° Mavekov Chauns & Randowt WalKs . Ch+, M-U

— Definibions & Pepvesen'tc:ch‘sms
— AppRications: 2-SAT & 3 -SAT A&ﬁos, s-t osvmzc:l:(v%%y‘

> A Stodhastic process 8 = { X&)t €T I /s a collectimn
of randon variables.

The index t often vrepresents ttme and- & modelo
e voline eg oo RV X 'tmtc,l/\.o.m_ﬁes aver Rime.

X)) or Xy stare of the process af &LGme X

1_5: Y+, X toakes valuweo /fbo‘h/\ wWTfOL.bLy ffrflfu.'%:e
set, then & s discrete spoce process.

IS T is & countably tnfindite set, e & is called
a discrete tTrme process.

§ Markoy Choun i A diserete &zme stochastic frocess
Xo, X1, .- IS oo Maxrkov chatn <f

rPCXt.:aL- I Xt"'l: at—'] ’ Xt_z = ab-—z) ey, ><O= Qo)

= P (Xe= Qul Xeoq = Qg )

— Markov properbty ov memowryless property means
State X, cvdly depends o p¥vev stake Xyp-1°
buk s Undependent of Pistory of Roro Ara
process arvived ok stote Xe-t- Note et
A does ot Sy Xe s (ndep. oF Xo, -0 N2
Just impies thok Ar~y dependency of Xy on
Lre post {s coptuved i the vale of Xi o




- Ne il assume duscrete state space c§ L
Marker chatn s L 0,1,....% anadt Lhe

‘baar\sv-l—;fo"n PZ’OW‘LLLE PU = FP(-XE ,—;J;] \ X -1 :'i,) 1S
the Pprobobility thod the process moves S
L tp j ‘n one strep.

Markav property iaplies thot Markew chain 1S
wrvguely defined. by oo bransrbien modeeix -

qu PO,'I ... Po,\') .
Me= | & -
P Pi0 Py oo

ekt @i (+) dencte e peoboli Uy thodk the process
s of stote  ak &Eme k.

PG = (Po () @ (). ) be thre vector representation
of disbAivuton of stottes of chadn ak Lime .

P )= Z,p; (b-1) By, B =P (-1 Mo
)

Define ™m-step bransition probabilk, :
-

P™ = PUXpn, =5 1 Xp=1) = £ P, P,
J x>0 =

(2 Pém‘) be maodberx dQ'E:I'I’\Zc:L by ’ﬂ’)v-SJCE:F tran siho
Wob&lm L{*b':;s \ W\@’MP&”"D ;MP . M.Pcm—’() = MPC’H\) :M;
T‘Bw\/.),f—mﬂa.ny E>20 and m=> 1,

e (t+m) = p () MT:\



: Gropth. Representation © Diyvaoctod. we).%ZJ:eAL
@?0\1&&, sez/g Reosp allonwed , vofen:%l’/\ted_ Md%h’é—&o_
s 1.

> L L 3 a3 8 20 oL Gai8r2H2
0z T ATENRT gt Tt aa gt e T g, ma

\G2-
Soy. wWe @re interestzd- tn prob. ok Sotng See

S—t-a‘{—:e, O t state 3. Just WMS,?;
n 2 s’he.:(s.




§ Applicakion: Algovithm for 2-SAT:

Setisfiobiiby CSAT) problem :

Given :© A Boolean formuwla @b 9iven oe
conjunction (AND) of a set of clauses, vwhere
each clause is dxsbmuw (oR) e Riterals , where
oo Litevrol s o Boolean vaweialble oy ks naﬁacbésn.

GoaL Asswﬁn Tweve (1) / Folse (F) to Uxe. variables
S t. o dauses are Sa&asj\e_d
KeSAT : Each dause Rovw exactly (K Literolo,

EKM\:Plz/ ch_ oo 2-SAT FJorerula !
(U VGIN(EVGY)A (VX IA (20 V)
Onre. sahkﬁ\hj a,ss125mmer\ti Z=1,% =0, % =0,%g=1,

T AN exasrple of vnsolisfRalle farmunda:
Cogva Y~ (e vag) A (g vig) A (g v xg).

e Z’SAT O\LS'O : Cm\‘:u.r Son Wit LLL (Meser-Tor cdes s
. — 9t is for SAT wlo ony»”ﬂ"“,‘;'x
lr\P(/\‘l:' : ™ 'nWY\bZX’ VM\ O\.Ible.s — Moser- Tordn 'ﬂ"‘w\a—i"’l’;
™ : %Cproba.lo{\,;—bj of BULC_Ce.SS)
Ao _

1. Starrt oL @ ar bt ’hoaqoy trutih O\SS\a’mmen'l:

Q. R.e;(;e,out V\P-%O 2 mn? «e:UY‘Z—S ‘te—r:n'u.r\acb.nj »& UL
Adauses are saksfied:

() choose an arbibrary cddause thak is ansa't“sfx‘ecﬂ,
Cb) choose Mjlm”w\ly akt vrandsv . one o} Ra
vavrvioles in Baak cause & swrtcly s value.

3. I:S: oo vadid. beuwtia sttﬁ?\mef\b Las bzzy\,vco-uuq&,
vebuen -

4. Otherwise, retuwen M-fcvw«la o be vnsctisfiable



* Ao there . variables, a SAT Joemuwla e OO
distnet cddauses.

let S a S&d:ﬁsagm‘nj oxss{jmmefﬁs $or> vaxriab\es.
A; @ Variolle assignment oJrer UVt si\:e,P.

X; @ Nuumber of vaxa a b\es 'K\,a.v\‘r\j saxmne v llume. v,
A & S . ne

‘Mclnn"
tol 450 oy
. . [°X4 stnte.
So, Xy =+ = salisfing assignment: @1;

ooo = 60T
62~‘H"5\/0,sz‘r\3 doecs Xk toke Jor X to veach M ?
Obvsewwvatbon : TPCX;+1=1L I ><\~=O)=1‘

Now swppose, 1 <L K £ n—1,
Consider cn u«\sa.,t:sji‘ed_ Aause C-

S must oblsaﬁwee Wwitthe A o ok oot s
the vaceiables In C.

So, 1 we Yandom svartcl, one og”; Lm0
variales in C . prob. HEmatcies hcresse iS5

) — .
lP(Xl-_'_,I:\‘),,_i IX“=:3)>/1/2/> /K—FUYKSAT

. _- S — . R,V Ky
POXin =gn kgD <) T
i
S: 1 O .
. 1
Is Xo, X1, - a MawrkKovy chaun ? jc'p .

— Not necessaeily, !

Whether X ncereoases depend. on Whether A
or S oU:So.gwae, s one or -bhoo variables (v the
Irocen uu\.SmﬁI‘S:f\‘ea. dause . TRus m%&t deperd
fazg® PM'L‘ /eulsi—;zj\iy , Which. Aauses Barve booin
Consideyred. i the past:



So wWe use Hre Oco\lom‘r\j Markss chain Yo,VY,, -,
whicte s «a pzssx‘ww'stb version of- S
stochvastbio process Xo, Xy, ...
yO ‘—‘Xo
P(Yier =g+t [ Xi=3)=F )
TPCV|+\ = J'—i [_ Y.‘ '.:‘3) =]/2_

So, expected Bme ‘o veack n S'ba.wtﬁr\j GQPUVV\
Qny pornk | s Rarser for Y Bhan X.

TPhus Markesy dhan models oo vanden oK s
o directed 3‘\”&\19’8» Q.

) ‘ Y. 1 7
Ve vtices : {O> SRR ""L}. @ﬁ,ECD”;— é@@
Edog - (i 1+1) For V=0, n-1.

Z) LRV 'PQ,PY’Z/sarV‘:'Cﬂg number O’_,S- S%—e{)} Yo veack n
Sf’qya{';fnﬁ f\»o-yy) stacte \) 'B\\')'-: \%[%j

2— From ho e

Ob860\/0\.’b"6ﬂ : ’B\, =0, o = ’&\,1 + 1. o;LWo\/S nove ‘o

'b‘« 1. TN «Sﬂz.?
v 2-SAT. &y > E[mwnbarog_ Steps o
@) o Fully motch S when
S'\,—aﬂh}\j Seors Ao ol

matdes S in 3 \oc,ﬁrb‘w:)

@ P I e
':(__‘_'29.—1



El20= BELL i+ 2+ Qr 2]

= - = NP 1Ly & N-|,
/EU —J—Z + "'Jé_ + 1, For )<

Also;, Ky = O, Ao = H,~\.

We con shew induetively , fov 0L <&n-1,
Boase : )70 A hy=Ro—-1. waﬁzb

Xo=Hh,4+¥L = L+ 20+1 . S
TSucthon:

We darve ’Ev = e?); + ’8\72‘—"‘ + 1,

= ’E\j+1 = 24, —

)T N T2
\———-lxemmc—vwl
= 2R - y+2G-1) 1) 2
= —Pfj— 23—1_.

n—\
Hence, o=, +1 = f,+1+t3 = .. = 8 (2i+1) =nZ
i=o

Hence, fovr a Satkjl,mhﬁ Foemula e—xpecbe_&

Nuen be v c§ S"L‘eps, o fondl oo gab_;gﬁm‘nj
jCDPmV\Q_Q, e n=

SO, usin 5 Maye vov

P(Z > mmz) £ D - L.

—_— =

'Uksfns rorr 02; wePz:Uu‘—b‘sv\s - e can \‘mp'aocve
fu\(b’tif\}@/".



THhesrem :

IS P is satfLsfradble.

A—\Do veturns coweyeeck &Lssig«men't P> =2
1S so R ob\e

IE @ is uvn 3Q _brvion

Also is albavs csyreck. 2ant=

| 1
| ] t }

—
e }p_xwznb
mi let ¢ ke gahsjc\‘ab\e, L‘} i
Divide the executhiown into saﬁ'wwen"bs o§
2n* 5”62?5 eacr,

\

In cach segment. probo o‘g\ sSwcCen >/\/2

Eusin6 Marksv |
So the pwob. Alge falls after m segments
s < (BT

B TR cbonk  delzrministic poltime
O\Lﬁos for 2SAT.

Ex'bend,«lnf) 2-SAT A\go we S"\:\Adv\] 2 -SAT
§ 3-SAT Algoeibhm :

3-SAT Algorithm:

1. Start with an arbitrary truth assignment.

2. Repeat up to m times, terminating if all clauses are satisfied:

(a) Choose an arbitrary clause that is not satisfied.

(b) Choose one of the literals uniformly at random, and change the value of the
variable in the current truth assignment.

If a valid truth assignment has been found, return it.

4. Otherwise, return that the formula is unsatisfiable.

S




3-SAT is NP-Aard, so ne deatl 2xpeckt m *o
be 'Poljfnow\da\l., Tl o

Stk Rae o 2-SAT, we obtaun fOUb’vG\‘a’\S:

‘ . L 1 xi:'nu\mbePOj
PR =g+ | X0 =7 ) >/;5 amiabics baving
. SN Ve e\,
[PCX\'-H';.D_'IJ Xf:j) = /3 Ac s,
O {
MC: Qﬁ\/ﬁz,\f%%f)
\’PC\/\-_\_,‘—'—iIV.‘——-O):’l o & @)
‘ move Llkely
\?CV,-H=3+1\\/\-=3)=1/3 Ao o Ao
_ . . LA )
lprn‘+t“J’1 |7’{=3')=2/5' X W

Ts gives seb of eduabow:

/?’\.Y\:O

‘Pﬂj = 2!:.)”" + Ryt oo, 1<y en-|
3 3

'\)/\.»o:/e‘i’*"\.

HR : Use inducton £ show
Py = by + 20%2 —3
whaal,, TpWes
% _ontz _ 2_5+2 _ 3(_“_3)

S o= 2" _4a_3,4 = 829

T TRUs s quike bad an there are ondy 27
possi\ble O\SS\émwxen"l's,



Con we taprove ?

Observotions -

1. If we cheose an nithial assm‘gnmen—b Lux{jcmom\y
ot vandon , then the numbey o vayriab\és
thokt match, & Paw oo binondodl distel bution
with mean " |

2. We are move Rikely, to 50 bo O Lran M.

So bettey: to vrestart bhe Preocesse {,} e
are ot successfud after some Proe .

Modified 3-SAT Algorithm: Scho rvlnﬁ's A\ jopi-lrh,m

1. Repeat up to m times, terminating if all clauses are satisfied:
(a) Start with a truth assignment chosen uniformly-at-random.
(b) Repeat the following up to 3n times, terminating if a satisfying assignment
is found:
i. Choose an arbitrary clause that is not satisfied.
il. Choose one of the literals uniformly at random, and change the value of
the variable in the current truth assignment.
2. If a valid truth assignment has been found, return it.
3. Otherwise, return that the formula is unsatisfiable.

RonAevn clsteet Auldee cQa b )7

let d e the prob. that ofter 2n steps we
veach S, after sfaﬁh}\ﬁ frevw oo rand.eom O\,S_Sfc-ofh,

A be pwob. thak after 2n steps ne rread.
S (o stme other so\t‘s_ﬁ.\‘nj 0\591‘5“3’\7\/\2’\"17)7
O\rfta‘{’ s%cur”'tir\ﬁ frona  on o\ss{%'r\ ment BaaLC
VA exactly 3 variobles thodk do snot agvee
wrth, S .



(0]
Nowo, [V O’g- ’E\,a_\/(nﬁ exactly K_moves deww

oande C_K—\-j) moves wp N o Secllue.nce, o:} Kg@
CJ—i—ZJK) mMoves =

- () Y)Y
nNe are tnterested in N4 2 < 20, 34 g
Now, consider sRu AN corse K=:), ‘e 336%94 s

s a2 (iﬂ(%}%;ﬂ% ( For £=))

NESTESY SR T
Ny o\ 4 (3}(}) -y 20

Coonere C =

w®

@/gﬁ—r ~ 0.1222

® Jollons From S ling Jeemula S0 0 > O,

Nz (Y 2 m1 2 2 Jomm (2]

/é' \P[ oL randem assiﬁmmef\t W] ..
)= j mismmatones it S

J=I < //—r? .-2‘)
S - PO [ ) &n
2 & (EYZL(5) () (D R

- =GYEY EEOEETT= o]
= (s



Assumung & is sodusRable, the number o
random o\ssx‘c@«\mef\%s the process breies
Ioé.'j:ch’—& j:u\dx«nj a sa\ﬁl\sz,\‘nﬁ assf%'r\maf\'b,
IS on 3@%\2:\;\@\‘0 RV o1 Ho Pa.\”a.me—ten qg.

Exbrcted- nuber o} ossimnments oervod = ’\/CE
Eacl. O\SS\'%/hmef\'t‘ uses 2n steps.

T Lnuunber Of- steps =L ol solubsw iSj-zswcb]
= 1.2, Eﬁ?m@h;\k’ @
a4 e hppotie s

= C'_AZL)Y) J:g_ 2n = O Cn,?”é : (_4/3)7") — @

TRALs s & Mente Carlo O\Lﬁﬁ‘r—'[’b\/\ﬂ/\'

Se"d:u:\ﬁ ™ =23, the prolb bBhak o
O\SS\'j'r\men"L— ' S j‘—a’u\nd 1S < 27 B’ u_sﬁ‘r\ﬁ

SN \ar ) une~ts e in 2SAT onalysis, =

—}m’ E-SAT, saamz Aralusys Rexados A—ag@,’)m E - 2,
% CJ;assIﬁ‘Ca_’cfm o§ states -

Definition 7.2: State j is accessible from state i if, for some integer n > 0, P, > 0. If
two states i and j are accessible from each other, we say that they communicate and we

write i <> J.
In the graph representation of a chain, i <> j if and only if there are directed paths 0.° Q-e

connecting i to j and j to i.

The communicating relation defines an‘equivalence relation. That is, the communi-
cating relation is o e‘e a

1. reflexive — for any state i, i <> i;
2. symmetric —if i <> j then j <> i; and
3. transitive —if i <> jand j <> k, then i <> k.

Proving this is left as Exercise 7.4. Thus, the/communication relation'partitions the
states into disjoint equivalence classes, which we refer to as communicating classes. It
might be possible to move from one class to another, but in that case it is impossible to
return to the first class.



° A Markov Choun is lieredueible <f ol states
'OZQ.O‘Y\% £ emne commmw_bnﬁ closs.

[ T&s growt. mepresentodbion is 4 STeonaly eonnected.

- Recurrenkt & bransient states.
let 75 dencte prob. thak starting at state 7,

tJ
the fuest transttion to state J occurs at

bhme t.

Fiog=P(Xe=] and, for 1£S £ £-1, Xs#£] [ Xe=1)

— A state 1 is vecuerent if é,\""b~ =1,
1,1

' tronsvenk ij g1 < 1.

" A Marksy dhaun is recurrenkt 1f every state
inn the cdhaoun s vecurrenkt -

* Denote ’a\,UJ &éﬂb "(’ > the expected. time

to first vreach jc‘ﬁcnn/\ staote 7.

“ Is hi,y findte in oo vecuwerent cdhain ? N |
(Note stake v 1s vistted 'Ch/f‘n'r\/l‘:'alj O?‘t‘ar\) '

© A recurrent state 1 s bositive recurvrent

iF A £, otherwolse b s null vecurraent:

Pe Lnot rebuening

EoD2® D@ - et 4 mpra t Seepe
z > Li—\— * ~
QLA R LT

J=1 )+ vl




Hence, stote 1 'S vrecurrenk -

r _ not '?z_tu.r»rv.r\ m'\:wpm:\ —J
T = % Afrer £~ stzp} ' %’[ on jtzp
=
e

o0 co
- x 1 ) .
- é: B, = i—t-ej_ > Which s unbounded.
= t=1

For nuil v2currenkt stakes. Tt s necessoey to
S ave L‘x'\,aq.‘vul'lre, ko r o§ staktes.

lemma: In a findte Markov chain

1. ok deast one state (s vecurrent, and

2. ol recurvenkt staktes are posttive reecurerant

e P@O\‘Od&.@‘]ﬁ :
@A DD
Va2 2 0
If the chasn starets ak O, after odd (resp.

avern) number o’§ moves «F 's o odd Cyeesp. ,e_veyl,)

states -
P(Xers=) | Xp=30=0, unless 21s.

*Defn: A stabe j tn a discarete ttme Markoy

o (s pericdue £ there oxists an inte ger
A>t st P X=3]Xe=5)=0 unless A|s.
— o daainisipericdicy 1§ @ny of its states s
pevr odic -

Apevicdic = not periodic. Co: v)



Defn: A operiodxc PosH:-{ve, vecurrent state
(s an lergodic state.

A Morkov cheawn 's epgoaie | cutsistotes

are erod.ic

xNE w"zfr
lermmma @

© Ay funite, trreducible; aperiodic Markey chain
1S CQun Q;Pfjodie Hradin

§E><arfvp\e.-‘ The Gambler's Ruin:
— Fxlr Fambling game be bhee . boo PLaye.r’s.

— In eacd~ vound , o \PLo.xj—e.P s 1 ?wp VL
and. Rooses 1 F WP 5

— T2 state &% Hhe sys’cam at epme £ s
the number o§ =’s wWon \::_7 'PLa.yaP ane. .

The game stopsS when P\ajzw L wins £, T or
Locses &, . VOrhat s the tp‘po]o. P\_@a,e_'(’ A NS
L, = 7

A 17 12

2 2 2

E - SOEOHOE )
Yo 2

Then —& arnd R, are yecurrent stotes.
A\l otheyr states are transient , an Bhexve
IS o nen2ero prob £ veadng & and L

let Pf be prob. that, after t steps. the chown

is ok state 1. Phen for —& Li<t,, Lia BY = 0.
J t— 00

vecuprent | 95\4‘\:4’ @



I =pin
Let d be the prob. thoat Hre game ends vort

PQﬁ-yQ—V’ 1T wWnreng Ly Z, we cold Bre dhouin nan
Aosovrbed. tnko state L, Then
_t
Qe PY =4, Wns P, = 1—4d. .
L oo0 L2 E—oo —a CL @
L,Q,{:V\)be,-’c‘haﬁa:.meg-?(zmge,n’l a{g—baﬁbsﬁ:eps
TPer ﬁ:_:i\,\)b} @) fmﬁ ary t b}’ ‘NAnction . C 5am¢

TPums, IEE\/\)bj 2, P% =0

‘ = Yo
o L BLRE) = 2,9 — &4 (l-4) =
Lo
= - &
1 Ryla

§ Stotionary Disteibutions :
A S‘Ea;\:mb’max:y dister bution Cor equalibrivm
distr. ) cf a. Markor chain s oo prob. Arste,

Fordamentsl thon of MC: p 2o
Theorem 7.7: Any finite, irreducible, and ergpcﬁc Markov chain has the following
properties:

0. Al stotes are ergodic.
1. the chain has aqunique stationary distribution 7 = (o, 71, ..., T,);
2. forall j and i, the limit lim,_, P;.,i exists and it is independent of j;
3. ;= lim;_mo P/t',i = l/h,’!i.

"’Ij:-we/'r’u_n the cdhouwn bsv\ﬁ Zr\cu%& the ol state
s rnot impcrtra.nt and. prob 0’,3_ b@}»j in state 1
ccnvexvﬁe,s +to My .



Note: o b'x?O_P"C-:‘be, Cperiodsc) cose there s no
stationary JdAshead buthen . It 5:‘05322,5 be tvaeen
o pav tLhovs vn consecuwtlve steps,

Lemma 7.8: For any irreducible, ergodic Markov chain and for any state i, the limit
lim,_, o P!. exists and

i,i

1
t—>o0 7’ hi,i

Theorem 7.9: Let S be a set of states of a finite, irreducible, aperiodic Markov chain.
In the stationary distribution, the probability that the chain leaves the set S equals the
probability that it enters S. ~

Theorem 7.10: Consider a finite, irreducible, and ergodic Markov chain with
transition matrix P. If there are nonnegative numbers @ = (my, ..., T,) such that
Yo mi = 1 and if, for any pair of states i, j,

miP,j = mwiPj;,

then 7 is the stationary distribution corresponding to P.

Theorem 7.11: Any irreducible aperiodic Markov chain belongs to one of the follow-
ing two categories:

1. the chain is ergodic — for any pair of states i and j, the limit 1im;_, P;.’l. exists
and is independent of j, and the chain has a unique stationary distribution w; =
lim;_, o P;’l. > 0; or

2. no state is positive recurrent — for all i and j, lim;_, PJ’.’I. = 0, and the chain has
no stationary distribution.

Cut-sets and the property of time reversibility can also be used to find the stationary
distribution for Markov chains with countably infinite state spaces.



% Roundon wooldks o undirecked. 3"(’0\1’56\5 : G=CVFE)
Finite. undirected , connected
Definition 7.9: A random walk on G is a Markov chain defined by the sequence of
moves of a particle between vertices of G. In this process, the place of the particle at
a given time step is the state of the system. If the particle is at vertex i and if i has d(i)
outgoing edges, then the probability that the particle follows the edge (i, j) and moves

to a neighbor j is 1/d(i).

=

(Y “w s
10 3 3 0 0

1 1 1
23 0 3 3 0
P = 11 5 1 1
341 i1
L0 1 00
50 0 1 0 0

.lemma 1. A Pandeona woldK_ on aun wndirected
9’1"@?& G isperiodsc Jf Qs not bfPo_r:t«'te,

— For the vemainder of the seclion, e assume
O to ke ot bx‘Pa_pb"Ce, e ag(;effo&,cc_, o
Uuse. theseem 2.7

A on-pipartate
* lermma 2 A vandone ook on | G converses +o

——

oo sta,tu:rnapy stributisrr T > where

A (~3)
21\

T =

o v C*\’N.—Eb_nc, teme «S—’wo‘v\/\ w o v) E-xpec,te&
time ‘o veach state g, s’c:éuo’cwuj ok . o

cormmulbe t«'_m& = ’ﬂ\,u’\, -+ 'ﬁ\,\,’u



- Defn : Cover zme ! The CD/ZP)@&Y\Z,O;C; is Hhe
maxtmuan L ovey: ol verttes v e v of the
expected. #zme to visit ol of the mnodzs v
e 3‘W¢~F’& by & vandom wali s’t:a.n’ll}\ﬁ fﬁ’m\/\'\ﬂ-

*lemmma 3. e (u,¥) € E. bhe conmmube ttme
frav + Pv,u £ 2181,

“lemma 4 . The cover BEime O'g— ¢ s bounded
alove. by 2\E| (vl —1).

?»P%: choose. (T, o spanning tree Gg_ <y

Starting Jeom any vertex Vv, casider an
Eulevrian tsur on the S'Par\rvf.r\ﬁ trec in whacly
every edop (s btraversed. once in fach.

ALvecteen.
Jollss PFS
2(a-\) cdges
(=3 Yo, Fq, -, ’19_21\/\_2 be the Seguence G’S-T’H/\Q/

vertices _st-cm‘bu?\j Lo I =U-

. 2(vl -2
L Ccov <
er time < i P, e
=0

— é) Cﬁvo(,y —+ '{/’);X)

@’\0 eTKIZ:w > /;ﬁ:eo\ses in T.

< 21E( (Av\—1), =



ve\otes cover trome £ h s e

° Mattlheo's thesrenm @ The cover ime Cq 0'5-
groaph G it N vertices (s bounded oy :

R(n—1) min ‘Cbu,v < C’C) < Aln-1) ™Max ‘f"'u,v >

WV e S 'U:,LV:‘/V:
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Whevre #6) = 5,7 = n, the fharmoric number.

3 AppUlcation : AN s-t connectivity AN aov=i-ban,

Given : G=CV,E), n=]|vI, m=1B), s, &V

Qool : Determine f there i1s pata
c:o-nnecb,‘nj S anda t-

— Can be done by BFS. DFS (. Olm+rn) Lune,
bl mneeds S2L(L) space.

s—t Connectivity Algorithm:

1. Start a random walk from s.
2. If the walk reaches ¢ within 2n® steps, return that there is a path. Otherwise,
return that there is no path.
;1 3, c q_,_,,: - przgnl' vev\ex |
/# St OCler-)1ab 7 Yeed Cons. al; UiV
_ . . - N e
T~ LS o—r\ﬂd needs O Q%Cjw) lgL’(f'S , Whuao s gd' d-ogv
neczssary to stove vertex tndices. recd b gt
M,.y—.bif

~ For technnical S\‘meblol'\y, oassume O hasg awo
bwariite conneckad Lsmpoments. (o opply
lem 2 ). Bunk Con be extended + CL‘)ZI\Qf’aJ\ %’r‘&?']f\ﬁ .



Thesrem ! If there is no s-t path, ALLO s corvaeck:
Else i there exists an s-t path, ALcOo f=ils

wop = Vs

?ZG_EE-. Frorn Lemma 4, cover tme < 2Zmn <n>

(- m 4“0’\"‘7)
So, expected £me T Yo vead. t frem s

s odormost N3

Thus b, Mavkov , prob. 6’8— Jy\n-«.h.aﬁe,

PCT >2n?) < B _ 1 »
2n> =

° TEis Coun be thowspE og ~ Aistel oted.

3 e Fve some Rrocod- emory to ep el VZ‘P‘\'C)(

kK can s¥re the parenkt the vt Lne u vead-
Hhe veriex. Tge. FThe s-t path con be vramsteucte)
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