Ch &
§ Sanple Complexity anct Vc Dimensior : M-U

Cn 20 , Notes by
Har - Paled..

Sampling = using o smolk set of obServabons,
esbvmate Py:ope_pbles og an efre sarmp«le, space.

Sample C.o*n«PLfo'\:y DNl S12e. swxp\e, )
obtasn the reduirad. result

O Range deteetion |, ’ 9230@
b Treelevn il e S V/
(@ Probabn Lty esttumation, 2 {. PR )

— Range IS just & subset of the u«o\e,w\.ytr\j Fprce.
— Goal s to use one sek of samples to detect
o set c%’;_ roaroes oy estiomate the prob. o§
vanoes [ the sot £ possible PaniEs can be
veolly fuse, @aven infinite],

For detechon, we wWwant the sample o irtersect
withh  eaclu vange . the seot,

riele /fm(’ Pyob. cstimation , Wwe want bhe
feactiont of ponts v the sompPle that inbersect
Wt eada eanse e Be set bo ax‘Pp-Pox\‘mo\'jce_
the assoc. pyob. of tre ranog. L3

A.. Co e OB seme cmple bose s2e i
ihc\qo.eméz«ﬁ' O;F Yo rruwnber 0? v aNges 2
el dﬂ_,(oehaLQnt o~ e shtreucbuwre G:F_ t=e_ s?ﬂ\CQ:’



Q. Assume e are 3‘fvzn. o Yraone Ca.b) wid\ o
Md@ﬂ\yx’rg vk ovae ?’\ﬂob. dasty . 6D e~ LO 1’) s. t -

>, €.
® s (xeCax 2)>

WV\— M\) ma.ny SMPRM CgJD\AQ.‘hZQZ.S.‘t' VO-‘P‘>/"-—5'o
ne dave ok least one sonrple N [a,L)?

lek =, %o, ..., %oy bz @M Andep Sanrples n W
:f(:m ar. usrJKnNnovsre ALste. o@ ‘ L ze, 4
| V///) Tﬂ_

(&) o Y

Giver interval [, b, £ P(xre La, bl)> e,
then prob thak o somple of s12e m:Li,in/é

ntersects Ca,b) s > 1 — Q'\—é)'mz 1-&.

Givent K_sucii intervals , unlsn bound wotll shoo
PL o sample of stze Vg 4n K5 tntarsects aacl of
the L‘n‘l':e,')avm,(__s] > 11—k C\_E’)v@a.,,n/s > 1-5-

. , e Wwant seleck j%e_ua Samples frem [01] =t
oUL vt vols o4 Rength /16 coprtaans akb dloacst

one Po‘ﬁnﬁ' ‘n the sarmp\e.
— Teere arc x‘nj‘:\.‘r\ﬁ:e, suclhh sets. So uAaiton bownd
nont delp. Bt ten equidistant Pm‘r\ts oudL b
mo_reacl,y wWovk .

* indeed , we’'l see for g disbrt bubhion , a scuwp'le,
SPPS G‘)} <2 (e £, Y5 ) intersects all intervolds l/\ccv\‘rwj
Prob 2 €. WP = 1-2:

Ve dimensions & Rademacher complexity
felps in evaluwabion of sample complexity.



§ VC Dimension : CVeaprik - Chervonenkss dimension)

Definition 14.1: Arange space is a pair (X, R) where: XIS also Called

. j’Pcwmd =t
1. X is a (finite or infinite) set of points;

2. R is a family of subsets of X, called ranges.
sebt Og oM closed.
EXample c§ ronge space : o cntervals

X= TR, R={1labl| Ca,blc R].

Definition 14.2: Let (X, R) be a range space and let S C X. The projection of R on

S is
Rs={RNS|R e R}
-------- R
S= 2.4} P UZIEL LT Ry s the set o ou
el Sher” S possiVle swbseks of .
! rzé Yax‘ ......... 2 4
¢ ”

S = 2_2,4,6} eR|5 3{\/2.5 SevenN cji the @»@@JZ Possx‘\g\e_

?@‘f.,\%ﬁ%»b»gfe* subsekbs & S , _”rcept 12,67
", Vo-f‘(;\,\a\

— Ay interval Contrnng 2 &6 must comtaun 4,

Definition 14.3: Ler (X, R) be a range space. A set S C X is shattered by R if
|Rs| = 2. The Vapnik—Chervonenkis (VC) dimension of a range space (X, R) is
the maximum cardinality of a set S C X that is shattered by R. If there are arbitrarily
large finite sets that are shattered by R, then the VC dimension is infinite.

S VvC Dim o;? AbBVe ranﬁ& S’PO_CQ, Cw{’tl/v «Jw:f-?ni'bez
Pdh‘l:s g 'Patnae_s') S mgy 2.



Note: Ve dem (R) = 4 'z:ji toere s Sowme. S=t
o cordinaliby A thot (s shattered by, R
9t does not say alL seks 02’; c_cuoéhinaL}by d. are
shattered by, R To showwo VC-dim &£ &, e
need top showo (o sets of cordinadiby > 4
are not shattered by K-

° More examples :

Famil ol closed.
° CevwwveX Sets X = RS, R= the 7 % o<

convex sets on the pto.r\e_-
Clatm + Thus Pandge spoce as mfx,m‘l:a VC-dmension.
— Nezd +o showo, Jor any n € N there exists a
[t S ot 1S)1=YL, Bhok caoon be shatterod..

Sn = SLQQ,'XA}( be n Poir\"bé on the

boundary of o edrele:

Pmy suwaset Y & Sh. (X # defines a
convex set Brak does mot cantount
w\j anlm‘bs 1r SA\Y.

Benz, Y /s included tn the Wc\p}zc:b\lov\, of R o S,

Ermpy, set (s also o quOJec,’m'SVL an well.

Hence, ¥ ne N, Sh s sShatteved .

*Disks : X = R%, R =the fJamily of all disks on the plane.
Observotion: For any 2 poinmts sn the 2Rane (v
36"\6!”0&1- posthiow) one can Huad e*cgz\b disks
So thakt the points are shattered .



CNoe : Bus s ack rue i,f *'l:\»\e,?sw\iz owre
colonl ey, Howevey, we:)w/y\- 2z = sow
onwe. sek % Horee de‘NQ Al con ke Setevned’).

Can disks shatter o set ¥ wibh fouwr potnts @ A ab, ¢, d
—= Case 1: convex Foudl o§ P 2o o'hly 3 Patn'%s sYL
tts boundary, say a.b,c.
TPhen A= )La,b,c} camn not he obtasin oo o
'P'Y’O:)Z_C_'b\l‘f\/\.
Due *o C;Shvex{h}, Ny sk C,mﬂ‘bouim‘nj a,b,c
must Confouw d.

7 Case A1 oM 4 ponts are on the comvex Siull.
TRen o we can wealize ja,C ) & {L,d ac
projections | these buo Asks v\ intewrsect aack,
other ot 4 points — ol conbradiction

Nore . PQJ/\MS'K> ove
O\vjecks Bk Com YMICrseck

A £2 Gnen



§ Gryrovrobr Functienm

H dz_‘:ﬂ'e\oen'l: subsets o§ . a = L
st2e £ owk of n elements gc&'n) - é’ C" 'LB'

=0
n

For n=4a, we dave 3CJ~,’VL)=-2°\=2,
L <
For m>d 2. gAdn) &L 5 ér\,d'-

t =0 ”:I

By convention 9(0,0) = 1.

° The number of ronges Jor a set of . elements
SPONS fpolynmm,«laﬂg\y v L ( the Doveer b—e,cinj
dLmen Ston c:L'>7 instead o§ -expm_enhauy

- Observahon: YdM) =9 ld n-1)+Y(d -1, -1
J 2

ot o Inclunde includes ‘&‘rs‘(
-:ﬁvs\— 2lement Rlen et

o Sauwer - Shelafh theowren -

let (K, R) be a vonge spoce ottt [ X1l=n,
Ve-dam . Then, |RIZ Gla,n)(£nd).

%%: We pyove the Aasm by VY- A v 9 s &,
and. for 2ack o o At sr s M. w%’

A
Triviolly Folds Hor =D or n=0, ~ the- £ (dn)=1,

Take € X, Define
Ro = Lw\ 4t | 0 bl € R and »\4ix} e R}
RAX = {+v\3xi|lvre R ¢



clator: | R = | Rl + IR\'?Ll
— We charge eemants o:)’} R_to bhelyr corrs.
element v R\ .

TPe sy\!ly bad. case S vwher J~+» .t botio
YO Iy and v\ hn] are v R, oo B
these bue disTinet vonges gek mapped to
some range irn RN\ =.

Pulb sweal. mansz_s Contbrel bute Ao -Qxac;b\y Sne.
e ment < R .

2
We \\ shows  VvE dudnn c;f CX\{’U); 312,,(>é A-1 &

VC-dwan of (n N\l ék\x) s LA,
TTzan e’ N\ %Z/t

: TIS
c\”“m LY
% A
Sl RI =V R+ RN =] £ G la-t,n-1) j(_dm—l)
PN g ocam)

To C;SY\C,QJ.ACQZ?

(D ve dim of  (X\3xd, RN qal £ A

— fov contoradiction . assume R\/L'kl sbaotters o
sek S 2X\Axg of svze A+t

Nevo ‘S%Y enery R € RN\ i’zj )MVZ s e Caevs,
R € R s.t- elter R=2 o ®=RU Lo d,



T elther Coaxep , R]S Cor oo SOR = <N R
Tz, R sballers S oo WM, Cm\‘b”ad»\‘c,b\ba
VE-Dvns (X, R) & bz 4.

() ve dum of (X\3x1, Ry) £ A1
— for contradiction . assume R, sbatters «
set S 2 %N [t} of siee A
Nero j%Y envery R € RN\ i’?cj’ lboxh R &a~d RU{%J
Qre u~n R,
nboth oo . Rlg emdmine S ARUAEY)= S OR
Then R alos shatters S| — A wbadlictann. g

§ ve-dimension component bounds :

Bourds VC-Dinn cf— o C.c'm:e’\.e_x Tange space As o g crqf’
VC -dion of ks simpler components.

Theorem 14.5: Let (X, RY), ..., (X, R¥) be k range spaces each with VC dimen-
sions at most d. Let f 1 (RY, ..., RX) — 2X be a mapping of k-tuples (ry, ..., ry) €
(RY, ..., R to subsets of X, and let

Rf:{f(rl"°"rk)|rlERI,...,FkERk}, Q\‘\”C\Z
Squxrres
The VC dimension of the range space (X, R') is O(kd Ink). et

This yields the following corollary.

Corollary 14.6: Let (X, R') and (X, R?) be two range spaces, each with VC dimen-
sion at most d. Let

-
Ruz{rIUr2|r1€721 Cll’ldi’zERz}, \IJ} ”é
D
and y &
&}.l\
RN ={rNr|r eR andr, € R?. JC .
{(nNrln 2 } \4-‘6('\

The VC dimensions of the range spaces (X, R”) and (X, R") are O(d).



3 Shoct:teramfnj dlmension .

* Defn C Shatter j:mnc:ﬁ&w) ¢ Oiven vange space
S=(%X,R), <ts shatter funcbesn Tig G ) s te
M N nuenber eé’. sets Tthakl m?@\b bo

cre ol A by S when wvesSteicted. 5 subsets u—ja
Nre ™M,

™ = TnaXx R en B
5 () e \ RIE‘-
1Bl=m

° S\nx\:tewm;nﬁ d-imensiom U§ S s the smallesxt
]0 s. t- T\'S () = OCMP), :FS‘ﬂ Il M,

n

° Note © Tn %@M T ()= 2.

Corollary : If S=(X,R) 'S o wanoe space of
VC- Airmn A, Bhenm leff\/x"@, B C X, we have

| Rig | € e € g4, 181),

Peoeg: =B, so 15213‘[5*‘“5(\%]) Ec&;jf/&"i)
Troe >

< m)  ((Byss

‘,Z_MM -

= n

So, shactte\otnﬁ Almensioin c‘g_ o rangl Space
s bounded Iay ALs VC- i,



Shortt- Aan& VC dinn
Xye. c,[ose-

e
Lermmar @: J:ji S=CX,R) is oxqaaf\ﬁz S’PG‘—@Z ottt
shottering dim P, then vedie (S) 1S O(pleg p),

Reosf : Llek N & X be the ka_f’jes—t set shattered
by S and S =1N1.

e “¢-r\‘j co*rD]\G\ﬂ7 sh ¢.’H Hinn,

S 1 where cis
We dave. IJZ.[N‘( < n—.SC.lNI) 4 Cé/o & Constant:

= b lgc+ Py S
C )/ A et
2> p 2 Cd-2g9c) /L9 5 5 9,0 A

&
2895 nd T gz
Fack: fmauo/dz,fjtf‘;éj

ASSW@, > max (2, 2136), Wwe Aave
s P =2 S5 <« 2p L 6P

= 5 = 2(6(0)/&,,,(_6,0). [-’d«ew 2 & 2 e
=
= Advantasgt shatermny furcBows are Sometimes

easner g c«zyr\P\AA—e & Gveo Gooh Afﬂ(woxx'mc«"h‘c\/\
% VC - Adrmmensnsn,



° S\*\a‘t\texatr\ﬁ Alrmmen siom O"jo- dssks.

lenma - Consideyr vange spoce S=CX, R) , Wwhere
X =R* and. R 7s He set of dusks .
TRrei s\f\a_-t’ce\mlr\ﬁ = JWER cgi S s 3,

assume they
are (‘'n Grneral
PoSitiom.
%% - Censidev any set P 0-5\ mt‘:c'in'ts tn the
PRane and setbt F =R |p -

NWe daim, |1 2 4n®
The seb P conkadns oy m sets wibdy a stnsle
rPcSL'r\'b tn them & <L CQ_)SQJ:S Wit 2 points’ tn them,
So, fix Qe F st Q=3

(D Lek sk D realizes Qe PND=QR.

(2) Shvetrike D 1 its bsundowy passes Hrvrouwst.
a PG\IV\t .

@ Contnue, s\«wm‘nkﬁnﬁ wntl the bcswdo\pj passes
Brvoush Hoo Pcsfr\ts P&deq.




@ Ne C_sr\'b{ﬂk«mly o\e_jcd\”m D' s.t- & Fhas bota
P& d o iks boundary.

TS Can be done \oy m-csv{nj
centeyr og’g- D” 0\,0.,0‘)'\5 Hhe.
bisector Line bebvezn p &£ Q.
s RNe continug BLLL e Wik o
v q

a

[ ] o 9‘;‘&;"&(; ae,o'
R
) .";::’E; ',15 s A B wque uvcle passing
o < 't‘/\'B”O'LQZP/\, P.4.S.

Also, DN (P\3sl) = D~ CP\s}Y),

TRUS ne can specefy the poinl set TOD by
Smﬁmﬁ CP,CL;S; Xp, %, %) ; (P,q.S) are »Pcstn"cs
defining D and =, & 0,17 states vhether psint
A 1S R o not. Inthe absve cae (t ts (1.1.0).

There are £ &(%) different subsets ™
Contalming moTre bhown 2 points, oo @acky
SUch. suwbsek MAbS to A ¢ canoruwcaoll’ disKk,
there are La;) sweh disEs & each dAsk
defines okt aost dﬁﬁewen}: suwlosets,

St v arg wumentatbienr 'impbles Hak there
oxre okt most 4(_2) subsets thakl axre defx‘naok

by o powr o-jP Po-tn)ts thokt rrealiges Bae
Alamete £ the '\oz_sudbt_}\j doske.

SRl arn+a(P)+ 2 (0) £ 4’ -



@ \ns{caht.‘ Absve argumentation gives o
cPcwe,rrfv\,L +tsol .S'had:texn‘nj Ae'n c';)ﬁ o range
Space d—eﬁxhe& oy a« fam;lj of gha\Pes RS
oxﬂ,v\\a.ys bounded by the nuvenber 0—5.\ Points
thot deteenmuine o ff—oum..ily.

This Sometimes madkes AL anore comeriznt

B worrK. Wit S'ha'tte_rau‘ﬂfj dsmn, Tnstead of
ve dilmen Sitom .

Example ! shattering dumension
95’- e britrorily oriented
'cht-anﬁl,es s bounded by 5.

Duaal sh a_’cbe)«o-ur\ﬁ dlonen o,

R > ——Z Peawnts
Definition 20.2.8. The dual range space to a range space S = (X, R) is the space S* = (R, X*), where
X* ={R, |p € X}.

Ds s**-s o 9 o
|D1|D2‘D3‘ ..........

ol 111

N I R

(A) p2 || 1 ] 0| 1

V ps |l 1|00

D, D> P4 1 1 0

sl 01 110

P[P P2 ipPs|pPalps|ps| pe || 0] 1|1
Dy L]1]t]t1]1]0]O
B Ip,l1l1l0lol1]1]1

Ds|1]1l1loflofo]1 (©)

Let the dual shatter function of the range space S be n5(m) = ms+(m), where S* is the dual range
space to S. P Cvn)
Definition 20.2.9. The dual shattering dimensg#om of S is the shattering dimension of the dual range
space S*. Alternately: duak shaterig £ for S s the maximuas nunber o piots
Trak ave crecded whe vesticted b m seks T Duad shalieviy A cr;? S s
the sneallaot 25 L. Teln) = O(m?) ¥ m,



Clownn @ Dual shatter'nsg dém of disks s 2.
— Disks intersect eaxch sBher ok nost 2 TWhes.

The Complexiby of orransement of
n dusks s o(2.(2)) e, 062

To maxitavwe R e need ak Azost one
Po’ff\“‘l 'n 2very inter secten Csmbirmedh ' O§ T’OJ\@QS
in R
Fence, numvber og. TANFZS 1N r*< e C_dYNP'\QRfW
e’«? o.womr:)e,men-t cg_ vonges in R_= O (%), a

lemme: Consider a vange space S = Cx, R)
Wit ve -dune . TRhen Hhe ol Yansg space

St=(R,x*)Bar ve-duim < o4

leorwna : I§f & vange space S = Cx.,XR) o
dual SX/m_t‘tawﬁng dLmensioit 3, ther «£LS
ve- dim s < §9®

Prcof © The S)\attex*un? AL o§_ Lol vang2
Space S* s < 5.
By Lenwmon B, ve-duim of S 87 vs 0(8 Ao 3D

Stnce the doaal range Space o SF s S,
We ’P/\az\/.e, f\”w Be 'P%QV(W& /Lem'mq:

VC-dem (S) £ 25+ = 5§09¢80 =

— Thus (s very usefnl whan S’hapes T JR_are
sw‘nf\p\e,' H we sheo the duwnod. shatkeye (nj
dLon e R vs o(V. we A so obtin Ve-dinn S O,



§ £-nets and g- samples.

— 2-nets oare comblnatasvelaodl ob:)e.ci? B
caotches or intersectbs wiba every Yange

051 swﬁ\,‘cﬁefﬂ'j sS\2e. .

Definition 14.4 [combinatorial definition]: Ler (X, R) be a range space, and let
A C X be a finite subset of X. A set Ny Avis a combinatorial e-net for A if N has a

nonempty-intersection, with every set R € 'R such that |ROVA[ > €|Al: ? INA g7 O

P .racd>
vt Is wni }Q‘V*"
Definition 14.5: Let (X, R) be a range space, and let D be a probability distribution
on X. A set N C X is an‘e-net for X with respect to D if for any set R € 'R such that
Prp(R) > €, the set R contains at least one point from N, i.e.,

VRe R, Prp(R) > € = RNN # .

Heve , PerCR) iIs the PYOb. YA

o f\Do-Cn’t chosein. accov dLns
+to D is in K.

Note, combinatomal deb. vl e e e
coers. to e SZH:\:nj

wihen 2 is unifoen over A

Of Va Y2 34 1
An e-net with € = 1/4 of the unit

square in the range space where the
ranges are closed filled rectangles.

> TPhe wvuuimuan Sa.mpl_e, stze thokt centadlns
on g-net (or <-sample) can be bounded
T terms of- +he VvC-JdLmension cj— the

Y’o..r\s»e, SPCLCQ .



§ The £-net thesrem -

Naive p\alp‘moomd/\'-
let (X, R) ba a vwance space with VC-dinm A= 2,
et A< x vt [Al=n
e trere exists & combinatsveial £-rnek N

foe A of size at most [ann/< 1.

Proof 0 Llet K be the q:wo\jaa‘b.‘m ok R o A

Ey Scouer - Shelady thesvrem | R < n=. S%)
We take « smn,pl,e, @2’} K=l /e points
of A, independently & urifoermly ok vandom.
Fovr cac sekt S € R wdLr SO A1 > LA there
S oo CMZsfpmdu\j seoF S & J{-

So o pﬁuﬁr N owr Scxmp\@ s tn S or Tede 2 2

TBen P [ower sample musses a given setk 577
£ (1—e)"
There ave n2 Suwcl seks Y0 consider - [Fom @j

ApPply inS urion bound. , the prob bBhat the
Sample nusses ok least one suchh & 1s

C P (=) (e n? e 8K 2 do—dtn =g

-

TPuns by pvobabtus’&‘c method , there 15 oo set N
05— size k. Hhak nisses no set € R

Hence, N s oo g-netbt o A . 2



Nowro wWe pProve the moun thesrem that s\houas

existence of e-nekt of stze O(ZL Mg_)/i“d@er\d@-t
& N.

> Theocrem: Llet (X, R) ba a VanNoR Space Wit
VC-dimn . and ek D be a pwob. disbeibubion
on X. Fer any 0<£38, 8 £z, there s an

= OC%’Q“%+ Jgj,@w%—) such thoct oo randorn

San\ple ﬁOcsm 2D og. st3e 7L 1S an s-net for X
LTt pProb ool Wty okt Aleast 1-—5

Prook -

Let M be mseto‘g— ey Md.epznc&e_n‘t‘ samplas feom
X ace. to D.

ket &= L3S € R 1 Pey(s)2 & and lsaml=0%,
t.e. BE,is the event thod M is not an g-net for
X wrt D-

WNe Want to sheo, P(E) £ 5.

For this, we 9o beyond. the Lo bound O\P“Sr-'oadx.

Choose. o~ seCand sek T ok ™ indeb. saples fr»c'vv» X
aee- D -

Define, B, = {3s e R R”,DCSJZ z, '\S(WM'I=O,\3(TT"Z am/z}

Fo\low\'ﬂﬁ lemma shews B & B, have stoailar
probabi\Wtes . ksivial oo & S Es.

lermma 1 o m2 &/e, WP(E.) £ w(E DS 2 P(Ey)

Proog : I event €, tolds, there (s some st
S AaM1I=0 and R (3D 2 E.



PlE2) (e, 0Ey)
Hence, = \ 27— (1T / S m
® (E,) P (e PCE 1802 PUTAS| 2 2m5)

@
Nov for o fxed- range S’ cnd o vrandonn .SOJY\IPQQ,

T, the vandom varioble | TAs’] bove a0 blnomaial
distrr B(m, PY"DCS/)).

o Rey(s)> <. Ustng Chernolf bounds:

- £ . &litns))
PlTNne i< (-s)BLTNN)) £ €

K‘J:‘fz Emig/‘i]

-'—L.—-L'm€ —Em -
Pe(ITas < (1-Edme)a e 22 =28 s}
Henee, from (D & (D, P(E.) £ 2 ®(E). ®

Now we bosund PLE] by prob. of oo Rorger evertt EZ’.
EL/‘-= {B‘Séokl ISAM| =0 and 'SNTI 2 em/2¢.

p d _—£m/2
o lemma 2. P(EN L 2P(EI<L 2P(EIDL 2(2m) 2 .

M_’ A M & T are vandom somple.s,voe assSume. to

choose 2m wandem samples and p@t\%\m random Wy
wnto boD equal swveed. seks MA& T

Fovr a fﬁxz& Se R, R= sm/z, Let
Es:= 11saml =0, IsnTI> K}

Thus evertt meons (MuT)ns = K, but ail Bese
lements were PRaced tn T ond not n M

So, owk of C2m) possible partions e§f MUT, ne

choose. one og CZM(;K) pap’(z;b’-svﬁ WWhere oo \lemernt
o S s in M,



Hence , I?CES)é PCiMmAasl=0 \ Isa (Mo = Kk)

= (228) /) (zx)
= (2m-k) I /[ (27D) Cm— 1))

—mm(m-1) ... (m-1Kx1) -
(2m)(2m—-1) ... (2m -R*1) ™

/K —

B}/ Sauwer-Shelal Yheorem, the 'PPOJZ.CJ’C\"O\/\ o§ R

o MUT Ao < CZm)d' CoNIES.

Hencez, \)\5’\1’\3 uveon bounds

P(ES) € (am)* 27 #/2

To complete the fp‘ﬁcﬁa’i E-nekt Hheorem,
we mneed to shewo (PG&)A Q_CZVV\) 2.-$,M/2_ < S

8<i 164
55" - R —— 8 -+ 2 2 5

edy. , wWe Neel ém/z_ > L (2/5') + otim(_?m’\).

o m> T &, emf 2 (75,

To firieh we shes E%0 2 LA (20n),

[Fack: of y2xlax2e. tren /by > ]
Use Y = 2m > ‘f’fk_,u\,‘é’:,x:‘ég‘,voe/b\ave,
A \6 d <
> = 2



8 Applucation
Probably Approximately Correct (PAC) Learning.

*P __"( o 4"

wWe are grven & set of ttems X and
7 “P"o”o\o Alstr. D s ciz.fﬁned_ o X. ~ . O’L,,
1\

A binary clossficabsn is a subset ¢ 2 X sk
oAl Ttems w C ave Rabeled 14 and v X\ O are

Laobeled 1.

e concept class K is e set o;? oM possible
C'.Lasstft'ca{:\'cvxs defined by the problen.

" leaening algo thae access b orAcLE (C.,D)
that produces oo pour (x, (), where ~«~ D
and c(x)= 1 f x€ C and -1 otherroise.

- NWNe aJso assume. the cLassffx‘cat\'m problen 1s
realizoble ,ve 3hE L, R (GO +cG)) =0.

Definition 14.9 [PAC Learning]: A concept class C over input set X is PAC learnable'
if there is an algorithm L, with access to a function ORACLE(C, D), that satisfies the
following properties: for every correct concept C € C, every distribution D on X, and
every 0 < €,8 < 1/2, the number of calls that the algorithm L makes to the function
ORACLE(C, D) is polynomial in €' and §~', and with probability-at-least 1 =8 the

algorithm L outputs a hypothesis h such that Prp(h(x) # ¢(x)) < €. J
L Probalbly
Rpproxi rr\a:l:.ely



TPeorem Aoy fenlte concept dass L can be
PAC-learmed. withh mn = (Lnlll+ Lng) samples.

Reoot . et cte £ be the correct classification.

A bhypotiests I s ¢ bad” f Reqy [P(=) # &*(=)]> €.

P[ oo bad 4+ s consistent wiHL o vrandona w\es—_)
< Ct-22™

Uksx'nﬁ Lo bound s

P[ 23 bad £+ s consistent wiHL 71 rondena Sou—r\P\eS—D
< £l Ct-22™

_—

S0, we return Wwhatkzver £, s consistent =it
oML ™M rondsn SO\W\P]Q, — oUW Bese are “nen-bad

By o&.ssw«rpr\'csv), an Cceeyect C,\O\.SSlj:lCﬁ\bc-\/\ e /6;

Ak Roont one such. Lo ex\sts.
|

—® Note thhak X can be \‘n«f\}\)’t'e,.
So, ak s \‘n"\'e,\”e,sibi;’\j Bhot ne can PAC-Learn L,
it Sample conplexity tndeperdent % .

Notz: A concept c\ass is eﬁﬁ‘u‘znﬂdj PAC Learnable
1§ the odgorithmg runs In time polymoraal
the s12e of problem Ve . /s -

Heva, ne are only \nTrerncsted. sournple Corrvp\zxi Y.,
C_@Y\pvdcf/\’cfmmL CAW\P\Qxf’L\] MAy not™ necessarily be
polynormiod 10 .SO\W\P1Q, S2e.



© Can e mAke sample cornp\2xly, ndes of 1217
* Can e extend. this o tnfirkte concept classes?

Sy, We are Lea.Pmk\g tinterval [a,bl] e R-
Concept class s collectiomn of adk closed itatervads
in R L= =yldlreyt U

let c*€ € be the concept to be dlearned. .
th be the hwpothesis returned by cur adgo.

Tanﬁ set T is collection O§_ M porAts Areauon
ﬁadvv\ JAR

lek xe T, if el b it s a vve Lxample,
else a —-ve example

A\@O‘- s 2 e L. ° o
'\ \S ‘4\:"\ (&) ,\..l @ < 4@-{——&
3f "0 saunple 1S Pos\Tive TS 4 4=
vebtuyern. ‘briwall \nyPoﬁ')/\es{s .

else retbturn (e . d) Where c,d are smallest
and Largest +ve examples antng the sowples.

—\

Q. Fat (s the r\)\oob ALUO modkes an eevoy

i x e La b)) Forxglau)k alinays retuemns — 1.

Case 1. PReny (wela L)) < €.
hom the above fact ., prob o? ety £ &



Case . BRrgn (€ [a,bl))> €.

prad > M =
< Nl Zme W R L PLa,v)
o— ‘\ 1 S
~</, - Ze &,

Soy, a’> a be smaMest vk s t P\%@O»ij)% %
and L'<b be Largest val st R%([b’, bl)> 3

SO; a—/é 6'

R 3\‘mt\>\/3c,i’\>7 ossume o <L Y.

2f ALLO returns o bad hypothesis then emeor> €,
Nowd if sanple points Sl n Ca,a) and Ub, b)) then e

roN s =N A
would. have veturned Ce,A) 2 LS ] h\,ﬁm i

So, PLbadk hypotinesis’) £ P sople points dudprt

foM i La,a’Jer Lo, )
ecthey

T2 ‘PK’O)@, thak o Wmm‘nj se’t o:ﬁ g} 'POI\"\:L—S
does not contaun any examples fronn ecther

Ca.a’]) o CLb, ) s
< 2(-27 2 2¢ . &
J
2

Vour d’\oosfn3 >, feMCZ’/ED /€.

e E-net & VC—- dion az_ne,wodlia&g BALS 1dea,



Theorem 14.13: Let C be a concept class that defines a range spaci with VC dimen-

siond. For any 0 < 8, € < 1/2, there is an
over o set
d d 1 1 pornts X
m=0(—-In—+ —1In-
€ € € §

such that C is PAC learnable with m samples.

Proof: Leb < €. £ be the covvrect ciassl‘f‘cm*b‘w,
s e . A(c, e )= {_fx] ch);Ac/@c)%

colleck 5w c§ ok possible Seis

A CC) j\A (_C c) IC € /C} 03? points of ouso\g\oe_ement

. Hhe correct class :f-\ Cobio,

SrS el
B SV o
(eamvma: Ve-Dim (X, A()) = ve-Dim (X, .2),

= For any S & X, Llekt L5, &()s be 'P'roJec_b.mA )
O‘jf’. Cx,L) and (X,AD()) on . &= C’—"MJ(‘S,

cos)

(,(\ /\
'm&‘\m)'mg c’N S & ,CS +o ACc/ns @ﬂs) & A(_c)s C,\

Ten for S X, 18sl= latsl, and S s
shattered. by € ff ¢t s shattered by A,

Hence, the Par\ﬁe SPaces Aave samme Ve-don, .

HY. Shev for S X, C s shatered by, &
‘17% S s ghalerad Yy A (o)

To complete the (J*Pozr;f O‘??—/LZM'YV\O(, ne Nez>d
o shoes b s ]oUeca_’G\‘GM.



Take c,c” € € withh @08 # a"NS3.
Then 2y € 3 sk ¢Cy) #= Uy,
N1, 0.5, Aassume c'CyYI# clyd bk c’Cy)= clY).
Then, ¥ & & (n8.ed> NS
bub vy € A(e”NS, a3S).
Mence, A(cTNS,cns) #+= ale’Aas, eaNs),

Fove Bhe otheyr SlpecGon. <f ’Jcc\o C.,c” € Z,
st Aalens,ensd) # alens, ens,

then Dy €S st (y)F C’Cy).so dOS#=C’NS |
B

TPows Aas VC-Dian [( % ACe))) = A, Bere existz

m = o (¥ «Qma‘/é + Ve &n s ) s.t- sample 03"—5«‘2& >

s e-mnet fre Bus vange-space wp 2 1-§.

Mence, w.p, 2 1—2 it dhan momenpety ntersection
it every et Ao lch ) thok teve prob = &

l.e. ALGO Can 2Xdunde any hyp . ereesy prolb> &
=

* £-sample provides stronger guarvrantees.
— & madntauns velathve probabrllty wedght
A selr R E R Wibhin ereor of & and-

nead Jc«&i‘ add B sl OC‘/@) factor In sa\mple,
Sire ..



Definition 14.6: Let (X, R) be a range space, and let D be a probability distribution
on X. A set S C X is an'e-sample for X with respect to D if for all sets R € R,

SﬂR/\aR(b‘ :
‘PYD(R)—| | < plabive 3ol

S| = €. 6}". o~ Tange.

Again, by fixing the distribution D to be uniform over a finite set A C X, we obtain
the combinatorial version of this concept.

Definition 14.7 [combinatorial definition]|: Ler (X, R) be a range space, and let
A C X be a finite subset of X. A set N C A is a combinatorial e-sample for A if for all
sets R € R,
IJANR| |NNR)|
— S €
Al IN|

Definition 14.8: A range space (X, R) has the uniform convergence property if for
every €,6 > 0 there is a sample size m = m(€, §) such that for every distribution D
over X, if S is a random sample from D of size m then, with probability at least 1 — 6,
S is an e-sample for X with respect to D.

€ - sample theorem

Theorem 14.15: Let (X, R) be a range space with VC dimension d and let D be a
probability distribution on X. For any 0 < €,§ < 1/2, there is an

0 d1d+111
m = S || (o B, " b
€ € €2 §

such that a random sample from D of size greater than or equal to m is an €-sample
for X with probability at least 1 — 6.



S AppUucathsn : Agmostx‘c Lzapm‘ng-

In PAC learning . We assumed. Phere s oo e &
Brakt TS covrvrect o all ttenms tm X and so
ConJorms Withh ok eramples tn ‘bPaLﬁr\n.na Set-

— Bub tralining set can have zevor & Bhere
may Mot be any covrrect dassificatbon wn £.
O 0(?57\05\0\&, /leamnﬁ) e So Al s {p‘r\d\
a nearly best cio\ss{gﬂ\‘cp\h‘m,\ c’ <.x-

Roy C/G# () £ tnf Ry () # b)) + &

L e 2
covveck c\o\ss{f,

May ot be tn 2
5§ the tralning set define an <, —sample for
(X, Ale)) Bhan aLjo V2 swﬁ\‘u‘.er\‘t‘(y ANy
exouwnples o esbimate the evror prob of ecack
2 e 2 to Lot oo additRve evvyoy €5 .

Ustney € -sample theoram, a%mostn'c Jleowzmhj
of o concept Aass nith VC-duin d vequires

[=3 & 4+ Lo 1) Samples.
OC?,L’Q/V\E,Z—FE'_L "bz)

Theorem 14.19: The following three conditions are equivalent:

1. A concept class C over a domain X is agnostic PAC learnable.
2. The range space (X, C) has the uniform convergence property.
3. The range space (X, C) has a finite VC dimension.



:% Ap p\,fcpvb‘vvxs © Dota Q’\LMP\S,
O Estimating dense neiof. bortwods.

very

Lorge
Caiven * ™ ponts tn RS, p=(y), »& R,

Qoo : Whaot j:ﬁact&m oj. POoLNts are distance
< v Ao (_x,vj),

C Applhcation  operung new facility / bustness)

.
. E
-~
. <

Ne define vonge space (R, R) where R_
tineludas ¥V (x,9y) € IR and- v+ e IR, soet of
oL pevnts tnside the sk cf_ radiua
ecentevred. ak (2 y)d.

Const ant
V- Duan e§ Be S..ei:o@ all diskS = 2.
ne can sample o vandsma set c‘_f} OC—é;_Lnég‘)
Povnts and e *fp\S‘\.’ Aapproxtmate answers
B o the quemes by scarrung only the
Somr\P\e_-

é-—san'\P\e. thesyaen 3mcu=an"l?ees v P = 1—-35,

wWe Car) answer Uk duem’es T Bk & c-jP
the covrvrect valne.

We can alkso xk Jor ober purposes  sudh 2w
C aPProx) fokzn'\;\j(/ﬁ’\j K_ densest dasks. ~

— Sind e 2RampPle | Raenae seawrchung. Bk
C-H-D-\,a Many P(j\,‘r\'ts ore ncluded. in q/mepy
vectangle 7)




@ Mining frrequent ttem sets.

— Given: A set of items L, oo collection of
transactions T> Where ecad~ tronsactionw t£eT
s & X, — Both | XL1T\ are lamje‘

Goal : Hnd set c§ items tBhaXkL oPPROXY N
2 6 feaction o—} transacRows .

Sy We wonakt to dharacterize freq > 6 o be
5302.0{,\/\0\‘1: Ttzms | :foaq L 6-c to be fmfﬁoqw\t~
e, Le-€,06") con be amlo\afu\o-wﬁ

e nunber o§ possille transack s

= subset:x £ T ts g !

Even for transacttsws c§ S22 £ L. Prere can
be o(txlt) of Hhan tohida conddo be/f(’eqyléﬁt

Cepo LLstnfj C\nzmno:gf\— o bound cos LA D'l\/e
QC‘%—Q& Lo B+, 2)) sarples are mecded.)

E-sample does better | ,Bransackions that dnclnde S.
chx’—eadasg-_‘l,,TCS)I=lLb€:U’,S§;%;}
let R= TGS |Is &1l the mox siee ol

any tran sactiown
tss

Clasm © VC-Dim [(THRI) & L. 7 5he dava set

— A broansachion of sitze 4 Hown ot subsets ., ::°}F‘::;+
(s there fore wncluded. v £ 2% ranses. sct
N9, C.csr\gl‘c\z_r’ﬁ < T, J%ﬂ: {@Oﬁ\@& R}
Then l\R){) < 227 ae H Can belong 0 £ o% CONFR.



hencz, mo st of = &L bronsactons Can be
shaottero A,

2 VC-Feon =4 .

H—e_zr\cgl b}/ e - Sagmlple thesrem , wops > 1— 5,
o Saurmple ef size OC’Q/E_z LmL/a + 1/82' 24/»1/5>
guarontee ol ttemsets are accuratels,

determined. to withun &, £ tresv beue

P‘Y»opcsv”(?\m

— TAALs Vs encs'v\?&\, “+o fer\‘\Ify jlﬁeq/\«e_r\t'

ttensets.
O- E/Zf} —t

Y—
9 0-€

LQ—::)&-—;—
§ Rademaocher W\Plex{{y.

— Beound o <can d.epenok s Bhe ’crau:vv:w\j
et distbe=l bubw

— CGeneraolizeos ‘o a'\'csv\btnapj ':fv«wct‘\m.



* E-net theosrem: et (X, R) be a vange space Wit
VC-dion . ond ek D be a pwoh. disbreibution
on X. Fer any 0«5, £, there s an
M = OC%,&V.%—\- JZ:'LW—%‘) suclh Bhot o vaandon
Sasmple from D of stze . s an £-net for X
Wit probalbiUty ot Aleast 1-5-

® O (A& 1 (A0PT)) - cpproxtmation —'ﬁﬂ BitLlne set
it VC- ddmension A

H't-\'hhﬁ set vawiant:
n =# elements, m =1F sets.
X = &_e\, ER) e—n’] R: = {Su'”a Sm}.

Algorithm :
— Quess OPT Cbm:’;ﬁ”) .e="/20pT.
Imtialze :

- . start wrthh uns
- Pt w)I)=1 ¥ <en). [/ w_‘%z\tssnaaeh-e—\meﬂt
Loop :

= Find e-net N¢ of stee OC%L”‘%‘)
= If oM seks are Wik, veturn Ne & stop,
e 35k S aNeng ST

we;)=aw(er) vees; s doble weigis of
psints n Sj
- Goto Loop -



— The aﬁ.@csp{—b\nm s a_ vaeiant GS— mulﬁl\:b cative
werslt uwpdate Cmwd). Irtitively, total weight

9%- PGLA.{'-.S ncreaws by & vate (l+¢€), and OPT
increases by a faster vate CL+§;T) = C\+2€),

Thure the algoeithem stp PRy W Reod 8ua.r>0u'\’c€2.

» Theorem : IF J N ng ek 0’§~ S OPT. the
Soublng trocess can happen ak most 0 (opT. 1‘,5,_)
Lones, and the tol relcbhb 's at most 'n4/o1>—r3

= Souy. Hhe an opbmal set.
For inpak %, soy the st S5 is vetwned by,
xn teration .

Then, w() < £. 1 ()
TAUS , v @ach (tevratbion. W(XR) peesmes ok

most () + W (S;) £ Clrg) (X)),

So. total weistk of X ofter K tteratons :

E K 3
NX) £ n(+e)t 2 me [~ \reg e ]
Y e > 0.

A Ris aayaling sek. WA Sy #@.
S0, ok leant one flemenkt 2. € H 'S dobled an

eacl~ ittevrobhon, Sa,.a L 1s donlbled. ‘rtaolds
Z2. Bmes .



DCH) =35 Q.Z“, where £,2p 2 K.
nex 4HER

z(2%%) /2.

[ Here e have used ceomvenity qF aq;ov\ent\'a& —fgmat«én.
From J2nsen’s tnequali®,, S . prPw) = PCEPi )
wheve Pr>0. SPr=1& Pir's Convex,

His optirmak Ve IH\= V2e . Toke CPC"U"Z’(, Pv=2€ ¥ Ve[l B1J.

2, 1 L2e2e Ré Kk

Jz L 2 > L2325 ]

. Ze, \
- 2™ =1 [ 2e 2
%E'H 2€ Tpen <

A W(H) £ (XD,
3. 3
(222K>/ 2e & nef™ ana®T (v ecq?2)
=~ 2.82

o QRek-(ev) o yne
5 2892 2 2ne 3 ek = Ros(20€)

= K £ _2_,9_09 C_zne) - OCO‘PT'.,?.og Ch/OPT‘))

S(R) € neft < g o (e < O(n3/o1>r"). ]

= So nWe can stop the vun if # iterathons exceed k.
In Speo.bJ. cases » i—F 3 smalll € -nets °§* Svae
O(3/e), an OC) - opprox s obtastned..

* MatpuseK - Shedel- Welzl 'qo:
For dusks i RZ, 3 gz-nets of size O(Vg).

A _
s = OCpT).



- LP-based mpproach (even ek al.)  [Hihing seb)

Natural P : CLP'() Egquivalent P C\.,P'Z-)
MGn ixﬁk:j—: MAaAX &
wex
36 g w21, Veeg |STEP2E,¥SER
wes S Mu=1
%, 70 » ¥weX uex
E.ruwz0, YueX

24
Eprvarlence p’mv;_?: /0?
Use substitutont £= YZatw » Pu = 5 X ¥ UeEX
. er
T¥ - \/f/’k. w
A]_ﬂovi—warLl

1. [lve LPZ tp obtasin MF, ek
2. Find ¢*-net H it vo.eLCf\bCu): Mo > ¥ weX:

As S 22 ¥SER , B IS a Wikag set-

1€ES

— Can be 2xtended +o maij,@\be} se.t'b‘ﬁﬁ S well .

Chooe £ = /0Pt ., Ben comt CALLo) = L OPT 2 (A 0PT)
Tee . e 5207 A (AL OPT) Approrimatisy,



- Applcation : Avt Gollery Theorem.

The art gallery problem or museum problem is a well-studied visibility problem in computational geometry. It originates
from a real-world problem of guarding an art gallery with the minimum number of guards who together can observe the
whole gallery. In the geometric version of the problem, the layout of the art gallery is represented by a simple polygon and
each guard is represented by a point in the polygon. A set S of points is said to guard a polygon if, for every point p in the
polygon, there is some q € S such that the line segment between p and g does not leave the polygon.

AAA

WWEoE obonl
A 3-coloring of the vertices of Q?W O'X\‘m Ah\w 7

a triangulated polygon. The
blue vertices form a set of
three guards, as few as is

Four cameras cover th|s guaranteed by the art gallery
theorem. However, this set is

ga”ery- not optimal: the same polygon
can be guarded by only two
guards.

* Consider the ranse space S = Ce, R) here
R s the set of oM possible vistbiUly

ol ons 1nside P.
PeY9 - Ve (82

= 1ajaeb,
PL S P

* Thesvem :
VC-dian () =0 (1).

Cah 6-4, Hap-P=21ed]).

* Re Wwank +o cover the entire polygon using
mn Hof vstbiU by Poljam.

TRus s ;)uxst ersmebtric sekt cover.

Ustng prev olaoeithms we obtain O(Res OPT)

- Df?f’oxfmo\ Hen .
B



