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Lecture 2-3: Probabilistic Methods
Instructor: Arindam Khan Scribe: Aditya Lonkar, Aditya Subramanian

Probabilistic Methods are a powerful tool in combinatorics, by which we can show the existence of a
structure with certain properties. Instead of giving an explicit construction of such a structure, we define an
appropriate probability space and show that the probability that the desired property holds in this space is
strictly positive. This shows that there exists at least one structure with the desired property. This week’s
lectures focus on the application of these probabilistic methods on some of the following fields.

1 Ramsey Theory

Definition 1 (Ramsey Number). Let the Ramsey number R(k, l) be the smallest n such that if we color
the edges of Kn (complete graph on n vertices) red or blue, we always have a Kk that is all red or a Kl that
is all blue.

Theorem 2 (Ramsey 1929). For any positive integers k, l;R(k, l) is finite.

Example 3 (Theorem on friends and strangers). In any party of 6 people there are at least 3 pairwise mutual
strangers, or 3 pairwise mutual friends.

Let us model the situation as the K6 graph, and color the edges blue if the people at it’s vertices are
friends, and red otherwise. What the theorem tells us is that there is either an induced subgraph K3 colored
blue (3 pairwise mutual friends) or an induced subgraph K3 colored blue (3 pairwise mutual strangers),
hence giving us that R(3, 3) ≤ 6.
But we can easily give a counter example on a graph of 5 vertices telling us that R(3, 3) > 5. We hence
conclude that R(3, 3) = 6

Figure 1: Counter example with 5 vertices

Theorem 4 (Erdős 1947). If
(
n
k

)
21−(k

2) < 1 then R(k, k) > n.

Proof. Consider a random coloring of the edges (each edge independently colored red / blue with probability
1/2) of Kn.

Given a set R of k vertices, let AR be the event where the induced subgraph on R is monochromatic.
Now, given a particular such set R, (by either coloring all

(
k
2

)
edges blue or all red)

Pr(AR) =
1

2(k
2)

+
1

2(k
2)

=
2

2(k
2)

= 21−(k
2)
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We now do a union bound over all possible selections of R, giving us

Pr(at least one AR) ≤
∑
R

Pr(AR) =

(
n

k

)
21−(k

2) < 1

=⇒ Pr(no AR happens) = 1− Pr(at least one AR) > 0

Therefore there is a two coloring of Kn without any monochromatic Kk.

Corollary 5. For k ≥ 3,

R(k, k) > b2 k
2 c

Proof. We note that if k ≥ 3 and n = b2k/2c, (
n

k

)
21−(k

2)

<
nk

k!
· 21−k(k−1)/2

substituting n = b2k/2c,

≤ 2k
2/2+1−k2/2+k/2

k!
=

2
k
2+1

k!

=

{
22.5

3! if k = 3
2
2 ·

2
3 ·

2
4 ·
∏k
i=5

√
2
k otherwise

< 1

Since our condition for the earlier theorem is satisfied, we can say that R(k, k) ≤ b2 k
2 c

1.1 Towards construction of such coloring

Till now we have only given existential argument, but what if we wanted to efficiently construct such a
coloring? A general approach could be as follows:

• Get an efficient sampling mechanism (e.g., random sampling as we did in the above case).

• Bound the number of samples to be generated.

If we sample independently at each trial with Pr[sample has the desired property] = p, then the random
variable X representing the number of trials needed is a geometric random variable, and we know that

E[X] = 1/p. So, if we have a polynomial bound on 1/p, we only need to sample 1/p number of times, giving
us a polynomial time algorithm.

We note here that the algorithm finds an answer with high probability i.e. need not always find the
answer with just 1/p samples. Randomized algorithms can be classified on this basis into:

• Monte Carlo Algorithms : could be incorrect with a small probability, but have fixed runtime.

• Las Vegas Algorithms : always terminate with correct answer, but runtime could vary.
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2 Application in Additive Combinatorics: Sum-free Sets

Definition 6 (Sum-free Set). a subset A of an abelian group is sum-free if there are no elements a, b, c ∈ A
such that a+ b = c.

(A set S is an abelian group over an operation ◦, if it satisfies the properties of closure, associativity,
commutativity and has an identity and inverse element. For example, the set of integers over addition)

Theorem 7 (Erdős 1965). Every set B = {b1.b2, · · · , bn} of non-zero integers contains a sum free subset S
of size |S| > n/3.
Proof Idea.

• we first create a large sum-free set.

• then we use probablistic methods to map elements from B to this set.

• we show that this ’mapped set’ has the required properties.

Proof. Construction of large sum-free set

• we pick a prime p > 2 maxbi∈B |bi| such that p ≡ 2 (mod 3) [infinite such primes exist by Dirichlet’s
theorem on arithmetic progressions]

• there exists some integer k, for which p = 2k + 3.

• Consider the set C = {k + 1, k + 2, · · · , 2k + 1}

– C is sum-free (even modulo p) : If we take the sum of the smallest elements (k + 1) + (k + 1) >
(2k + 1), it is already greater than the largest element in the set (and this holds for any pair of
elements in the set).
We also note that the sum of the largest 2 elements (2k + 1) + (2k + 1) = (4k + 2) ≡ k (mod p)
is also lesser than the smallest element, modulo p.

– C is large (w.r.t our definition of large in the theorem) : |C|p = k+1
3k+2 >

1
3

Mapping elements of B to elements of C

• we pick x uniformly at random from Z∗p = {1, 2, · · · p − 1}, which is the set of integers (modulo p)
relatively prime to p. We note that Z∗p is a group under multiplication.

• we now map the elemets as follows, ∀i, di ≡ x · bi (mod p) and Sx = {bi s.t.di ∈ C}

Fact 8. (for every pair (y, bi) there is a unique x that maps bi to y in our given mapping)

∀y ∈ Z∗p,∀i ∈ [n],∃!x ∈ Z∗p s.t y ≡ x · bi (mod p)

which also implies Pr(bi maps to y) = 1
p−1 , since x is uniformly distributed.

Proof. We know that bi ∈ Z∗p (∵ bi is relatively prime to p), and hence bi has an inverse, b−1i in the

group Z∗p. So, x ≡ y · b−1i (mod p)

Now, if we had x1, x2 such that y ≡ x1 · bi ≡ x2 · bi (mod p), then y · b−1i ≡ x1 ≡ x2 (mod p)
but this implies x is unique (since we pick x from Z∗p)
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Now, our proof will be complete if we show the 2 following properties of the set Sx

Claim 9. ∀x, Sx is sum-free

Proof. If not,
∃bi, bj , bk ∈ Sx such that bi + bj = bk

=⇒ x · bi + x · bj ≡ x · bk (mod p)

=⇒ di + dj ≡ dk (mod p), where di, dj , dk ∈ C

⇒⇐ since C is sum-free.

Claim 10. ∃x, |Sx| > n
3

Proof. Let us define the indicator function

σi =

{
1 if x · bi ∈ C
0 otherwise

We showed in Fact 8 that for a fixed i ∈ [n] as x ranges over [p− 1], di also ranges over [p− 1]. So,

E[σi] = Pr(σi = 1) = Pr(di ∈ C) =
|C|
p− 1

>
1

3

By linearity of Expectation

E
x

[
|Sx|

]
= E

x

[∑
i

σi
]

=
∑
i

E
x

[
σi
]
>
n

3

Hence, ∃x such that |Sx| > n
3

Comment: The bound is almost tight. Eberhard, Green, Manners [2013] showed that for every ε > 0,
there exists a set A of n integers with the following property: every set A′ ⊂ A with at least (1/3 + ε)n
elements contains three distinct elements x, y, z with x+ y = z.

Kolountzakis [1994] showed that we can also find a large sum-free subset efficiently in polynomial time.
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3 Application in Extremal Combinatorics:
Erdős-Ko-Rado Theorem

Erdős-Ko-Rado theorem is an application of Probabilistic Method in extremal combinatorics and hypergraphs.
The object of interest in this case is Intersecting Families which we define now.

Definition 11 (Intersecting families of sets). A family F of sets is called intersecting if

A,B ∈ F =⇒ A ∩B 6= ∅

The theorem in question tells us how large can such an intersecting family be.

Theorem 12 (Erdős-Ko-Rado theorem). Suppose n ≥ 2k and let F be an intersecting family of k-element
subsets of an n-set([n] = {1, 2, ..., n}), then

|F| ≤
(
n− 1

k − 1

)
An example of an intersecting family would be to take all k-sets containing a particular element. As it

turns out, this serves as a tight lower bound. Basically, after picking 1 element for every set, we have
(
n−1
k−1
)

sets by picking k − 1 elements from the remaining n− 1 elements. The proof will be presented after stating
and proving a very crucial claim.

Claim 13. For s ∈ [n], let As = {s, s + 1, ..., s + k − 1}, where addition is modulo n. Then F can contain
at most k of sets As

Proof. Fix some As ∈ F . All other sets At with At ∩As 6= ∅ can be partitioned into k − 1 pairs:

{As−i, As+k−i} , i ∈ [k − 1]

Note,As−i∩As+k−i = ∅. Hence, F can contain at most one member of each pair; total k(including As).

The proof idea for the main theorem is just like in the case of sum-free sets. We try to map an intersecting
family to the family of sets As and then show an upper bound using the above claim.

Proof. Let us choose i ∈ [n] and a permutation σ : [n]→ [n] independently and uniformly at random. Let

A := {σ(i), σ(i+ 1), ..., σ(i+ k − 1)}

Here, addition is modulo n. Note that all k sets are selected with the same probability in the above sampling.
To understand this, fix a particular k-set A. Total number of random choices = n︸︷︷︸

for i

× n!︸︷︷︸
for σ

. There are n

starting positions and elements of A can be permuted k! times and the rest can be permuted (n− k)! times.
Thus, probability of choosing set A

=
(n− k)!k!n

n!n
=

1(
n
k

)
Since, A can be viewed as uniformly chosen over all k-sets,

Pr[A ∈ F ] =
|F|(
n
k

)
Conditioned on any choice of σ, from the previous claim

Pr[A ∈ F ≤ k

n
]

From the above two equations,

|F| ≤
(
n

k

)
· k
n

=

(
n− 1

k − 1

)
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4 Expectation Methods: Approximation algorithms for Max-Cut

In this section, 1/2 approximation algorithms for the Max-Cut problem are presented. The first algorithm
presented is a randomized one, the ideas from which are used to present two deterministic algorithms with
the same approximation guarantee, running in polynomial time. The basic idea which is going to be used
in these algorithms(and the one for the problem in the next section) is the “Expectation argument” which
states “In a discrete probability space, a random variable must assume with positive probability at least one
value that is no greater than its expectation and at least one value that is no lesser than its expectation”.
Formally stated in the following lemma.

Lemma 14. Let S be a probability space and a random variable X defined on S such that E[X] = µ. Then

Pr[X ≥ µ] > 0, Pr[X ≤ µ] > 0

Proof. Note that the random variable X need not be discreet. The statement holds true for even continuous
random variables, but here for sake of simplicity we present the proof for discrete random variables. By the
definition of expectation of a random variable,

E[X] =
∑
i

i.Pr[X = i]

µ =
∑
i<µ

i.Pr[X = i] +
∑
i≥µ

i.Pr[X = i]

The first part of the sum will always be less than µ since it can be upper bounded by the maximum in the
sum and total sum of probabilities is 1. Thus,

∑
i≥µ

i.Pr[X = i] > 0 which implies Pr[X ≥ µ] > 0. Similar

argument holds for the other statement.

4.1 Randomized approximation algorithm for finding Max-Cut

Definition 15 (Cut in a graph). Given an undirected graph G = (V,E), for any vertex set S ∈ V , [S, V \S]
is a cut. Value of said cut is defined as the number of edges crossing the cut, i.e., number of edges which
have one endpoint in S and another endpoint in V \ S.

Two well-known and well-studied problems related to cut are the Max-Cut and the Min-Cut. Note that
Max-Cut is an NP-Hard problem, whereas Min-Cut has classical polynomial time algorithms like the Ford-
Fulkerson algorithm. In Max-Cut, the objective is to find a partition of the vertex set of a graph G, so that
the cut-value is maximized(similarly minimization in the Min-Cut problem). A few noteworthy points about
the Max-Cut problem are

• Easily solvable on bipartite graphs

• Has deep connections with Unique Games Conjecture, Probabilistically checkable proofs

• Even though here we present a 1/2 approximation algorithm, a better known approximation ratio is
0.878[Goemans, Williamson].

First, we show the existence of a “good’ cut, stated by the following theorem using the ideas stated previously.

Theorem 16. In a graph G = (V,E), there always exists a cut of value at least |E|/2.

Proof. For each vertex v ∈ V , uniformly at random choose {0, 1} independently. For each edge ei ∈ E(G),
define indicator random variable

Xi =

{
1 if endpoints of ei have different values

0 otherwise
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Therefore,

E[Xi] =
1

2
· 1 +

1

2
· 0 =

1

2

Now, based on the random assignment of vertices, we define

S = vertices with value 0

S = vertices with value 1

The expected value of the cut E[S, S] is

E[S, S] = E
[ ∑
ei∈E(G)

Xi

]
=

∑
ei∈E(G)

E[Xi] =
|E|
2

(by Linearity of expectation)

4.1.1 Transforming to a randomized algorithm

Consider a random 0 − 1 assignment, which gives the cut (A,B)(A, B are the sets containing the vertices
labelled 0, 1 respectively). Let

p = Pr[cut(A,B) ≥ |E|/2]

As we know,

E[cut(A,B)] =
|E|
2

=
∑

j<|E|/2

j.Pr[cut(A,B) = j] +
∑

j≥|E|/2

j.Pr[cut(A,B) = j]

≤ (1− p) · ( |E|
2
− 1) + p|E|

=⇒ p ≤ 1

( |E|2 + 1)

Thus the success random variable of this algorithm is a geometric one with success probability p. Hence, this

is a randomized algorithm which outputs a cut with at least |E|2 edges and has an expected running time of

( |E|2 + 1) which is polynomial in the size of the input.

4.2 Derandomization

Let us consider the vertices of the graph G = (V,E) in some sequence v1, v2, ..., vn, where |V (G)| = n.
Assume that somehow, we have managed to assign values from {0, 1} to vertices up to vk from v1 with
variables xi storing this binary value for vi. if xi = 0, it means vi ∈ A and vi ∈ B otherwise. Now, we
consider expected value of the cut if remaining vertices are assigned {0, 1} uniformly at random. Basically,
we try to work with the quantity E[cut(A,B)|vi = xi, ..., vk = xk]. Now, the strategy is to inductively assign
a value to vk+1 so that

E[cut(A,B)|vi = xi, ..., vk+1 = xk+1] ≥ E[cut(A,B)|vi = xi, ..., vk = xk]

If this can be achieved along with a base case, then the implication is

E[cut(A,B)|vi = xi, ..., vn = xn] ≥ E[cut(A,B)] ≥ |E|
2
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And in the equation above, the left hand side term is the value of our solution which would yield a de-
terministic algorithm with an approximation ratio of 1/2. So, that we need to show now is the inductive
step.

• Base Case:

E[cut(A,B)|v1 = x1] = E[cut(A,B)]

This follows because of symmetry as it does not matter where the first vertex is placed.

• Inductive step:
Since vk+1 gets assigned the values 0 and 1 with probability 1/2 each,

E[cut(A,B)|v1 = x1, ..., vk = xk] =
1

2
· E[cut(A,B)|v1 = x1, ..., vk = xk, vk+1 = 0]

+
1

2
· E[cut(A,B)|v1 = x1, ..., vk = xk, vk+1 = 1]

=
Q1 +Q2

2

where Q1 and Q2 are the first and the second terms of the R.H.S of the equation respectively. Also,

max(Q1, Q2) ≥ Q1 +Q2

2
= E[cut(A,B)|v1 = x1, ..., vk = xk]

So, basically if we can compute Q1 and Q2 somehow and assign the value to vk+1 according to which one of
them is larger, we are done.

For the counting of Q1(similar argument for Q2), let us consider that vk+1 has been assigned value 1.
Then, for those edges which have both of their endpoints among the first k + 1 vertices, only those edges
which cross the cut contribute a value of 1 each to Q1. For the remaining edges, they contribute a value
of 1/2 each to Q1 by a simple linearity of expectation argument. Note that this inductive step is easily
computable in O(|E|) time. This concludes the first deterministic algorithm.

4.3 Simpler deterministic approximation algorithm

Using the idea from the previous algorithm, the following algorithm is a greedy one which is much simpler
to understand. In the previous algorithm, in each iteration the way we added vk+1 to A or the B vertex
partition based on where it had more neighbours, i.e., if it had more neighbours in A, we added it to the B
partition and vice versa. So the simple greedy algorithm is as follows:

1. Consider vertices in an arbitrary order

2. Add the first vertex in this order, v1 to A

3. For each successive vertex vi add it to A if it has more neighbours in B and vice versa

The correctness of this algorithm follows from the correctness of the previous one with the same approxima-
tion factor. Running time just like the previous algorithm is polynomial in the size of the input.

E0 206: Theorist’s Toolkit-8



5 Vector Balancing

In this section we take a look at the Vector Balancing problem. The motivation for studying this problem
comes from the fact that it is a basic problem in discrepancy which is an important area in computational
geometry and has applications in approximation algorithms. Lets state the problem now.

Vector Balancing: Let v1, v2, ..., vn ∈ Rn, find signs εi ∈ {−1, 1} such that

||
i=n∑
i=1

εivi||2

is minimized.
(Here, ||.||2 is the euclidean norm, i.e., ||x||2 =

√
x21 + x22 + ...+ x2m for a vector x = (x1, ..., xm).)

5.1 Randomized approach

Here, we make use of the expectation argument stated in the previously mentioned lemma.

Theorem 17. Let vi ∈ Rn, ||vi||2 = 1 ∀i ∈ [n]. Then ∃ an assignment εi ∈ {−1, 1} for i ∈ [n] such that

||
i=n∑
i=1

εivi||2 ≤
√
n , ||

i=n∑
i=1

εivi||2 ≥
√
n

Proof. Select εis uniformly and independently from {−1, 1} ∀i ∈ [n]. Let

X = ||
i=n∑
i=1

εivi||22

=

i=n∑
i=1

j=n∑
j=1

εiεjvi.vj (Since |x|22 = x.x)

Here vi.vj represents the dot-product between the two vectors. Thus,

E[X] =

i=n∑
i=1

j=n∑
j=1

vi.vjE[εiεj ] (By linearity of expectation)

Now, E[εiεj ] = 0 for i 6= j, and E[εiεj ] = 1 for i = j.
Therefore,

E[X] =

i=n∑
i=1

vi.vi = n

The theorem is proven by taking square roots on bots sides and then by applying the lemma proven earlier
regarding expectation.

5.2 Alternate proof

An alternate proof by use of geometry to the theorem above is presented in this section. First we present
the algorithm which is a greedy one just like for Max-Cut.
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Greedy algorithm

1. Initialize ε1 = 1, w1 := v1

2. For i = 2 to n:

• If vi makes acute angle with wi−1 =
j=i−1∑
j=1

εjvj , then set

εj = −1

• Else if vi makes obtuse/right angle wi−1 =
j=i−1∑
j=1

εjvj ,

then set εj = 1

This algorithm has same
√
n performance guarantee as seen in the

last theorem.

Claim 18. ||wi||2 ≤
√
i

Proof. The proof uses induction and Pythagoras theorem.
Base case: ||w1||2 = v1 ≤ 1
Induction: wi−1 and εivi make an obtuse angle with each other.

||wi||22 ≤ ||wi−1||22 + v2i ≤ (i− 1) + 1 = i (By Pythagoras theorem)

Therefore, ||wn||22 ≤ n.
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