LE GTURE 3: SAMPLE & MoDIFy /

A LTERATION.
Hophlevel idea:
wnderect Q- S‘ba.ﬁe argument -
@ Sample : ‘to consbeuck vvandera
Steuctbere vt ssme “ blenmdshes™

@ modify @ Yo soalisfy required precperiies.,

§ App\:c_a.l-;{m : Indejoendent sek-

C6-4.\ W M-U, 3.2 ' A-S)

e Given a jr’a.p& G:=(V.E),» —ﬁ.’nd Hhe maxitmom
siged independent set( also knowm as stable
Set. co-cligue. Qn’b-‘c\/fq’ue.) e a set of
vevbices 5.t no trwo are Oud:ja.ce.n't'

Two independent sets for the star graph Sg
show how vastly different in size two
maximal independent sets (the right being
maximum) can be.

(&) s the ir\da.pend.ence, O og 8Yw\121«, Q.

X(A)> t means 3t vertices Wit no Qijes
betvwwean them

- NP harnd )



e Theorem @ Let G =((V,BE)be a comectzd
graph onn vertices and m e_d.ﬁz.s

Then K(G) = n*/am.
Preoof : Lek d.=-2—'::—>/1 be'bh,e,o.yzmaz
degree c} vievrbices un Q.

Considey foupmrﬁ nandomized adl_go :
1. Delete eoch vertex of G C-l:zbjz,tb\er’
volth ifs Wncident edgesdw.p. L -Ya.
2. Fse cac qoe_ma.o.n;.nﬁ ad,‘je, cemove 1L
cund. one o§ ks aAjaM verlces .
eletbt XK; be the indicobor vandom
vax?\‘ogb‘kz, that vevrbex 9 surwnwves
H 2 ‘Sarr\pﬂz,' sbe.{:.

Then ELKAY = YA.

- lek X be #vertices suevived after

the ‘saw\l:\e_' skep .

Then, XY= EBL[EX:]) = SELR] =

* \=)

- Lek Yibe the indicolor vandem varmaolble

dhak 32432, 3 suPvesS * sample’ step.
bestin 1Y
N CEzYJ] = _) [_gic\pmn'\'& r;se_ed-]

[SUK'CAVARV -



- lLek Y be '\:b‘\:m!,fnu.rr\b,emcg’g— 2:0‘52‘5
SurRrvivedo OL{S:‘C-QX’ ¢ gayyu‘g\g_’ s\:q:.

Then, ELY) = f’ELéVJ] =2 EL\/"Q '—’%’_!‘;\?.
g =1 n
2.

In the socond step., a\_ﬁm"bhm
YemnoveS alb most ona VA.P‘\TQQQ P

chﬁa-
kence, & owbpubs o wdependents
seb og N2e. > XR=Y .

Novw ELR-Y) = E[x)—ELY]

"\ "\

=-——-’_——

A = n*

o Tbis proves oo weakar version of cele brated
Tuwran’'s theocvrem.

"\
e Turén's theosvrem : K(G§) 2 o\-\-1.-®

[ BEquivalent version : @ let G be a n-vertex
Ky ~free 3\"&?‘& MRen kb s at mast

'P-\.'nz QA S-]
« 2




Tis is infact bt |
Turdn 3\00\?& T »)
is & compete multl | RSLE.
pav-tife Grapt. fu-rme_')
by parzboning o

it v subsets, as e
Rual os possible & e

cannect o verbtices
AL %e_m/\t' subsets.

Say. v |n, Q‘lﬁs = ;‘:‘Z—Cﬂ'—%) — n-. ("&\_’)'

* Home week (not -for submission) :

Show (A) & (B) are eduivalent.

* Also check = proofs from the book”
for manry d/lﬂ.er‘@'\'b pqoo'af‘s a? Twrd N s

theorem.



E Applicabon ' Combimatorial Geomebry.

* Helbrern's ‘b\@{an,s,?,e, problem :

PRace . points i» vkt square, se as to
Maxwmize tne avrea af the wlarmuom D
whose Verkces are 3 of $e n ponts.

N

N

77

?

| INCES

N

N7
N——

N

s

17, <05
NI
<\~

e lekX S be a sel og:\ps\hk.s w [0,1]1=<(0.1].
« TCS) be the mun area of « bmanﬁke. rohos2
verltces are thvee distbinct ponts of S.

- lek TG\ = mg.x T().

: Ccﬁ\so.cbaoe, CHeilpveorm @ O (Y/?).
- Remlbs. Pintz_ Szemereds (1982):
TOGV=N (_ log n/n") u.s{nﬁ Pvob. methods .



+ Cautrent best Knownn U“pPper boeund !
T < n 720 ems’ 1],

e Ne vl see a sicwpler e aker resuwld

Theseenm : CThmn 3:3:1 v A-S).
3 S of npain.ts iIn b sqQuare s.t-
T(s) > 2+/(1ocon?)

& A movysrobabilkistic Pross
L Dwe 4@ Erdés, s\r\o\,ox}\j Y2 ~1y%].

Let us start Wit o nxn vwrufoerm
gevd. e [0, n-1)x LOo,n-1)

60 o o o o o . .

. Problem -.ma.ny Eo:fds
5° = ° < ° ore collinear, 3mv\'r\j
4a° o @ . ° AD-area =0.

30 @ [ 4 o [ 4

If A verices aye not
° colneay, thevrw manianu
re @ o o0 area triongle has area:

@ ® ® L 4 ® o ®

cm—

'\ 2 3 4 5 ¢ 2 2. ZCﬂ ’

So ne wank o remove collineaxrs pants,
lekX " be o paime -

Consider a set aﬁ 'n_,PG\I.-\t;.s S:
C_Z/HD Whare, :j-‘:og’—rnpd. N, O§y<f\..
ie. S=J(=x,«*)EFE: x €Fnl.

2 - ® @




So, the=z poinks defhinz o\ parabol.
A pavabola meets o ne y-mx+b
ot < 2 potnls.

[otherworise, x2m=x-bL =0 +tas three
distanck wsvte . A cenbradictien |

Csnbf’ad:cﬁnﬁ the plone bj o forckzy
(n-1) in bottv coordenates gives
the desired. seb of porabs Wit
men A-areo. 2 1/2Cﬂ—\)7:

@ Often olgpbrouc solubins are cute,
buwlt faed +o moduify /_2xtend.

Combinatomal proefs audhlt felp us

2 Use feaver Pammers.



Recof.
* Lleb us sample 3 psinks Pq.w indeply.
Mfwm(y ak vandeonn th Uit SQUaY
hat s the probobilly that the area
of & Apgr s ak mast € 7
Pick p fest: Lek A, = st Ce.d)
a Pe[dse ['x,x—\-ij]
b < T (x+ax) — Tx”
T (A% A% + 2K AK),
F L% for smadk ax,

II\I

Now, ixing p and 4 ab distance =,

,cr
L - dv Forr oxvea (o par) £ &,
WEe NezD Ji.‘t.,—xéé
PR > 2 26e/=.
Q B
2" &

So, @ must e in aAstrip of width ae/=
and «Le-vxﬁt'ﬁ 32 EAs J2 (s the moxtmuan

Contrrined vh o unld squore],



< 4 3.

x
¥ [Dpae has aveo éé:) & TxAx. i:_@
L 40 Q.
As, 0<% <432, Pe [ Apar fhas area £ €1
Iz
< a0 €Edax = 4042 € £ Hd e
o
@ Sample :
WM of vandom wn [0, )= 0,11,
With avrea < */(100m).
For eac belplet of P@Inbs P37
Pe [ area (apgr) S —— "\ _&°

loon® 100N

2 °

There are (%) such beipletbs,
Hence, E[LX] & (z;\)(o_ngz_)

< ﬁ? 0-4 < N.
6 \ 7z



@ MODIFY /ALTER:
There exists a SPQ_Q’;ﬁb sek of 2n
veertices vovHa fever than m As
of area <« “Sfrio0n®)

Delele one vertex fromm —the seb
feem each such ‘l:ﬁmanﬁ,tz,

This leaves ok least o verklices,
Aess M 'L/'toon”-



. Second momendc
LECTURE 4: =7 ™™V

Variance i of fandom vamoble X
Var [xX)= BE[x - €[x3V= ELXx%] - =[x1°

* Chebyshev’s l'nZQanLbL.
X be a. vondomnm variable (RV) woith BEX L9,
vaunonee Vo (X) <00, Then for g £t >0,

Pe[ 16— 12 ) o Yorlz]

E?—
< Rel | X—EIXI> ) < -L—,_
- CovolUzrey 1.
R () %-®Bd| > 2 BR)) & Yorbx]
£z &1

Comment : If X is on teger valued RV. Then
ELX] > Pr (X 20].

So, «f EB[X)— 0, then B [X>0]120 i-e. X~Oas

Howewver, if (ELX) 220, that donot imply X>0 as.

For Bhat secend moment s useful.



CopoUaey 2. Pr [ X =07 < Ver[x] /(ELx1)*

. Covollary 3-
If Varlx) = o(ELX)Y), then whp X >0 ,

Infact, we fave a sbeonger proprty
X~ EDx] w.hp

S WMWY 7;‘-

- Use Markov/ fivst momient meltrod, 1.4
4ok Want b sheas ot sewme mmmz.bo.ﬁ\ﬂ

RV is 0 with kgl probabiUuty: (b shewny
IEX = 60 ),

* U C\me.bySMz\// s2Ccand mem@rt wo koD, H—
Yo wWwonk o sl that W is nongero
with high onbo«&:r\\.' t# by Showing tod-
varance / (meow) tends o 0.



- Covaaxmance,: Cov[%.Y]
= E((x-FELX))(v- EIY)) = EIxY] - EDXIEDY),

—If K,Y are independenk_ then Cov[X,¥] =0.

oot X=Xi+..+Xn. Ohere X; is the
indlcadzr AV Ffor evenk A;.
Povr tnduces {,jC-‘#i), v AL,AJ are ot
wdependent , ne weite L7
We set (the sumn sver ordered pasees)

A= 2, B LA AAYTL

mNj

Neovo, Cov [X.‘,Xj] = ELX; XJJ —ELX] E CXJ'J
< EBLx;%j] =R [AIAA{L, for 'fNj

and Cov(Xi,%5]=0, Jornot i~ q,1#£7-



Lem 6- q
1: Var[x] £ EBIXJ+A, [
Leamnma

2’5 i
LX] = var {27«
Vaxr

l-—f

—ZVWEXt_l 2, COVCXnXJ)

&S }JCM
i#5

=[x,
Xy ts 0J1 RV, E[X] g:[
Now, ov? ‘\.[X‘l:__3 =E x> - CEO‘)J
Thwns, Vax IEEK?;J I

= Zx') EX -
ELTE[XJ i
Hence, i\l‘a.oD(]

= |
'-
1=

é; J ) 2. ) )
(X X) Z,Cavtx.,X)—\- C,ov()( XJ
A\ﬁo, CGV 1

J 4y
'3;4'" =2 BlA AAT=A.
q.~j

= Var[X] < E[x] +A.

J )
. [ 3 ,



§ Application ! Threshold behawnwour
and.om G

A Rondem GPO\P‘&S ﬁ"’e—‘” ‘ﬁs iy {'

The random gronb. 6( S o

probabiliby space over the seb of Taf&s

on the vertex set [(n],deteramincd. by
Reliijl e EW@] =¢p

et e se events mudz,gauj Cnc\epzrdefrt-

Also called Brdds - RényL yondem graph.

Random Graphs
books.google.co.in > books

ON THE EVOLUTION OF RANDOM GRAPHS This is a revised and updated version of the classic first edition.
by Béla Bollobés, Bollobas Béla - 2001 - Preview - More editions
P. ERDGS and A. RENYI /
/
£

Dedicated to Professor P. Turdn at
his 50th birthday.

Random Graphs
books.google.co.in > books

* p— fm— Poised to stimulate research for years to come, this new work cove
) providing a much-needed, modern overview of this fast-growing ar

Svante Janson, Tomasz Luczak, Andrzej Rucinski - 2011 - Preview

/
. * \ /// E Random Graphs
% books.google.co.in > books
2 / . Results of research on classical combinatorial structures such asr.
. " . systems of random linear equations in finite fields.
L . - V. F. Kolchin, Valentin Fedorovich Kolchin, G. C. Rota - 1999 - Prev
. E I /
1 } . Introduction to Random Graphs
|aucs mat ." = books.google.co.in > books
mathematic *
. e /’—> ” p : - The text covers random graphs from the basic to the advanced, ini
. . * recommendations for further reading.
. Alan Frieze, Michat Karoriski - 2016 - Preview - More editions
/

P=0 3 oM isolated verthces.
As p increases, <& becomes dense.

rP=1=2 4G(n.1) = Kn.



@ Theeshold. belhaviowe :

dhase transition Curie. fponk

I

tretee4t

supercz'irica/ﬂuid Figure 1. Below the Curie
temperature, neighbouring
magnetic spins align parallel to
each other in ferromagnet in the
absence of an applied magnetic

critical point field

Pressure

solid phase compressible

liquid

critical pressure
Per

liquid

E phase ( f\f
; WERY
: w4

Y superheated vapour

Applied Magnetic  Applied Magnetic
Field Absent Field Present

Py triple point

gaseouts phase Figure 2. Above the Curie

critical temperature, the magnetic spins
temperature are randomly aligned in a
T‘P Ter paramagnet unless a magnetic
- field is applied

Temperature

* The second. momenk mMeffod s used

to prove certaun properties of

rondon grophs .

- In G(n.P) medel etten there s oo

threshold functbon $ such thot :

@ p<£6L) = almest no gropt Pas
the desvred. pwspersty.

) P P £6V) S almost every grapt.
oo the desired property.



Theseem : (Thm 4.4 im A-S_ 6.8 in M-U)
Let (&) b2 the nusoer of verkices
in the maxinuwn elique of growh G,
Let T[T be. the property et (6D = 4.
Then JTtow threshold. fn ol 73

[ Reformulobon:

For oy €£20,4 sufficrently Rarge w.,
@ if p=.0(172), then

Relwi@)2a for 6~ 6 0.pY] & E.

@ if p=voln?2),

Relw@)2a for 66 0np)] 2 1-8.]

tek S bz a sek of four vacticas m GOP)
and. Ac be the evend: “ S is o cique
and. Y¢ its indilcadse RV.

Thens ELXsI =P LAS] = P'6~ @

K4 fran
Llet X be the totol number Sir edges.

&% A-duiques n G, ,i.e.

A = 2 K
\s|l=4,
Scvi®




Hence, W(G)> 4 & X 0.
Leneaet by o§ szecA:a_ticns gives
Elx]= %, BLAs] = (2)ps 279 a9

1s1=4 24

- (3
¥ p=.0 (n"), "‘“2*: = 0 (A n?)=0(D

So. E[X]< ¢ for swﬁﬁ‘u‘zr\'tly «Qarﬁe— .
SR Ix>1] & Elx] < £.

Thus, RelwW(@) 24 for 6~ 6 (n.PY] & E.

New suppose = (75,

Then, FELX] = Q'\AEé = (1) —P o
24 "L~ 09

However, bhis 1S not vajﬁ'u‘zr\b o
Sov\ﬂ, thab vo.\n.qx S 3\(:0\19&, choserv
o G Un.P) woill Rrave w(6D > 4.
C2~3. mav-a,nz:-\-; Yold crue q“d: Bre
Vaxr Cx) is fuispe].

New, Pr [X =07 2 Varlx]l/(ELx1)* (CorZ]

Thas +f Var[xX]=_0 QIED(]Z), o2 jzt
Pelx=0]=_0(1). ® R[x=0] < ¢.



There == (2) possible A-tples,
Lekt ¢,G, .., G be an enumer ati'sw d‘&
alk swesebs ef- our vertics .

Llet Rq,%z, -, Xen are RVs coevs, bo G, ..,6n,

N §avrw Learmao. 1,
Ve [X]) = Vvar [ S, X,

L=1|

= E[% %] = S Cev OXLX5)

| &‘.135‘"
" V£ 4

New, BLE, X:) = (D)p. CFrem @]

=1

So. ne c.c-vmpwbe, the Covoxaance tererm

Cose 1- 1 NG | =21,

Then Co and C are edsae -—d.-:sjoff\t.
Thus Xy 9nd Xj are tnde pendent
ond Cov C_K(..XJ) =0.

Casel. 1Cngl=2,

’W\zj share a. Comwmpn edLsa- §
o Xi ::XJ':‘I , oo @leven edaes
must appeav.

s CovDxiLxg) £ B xj] < o't




There are () ways to choase § vertiess.

There are ( 2.?2.;. ZB
Nearvys -bvsP(Lb thewmnm
into Cy and C:)
L2 Jor &xO0 G,
2 for &N\ G ond
2 for g\N&],

Case 3 \qr\cjl=3

‘Tl/\g_y sharre 3(3%240\’) 2&563- A

Covxis®¥j) e EBL® X5 £p7,
R ol 9 z&ﬁe.s "nust rpPRROY™

Twhere asre, C” )v\my.s Yo choose © verhca.

3") )ways to S‘P‘th ‘nbo ¢, %

Hence,a Vo EX]

< (268 + (2) (o) P (2) ()P

=OGR)pe +O(re) P + O(n®) P
=_0 Cns p*z-) "—’/D(CY\A'PGDZ) =90 CQED(‘))ZD'



A QE E?fj)z-z‘ CC:‘\ ) pé)z-_: @ an \OIL)’
wohlc cormpleen the /pm-aj- -
e Anocther ol lerrna bive pmzf USC
Condritional expectabion ined; “by.
te- 6 in M-U].

* Theesvem A:Lebt X = ix., where cach X Is
A O-1 RV. Thes F:»Cx>o) a?-r(_xt =1)

.-l ELX Xy —:lj

Peosy -

Define V=Y i-ee RY=1,if X>0.
Y=0 ile. XYy =0, 's:s-' X = O.

SEIXYI=1. e (XY =1)+ O- " (XY=0)
=P (x>0).

Bence & (%) >0 = E[x¥)=E[ L, %Y]

= 2 BLxY) L[&nofexp)

\=

= 2 (B Ik =0 & (=) + B [xi Y 1 =0) Be (% =0)

i Y xi=1YR (xi=1)

1)
'L\M 0

-
h
b

3

L% = 1] Re (Xj=1)



M R C)(i =1 R Jensen’'s
> in 2 L inecv.&AL:t,'-
V= fEEX|xf=1j
e[F=x) > ¢ (BLAD),
<9 .\opJ/ Sor canvex fn P.
&0 5 Here, we bake PEI=1]

7

e Theseem : Ipc' P__.,ocﬂ"sz), \r°-\n-P. (o % 3@@\9&,
chosaw feona 6 NP ot fave w(ad > 4.

Az be_fwe, M=C_2)', and X='€.?<1.‘.
P_‘,LXJ =1)= P6 \=1

CELXIXj=1]) =§, E [xi 1 =] ["52’:?

L=y

Az %i is ©/1 Rrv, FE[;cslx)'_—;n'):Rp{x;gi\xJ- =1]
Case L. [Cr A Gl= 0. C%-Msjw_)

3 ("74)ses G Back m =1 wp. pE

Grse 2. leragl=t. [edge-dis ul]

3 (‘jl)(_"";') sets (; 5 Each Xi=1 wp p&

Case 3. L GOG| =2 Lone edse conmmen)
F(2)C"22) sets (5 Each Xi=1 wp. p°
Case 4. laca Gl =3, Limee2dges common)
(A7) e G Bach o=t w22



hence, BLX1%)=0= g, @lxi1x5=1]

=\

=1+ ("R PP a (O )P (ot )P A (171 ) P2

Usiney Thm A, B (X >0) >
C3) pe
1+ (P29 pera ("4 )t o("24 )PP 4 (171 ) p2

=1 oan NP, due B Pz wlaT)

||
(Trtuibively,

© (C37)F 2 (3P for no w.
@ (";HzeE)>> e =)
= Lﬂ;‘\')PJ‘ >>4C\‘;4)P6
© C";“)P = (%) >> 6(";_4).
= Cn:\q)Pe > eC";_“)pg.
@ (MG = (D)= (D> A (")
= (3% )ec >> 4(“(‘*)1’3']



§ APPQLC.OLHM ur Numbe e 'The,cvay

A
MATHEMATICIAN’S

APOLOGY

houghtful” INBEFENTERT

THE MAN WIII] KNEW

A Life of the Ger

INFI N I T Y
G.H. Hardy (1877-1947) and ROBERT KANIGEE A

' AR

Srinivasa Ramanujan (1887-1920)

let v(n) = 'n.umr\befﬁé'& revne divisors 6?71.

> Thesrem [ Bardy & Ramanygon 1920]
For all £5> 0, there exists a constant
e such. thot o buk afoac:\':s:sv\. cf-

numbers o e, 2, ..,'r\.S socb.'s;&

CThnmns 421 2~ A-S, 'P'r-’oo-f belavo (s L-.>7 Tmérﬂ
Intuwitively. « almast all” N Lzve

pYrime

omega -Y.Oﬁl—os n ({4+.0(1)) prime faC—":'BT’S .

toter Erdds-Kac

013927 THE ON-LINE ENCYCLOPEDIA

76| OF INTEGER SEQUENCES* showed v(x) behave

founded in 1964 by N. J. A. Sloane

( ) G 1 Reke Waﬂ. 0 ste.

(Greetings from The On-Line Encyclopedia of Integer ) °
-
A001221 Number of distinct primes dividing n (also called omega(n)). fuso W\% mam & mm&
(Formerly M0056 N0019)
0, 1,1,1,1,%2,1,1,1,2,1,2,1,2,21,1,2,1,2,2,2,1,2,1,2,1, 2,
3,1,1,2,2,2,2,1,2,2,2,1,3,1,2,2,2,1,2,1, 2,2,2, 1, 2, 2

2, 25 1, 1,2,2,3 1,2,1,2,2, 2,2 Q ‘! n

°




o/~ L/\sica&i:: S‘taLhS\ZCod.Ly Primes haae
Mmarry properties that mose them seem
vand.om , ven il the prinmes tdhemselves
axy’e not.

Percof:

‘Ne wilk also use tre Follvong basic

vesulEs JQasW't ozna«l/jtx'c. bR ‘b\’\edi‘y-'

Merten’s thesvem: Addﬁn@ cver: oall

pPrimes weto N, i_‘_ = L LN + O(1).

pen T

* Lek 2 be chosen wniformly, ok

vandsw from ) and p be a prme.

. 1 i [=¢
'DQ&L(\Z ng ’%._O i Loise.

™en the number cg',i peime divisers
a-:ﬁ Z thak are £ M s

A = 2 Xp
P& M.

Pick M =n/1® [ woeks for any Large 7|
Constont instexr a:f;- {o

oo x<n can have 10 p-pime,fmc)wrs
«Lawﬁzr than M, we have

V(L) —10 € K () £ v,
20 demabon beunds for R ~ A b. for V.



" = = —40 (."Lm . » I SLyd

By Unearity of expectotions,
€lx)= ELLxp] = (L + O())

pem pEM

L gD ~ 0o (). M

New., e Wwaznt o c_cwmpud'a. Vax EXJ

fov e

Note, Var [Xpl S @+5)U-35-2) constantc
1 c. — L o Al
sSowmL. ao

ZVa.w[?“Pjé'—br\le\.-\-OC‘). =%
P<™M Comptedion

Now. ne focus on covorionce.

For disthinck petmes P ; KpXg =1
FL (P12 and alx) <= (pei1x).
Hencz, Cov [ Xp, Xq )= TE L Xp%q ) ~E XpJE [Xq]
= Ln/eal) | el | V4

LR " L4 v
= () - GE- 3 (3-3)

s W+




S CovlXpe,Xq)l < L £ (L~
p#£4 e q’>
SRS 2% 7

Bence, Vav: (X = S vas[D<p)+E, Cov [ Xp.Xq].
PRV P

Lo+ O(1) =~ EX.
Thus, Ghebyshev’s \'r\ZoLLLO\U’G, ‘.’“P’Q’j:

RLIX=—airn > DIt njs (\"L“x)j
AZ (\nluv )

Z A% 0(1) ~or any Corwntonkt A > 0.

As [ X -V £ 10, this finaly imply, W h.p.
\ vty — i n|S et @




3/ applicaton to analvysis.
e Recormmended ( Oplionol.) vead.

s Tesrem : (Twna 4.32 i MIT)

Necerstrass Appvro xinmationt Thesrem

let $£: [0,1] = IR be a continuous
funchon on a bounded interval .
Guiven £%>0, kb is possible to opproxicnale
§ by a polyrmowual pCx) such thod

\py — 3l £« &, ¥ 2€ [0,1])

— Very important resuwll in nument col
o.naﬂgsfs Cpolyrnomiol inteepolaben).
used in ML & convex oplimizotion

Karl Weierstrai

(1815 -1897) < Foather o{, <ana.\ysC.s t

/ Rod. no foemal wueae

A\ 9] dzgpe,e_ Recesve?d thenorary
doctorale due ‘to tis
contributions.




