisfies Assumptions 1-3. Let © € {0, 1}V*¥ indicate the ground-truth cluster memberships,
ie., ©;; =1 < v; € €;. Similarly, © € {0,1}¥*K indicates the clusters in G predicted by the
algorithm, i.e., (:)ij = 1 if and only if the algorithm assigns v; to the j* cluster éj. Further, let
J be the set of all K x K permutation matrices. The fraction of misclustered nodes (Lei and
Rinaldo, 2015) is given by ,

M(©,0) = mlglﬁ||® —0J||-

Je

Recall that the ground truth clusters €y, ..., Cx are fair by construction. Thus, a low M (0O, é))
indicates that the clusters returned by the algorithm are also fair.
Theorems 2 and 3 use the eigenvalues of the Laplacian matrix in the expected case, which

is defined as
L=D-—A,

where A = E[A] is the expected adjacency matrix for a graph sampled from R-SBM and
D € R¥*N is a diagonal matrix such that D;; = Zjvzl A, for all ¢ € [N].

Theorem 2 (Weak consistency of UREP-FAIRSC). Let py < ps < -+ < pn_, denote the
eigenvalues of YTLY . Define v = g1 — px- Under Assumptions 1-3, there exists a universal

constant const(C, «), such that if v satisfies
7* > const(C, a)(2 + €)pNK In N,

and p > Cln N/N for some C > 0, then,

(2+¢€)
2

M(©,0) < const(C, a) pNIn N,

for every € > 0 with probability at least 1 — 2N~ when a (1 + €)-approzimate algorithm for
k-means clustering is used in Step 5 of Algorithm 3.

Theorem 3 (Weak consistency of NREP-FAIRSC). Let py < ps < -+ < un_, denote the
eigenvalues of QYYTLY Q™! where Q = VYTDY. Define v = gy — prx and A\ = qd +

S(N=d)+ (p— Q£ + (r — s)%=2. Under Assumptions 1-3, there are universal constants

consty (C, «), consty(C, «), and consts(C, «) such that if:
vVpNIn N vpNIn N 1 1
1 ( A1—p > ( op T 6\/5> = 16(a+1)’

2. —w < consty(C, @), and

2
3. 16(2+ ¢) [M + consty (C, a):| IEJ;/E;)J;/ < %,
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andp > CInN/N for some C > 0, then,

ot (I VE * DNIn N
cons 5( 7a) _|_c0nSt1(C;O‘) E -

M(©,0) <32(2+¢) 5 On—p)?

for every € > 0 with probability at least 1 — 2N~ when a (1 + €)-approximate algorithm for
k-means clustering is used in Step 6 of Algorithm 4.

The additional assumptions used in Theorem 3 are easy to satisfy. To see this, note that
A1 scales linearly with N for appropriate values of p,q,r, and s. Similar assumptions were
also used by Kleindessner et al. (2019). Theorems 2 and 3 imply that M(®,©) = o(1) with
probability 1 — o(1) if v = w(y/pNKInN) and v = w(v/pNKInN/(\; — p)), respectively.
Thus, in these cases, Algorithms 3 and 4 are weakly consistent (Abbe, 2018). The condition
on 7 is satisfied in many interesting cases. For example, when there are P protected groups,
as in Kleindessner et al. (2019), the equivalent representation graph has P cliques that are not
connected to each other (see the relation with statistical fairness in Section 3.1). One can show
that v = O(N/K) in this case (for the unnormalized variant) (Kleindessner et al., 2019), which
satisfies the criterion given above if K is not too large.

Theorems 2 and 3 require a (1 + €)-approximate solution to the k-means clustering problem.
Several efficient algorithms have been proposed in the literature for this task (Kumar et al.,
2004; Arthur and Vassilvitskii, 2007; Ahmadian et al., 2017). Such algorithms are also available
in commonly used software packages like MATLAB and scikit-learn. The assumption that
p > Cln N/N controls the sparsity of the graph, and is required to prove the consistency of the
standard spectral clustering algorithm as well (Lei and Rinaldo, 2015).

The proofs of these theorems are given in Section 3.3.3. These proofs follow the commonly
used template for such results (Rohe et al., 2011; Lei and Rinaldo, 2015). In the context of
UREP-FAIRSC, we first compute the expected Laplacian matrix £ under R-SBM and show
that its top K eigenvectors can be used to recover the ground-truth clusters. We then show
that these top K eigenvectors lie in the null space of R(I —117/N), and hence are also the top
K eigenvectors of YTLY. This implies that Algorithm 3 returns the ground truth clusters in
the expected case. We then use matrix perturbation arguments, as in Lei and Rinaldo (2015),
to establish a high probability consistency result in the general case when the graph is sampled
from a R-SBM. Similar arguments work for NREP-FAIRSC as well.

Note that the consistency results in Kleindessner et al. (2019) are a special case of our
results for appropriate values of 7. Our arguments also apply more generally to d-regular

representation graphs instead of being limited to the case where R is a block-diagonal matrix,
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as mentioned in Section 3.1.

3.3.3 Proof of Theorems 2 and 3

As mentioned before, our proofs follow a commonly used template for similar results (Rohe
et al., 2011; Lei and Rinaldo, 2015; Kleindessner et al., 2019). We begin with a series of
lemmas that highlight various properties of eigenvectors and eigenvalues of the Laplacian £ in
the expected case. These lemmas will be used in Sections 3.3.3.1 and 3.3.3.2 to prove Theorem
2 and 3, respectively. The proofs of all lemmas have been deferred to Appendix 3.A. For the
remainder of this section, we will assume that Assumptions 1-3 are satisfied. The first lemma
shows that certain vectors that can be used to recover the ground-truth clusters indeed satisfy
the fairness criteria in (3.3) and (3.8).

Lemma 3. The N-dimensional vector of all ones, denoted by 1, is an eigenvector of R with
eigenvalue d. Define uy € RY for k € [K — 1] as,

1 if v; € Gy
Uk =
—ﬁ otherwise,
where uy; is the i'™" element of uz. Then, 1,uy,...,ug_; € null{R(I — %llT)}. Moreover,
1,uy,...,ux_1 are linearly independent.

Recall that we use A € RY*Y to denote the expected adjacency matrix of the input graph

G. Clearly, A = A — pI, where A is such that ftij = P(A;; =1)if i # j (see (3.10)) and Ai=p
otherwise. Note that

Ax=XIx & Ax=(\-p)x. (3.11)

Simple algebra shows that A can be written as

A=qR+s(11T=R)+ (p—q) Y GiRGi+ (r—5) Y _ Gx(117 = R)Gy, (3.12)

k=1 k=1

where, for all k € [K], G, € RV is a diagonal matrix such that (G)y; = 1 if v; € € and 0

otherwise. The next lemma shows that 1,uy,...,ux_; defined in Lemma 3 are eigenvectors of

A.
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Lemma 4. Let 1,uy,...,ux_1 be as defined in Lemma 3. Then,

~ N_

Al = M1 where /\1:qd+S(N—d)+(p—Q)%+(r_3> Kd’ and
3 d N —d
Aup = Ay where Ay = (p — Q)? +(r—s) K

Let £ = D — A be the expected Laplacian matrix, where D is a diagonal matrix with
Dy = Zyzlflij for all i € [N]. Tt is easy to see that D;; = Ay —p foralli € [N] as A1l = (A, —p)1
by (3.11) and Lemma 4. Thus, D = (A\; — p)I and hence any eigenvector of A with eigenvalue

) is also an eigenvector of £ with eigenvalue A\; — A. That is, if Ax = \x,
Lx = (D —A)x = ((A —p)I — (A —pI))x = (A — N)x. (3.13)

Hence, the eigenvectors of £ corresponding to the K smallest eigenvalues are the same as the
eigenvectors of A corresponding to the K largest eigenvalues.

Recall that the columns of the matrix Y used in Algorithms 3 and 4 contain the orthonormal
basis for the null space of R(I — 117/N). To solve (3.6) and (3.9), we only need to optimize
over vectors that belong to this null space. By Lemma 3, 1,u;,...,ux_; € null{R(I-117/N)}
and these vectors are linearly independent. However, we need an orthonormal basis to compute
Y. Let y; = 1/ VN and y,,...,yx be orthonormal vectors that span the same space as
uiy,...,ug_1. The next lemma computes such ys,...,yx. The matrix Y € RV*¥=" contains

these vectors y1,...,yx as its first K columns.

Lemma 5. Define yi1,, € RY fork € [K —1] as

0 ZfUl € Gy s.t. K <k
K-k .
Yirki = \ VTR if v; € Cy
1 otherwise.

C VEK-R)(K—k+1)

Then, for all k € [K — 1], yi4x are orthonormal vectors that span the same space as

U, Uy, ..., U and y1yi+x = 0. As before, y11r; refers to the it element of V1ik-

Let X € RY*E be such that it has yi,...,yx as its columns. If two nodes belong to the
same cluster, the rows corresponding to these nodes in XU will be identical for any U € RE*K
such that UTU = UUT = I. Thus, any K orthonormal vectors belonging to the span of

Y1,--.,Yk can be used to recover the ground truth clusters. With the general properties of the
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eigenvectors and eigenvalues established in the lemmas above, we next move on to the proof of

Theorem 2 in the next section and Theorem 3 in Section 3.3.3.2.
3.3.3.1 Proof of Theorem 2

Let Z € RVN="K he a solution to the optimization problem (3.6) in the expected case with A as
input. The next lemma shows that columns of YZ indeed lie in the span of yq,...,yg. Thus,
the k-means clustering step in Algorithm 3 will return the correct ground truth clusters when

A is passed as input.

Lemma 6. Let y; = 1/v/N and yi4; be as defined in Lemma 5 for all k € [K — 1]. Further,
let Z be the optimal solution of the optimization problem in (3.6) with L set to L. Then, the
columns of YZ lie in the span of y1,y2,..., VK.

Now that we have established that Algorithm 3 returns the correct ground truth clusters
in the expected case, we will use arguments from matrix perturbation theory to show a high-
probability bound on the number of mistakes made by the algorithm. In particular, we need
an upper bound on |[YTLY — YTLY|| where L is the Laplacian matrix for a graph randomly
sampled from R-SBM and ||P|| = y/Amax (PTP) for any matrix P. Note that || Y|| = |[YT|| = 1
as YTY = 1. Thus,

IYTLY — YTLY|| < |[YT[| [[L = L[| [[Y]] = [|L = £]}. (3.14)

Moreover,

IL=ZLl|=|D—-A—-(D-A) <[D-D +[A - Al

The next two lemmas bound the two terms on the right hand side of the inequality above, thus
providing an upper bound on ||L — £]|, and hence on |[YTLY — YTLY]|| by (3.14).

Lemma 7. Assume that p > C’% for some constant C > 0. Then, for every a > 0, there

exists a constant consty(C, «) that only depends on C' and « such that

||ID — D|| < consty(C,a)y/pNInN
with probability at-least 1 — N~¢.

Lemma 8. Assume that p > C% for some constant C' > 0. Then, for every a > 0, there

exists a constant consty(C, ) that only depends on C' and o such that

[|A — A|| < conste(C, a)\/pN
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with probability at-least 1 — N~

From Lemmas 7 and 8, we conclude that there always exists a constant, denoted by
consts(C, o) = max{const,(C,a), consty(C, )}, such that for any a > 0, with probability
at least 1 — 2N,

IYTLY — YTLY|| < ||L — £]|| < const3(C,a)/pNInN. (3.15)

Let Z and Z denote the optimal solution of (3.6) in the expected (L replaced with £) and
observed case, respectively. We will use (3.15) to show a bound on ||[YZ — Y Z|| in Lemma 9.

This will be used to argue that Algorithm 3 makes a small number of mistakes when the graph
is sampled from R-SBM.

Lemma 9. Let 1 < ps < --- < un_, be eigenvalues of YTLY . Further, let the columns of
Z € RN=K gnd Z € RN="K correspond to the leading K eigenvectors of YTLY and YTLY,
respectively. Define v = pg.1 — pi. Then, with probability at least 1 — 2N,

42K
inf 1YZ — YZU]||, < consts(C, «) VvVpPNIn N,
Y

UeRK*K.UUT=UTU=I
where consts(C, «) is from (3.15).

Recall that X € RY*X is a matrix that contains yi,...,yx as its columns. Let x; denote

the i"" row of X. Simple calculation using Lemma 5 shows that,

0 if v; and v; belong to the same cluster
[Ix; = %[, = %

~ otherwise.

By Lemma 6, Z can be chosen such that YZ = X. Let U be the matrix that solves
infyerxxx.yur—uru=1 [|YZ — YZU]||p. As U is orthogonal, |[x]U — xjUl|, = [|x; — X[,

The following lemma is a direct consequence of Lemma 5.3 in Lei and Rinaldo (2015).

Lemma 10. Let X and U be as defined above. For anye > 0, let © € RV*K e the assignment
matrizt returned by a (1 + €)-approximate solution to the k-means clustering problem when
rows of YZ are provided as input features. Further, let fi1, fia, ..., fix € RE be the estimated

cluster centroids. Define X = O where i € REXK contains fuy, . .., fux as its rows. Further,

IRecall that (:)ik = 1 if the algorithm assigns vertex v; to the k" cluster and é)ik = 0 otherwise.
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define § = /25, and Sy, = {v; € Cx : ||%; — x;|| > 6/2}. Then,

K
02> [ Sk| < 8(2+ ¢)|XUT - YZ|[3. (3.16)

k=1

Moreover, if v from Lemma 9 satisfies v* > const(C, a)(2+€)pNK In N for a universal constant

const(C, a), there exists a permutation matriz J € RE*K such that
073 =07, Vie[N\(U,S,). (3.17)

Here, 0,3 and 6; represent the it row of matriz ©J and © respectively.

Recall that M (©, ®) = ming,, ~/1© - ©J||,, where J is the set of all K x K permutation
matrices. In particular, for the matrix J used in Lemma 10, M(©,0) < I ©1J||,. But,

according to Lemma 10,

K
10— ©J[ly <2 [SK.
k=1

Using Lemma 9 and 10, we get:

A 1 A
M(©.6) < |- e,
5 K
< Nz|5k|
k=1
16(2 + ¢) ,
< 219 xur - v
512(2
< COHStg(C,O&)QﬂpNKIDN.

N§2r2

Noting that 6 = w/% and setting const(C, ) = 256 x constz(C, «)? finishes the proof.

3.3.3.2 Proof of Theorem 3

Recall from Algorithm 4 that Q = vV YTDY, and analogously define Q = v YTDY, where
D is the expected degree matrix. It was shown after Lemma 4 that D = (A — p)I. Thus,
Q=+ —plas YTY =1. Hence,

1
Al—D

QO YTLYQ ! = Y'LY.

o4



Therefore, if x is an eigenvector of YTLY with eigenvalue A\, x is also an eigenvector of
Q'YTLY Q™! with eigenvalue 2, i.e.,
1—p

X <= YTLYx=)x.

A
O YTLYQ 'x =
A1—Dp
Let Z € RY="*K contain the leading K eigenvectors of Q= 'YTLY Q™! as its columns. Algorithm

4 will cluster the rows of YQ™'Z to recover the clusters in the expected case (when L is replaced

- “1_ _1
with £). As 070 = =1,

1 1
YO 'Z = \/)q:_pYZ.
By Lemma 6, Z can always be chosen such that YZ = X, where recall that X € R¥*X has
Yi,...,¥Yk as its columns. Because the rows of X are identical for nodes that belong to the
same cluster, Algorithm 4 returns the correct ground truth clusters in the expected case.

To bound the number of mistakes made by Algorithm 4, we want to show that YQ'Z
in the general case is close to YQ7'Z in the expected case. Here, Z € RY""*X contains
the top K eigenvectors of Q 'YTLYQ ! and Q = vVYTDY. As in the proof of Lemma
9, we will use Davis-Kahan theorem to bound this difference. This requires us to compute

197YTLYQ ' — Q'YTLYQ!||. Note that:

197 YTLYQ ™ — QT 'Y'LYQ || =[|07 — Q7| - [[YTLY| - [[Q7 ]|+
QM| I[YTLY — YTLY|| - [[97]|+
Q7| I[YTLY [ - []o™! — Q71|

We already have a bound on |[|[YTLY — YTLY|| in (3.15). Also, note that ||Q7!|| = \/ﬁ as

Q-1 = \//\177]01. Similarly, as YTY =L, [|[YTLY]| < ||£|| = A1 — A, where A = Apin(A). Finally,

1
VAL =D
NYTLY|| < ||[YTLY = YTLY|| + ||[YTLY]|| = ||]YTLY = YTLY|| + A\ — A

QI <o — QM+l =197 Q7' +

and,

Thus, to compute a bound on [|[Q7'YTLYQ ! — Q 'YTLYQ ||, we only need a bound on
|1Q71 — Q7Y|. The next lemma provides this bound.

Lemma 11. Let Q = VYTDY, Q = VYTDY, and assume that,

(\/lenN> <\/lenN+ 1 > < 1
A —p M—-p  6/C) " 16(a+1)
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where C' and « are used in consty(C, «) defined in Lemma 7. Then,

2

o' —QY </ ~——|D-D|.
I I (Al_mgll I
Using the lemma above with (3.15), we get
127'YTLYQ ™ - QlYTLYQ Y| < M [\@Jr ”qu |ID — D]+
(A1 —p) At —p (3.18)
constz(C, ) [2v2||[D —D|| = 2||D - D|? '
+1{+/pNInN.
A—p AL —Dp (M1 —p)? P

The next lemma uses the bound above to show that YQ™'Z is close to YQ™!'Z. This is a

counterpart of Lemma 9 from the previous case.

Lemma 12. Let up < po < -+ < un—, be eigenvalues of Q7 YYTLY QL. Further, let
the columns of Z € RN and Z € RN="K correspond to the leading K eigenvectors of
Q- 'YTLYQ ™! and Q YYTLYQ™!, respectively. Define v = pyx41 — px and let there be a

constant consty(C, a) such that

vpNIn N

< t4(C) ).
N7 < consty(C, «)

Then, with probability at least 1 — 2N ~%, there exists a constant consts(C, ) such that

: _ _ 16K consts(C,a)  2const, (C, a)VK
ly 1 < 5 s ,
coednf [[YQT'2 - YQT'ZU||p < S R S W VpPNIn N,

where consty (C, «) is defined in Lemma 7.

Recall that, by Lemma 6, Z can always be chosen such that YZ = X, where X contains

Vi,...,Yk as its columns. As Q7! = \/)jpr, one can show that:

. ) if v; and v; belong to the same cluster
Q7 X); — (97 X);l, =
jll2 5K

m otherwise.

Here, (Q7'X); denotes the i row of the matrix YQ7'Z. Let U be the matrix that
solves infyeprxx.yur—uru=1 |[YQ'Z — YQ'ZU||p. As U is orthogonal, |[(Q7'X)IU —

o6



(Q7'X)IU|l, = [[(Q7'X); — (Q7'X),|l,- As in the previous case, the following lemma is a

direct consequence of Lemma 5.3 in Lei and Rinaldo (2015).

Lemma 13. Let X and U be as defined above. For any e > 0, let © € RVN*K pe the assignment
matriz returned by a (1 + €)-approzimate solution to the k-means clustering problem when rows
of YQ7'Z are provided as input features. Further, let i1, fia, ..., ftx € RE be the estimated

cluster centroids. Define X = @[1, where 1 € REXK contains fi,,. .., fix as its rows. Further,

define § = */N(?\—lK—p)’ and Sy = {v; € Cp : ||x; — x;|| > /2}. Then,

K
0% ISkl < 8(2+ ¢)|XUT - YQ'Z||7.
k=1

Moreover, if v from Lemma 12 satisfies

2

8consts (C, a)vV K pN?InN N

16(2+ € + consty (C,a) | —— < —,
2+ [ gl G (M —-p)? K

then, there exists a permutation matriz J € REXK such that
013 = 6], Vie[N\ULS).

Here, 6;J and 0; represent the it row of matriz ©J and © respectively.

The proof of Lemma 13 is similar to that of Lemma 10, and has been omitted. The result

follows by using a similar calculation as was done after Lemma 10 in Section 3.3.3.1.

3.4 Numerical results

We perform three types of experiments. In the first two cases, we use synthetically generated
data to validate our theoretical results using d-regular representation graphs (Section 3.4.1)
and non-d-regular representation graphs (Section 3.4.2). In the third case, we demonstrate the
effectiveness of the proposed algorithms on a real-world dataset (Section 3.4.3). Notably, our
experiments in Sections 3.4.2 and 3.4.3 demonstrate that the d-regularity assumption on the
representation graphs is not needed in practice. Before proceeding further, we mention two
important details below: (i) How do we compare with the algorithms proposed in Kleindessner
et al. (2019)7; and (ii) What do we do when the rank assumption on R (Assumption 1) is not
satisfied?
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Figure 3.2: Comparing UREP-FAIRSC with other “unnormalized” algorithms using syntheti-
cally generated d-regular representation graphs.

Comparison with Kleindessner et al. (2019): We refer to the algorithms proposed in
Kleindessner et al. (2019) as UFAIRSC and NFAIRSC, respectively, for the unnormalized and
normalized variant. These algorithms assume that each node belongs to one of the P protected
groups Pi,...,Pp C V that are observed by the learner. UREP-FAIRSC and NREP-FAIRSC
reduce to UFAIRSC and NFAIRSC, respectively, by using a representation graph where nodes
are connected if and only if they belong to the same protected group. To demonstrate the
generality of our algorithms, we only experiment with representation graphs R that are not
of the form specified above. Naturally, UFAIRSC and NFAIRSC are not directly applicable
in this setting. Nonetheless, to compare with these algorithms, we approximate the protected
groups by clustering the nodes in R using standard spectral clustering. Each discovered cluster
is treated as a protected group for UFAIRSC and NFAIRSC.

Approximate UREP-FAIRSC and NREP-FAIRSC: Recall that Assumption 1 requires
rank{R} < N — K. If a representation graph R does not satisfy this assumption, then it
is not possible to find K orthonormal eigenvectors in Algorithms 3 and 4. Unlike the other
assumptions in our theoretical analysis, this assumption is necessary in practice. If a graph R
violates Assumption 1, we use the best rank R approximation of its adjacency matrix R in our
algorithms (R < N — K). This approximation need not have binary elements, but it works
well in practice. Whenever this rank approximation is used, we refer to UREP-FAIRSC and
NREP-FAIRSC as UREP-FAIRSC (APPROX.) and NREP-FAIRSC (APPROX.), respectively.

3.4.1 Experiments with d-regular representation graphs

For these experiments, we sampled d-regular representation graphs that satisfy Assumptions

1-3 using p = 0.4, ¢ = 0.3, » = 0.2, and s = 0.1, for various values of d, N, and K. Figure
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Figure 3.3: Comparing NREP-FAIRSC with other “normalized” algorithms using synthetically
generated d-regular representation graphs.

3.2 compares the performance of UREP-FAIRSC with unnormalized spectral clustering (USC)
described in Algorithm 1 and UFAIRSC (Kleindessner et al., 2019). Figure 3.3a shows the
effect of varying N for a fixed d = 40 and K = 5. Figure 3.3b varies K and keeps N = 1200
and d = 40 fixed. Similarly, Figure 3.3c keeps N = 1200 and K = 5 fixed and varies d. In
all cases, we use R = P = N/10, where recall that R is the rank used for approximation
in UREP-FAIRSC (APPROX.) and P is the number of protected groups discovered in R for
running UFAIRSC. The figures plot the accuracy on y-axis and report the mean and standard
deviation across 10 independent executions of the algorithms in each case.

Recall that the ground truth clusters are fair by construction using Assumptions 2 and
3. Hence, a high accuracy of cluster recovery signifies that the algorithm is fair. Figure 3.3
shows the corresponding results for NREP-FAIRSC, where we compare it with the normalized
variants of other algorithms. In Figures 3.2a and 3.3a, it appears that even the standard spectral
clustering algorithm will return fair clusters for a large enough graph. However, Figures 3.2b
and 3.3b show that this is not true if the number of clusters also increases, which is more
common in practice.

It may be tempting to think that UFAIRSC and NFAIRSC may perform well with a more
carefully chosen value of P, the number of protected groups. Figures 3.4a and 3.4b show that
this is not true. These figures plot the performance of UFAIRSC and NFAIRSC, respectively,
as a function of the number of protected groups P. Also shown is the performance of the
approximate variants of our algorithms for various values of rank R. As expected, the accuracy

increases with R as our algorithms get to use a better approximation of R.
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Figure 3.4: Accuracy vs the values of P and R used by U/NFAIRSC and U/NREP-FAIRSC,
respectively, for d-regular representation graphs.

3.4.2 Experiments with representation graphs sampled from SBM

In this case, we divide the nodes into P = 5 protected groups and sample a representation
graph R using a Stochastic Block Model. Nodes in R are connected with probability p;, = 0.8
(resp. pout = 0.2) if they belong to the same (resp. different) protected group(s). Note that
such a representation graph is not d-regular. Conditioned on R, we then sample an adjacency
matrix from R-SBM as before. As an R generated this way may violate Assumption 1, we only
experiment with the approximate variants of UREP-FAIRSC and NREP-FAIRSC in this case.
As R is not d-regular, the notion of accuracy no longer conveys information about the
fairness of an algorithm. Thus, we define a new metric, which we call individual balance. Let
N; = {v; € V: R;; = 1} be the set of neighbors of node v; in R. Given clusters él, el éK
returned by an algorithm, the individual balance of node v; is defined as:

_CLNN;

; = min ——.

kLe[K] Cp NN;
Clearly, 0 < p; < 1, and higher values indicate that the representatives of node v; are well
spread out across clusters él, ey ¢ K, making the clusters more fair. The quantity above looks
similar to the notion of balance defined from the perspective of protected groups in Chierichetti
et al. (2017). However, in our case, p; is associated with an individual v;, and hence we refer
to it as individual balance of node v;. We use average balance p = % Eiil p; to measure the

fairness of clusters.
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Figure 3.5: Comparing UREP-FAIRSC (APPROX.) with UFAIRSC using synthetically gener-
ated representation graphs sampled from an SBM.

While average balance measures the fairness of the clusters, we also need to ensure that
they have a high quality. Thus, we compute the ratio of the average balance to the ratio-cut
objective. A high value indicates balanced clusters with a high quality (low ratio-cut score).
Figure 3.5 fixes the value of P = 5 and shows the variation of the metric described above on
y-axis as a function of the number of protected groups' used by UFAIRSC and rank R used
by UREP-FAIRSC (APPROX.), for various values of N and K. We used the same values of
parameters p, ¢, r, and s, as in Section 3.4.1. The plots in Figure 3.5 show a trade-off between
clustering accuracy and fairness. One can choose an appropriate value of R and use UREP-
FAIRSC (APPROX.) to get good quality clusters with a high balance. Figure 3.6 presents
analogous results for NREP-FAIRSC (APPROX.).

3.4.3 Experiments with a real-world network

For the final set of experiments, we use the FAO trade network (Domenico et al., 2015), which
is a multiplex network based on the data made available by the Food and Agriculture Orga-

nization (FAO) of the United Nations. It has 214 nodes representing countries and 364 layers

!The term “protected groups” has been overloaded here. One set of protected groups are used to sample R
from an SBM, as explained above. Then, we cluster R as explained before Section 3.4.1 to get the second set of
protected groups which are used by UFAIRSC and NFAIRSC.
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Figure 3.6: Comparing NREP-FAIRSC (APPROX.) with NFAIRSC using synthetically gener-
ated representation graphs sampled from an SBM.

corresponding to commodities like coffee, banana, barley, etc. An edge between two countries
in a layer indicates the volume of the corresponding commodity traded between these countries.
We convert the weighted graph in each layer to an unweighted graph by connecting every node
with its five nearest neighbors. We then make all the edges undirected and use the first 182
layers to construct the representation graph R. Nodes in R are connected if they are linked in
either of these layers. Similarly, the next 182 layers are used to construct the input graph G.
Note that R constructed this way is not d-regular. The goal is to find clusters in G that are fair
with respect to R.

To motivate this further, note that clusters based only on G only consider the trade of
commodities 183-364. However, countries also have other trade relations in R, leading to
shared economic interests. Assume that the members of each cluster would jointly formulate
the economic policies for that cluster. However, the policies made in one cluster affect everyone,
even if they are not part of the cluster, as they all share a global market. This incentivizes
the countries to influence the economic policies of all the clusters. Being fair with respect to R
entails that each country has members in other clusters with shared interests. This enables a
country to indirectly shape the policies of other clusters.

As before, we use the low-rank approximation for the representation graph in UREP-FAIRSC
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Figure 3.7: Comparing UREP-FAIRSC (APPROX.) with UFAIRSC on FAO trade network.

(APPROX.) and NREP-FAIRSC (APPROX.). Figure 3.7 compares UREP-FAIRSC (APPROX.)
with UFAIRSC, and has the same semantics as Figure 3.5. Different plots in Figure 3.7 corre-
spond to different choices of K. UREP-FAIRSC (APPROX.) achieves a higher ratio of average
balance to ratio-cut. In practice, a user would choose R by assessing the relative importance
of a quality metric like ratio-cut and fairness metric like average balance. Figure 3.8 presents
analogous results for NREP-FAIRSC (APPROX.).

This concludes our discussion on fairness in community detection. To summarize, we pro-
posed an individual fairness notion, developed fair variants of the unnormalized and normalized
spectral clustering algorithm, proposed a modified variant of SBM, and established that our
algorithms are consistent under this model. Our numerical studies further demonstrate that
our algorithms work well in practice and corroborate our theoretical findings. We discuss a
number of interesting directions for future research in Chapter 8. The appendix below presents

the proofs of technical lemmas from this chapter.

3.A Proof of technical lemmas from Section 3.3.3

In this appendix, we prove the technical lemmas from Section 3.3.3.
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Figure 3.8: Comparing NREP-FAIRSC (APPROX.) with NFAIRSC on FAO trade network.

3.A.1 Proof of Lemma 3

Because R is a d-regular graph, it is easy to see that R1 = d1. Recall from Section 3.3.2 that

I- %11T is a projection matrix that removes the component of any vector x € RY along the
all ones vector 1. Thus, (I — +117)1 = 0 and hence 1 € null{R(I — +117)}. Moreover, using

Assumption 2,

N
1Tuk:§ Upi = E Ugi + E Uki = -
i1

1:0;¢Cx

1:v;€C

Thus, R(I — +117)u;, = Ru,. Let us compute the i

arbitrary i € [N].

Ruk

Z R,]uk] =

&Ujeek

1
> 1= > T
]:Rijil
&v;¢Cy

1 N
N —

K K—-1 x) =

element of the vector Ru,, for an

d 1 d
%‘ﬁ(d—ﬁ)—o-

Here, the second last equality follows from Assumptions 2 and 3. Thus, Ru; = 0 and hence

u;, € nul{R(I — $117)}.
Because 1Tuy, = 0 for all k € [K —

1], to show that 1, uy, ...

,Ux_1 are linearly independent,



it is enough to show that uy,...,ux_; are linearly independent. Consider the i** component
of 252—11 aguy for arbitrary ..., ax_1 € R and ¢ € [N]. If v; € Ck, then

Similarly, when v; € € for some k' € [K — 1], we have,

K-1 1 K-1
(; Ckkllk> | = Xt — ﬁ Z Q..

k=1
o
Thus, Zé:ll apuy, = 0 implies that — £<:—11 o =0 and ap — = Zf:_llk#k, ay = 0 for all

k' € [K — 1]. Subtracting the first equation from the second gives oy + ﬁak/ = 0, which in

turn implies that ap = 0 for all &/ € [K — 1]. Thus, 1,uy,...,ux_; are linearly independent.

3.A.2 Proof of Lemma 4

Using the representation of A from (3.12), Lemma 3, and Assumption 2, we get,

K K
Al =qR1+ (11" =R)1+ (p—q) > GiRGi1+ (r—5) > Gi(117 — R)Gy 1
k=1 k=1

K K
=qdl+sN1—sdl + (r —s) Z G 117Gl + [(p — q) — (r — s)] Z G:RG,1
k=1 k=1

= qd+s(N—d)+(p—q)%+(T—S)N[;d] 1.

Similarly, for any &’ € [K],

]~

K
jlllk/ = qRuk/ + S(]_]_T — R)uk/ =+ (p — q) Z GkRGkuk/ + (T‘ — S)

k=1 k=1

Gk(llT — R)Gkuk/

K K
=04+0+(r—-s) Z G,117Gyuy + [(p — q¢) — (r — 9)] Z G,RGuy
k=1 k=1

~ |o- g+ -9 we
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3.A.3 Proof of Lemma 5

It is easy to verify that vectors yso,...,yx are obtained by applying the Gram-Schmidt nor-
malization process to the vectors uy,...,ug_1. Thus, yo,...,yx span the same space as
uy,...,ux_1. Recall that y; = 1/v/ N. We start by showing that yly;,x = 0.

N
YiYisk = ~ > Yaswi = L > K-Ba— Y.
i=1

=il

N _i:vq,'Eek ’L':’L)Z'Gek/,k/>k‘
1 [N N
= — | —=(K—-k)gg — | N — k— =0.
Here, ¢, = ! Now consider yI+k1Y1+k’2 for ki, ky € [K — 1] such that ky # ks.

VEE—k)(K—k+1)
Assume without loss of generality that ky < k».

YI+k1y1+k2 = Z <_q}€1)<K - kQ)qu + Z (_Qk1)(_Qk2>

1:0;E€Cky 1:0; €C k>ko
N

N
= QG (K — k2)§ + Qi Gk (N - k/‘Q?) = 0.

Finally, for any k € [K — 1],

N N
Yiwve= Y, (K=k’¢+ > ¢=q [?(K — k)’ 4+ N - kﬂ —1,

10, €Cx iIUiEGk/,k’>l€
where the last equality follows from the definition of gy.

3.A.4 Proof of Lemma 6

Note that the columns of Z are also the dominant K eigenvectors of YTAY, as Z is the solution
to (3.6) with L set to £. The calculations below show that for all k¥ € [K], e, € RY™", the
k" standard basis vector, is an eigenvector of YTAY with eigenvalue A\, where Ay,..., \g are
defined in Lemma 4.

YT AYe, = YT Ay, = M YTys = \ey.

The second equality follows from Lemma 4 because yo,...,yx € span{uy,...,ux_1}, and
ug,...,ux_1 are all eigenvectors of A with the same eigenvalue. To show that the columns
of YZ lie in the span of yy,...,yk, it is enough to show that e;,...,ex are the dominant K

eigenvectors of YTAY.
Let & € RN be an eigenvector of YTAY such that ¢ span{ey,...,ex} and ||a||3 = 1.
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Then, because YTAY is symmetric, aTy; = 0, i.e. ay = 0, where a; denotes the i** element of

a. The eigenvalue corresponding to a is given by
Ao = a"YTAY a.

Let x = Ya = 3N ayyi, then A\, = xT/Ax. Using the definition of A from (3.12), we get,

K K

XTAx = (q—8)x"Rx+sxT11Tx+[(p—q) — (r —s)] Z xTGRGx+ (r—s) Z xTG;117Gx. (3.19)
k=1 k=1

We will consider each term in (3.19) separately. Before that, note that ys,...,yy_ € null{R}.
This is because y; = 1/\/N and yso,...,yn_, are orthogonal to y;. Thus,

RI-11"/N)y;,=0=R(I-y1y])y;=0=Ry; =0, i=2.3,...,N—r. (3.20)

Now consider the first term in (3.19).

N—r N—r

xTRx = Z Z iy Ry; = aly]Ry; = 0.

i=1 j=1

Here, the second equality follows from (3.20), and the third equality follows as cr; = 0. Similarly,
for the second term in (3.19),

N—r N—r

x"11"x = NxTy1y{x = N Z Z aiayly1yly; = Nai(yly:)? = 0.
i=1 j=1

Note that Gy = GGy as Gi is a diagonal matrix with either 0 or 1 on its diagonal. For the
third term in (3.19),

d
XTGkRGkX = XTGkaRGkaX = X[k]R[k]X[k] S §||X[k]||%, (3.21)

where xp) € RN contains elements of x corresponding to vertices in Cj. Similarly, Ry €
RN/ EXN/K contains the submatrix of R restricted to rows and columns corresponding to vertices
in €;. The last inequality holds because Ry is a d/K-regular graph by Assumption 3, hence

its maximum eigenvalue is d/K. Further,

K d K d
ZXTGkRGkXS?;HX[k]HQ ||XH2 K
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Similarly, for the fourth term in (3.19),
TG117Gyx = XTG, G 117G, Gix = X7, L/ 1] <N 5
x'Gy X = xX'GGy, kGrx = X[ In/r Ly X < E||X[k]||2-

Here, 1y/x € RMN/K is an all-ones vector and the last inequality holds because 1 N/KlTN K is a
N/K-regular graph. Because xp) ¢ span{y1,...,yx}, there is at least one k € [K] for which
X[ is not a constant vector (if this was not true, x; will belong to span of y1,...,yx). Thus,

at least for one k € [K], xTG,117Gyx < &|[x||3. Summing over k € [K], we get,

K K
N N
ZXTlelTGkX < % kz_: Hx[k]Hz = HX||2 T K

k=1

Adding the four terms we get the following bound. For eigenvector o of YTAY such that

« ¢ Span{eh s 7eK} and HaH% = 17

Ao = XTAx < [(p — q) — (T—S)]%+(T—S)% = \k. (3.22)

Thus, Ai,..., A\g are the highest K eigenvalues of YTAY and hence ey, ...,ex are the top K

eigenvectors. Thus, the columns of YZ lie in the span of yy,...,yk.

3.A.5 Proof of Lemma 7

As D and D are diagonal matrices, ||D — D|| = max;eqn) |Di; — Dyi|. Applying union bound,

we get,

N
P(max | Dys — D > €) < > P(IDs; — Dis| > ).
=1

i€[N]

We consider an arbitrary term in this summation. For any i € [N], note that Dy = ., A;;
is a sum of independent Bernoulli random variables such that E[D;] = D;;. We consider two

cases depending on the value of p.

Case 1: p > %: By Hoeffding’s inequality,
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Setting € = /2(a + 1)4/pN In N, we get for any o > 0,

S N—(Ol-i-l)‘

4 )N In N
P(|Dy; — Dis| > v/2(a + D)\/pN I N) < 2exp (— pla+1)Nn )

Case 2: p < %: By Bernstein’s inequality, as |A;; — A;;| < 1 for all 7,5 € [NV],

€/2
P(|Dsi — Dii| = €) < 2exp <_ > Bl(Ay — Ayj)? + 6/3> |

Also note that,
E[(Ai; — Ai)?] < Aii(1 = Ai)? + (1 — Ay)(—Ay)? = Ay(1 — Ay) < Ay <p.

Thus,

€/2

— In N
Let € = ¢o/pN In N for some constant ¢ > 0 and assume that p > C* for some C' > 0. We
get,

56 ( /2 > 5% ( *pNIn N ) 56 < ZIn N >
xp| ———— | =2exp | — =2exp | —
P\ " Np+e/3 P\ 2(Vp + o/pN I N /3) P 21+ £ /a0
2
<2exp<— clnN )>

- 21+ 35)/

2 1
Let ¢ be such that ATV > 2(av+ 1), then,
P(’D” — @ZZ| Z 6) S Ni(aJrl).

Thus, there always exists a constant const;(C, «) that depends only on C' and « such that
for all @« > 0 and for all values of p > C'In N/N,

P(|Dy; — Dyi| > consty (C,a)y/pNIn N) < N~

Applying the union bound over all i € [N] yields the desired result.

2
C

!'Note that such a ¢ can always be chosen as lim._; reave) = o
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3.A.6 Proof of Lemma 8

Note that max; jen)Aij = p. Define g = pN = N max; jenj Aij. Note that, g > C'In N as
p>C % By Theorem 5.2 from Lei and Rinaldo (2015), for any a > 0, there exists a constant
consts(C, a) such that,

[|A — Al| < consty(C, a)y/g = consty(C, a)y/pN

with probability at least 1 — N~¢.

3.A.7 Proof of Lemma 9

Because YTY = I, for any orthonormal matrix U € R¥*¥ such that UUT = UTU =1,
1YZ — YZU||% = ||Y(Z — ZU)||% = trace{(Z — ZU)'YTY(Z — ZU)} = ||Z — ZU]| 3.

Thus, it is enough to show an upper bound on ||Z — ZU||,, where recall that columns of
Z € RV-"K and Z € RN¥N-"*K contain the leading K eigenvectors of YTLY and YTLY
respectively. Thus,

inf 1YZ — YZU||, = inf [|Z — ZU]|p.

UeRKxK.gUT=UTU=1 UeRKxK.gUT=UTU=1

By equation (2.6) and Proposition 2.2 in Vu and Lei (2013),

inf 2 — ZU||p < V2||22T(1 - ZZ7)||
P [l < V2/[227( Ml
Moreover, ||22T(I — ZZ")||, < VK||2ZT(1 — ZZ")|| as rank{2Z7(I — ZZ7)} < K. Thus, we
get,

inf 12 — ZU||p < V2K||227(1 — ZZ7))|. (3.23)

UeRKxK.gUT=UTU=I

Let gy < po < -+ < pun—p be eigenvalues of YTLY and oy < ap < --- < apy_, be

eigenvalues of YTLY. By Weyl’s perturbation theorem,
i — ai] < ||[YTLY = YTLY||, Vi€ [N —r].

Define v = g1 — fix to be the eigen-gap between the K" and (K +1)%" eigenvalues of YTLY.
Case 1: |[YTLY-YTLY|| < : If|[YTLY-YTLY|| < 7, then |p;—o;| < T foralli € [N —r]

by the inequality given above. Thus, ay, aq, ..., ax € [0, ux + %] and a1, @19, ..., AN_y €
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i1 — F,00). Let S = [0, ux + 3], then py, ..., ux € S and agy1,...,an_r ¢ S. Define ¢ as,
0 = min{|oy; — s|, i & S, s € S}.
Then, 6 > [pux+1 — /4] — [tk + v/4] = v/2. By Davis-Kahan sin © theorem,
1 2
1227(1 - 227)|| < 5|IYTLY = YTLY|| = ~|[Y'LY - Y'LY]|.
v
Case 2: [[YTLY — YTLY|| > I: Note that |[Z2ZT(I — ZZT)|| <1 as,
|1Z2ZT(I — ZZ7)|| < ||12Z7|| |1 - ZZ7]| = 1.1 = 1.
Thus, if |[[YTLY — YTLY|| > 7, then,
4
12271 — ZZT)|| < Z||YTLY — YTLY]|.
gl

In both cases, ||2ZZT(I—-ZZT7)|| < %||YTLY —YTLY||. Using (3.15) and (3.23), we get with
probability at least 1 — 2N~

UeRKxK.guT=UTU=I

42K
inf |Z — ZU||p < consts(C, a) 5 vVpNInN.

3.A.8 Proof of Lemma 10

Equation (3.16) directly follows from Lemma 5.3 in Lei and Rinaldo (2015). We only need to

show that 8(2 ) N
+ €
= IXU - YZ|% < o

Equation (3.17) then follows from Lemma 5.3 in Lei and Rinaldo (2015). Recall that § = /2,

Using Lemma 9, we get

8(2+¢)
52

2MPN2 InN < E

2
|| XUT — YZ||7 < consts(C, a) - e

Here, the last inequality follows from the assumption that 72 > consts(C, a)?.128(2 +
e)pNKIn N.
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3.A.9 Proof of Lemma 11

We begin by showing a simple result. Let a,b > 0. Then,

Va—Vh)(Va+vh| _ Ja—b] _Ja—b|

_K
Vi =TT i

Further,
L _Wa-VE_la-b

1
’% Vol Vab T bva

Coming back to the bound on ||Q~! — Q~!||, note that, as Q~' = (A\; —p)~/2I, we have that

1
v, — —
VAL =D

As Q = VYTDY, the eigenvalues of Q! are given by 1/v/i/1, ..., 1/\/iWn_r, where, p'1, ...,
i n_, are the eigenvalues of YTDY. Moreover, by substituting a = y/; and b = A\ — p in the

o — QY =max{

‘ : v; is an eigenvalue of Ql} )

inequality derived above, we get

1 < i = —p)]
Ve VA =pl T (M =)V

By Weyl’s perturbation theorem, for any i € [NV — r|,

Vie[N -1 (3.24)

Wi~ (M~ p) < [[Y'DY —~ YTDY]| < [|D - D]},

where the last inequality follows as YTY = I. Let us assume for now that |[D — D|| < 22
(we prove this below). Then, [u/; — (A1 — p)| < 22 for all i € [N — 7]. Hence,

Al—D
/

- >

mi = 5

Vie [N —r].
Using this in (3.24) results in

&—\/ﬁ(gﬁun—m, Vie [N -1

Taking the maximum over all i € [N — r] yields the desired result. Next, we prove that
ID - || < 22,
Recall from Lemma 7 that ||D — D|| < consty(C, «)y/pN In N, where the proof of Lemma
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7 requires that const (C, «) satisfies the following condition:

t1(C, a)?
cons 1( t?é) : Z 2(Oé+ 1)
consty (C,a
2(1+3— m)

Additionally, to show that ||D — D|| < ’\12_p, we need to ensure that consty (C, ) < Q?ﬁ.

A constant const;(C, ) that satisfies both these conditions exists if:

(A1 —p)*/4pNIn N

9 (1 X (Arp)é?b/p NlnN>

> 2(a+1).

Simplifying the expression above results in
1
vpNIn N v/pNIn N + 1
Ai—p A1—p 6v/C
The assumption made in the lemma guarantees that such a condition is satisfied. Hence,
const; (C, @) can be set such that ||[D — D|| < 22

> 16(a+ 1).

3.A.10 Proof of Lemma 12

RKXK

As in the proof of Lemma 9, because YTY = I, for any orthonormal matrix U &€ such

that UTU = UUT =1,
IYQ™'2 - YQ 'ZUl|, = [|97'2 - Q7'ZU] .

AsQ,Q e RY™N="and Z,Z € RV""*K we have that rank{Q7'Z} < K and rank{Q!ZU} <
K, and hence rank{Q7'Z — Q7'ZU} < 2K. Therefore,

1972 — Q'2U]|, < V2K|[|Q7'Z - Q7 'ZU||.
Moreover, using Q7! = (v/A; — p)~'T and Lemma 11,

1972 — Q~'ZU| < [|971]| - [|[2 - ZU| + |97 = Q71| - [|ZU]]

1 2
< ——||12 - ZU|| + | ——==||D = D|| - ||ZU]].
mll I \/(Al_p)gll |- 11ZU]]
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Note that [|ZU|| = \/Anax(UTZ7ZU) = /Apax(UTU) = {/Apax(I) = 1. Also note that
|Z — ZU|| < ||Z — ZU||. Combining all of this information, we get,

2K
inf YO '2-YQ 'z < 7Z D-D
vt Y92 =YQ 20l < = b (12 UHFﬂ/ /D = DIl

Let g < pp < -+ < pun_, be eigenvalues of Q'YTLYQ ! and oy < ay < -+ < ay_, be

eigenvalues of Q 'YTLYQ™!. Define v = ux,1 — . Using a strategy similar to the one used

in the proof of Lemma 9, we get:

4V2K
inf N2 =2ZU][p <
U:UTU=UUT=I vy

YTLYO ! - QYYTLYQ Y.

Using (3.18) and Lemma 7 results in

nf 12— ZU]|p < 8V2K (A1 — A)consty (C, a)v/2 N consts(C, a) NN+
U:UTU=UUT=I v(A1 —p) AL—p 2
Y 2
(A1 = Aconst, (€' @) + const; (C, a)constsz(C, a)v/2 PN lnN+
AL — AL —
N In N)3/2
consty (C, a)%consts(C, a (177
1(Craconsty(C.o) B
8v2K | (A — A)consty(C,a)v2  constz(C, )
< + +
(A1 —p) AL—p 2
Y 2
<()\1 )\)/\COHSt1<C’ @) + const; (C, a)const;>,(0,a)x/§> consty (C, a)+
L —

consty (C, a)*consts(C,