Local search for k-median

Section 9.2 in Williamson-Shmoys



Local search

* Local search: starting with an arbitrary solution, compute a locally optimal solution
with respect to a fixed set of operations.

e Max-cut in graph G = (V, E): Start with an arbitrary S € V, local search using the
following operations.

1. Ms(u): Update S := S\ {u}.
2. My\s(u): Update S := S U {u}.

e At a locally optimal solution, no operation will improve the cost.
1. Foranyu € S, cost(S) — cost(S \ {u}) = 0.
2. Foranyu € V'\ S, cost(S) — cost(S U {u}) = 0.



|dea: Each operation gives an inequality. Use them to get a bound on the cost of the
solution.

Foranyu € S, cost(S) —cost(S\ {u}) = INwW)NV\S)|—-[INu)nS|=0

Therefore,
2INw) N (V\ S| =INw) nS[+ [Nw)n(V\S)| =[N

Similarly, foranyu € V'\ S, we have 2|N(u) N S| = |N(u)]|.

Adding all of them,
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k-median

* Goal: open at most k facilities to minimize the service cost.

1. Start with an arbitrary set S € F of k open facilities.

2. While there existsa f; € Sand f, € F \ S, such that C((S \{fiH) U {fz}) < c(S),
1. Swap f;and f5,i.e.,, set S := (S\ {f1}) U{f>}.
3. Output S.

* Let S denote a locally optimal solution and let O denote an optimal solution. For j €
C, let ¢; denote the service cost of j in S and let 0; denote the service cost of j in O.



Analysis
* At a locally optimal solution C(S —s@® 4 0(1)) —c(S) = 0.

e Let sV be the nearest facility in S to oV Bounding
increase in service cost of § — s 4+ o(1)?

» Assign clientsin N(s(M) n N(0®) to o™
* For j;, change = —¢;, + 0;,
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Swap s and oW

* Assign clients in N(s(l)) \ N(o(l)) to nearest facility in
S \ {S(l)}
* For j,, where s(2) is the nearest facility in S to 0.
change < —¢;, + d(j, 0(2)) + d(o(z),s(z))
< —Cj2 + sz + d(O(Z),S(l))
< —¢j, + 05, + (¢, + 0j,)
= 201'2

* Choose swaps carefully!
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Choosing the swaps

* Foreachi* € 0, letn(i") be the nearest facility in S.

* Let Ry, R{, R>» € S be the set of facilities such that number of facilities mapped to
them by nis 0,1, = 2 respectively.

e Construct the set of swaps & as follows.
* Foreachi € R, add (i,n_l(i)) to S. Let O; € O be the set of facilities matched
in this step.

* Out of RyX(0 \ 01) choose a set of swaps such that each facility in O \ 0,
appears exactly once and each facility in Ry appears at most twice, and add all of

them to §.

10\ 04] < 2|R,| (HW.).



o 0 0@
e Lemma: For each swap (s,0) € S

0<c(S4+0—5)—c(S) < z (oj—cj)+ z 20;

jEN(0) JEN(s)
J1 .
* New assignment &
* For each j € N(0), assign j to o.
* Foreachj € N(s) \ N(o0), assignj to U(fa(f));
0 . . ope . . .
where f©(j) is the facility serving j in O. 5, = n(o™) s (o)

 Observe that in the second case n(fo(j)) * S.
 If s € Ry, thenn™1(s) = o.

* If s € Ry, then n(fO(j)) * S.
* If s € Rs,, then (s,x) € S.



o 0 0@

* Change in service of cost j
* If j € N(0), change = —¢; + 0;
* Ifj € N(s) \ N(o),

change < —¢; + d(j,fO(j)) +d (fo(j),n(fO(i))) & Jo
< —Cj + Oj + d(fO(]),S) < —Cj + Oj ~+ (Cj ~+ Oj) = 20]'

s1 =1n(oW) s n(0¥)

* Therefore

c0<c(S+0—5)—c(S) < Zjezv(o)(oj —¢j) + Zjen(s) 20j



 Summing over all swapsin S, we get

0< 2 (Z (0j —¢j) + z 20]-)

(s,0)€S \jeN(o) JEN(S)
0€0 \jEN(o) 0€0 \jeN(o) (5,0)€S \JEN(s)
SC(O)—C(S)+2'ZZ( Z oj>
SES \JEN(s)

=c(0) —c(S) + 4c(0)

e ¢(S) < 5¢(0). Therefore, 5-approximation algorithm.



Running time

Checking whether a swap exists can be done in polynomial time.

How many swaps?
If there is no lower bound on the decrease in cost, there may be too many iterations.

Perform a swap operation only if the cost decreases by a factor of (1 — €).
* Can be shown that this gives a (5 + €)-approximation (details in the book).

* Running time is polynomial in size of instance and % (H.W.).



Other local search operations

e t-swap: Close < t facilities in S and open the same number of facilities.

e Running time: n®

. (3 + %)-approximation to k-median.

e Current best known approximation factor for k-median is 2.675 [Byrka et al. - 2017]
(not based on local search).



