Ch 4
§ Sanmple Complexity and VC Dimension : M-

CUn 20, Notes )ay
Rar-Peled..

Sampling : Using . smolk set of obServatbons,
estmate Pyaopex:bie,s oa')i an enfire sample space.-

Sanr\p\e, mePLsz*\:y Coruindenuum s12e Samp\e, o
obtasn e vequired vesult:

S T Y
@ Probalb ity estomation, g {. e o © ‘O

— Range (S just & subset of the W\G\Z.PLy'L’r\j Fpace.
—Goal s 0 use one sek of samples to detect
o sek og ranoes oy estioate the wo'b. oé"i
vanoes [ the sot of possible Panses can be
really busp, fven fn’\f:'-'ru:‘te_],

For detechion, we want the sample ‘o infersect
withh each vange tn the set,

Whhele fo‘(’ Prob. estimation , Wwe want tre
f(’a_ct..m/\. og opc\'/vd:s v the Somple Bt intersect
WSHA eada Canse inn Bhe set to opproxionocte
the assoc. prob. of the Tanae. S22

Q.. Cou we O\o'\'&’:h Séwe S‘otmlp'\e ‘,:,—que, ;e ;s
indeppendent of Bre runber cf vanges )
ond  deperdant o e sbeucbuwre of ke spAR 7



Q. Assume We are given o Yange Ca,b) Wit an
und.z.r’\y.\',\:f vk ovar Wob, lsty. O e Lo,1) st

,bl)) > €.
‘?‘KEDC%QE“b)/

TR en o wany Sampf.M do we nee?d s.t- v°-‘P‘>/’\'-8-
we Bave ok leont onz somrple n [a,u)?

lek =, %o, ..., %y b2 M andep Sanples n R

feom ot vrKNnowsre dlste. ) \ e, .
- 'z A
o ~ b 1

Giver interval [La,bl, +F WP(xe La, bl)> e
then prob thak o San'\)P\e_ cﬁswae, m:Li_'in/é

intersects Ca,b) (s 2 12— (1-27" > 1-5.

Given W_suct tintervals, urien bound corll S\/\cvo)
PLo sample of stze Vs £n 5 tnt2rsects emeliof
the interrvals]) 5 1k (1-£)2 7 > 1-5.

. , e Want seleck jlf_uo Samples frem [01] =t
ol vtervelds 63’- /Q,Q,V\ﬁ"l'h, /10 cortouns ak least

one poink n the sample.
— TRere arvec {nff\.‘mi—l:e, suclhh sets. So uruon bouwnd
o't ’VZ/LP Bt ten equidistant Po‘fr\ts ol
O\.Q.lf’eﬁkclzy Wovek .

© indeed , we’'l see for g distrtbubon , & sample
2o c—g <2 (e Y5 ) ntersects all tntervals I/\&\A‘r\ﬁ
rFYaob > €. WP =2 1-2

Ve dimensions & Rademacdcher complexi ty
helps tn evaluaotion of sSaumple complexity.



§ VC Dimension: (Vaprik - Chervonenkss dilmension),

Definition 14.1: Axange space is a pair (X, R) where: 7~ 1S also Called
- jY’cu.ncl =t
1. X is a (finite or infinite) set of points;

2. 'R is a family of subsets of X, called ranges.
set o% oA closed

Exa_m'p\e, O§ "(‘O..r'lﬁe, S»FQQQ; /, tntervals
=T, R=4{1labl| cable Rr].

Definition 14.2: Let (X, R) be a range space and let S C X. The projection of R on

S is
Rs={RNS|ReR}.
C1.81
co.1l
C13) Cs.5)

“ = 4 © 6 F

s= {2.4} # :.-.-.-.-;::::::::"'::::::::;.-:=.-.-::::1::1111;-;::1::::::.-= Re i the sebof ou
: RS .. .......... Ub

mj‘fépﬁ o R T - v posstble = sekbs £ S
8

S= 124.65 R WS Seven % the eiobt posstble
wfpxﬁzw»ﬁa>‘ subsebs of S , ercept 12,67
S o
— Ay interval Contouining 286 must contadn 4,

Definition 14.3: Ler (X, R) be a range space. A set S C X is shattered by R if
|Rs| = 2. The Vapnik—Chervonenkis (VC) dimension of a range space (X, R) is
the maximum cardinality of a set S C X that is shattered by R. If there are arbitrarily
large finite sets that are shattered by R, then the VC dimension is infinite.

So VC Dim o;? above fpanae, space ( covde \}j:f'fhi'bez
PG\“Y\"CS g 'Y’o:hﬁe_s”) S m&y 2.



Note: VC dbum ( R) = 4 1§ there is(Some Set
of cordinaliby A thot s shattered by R
St does not Sa‘fj oL seks og w&inaﬁ.&b? A are
shattered by, R To showo VC-dinm £ &, We
need. o showo ok sets c§ caordinaliby > 4
are not shattered by K.

* More examples :

Hhe fclrruij og ol closed.

convex sets on the ptcme.-

Clasm * Thus randge spoce fas mﬁ,m‘b& VC-Smension.

° CenvveX sSets X = [R%, R=

— Need +to showo, Jor any n € N there extsts a
Set S with 1S1=M., ok con be shatterod..
Sn= § %, .., X} be 1 points on e

boundaery c?')i o elre\e -

Pny sulselt Y € Sh. X #P defines a
convex Set thak does not cantosn
O_Y\:\j '\DCS\:Y\“E_S r Sn\Y.

Henz, Y /s included. tn the ’ppcejchb\u—r\, of R o S

Erply, set (s also - 'PPoJec,\z[S\/\_ an well-

Hence, ¥ ne N, Shn s shateved.

*Disks: X = R% R=the Joamily of all dusks on the plane.
Observotion: For any 2 polnmts on the 2Rane (v
general posthow) one can +und @«51;\;; Asks
So thak the points are shatterved



CNee : Bgs s ack rue Ls‘ %L\a,\x'\w@ ore
colonl er. Howevey, we:Jvu_y’r e = sbowd
onwe sek c-/!‘.’. Hvee Pcsk‘/\l'.d L~al can 2 g\z\a-‘»-'\e.vzab')_

Can disks shatter oo set P woithh Jour ponts : Aab, ¢, d)
—= Case 1: convex Fu o§ P 2o ov\ly 3 Pcﬁn‘%s srL
tts boundary, say a.b,c.
TPen K= )La,lo,c,} canmn not he obtosin ovo -
P*’o}acf(}\‘o‘w.
Due *o Ccsr\vax(k‘?, QN sk Cm'l:ou‘m‘nj a,b,c
must Contaur d.

7 Case A2 M 4 points are on the convex Bl
e of we can vealize Sa,Cl & {L,d1 ac
fpvcg'zc’vxims . Bhese buo dsks L e\ intersect eack
other ot 4 points — o conbbradiction

Noe PSEJAA»OOUS'Ks ovre
o\a)ecks Bk comn Y8 Yseck

N £2 Baes -



§ Grovobh Funcetlen

# different subsets _ _ = o
sS12e £ owk of n elements fjc&'VL) - ,é__'oc’ 1‘/3'

For n=4a, we tave j(&%)=2d,
d, <

for m>A B2, §Am) & 2| ")/I z nt.

i=0

> The number of ranges Jor a set of n elements
Ivons polynomiolly o . ( the Dover beLnj

dlmen Siown c:L')7 instead of ZXPm,enbLaJiy,

- Observathon: YA N) =9 ld. n-1)+Yy(d—1,0-1)
2

J
ot o Incluvde tncludhes 51‘1—5‘(
—irst 2lement R2nents

o Sauer - Shelafh Hheocvrern

let (K, R) be a rounge spoce ottt [ X1=n,
Ve-dim d. Then, |RIZ Gld,n(£nd)

'PP%: We pyove tihhe Aasim by ‘nduction o &,
auna. —fmﬁ 2ack, = tAdnecthe . s M

Triviolly Hholds Hor =D or n=0, ™ the- 4 (A n)=1.

Take € X, Define

R = Lw\ §1xt | v~ O Lo € R and »\4Ax} € R
RN\ = {»\xi | ve R+



Aatan: | R = | Rael + |J{\9L|
— We charge eemants o:fg. R_to brhelyr corres.
element 1tn RN\ .

The enly bad. case (s vwhenm Y+ 2t bobio
YO Iy and v\ Lnl are v R, oo Bren
these bvo Alstrnct ranges 32)‘27 M APped to
soame. range i RN

2wl swcal a(’af\ﬁz_s Contribute 1o fxactly one
hement <On R .

Y
e\l shews  vC dinn g;? CX\‘ZLX.S) 012,,(>é A-1 &

VC-dwan £ ()N xd. &\x)«‘s £ 4.
TRz e’ N %Zﬁt

- .(\»,\LV\GV\‘
c\ ’
s 4
LIRS Rl [R\] £ GCa-,n-0+ Glet,m)
obs. '\: Cj cd_" )

To CLSY\CJLAACQZ?

(D ve dem of (XN\1xd, RNl £ 4
—_ Fo\ﬂ QGVL’tY’MACtC;Vl . ASSUME R\/LKI slbatters o
Sek S Og- shpe A +1.

Nevo fEY enevry R € RN\ i’tj ,‘H/\ZVZ s e Caoevs,
R/ € R st edtler Rizg o B/ = RU Lx]



Tn edther casen, R|g Conkams SOR'= s NR.
Teo, R stollers S oo neM, Contradicbiy
V- D (X, R) & be 4.

@ ve dim of (X\3xV, Ry) £ -1
— for contradiction . assume R skaters o
Ssek- S O§ snze A
New 57 every R E€ RN§z] . lkoth R aand R U {x]
Qre U~ K,
Inboth caseo . Rlg condine S AR =SOR,

Then R alno shatters S | s A cobraclictan. %

§ vC-duimension component bounds:

Beuads VC-Dian G§ o c_cm?\.zx 'Par\ﬁe, sFo\ce AS o~ fn o;f
VC -duion of ks simpler compoments.

Theorem 14.5: Let (X, RY), ..., (X, R¥) be k range spaces each with VC dimen-
sions at most d. Let f : (R, ..., R¥) = 2X be a mapping of k-tuples (r, ..., 1) €
(R, ..., RF) to subsets of X, and let

Rf:{f(rl,---,rk)|r1GRI,...,l’kERk}, Urcle
SquRves
The VC dimension of the range space (X, R') is O(kd Ink). etz

This yields the following corollary.

Corollary 14.6: Let (X, R') and (X, R?) be two range spaces, each with VC dimen-
sion at most d. Let

RY={nUnr|r € R andr, € R?},
and
RO ={rnNr|rneR andr, € R*}.
The VC dimensions of the range spaces (X, RY) and (X, R") are'O(d).



g Sha-tte,rainj‘ dlrensio .

- Defn ( Shatter function) @ Given vange space
S=(x%,R), <ts shatter funcbea (Mglnd vs Be
MK NN Nuenber o§ sets thakl m%,&\_b bo

creaked by S when vestricted. 4 svbsets eaa
Nre M,

o = mTnaX Roen B
1Bl=m

° S\na:ttewm‘,nﬁ d-imensiom D§ S s the smallest
P st Ty () = OCW\P), jFGY’ UL M,

* Nole & In gpmeral T (n) = o™,

Corollary : If S=(X,R) S a wange space of
VC-dim do, then ¥V findte B € X, e have

| R | £ QB < g, 1810,
Peoeg: ni=I1B1, so 1RIE\£‘\"‘5C\EI) [%9);—'0;’%:)
- >

12,"’\'\/!‘\

< §(m) 555

= nt

So, S%cc{:te,\otnfj Almensisin crg_ o rangl Space
ts bounded by <£s Ve- i,



Shatt: A& VC denn
@ye close-

e
ez @: £ S=CX,R) is A range spacee ot
shattzwmﬁ denr P, then vcdian (S) S O(p lsg p),

Reosf : Llek NS X be the /Qa_ﬁjegt set shattered
by S and S =1IN1.

9'\ \\g-r\‘j CO\"D]\G\"‘7 sl«%‘H Aimn,

where c s

We dave. 2 = IJ{IN[ = ms (i) 4 Cé/o & Constant
= 5 < c + Plg b
*9 J el o,

)~
> p 2 Co-192)/Lg 5 Sor s !

ASSW@, > max (2, 213(',), Wwe Aave

< = 5 < 2/0
2095 e 2nd oz =©r
Fack: jj:mr’U?‘J_’”'}——éU\

— A&vmr\%\%! shatermny e amg e Sonetaimes

easzr ks campuite & Giveo Gooh SREORImAT O
6% VC - dronensisa,



° S\dcx&e_‘(ztﬂj dmen siom 030- dusks.

lermma - Consider ronge space S= Cx, R, ohere
X =R% and R is He st of dsks.
TRha s\r\a_tte\mir\ﬁ bl oa”_ S s 3.

assume they

ase (‘'mn Szf\era\\

Positiom.

‘12(;93—5: Censider any set P ok n points in the
,PQane, and. sek ;P’ -‘=@7Z,“> :

We daim, |1 < 4

The seb P conkadns oy w sets Wit a stngle
'Pé\:f\‘b T them & L C;\_)SQLS Wit Q—POTf\t_S’ tn them

So, fix Qe F st 1= 3,

(D ek sk P readizes Q e PND=Q.

(@) Shvtrike D HHW its bsundawy passes througb.
a Pé\ir\,t P .

@ Conbmue, s%m‘nkﬁnﬁ untl the bcs-umdapj passes
thwowcalv o0 Pmr\ts P&deq.




@ We codhinuounsly deform T s.t- ik Hhas botiy
1 P& d o iks boundary.

TS Can be done \Oy m-ov{na
center of D’ along the
bisector Line bebtwezn p &£ Q.

. Re contbinug ttll we Wb o

« o
. MF . beivd peint se P
° ;«;,ZJ'&\“QM
y .":;‘:E; f) IS A& VLrlque uvcle passing
¢ * tk@m«zlk P.4.5S.

Also, DN (PN 3st) = D CPNRsY),

THUus ne can specefy the poinl set POD by
-SPZO"J%’V“% CP,CL,S; Xp,X%q, %) ; (P,q.S) are fpo-::nts
dzf\;fvinﬁ D and =z, € Jo,1 1 states vohether psint
* 1S5 R o not. ITn the absve cae (t vs (1.1,0).

There are < &(%) different subsets n F
Ccsv\taim}\j Mmove Bhouw~ 2 ch‘n‘ts, o ok
such swbset mabs to a ¢ canorlcal’ Jdisk,
there axe (f;) suck dists & each dlsk
defines ok wmost dcferenk sulosets,

St arg unentabien tmplies that there
oxre ok most 4(_2) subsets thak axre dedfined

by oo paur 6 poinks thok weolizes be
Alametev £ the ﬂoesmm}\j dosk.

\%f=1+n+4<2)+ 8(2) < 40



@ Insight Absve argumentation gives a
Poerfind +tool - shacttexax'ns A G;Jﬁ o vrange
Spoce dvecednac}v oy & jlaw\;lj of 3'\/\0\?@5 18
Mnays bounded. by the nuenber of. points
thot deteermine o fam;ly .

TS somexmes madces AL anore comenient

W wWworek Wit s%aﬁa\(au‘nﬁ dunn, tnatead. o;f
ve dilmension.

Example : S\na,ttem,hj dLmenston
95— arbitrarily orrented
‘Pe.ct'a.nﬁbes s bounded by &,

Dual s‘ha_’cte,\o-unﬁ dlmen s,

R > —— = Pewnts
Definition 20.2.8. The dual range space to a range space S = (X, R) is the space S* = (R, X*), where
X* = {R, |p e X}.

s*-s b 0 o
Dy | D2 | D3
pr || 1
Pl 1
(A) P2 1
p3 || 1
pa | 1
ps || O
[p1 | Py P2]Ps]|pa]ps]ops| ps || O
D111 ]1]1]0]0
(B) Dy 1 1 010 1 1 1
D;| 1|1 /1l0o|lo|o0]1 (€)

Let the dual shatter function of the range space S be n¢(m) = ns«(m), where S* is the dual range
space to S. P Cvn)
Definition 20.2.9. The dual shattering dimeng#on of S is the shattering dimension of the dual range
space S*. Alternately . il shaMer i fo for S s the marimoes nunbo Q?Fg\-.-d—;
Tak are crealed wte— vestricted L, m seks T Duad shalleviy dia. :r& S s
the et A5t Telnm) = O(m?) ¥ m,



Clownn + Dual shatter'ng dim of disks s 2.
— Disks intersect cach sbher ok aost 2 Whes.

The Complenity of owrangement of
n dusks s (2-(2)), e, 06

To mantauwge At e need af Azost one
potnt (n every inter sectisn Combinedh s c§ 'ranﬁes
in R
Fence, number og_ TOng2S  Tn xX*< B m\exf‘\&

e—g. oxmanﬁe,meﬂt o§ ronges an R_= O(@>*), a

lemmet: Consider a vange space S = Cx, R)
with. ve -dinm d. e the duad Yansg space

Llemma i-f o Y’anae, Space S=CxX,XR) oo
Jdual .S/Tﬁa_tte_w_‘ng dILmensitoit S, theyr «LsS

ve-dim s < §°¢®

Pecof © The shattering duim o§_ Lol vange
Space S*¥ s < §.

By Lenwmae B, ve-dum of S* &7 vs o(s Log 3D
Stnce the doaaod range Space to ST s S,

we thave Sroms the pbrevicus lemma

VC-dirm (SO £ 2 =

— TEUs s very usefunl whan S’ha\,Fe\s TN JR_are
stple. 3 we shav the = N-\8 S}\a%&e\aiﬂj

dimn a§ R vs o). we also obtin Ve- e 1S O,



§ £-nets and g- samples.

— 2-nets are combilnateveial ob\')ect Bk
caotcehes or tnteprsects it evenry Yange

ca’- sw‘ﬁ:'.‘c,tfefrb s\ze. .

Definition 14.4 [combinatorial definition]: Let (X, R) be a range space, and let
A C X be a finite subset of X. A set Nv©€Avis a combinatorial €-net for A if N has a

nonempty-intersection, with every set R € R such that |[ROA[> €lAl:

Definition 14.5: Let (X, R) be a range space, and let D be a probability distribution
on X. A set N C X is anle-net for X with respect to D if for any set R € R such that
Prp(R) > €, the set R contains at least one point from N, i.e.,

VRe R, Prp(R)>e = RNN # 0.

Here. , PPDCR) is the PYob. =2 S 5 .
o Po-\}\"t cdhosein accov dins

3l o e e
> 2D is in R.

5
Notz., combinatormal defn, v, e e e
covers. to e sebbtnj

O] Ya Y2 34 1

when 2 is unifoem over A

An g-net with € = 1/4 of the unit
square in the range space where the
ranges are closed filled rectangles.

° The minimum sanple stze thok centadns
oo £-net CS‘F < - Sam,p\a) con. be bounded
T teerms of the vC-duimension of- bhe
range spoce .



§ Tthe Z-net thesosrem

Naive Womd/\:

let (X, R) be a Vanoe space Wit VC-dion A= 2,
let Ac x voirw |Al=r.

Hren there exists & combinatsvrial g-net N

foe A of size ot maost [dlan/<’l.

Proof i let K be the pvojzat'm o R on A
By Sauer- Shelod thesrem, R =« nt R

We take a sample of RK=TadLan /2] points
of A, indepbendently & uvnifoemly okt vandom.

For cacd sekt S €& R wibdr 1SN A1 > £AlL. there
S oo coPyvesponding set e R
So o pount n cur Saunple is in S it PrEds 2 &
Then P Lowr sample muisses a given set 577

= (-
There arve m? sudr sets o censider: [Fom @t\

Apply(ng vwruen bound. . Bae Prob that the
Sample nuwsses ok dleast one suchh & s

L n-el)f ([« nT e < e

TP by pv»oba.btb;s\xé: method , there 75 o0 st N
05— size k. Bhak nUsses no set ¥ € R

Hence, N is o g-net for A. a



Novo wWe prove Ye mouin thesren Bat s\houas
. . n
existence Og_ e-nek of size OC% ’Q”"’_E:) o Lot

e Ttheocrem: Llet (X, R) ba a ToNoR space Wit
VC-dion A ond ek D be a pvop. disbeibubon
on X. For any 0«38, £ 2., there s on

™M = OC%,&W%—\- Jg,e_n—z\—-) such. Bhoct o vandon
Sample feom D f stze m 1S an g-net Jor X
Wit proboabiUty ot Aleast 1-5-

Prock

Let ™M be msebog— ey Mdep@q&en‘l‘: samplas Arom
X acce. to D.

leb 1= 138 € R 1 P (S)2 & and lsaoml=0%,
t.e. B,1s the event thodt M (s not an z-net for
X wrt D

WNe want to shao, P(e) £ 8.

For tis, we 9o beyond. the uvnion bound O\Woad\.

Choose. o~ secand. seb T of m indep. samples from X
aee: D -

Define, B, = {3 S ER] Rep (S22 2, 1snMil=0, 30T 3 in%_}

\:o\lovo\‘nﬁ ‘ermmea. shews Eq & &, have svovalar
probabi\Wtes . st vial oo E5 S En.
lemmal: fove m> 8/e, P(E.) < P(EN<L 2 ®(E,)
Preng i I§ event €, twolds, there (s some & st
lSaM1I=0 and R (S)2 E.



Hence PCE2) | ®(E 0B) _ ) _
® (E,) PCES) = P(EIED2 ?C’T(\S |2 < /é)

S D
Now for a Afixed vonge S’ and o vandom sample
T, the vandom variodle | TS’ ] bve oo btnomaal
distr B(m, B (57)).

o Ry (s)> 2. usina C\nzwmoﬂ: bounrds :

-2 &litns)
PlTNne < C-8) BLTNSN)) £ € =
3= E m2 8/2]

—'L"'L'm'e- —em 1/
PP\ TAs < (1-Ldme) 2 o 27T 28 Joe L
Hence, frem (D & (D, P(E) £ 2 ®(E)D. .

Now we bsund PLE] by ppob. 035 Cw {gqoge,r: enertt ‘{-:—2’.
g={3seR| I1samI=0 and ISNTI 2 em/2}.

) o _gm/
o lemma 2. PCEN 2 2P(E) 4 2 PCESY £ 2 (2m) 2072

M: Az M & T are vYocundom san«P\e.s,voe assume. to

choose 2m vyandenmn san'\{:\zs and pap"l’;\%ﬁs‘r\, 'Pcmdow\ly
vnto bod equal swveed seks M& T

Fovr a fﬁxzc@. Se R, R=e sm/z, Let

Es:= {1Snaml =0, IsnTI> K}
Thus event meomny (MuT)ns > K, but ail Hese
elements were PRaced tn T and not in M

So, ocwk of CZn) possible parttions o5 MUT. ne

cheose. one of (2 k) partibont Wwhere o cement
of S s in M,



dence, P(Eg)< PUIMastl=0 | 1samo™l = K)

= C*25)/ )
= (2m-k))Im ) /(2] G- W)L

—m(m-1) ... (m~-—K*x1)

K
<
(2m)(2m-1) .. (2m -R*1) ™ =z =2

—2m /2

By Sauwer-Sheladt theosrem, the P’P@ec;bx‘vv\ a§ R

o MUT Ao < C_ija‘ vonIes.
Hence, U\B’khﬁ Lo bounds

P(ES) & (am)t 2 *™/2

To complete the fp‘ﬁcﬁaﬁ o-jP E-nek theovrem,
we mneed. to S\’\o‘l/o WGEOA z(_z_m) 2"3’"’/2‘ )

F o L64 z

edy., we reed Em/, 2 Ra(F5)+ L (2m).

o > %xm %, e/, > (275D,

To /S:\:r\(sl’\ e sheo €:YY)/4_ 2 d L~ (_24”\)

[ Fock: of V2L 2 2. e 2‘7/,6145 ]
Use Y = 2m > l_‘ioi,enlés y A = 162‘, e thave
A \6 d <
> —




8 Appucation
Probably Approximately Correct (PAC) Learning.

We are given & set of items X and ~P 2
o prob diste. D is defined on X. <,

o |

A btnaﬁ)’ cLa.ssij‘co\h'm/\ 15 a sweset ¢ <€ X st

oAl Ttems v C ave Rabeled 14 and 1 X\ C are
L abeled. -1.

TR ccmc_z,p't class £ is Be set o;? oI POSSC"@\Q
clocsst fications defined by the problem.

: Lea,nr\,ir\_ﬁ aLgo tan acecess to ORAcCLE (C,D)
that produces oo por (x,c()), wWhere «~ 2D
and c(x)=1 f xe C and -1 otherwise.

“ NWe abso assume the classificabion problem s
veolizalble ,iv-e. JFE L, Py (O #+cc)) =0.

Definition 14.9 [PAC Learning]: A concept class C over input set X is PAC learnable'
if there is an algorithm L, with access to a function ORACLE(C, D), that satisfies the
following properties: for every correct concept C € C, every distribution D on X, and
every 0 < €,8 < 1/2, the number of calls that the algorithm L makes to the function
ORACLE(C, D) is polynomial in €' and §=', and with probability-at-least 1 =26 the
algorithm L outputs a hypothesis h such that Prp(h(x) # c(x)) < €. J

1 ool
OKP'PY-’OX{ rnc‘cl:.el_y pee 4



TPeorzm © Ay ferite concept dass L can be
PAC-\cavrned o1ty an = 6‘—Q,in/61+ ,(LV.,%—') saﬁ\PL&S.

Peoct . let cre £ be the correct classification.
A hypothests 4 s “bad” if Rey[h(=)# EI]> €.

P[ oo bad . s consistent wiHL o vrandona SO\rr\P\e_{)

< C1-g)™

Using vrkeNn bound s
PL 3 bad £t s consistent wita o randona Sovrxp\est)
< 1l Ct-£0™

£ & [an m=Lnlel+tag)])

-—

S0, we rveturn Ohoatkever £, s consistent vt
oJL Mm ’Y’Oxr\écs'rv\ So\'rr\P'IQ — oML Bhhese aare “Neown - bad N

By assumpbeon. an ceseveck classificabov e <,

Ak Reont o sucl, 2o ex\sts.
|

— Note thhak X can be l‘h/f\?\»"’l’-‘&.
So, i s lateresting Bhak ne con PAC-demen L2,
it Sau-r\P\e ccw\P'\z;Q’\"Cy fﬂéa,‘)aerden’t C‘!,S_'n,
Note: A concept c\ass s eﬁﬁ‘u‘ex\*ﬁj PAC Learnable
14 Ahe o\Lﬁo-w'\—’c\qM YUNS N e Po)ymc‘n\&b\ﬂ. N
the si2e of provlem , Ve Vs
Hera, we are only interzsted. in sample conplaxi i,
C_cﬂ’r\-pvdca\’cfcwmk CAYY\P\ZX{’D] May not necessaeily be
polymoriod. 11 .so\mp'le, “a2e..



° Can ez ™MmaAake Somr\P'\L Qcm\p\leb fr\a\@P Qﬁ 12\ 2
- Can e extend this 4= fr‘gcx‘rvi*t@ concept classes?

Say., we are learrung interval [a,b] e R
Concept class 1s collectiomn crge cdl cloxed itntervals
n Rt L= L lxeydlneyt U

let c* € £ be the concept to be Llearened .
2 be the Mpoﬁ:\n&sﬁs returned. by oux &ﬂ@o.

Tﬂmnﬁ Sset T is collection O§- M\ 'PG‘CA""CS A aon
ﬁoo‘vv\ N

lekt «e T, if € Ca,b ] it (s o ~ve 2rample
e\lse a -ve Lexample.

A

aoxl_itoo.
- @I{

41 !

A\ﬁoi OD |
M »o sau—rxp\e, S 'FOS\"\:{VZ. \“ [
vebturrn., ‘teltwaol \nyPcﬁ:\/\esfs .
else vreturn (c.d) Where o, d ore smallest
and Larcest +ve examples among the somples.

)

r@e

Q. WPt (s the fP\oob ALUO molkes an erevoy !/

{’E 2« € La. bl For 9(/% [:Q,bj’;(k O\Q‘V\\CLV.S retuyens — 1.

Crse 1. Rey (el 1)) < €.
o the aloove foct . prob cg? ety £ &



Case ., Prpy (€ la,bl)> C.

e > M =

. T Zme UV R b eray)

C ‘\ ‘\ e Alf < 9\ ﬁ
G/L <€ &/ﬂ_

Sowy, > a be smoMest val s t PY*JDQ:Q/":J>>/ e/Z
ond L<b be Mwﬁest vl s t- wa@b’,b:l)a 3

SO; a—/‘é 6"
v S\‘MI‘D\/CCJC)D] ossume o< S

9f ALLO returns a Lad bypotihesis then ermeor> €,
N }'f- Sa.mp]e Poin%s' f,e,UL n Ca,a’) and Uhb, b)) then e

wondd thave veturned Ce,A) 2 Cal,y] = :\fsm& N

So. WLbad hopotinesis) £ @ sople points dudyt
({m&kzx‘n Ca,a’le” [b, b’l}
ecther
The prob. thalt o trouring set of n points
does net contoun any examples fronn eifther
Ca.a’]) o Cub, k7] s

—&n
< 2( -2 < 2¢ 2. <cs.
7
Yoy C)"\oosfna > ZLmLZ/ZD /E,.

e E-net & VC- doim 321\@»00&#@2\5 BLS 1Tdea.



Theorem 14.13: Let C be a concept class that defines a range spaceiwith VC dimen-

siond. Forany 0 < 8, € < 1/2, there is an
over oo set

d d 1 1 Pcir\‘ts X
sz(—ln——I——ln—)
€ € € 6

such that C is PAC learnable with m samples.

Proof : leb < € £ be the covract classifircatiow,

e ce. . A(e. e )= {fx]c(_x);ﬁc,’(_«x)}
collectk 5w cg”i ok possible sSeks
‘:3 (:;:t) j; A (;(; C:') l C: é; z*f::;% c?; F’Cﬂ‘\*is e?f <iJ»SC?{j1?£Z€1rV\éy\t:

+th the cerrect classy j'-\ Cobon,

aeS ol
0¥,
lemm & ve-Dim (X, A()) = ve-Dim (X, .2).

= For any S & X, Lekt L5, A()s be Pro;}ecb\'m,\ )
of (x,L) and (X,4(0)) on <. et el

8(Les,
cas)
v\zde,f\.ne, b\decb\m/\ b: s —> A(s)s by <
u\s n
’mapp’ma "N S & Ly to Acc/ns cNs) e ACC) CA
Teen for S X, 1 &sl= latisl. and S s
shattered. Ly ~C ff ¢t s shattered by A,

Hence, the Panae spaces Have same VCe-din,.

#Y. Shen for S C X, C s shatered by &
‘.7% S s ghoMerod by A (e

To complete the pvozr;f e:_f-izmma, ne Need
o show b (s bgeab‘w.



Toke c,c” € £ withh 08 #* "N S.
Then DYy € S sk ¢/Cy) #= <y,
1005, assume (Y # clyd bwk c(y)= aly).
Then, ¥ & & (Cn8.eD NS
bub vy & Al(e”AS. caNS).
Mence,, &A(cTNS, censS) F A (e"AS, ens)

Fove the other dlpecGon. <4 o C,c” £ £
st Alerns,ens) #+ ACC"K\S,C/\S))

then Dy €3 st A(yH)F Cy).so OS#C”’NS |
=B

TPnve A VC-Dian (% A(e))) = A, Bhere e2xistz
m=0C¥ ¥ + Ve an Vs ) st sample of snge >

s e-met fre s Yanse-space wWop 2 1-§.

Mence, r.p, 2 1—=2 it dan monenmpty ntersection
with every ekt A lch ) thak e prob = &

l.e. ALGO Can 2Xcdunde any hyp . ereoy prolb> &
- )

° £- saple provides stronger guarantees.
— &k madntauns velative probabrU by \/\)Q,o.g@\t
A Serr R E R WDIHhLn error of e, axnd-

ne2dn just addit onad O(Ve ) factor in sanple
SR,



Definition 14.6: Let (X, R) be a range space, and let D be a probability distribution
on X. A set S C X is an é-sample for X with respect to D if for all sets R € R,

S ﬂR/_\a Relablve Jred,-
|PI'D(R) — | S| | =€ of o vange.

Again, by fixing the distribution D to be uniform over a finite set A € X, we obtain
the combinatorial version of this concept.

Definition 14.7 [combinatorial definition]: Ler (X, R) be a range space, and let
A C X be a finite subset of X. A set N C A is a combinatorial e-sample for A if for all
sets R € R,

JANR| |NNR|
— S €
Al IN|

Definition 14.8: A range space (X, R) has the uniform convergence property if for
every €,8 > 0 there is a sample size m = m(e, §) such that for every distribution D
over X, if S is a random sample from D of size m then, with probability at least 1 — §,
S is an e-sample for X with respect to D.

€ - Sé‘\*r\,?\.e, theorem -

Theorem 14.15: Let (X, R) be a range space with VC dimension d and let D be a
probability distribution on X. For any 0 < €, < 1/2, there is an

0 d1d+lll
m= — i —e s —lii—
€ € € §

such that a random sample from D of size greater than or equal to m is an €-sample
for X with probability at least 1 — 6.



§ A’P’P\XC&U\:\“SY\'- Aa’nosﬁ\c Lzarﬁm‘nﬁ.
In PAC learning > We assumed. there s oo Fe &
Brak 1S correct o all ttems tn X and so

conJorms With ol eramples tn trauning set:

— Bukb ‘tY°0u;r\,Cn5 set can hhave ecevrsor & bBere
may Mot be any correct cimss{j\‘c_a‘b‘cwl o .
on OQ_%Y\OS\U\C /&Z&mhﬁ N the 809\1_, [y :&'\‘\_‘r\d\
o nearly best ciaxssw‘g‘%‘cab‘m,\ c’ <.k
Rey (/) (D)) £ wnf Ry () # () +&
L ez

cevveck c\mss\‘jﬂ,
a-na\/ ot be tn 2

I§ the tralning set define an S5 —sample for
(X, A(e)) then alseo oo smﬁ(u‘e_/\ﬂy ANy,
exounples o estimate the evror prob of eackh
e € to b oo aldlitve evvyor 6/2~

Ustney &- sample theoven , o\;ﬁmostx'c Reaysrnan 9

ef o concept class nirth VC-duas L requires
d a A 173 s les.

O C o L = + Y Lo S ') NP

2

Theorem 14.19: The following three conditions are equivalent:

1. A concept class C over a domain X is agnostic PAC learnable.
2. The range space (X, C) has the uniform convergence property.
3. The range space (X, C) has a finite VC dimension.



tg APP\XCﬂU\:\'—m«S © Dota m.u\;_(\S

® E—sh‘moch"ng dense m%&bwﬁm&s.

very lowge
Given - h/*ypou;n-\cs in IR%S  p=(y) we R,

Qoo : Whaok Aractieon o;_ povnts are distance

C AppLhcation Opanung newd if‘a.gbchy/ bustness |

.
. “
'S
<

Ne dejcthe, roNge space (R%, R where R_
tncludas ¥ (x,y) € IR* and- v~ e IRT. set of
o povnts tnside the disk c§ ~w~adLua ~
ecenteved ok (2y)d.

Const ant
ve- Duan e§ e Se,to?? all dasky = 3.
wWe can sample o randsw, set of oC—alaLn —é\?)
Pounts and grve Jost approximate answers
t ol the quermes by scanmhﬂ only the
Sam'\P\e_—
€-soenple thesyem 3uxcman"bees e 2 18,
We car) ansnweryr sk due’es LOITBuns & o§
the covrvrect valuwe.

We can also ik Jor ober purposes  suda o
Capprox) (denti ffing K densest dusks.

— St lar 2Rample : Rense seardhung.
Cthove many points are included. n & query
vectangle 7))



@ Mining  fregquent ttemsets.

— Given: A set of items L, o. collection of
transactions T> where ecad~ tronsactiow €T
S S L. — Bot |TIT| are Large,

CGoall: Hnd set o§ ttems Bhak cppeor \n
2 B feaction of. transacKons .

Say We wrnk o dharacterize fireq > G o be
Seeg uent Ttams :f*oe_q <L G- to be 'Cn/ﬁeectw\t.
Sred. [6-€.87) can be CLM)O’\@’U\Q’V\.O

The number of possible of bransaciows
= subsetz £ T s g1

Even for transaciions 0§ S\ £ L. Prere can
be oC1xl%) o then ohida condde be freduent:

Crbro ULanj C\/\zpnoi—(f\— wmon bound oL e
-QC%U« L B+, 2)) samples are mneeded.)

E-sample. does betber |  transackions that taclunde S.
FW&%SQI,TCS)1={E€:U’,S§_E}
let R= 3T |s&x L the mox size of

any ‘tran sactiown

Clasim : VC-Duwm L(THRI) < L. 0= dabs set

— A transacbhor o? stze £ Pow Z.GL subsets ,
ls ther’efdr»e, ncdduded. v &£ = 'Y’af\De_S.
Now, tonsider S 2 7, (Re={ROS |Re JZS

Then l&)gzﬁ o S Cann betm"\\g o Attt 27



TPus Mo movre than L bronsackt ona
Con be shatterod. = VC-FJaon =4 .

Hence, by €-sample thesrem , w.p. = 1—-5.

o sounple ef size OC’Q/;_z LmL/a + 1/57_ 2.:4,1/5)

guarantee ol itemsels are accuratelsy

deternmined. to withuin &5 of Bhedye brue

pPropoY "o

— THALs Vs ensnof to fer\’G:)C/ jfoeq/u«ar\t
{tenmsets.

§ Rademacher Crsmlple.xw"cy.

— Beound > <can d.e,P,enok o Bhe ‘t:Pau:rv:r\j

— CQerneraolizeos to mmf\\oz:napj —fu«wc‘tzm.



