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Definition 11.1: A randomized algorithm gives an (&, §)-approximation for the value
V if the output X of the algorithm satisfies

Pr(X — V| <eV)>1—36.
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Theorem 11.1: Let Xy, ..., X, be independent and identically distributed indicator
random variables, with i = E[X;]. If m > (31n(2/8))/e*u, then
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That is, m samples provide an (&, §)-approximation for |i.
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Definition 11.2: A fully polynomial randomized approximatioryscheme (FPRAS) for
a problem is a randomized algorithm for which, given an input x and any parameters &
and s with 0 < €, § < 1, the algorithm outputs ani(€; §)=approximationto V (x) in time

that is polynomial in 1 /¢, In8~", and the size of the input x. /
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$ Appucation @ DNF counting problem .
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> Naive appwoac/h, :

DNF Counting Algorithm I:

Input: A DNF formula F with n variables.
Output: ¥ = an approximation of c¢(F’).

1. X < 0.
2. For k = 1 tom, do:
(a) Generate a random assignment for the n variables, chosen uniformly at ran-
dom from all 2" possible assignments.

(b) If the random assignment satisfies F, then X < X + 1.
3. Return Y < (X/m)2".
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DNF Counting Algorithm II:

Input: A DNF formula F with n variables.
Output: Y = an approximation of c(F).

1. X < 0.
2. For k =1 tom, do:
(a) With probability |SC;|/ Z§:1 |SC;| choose, uniformly at random, an assign-
ment a € SC;.
(b) Ifaisnotinany SC;, j < i,then X < X + 1.
3. Return Y <« (X/m) Y :_, |SCi|.
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Definition 11.3: Ler w be the (random) output of a sampling algorithm for a finite
sample space 2. The sampling algorithm generates an &-uniform sample of Q2 if, for
anysubset S of <2,
p S|
r(wesS)——|<e.

12|
A sampling algorithm is a fully polynomial almost uniform sampler (FPAUS) for a
problem if, given an input x and a parameter ¢ > 0, it generates an &-uniform sample
of Q(x) and runs in time that is polynomial in Ine~" and the size of the input x.

E-g. for FPAUS for independent sets (1)
wpwnl = oo Swm,p'(’/., G=(CV,E) and o parrameter 2.
Sample space := all independent sets v &G,
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Estimating r;:

Input: Graphs G;,_; = (V, E;_;) and G; = (V, E;).
Output: 7, = an approximation of r;.

1. X < 0.
2. Repeat for M = [1296m?c =2 In(2m/$§)] independent trials:
(a) Generate an (¢ /6m)-uniform sample from Q2(G,_;).
(b) If the sample is an independent set in G;, let X «<— X + 1.
3. Return 7; < X/M.

clemma When mm> 1, 0K E < 1, above aﬂ_go
yteldn on C €/2m, §/m) - approx Jor 1.
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Lemma 11.7: For a finite state space Q2 and neighborhood structure {N(X) | x € 2},

let N = max,cq |[N(x)|. Let M be any number such that M > N. Consider a Markov
chain where

1/M ifx#%2yandy € N(x),
Px,y= 0 zfx;éyandygéN(x),
1 -Nx)/M ifx=y & self-leop

If this chain isdrreducible and aperiodic, then the stationary distribution is the uniform
distribution.

Consider now the following simple Markov chain, whose states are independent sets
in a graph G = (V, E).

1. X is an arbitrary independent set in G.
2. To compute X;;:
(a) choose a vertex v uniformly at random from V;
(b) ifve Xl' then XH—I = Xi \ {U},
(¢) if v ¢ X; and if adding v to X; still gives an independent set, then X;.; =
Xi U {v};
(d) otherwise, X;+1 = X;.

This chain has the property that the neighbors of a state X; are all independent sets
that differ from X; in just one vertex. Since every state can reach and is reachable
from the empty set, the chain is‘irreducible. Assuming that G has at least one edge
(u, v), then the state {v} has a self-loop (P, , > 0), and the chain israperiodic» Further,
when y # x, it follows that P, , = 1/|V| or 0. Lemma 11.7 therefore applies, and the
stationary distribution is the uniform distribution.
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Lemma 11.8: For a finite state space 2 and neighborhood structure {N(X) | x € },
let N = max,cq |[N(x)|. Let M be any number such that M > N. Forall x € Q, let w, >
0 be the desired probability of state x in the stationary distribution. Consider a Markov

chain where
(I/M)min(l, y/m,) ifx #yandy € N(x),
Px,y: 0 lfx#yandy¢N(x),
1= Py fx=y.
Then, if this chain is irreducible and aperiodic, the stationary distribution is given by
the probabilities m,.
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Consider now the following variation on the previous Markov chain for independent
sets in a graph G = (V, E).

1. Xp is an arbitrary independent set in G.
2. To compute X;1:
(a) choose a vertex v uniformly at random from V;
(b) ifv € Xj, set X;+1 = X; \ {v} with probability min(1, 1/1);
(c) if v ¢ X; and if adding v to X; still gives an independent set, then put X;,; =
X; U {v} with probability min(1, 1);
(d) otherwise, set X;11 = X;.
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— o powerful method for bounding e wadz of
Convergence gf Maekeov drcuns.

§ Variatlon duistance & n\ixfnj Lme.

Definition 12.1: The variation distance between two distributions D, and D, on a
countable state space S is given by /) okes U on [0,1].

1Dy — D2||— DDl(x) Dy(x).

xeS

4/10

/o Yo
3/10 @ ----- D1 ?/)O.
2/10 — D

)
Q, 2
‘/lo A= 1, al
0 1 2 3 4 D, ) = Yo T Yo"
x B, (M) = Yo+ 7o~ 4>

Figure 12.1: Example of variation distance. The areas shaded by upward diagonal lines correspond
to values x where D (x) < D,(x); the areas shaded by downward diagonal lines correspond to values
x where D,(x) > D,(x). The total area shaded by upward diagonal lines must equal the total area
shaded by downward diagonal lines, and the variation distance equals one of these two areas.

Lemma 12.1: Forany A C S, let Di(A) = ) .., Di(x) fori = 1,2. Then
D1 — Dz|| = max|D(A) — D»(A)|.
ACS

A careful examination of Figure 12.1 helps make the proof of this lemma transparent.
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Definition 12.2: Let 7 be the stationary distribution of an ergodic Markov chain with
state space S. Let p'. represent the distribution of the state of the chain starting at state
x after t steps. We define

At)=p.—7l; A(t) = max A(0).

That is, Ax(t) is the variation distance between the stationary distribution and p', and
A(t) is the maximum of these values over all states x.
We also define

T.(e) =min{t : A, () < &}; T(g) = man 7,.(¢).

That is, t.(¢) is the first step t at which the variation distance between p'. and the
stationary distribution is less than €, and t(¢) is the maximum of these values over all

—_—

states x. /

CoMed n’u‘_xfr\j Lme og MarKev dhaiw:

~ Achasn is eopidly mixing i T(2)=poly (input, Sesie)

3 Corpleng :

— A Senexrrod '\Zo\nru_‘q/ue, j:o‘r> bm&inj ij e

Definition 12.3: A coupling of a Markov chain M, with state space S is a Markov
chain Z;, = (X;, Y;) on the state space S x S such that:

Pr(Xip1 =x' | Z, = (x,y)) = Pr(Myy = X' | M; = x);

Pr(Yip1 =y | Zi = (x, ) =Pr(M,1 =y | M, = y).

Lemma 12.2 [Coupling Lemma]: LetZ, = (X;, ;) be a coupling for a Markov chain
M on a state space S. Suppose that there exists a T such that, for every x,y € S,

PriXr £ Yr | Xo=x,Yo=1y) <e. o
Then M )
SM\?Lr\ﬁ.
t(e) <T.

That is, for any initial state, the variation distance between the distribution of the state
of the chain after T steps and the stationary distribution is at most €.
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EXAMPLE 5.1. A simple random walk on the segment {0, 1,...,n} is a Markov
chain which moves either up or down at each move with equal probability. If the
walk attempts to move outside the interval when at a boundary point, it stays put.
It is intuitively clear that P!(z,n) < P'(y,n) whenever x < y, as this says that the
chance of being at the “top” value n after ¢t steps does not decrease as you increase
the height of the starting position.

FIGURE 5.1. Coupled random walks on {0,1,2,3,4}. The walks
stay together after meeting.
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state.

Alternate C_O’V\P»Qz—‘r\a . Choose J e [n) LM/-JC ok randon.
Obtauwn Xy :ﬁ*vﬂm Xy by mv\n‘nﬁ 9 tn COJZ?- o -I:-op.
let the top card by C. a

2=
To obtasin Yiirr fromn Ve move the card 0. voliue
C t» the "b&f ,

— TPis 1S o valld ccu,P«QJ_}\j, an n bothh chauns

o s

prob. o- Speo.‘j‘fc, card. is moved +to top = Y4,

— With this conpling . ff Same card C moves bto
the -I:o:P, £ vemoinn Tn Be Scame ?as?%f-m/\ A
Lot the dhauns |

— So , boo cebiRs are QC’V‘F’M once every card
s been moved. to the top ok least oo,

— TRss s Conpon colle ctavr’'s 'Pmoolo\em,

Novn PL a S'Pe_c,z:f‘c card. s not moved ~to \‘O"P
@ef-ter’ N A n + on Step]

-C

p—

Ut bound. = P L2 a card mot meved. —to top
o Reoot once’) < g—°¢

Toke C=2n()e) = e °=¢g.



So afrer nlnn+ (V) S%QPS, prab. Bhaat
the chadins have rnot CUM.PQQa. ‘s &£ 2.

So, conpling Aemma. ~“aply the variation st
betveaen the U-Y'\A-:fb’\"n/\ distbribution and. the
Aiste. of the state of the drhown after ~n(0f)
steps s bounded above b, Z.

Messasg 1 Quck COV\PQ-“;\ﬁ = Ciezd ine

¢ AppUcabion : _tnd.epz_ndzn‘t sels 02? Foxed si'ze.
Consider Markev Chain ohose states are indep.
sets of si2e exoctly K.

Define @ anove (v, W0, X)) ¢

choose ¥ & Ky ond (o0& V, 1ndep, &W{-odcpamdm.
If W Xy, and (th{v})u lwlis l'r)de,P.Se.t then

Xeger = (Xe —hvi)o £N}\9 Keg — VAl
ke n /(oa+2)

HRY ! Sheovo Bus chadn is ZPﬁodA‘c,AEEX 'z 1),

Ne show thakt thus chadn s raptdly mﬁxu‘r\j
WWhenever k<L M /(>A+3),
Y@r K%,m,q_ s discannacke -



CmA)PQ.x_rxﬁ on Ze = (Xe, Ye):

For conpling, choose ve Xi, w eV valf ot randow
and pexsj:m"m wove (s, o, X)),
for bransthien ok Vi
5 ve Ve, perforvn move m (v.wlYL),
LY, pzwfovm move m (W, 0., YL), where
S Mj{: nosen ok randeovn from YL — Xy

lek dp = [ X — Vel measure the dfference betdezn
the two Cnd_z/\oex\dzr\'t sets after t steps.

We’ll see e CJ/\OJN@ZB ]gj ak et 1 andl d S
MDYV e /QﬁKeiy to decrease Bhan lacrease.

ve Kg. Case 1. v e Kg N Mg

The~ A Pemaouns Soume (f no chasn mowes or i

botin manoves (then o gets deleted & wis added.
cn bottl),

Then demnereases’ onl, of one HF TRe chauhs move
L the oter does ot

50\7 Ky meveo A Ye At
— 2lther W€ VL lowk W& Xy
o m e N (Ye-V) b N (K -v),
VW2 VY. moves & Re At /;\k‘ 's wka—ogmﬂ
X t—doayno% mov.e Y{, dezonot meve

TRwm 1y must be oo '\rzr?-b _eX ov mm&?ﬂ\bw ojl
o VEvtes tn Sek CX[._ —Ye ) U bei—'xk—).



Carse 2, : 9 € K\ Y-

l.e. 9 & Ye- moves: mCU.w, XKe) 5 (sl v Y ).

e & Ye , V&KXt , £ both moves di decyrenes .
Con botth L have Wt &)
TS nAppens whan

W 1S Not \n Q<t— UYt> oy thely
na%\bms.

—1\F -9

A bothh does mok meve, A rPemolis same.

I ore moves (Say, Xi) & cber dees Anet (V) ten
WIS 1n (\/t— ') or Tts Nnaugtbors,

So d Can not Uncresse in Tha's coe.

()
Ssame. AZCrzm .

§v\(>j>o&2- I > 0. Now |[digy = devl |means ok t,
st be
¥ s chosen freewn Xy MYy, and v s osen st

Hhepre s oo transiBHosrr oo exac,{:(y one o§ Hhe
chauns .

X \;— doa,brnoﬁc mov.e Y{, dezonot meve

TRwW? 19 must be oo ve_rv-be_x ov o ﬂm?}l\bo—w ojl

o- v2yvetes tn Sek CXE —Ye ) U be ——><y) 1 AXx]

P! / gasﬂzz
TP (A, = e+t (> 0) o Kede 2 (a+1)
) .




CAa22 7
If ey =de -1 | tren ok &Zme £, veXy, v& T,
s Sugjc\‘u‘zn% 4> cansider the Crse rohes

WIS nectheys al vizvetex o anzx%&bowo? oo

veyrtex v Xe U Ve — 43,070

P = dp -1l A >0) > o}_é, (n— QR de-2) (A1)

o
A
Hence , fEY’ dt>O, ve K{FY@
Eldeg 1) = de+ PCApq) = e+ 1)
- (PCd&_\_'\ = d-l:"",l')

L dy + R—dt 24y (A+1) _ e N —(Kaedy —2) (a+1)

K_ e K o
= a3k —de—2) (L)
de (1 . )

—
-—

< de (- o CeEr2)Caxt) ) (> o)
e A >,

Once di =0, both chadivw follos same poctn,
So, F‘E'Educ.(_q \&:O}:O,

Using property o§ condi tronall expectadtaon ,
ELAirr ) = B ®(deeq | D]

< ﬁ«;((dt (1— N Q%JLKZ/%)CA—Q—'K’) >:]

el ) (1 - Gx-2) CA—H))
Ko ‘

1




E>7 induction,

Eldy) 2 do (1 — ﬂCAK~BDCA+\)]t L ®
Ko ‘

Since ., do £ K_ A =2 0O-

PCAe =>2]) =« £ Cd) C By Markav)
s k(- mex-3)Car)Y ()
Ko ‘ ®
< Ka—tcr\_czk 2)Ca+1))/Kn

[- ket (n— (3k-3)(a+DM/kn g £ D oF (n— (BK-3) (AN /K g

rn L, Ces™ ")
~Ge-3)+1)])g kN (k') > T(e) s P — - — —
> [n-Ges) ol ¢ n-C2%- s)ccw\)j

So, wwhenerez e N— (zx-2) (a+\) =2 O
e, KOS W/CEQ—\—B') , RHS or e varT ot e
deistance. NV ae s te O.

The chaun

-oTE) < KR R (Re™) /71-5 vronp iy
n—(z2k—2) (a+1), mixIng.

=

— Clhedr ok RAecture notes 63? /‘vste_s 'j:mp
practce problems.



