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Paul Erdés, left, and Terence Tao discussing math in 1985. This past August, Tao and four other
mathematicians proved an old Erdés conjecture, marking the first major advance in 76 years in understanding
how far apart prime numbers can be. OLENA SHMAHALD / OUANTA MAGAZINE: ORIGINAL COURTESY OF TERENCE TAD

Martin Aigner
“I am not qualified to say whether or not God exists. I kind of doubt Giinter M. Ziegler

He does. Nevertheless I'm always saying that the SF( The SF is the
supreme Fascist, the Number-One guy up there) has this transfinite
book-transfinite being a concept in mathematics that is larger than
infinite-that contains the best proofs of all mathematical theorems,
proofs that are elegant and perfect.”

— Paul Erdés
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§ 1-14. Ao kam p\O.W\.Se,ca 'W\zar’?,
® Romsey Number :

R(k, L) is thesmallest '\n\:‘e.?xa n s.t.
ecther there is a @wred Ky or ble Kp,

Ramnsey (1aza) : R (g, L)< ﬁw’ fxed L.

KS_\_ABZ d < No monochyomat.c
2=32 K C *b@ian%'le,),
n=5" So. P\(.%:B) >5.
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* One Canm shovw : R(3,3)=G6.
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books.google.co.in » books

Ramsey Theory

books.google.co.in > books
Ramsey Theory: Unsolved Problems and Results

Xiaodong Xu, Meilian Liang, Haipeng Luo - 2018
This book is the first problem book of such scope in Ramsey theory.

Ronald L. Graham, Bruce L. Rothschild, Joel H. Spencer - 1990

In this second edition of Ramsey Theory, three leading experts in the field
give a complete treatment of Shelah’s proof as well as the original proof of
van der Waerden.

W& Preview = More editions

BB Preview = More editions

books .google.co.in» books

books.google.co.in » books - An Introduction to Ramsey Theory

Ramsey Theory: Yesterday, Today, and Tomorrow
Alexander Soifer - 2010

This book explores the theory's history, recent developments, and some

future directi Rinvi surveys written by prominent
researchers in the field.

Matthew Katz, Jan Reimann - 2018

This book takes the reader on a journey through Ramsey theory, from graph
theory and combinatorics to set trLory to logic and metamathematics.

(5 Preview

oké.google.co.ln » books
athematics of Ramsey Theory
Nesetril, Vojtech Rédl - 2012 ]

of h and s

ists. It surveys recent activity in this rs

books.google.co.in » books
Ramsey Theory on the Integers: Second Edition
L Bruce M. Landman, Aaron Robertson - 2014
Furthermore, the book's tables, exercises, lists of open research p

‘and blbllography have all been significantly updated. This innoval
provides the first cohesive study of Ramsey theory on

i s

Values / known k ing ranges for bers R(r, s) (¢ A212954 in the OEIS) L . 3 > 3
sl ) 2 " . R 5 s o = Erdds asks us to imagine an alien force, vastly more powerful than us, landing on
: 1 + ] ] p ] ; p ; ; ] Earth and demanding the value of R(5, 5) or they will destroy our planet. In that
case, he claims, we should marshal all our computers and all our mathematicians
2 3 4 5 6 7 8 9 10
3 9 14 18 23 28 36 | 40-42 and attempt to find the value. But suppose, instead, that they ask for R(6, 6). In
4 2570 | 36-41 | 49-61 5911%-84) 73-115 | 92-149 that case, he believes, we should attempt to destroy the aliens.
1490131~
5 8 | 58-87 | 80-143 | 101-216 133-316
s — Joel Spencer!*©!
— | 1150181 | 1340131
6 183-780 | 204-1171
208 | 495
252- | 292- *© 1 &
320- | 343
: R | °%0 bounds are trnpmtan't
o 581-
6 77 -
uesthons .
1 23 q/

. n 1—(2 )
-‘7‘\2—0\‘-’% . If LK . 2 <1 >
'U’\Z.VI. RCK:K) >n‘
Thus. R(kk) > | J¥2) for a K 2.3,
[ /(3.3) > Lzb/zj ~2. R(20,20)
R(0,10) > | 25y=327]. 7 2'° >1000.

CThwm 6-\ j,n M-U, Prop 1. 1.1 in A'Sj
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§Aﬁ>?Q~.Ca‘\:I'5'V\_ Uy csmbinakoeiall numndbzr
'\jr\z_svy / adlitive combnnota®cs.

S
The textis supplemented by a large num!

p Y a large number of exercises and new resuts. - - w 1”

books.google.co.in » books

b

Additive Combinatorics &ts R

drew Granville, Melvyn Bernard Nathanson, Jozsef Solymosi

’s these
y ’ 2\
(@ . Szemered.’s
[ ]
.
dimebc onat’e}s‘wh

onNn oL ’
Additive Combinatorics o \
Andrew Granville, Melvyn Bernard Nathanson, , Jozsef Solymosi - 2007 - No E dos m m o m LI
e | & b 2

i r key researchers from all of these different areas,

o inspire mathematicians coming from

all sorts of different backgrounds.

-
Additive Combinatorics _* 'Tp\ my %
/ Terence Tao, Van H. Vu - 2006
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Inverse : a+(-a)=z —ata=0 ¥ aey
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° Theorem : [ Emdds ‘65]  Thm 141 in &4-S.
Every sekt B= { b, ba, -, bnJ o§ 7L nonzero
ir\,’ceaeﬁ.s conXouind & sum-Aree suoset S
of size \s| >"/3.

leo. Take B=1235,8,13,21} e, n=6.
One sum-fpee subset s $2,.5,21% :]

TWwis is , l —
s ' SETS OF INTEGERS WITH NO LARGE SUM-FREE SUBSET

Say €= 167 ne Wapd resuit
Soys  for safficently Raroe M
there exists @wrey A s-t- (13 any
C"—‘;-&lo"")"‘ s12ed subget is

not .suuvv_ﬁ--eg. Whereas EVASS’'S

vesult says there S a (%+1)~
n22) subbset wwmel s sum - {.;,«.

ABSTRACT. Answering a question of P. Erdés from 1965, we show that for
every € > 0 there is a set A of n integers with the following property: every

set A’ C A with at least (} +¢)n elements contains three distinct elements

z,y,z withz+y==z.

CONTENTS
1. Introduction
2. Overview of the proof
3. The main argument

4. Sets of doubling less than 4

Nete, 1o'n 22 1.

=

5. Construction of the weight function

6. More on sets of doubling less than 4

21]

Appendix A. Regularity and counting lemmata

References uﬂ

1. INTRODUCTION

arXiv:1301.4579v2 [math.CO] 28 Jan 2013

An old argument of Erdés [Erd65] shows that every set A of n nonzero integers

contains a subset A’ C A of size |A’| > Ln which is sum-free, meaning z +y = 2



Recef idea:
-Create a sun-4ree subsel ef Laﬁﬁe, size.
“"FlnaA o *nice’ maPP'\hj Cuus{rﬁ P\oo\:.ma-ﬁnods)

PPOQ;E= R.1.0.9. assume B is serted
& bn = max b .
_» larser than ary bi+bj
"Pick pwime p>2.bn,st p=2 (med 3),
1-&.. P=3K+2 f:w some ke 7.

Dirichlet's theorem on arithmetic progressions

A w & S

wch
In number theory, Dirichlet's theorem, also called the Dirichlet prime num ber theorem, states that g
for any two positive coprime integers a and d, there are infinitely many primes of the form a + nd, ‘P‘p \ M es
where n is also a positive integer. In other words, there are infinitely many primes that are congruent * _t l
to @ modulo d. The numbers of the form a + nd form an arithmetic progression m S s °

a,a+d,a+2d,a+3d, ...,

and Dirichlet's theorem states that this sequence contains infinitely many prime numbers. The

* Consder C= 'LK-\- 1, Rt2, .., 2K+1}
— C is sum-free , even modwllo P. n'?‘.ci- v.
[Q“\*\)+CK*|) > 2K+1, (2k+1)+(2k+1)=4KR+2 = K<K+):,

.’ C__d

2 2K+2

lcl  _ K+t > :\/3 . So Cis larged sun-free



° Pick = uniformly o Pandoen frow Zy
L7LP IS {ni:zﬁe,ps mod. p ¢ 40,1, -...P-11
2§ is integers (welatbively prime 2 P)
mod. p: A4, -, P11 Sor peime. b,

e ‘f“" W.M&S b: 7[_P=7A":U{O}. e

velues

‘Meapping: YVi, di Exby (mod $)
Sx= Lbv st ket

Uatm 1: ¥ L. Sx ts sum-4feee.

From conbradictien. assume 3b;. by, b € Sx
S.t. bi+bj=byg. > bi+b) = be (mod. p)

= - bj+ x.bj = a.be Cmod P)

3 d+ dY T di Lnodkp), where A, . dg € C-

Buk C is sum-§rce. Cenibrad.clon | |
/»{1,7.,...;10} ‘

Frek: Y& 74;,04@\. ¥ € n], 3 exaxctly ore

x € 7(_{;"' s.tr y=a-b; Grnocp) &

2. Re Lbr mops to y) = &/ (p-1).

- Az bi is vel.peime ‘o p & biLp,

bi € Zz§. so b;' et (property of gronp),
Tw=y.bi' e 7F Lo bothy.bi™ €2E].

Fov cordradiciuon, if Y= sqbi =% bi (med-p)

then Y=y.bi"'=%. 3 ®isunique! =




Claim 2 ' 32 st 1 Sal >V‘7’5-

Frovn fack, foe a fixed 1€ ], an
Tomnges over [p-1).ds vanges over ol
Numbers v, Cp-17],

Lek us define indlcater Functian

S = {1 L ax.bi€c
O otherwse

Hence, IE[c;) = Re[C;=1) = ‘C"/P-1 >V
By Aineority 6f expectation,
El\s.l]l= ELg o) = 5, Bl > %

Mence, I % st- 1S \>"%. @
Coun be made.

. Sx 2xists | ) i
C»Lc:u.vv.) 1 x a\l_am‘b\r\/rw;c, '
+ dadm 21 Which is ,Qa.r:‘jz.

Presently p=0(bn).
& Su.t:\l;ﬁ‘% so many ot be poly ),

. . 2wt the proof- ol30
CGV’S'AZ)f" arL N M ‘ "\ﬂ I noweks ‘de Ny prime
& cwr'es‘sun&}wj S relativel, prime o
w L) ... by
szu\m ws?‘ w 1 %\ > an\s’CS 05_\/'0\9-‘/‘2— ’P°\7CV0

uﬂkj -HAMF"“ML Wi\ 621’
on efficient akgo.
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® Extremal Combinatorics: With Applications in Computer Science
books.google.co.in > books

‘ This book is a concise, self-contained, up-to-date introduction to extremal combinatorics for ‘ : 1
nonspecialists.
Stasys Jukna - 2011 - Preview - More editions

Modern Methods in Extremal Combinatorics .Vl

books.google.co.in > books

In this thesis, we apply modern probabilistic and algebraic techniques to different problems in
extremal combinatorics.
Lisa Sauermann - 2019 - No preview

Theory of Combinatorial Limits and Extremal Combinatorics
books.google.co.in > books

Taisa Lopes Martins - 2018 - No preview

A Course in Combinatorics

books.google.co.in > books (
combinatorics THiS is the second edition of a popular book on combinatorics, a subject dealing with ways of “ ' w ' %B
o~ 4 arranging and distributing objects, and which involves ideas from geometry, algebra and analysis.

J. H. van Lint, R. M. Wilson, Richard Michael Wilson - 2001 - Preview - More editions x

Extremal Finite Set Theory

books.google.co.in > books F 2 i I l L] 1 ’.q

Intended for graduate students, instructors teaching extremal combinatorics and researchers, this
book serves as a sound introduction to the theory of extremal set systems.

A L) L)
. G °
Daniel Gerbner, Balazs Patkos - 2018 - Preview - More editions
studies meesimal ferinmmald
Extremal Combinatorial Problems and Their Applications - Page viii ° ts
books.google.co.in » books co \zc m o ec' m 4
0 Some information from combinatorics 1. 2. 3. 4. 5. Sets and operations with sets Correspondences

between sets Binary functions on ordered sets Ci i ial schemes Ci i ial problems and * w
ﬂl’: their y Chapter emaackabili ol ougber partitions 1. Number partitions humws P 2 tc Y ) ‘W\m
'y : iy
fiave o requlired pvope .

".De,f: In‘l'e.r’szc\:i.nﬁ fomily o§ sets.
A farmily F of sebs is called fn—ter’se.chhj,
f ABEF implies ANB £ .

pmJeg.b.Ve, plane
of order 2.

aJ & Important ebjeck in

H ) Pro. ecb,.ve,/ I.V\dda\@ The seven points and seven lines (one

®
",'\"le-s o drawn as a circle) of the Fano plane
form a maximal intersecting family.




e Erdés -Ko-Rado Yhesvem :
Erd6s-Ko-Rado
SV\P‘P“& n >/?i$ , o \TJ be Theorems:
Algebraic

cu~ vnter smt*-';\-jfan’\;—l_y Of Approaches
k- 2lement SV\JO&Q‘hS Og— Qun

n-sek 0nJ:= {4,2, ..";-.,...ng.
Then IRl (RTh). e ics s

b avad
indersects. ‘

tri\a.al\.‘tvo as
(lemmol 1 in A-S) oiverwise avy

A o wﬁ\n. tuwo seb>
(cw23in p ofs-ffbokj
Cecomment i | =l = G.l'.‘\ ) ;DC re take the family
oF R-sels conkolning a pactrelar element |
Claim: For seln]. et Ag = {s.S+), - stk-1].
where oadditiown s modwlo n.
Then ® cam conbain ot most R eof the sets As.
P$ of cladm : Fix some Ag €
All other seks At , with Ay NAs #= ¢, can be
pap‘l:_‘—\-.\‘-s'v\ecL ‘o Q&—Q poLers : AL
{AS""L 2 AS‘E'K-i } 2 1: e LK— 1]. AS—K—\-’U A’
Nete. AS-—f N\ AS-\'K-—'\ =.¢. As+r-1-
Rence, P can contai, AL most one member
cf— ;o pw:r’; >t K (_u\dmdmj As). -




Proof of Ecdos -Ko-Redo -

Let us choose 1 E€Ln) and a permukation
S :tnd = Ind, independently & undformly
ok vondem.

lex A:= {SC). S(i+L),.., (v k-1)%,

[ additow s a.aoww modulo n.]

Note : AW k-sets are seleck2d woith He same
probalality in absve sa.mp&.‘n@
[ Totol H vandem chaices =._"£,_,?< '-f: >

: a.
PR o k-sek A Prow many times do we Pick A)
— There are =n starting pomitisns,
e\ements of A con be prrmaniz?d K| Hmes & the

Pest of the Htems can be permute) (N-k)) times,
Nnrxn—KI x&!l |
> = Y.

LY

e A can be wviewned oo mfwwveyd@w\-
osver all K-seks:

Hence, Re (AE R] =

&l
7y (D)

above dalm: ReAEPlo] < K/n
> felAe Rz SRTACPI)Pelo] < np. K Lok

_n—’r\l'
Rﬁd'm(__'l') 2 (_?—), Law af toteh pPreb. @
K - -1\
Re (D) %= ()
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°linecxwity of zxpe.c:ta_’cin-n.s:
Let Xy, Xz, ..., X\, b2 roundom vaserables.
Tf X=X+ -+ thXn, then

ElX]) = ¢ EBLX]+ ...+ chnTELOXAD.

« Expectabon Argument:

I o diserele probabi\lby space, a Yandem
Voble must assume it +ve probablty
ot \least one value thab is no Ireaoter
thau tts expectoabon and ok \east ove
vallre thaoak (s not smalley thawy ts

e)<pect:auo.‘¢sn,
Lemmar @ C Lem 6-2 {xn M-U)

lLet S be a probabiltbty spoce, and a
raondem vorioble X defined on S s-t-

ElX] = Then R (XS ) >0, R (K<) >0.




° Application ° 'F(nd:.hj Max -cut-

Given an undirected gvoph G:=(V.E)
o cnk [S,V\S)i1s a Pap\:«.—bm oj. V.
Valire. og ck is%\znw\b&naﬁad\aes
with, one 2ndpsinkt o S, and other
Zf\df:bcsx'r\.t v VUN\S.

MaX ~Cunat

5 . ) w.‘tb\' SDP'
Aminimumecut. o P PcP, UGC

\E|

° Theorem : Auvays Fank ofvalue > - -

CThwm 6:2 3, M-U)
Broof: Foe cach vertex eV, unifoemly
ak vandew cnoose \_O,ﬂ.}, 'w.rdz—perdenﬂ}
befine dndicabsr wandom voetoble
. — (1 if endpoints edee 1 Fowe
X { § endpoin v°§‘ g%
O .. same volue.



SEMXD=1a0+3.0=%

Define S = verrcos aj vollme O.
g = 7 25 volunre 1,

. expectz)d stze of cunk (s.5S]
=E[ £ =] = 3, elx] = L

T E 1€ E 2.
O ’l?’an.sﬁzwm\a +o aun AN gorttam :
Soy o vandew O-1 assigymenk gives
oo ank CA.B), [A.B are O-1 verties,vesp,)

et p= Relank(CAB) = 1B

Now, 1B} _ & ek (A B))
2

= 2,3 Rlar®B)= 1+ £ 3 Frlawre): j}
I<EY, NEASA

£ Ci-P) C%‘-—O + PLEL

1
(leVv/2)+ 1 -
So, Z-X\JQCbQA- number o.j).p. san-xp'le.s —+2
Ovtouls, oL cnk Loty \‘E\/Q_.chﬁes s G/\Qﬁ
l1El/o +1.  Polynomiod Lame )

>p2




% Derandomizaton -
Let us censider verbtces debermindistically,

one by ene., A%, 9, .-, V.

leb 2. s the value at.ss{ﬂ-neJ = 9.
vf % = O thenn W EA

1:.5: W =414 tHhen Ve B.

Suppose, We have assigned voalliesn s
A3y, -, Vi

New we consider e,xpe.cte&.. volirg £

e et if remoining vericas
VYkays s VUn OFe  assigned O/1 unifermly

ot vandeowm and mdepeno\enbﬂ,\j
2T This is eonitvonal e_xpectauh'-cn,
B[k (A.B) |w=2, .., 9 =2,
We waunt t2 wnductively assign valume
aprq PO Vet s.t-
E [k (AB) | o =3, .-, S =]
< & [ewk (AB) [V =2, .., vK:xK’Wﬂ:xKﬂ]

Then e oL ﬁe)t
Eleut (A8 | W=y, - \In ""’"’D Z Elewt (ABL.
voliae a‘; Suxe sobtronr < IE‘/ 2




Base case
Lok (AB) 11, =27 = B fans (AB)].

— Aoldr by sypmebey, an b does aet
enaotter vwhevre we,PQ.a.ca,—the, st vertex.

Inductwe step:
Cons\dze Ve = L and O w.p. 37’2

Theny., E[_CAAt CA,B)lO‘:.?C‘,..., f\sthac.K] /&1
= ._12_ E[_c,uut CA,B)[U"_—.?C‘,..., f\}szk,‘\SK_\_\‘;U

-+ —L E [_C,Mt CA;B) l '\,"‘-‘.%1) . ooy, '\S-szk,‘\ﬂt(.ﬂe O:
2 8

= 1 C& + @ QL
> (& + Q)

2 max (®,,R,) 2 "_;_C&( + Q)

= E[_C,but (A.B) l =2, -, ‘\S-Kz'xkj,
So we just need. +to crpule @ & X,

and. ossign Sy =1 i Q> Oy
ondl =0 <f © £ Q.

CD'CY\PV\.bOL‘b\.:UY\ 05. Q4 C-CQ?_ 'S ano\Lozous)
—'szdh.-l;-u.-svunj 31'\/65 qcs«“%fnmanb 04
"ct: 'zz, Tt x(-(-t-t .




wWe can count the nNumber o‘j; edges
among these Kti verlices sucl, BAonk
thewr endpovnts recedved dLfferent
values., — hese 2&%25 vST\ c:m‘bmbum
tD the cnlb’.  Leb this counk be |Eygq,l.

Oth.ex z&ae,s conbrm buke A2 wnb W. . 1/2,,

— Easy & compule th O (1BL) fime.

??"d_i“'_ The raropr of the -trso
quan-bities is determuned. by
vohether 4 han more O -nedlighbors
er 1-nergblbors .

Edges not fharing i ove endpornl
conbbure the same o bobh Q,,Q5

® Simple greedy adgo
~ Consider verticas n an arblrary srdar.
- Pult ~q v A
— fovr cach suwccessive vertex J;
Puk W A Cresp. B) if W o
more nelghbaes 1 B (wesp. A)
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Ms vapfm‘s Online vector balancing

Nikhil Bansal, CWI and TU Eindhoven
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W&bm o 13/07/2020, 21:00:00-22:00:00 Talk Recording Link

Abstract: Consider the setting where vectors in [-1,1]*n arrive online, and upon the arrival of vector v_t

Polynomials as an
Algorithmic Paradigm

HoME TaLks VisiTs  JoIN Us

at time t, it must be immediately and irrevocably assigned a sign +1 or -1. The goal is to pick these signs
to ensure that the norm of the signed sum of these vectors stays small.

Such online discrepancy games were originally considered by Spencer in the 70's, but have received
renewed attention due to applications in online algorithms. | will give an overview of the results and
techniques in the area and describe several new recent results (after the STOC 2020 paper) that obtain
close to optimal bounds in many general settings such as for the online version of Komlos and
Banaszczyk problems.

Based on joint works with Joel Spencer, Haotian Jiang, Raghu Meka, Sahil Singla and Makrand Sinha.

’PPOb\ZJY\: Lelt '\91;'\92:”'/'\9“\&“2’“'
Find sxﬁns e f+x,-1% s.t
” 2'6 3, “ S mMuUnlmazed-

CHexre, l1. I\, s Backdean noem , i.e.
“96.\(2-: ,\\q_("'-\--f-x,?; fd‘(‘ veckee = (_g(i’..)z”).

- Theseem
let W e R™ Isili, =14 ¥ &[n].
Then B €€ {«xl.-1) for 1€ ), st

(g n
IS e, cdn, Il S e;uvin, = dnw,
¢ = t =1




ekt X = \\26;_"\9-.,1\:
(=1
- 22 T iy
= €; &9, + 8
B2 eqvetyy [
Thwy, BLX) = 2,2 9, 9y Efer €]
1=\ Jz

Now E L&) = E L&)

n_z[:'e:ldj = 0,
~for x':-,éJ‘.
and FELCi €)= ELG =1 for v= g

L EDX)= 2.V =l =

t=t

>3eps sit- X aen and X=nN.

The theovem is proven, by toking
Sduare arcobs an XE =g e wil,.

®
1=y

. . L -
e Note : Using Jensen's inedquality £ (x)€ Jer =4,
New &3 vgx‘& is strictly concave ond X s aot constarnt,

the inequality s not b\‘sl«\t [e.5. Ra Thomas - {aver
Thm 2.6.2) ond E(x%A) LI anless X > comshmab



° A allzenaolz mpvu\;rpobabrib;stzb Prooof.
C;Y:zza.y o'.LSo.

- Inithallze: é‘ = +\, VO, : = 4.

—fFor 1= 2 to n:
> f Cf\); mate s ocute o.r\a\zA ’

vyt 1O, :'2 é—j"’j)
3=t
then sel e; =-—1.

Y Else seb e =+1.

© Proofs -fp\lows Ao
Pythagoeus + Induction.

e Gl = I\ Voil(?_é \]"b

Base case: W, = 1wl =4,

Inducton :
Wyoq4 and &:U! makes obbuse angle.

y R
LN, & Wed tE e ) egvelly  (Rth)

5@.—1)-&-1::.1',- ®

-%z.pe/fmae, Ndnll, £ Awn, ||



