°Geometrie Set Cover

® Gesmebeic seli cover (__G_SC‘:) : [ Discrete \/ZPSLUT\,]
Given m SBpcks IS w points P [Weigpded/anwt ]
Find run subset S*C I bBhat covers cw.cg‘;. P
[ Edqwivalent to )}ulchnj sekt in Saall MGy W]

® Hitl:u'nﬂ Set ( Discrete version):

-~ Givenm dbects I, wv poinks P [woeimtdnd/wnwt ]
Firnd mun subset S* £ P bhat stabs a,u.o?; I

Novo 1ae’ll see use Of VC-dumn & E-nets +to obtadn
improved. opproximatien.



Ghzo Notes by  Chl4

Hor-Peled.. M-U
Sampling @ Ustng & smadk set o;’_ observahons,

esbvmate Py:ope_p\;ie,s o§ an efre sarmple space.-

Samnple CAYhPLZ?Qf"\:y orrunlmuu s12e. Scz.mp\e )
obtaun e veduired. vesult:

Ir\:tawesb.‘naiy , oN& Can capbure : the steuchure
ok o dusbeibution /pornk set by o Smalk subset
C e-net or €-sommple). The s2e WL depend on
the complextty O—Qe the structure Cvrondes) ,

buk ‘L'hd.Q,P oﬁ_ N2 0'§ pPsi~t set

§ VC Dimension: C\/a.pnik.- Chervonenkss dimension),

Definition 14.1: A range space is a pair (X, R) where:

XIS also Called
1. X is a (finite or infinite) set of points; 3»,’_.0,_,_,-@ =t
2. 'R is a family of subsets of X, called ranges.

sebt O% ol closed
Exa_mo\)\e, O§ 'r-‘anae, S»FQQQ . /7 tntervals

XK= TR, R=41la,bl| Ca,blc R],

Definition 14.2: Let (X, R) be a range space and let S C X. The projection of R on
Sis

Rs = {RNS|R e R}

C1.81



S= {2.4} SIS S Re is the set of ou
7 o ST possile swbseks of S

S= 524.65 Rg oS Seven of the exoft possible
W‘f,\%ﬁzw&g/@z} subsets of S , _’rcept 12,67%.

A
— Ay interval Contoning 2 &6 must contadn 4,

Definition 14.3: Ler (X, R) be a range space. A set S C X is shattered by R if
|Ris| = 28, The Vapnik—Chervonenkis (VC) dimension of a range space (X, R) is
the maximum cardinality of a set S C X that is shattered by R. If there are arbitrarily
large finite sets that are shattered by R, then the VC dimension is infinite.

Se VO Dim e§ above %anjc space (o '\J-u:f-?r\i‘ba,

Psx“h‘l:s 2 intevvals) 1S m(:y 2.

Note: VC dum ( R) = d f there is(some set
of cordinaliby A thot (s shattered by R
St does not sa.j alL seks o§ c_cxpél.«:naﬂ.&by A are
shattered by, K- To shoro VC-dLan £ &, e
need. to showo (ol sets of cordinaliby, >
are not shattered by K.

o Sauwer - Shelafh Hheoren -
let (K, R) be a ronge spoce totHA [ Xl=n,

VCe-dem . TRaen, |RI &L A
* Lovo VE-dan '\n—budrtive,\\] 'fmpbf
cardinallity of wange space is Ras.



°* More zxamp\es :

2 _ e ch:urrulj cgl ol closed.

Clatm * s Pandge space as mf\,m:l:a VC-AILmension.

— Need 4o shoo, for any n & IN there exists a
Set S worth 1SV=", Bhodk can be shattered..

Sn= J %, ., Xn} be N points on e

boundary of o erele-

Pry sulaselt Y € Sa. X #@P defines a
comvex set thak does mot contous
an~ '\DCS'im‘b_S 1 SK\Y.

Bhenaz, Y 18 included. tn the W%zcb\m of R o Si

Erply, set (s also - 'PPOJQC,\XS\A_ an well.

Hence, ¥ne N, Shis shatteved.
/VVC—CL'.M 3,

*Disks: X = RE R=the Jarily of UL duisks on the plane.

Observotion: For ony 3 polnmts on the 'ngane, (v
36V\zr°aul. posthow.) one can funad &?2\!: disks
So thak the points awre shattered .

T \sok bk

show for
Saowe 52353

2 fdn'\:}.
ved ok
Tequire AN
xtof '}\aﬁr\b




Can disks shatter o set P it Jour potnts : A ab, ¢ a3

—= Case 1: convex Full o§ P 2o cvxby 3 Pcﬁn‘%sm

o~

tts bounaary, say a.b,c.

TPen X=)La,b,c} can not heo obtoln ovo o

'P‘Y’ose_c,’c\z‘sw .

Due *o C;snvex{h}, any dask Ccm'l:oudm'r\j a.b,c
must Contaoun d.

7 Case A2 oM 4 points are on the comvex Biull.
Then of we can veslize Sa,C) & {1L,d1 o
?vojzc\z&qs . Bhese buo disks L\ intevsect eacl
other ot 4 Pﬁfn'bs — oL conlbbradicton.

O
_rVe-Piv 3 = 0

- SCLL&CLPQS: X = RZ%, R =the Jamily O’g AL Quares onthe plane.

019 —’ASQ,{:o;f 3 psinks can be Shatrer=2-

— No set o@ 4 points can be shattered.
Csimilar 4@ odove 'P'Pas—;?. J}mp ob.&ks)

-1,0 % 0) Tro squarres Cant tave Crose1ng
itersection . ]
] | -]
— Nz — X
wjlv)
L]
— Rectangfen con support Crossans -
- Rectansfes: %= R% R = the Foonily ._|'°‘ (.1;0)
d‘§~ oJA 'pecbar\glzc an e PQOU’\Q,.
S @:')

NC-dotan 4




No five rp&:r\ts Canbe shatteped . ' }

Consider min enclostns vectonsle: |

O five paints Rz on the bovandaxy ~— .

(D Atleast one paink Lo tnside. 1

— nNe ot shatter the blke painks o the e’ .
bdundwj-

In Geneead , most stmple cazc*n/\ztm‘c ’POJ\%Z.S Pave Lo
vC - dirmenston.

§ &-nets .
— £-nets ore comblinataelial ob\')ed: Nt
cotches or tntersects wirba every wYange
ogl sutficient s\2e .
Definition 14.4 [combinatorial definition]: Ler (X, R) be a range space, and let
A C X be a finite subset of X. A set Nv©€Avis a combinatorial €-net for A if N has a

nonempty-intersection. with every set R € ‘R such that |ROA| > €Al

Definition 14.5: Let (X, R) be a range space, and let D be a probability distribution
on X. A set N C X is anle-net for X with respect to D if for any set R € R such that
Prp(R) > €, the set R contains at least one point from N, i.e.,

VRe R, Prp(R) > € = RNN # 0.

Here, R (RD is the prob. that o Dot 3l o e
s choeser &cwd,ﬁnﬁ tr P is in R. 1/

Note. ceombuinatsmal d.e,gn covers. to vl e e
e sa&xnj when 2 s L}J\lfaﬁr\/\ 0 Vi Y% 3 1

An e-net with € = 1/4 of the unit

ovex? .
A square in the range space where the

ranges are closed filled rectangles.




* E-net theosrem: et (X, R) be a vonop space it
VC-dion A onde ek D be a pwoh. disbeibuthion
on X. Fer any 0<£35, 8 £V, there s an

M = OC%’Q"%'* Jé,"e-""%_) such. Bhoct o randon
Sml.efﬂme) cg-sf-z.e,m 1S an g-net Jor X
Wit probolity ot least 1-5-

© 0 (A n(LopPT))- Wopdmafb:sn j%*ﬂ *eul-H:‘L‘nﬁ set
Wit VC- ddmension A

H-\'Hhﬁ set vawiant:

n =# elements, ™ =13 sets.
X:=4e,...,en] R:= s, Sm}

Algorithm :
- Guess OPT ((bgbing=”)  e="/zcpr.
Imntialze :

=Pt wl)=1 ¥ “en]). //il‘%z\t?gt\ua‘:ueu.alemen‘b
Loop :

= Find e-neb N¢ of stee o(%,cn%—)

= If aM seks are Wk, veturen Ne & stop.

sebe 35 av s OaNep P
we;)=an(ei) ve es; pdontle weighs of
pnts (n S,
- GQoto Loop -



— The algopithm is a vaeiant of el opl cative
nz.c}?&l; uwpdate CmwdJ), Irrtvatively, total et
% Pcsit\.ts ncreases by & vate (l+€), and OPT
increases by a faster vate (_H—s\;‘_) = (\+2€),

TPurg the adLﬁzsvi-\:’hM stsp C:Lw“\d&ly . 8oock. 8ua.r=ant€2-

- Theorem * IF 3 nithng sek of siee OPT. the
Jeubling process can happen ok most oCo:p—\—,l,,soﬂ_)

) PT
Bves, and the ol Mcg«t 'S &t most ﬂ4/op1'3_

T Sy, Hbe an apbmal sek.
o Wnpwk A, swa, the set S5 s vetuene? by
xn Hterathion .

Then, wcso-) < 2. (X)

TS, . 2ach tevration . W(X) pecomes okt
most (X)) +w(S)) £ (lre) w(x),

So. trtal weristk ok X ofter ko tterations

er e
W(X) & n(w—e)Kﬁ ne L~ H'éée}

Y e > 0.

A HBis O\_N\'\’\'r\‘j sek . \—5\(\85 *+ .
S0, ok Jeast one flemenkt 4. H 'S dorbled. an

eac. ittevobon, Say, B is denbled tptally



DCH) =35 225”, where £,2p, 2 K.
hed hER

Z (22€5) /e,

[ Here ne have wsed c,mnve,n(\\/ qF 2?<‘Fov\en‘l7\adl_ —f-.mcf&s‘n
Fromn Tznsen’s 'l‘f\z,qysaL'.'\:f, S:PiPG) > PLEP =)
wheve P >0, £pr=1& @Pi's Conver,

His apBmak (e 1M1= YVae . Toke Px1=2"_ pr=2€ ¥ € [IKY]

Ze, _ | C:A S 2e.2e, Re-k
2% = 2¢. > L s ]
&é—m =€ Ee\%n %) > 2e A el

A W(H) £ (XD,
(22%€%)/2¢e % neE™ & m
5 22&4—(36&/2) < ane
5 282 < 2ne 3 ek = 2os (2ne€ )

2.
23K (v esq?)
= .8

=2 K £ E_,Qoa (zne) = OCo’P‘\".,Q.oggn/op‘r'))

(X)) € nelt < w9 2 o(n/orr?) =

= So We can stop the wun if # iterations exceed K.

In special cases, ©4 3 smoll €-nets of size

O(d/e), an. O) - opprox s obtasined..

A _

* MatpuseK - Swedel- Welzl 'q0 : < OCPT).
For dusks in R%, 3g-nets of stze O(Ve).



* Arenoy - Ezra.- Sharir [sToc’09]

Better s-nets for wectangles : OC\—2*Q°3 252 ).
S ses
— 0-150 ‘b(’u@ -j%w Aual ‘r‘ahﬁ?, S'Pa..c.&s # 'V@ctak\'zees. /\“\\*\"P@Z'
> used fav sef cover

= a0 &= SC—) S soln of cost o© (oPT ROMO'PT)
THUs s stM e best -knoven opprox,

Open problem OC’I')—aPpPoxima:tﬁm ‘f@”

jz,c‘w\e:b’%c ha -H:m<5 set /selr Caver fa‘(’ "Pectargﬂzo.
P4
velated. by
AurL range spoce

Definition 20.2.8. The dual range space to a range space S = (X, R) is the space S* = (R, X*), where
X* = {R, |p € X}.

s*¥_-s b 0 o
]D—1¥D—2¥D—3\ .........
ml[1]T]1]
I
(A) po |l 1] 0|1
P3 1 0 0
P4 1 1 0
ps 0110
[p1 [P P2]Ps]|pa]ps]ps | pe || 0 | 1 |1
DiJ1][1[1]1]1]0]0
(B)DQ1100111
Dyl 1l1]1]0]l0|0]1 (€)

Lemma: Ceonsider a raANGL SpQlce S=Cx,R)
wite ve -dune d. TRen the duaodl Yancg space

= (R, X)) Ban ve-duim < o4

Thus. *o solve Geomebeic Sek Cover with. Rectansles

e solve Geamelbeic \«\ikt\‘nﬁ et Ot dual range
Space of me_c.\:ar\s/e% Crnde Rian V- dan O(1)),



- LP-based. approach (&ven ek al.) [#thing seb’)

Natueal P : (LP1) Egquivalent P (LP2)
meGs 2.‘?(.&:3" mMmaX ¢
wex
sE g 2L, VEER | STEMTPE,¥SER
wes S Mu=12
«x,, 70O s ¥ LEX we x

E.Hruwz0, YueX

Epnvrlence pﬁma:_?:
Use substtuwton E‘,:\/«;(_u., Hu =5 -2 Y UweX

Alﬂo'vi—kkm:
1. Lolve LPZ2 to obtain PF, e
2. Find ¢*-net H witw vo-ai.el&b (W)= e , ¥ wEX:

hs St 22, ¥SER , B IS a WiHng set-

1€ES

— Can be extended o voe_,:}&\:e} se_&':fnﬁ oS el .



- AppUcation : Art Gallery Thheorem.

The art gallery problem or museum problem is a well-studied visibility problem in computational geometry. It originates
from a real-world problem of guarding an art gallery with the minimum number of guards who together can observe the
whole gallery. In the geometric version of the problem, the layout of the art gallery is represented by a simple polygon and
each guard is represented by a point in the polygon. A set S of points is said to guard a polygon if, for every point p in the
polygon, there is some ¢ € S such that the line segment between p and ¢ does not leave the polygon.

- AABA

A 3-coloring of the vertices of 7‘13{\7‘(’ ox\-m Ah\w ?

a triangulated polygon. The
blue vertices form a set of
three guards, as few as is

Four cameras cover thiS guaranteed by the art gallery
theorem. However, this set is

ga”ery- not optimal: the same polygon
can be guarded by only two
guards.

- Consider the ranse space S = Ce. R) here
R s the set of allL possible vistbiUly
polyo)oms inside P.

* Theseem :

VC-dian () =0 (1).

Con 6-4. Hap-P=\22]),

c e wank +o cover the entre polygon using
min Hof UstbiUby poljam.

RUs s ;)ms't orsmebric sek cover.

Using prev olgorithms we obtain O (Ros OPT)

- OW‘POKI'mo\ l’:fsn .
[ |



o Redz:nﬁﬂz Pa.ck.cna Problenm :

“I think packing problems are appealing to mathematicians and computer scientists
because they seem very simple - - just place these items into the container,” said
researcher and artist Erik Demaine, a professor at the Massachusetts Institute of
“Yet they tend to be

Technology
extremely complicated to actually solve.”

(BN associold

° Qiven n"Pec,{:a.nS\e,s : profit)
Bin 'Pou.:b.}wa Knobsack
vogevant veeeyant
Pock ol vectonsles Pockk  maximuan
o s -#: LinsS. :p'no‘-f{,b subselt

Cv\mcv%;okwep\‘nj 5 ¥ yes

axis - poraled < wdo o Sin

pack;.‘na’) KJ\_O\P.SQ_CK,.
Rectarsles . .
e o 2D Bin ?ac,\c—knj 2D MSQ@K
I - > 1.405 [ Bansal-K., .89 [Gadvet
SoDA 147 ek ~L.’17]
PTAS m,.‘e?w:be
No APTAS Possible.

a-dim .69 2! [ coprara’02]] G+t ES}‘“’,";T—']

Open’ poky () — oppx
or 2ven £(&) Pardness

MNoHne
G\‘,::m\m_t APTAS (Bansad PPTAS
2k - . POCS’ 05 [ %2tk Dol '21]
PTAS \s open

7 NN 4/5 C_cs‘r\'j.Q.C_’CU«*e, :

4 // Beskt 2D BP vs
N\ Rest Gual\\ehne 298P




UJ\;‘FDVYY\ Rouwnd -SAP W\A"fcvm
S AP

?\g.o-bcm«z(a,o

Can m\q.7 be
moved un C‘Q\*—é)f?W?g 1.9 649
aon2 diveckion No APTAS CK"-,‘”Z‘Z:j"L" (:Mcsmke,-,vl%\%se
arlbrapsy profile are
© Qegleg ) Memke - iiese ’ 15
OL,Q.OD ") Olos\ogn )

C T’ SobA °217)

- PTAS 5—5\4 Pau:,k_u'\g sguaores into knapsack-
+t2 maxtormize Hre backed. xvrec.

Given @ Squares I = ILS\ISQ-, -anlf.
Square S; fas S‘\aef\.enjﬂ:» A
Fund owxvs- Pomal\e,L nonover\ opp \‘n<j

pﬂckl}\s 05_ Max ovok swubset %sqwes
— veen

CGoalL :

(D Start it an OP"CAmO\.L Packth (A
@D Modld, Po o obtain oo shructured packen 5

Fr st area (o) & area (Pq).

@ Aad o Packing 0, <n polytime
s-t area (@) = avea ().



@ Ttem C\assif\‘Ca—bbn g ShW f-l.—inj:
R boo caonstants 2w§z, & Zspmu Sefrne

TS

square Sy small tf A < E smart %\;\/ \:\i
.

N -~ 7 /\ \

kapﬁe of s F Zwag, 3 2:{

b medivm of A0 € CBgan- Etorge),

lemma . For RN E'L‘vzn[>£>0 and +ve 'lY\CJ”e_ﬁlS":f:j
rﬁ‘\ ’FC)’ 3¢ >/ Zm%e, P JCCZ,Qam?_)= Z s = _52501).
st total avrea cg. sSquares ot~ S\de len,f){t\,

e (Esman .?—wﬁz) s akt most € o
gswqu >/§ CED
P—r—*c-_u—g: Take K= /. g,= €. \/z;;
2.=FC2), Sy = £CE) ¥ U ELR] e
. R = ===
Oj 2K+3. EL l% 2'.1- |20 I:L

These ave (KRr1) disjsint vanses: (&6 ¥ ieke.
So, 31 s.t- total arex o4 all squares
wv OPT 1Bty Sfde,te.r\ﬁ-tb\ e C81~,21."—1) LS
< =2,
C_‘/é) ZSM\( = 21' ; i&M& = 2“,[’

So new o e/l igsve medium squares.

- Packing 0f Rarse squaxes:
- Puslh. ol to /!-24'\:& botsrm,
# Rorep items < 1/ 2 .
S e

N
2 A OPT




# positions for left botton corners

f
S Oppppme CV. ( é(@@!)sgj’ﬁzﬂ ”%%%Q
#perMi’mt\er ikenns 10 J ,(

e Chats ;
@ metex-fmoce, —Slmﬂ lovsy . /Z*NJ"
By beute force  in nOrene ) gine by aw
possible  packinep of Lorge sjuares.

If oAl (tems wepe .Qouﬂaz . e SOlve the 'P‘vol—_’»\m
Cxractly.

frern Mo, AsSuMe. e * Fuesst . Rarge

Squares w OPT: (bwr thede packing can be- iflerant)
fosen oPT .

. Pack,[ng o‘g smadd- squares
Next ~Fit- Decreasing: (NED/NFDH)

— Sovrt sqQuares by hzo.'?@\t

—\—‘_’\—_{_t—\—l — Sguwares avre Pa.cﬁQecL

Ret —\jwsﬁfx'ed. sn a Revel

I&Z i ——_\_ untd, there (s insSw fft‘c,u'ef\‘t

_ ) spoce ok the pf?z\b o
l | oaccommodate the next
\ l 'chbanﬁta.
—

@ =
— THhen start a new Ldevel ond Proceey .

Lernma . Lk o

set a@ Huares S Wb s1deg £ §,

= NFED connot ep'lace, QN sguore in a,qoecfjanjle,

R:=PaRPy, e~ otol WwAStEE) space £
/



Peovf
L = #shelves, Lzr\5~|:l~ cf— smaodlest &
Aax sest cnbe i level 1 &, dg.

O Nenincreasing apder = Cruq £

L
-~

’i Ccy—dai) . @,

4[2(_C4. CA-H)"—C,L d,{'-) RE

lﬁl

S(@-ad)-vi £ 57,

T‘o—{-:od_, Lroaste d_ Pow)-lr Qgr’een')

id\ £ 55&, £ B3V, |
=1 L=1
© CovollLawy !

If all squares are smalk , NFED ol pack
rusa {t'otad., oy.e_a_o?’)i Squares, A —‘ZZM}_

— So efther chjk,m\Q:j,Qapae, c’b”cv\ﬂj
snaal D (’+€) - swproxtmahion,



‘Towards PTAS Crp‘ad—dempos{{-\‘w.
Prel<, Qa.pae, tems in OPT
Exkend Bhele edﬂas +5 creoate o gmd.

& @y, *2) = p [ons]

/ Iidcelks.
# Lo
s
Fov a ca Q:=v, w0 f P 2 Esmant &

% > T Ssan . Staet packing smalk vectans\es
tin ® by NFD. FElse i%fmsre ce Q.

Eiber we Pac,k oJL SaA -

Owv, the total waste?d space

S & Ji_ 25m\1 + @.Zzsml\ é &(_E\;——\-Z) Esmaut.
\N\_/ N
‘ T wasta) space
lﬁmcprel) cel co~ in a Packab
NhAv e Mmax GreA ceMm

ne caon choose -j: sucl. Haok

L42) Spaun & & = ¢ < £° 1
495 ) Boman < S |—~ezzOZ*’~‘*»‘szCj

TPhen ~e GV\.Qj waste & £ avrea. = PTAS s



* § eneral. square 'Pac_\anj in Z’.D—-\’-nox\?sac,’s
[ Jonsen- SoWs Oba \PCO’ 08  PTAS )
[ Heydwick -wiese Soba’lZ  gpTAS)

[ Jansen 2k ok PTAS Afor d-diim anbes
i d- Alan knapsack. 4> 2]

PERFECTLY PACKING A SQUARE BY SQUARES OF NEARLY
HARMONIC SIDELENGTH

TERENCE TAO

ABSTRACT. A well known open problem of Meir and Moser asks if the squares of
sidelength 1/n for n > 1 can be packed perfectly into a square of area > -, # = %2.
In this paper we show that for any 1/2 < ¢ < 1, and any no that is sufficiently large
depending on t, the squares of sidelength n~* for n > ng can be packed perfectly into

a square of area y oo L. This was previously known for 1/2 < ¢ < 2/3 (in which

n=no ﬁ
case one can take ng = )

8 Feb 2022

@ erich-friedman.github.io .
Hoffman's packing puzzle
Article Talk

E rich's F acking E enter
n

Hoffman's packing puzzle is an assembly puzzle named after Dean G. Hoffman, who

L's in Squares
updated 5/4/12

PN

IAGIP 4
Packing Equal Copies

0

Circles in Squares
updated 10/9/10

&

described it in 1978.1"] The puzzle consists of 27 identical rectangular cuboids, each of

whose edges have three different lengths. Its goal is to assemble them all to fit within a
cube whose edge length is the sum of the three lengths.[2I[3!

o

Hoffman (1981) writes that
the first person to solve the

Triangles in Squares
updated 8/5/12

Squares in Squares
updated 11/5/05

Tans in Squares
updated 3/7/08

=N

puzzle was David A. Klarner,
and that typical solution
times can range from 20

»
»

Circles in
Triangles in Triangles  Circles in Triangles  Squares in Triangles Circles in Tans ) ; . . @
updated 8/30/08 updated 7/19/02 updated 7/23/02 updated 5/8/09 A"L‘;::‘;{’] 2;‘6“/35'” minutes to multiple hours.

i= Contents v Hoffman's packing puzzle,

&P

Triangles in Circles
updated 8/31/19

_
R
&

Cireles in Circles
updated 6/27/05

HH

Squares in Circles
updated &/10/12

@ ®

Tans in Circles
updated 8/23/07

L's in Circles
updated 8/22/19

disassembled




