
Technique 4 separators

Planar Separator Th m

Lipton Tarjan 77

Informal any planar
graph can be split into
smaller but balanced

pieces byremoving a small

number of vertices planar separator for grid
Given a planar graph
G V E I V1 n we can

partition v into un V2 X
s t Ovi EX

9
Call nbrs of Vi excluding Vi
Yz n I l Vil IV21 E 43 N

I XI E O G

Extends planar graph case

Wormald 98
Geometric separator theorem

Smith

Given n disjoint disks or squares or fat objects
F a square B S t or of constant

depths
objects inside B E 45N
objects outside B E 45 n

objects intersecting OB EOE

Rd ICntYd



If Let Bo be the smallest square containing
75 center points

Let me be the side length of Bo

Let B be a randomly shifted square of side

length 2 E p that contains Bo

B
Cz E r

B
C E

B can be covered by four
Bo Bo copies of Bo

Is As Bo was smallest square
Bo Bo containing 2,75 points

A center points
inside B 45 n fiAs B contains Bo 11 3 75

What about intersecting items
Consider an object s of radius Me

t
IP S intersects OB I O GK n 0 E

IE obj's of radius IN intersecting OB

SOCK
Now consider objects of radius HK
such objects intersecting OB E Ock config fatness

Hence IEC objects intersecting OB
I 0 7kt k o Gn by setting K N II



pts for independent set for disks Chan 03
A more general separator theorem

008
8fatness 8008

Example Indepset s max indep set for s
piercing s min hitting set for gnepyapping

baa

I E

Fix a constant b

Let OPTCI max independent set IIIT
staidness

O If OPT I I b then solve in no time

Else by brute force
1 Find square B S t

on OPT
OPT Cobjs inside By egg

Use B approx
e.g greedy

OPT Cobjs outside B of
tr d 2

OPT Coby's intersecting 2B o ft
s

2 Recurse on obj's inside B obj's outside B



MII've error is m for an instance w Mcc m

ErCm I Elmi ECM 2 OCF if m b

for some ma ma 7 756
Mit Mz E M

O C if ME b

Er m 0 me

i Approx factor 1 0 Ys Set b Ye

ite approx in no Ye time Do

Remark The measure te makes the

technique quite general
Extends to piercing etc



Another application
Maximum independent set of line segments
Special case axis parallel
simple 2 approximation

consider only vertical or only horizontal
Each can be solved exactly using
max indep set of intervals
Return the best of these two max

indep set

ALGO E MAX OPT OPTH I OPTV TOPTH
on top

Surprisingly ate is the best known

approximation for max independent set
of axis parallel rectangles
Galvez et al 2021

However for arbitrary may not be axis parallel
line segments the best known appx patio is
NE Fox pack

Lemma 1 Fox Pack for intersection graph of
n line segments s in IR with m intersections

3 a partition of S into S Sz X s t

Is l 1521 I 273 s n 52 4 I X1 is 0 Tm

Lem n sparse graph I good separator
can be extended to the case for arbitrary
curves s t each pair intersects ou times



Pf idea If a curve has k intersection points
add wt Ya to each Then apply weighted
Lipton Tanjan planar separator theorem

with intersection points as vertices

Lemma 2 Fox Pack For intersection graph
of n curves s in 122 each pair intersects
06 times if intersection m on
then F disjoint subsets A B E S of size En

s t every curve in A intersects every
curve in B

A B

Lem 2 Dense graph A large balanced bi clique
Observation
No independent set in S can contain
both a segment in A a segment in B
So every indep set is contained in SIA or 5 B

OPT S E SLA or E SIB

Algorithm ICS

08 8case 1 m I Sn sparse
Apply lem 1 to get Si Sz X 00

Recupse in Sa Sz X to get ICS I S2 I X

Return larger of ICS UI S2 I X

Case 2 m Ent dense

Apply lem 2 to get A B

Recurse in SIA SIB to get ICSA I SIB
Return larger of I SIA I SIB



IIimation ratio
we want to show I OPT S I E for II s

Cast I OPT S I
I opt S n s I I OPT S N Sz I I OPT S M X I

E f 2h13 I I Si I f 22 3 II Sz T F NE n II X

m E onE f 273 1 I S U I S2
f Non II X

f 273 f Nn I I S I

Cased I OPT S I

E max I OPT S Al I OPT S 1371 OBTriation
of hem 2

max fCn Tn I ICS A I fCn Jn I ICS B I

E f Cn On I I S I we can even take for
insteadof fCn rn get
needed in the runtime

set fans fan af In
Assume 8 is sufficiently small then we have fed nt
we want 273 E Tn Cn En yo KJV

2137 8 E i 8 E

Nt approximation
Bis open Q even

to get login
OECD

approximation
Runtime
Case 1 TG E TG T na TO polyEn niff x n

Case 2 TG E 2T I 8 n poly n

polynomial pun time choosing8 toosmall
will increase the
runtime



Technique 5 Local Search

PTAS for independent set for fat objects
Fix b

Initialize T 0 or any feasible solution
Repeat
For each subset D ET of size s b

S E I T of size ID I I do

If T D US is a feasible solution

T T D US

until stuck
Return T

epations 0 n

Time per iteration O nb mbti ne noCb

Analysis Chan Har Peled og

Multi cluster version of Smith Wormald's

separator theorem

Given intersection graph of n const depth
fat objects in K2 we can partition into

Va V2 Vo Mb X S t

offsetting ovi ex
search we need

excluding Ivi u Ov I g b
V2 to use local

to consider sets
I X1 E O n Fb of size Eb

EEEE.EE iIOVil E O E



Let t be optimal independent set
T be locally opt indep set

i

Apply above them 20 Tt UT depth 2 n
voi

Else can delete T n Cri v Ovi from T

insert tt n vi to get larger indep set

Now I T I I Tt n Vil I Tt n X I

É IT n Vil lo Vil IT N XI

S I TI t O LIII E ITI t O HIEI
n Tutti

I TH I O t E ITI it Oct
I TH S I TI I O YE n o Ky I

É t's
for Ea s s

IT I s I t O t ITI

setting b lez we obtain lte approx
in no LYE2 time

8Remark works also for pseudo disks
t

setofobjects s t
boundary of each pair
intersects at most twice



Technique 6 linear programming
we'll use LP to give an O loglog n appx algo
for max weighted indep set of rectangles Mw ISR

Independence stability number 2 f

max of pairwise disjoint sets in F

Clique number W f
Max A of pairwise intersecting sets in f

Coloring number X F on d f

mint of classes in a partition of f into
pairwise disjoint sets

W f x 4W w 1 Asplund Griinbaum
O wLgW Chalermsook

Walczak SODA 27

I 0 w conjecture

Rectangle intersections of R R

Corner intersection R contains at least one corner of R
vice versa

crossing intersection otherwise
Containment intersection one rectangle contains the

other special case of corner
vertical intersection If one rectangle intersects

both the top bottom sides of the other



500For rectangle R

R Rectangles that intersect both the
bottom top sides of R

X R Rectangles that Cross R So X R E V R

S sparse A family of rectangles R is s sparse
if we can fix s points per Psr in each RE R
s t A crossing rectangles R R E R R n R

contains one of per Psk Par Psr

E g family of squares is O sparse as

yait is crossing free
a

Lem Every s sparse family of rectangles with

clique no W is 25 4 w 1 colorable in poly time

Proof
First we show the number of edges in the

intersection graph G is C es 2 w 17 121

We show this by token counting
If R R cross give one token to a point in
PR Psh P R Psr that lie in Rn Rt

Else it is corner intersection
Give 42 tokens to two of the
corners involved in the intersection É



Total tokens edges
Total amount of received tokens by points
C IRI C S C 1 4 WI IRI CS 2 W D

receive thes.eachcanrecv my tokens
with some corners rear strictly
fewer tokens e g left most corner
among topedges

So Edges C IRI 5 2 W 1

Now we use induction on IRI to show

25 4 w 1 color ability
For the base case 121 2 as Edges O

IRI CS 2 W 1 O W 32

It is clearly colorable by 2 25 4 w 1 colors
as 57,0 W 72

For the inductive step note that I a vertex v

of deg 215 2,24
1 1 25 4 w 1

By averaging argument

using induction ale is colored by
25 4 W 1 Colors

As vertex v has a 25 4 w 1 neighbors
We can color it with one of 25 4 W 1

colors as well



Thus G is 25 4 W l colorable Do

Corollary Every family of rectangles with no

crossing intersections are 4 w 1 colorable

Ci e only corner containment intersection

idea partitionTheorem Asplund Gprinbaum into crossing free
R is 4W W 1 colorable family

Proof Define partial order h on R

RL R if REX CRI FIR
Every chain subset of poset
that is totally ordered in t

fgthis poset R 2 is a clique biz
in R

So height max cardinality of a chain
of R L is E w

Mirsky's theorem For every finite poset
the height equals the min number of
antichains subsets in which no pair of
elements are ordered into which the poset
can be partitioned



6

So R can be partitioned into w antichains

Each anti chains are crossing free

Using corollary we get 4 wcw 1 coloring DBA

related Dilworth's th m

max size of antichain width

min no of chains in the

partition of poset into chains

Dilworth 7
9

Aposet of width w can be

partitioned into w chains



Theorem Chalermsook Walczak
R is O w log W colorable

Special cases
Only crossing and containment intersections

X R W R

Only vertical intersections X E 30 2

polynomially
How do we connect 2 w

Abounded
weights

Preprocessing All weights Wr E 0 1 2n t RE R

scale weights s t Being Wr 1 Say Wmax LEEWR

Define new weight we Lwr Imax
Claim Any r approximate son for Wr is 28 approx

son for Wr

we have EWR.fm EpEstrrEpEsWRImax
forany set S E R RES

Say EWE FI E REFIRE TREATERSTEELE Imat
REOPT

EGFR 22 Etor
REALGO

so now on we'll assume all weights are in

0 1 223 In fact we can remove rectangles
of new O weight
Note their original total weight is small

as WR O Wr W max 2n

REFER Wmax 12



Clique constrained LP relaxation of MW ISR
R family of n rectangles
Wr 0 weight of R E REELi 2nd
F family of inclusion maximal cliques in R

maximize WRKR GET RE R OPT
RER fractional son

to the LPS t Egger I 1 Y C E F

KR 7 O F R E R
W OPT LP value

Observation p p g mz

OPT is solo

The intersection of every inclusion wise

maximal clique is a rectangle whose

top left corner is the intersection Oy
point of the top side of some
rectangle in R with the left side of some

rectangle in R

Casey Wt is Ocn
Just output max weight rectangle Got72nd

ou appx already

Casf Wt 3 32h Take M 64 log n

We'll convert QE rep to Api Rep which

integral i.e are Ke 20,1 M

WRK's is I WA
RER



Lemma Given W z 32m F a poly time band

algo that produces a feasible son Er rep

for the LP s t

Kr is Ym integral

RÉwRkr is r wt

Proof first we create multiset R from R

For each RE R create perMT 1 copies of
R with value of corresponding up variable to be

YM one copy with i i Xp TURM 1 M

Call this LP son I

Let tr be the set of farm 1 copies of R

Define Ser E EE
EE TR

As af xp clearly Kr is a feasible son

of LP

Now create multi set R from R
Select each copy of R E R independently
W P I 21

Define n to be a candidate Lp solution

where each selected copy is assigned
a value of IM

so if t copies of rectangle R is selected
in R then Kai 4M



so is trivially true i e sepsis I integral
Now we show it is feasible for LP w h p

Claim se is a feasible son for the LP w h p

Let CE f be a inclusion wise maximal clique
We need to show the correspond
is true i e agger z s

ng constraint

Let c'be the subset of rectangles of that
are present in R

Then IE I C l

E Ee E P copy t of rectangle R
was selected in R

Ge Ett K I Tr be the set

ofcopies of R

E CELIE
E peek where Tefft

E Iz E RI is feasible son of LP

We'll use Chernoff bound to show concentration



For a sum of independent O 1 RV Z

IP Z ZIEZ EXP C IE 7 3

Using Chernoff bound

IF ICY MI E e MIG E La C M 64 loan

Hence MrCregger 1 Pr 101 72

A tell M E n

Applying union bound over F IF I 22

REI'RE 1 V C E F W P I Yaz

Hence n is feasible w p 7 I Yn By

For we divide rectangles in R into K fog2nd
sub collections LRT I R Re R Are 2 2

Partition R into Ri 3É similarly

Hence IE Ci Ril EyEe It is selected in R

z.tk MEEEEE



Define i E CK bad iff E af 4
RE Ri

Else i is good
B be set of bad indices

Claim EepEep Wrk E Wh

Ere pi Wraf zi gaz Ift
bad

RER

Summing over all i e B y
C w 7324

if 4.2 I É 4.2 I 16N I V72 Den

for good indices i E B TEC i Ril

3 Mz CE Er 3 Mz 4 2M

Using Chernoff bound
IBCXCCI 8 EX s e

87k
04851

IP I RI I E ME EAR E IPL IRIE IEEIRE i

s e
Eck 8 52m18s e bloom

Thus using union bound

I Ri 12 If Eat t ie B w hip
RER

MEne
RERi



R r
3 Eager 14 Feat

t

For each if B we have
WR 2

REAWRY 3 ZIREFER IEEERWR
Summing over all i B we get
if ftp.iWRMZ EBEEWr3g.WIz WT6 B

forclaim
F Given LP Sohn ai per

we create multi set

R for each re R add Cr Tyga II
es

of R to R

As each copy in R has LP weight YM
max clique size by this is E M A feasibletous

Also E WRK is I Wt Egger 1

RE R

Hence R can be colored using OCM log M
colors

so max not color class has wt 7

I WY log M

As OPT I W M is OClog n we get
0Cloglog n approx BE
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