











































































































LECTURE 3 SAMPLE MODIFY
ALTERATION

High level idea

indirect 2 stage argument
sample to construct random
structure with some blemishes

modify to satisfy required properties

Application Independent set
G 4 I in M U 3.2 in A S

Given a graph G V E find the maximum
sized independent set also known as stable
set co clique ante clique i e a set of
vertices s t no two are adjacent

hCG is the independence no of graph G
x Ca t means F t vertices with no edges
between them

NP hand














































































































mZ n l

theorem Let G CV E be a connected
graph on n vertices and m edges
Then 2 G n 21am example m n

Proto Let D 22 31 be the average
degree of vertices in G

Consider following randomized algo
1 Delete each vertex of G C together
with its incident edges 3 w p L Hd
2 For each remaining edge remove it
and one of its adjacent vertices

Let Xi be the indicators random
variable that vertex Ui survives
the sample step
Then E Xi Hd
Let X be vertices survived after
the sample step Lin oafexpectations
Then E X E Xi L IE IE Xi L
Let Yg be the indicator random variable
that edge j survives sample step
then E Ex I Idf insights.tneed














































































































Let Y be total number of edges
survived after a sample step
Then ECy EE Yj ELY Hdz Iz

Nzd
In the second step algorithm
removes at most one vertex pen
edge
Hence it outputs an independent
set of size 3 X Y

Now E X y E XI ELY
I I Nzd Mamd 2nd

This proves a weaker version of celebrated
Turin's theorem

Tupian's theorem X G Z I AOd 1

Equivalent version Let G be a n vertex

Kpi free graph then it has at most

edges














































































































This is in fact tight
turan graph 1 nip

is a complete multi

partite graph formed
by partitioning a

set of n verities
into n subsets as 0 O O

D 0
equal as possible O 0 0

connect two vertices

if they belong to
different subsets

Say mln edges 2 n F n th
Zp

Home work not for submission
Show A B ane equivalent
Also check proofs from the book
for many different proofs of turan's
theorem


























































































Application Combinatorial Geometry
Heilbronn's triangle problem
Place n points in a unit square so as to

maximize the area of the minimum

whose vertices are 3 of the n points
Social distancing

even
distribution
of points

Mam
variants
are
studied

n
Let s be a set of points in 0,13 x Q1
TCS be the min area of a triangle whose
vertices are three distinct points of S
Let Tcn MEX T S

Conjecture Heilbronn 0 Itn
Kontos Pint Z S2 emersedi C 1982

Tcm D log n n2 using prob methods














































































































Current best known upper bound
1 n s n 817 A

KMS 81

we will see a simpler weaker result

Theorem Thm 3.3 1 in A S

F S of n points in unit square s t

T S 3 11 100m23

A nonprobabilistic proof
Due to Erdos showing 42cm if
Let us start with a mxn uniform
grid on O n I x O n t

6 o o o o o o problem many points
5 o o o o are collinear giving
a o o 100 D area 0
3 o o o o o

z o oooo Iff.NET EnseIermFitum
o o o o o

area triangle has area
o o o o o o

e
O I 2 3 4 5 6 I l l L jz n 13

So we want to remove collinear points
Let me be a prime from m2 in grid
Considers a set of n points 5
CR y where y Ex2 mod n O E y n

i e S Cx n2 E IF n C Itn














































































































So these points define a parabola
A parabola meets a line y Mx b
at e 2 points
otherwise xZ ma b 0 has

threedistinct roots A contradiction

Contracting the plane by a factor
n 2 in both coordinates gives
the desired set of n points with
men 0 area 3 YzCn l

Often algebraic solutions are cute
but hard to modify 1 extend

Combinatorial proofs might help us

to Use heavier hammers














































































































Proof
Let us sample 3 points p.q.rs indeeply

uniformly at random in unit square
what is the probability that the area

of a span is at most E

Pick p first Let d dist Psd
ON

q
Prs de E x setose

TI E IT Cx or f ITHP

E T ON ok 2 seok

E 7 se Ose for small on

Now fixing p and q at distance se

let h.be altitude from n lo eine Pd
0

I
Fop area 0 par E E
we need h n E E

o h E 2 Else
P

or

so P must lie in a strip of width 4 Else
and length 52 As 52 is the maximum

length of a line segment completely
contained in a unit square














































































































The prob that P has above property
Tz

RrCopan has area E E E nose 4 52

4 O E ON

As 0 E N E T2 Pn Copan has area E E

40 E du 4052 E E 60 E

Sample
Choose 2h points independently and

uniformly at random in 0,23 10,2

Let denote the numbers of 0 S

with area E 21 Croon 2

For each triplet of points p.q.rs
60pp area span E 2 E
70 On Z

There are 25 such triplets
Hence E x E Zz 06

Sn 3
e s

n














































































































MODIFY ALTER
There exists a specific set of 2n
vertices with fewer than n Os

of area I Ycroon2
Delete one vertex from the set
from each such triangle
This leaves at least or vertices
and now no triangle has area

less than 4 too m2














































































































LECTURE 4 second moment
method

Variance of random variable X
Van x E X E x

2
E XZ Tt x

Chebyshev's inequality
X be a random variable RV with EX CA
variance Van so then for any t 0

Pr I X EX 13 t E VAPID
EZ

Prs I X El x I 3 to E Iz
o Copollapy
t.PT FCxII3EECxDEVarCxTE2IEfxJ2

Comment If X is an integer valued RV then
t.ECX 3 Pr EX 70

So if E X 0 then Pr X o O i e X O a s

However if It x x that do not imply X 0 a s

For that second moment is useful














































































































cn 2ePpCX OJEVarsCXJ CECxI

ConoUapy3_
If vars x o GE 32 then w h P X 0

In fact we have a stronger property
X n E Ex w h P

Summaryi
Use Markov first moment method if
you want to show that some nonnegative
RV is 0 with high probability by showing
1EX O

Use Chebyshev second moment method if
you want to show that it is nonzero
with high probability by showing that
variance 1 meant tends to 0














































































































C nce Cor x y

E X E x y E x E XY Efx Efx

If X Y are independent then Cor I O

Let X X Xm Where Xi is the

indicator RV for event Ai

For indices i j ti if Ai Aj are not

independent we write in j
We set the sum over ordered pairs

d
g
Pr C Ai Aj

Now Cor X i Xj E Xi Xj J E LX i3 IE Xj
E E Xi Xj Pr Ai n Aj for inj
and Cor Xi Xj 0 for not inj it j














































































































Lemma L Vars x E E Ex 0 Lemm
m

Prooof vars X vars EX i
i

Van Xi t E Cov Xi Xj
if i j Emi j

Now as Xi is 0 2 RV E X I E Xi
Thus Van Xi It x 2 CE F

E E Xi E Xi

Hence
i
van i Em E Xi E Efx TEX

Also E Cov Xi Xj Corcxi Xj Cor Xi Xj
is i jam in j ixj
i'I

g
Pr Ai Aj 4

Vars X E EEXT 4

Corollary 4 If E x X D e E XP
i e Van x o CE x 2 then almost

always X O and X EX






























































































Application Threshold behaviours
in Random Graphs

Random Graphs pitrenticesfpregbgeof
The random graph Cn p is a

probability space over the set of graphs
on the vertex set n determined by
Pr hi j 3 E E G p

with these events mutually independent
Also called Epd s Reinyi random graph

G Cn p with p 0.01

p o are isolated vertices
As p increases it becomes diensers
p I G Cn 1 kn




























































threshold behaviours

phase transition Curie point

The second moment method is used
to prove certain properties of
random graphs
In G Cn p model often there is a

threshold function f such that
a p s f Cn almost no graph has

the desired property
b p far almost every graph

has the desired property



TY Th m 4 4 1 in A S G 8 in M V

Let w G be the number of vertices
in the maximum clique of graph G
Let IT be the property that WCG 4

Then IT has threshold for n 43

Revathi
for any E 70 sufficiently large n

if p o Cri 43 then

Pro WCG 34 for G G Cn p E E

if p w n 43

Pro WCG 34 for G G Cn p Z L E

Proof
Let s be a set of four vertices in GCrip
and As be the event S is a clique
and Xs its indicators RV

Then it Xs pro As pro
Kg hasLet be the total number six edges

of 4 cliques in G i e

X Xs
Is 1 4
S Cvice



Hence w G 34 x O

Linearity of expectations gives
Efx E E Xs na p6 EMI

151 4 24

If p D n 213 n P o Cri't na oG

So E X E E for sufficiently large n

Be x I E IE X E E

Thus Pp WCG 2,4 for G G Cn p E E

Now suppose p w Erik
Then E X nap 6

24
wed x as

n 0

However this is not sufficient to

say that w h p a graph chosen
from Gcn p2 will have WCG 734
e g may not hold true if the
vase Cx is high
Now Pr X O E var EXT CECH Cor 2

Thus if Var x CTE 32 we get
Prs X O D s Be x o E E



there m I possible 4 tuples
Let 9 Cz Cm be an enumeration of
all subsets of fours reptiles

Let Xp Xz X m are RVs comes to G Cm

Now from Lemma 1
M

var EXT van E Xi
m i I

E E Eh Xi E Cov Xi Xj
Ei je m
i j

Now EEE Xi Z p6 From H

So we compute the covariance term

I Ci n Cy I E 1
Then Ci and Cj are edge disjoint
Thus Xi and Xj are independent
and Cor Xi Xj 0

CASI l G n Cj 1 2
1,72

They share a common edge o_0

For Xi Xj 1 all eleven edges 1
must appear
Cor Xi Xj E E Xi Xj E p



there are 2 ways to choose 6 vertices
There are

2 z multinomial
ways to split them coefficients
into Ci and Cj KT.kz Kr
2 for Ci n Cj n
2 for Ci l g and

ke Kzl Kp2 for Cj Ici
where Iki n

i L

Case I Ci n g I 3 o

They share 3 green edges o

Cor Xi Xj J E E Xi Xj Epa
as all 9 edges must appear

There are F ways to choose 5 vertices

35 ways to split into Ci g
Hence Van Ex

E 2 pot 8 Sz 2 p t E 65 PS
0Cna p6 0 no p t 0Cns p9
0 neo pi 2 s naps

2
D CEEX 7



as CE XT
Z

y p 6
2

0 Cns pig
which completes the proof has

Another alternative proof using
conditional expectation inequality
6 6 in M U

m

them Let X Xi where each Xi is
i i rn pp CX i 1a O 1 RV Then 13 x o z E

I I E XI Xi I

Proof
Define Y Y i e XY I if X O

Y O i e X y 0 if X 0

E XY 2 Pr Xy e t 0 Pr XY O

pp x 07

Hence Rr x 70 E XY IE Xi Y

ITE E Xi Y Clin of exp

IE Xi YI Xi Dthe Xi 1 IE Xi Y l x D Rr Xi D

7 E 1 YI Xi 3 Rr Xi e

E f lxi I Rs x D



M Rr Xi 1 From Jensen's
3 E inequalityi i E XI Xi IT

cry 34 ECD
for convex for 4

o ir9oE Here we take Get't
I
them If p wCn 437 w h p a graph

chosen from Gcn p2 will have WCG 334

As before m Z and X E Xi
Prc Xj 1 p 6

m

E Xl Xj I E E Xi 1Xj D 24974
i

As Xi is 0 1 RV E Xi I Xj 1 fr Xi 21Xj I

Case 1 I G n Cj1 0 edge disjoint
F n44 sets Ci Each X I w p p6
Case 2 Icing 1 1 edge disjoint
3 q

n 34 sets Ci Each Xi i wt p6
Case 3 I Ci n g I 2 one edge common

F E n24 sets Ci Each Xi i w p p5
Case 4 I G n Cj I 3 threeedges common

I g n
a
4 sets a i Each Xi i w p p



Hence E Xl Xj D FE IE Xi 1Xj I

I n44 p ta n34 poet 6 24 pst 4 n
a4 p

T
I G n g 1 4
i e i j

Using Thm A th x O j
na p6

I n44 106 4 n34 poet 6 24 pst 4 n
a4 p

1 as n X due to p w Cn 432
DE

CIntuitively
a
4 PG 4 PG for n a

n44 OCH OGR n34
n44 pro 74454 p

6

ma4 p wait 43 s 6 n24
n44 PG 37 6 n24 p

n44 p3 w na 2 w 4 n 14
n44 p6 a n 9 p



Application in Numbers Theory

Let v Cn numbers of prime divisors of n
Theorem Hardy Ramanujan 2920

For all E 0 there exists a constant
such that all but E fraction of
numbers se E L i z n satisfy
I se en en n I I T

Thm d 2 2 in A S Proof below is by Turian
Intuitively a almost all m have

prime log log n Ce to C prime factorsOmega
function

Later End S Kak
showed v I behave
like normal distr
with mean variance
en en n



or Insight Statistically primes have
many properties that make them seem
random even if the primes themselves
are not

Proof
We will also use the following basic
results from analytic numbers theory
Menten's theorem Adding over all

primes upto N E f en en N OCI
PE N

Let x be chosen uniformly at

random from En and p be a prime

Define Xp I i f p IN
0 otherwise

Then the number of prime divisors

of x that are E M is

X Xp
P E M

Pick M n 110 works for any large
constant instead of 10

Aa mo n E n can have no prime factors
larger than M we have

CR 20 E X se E Coe
So deviation bounds for X d b for V



E xp Uff Oct Y I H

By linearity of expectations
IEEXT E

p µXp p µ
ton

Eenenn toes Effeteness

Now we want to compute Van x

for some
Note Van Xp E En l pt 7 constantc

E Et En f OCI

Evan xp enenni ocn.EEmIII.onPE M

Now we focus on covariance

For distinct primes p.ge Xp Xd 1

iff pl x and Atx Else

Hence Cor xp XqT E XpXq IE DIE q

Mpa
a

LMP1 L7qj
T

E Ea Cpt Ie Z E

e'aC



E Cov Xp Xd E th pEqC Z
p 1 9

OCM g l no 1E T F I
E O n 9110 en en n

Hence Van x E var xp E Cor ftp.xq
PEM p1 4

E en en n OCI LEX
Thus Chebyshev's inequality imply
Pr I X en en n I A JET g an

22 in 7nu

a 2 0 l for any constant a 0

As I X V I E 1.0 this finally imply w h p
I se en en n I E e T Bard



An application to analysis
Recommended Optional read

Theorem th m 4.32 in MIT

Weierstrass Approximation Theorem

Let f 0 I IR be a continuous

function on a bounded interval

Given E 0 it is possible to approximate
f by a polynomial pox such that

I p n f x I E E F R E CO I

Very important result in numerical

analysis C polynomial interpolation
Used in ML convex optimization

1815 1897 Fathers of a analysis
Had no formal college
degree Received honorary
doctorate due to his
contributions


