SAT



SAT

* X4, ..., Xy Boolean variables.
* Clause is an “OR” of Boolean variables or their negations x, V —xp, V —1x, ...

* Goal: Given a set of m clauses, compute an assignment that satisfies the largest
fraction of clauses.

e Algorithm
1. Foreachi € [n], independently set x; to be true or false with probability %.

* Fixaclause C; = x;, V —=x;, V -+ V =x;, .

1
Pr[C; is satisfied] = 1 — oK



SAT

1
E[number of clauses satisfied] = 2 (1 — 2|c-|)

i€[m]
* k-SAT: each clause has exactly k variables.

o 1 1
E[number of clauses satisfied] = Z (1 - 2|Ci|) =m (1 - ﬁ)

i1€[m]

* Since OPT < m, this gives a (1 — 2—1,6)-approximation for k-SAT.

* In general, |C;| = 1. Therefore,

E[number of clauses satisfied] = X.;¢rm (1 — ﬁ) = Die[m] (1 — %) =2

* Therefore }2 approximation for SAT.



Integer Program

1 if x; is true

* Introduce variable y; to indicate the value of x;, i.e. y; = . . .
Vi i 1-€- Vi {0 if x; is false
* Introduce variable z; to indicate whether clause Cj is satisfied.

* Foraclause Cj, let P; be the set of indices of variables that occur positively and let N;
be the set of indices of variables that occur negated. C; = Viepj X; ViENj —x;. Add

constraint
ZjSZyi+Z(1—yi) maXZZj

iEPj iENj j€[m]
subject to
zj < Z%‘"‘ Z(l—}’i) vj € [m]
iEPj iENj

zj € {0,1} Vj € [m]
yi € {0,1} Vi € [n]




max 2 Zj

JE[m]

Randomized Rounding subject to

ZjSZ)’H‘Z(l—yl‘) Vj € [m]

iEPj iENj
0<z <1VjE€[m]
e Algorithm-2 0<y, <1Vie€]|n]
1. Foreach i, independently set x; to true with probability y; and false with probability 1 — y;.
* Fixa clause C; and let k = |C|. Cf:\/xi\/_'xi
iEPj iENj

Pr[Cj is not satisfied] = Hl'epj(]. — yi)HieNj(l —(1-y))
K k
1 1 Zj k
AMZEM < (- Z(l_Yi)+Z(1_(1_Yi)) =(1-% Zyi+2(1—yi) <( —;)
iEPj iENj iEPj iENj

Nk
* Therefore, Pr[Cj is satisfied] >1— ( — %) .



k
* Lemma: Vx € [0,1],1 — (1 —%) > (

* Lemma implies Pr[C is satlsfled] >1— ( Zk])

(1-2)7

1
E[number of clauses satisfied]| = Z Pr[Cj is satisfied] > (1 — E) 2 Zj
1
=(1—-)Lp
e

j€lm] JE€[m]
: : 1 L :
* Therefore, Algorithm-2 is a (1 — g)-apprommatlon algorithm.



Lemma: Vx € [0,1],1 — ( — g)k > (1 — (1 — %)k)x
k

1. The function f(x) =1 — (1 — %) is concave in [0,1].

f'(x) = (1 — %)k_l and f''(x) = — (k:) (1 — %)k_z. Therefore, f"'(x) < 0Vx €
[0,1].

2. f(x) does not lie below the line segment joining f(0) and f(1) Ilcor x € 10,1].
1
FG) = x(F(1) = £(0)) + £(0) = x (1 -(1-) )



* For clause Cj

- 1
1 Pr[Algl satisfies Cj] = (1 — z_k) )
2. Pr[Ang satisfies Cj] = (1 — (1 — %) )zj
* For “large” values of k, Algl is better and for “small” values of k, Alg2 is better.

e Algorithm 3
1. Choose a random algorithm from {Alg1, Alg2} and run it on the instance.

1 1
Pr[AlgB satisfies Cj] = EPr[Algl satisfies Cj] + EPr[Ang satisfies Cj]

-30-3)3((-0-D)s
(3-8 13- (- 1))



3 /4-approximation




Max 2SAT- Integer Program

For each x;, introduce variable y; € {+1, —1} to “indicate” if x; is true.

clause —x, V xj, is not satisfied if i(l +y,)1—y,) =1.

Therefore, =x, V X}, is satisfied if 1 — i A+y,)A—y,) =1.

Introduce “one” vector v,.

For clause —x, V X},

1
Val(Cj) =1- —(vo + v, vy — V)

= 1 — —(<U0, Vo) + (170, Va) — (Vo, Vp) — (va' Up))

<v01 va)) +— (1 + (170, vb)) + — (1 + <va' vb))

max 2 val(C;)

Je€lm]
subject to
yf =1Vi € [n]

max 2 val(C;)

J€lm]
subject to
lv;lI* = 1 Vi € [n]
lvoll* =1




GW algorithm

1. Sample g ~ N (0,1)™*! and let Sy = {i € [n]: (v;, g) has same sign as (v, g)}.

2. Setall variables in S, to “True” and variables in [n] \ S, to “False”.

* (1 —(vy,v,)) gets rounded to 2 with probability 8,,/m and 1 — (vy,v,) =1 —
cos By,

* (14 (vy,vp)) gets rounded to 2 with probability (7 — 8,;) /7 and
14+ (vy,vp) =1+ cosby, =1 —cos(t — Oyp)

* Therefore, asy (= 0.878) approximation to Max 2SAT (H.W.).



. g-approximation for Max-3SAT.

* NP-hard to do better than this [Hastad - 2001].



