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Random walks

• Let 𝜇! be the probability distribution at time 𝑡.
𝜇!"# = 𝐴𝐷$# 𝜇!

• 𝐴𝐷$# 𝐷𝟏 = 𝐴𝟏 = 𝐷𝟏 .
• Therefore, stationary distribution 𝜇%∗ = 𝑑%/ ∑' 𝑑' .
• 𝐴𝐷$# has the same eigenvalues as 𝐷$#/)𝐴𝐷$#/).

• Theorem: Let 𝑀 be a 𝑛×𝑛 matrix and let 𝑆 be a 𝑛×𝑛 invertible matrix. Then, 𝑀
and 𝑆𝑀𝑆$# have the same eigenvalues.
• Let 𝑣 an eigenvector of 𝑀 with eigenvalue 𝜆. Let 𝑣* ≝ 𝑆𝑣. Then

𝑆𝑀𝑆$#𝑣* = 𝑆𝑀𝑆$#𝑆𝑣 = 𝑆 𝜆𝑣 = 𝜆𝑣*

• (H.W.) Mixing time bounds for random walks on general graphs.



How small can 𝛽 be?

• Let 𝐺 be a 𝑑-regular graph, with eigenvalues 𝑑 ≥ 𝜎) ≥ ⋯ ≥ 𝜎+ where 
max

%∈ ),…,+
𝜎% ≤ 𝛽.

• Tr 𝐴) = ∑% 𝑒%/𝐴)𝑒% = ∑% 𝐴𝑒% ) = 𝑛𝑑
• Tr 𝐴0 = number of walks of length 𝑘 starting and ending at the same vertex.

𝑛𝑑 = Tr 𝐴) =>
%

𝜎%) ≤ 𝑑) + 𝑛 − 1 𝛽)

• Therefore, 𝛽 ≥ +$1
+$#

⋅ 𝑑 = 1 − 𝑜 1 𝑑

• It can be shown that 𝛽 ≥ 2 𝑑 − 1 − 𝑜 1



Ramanujan Graphs

• Ramanujan graph: A 𝑑-regular graph is called a Ramanujan graph if 𝛽 ≤ 2 𝑑 − 1

• For a random 𝑛-vertex 𝑑-regular graph, 𝛽 ≤ 2 𝑑 − 1 + 𝑜 1 w.h.p. [Friedman -
03].

• Explicit constructions known for some values of 𝑑 [Lubotzky, Philips, Sarnak - 88], 
etc.



Expander mixing lemma

• Theorem: Let 𝐺 be a 𝑑-regular graph on 𝑛 vertices. Then for any 𝑆, 𝑇 ⊂ 𝑉

𝐸 𝑆, 𝑇 −
𝑑
𝑛 𝑆 𝑇 ≤ 𝛽 𝑆 𝑇

• For 𝑆 ⊆ 𝑉 and let 𝟏! be its indicator vector. Let 𝟏! = 𝑐!𝟏 + 𝑝! where 𝑝!, 𝟏 = 0. Then 
𝟏!, 𝟏 = 𝑐!𝟏, 𝟏 + 𝑝!, 𝟏 = 𝑐!𝑛 + 0

• Fix 𝑆, 𝑇 ⊂ 𝑉, 𝟏! = 𝑆 /𝑛 𝟏 + 𝑝! and 𝟏" = 𝑇 /𝑛 𝟏 + 𝑝".

𝐸 𝑆, 𝑇 = 𝟏!"𝐴𝟏" =
𝑆
𝑛
𝟏 + 𝑝!

"

𝐴
𝑇
𝑛
𝟏 + 𝑝" =

𝑆
𝑛
𝟏 + 𝑝!

"

𝑑
𝑇
𝑛
𝟏 + 𝐴𝑝"

= 𝑑
𝑆
𝑛

𝑇
𝑛 𝟏"𝟏 +

𝑆
𝑛 𝟏"𝐴𝑝" + 𝑑

𝑇
𝑛 𝑝!"𝟏 + 𝑝!"𝐴𝑝" = 𝑑

𝑆 𝑇
𝑛 + 𝑝!"𝐴𝑝"



• Therefore, 

𝐸 𝑆, 𝑇 −
𝑑
𝑛
𝑆 𝑇 = 𝑝2/𝐴𝑝/ ≤ 𝑝2 𝐴𝑝/

• 𝐴𝑝/ = 𝑝//𝐴/𝐴𝑝/ ≤ 𝛽)𝑝//𝑝/ = 𝛽 𝑝/

𝐸 𝑆, 𝑇 −
𝑑
𝑛
𝑆 𝑇 ≤ 𝑝2 𝐴𝑝/ ≤ 𝛽 𝑝2 𝑝/ ≤ 𝛽 𝟏2 𝟏/ = 𝛽 𝑆 𝑇



Laplacian Matrix

• 𝐿 = 𝐷 − 𝐴 and 𝐿𝟏 = 0.

• ℒ = 𝐷!"/$𝐿𝐷!"/$ and ℒ 𝐷"/$𝟏 = 𝐷!"/$𝐿𝐷!"/$ 𝐷"/$𝟏 = 𝐷!"/$𝐿𝟏 = 0

𝑥%𝐿𝑥 = 𝑥% 𝐷 − 𝐴 𝑥 =*
&

𝑑&𝑥&$ − 2*
&'∈)

𝐴&'𝑥&𝑥' =*
&

*
'

𝐴&' 𝑥&$ − 2*
&'∈)

𝐴&'𝑥&𝑥'

= *
&'∈*

𝐴&' 𝑥& − 𝑥'
$

𝜆$ = min
+,-!/#𝟏

𝑥%ℒ𝑥
𝑥%𝑥 = min

+,-!/#𝟏

𝐷!"/$𝑥 %𝐿 𝐷!"/$𝑥
𝑥%𝑥 = min

/,-𝟏

𝑦%𝐿𝑦
𝑦%𝐷𝑦 = min

/,-𝟏

∑&'∈* 𝐴&' 𝑦& − 𝑦'
$

∑& 𝑑&𝑦&$

• If 𝑦 = 𝐷!"/$𝑥, then 𝑥, 𝐷"/$𝟏 = 𝑦,𝐷𝟏 . 



Laplacian Matrix
• Let 𝑥 ∈ 0,1 ! and let 𝑆" = 𝑖: 𝑥# ≠ 0 .

• For a pair of vertices 𝑖 and 𝑗, 𝑥# − 𝑥$
%

indicates whether 𝑖 and 𝑗 are separated by 
𝑆".

∑#$∈' 𝐴#$ 𝑥# − 𝑥$
%

∑# 𝑑#𝑥#%
=
∑#∈(!,$∈*∖(! 𝐴#$

∑#∈(! 𝑑#
• Therefore,

𝜙, = min
(:./0 ( 1./0 * /%

𝜙 𝑆 = min
"∈ 3,4 ": ",5𝟏 1∑# 8#/%

∑#$∈' 𝐴#$ 𝑥# − 𝑥$
%

∑# 𝑑#𝑥#%

• 𝑥, 𝐷𝟏 = ∑# 𝑑#𝑥# = vol 𝑆"



𝜆!/2 ≤ 𝜙"
• Fix any 𝑆 ⊂ 𝑉 such that vol 𝑆 ≤ vol 𝑉 /2, and let 𝑥 be the indicator vector of 𝑆, 

i.e. 𝑥% = O1 𝑖𝑓 𝑖 ∈ 𝑆0 𝑖𝑓 𝑖 ∉ 𝑆
• Let 𝑦 = 𝑥 + 𝑐𝟏 such that 𝑦, 𝐷𝟏 = 0.

0 = 𝑦, 𝐷𝟏 = 𝑥, 𝐷𝟏 + 𝑐 𝟏, 𝐷𝟏 =>
%

𝑑%𝑥% + 𝑐>
%

𝑑%

• Therefore, 𝑐 = −vol 𝑆 / vol 𝑉 .
• Note that for any 𝑖, 𝑗, we have 𝑦% − 𝑦' = 𝑥% − 𝑥'. Therefore,

>
%'∈3

𝐴%' 𝑦% − 𝑦'
) = >

%'∈3

𝐴%' 𝑥% − 𝑥'
) = >

%∈2,'∈4∖2

𝐴%'

𝜆) = min
678𝟏

∑%'∈3𝐴%' 𝑦% − 𝑦'
)

∑% 𝑑%𝑦%)



>
%

𝑑%𝑦%) =>
%

𝑑% 𝑥% + 𝑐 ) =>
%

𝑑%𝑥%) + 𝑐)>
%

𝑑% + 2𝑐>
%

𝑑%𝑥%

= vol 𝑆 +
vol 𝑆
vol 𝑉

)

vol 𝑉 − 2
vol 𝑆
vol 𝑉

vol 𝑆 = vol 𝑆 1 −
vol 𝑆
vol 𝑉

≥
1
2
vol 𝑆

• Therefore, 

𝜆) ≤
∑%'∈3𝐴%' 𝑦% − 𝑦'

)

∑% 𝑑%𝑦%)
≤ 2

∑%∈2,'∈4∖2𝐴%'
vol 𝑆

= 2𝜙 𝑆



• Lemma 1: There exists a polynomial time algorithm that takes a graph 𝐺 = (𝑉, 𝐸)
and an 𝑥 ∈ ℝ:;+ , and computes an 𝑆 ⊆ supp 𝑥 such that 

∑%∈2,'∈4∖2𝐴%'
∑%∈2𝑑%

≤
∑%'𝐴%' 𝑥% − 𝑥'

∑% 𝑑%𝑥%
• Without loss of generality assume that 𝑥# ≥ 𝑥) ≥ ⋯ ≥ 𝑥+ ≥ 0. 

• For 𝑖 < 𝑗, writing 𝑥% − 𝑥' = ∑<=%
'$# 𝑥< − 𝑥<"# and 𝑥% = ∑<=%+ 𝑥< − 𝑥<"# where 

𝑥+"# ≝ 0.

∑%'𝐴%' 𝑥% − 𝑥'
∑% 𝑑%𝑥%

=
∑%>'𝐴%' ∑<=%

'$# 𝑥< − 𝑥<"#
∑% 𝑑% ∑<=%+ 𝑥< − 𝑥<"#

=
∑<=#+ 𝑥< − 𝑥<"# ∑%∈ < ,'∈4∖ < 𝐴%'

∑<=#+ 𝑥< − 𝑥<"# ∑%∈[<]𝑑%

• 𝑥< − 𝑥<"# will appear for 𝑖𝑗 when 𝑖 ≤ 𝑙 and 𝑗 ≥ 𝑙 + 1.



• Fact: For 𝑎#, … , 𝑎$, 𝑏#, … , 𝑏$, 𝑐#, … , 𝑐$ > 0, we have 
𝑐#𝑎# +⋯+ 𝑐$𝑎$
𝑐#𝑏# +⋯𝑐$𝑏$

≥ min
%

𝑎%
𝑏%

• Let 𝛼 = min
%
𝑎%/𝑏%. Then 𝑎% ≥ 𝛼𝑏% ∀𝑖. Therefore, 

𝑐#𝑎# +⋯+ 𝑐$𝑎$
𝑐#𝑏# +⋯𝑐$𝑏$

≥
𝑐#𝛼𝑏# +⋯+ 𝑐$𝛼𝑏$
𝑐#𝑏# +⋯𝑐$𝑏$

= 𝛼

∑%& 𝐴%& 𝑥% − 𝑥&
∑% 𝑑%𝑥%

=
∑'(#$ 𝑥' − 𝑥')# ∑%∈ ' ,&∈,∖ ' 𝐴%&

∑'(#$ 𝑥' − 𝑥')# ∑%∈[']𝑑%
≥ min

':(2$32$%!)56

∑%∈ ' ,&∈,∖ ' 𝐴%&
∑%∈[']𝑑%

• Therefore, 𝑆 = 𝑙∗ for optimal 𝑙∗ above suffices. Since (𝑥'∗−𝑥'∗)#) > 0, 𝑆 ⊆ supp 𝑥 .



• Lemma 2: There exists a polynomial time algorithm that takes a graph 𝐺 = (𝑉, 𝐸) and a 𝑦 ∈ ℝ012 , 
and computes an 𝑆 ⊆ supp 𝑦 such that 

∑&∈3,'∈5∖3𝐴&'
∑&∈3𝑑&

≤ 2
𝑦%𝐿𝑦
𝑦%𝐷𝑦

• Idea: Use Lemma 1 with 𝑥, where 𝑥& ≝ 𝑦&$. Note that supp 𝑥 = supp 𝑦

9
&'

𝐴&' 𝑥& − 𝑥' =9
&'

𝐴&' 𝑦& − 𝑦' 𝑦& + 𝑦' ≤ 9
&'

𝐴&' 𝑦& − 𝑦'
$

9
&'

𝐴&' 𝑦& + 𝑦'
$

= 𝑦%𝐿𝑦 9
&'

𝐴&' 𝑦&$ + 𝑦'$ + 2𝑦&𝑦' ≤ 𝑦%𝐿𝑦 29
&'

𝐴&' 𝑦&$ + 𝑦'$ = 𝑦%𝐿𝑦 29
&

𝑑&𝑦&$

• Therefore,

∑&'𝐴&' 𝑥& − 𝑥'
∑& 𝑑&𝑥&

≤
𝑦%𝐿𝑦 2∑& 𝑑&𝑦&$

∑& 𝑑&𝑦&$
= 2

𝑦%𝐿𝑦
𝑦%𝐷𝑦



• Lemma 3: There exists a polynomial time algorithm that takes a graph 𝐺 = (𝑉, 𝐸) and a 
𝑧 ∈ ℝ$ such that 𝑧, 𝐷𝟏 = 0, and computes an 𝑆 such that vol 𝑆 ≤ vol 𝑉 /2 and 

𝜙 𝑆 ≤ 2 8'98
8':8

.

• Idea: (1) Shift every entry of 𝑧 such that volume of the support of the positive part of 𝑧
and the negative part of 𝑧 is at most half of the total volume. (2) Use Lemma 2 on only 
the positive part or the negative part, whichever is “better”.

• For 𝑎 ∈ ℝ, let 𝑎) ≝ max 𝑎, 0 and 𝑎3 ≝ max −𝑎, 0 . Note that a = 𝑎) − 𝑎3.
• Let 𝑢 = 𝑧 + 𝑐𝟏 for an appropriate constant 𝑐 such that 
vol supp 𝑢) , vol supp 𝑢3 ≤ vol 𝑉 /2

• ∑%& 𝐴%& 𝑧% − 𝑧&
; =∑%& 𝐴%& 𝑢% − 𝑢&

;

• ∑% 𝑑%𝑢%; = ∑% 𝑑% 𝑧% + 𝑐
; = ∑% 𝑑%𝑧%; + 𝑐;∑% 𝑑% + 2∑% 𝑑%𝑧% ≥ ∑% 𝑑%𝑧%;.
∑%& 𝐴%& 𝑢% − 𝑢&

;

∑% 𝑑%𝑢%;
≤
∑%& 𝐴%& 𝑧% − 𝑧&

;

∑% 𝑑%𝑧%;



• Claim: 𝑎 − 𝑏 ) ≥ 𝑎" − 𝑏" ) + 𝑎$ − 𝑏$ ).
If 𝑎, 𝑏 ≥ 0, then 𝑎" = 𝑎, 𝑏" = 𝑏, 𝑎$ = 𝑏$ = 0. 
If 𝑎 ≥ 0, 𝑏 < 0 , then 𝑎" = 𝑎, 𝑏" = 0, 𝑎$ = 0, 𝑏$ = −𝑏. Therefore, 

𝑎 − 𝑏 ) = 𝑎) + 𝑏) − 2𝑎𝑏 ≥ 𝑎) + 𝑏) = 𝑎" − 𝑏" ) + 𝑎$ − 𝑏$ )

• Therefore, ∑%'∈3𝐴%' 𝑢% − 𝑢'
) ≥ ∑%'∈3𝐴%' 𝑢%" − 𝑢'"

) + ∑%'∈3𝐴%' 𝑢%$ − 𝑢'$
)

• ∑% 𝑑%𝑢%) =∑% 𝑑% 𝑢%" ) + ∑% 𝑑% 𝑢%$ )

∑%'∈3𝐴%' 𝑢% − 𝑢'
)

∑% 𝑑%𝑢%)
≥
∑%'∈3𝐴%' 𝑢%" − 𝑢'"

)
+ ∑%'∈3𝐴%' 𝑢%$ − 𝑢'$

)

∑% 𝑑% 𝑢%"
) + ∑% 𝑑% 𝑢%$

)

≥ min
∑%'∈3𝐴%' 𝑢%" − 𝑢'"

)

∑% 𝑑% 𝑢%"
) ,

∑%'∈3𝐴%' 𝑢%$ − 𝑢'$
)

∑% 𝑑% 𝑢%$
)

• Use Lemma 2 on the minimizer above.



• Without loss of generality, assume that 𝑧# ≥ ⋯ ≥ 𝑧+. Then

min
<
𝜙 𝑙 ≤ 2

𝑧/𝐿𝑧
𝑧/𝐷𝑧

where 𝜙 𝑆 =
∑#∈%,'∈(∖% B#'

CDE FGH 2 , FGH 4∖2
. (why?)

Cheeger’s Inequality

• Use Lemma 3 with 𝑧 = 𝐷$#/)𝑣). Then 𝑧, 𝐷𝟏 = 0 and I
*JI
I*8I

= 𝜆).

• Cycle: 𝜙K = 2/𝑛 and 𝜆) = 1 − cos )L
+
≈ Θ #

++
. Therefore, 𝜙K = Θ 𝜆)



Hypercube

• 𝑉 = −1,1 1 and 𝑥, 𝑦 ∈ 𝐸 if 𝑥 and 𝑦 differ in exactly one coordinate.

• 𝜒2 ≝ Π%∈2𝑥%, where 𝑆 ⊆ 𝑑 . Therefore, 𝜒2 ∈ −1,1 ),

• Theorem: 𝜒2 is an eigenvector of the normalized adjacency matrix with 
eigenvalue 1 − 2 𝑆 /𝑑.

• Let 𝑆 ≠ 𝑇. Then 

𝜒2, 𝜒/ = >
M∈ $#,# ,

Π%∈2𝑥%Π%∈/𝑥% = 21 EM∼ $#,# , Π%∈2∩/𝑥%) Π%∈2P/𝑥%

= 21Π%∈2P/ EM#∼ $#,# 𝑥% = 0



• Fix 𝑆 ⊆ 𝑑 . Then for any 𝑥 ∈ −1,1 1

𝐴𝜒2 M = >
6∈Q(M)

𝜒2 𝑦 = >
6∈Q(M)

Π'∈2𝑦' =>
%∈2

−Π'∈2𝑥' +>
%∉2

Π'∈2𝑥'

= 𝑑 − 2 𝑆 Π'∈2𝑥' = 𝑑 − 2 𝑆 𝜒2 𝑥
• Therefore, 𝐴𝜒2 = 𝑑 − 2 𝑆 𝜒2
• Therefore, eigenvalues of ℒ are )%1 : 𝑖 = 0,… , 𝑑 where 2𝑖/𝑑 has multiplicity 1

% .

• Let 𝑆% = 𝑥 ∈ 𝑉: 𝑥% = 1 . 

𝜙K ≤ 𝜙 𝑆% =
1
𝑑
=
𝜆)
2


