Based on lecture notes by Michael Mahoney, Dan Spielman, Luca
Trevisan, etc.



Random walks

* Let ut be the probability distribution at time ¢.
‘ut+1 — (AD_l)[,lt

« (AD™YH(D1) = A1 = (D1).
* Therefore, stationary distribution y; = di/(Zj d]-).
« AD71 has the same eigenvalues as D~1/24p~1/2,

* Theorem: Let M be a nXn matrix and let S be a nXn invertible matrix. Then, M
and SMS~! have the same eigenvalues.

* Let v an eigenvector of M with eigenvalue A. Let v’ & Sv. Then
SMS™ ' =SMS~1Sv = S(lv) = v’

e (H.W.) Mixing time bounds for random walks on general graphs.



How small can [ be?

* Let G be a d-regular graph, with eigenvalues d = 0, = :-- = 7,, where

max gl <
nax |oi| < §.

. Tr(Az) =Y. e/ A%e; = Y ||Ae;||?> = nd

. Tr(Ak) = number of walks of length k starting and ending at the same vertex.

nd = Tr(4?) = z of <d?+ (n—1)p?

i

* Therefore, f > /2—:611 Ad = (1 — 0(1))\/3
* It can be shownthat f = 2vd — 1 — 0(1)



Ramanujan Graphs

* Ramanujan graph: A d-regular graph is called a Ramanujan graph if f < 2vd — 1

* For a random n-vertex d-regular graph, 8 < 2vd — 1 + 0o(1) w.h.p. [Friedman -
03].

* Explicit constructions known for some values of d [Lubotzky, Philips, Sarnak - 88],
etc.



Expander mixing lemma

 Theorem: Let G be a d-regular graph on n vertices. Then forany S,T c VV

< BVISIIT|

d
E(S, )] =~ ISIIT]

* For S € V and let 1 be its indicator vector. Let 15 = cs1 + ps where (ps, 1) = 0. Then
(15' 1) — (CSl 1) + (pS' ) — CsN + 0

* FixS,T cV,1, = (|S|/n)1 + ps and 1 = (IT[/n)1 + pr.

|E(ST)|=1§A1T=<%1+p> <|n—|1+p> (|n—|1+p> (d%1+ApT>

IS |T| | | IT| IS|IT|
=d——1"1+—1"Ap; +d—ps1 +psApr =d + ps Apr

nn n n




* Therefore,

d
E(S, DI =—ISIITI| = s Apr| < llpsllllApz |

* |Aprll = pFAT Apr < \/B2pEpr = Bllp7|l

d
E(S, DI = —ISIITI| = lIpsllllAprll < Bllpsllliprll < AllLsllLrll = BVISIT]




Laplacian Matrix

e L=D—-Aand L1 =0.
« L=D"Y2LD~Y2 and £(DY?1) = D~Y2LD~Y/2(D1/21) = D"Y2[1 =0

xTLx = xT(D — A)x—de —ZZAUxx] Z(z/lu)x ZZAlexJ

ljEE ljEE
= z A — %)

ijEE
2
x" Lx (DT 1/2x) L(D~ l/zx) y'Ly  Yijer A (vi — ¥y)
A, = min ——= min = = min ——— = min >
x1Dp%/21 x'x  x1p'/21 x'x y1p1yTDy  yiD1 X diy;

* Ify = D™1/2x, then (x,Dl/Zl) = (y,D1).



Laplacian Matrix

e letx € {0,1}*and let S, = {i:x; # 0}.
2
* For a pair of vertices i and j, (xl- — xj) indicates whether i and j are separated by
Ay ,
Yiiee Aij(xi — x;)  iesy jev\sy Aij
Y, dix? dies, di

* Therefore, ,
. Yijer Aij(xi — x5)
bc = G (S) = mnin 2
V01(S)<V01(V) /2 x€{0,1}": (x,D1)<Y,; d;/2 Zi d; X;
* (x,D1) = }; d;x; = vol(Sy)




L ZijEEAij(yl'—Yj)z
Ay /2 <@g f2 = min =~

* Fixany S c V such that vol(S) < vol(V)/2, and let x be the indicator vector of S,

__(tlifies
i.e.x; = 0ifigs
Let y = x + c1 such that (y,D1) = 0.

0 = (y,D1) = (x, D1) + c(1,D1) = 2 dix; + 62 d;
[ [

Therefore, c = —vol(S) / vol(V).

Note that for any i, j, we have y; — y; = x; — x;. Therefore,

z Aij(yi - )’j)z = z Aij(xi — xj)z = Z Aj

ijEE ijEE (€S, JEV\S



Edlyl Ed(xl+c)2 de " zd +Zczdxl
[

vol(S) vol(S)
= vol(S) + < (V) ) ol(V) — Zvol(V) vol(S) = vol(S) <1 —

vol(S)
vol(V) )

1
> —vol(S
2VO()
* Therefore, ,
ZijEEAij(yi - Yj) < 2Zies,jeV\SAiJ'

A1, < <
2 > diyf vol(S)

= 2¢(S)



* Lemma 1: There exists a polynomial time algorithm that takes a graph ¢ = (V, E)
and an x € RY,, and computes an S S supp(x) such that

2ies,jev\s Aij - YijAij|xi — %]
Yiesd; B 2 dix;
* Without loss of generality assume that x; = x, = --- =2 x,, = 0.

C —1
* Fori <j,writing x; — x; = Z{:i (x; — x141) and x; = X1 ;(x; — x741) where
def

Ziinj|xi — Xj| _ Zi<inj Z{:_il(xz — X141) . I=1 ((xl ~ X141) z:iE[l],jEV\[l] Aij)
= e =
Y dix; Y dy X (e — xp41) n_ ((xz — x141) Tieq di)

* (x; — x741) will appear forij wheni < landj >1+ 1.



e Fact: Foray,...,a,, by, ..., by, Cq, ..., ¢y, > 0, we have
ciaq + -+ cpa, . q;
> min —
C1b1 + - Cnbn [ bi
* Leta = mina;/b;. Then a; = ab; Vi. Therefore,
l

c1aq + -+ cpa, - ciaby + -+ cpab,

= =
c1by + - cyby, c1by + - cyby,
Y Aijlxi — x| Zi= ((xz = X141) Zie), jev\[1] Aij) . Yieil,jevii Aij

* Therefore, S = [I*] for optimal [* above suffices. Since (x;—x;»311) > 0, S € supp(x).



* Lemma 2: There exists a polynomial time algorithm that takes a graph G = (V,E) anday € RZ,,
and computes an S € supp(y) such that
ZiES,jEV\SAij < |» yTLy
2ies 4 B y'Dy

* |dea: Use Lemma 1 with x, where x; & yl Note that supp(x) = supp(y)

ZAU|xl le_zAub’l y]|(yl+y])<\/zAlJ(yl y] \/zAl](yl-l_y]
=y'Ly \/ZAU(yl+y]+2yly]) vy'Ly \/ZZAU(yz‘l'yj) VY TL\/z:dlylz

* Therefore,

[yT
Ziinj|xi_xj L \/2Z dly‘ |,y Ly

< 2
2 dix; Y diyf yIDy




* Lemma 3: There exists a polynomial time algorithm that takes a graph ¢ = (V,E) and a
z € R™ such that (z, D1) = 0, and computes an S such that vol(S) < vol(V)/2 and

H(S) < [2 zTLz

zI'Dz’

 |dea: (1) Shift every entry of z such that volume of the support of the positive part of z
and the negative part of z is at most half of the total volume. (2) Use Lemma 2 on only
the positive part or the negative part, whichever is “better”.

* Fora € R, leta™ & max{a,0}and a~ & max{—a, 0}. Notethata=a™ —a".

 Llet u = z 4+ c1 for an appropriate constant ¢ such that
vol(supp(u*)), vol(supp(u™)) < vol(V)/2

* XijAij(zi - z)’ =X Aij(wi - ;)
e Yodu? =Y.di(z; + ) =X, diz? + 2 ¥, d; + 2%, d;z; = Y, d;z?.
Y Aij (g = )" - Y Aij(zi — z)’
Y, diu? - Y dizf




e Claim: (a—b)? > (a* = b")? + (a” — b))~

fa,b >0,thenat =a,b"=b,a =b" =0.

fa>0b<0,thenat=ab*=0,a =0,b” = —b. Therefore,
(a—b)*=a*+b*—2ab=a’*+b?*=(@ " —b")*+(a” —b")?

* Therefore, ZijEEAij(ui — uj)z > ZijeEAij(uz’ — uj’)z + ZijEE Aij(ul-_ — uj_)z

e Yidiui =Y, di(ui)? +; d;(u;)?

2 _ 2
ZijEEAij(ul u]) - l]EEAl](u u]+) +Zij€EAij(u' _uf)

Y diuf - > d (u+) + 3, di(uf )
> min ZijEEAij(u;_ +) ’ l]EEAl](u B J)
Zidi(uil_) Y di(ug )

* Use Lemma 2 on the minimizer above.



* Without loss of generality, assume that z; = --- > z,,. Then
zTLz
zTDz

min ¢ ([I]) < (2
l \

_ iesjev\s 4ij
where (P(S) ~ min{vol(S), vol(V\S)} (Why?)

Cheeger’s Inequality

zTLz

zT Dz

* Use Lemma 3 with z = D~1/2vp,. Then (z,D1) = 0 and = A,.

* Cycle: ¢ =2/nand 1, =1 — COS%I ~ 0 (n—t) Therefore, ¢, = @(\/A_Z)



Hypercube

e V ={-1,1}% and {x,y} € E if x and y differ in exactly one coordinate.
* ¥s & Il;cox;, where S C [d]. Therefore, ys € {—1,1}2d

* Theorem: ys is an eigenvector of the normalized adjacency matrix with
eigenvalue 1 — 2|S|/d.

e letS # T. Then

(Xs XT) = 2 (MyesxiMierx) = 2% E, (4 1ya ((HiESnTxiz)(HiESATxi))

p xe{-1,1}4
= 2%1liesar Exinf-1,13%: = 0



e Fix S € [d]. Then for any x € {—1,1}¢

(Axs)x = z xs(y) = z Njesy; = 2( es’ﬁ)"‘Z(Hjesxj)

YEN (x) YEN(x) LES LES
= (d - 2ISI) jesxj = (d — 2[S|)xs(x)

* Therefore, Ays = (d — 2|S|) x5

21

* Therefore, eigenvalues of L are {E 1 =0,. d} where 2i/d has multiplicity (Cll)

e letS; ={x eV:x; =1}.
Az

1
¢GS¢(Si)=E=7



