
 Randomness Algebra
Consider the following communication problem
Two parties A B EQUAL i Ty

string x f 30 15 YE 0 77

Determine if a y

At least n bits are needed in any deterministic
protocol

with randomness

With shared randomness
Zi Zz Zn E 0 73

A sends b E I mod 27
B checks if b E I mod 2

If X y then IP Error O

If a y then IP Error E I

If w 0 I w 2 0 mod 27 E I



Theorem Newman

f 0,25 x 0.73 0 1

If there is a protocol w shared

randomness emos E communication c

then there is a protocol with private
randomness communication to clog h
and error E E t Yn

E n bits string

É
a

Of w 0 then W G has Hamming weight
at least n

genegrator

Example of generator matrix
Vander mon d

I l I matrix

8 32 I
w

g
cu v r l

T
o I I E wi ji



Pw x If wi x mod prime p
Ze p E

A picks j E 20 l 1 at random

Sends j P x j

IP Error E II
Communication log l bits of randomness

O fog l Px j

o Freivald's matrix product verification
Claim A B C

n Fatties

With randomness A t C wi

Union bound IP Error I

mut O i



 Randomized Algorithm 8th March

Last time
W E O 23
w to p

ZE lo 3n
W Z 0 mod 277 E 72

Application
Ml A common protocol with public randomness
where A B can determine if their strings
a Y E o 13 are edual w communication k bits

IP Error E 42k

21 Protocol with private randomness for the equality
problem
Communication 0 log n bits Error I Yn

37 Freivald's algorithm for verifying matrix

multiplication

to verify if ABE ÉÉÉ A Bz ez for zedo.az
AB C IP Error O

ABI C IP Error E V2



Another communication problem
A B

N f 0 75 YE 0 13h

Assume a Y

Goal Determine if secy on y Ca where
x y are treated as integers in

o 7 2 2 1

i pproach
check equality do divide and conquer Dnc

Dnc log n rounds of communication

Need K log log n bits of communication per
round to get Yak Ign error prob to use

union bound over all rounds

Total O Clo gn x log log n

Interesting we can do it using Oclogn bits

An o clog n bit protocol
Assume w i o g
n is power of 2

Dnc can be thought of a walk along the tree



for a node of the tree

prefixu x2 left Get righto x

prefixu Cyr left Cyl righto 67

Initially V Poot
can bechecked as i

If prefix G I prefix y I Eavanite protocol

10bits
v v parent

If left a left cyl Repeat
20 Log ru v left child times

Else
v right child I

If u is a leaf Cat i th positions then

determine if an Cy or Ti Chi

Analysis Let l be the left most leaf where
X y differ

Track dist coil
ftp.t.gg a

C I

claim If dist vz l 0 then

P dist Cute l dist Ozil 1737 I
30.9

m



T 20 Log
IP dist Ut 1770 E I Chernoff

Expecting to login net movement we want only
login

W Z is a polynomial of degree I in Z Zz Z

Ihomffethemma Schwartz Zippel
Demilio Lipton Ore

Let plz Zz Zn be a nonzero polynomial
over a field If of total degree E d

Every monomial 29 zze2 zen with nonzero

coefficients satisfies Ifi ed
Then IP p CZ 27 07 E f

Z 2 E SN
SEIF

Bf by induction of variables n

PIE Zz 2 25 x Pk Zz 2 2k
t T Po Zz Zn

event
pic zz 27 07 or

PE O E
Pk izz 2n 07 and P E 7 07



IP PCE 0 E IP PIZZ 27 0 Ip
d

93,1 IP PE7 0 PK 22 27
to

gift Ifunivariatenonzero polynomial
of degree K

g to

Applications

Bipartite Matching

0 Given A bipartite graph a Court
U V God Does G have a perfect matching

Consider adjacency matrix I fÉa
M

ai i

det m polynomial in x of total
degree en



G has a matching if det M is a

nonzero polynomial

Substitute for Xij random values from
7 2 223 then from polynomial
identity lemma

IP Error E Ez In

o Note dat am I can be computed efficiently
in parallel

MATCHING E RNC

Application Tree isomorphism

Tn Tz are unordered rooted trees

13,87
keep one variable for
each level

Zo Z Ze l length
of longest

root to leaf path

of u is a leaf then Pr Zi
at level i



For a node Q
i

fi P
it zi p

Zi Pui

Unique factorization of polynomials
implies Pt P if Ti Etz

Degree Pt E nodes e n

Pick 2 22 Ze E 40 m2

we dont need t open the polynomial
compute We do it efficiently like a circuit

0 77 amount coma with shared random men



 
Edomite
Algebra Randomization

Input A positive integer N n bits

Output I if N is prime
0 if N is composite

If N 2 output 1
Fermat's little theorem

If N is even or N 1
If N is prime thenthen output 0
an I 2 mod N

If N ab a b 7,2
for all AE N 1

then output O

b at k
ÉPÉE e 21,2 n n uniformly of N is prime then

62 2 modN

if an I I then output O bei lb 17 0
mod NIaf if an na

y then output o

Imes if a
k s then flag s Ffa I

gedcaN L

If Flag 1 then output 2
Else output o



offered
Claim If tr is prime then IP Error E 425

third step w p L 1,2 N l

dd

egg
a

Claim If N is composite then

IP Error E I
Suppose 7 a E 27 3 N 77 s t 9 1 nod N

otherwise there is no error

This implies that for at least half of b s t

b n mod NI bln 1712 I 1 mod N

this isactually v
n nix was 8

IN N X Rnz isomorphismbetween

a 1 a mod Nn a nÉd Nz
1 IT 1 1
I 1 1 1

L C 1 17
B f e y

Samaras are 1
but they are
neither t nor 1

A on 92

at V2 acn 1712 921N 712 1 1



can I Yaise to power It will give f i i

similarly I 1,921
o u till

payUtz Ci l

q C2 B
92 H Ch B

on Ig
19 az

Nz I 9 Az

Ni Nz I 9 az ged
N i Nz 7

Chinese remainder theorem 1

Solving quadratic equations mod p

x2 bx t c 0

1 f P l
There is no known determinist's
polytime algorithm

ok fat
quadratic residues

I Need find nonresides moderoot of
5 a c

Q How to solve X C O

XZC CX XCX D

10 t



A 2 RCP 7712 y

B a x 1712 1

Compute ged a a 24 17 2 s

G 2 if B is not a root of Ape
a is not a root of AG

x Px s N X r p 1

0 Q G R X N B
Intention

Pick r s E 27 P 77 x 40 P 13

Consider Ocn s

achy
Suppose ged Cd A

N r x

x x x B PX s d rxts B

Mex H Gt E

pots L or B this is one root

We are finding h L



i e 2 pests B Plats

E
As G la M is non singular



 Randomized Algorithms

Xs 20 13 40.13 S E fr

se E ki mod 27
its

Given Access to f 0,23 20,23
IP f x Xs x I E E O

Goal Determine S

If E Ya then S is unique ft

then S S agree with

to compute Xs ca fat fats
where my 30,13

Then we get success w p Ifs
independently
Chernoff

Repeat say no wgn times w h p majority of
the value mil give you the correct input

Compute Xs 97 Xs ez Xs cent



Xs Pll
Xs P1
Dos N

th to parities agree
disagree at exactly half goof the places

Suppose O C E E Ya Ikea

Ks I Genaro e og
it

God Given access to f list au such s
in time poly n Ye

Gold reich Levin Theorem

talos E
v2 we uniformly at random

from 0.13

for TE CE define VT E V 2 vectors are
produced

Guess bits at Car Az at f 0 737
Define at Ear

IET



To compute Xs ei ft I N

majority At tf Cutter TE Ct
T 0

21233 21,473

Cm If T d then Vt E 0 23

Cm If T T then Vt Vt are independent
pairwise

Note they are not mutually independent
U273 V42 V21.23 4 are not pairwiseindep

but not mutually indep

If I XsCon Xs V2 Xs Ve

then be at t f rt teil
are pairwise independent
IP by Xs er I E

IEE jY
IP Majority is incorrect i.e

Raj bt Xs Cei ET EN

rap f r

E These areBy Chebyshev I É É
m variables

Lo 1 Variables
there are

set t log Iata



so N Ian A Error EI

By union bound if
a Xs un Xs Vz XS VA

IP Maj denotes each Xs ei correctly

7 1 Eko

Cycle through all choices of Car I Éti
For each compute Majority bt determine
an S

let P Ls s is generated for some choice a

cm S good if IP Xs 27 767 Ite
IP A good S S E P 7 9 70


