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Week 12, Lecture 1

Facility Location
Instructor: Anand Louis Scribe: Siddhartha Sarkar

1 Introduction

This lecture is based on the sections 4.5 and 5.8 of the textbook [1]. Facility location problem is a class of
problems where the input is a set of points called facilities and a set of points called clients and a metric
that captures the distances between any pair of points. Each facility also has a facility opening cost. The
goal is to open a subset of facilities and assign each client to some open facility so that the total cost is
minimized. We define the problem formally as below.

Definition 1 (Facility Location problem). Given a set F of facilities, and a set of clients C, a facility
opening cost fi for each i ∈ F , and a metric d over F ∪C, the objective is to open a subset of facilities S ⊆ F
and assign each client to some open facility via a map f : C → S so as to minimize∑

i∈S

fi +
∑
j∈C

d(j, f(j))

The following is the definition of a related problem.

Definition 2 (k-median problem). Given a set F of facilities, and a set of clients C, and a metric d over
F ∪ C, the objective is to open at most k facilities so as to minimize∑

j∈C
d(j, f(j))

Another related problem is the following.

Definition 3 (k-means problem). Given a set F of facilities, and a set of clients C, and a metric d over
F ∪ C, the objective is to open at most k facilities so as to minimize∑

j∈C
d(j, f(j))2

There are many other variants such as the capacitated facility location, k-center, etc. In the capacitated
facility location problem, each facility has an associated capacity which is an upper bound on the number of
clients it can serve. No facility should be assigned more clients than its capacity. Almost all such variants
are NP-hard.

2 Primal Dual Algorithm

We will write an integer program for the facility location problem. To do so, let us introduce variable yi to
indicate if facility fi is open, i.e.,

yi =

{
1 if facility fi is open

0 otherwise
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Similarly, introduce variable xij to indicate whether client j ∈ C is assigned to facility i. Now the constraint
is that each client j should be assigned to some facility i. Therefore∑

i∈F
xij = 1 ∀j ∈ C

Since clients can only be assigned to open facilities, we have

xij ≤ yi ∀i ∈ F , j ∈ C

We denote by dij the distance between facility i and client j in the metric d. The integer linear program is
written below.

min
∑
i∈F

fiyi +
∑

i∈F,j∈C
xijdij (1)

subject to ∑
i∈F

xij = 1 ∀j ∈ C

xij ≤ yi ∀i ∈ F , j ∈ C

xij ∈ {0, 1} ∀i ∈ F , j ∈ C

yi ∈ {0, 1} ∀i ∈ F

An optimal solution to the above integer program gives us an optimal solution to the facility location problem.
We relax it the obvious way by relaxing the integer constraints.

min
∑
i∈F

fiyi +
∑

i∈F,j∈C
xijdij (2)

subject to ∑
i∈F

xij = 1 ∀j ∈ C

xij ≤ yi ∀i ∈ F , j ∈ C

xij ≥ 0 ∀i ∈ F , j ∈ C

yi ≥ 0 ∀i ∈ F

We write the dual of the LP (2) as below.

max
∑
j∈C

vj (3)

subject to
vj − wij ≤ dij ∀i ∈ F , j ∈ C∑

j∈C
wij ≤ fi ∀i ∈ F

wij ≥ 0 ∀i ∈ F , j ∈ C

After solving the LP, we need to round the solution. First, we can focus on which facilities to open. Once
we have decided that we can just assign each client to the nearest open facility. Let (x∗, y∗) be an optimal
primal solution and let (v∗, w∗) be an optimal dual solution.

Lemma 4. If x∗
ij > 0, then dij ≤ v∗j .
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Proof. Using complementary slackness, x∗
ij > 0 implies that v∗j − w∗

ij = dij . But by the non-negativity
constraint of the dual we know that w∗

ij ≥ 0, therefore dij ≤ v∗j .

For each client j ∈ C, define the neighbourhood of j as the set of facilities i for which x∗
ij > 0. Mathematically,

N(j) := {i ∈ F : x∗
ij > 0}

This implies that each facility in N(j) lies at a distance at most v∗j from client j.

Observation 5. If we can ensure that for each j ∈ C, at least one facility in N(j) is open then service cost
≤

∑
j∈C v

∗
j ≤ OPT .

Now that the service cost is taken care of, what can we say about the cost opening facilities? For each j ∈ C,
open the cheapest facility in the neighbourhood of j. Let ij = argmini∈N(j)fi be the cheapest facility in
N(j). Can we bound the cost of this facility?

fij ≤
∑

i∈N(j)

fix
∗
ij (Using

∑
i∈F

xij = 1)

≤
∑

i∈N(j)

fiy
∗
i (Using xij ≤ yi)

Now we upper bound the total facility cost by

total facility cost ≤
∑
j∈C

∑
i∈N(j)

fiy
∗
i

Since, a facility i might appear in the neighbourhood of many clients, we may overcount fiy
∗
i . Therefore,

this strategy may not be useful for our analysis of the cost of the solution.

Now, we look at a different strategy. Denote the neighbourhood of the neighbourhood of a client j ∈ C as
N2(j). Mathematically,

N2(j) := {l ∈ C : N(j) ∩N(l) ̸= ∅}

Observation 6. If we open i′ ∈ N(j′) and assign all clients in N2(j′) to i′, then the service cost of j ∈ N2(j′)
is at most v∗j′ + v∗j′ + v∗j .

Proof. Refer to Figure (1). By using the triangle inequality applicable to the distance metric, we have

di′j ≤ di′j′ + dj′i + dij (for some i ∈ N(j′) ∩N(j))

≤ v∗j′ + v∗j′ + v∗j (using Lemma (4))

Figure 1: The facilities and clients for the proof of Observation (6).
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Algorithm 1: 4-approximation for Facility Location

1 Set U = C, k = 1.
2 while U ̸= ∅ do
3 Choose jk = argminj∈U v∗j
4 Choose ik to be the lowest cost facility in N(jk).
5 Open ik. Assign all unassigned clients in N2(jk) to ik.
6 Update U := U \N2(jk) and k := k + 1

7 end

The issue in opening the cheapest facility in the neighbourhood of each client was overcounting. We overcome
that issue by looking at the second neighbourhood of each client. Let us analyse Algorithm (1):

By definition, the N(jk) ∩N(jl) = ∅ for k ̸= l. Therefore,

total facility cost ≤
∑
k

∑
i∈Njk

fiy
∗
i ≤

∑
i∈F

fiy
∗
i

In the expression above, each facility i gets counted at most once. Now the total service cost for client j can
be bounded as

service cost for j ≤

{
v∗jk if j = jk for some k

v∗j + v∗jk + v∗jk ≤ 3v∗j otherwise

The last inequality in the second case is true because in the k-th iteration, the algorithm chose the client
jk which has the least v∗ value. Therefore v∗jk ≤ v∗j . Refer to Figure (2). Therefore the total cost in this
algorithm is

total facility cost + total service cost

≤
∑
i∈F

fiy
∗
i + 3v∗j (4)

≤ 4 ·OPT (From the primal and dual objective functions)

Figure 2: The facilities and clients for Algorithm (1).

Theorem 7. Algorithm 1 is a 4-approximation to the facility location problem.

Observe that the right hand side of the inequality 4 has two terms where v∗j is exactly the objective function
of the dual but the other term is smaller than the objective function of the primal. It turns out that we can
improve the approximation ratio further by tweaking this algorithm slightly. For each client j we define

C∗
j :=

∑
i∈F

dijx
∗
ij
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Algorithm 2: 3-approximation for Facility Location

1 Set U = C, k = 1.
2 while U ̸= ∅ do
3 Choose jk = argminj∈U (v

∗
j+C∗

j )

4 Choose ik according to the probability distribution x∗
ijk

.

5 Open ik. Assign all unassigned clients in N2(jk) to ik.
6 Update U := U \N2(jk) and k := k + 1

7 end

Here, the expected cost of the facility opened in the k-th iteration is∑
i∈N(jk)

fix
∗
ij ≤

∑
i∈N(jk)

fiy
∗
i (By the primal constraint xij ≤ yi)

By definition, the N(jk) ∩N(jl) = ∅ for k ̸= l. Therefore,

E[total facility cost] ≤
∑
k

∑
i∈N(jk)

fiy
∗
i ≤

∑
i∈F

fiy
∗
i

E[service cost for j] ≤

{
C∗

jk
if j = jk for some k

v∗j + v∗jk + C∗
jk

≤ 2v∗j + C∗
j otherwise

Now, we sum over all clients to get the expected total service cost.

E[total service cost] ≤
∑
j∈C

(2v∗j + C∗
j )

Therefore, the expected total cost is

E(total cost) ≤
∑
i∈F

fiy
∗
i +

∑
j∈C

(2v∗j + C∗
j )

= (
∑
i∈F

fiy
∗
i +

∑
j∈C

C∗
j ) +

∑
j∈C

2v∗j

≤ 3 ·OPT (From the primal and dual objective functions)

Theorem 8. Algorithm 2 is a 3-approximation to the facility location problem.

We summarize the current best known approximation results for some of the facility location problems.

• 1.488-approximation for facility location. [Li 2011 [2]]

• There cannot exist a less than 1.463-approximation for facility location unlessNP ⊆ DTIME(nO(log logn)).[Guha,
Khuller 1998 [3]]

• 2.675-approximation for k-median. [Byrka et al. 2014 [4]]

• 9-approximation for k-means. [Kanungo 2004 [5]]
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