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SAT

• 𝑥!, … , 𝑥" Boolean variables.
• Clause is an “OR” of Boolean variables or their negations 𝑥# ∨ ¬𝑥$ ∨ ¬𝑥% …
• Goal: Given a set of 𝑚 clauses, compute an assignment that satisfies the largest 

fraction of clauses.

• Algorithm
1. For each 𝑖 ∈ 𝑛 , independently set 𝑥& to be 𝑡𝑟𝑢𝑒 or 𝑓𝑎𝑙𝑠𝑒 with probability ½.

• Fix a clause 𝐶& = 𝑥&! ∨ ¬𝑥&" ∨ ⋯∨ ¬𝑥&#. 

Pr 𝐶& is satis<ied = 1 −
1
2'



SAT
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• 𝑘-SAT: each clause has exactly 𝑘 variables. 
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• Since 𝑂𝑃𝑇 ≤ 𝑚, this gives a 1 − !
+#

-approximation for 𝑘-SAT.

• In general, 𝐶& ≥ 1. Therefore, 

E number of clauses satis<ied = ∑&∈ ) 1 − !
+ %$

≥ ∑&∈ ) 1 − !
+
= )

+
.

• Therefore ½ approximation for SAT. 



Integer Program

• Introduce variable 𝑦& to indicate the value of 𝑥&, i.e. 𝑦& = T 1 if 𝑥& is true0 if 𝑥& is false
.

• Introduce variable 𝑧, to indicate whether clause 𝐶, is satisfied.

• For a clause 𝐶,, let 𝑃, be the set of indices of variables that occur positively and let 𝑁,
be the set of indices of variables that occur negated. 𝐶, = ⋁&∈-& 𝑥& ⋁&∈.&¬𝑥&. Add 
constraint 

𝑧, ≤ K
&∈-&

𝑦& + K
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1 − 𝑦$ ∀𝑗 ∈ 𝑚

𝑧! ∈ 0,1 ∀𝑗 ∈ 𝑚
𝑦$ ∈ 0,1 ∀𝑖 ∈ 𝑛



Randomized Rounding

• Algorithm-2
1. For each 𝑖, independently set 𝑥! to 𝑡𝑟𝑢𝑒 with probability 𝑦! and 𝑓𝑎𝑙𝑠𝑒 with probability 1 − 𝑦!.

• Fix a clause 𝐶" and let 𝑘 = 𝐶" . 
Pr 𝐶" is not satis9ied = Π!∈$! 1 − 𝑦! Π!∈%! 1 − 1 − 𝑦!

≤
1
𝑘

>
!∈$!

1 − 𝑦! + >
!∈%!

1 − 1 − 𝑦!

&

= 1 −
1
𝑘

>
!∈$!

𝑦! + >
!∈%!

1 − 𝑦!

&

≤ 1 −
𝑧"
𝑘

&

• Therefore, Pr 𝐶" is satis9ied ≥ 1 − 1 −
'!
&

&
.

max $
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subject to
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1 − 𝑦$ ∀𝑗 ∈ 𝑚

0 ≤ 𝑧! ≤ 1 ∀𝑗 ∈ 𝑚
0 ≤ 𝑦$ ≤ 1 ∀𝑖 ∈ 𝑛
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• Lemma: ∀𝑥 ∈ 0,1 , 1 − 1 − /
'
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• Lemma implies Pr 𝐶, is satis<ied ≥ 1 − 1 −
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• Therefore, Algorithm-2 is a 1 − !
1

-approximation algorithm. 



Lemma: ∀𝑥 ∈ 0,1 , 1 − 1 − !
"
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1. The function 𝑓 𝑥 = 1 − 1 − /
'

'
is concave in 0,1 .

𝑓2 𝑥 = 1 − /
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and 𝑓22 𝑥 = − '3!
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. Therefore, 𝑓22 𝑥 ≤ 0 ∀𝑥 ∈

0,1 .

2. 𝑓 𝑥 does not lie below the line segment joining 𝑓 0 and 𝑓 1 for 𝑥 ∈ 0,1 .

𝑓 𝑥 ≥ 𝑥 𝑓 1 − 𝑓 0 + 𝑓 0 ≥ 𝑥 1 − 1 −
1
𝑘

'



• For clause 𝐶"
1. Pr Alg1 satis-ies 𝐶" = 1 − (
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2. Pr Alg2 satis-ies 𝐶" = 1 − 1 − (
&

&
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• For “large” values of 𝑘, Alg1 is better and for “small” values of 𝑘, Alg2 is better.

• Algorithm 3
1. Choose a random algorithm from {Alg1, Alg2} and run it on the instance.
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3/4-approximation
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Max 2SAT- Integer Program

• For each 𝑥!, introduce variable 𝑦! ∈ +1,−1 to “indicate” if 𝑥! is true.

• clause ¬𝑥* ∨ 𝑥+ is not satisfied if  (
,
1 + 𝑦* 1 − 𝑦+ = 1.

• Therefore, ¬𝑥* ∨ 𝑥+ is satisfied if 1 − (
,
1 + 𝑦* 1 − 𝑦+ = 1.

• Introduce “one” vector 𝑣-. 
• For clause ¬𝑥* ∨ 𝑥+
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GW algorithm

1. Sample 𝑔 ∼ 𝒩 0,1 "4! and let 𝑆5 = 𝑖 ∈ 𝑛 : 𝑣& , 𝑔 has same sign as 𝑣6, 𝑔 .
2. Set all variables in 𝑆5 to “True” and variables in 𝑛 ∖ 𝑆5 to “False”.

• 1 − 𝑣6, 𝑣# gets rounded to 2 with probability 𝜃6#/𝜋 and 1 − 𝑣6, 𝑣# = 1 −
cos 𝜃6#

• 1 + 𝑣6, 𝑣$ gets rounded to 2 with probability 𝜋 − 𝜃6$ /𝜋 and 
1 + 𝑣6, 𝑣$ = 1 + cos 𝜃6$ = 1 − cos 𝜋 − 𝜃6$

• Therefore, 𝛼78 (≈ 0.878) approximation to Max 2SAT (H.W.). 



• 9
:
-approximation for Max-3SAT.

• NP-hard to do better than this [Hastad - 2001].


