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Lecture 28-29: PCP & Unique Games Conjecture
Instructor: Prof. Anand Louis Scribed by: Sreenivas KVN & Prasanna Srikar Regati

In this lecture, we look at the concepts of Probabilistically Checkable Proofs and Unique Games Conjec-
ture. Then we will study about the small set expansion hypothesis and its relation with the unique games
conjecture. The lecture aims at providing a brief survey of the history and the state-of-the-art of these
problems.

1 Probabilistically Checkable Proofs

We first look at the 3-SAT problem from which we can motivate the idea of probabilistically checkable proofs.
Firstly SAT is the problem of finding assignment to a set of boolean variables such that a given set of clauses
are satisfied. And a clause is a disjunction of literals(formed from variables). 3-SAT is a restriction of SAT
where each clause is required to have exactly 3 literals. As SAT is more general form of 3-SAT, it is not
obvious if 3-SAT is difficult to solve. Maybe the restriction makes it easier. But, it has been shown that
3-SAT is just as difficult as SAT in terms of polynomial time solvability. Another formulation for the same
problem could be to find the maximum number of clauses that could be satisfied simultaneously by some
assignment. This formulation is often called the MAX-3-SAT. While SAT and 3-SAT are decision problems,
MAX-3-SAT is an optimization problem. Since 3-SAT is one of most fundamental NP-Complete problems,
approximation algorithms for it have attracted a lot of attention.

Definition 1 (Approximation Algorithms). Given a maximization problem P, an algorithm Alg is said to
be an α-approximation algorithm for P iff for every instance I of the problem, the value returned by the
algorithm, Alg(I), is within α factor of the optimal value for the instance I, Opt(I) i.e. for every problem
instance I of P, the following condition holds good

Alg(I) ≥ α ·Opt(I)

Any problem in NP (and in particular any NP-Complete problem) can be solved exactly in exponential time.
Hence, it makes sense to design approximation algorithms for such problems that run in exponential time.
One important thing to note is that we may not know what the value of the optimal solution is. So we
usually upper bound (or lower bound in minimization case) the optimal solution and use this bound to find
the approximation factor as illustrated in the following simple algorithm which ensures a 7/8 (randomized)
approximation for the MAX-3-SAT problem.

Algorithm: Set each boolean variable to TRUE with probability 1/2 and FALSE with probability 1/2.

Lets analyze the above algorithm. Suppose there are m clauses and n variables. It can be easily seen that
such assignment results in 7/8 probability for any clause to be satisfied: The only way a clause is not satisfied
is if all the three literals turn out to be FALSE, whose probability of happening is 1/8. Consider m clauses
in the 3-SAT, then the expected number of satisfied clauses would be 7/8 ×m. And the optimal solution
would be definitely less than or equal to m, hence OPT ≤ m. And hence:

E[satisfied clauses] =
7

8
×m ≥ 7

8
×OPT

Though this is a randomized algorithm there also exists a discrete version that gives same approximation
factor. Also it has been shown that it is NP-Hard to do better than this approximation (see [11]).
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Now lets look at general SAT problem. To conclude that a particular SAT instance is not satisfiable, it is
needed to show that the SAT formula evaluates to FALSE for every possible assignment of 0/1 to the binary
variables, whereas to say that it is satisfiable it is enough to evaluate on a single combination of binary
values that makes its value TRUE. So given a SAT formula and an instance of assignment (which is called
as proof), it is possible to check whether that particular instance satisfies the formula. For example, for this
SAT formula,

(x1 ∨ ¬x2 ∨ x3) ∧ (x2 ∨ x4 ∨ x5) ∧ (¬x1 ∨ ¬x2 ∨ ¬x2)

the proof could be just the values for variables in the order of numbering like “11101”,“10011” etc. The
algorithm that verifies the proof is called a Verifier. This idea of verifiers and proofs is not restricted to SAT
problem and can be extended to the language membership problem as well. For example, given a language
L and string x, a Turing Machine V is the verifier that checks whether x ∈ L.

We would generally like the verifier to certify the proof in polynomial time assuming the proof is polynomial
in size as well. The question however is: does the verifier need to read the whole proof or is it possible to
make a decision after reading only constant O(1) bits of proof? It may be difficult to have a perfect verifier
in this scenario and we relax this by allowing the verifier to make mistakes and to be randomized as well.
However, we insist that the verifier’s decision should be correct with good (high) probability. In case of SAT,
this can be stated as follows:

• If SAT instance is satisfiable, verifier should accept with probability at least c.

• If SAT instance is not satisfiable, verifier should accept with probability at most s.

And in the process, the verifier can use at most r random coins and read at most q locations in the proof.
The whole process goes as follows:

1. Prover writes down a “proof” X.

2. Verifier tosses r independent random coins to decide upon the q random locations l1, l2, ..., lq of the
proof to query.

3. The verifier computes g(Xl1 , Xl2 ..., Xlq ) on the values at those locations, where g(.) depends on the
PCP.

4. Verifier accepts if g(.) evaluates to 1, and reject if it evaluates to 0.

The PCPc,s(r, q) is defined as the set of languages which have probabilistically checkable proofs with param-
eters q, r, c, s as defined above. Now, if we restrict ourselves to languages for which we can probabilistically
check the membership of a string by querying for at most O(1) number of locations, we require that q = O(1).
We also require the proof to be of length polynomial in n, the size of the input. Since each location can be
located using log n bits and we can query for at most O(1) number of locations, we set r = O(log n). Now
we will state the PCP theorem which is a major result in complexity theory which has a lot of implications
in the area of design of approximation algorithms.

Theorem 1 (PCP Theorem - [5],[3]). PCPc,s(O(1), O(log n)) = NP

The theorem in words essentially states that every decision problem in the NP complexity class has prob-
abilistically checkable proofs (proofs that can be checked by a randomized algorithm) of constant query
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complexity and logarithmic randomness complexity. Dinur (2004,[9]) gave a new proof of the PCP theorem
using a completely different and simplified approach.

Now lets look at how the PCP class is related to hardness of approximation. To test a proof, the verifier first
generates a random r bit string R ∼ {0, 1}r which gives q locations in the proof to query l1

R, l2
R, .., lq

R. A

test g is performed on values in proof at these locations g
(
l1
R, l2

R, .., lq
R
)

. Consider the set of such tests

that could be generated due to the randomness in R given by

T =
{
g
(
l1
R, l2

R, .., lq
R
)

: R ∼ {0, 1}r
}

This can be viewed as a SAT instance where:

1. Variables are the entries of the proof l1, l2, . . . .

2. Constraints that need to be satisfied are given by the set T .

3. The objective is to find an assignment to the variables that satisfies as many constraints as possible.

If this SAT instance is satisfiable, then verifier accepts with probability at least c. There exists an assignment
to l1

R, l2
R, .., lq

R which satisfies at least c fraction of the constraints in T . If SAT instance is not satisfiable,

then verifier accepts with probability at most s. Any assignment to l1
R, l2

R, .., lq
R will satisfy at most s

fraction of the constraints in T . Therefore, for T it is NP-Hard to determine whether there is an assignment
which satisfies at least c fraction of the constraints, or whether all assignments will satisfy at most s fraction
of the constraints. Therefore, it is NP-Hard to obtain any approximation algorithm with approximation
factor better then s

c .

The following result essentially shows that we can take q = 3 in the original PCP Theorem:

Theorem 2 (H̊astad (2001,[11])). For every δ ≥ 0, and every L ∈ NP , there is a PCP with q = 3, c ≥ 1−δ
and s ≤ 1

2 + δ. Moreover, the verifier chooses indices (i1, i2, i3)∼ [m]3 and b ∼ {0, 1} according to some
distribution and checks whether li1 + li2 + li3 = b (mod 2).

Using the above theorem, a hardness result for MAX-E3LIN problem has been shown.

Definition 2 (MAX-E3LIN[11]). Given a system of linear equations (over mod 2) over the variables
x1, x2, ..xn and equations of the form,

xi + xj + xk = c

where 1 ≤ i, j, k ≤ n and c ∈ {0, 1}, the goal is to find an assignment that satisfies maximum fraction of
equations.

Note that if we are guaranteed that there exists a solution which satisfies all the equations, one can find it in
polynomial time using Gaussian elimination. The interesting case is where there is no such solution. It can
be shown that a random assignment of {0, 1} to each xi would satisfy half of the equations. For a particular
equation in the system of equations xi + xj + xk = c, if c = 0, the equation will be satisfied if we have even
number of ones among xi, xj , xk which occurs half the times in random assignment. Similarly, if c = 1, odd
number of ones are required, which also happens half the times in a random assignment. Hence

Pr[an equation is satisfied] =
1

2

E[satisfied equations] =
1

2
×m ≥ 1

2
×Opt
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where m is the total number of equations in the given problem and Opt is the maximum number of equations
that can be satisfied. Extending this using the above Hastad’s theorem it has been shown that for any ε,
obtaining a 1/2+ε approximation for MAX-E3LIN is NP-Hard. A reduction from Max-E3LIN to Max-3SAT
shows that for any ε, obtaining 7/8 + ε approximation for MAX-3-SAT is NP-hard. Many such hardness of
approximation results were obtained using the PCP theorem in the later years.

Due to their contributions, Arora, Feige, Goldwasser, Lund, Lovász, Motwani, Safra, Sudan and Szegedy
were awarded the Gödel prize in 2001. For his work on 3-query-PCP and proving the hardness results for
MAX-E3LIN and MAX-3-SAT, Hastad was awarded the Gödel prize in 2011. For her new proof of the PCP
theorem, Dinur was awarded the Gödel prize in 2019.

2 Unique Games Conjecture

First let us look at the problem of Unique Games.

2.1 Unique Games Problem

Definition 3 (Unique Games Problem[20]). Given a graph G = (V,E) , alphabet [k] ,and bijections πuv :
[k] 7→ [k] for each u, v ∈ E, compute an assignment σ : V 7→ [k] that maximizes the fraction of constraints
satisfied.

In [13], the authors proved that the unique games problem can be casted as the problem of solving a system
of non-homogeneous linear equations where each equation contains two variables. Hence, we will from now
on look at this problem of solving linear equations to understand the unique games problem. Consider the
following system of equations.

X1 −X2 = a1 (mod p)

X1 −X3 = a2 (mod p)

X4 −X5 = a3 (mod p)

...

where a1, a2, . . . and p are given and each variable Xi can take values from [p].

Note that if there is an assignment of values to the variables such that all the equations are satisfied, we can
find such an assignment as follows. First fix a value of X1. Since all equations have to be satisfied, the values
of X2, X3, . . . get fixed. Thus we can iterate over all the possible values of X1 to find such an assignment
because we will hit the correct value of X1 at some point of time.

But what if all the constraints can’t be satisfied? How do we find an assignment that satisfies a lot of
constraints? One simple algorithm is to randomly assign values to each Xi from the set [p]. This random
assignment would satisfy 1

p fraction of constraints in expectation. This can be seen from the fact that given

any constraint of the form Xi −Xj = ak (mod p), after we fix Xi there is only one value for Xj that would
satisfy the constraint. Thus

Pr[Xi −Xj = ak (mod p) is satisfied] =
1

p
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Thus this simple algorithm is a p approximation algorithm for the problem. There are other algorithms that
use semi-definite programming that give better approximation than this.

We will now move on to the unique games conjecture. But first, let us look at a more classical label cover
problem.

2.2 Label Cover Problem

Definition 4 (Label Cover Problem,[1]). Given a bipartite graph G = (U, V,E), alphabet [k] and constraints
πu,v : [k] 7→ [k] for each (u, v) ∈ E, compute an assignment σ : V 7→ [k] that maximizes the fraction of
constraints satisfied.

Let us also define a promise version of the problem as follows.

Definition 5 (Gap Label Cover Problem). Given an input instance of the Label Cover problem and a small
positive number ε with a guarantee that one of the following conditions hold,

1. There exists an assignment σ such that all the constraints are satisfied.

2. No assignment can satisfy more than ε|E| constraints.

decide which of the above cases hold.

We denote an instance of the Gap Label Cover problem by GapLabelCover[k](1, ε).

Remark 1. If we are able to satisfy more than ε|E| constraints in an instance of the Gap Label Cover
problem, then we can conclude that there exists an assignment which satisfies all the assignments.

Raz’s Parallel Repetition Theorem [19] implies that the promise version of the GapLabelCover problem is
NP-Hard.

Theorem 3. For any ε > 0, there exists a k (which only depends on ε) such that the GapLabelCover[k](1, ε)
is NP-Hard.

2.3 The Unique Games Conjecture

We are now ready to state the Unique Games Conjecture. Note that the unique games problem is a specific
instance of the Label Cover problem where the constraints πu,v are restricted to be bijections. Also, as
we stated, if there exists an assignment that satisfies all the constraints, then we can explicitly find such
assignment. Hence the above promise version (say UniqueGames[k](1, ε)) is of less utility. Hence, we define
its promise version as follows.

Problem 4. Given an instance of the Unique Games problem and a parameter ε with the guarantee that
one of the following two conditions hold,

1. There exists an assignment such that at least 1− ε fraction of the constraints are satisfied.
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2. No assignment can satisfy more than ε fraction of the constraints.

determine which condition holds.

Let us denote an instance of the above problem by GapUG[k](1 − ε, ε). Khot (2002,[12]) conjectured that
the above problem is NP-Hard to solve.

Conjecture 5 (Unique Games Conjecture). For any ε ≥ 0 there exists a k such that for Unique Games
instances with alphabet size k, it is NP-hard to solve GapUG[k](1− ε, ε).

For his work on the Unique Games Problem, Khot has been rewarded with the Nevanlinna Prize in 2014.
The Unique Games Conjecture is still an open problem. The truth of the unique games conjecture would
imply the optimality of many known approximation algorithms (assuming P 6= NP ) for problems like Max
Cut, Min Vertex Cover etc.

2.4 2-to-2 Theorem: Halfway in Proving the Unique Games Conjecture?

We mentioned that the unique games problem is a specific instance of the label cover problem. There exists
another generalization of the unique games problem known as the d-to-d games problem which we state
below.

Problem 6 (d-to-d Games Problem[8]). Say we are given a bipartite graph G = (U, V,E), alphabet [k] such
that k is a multiple of d, where d ∈ Z+. The constraints πu,v for any edge (u, v) are no longer functions
from [k] to [k], but relations between [k] and [k] such that we can partition the alphabet [k] in two ways into
A1, A2, . . . , Ak/d and B1, B2, . . . , Bk/d such that each of the Ais and Bis are of size d and

πu,v =

k/d⋃
i=1

Ai ×Bi

The objective, as usual, is to compute an assignment σ : V 7→ [k] that maximizes the fraction of constraints
satisfied.

When we choose d to be one, we obtain the unique games problem. Similar to label cover and unique games
problems, we can define the promise version of the d-to-d games problem as to decide if all the constraints are
satisfied or at most ε fraction of the constraints are satisfied. Khot (2002,[12]) conjectured that the promise
version of the d-to-d games problem is NP-Hard. More formally,

Conjecture 7 (d-to-d Games Conjecture). For any d ≥ 2 and ε ≥ 0 there exists a k (a multiple of d) such
that for an instance of the d-to-d games problem, it is NP-Hard to distinguish between the following two cases

1. There exists an assignment that satisfies all the constraints.

2. No assignment can satisfy more than ε fraction of the constraints.

The 2-to-2 conjecture (a specific instance of the d-to-d conjecture) has been resolved 1 by the joint works of
Dinur et. al. (2016,[10]), Barak, Khotari, Steurer (2018,[6]) and Khot, Minzer, Safra (2018,[14]). A report
on the combined work can be found in [8]. Their work implies the following theorem.

1Not completely though. They proved that distinguishing between (i) there exists an assignment which satisfies at least
1 − ε fraction of the constraints (ii) no assignment satisfies ε fraction of the constraints, is NP-Hard.
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Theorem 8. For any ε ≥ 0 there exists a k such that for Unique Games instances with alphabet size k, it
is NP-hard to solve GapUG[k](1/2, ε).

In some sense, we are halfway through in the quest of proving (or disproving) the Unique Games conjecture.
Although, there have been some minor improvements recently, this is essentially the closest we are to the
resolution of the unique games conjecture.

2.5 Algorithms for the Unique Games Problem

We discussed the current progress in resolving the unique games conjecture. Now, we will discuss the
algorithms that have been designed to solve the unique games problem.

The following theorem is due to Charikar, Makarychev, Makarychev (2006,[7]).

Theorem 9. There exists a randomized polynomial time algorithm which, given an instance of the unique
games problem having an assignment satisfying 1 − ε fraction of the constraints, outputs an assignment
satisfying 1−O(

√
ε log k) fraction of the constraints.

Khot, Kindler, Mossell and O’ Donnell (2007,[13]) proved that the above algorithm is essentially the best
that one can obtain. More specifically, they proved that there exists a constant c such that given an instance
which has an assignment satisfying 1 − ε fraction of the constraints, finding an assignment satisfying more
than 1− c

√
ε log k fraction of the constraints is NP-Hard under the assumption of unique games conjecture.

In the same paper they also proved that the 0.878 approximation algorithm for the Max Cut problem known
by then is in fact the best possible under the assumption of unique games conjecture.

While the above stated algorithm is a (randomized) polynomial time algorithm, there are also some super-
polynomial but sub-exponential time algorithms. Note that all the discussed problems can be solved in
exponential time. The following result is due to Arora, Barak, Steurer (2010, [2]).

Theorem 10. There is an exp(O(knε)) time algorithm that, given an instance of the unique games problem
which satisfies (1 − εc) constraints (c is an absolute constant more than 1), outputs an assignment that
satisfies (1− ε) number of constraints.

In the process of proving the above theorem, the authors introduced a number of novel ideas and hence we
will provide a brief proof sketch of the theorem.

• It is essentially known by previous works that if the underlying graph is an expander graph, then there
exists a polynomial time algorithm which solves the unique games problem.

• One of their (partial) contributions is to design an algorithm that solves the unique games problem
even if the graph is “close” to an expander (the normalized Laplacian having very small number of
eigenvalues “close” to zero).

• The main novelty of their work is in finding a small (but not too small; of the order n∼0.9 where n is
the number of vertices) subset of vertices whose expansion is very small.

– Then use a recursive approach to divide the graph into a number of chunks such that each chunk
has a very small expansion.

– Then use the previous step to solve each of these chunks individually and put the solutions
together.
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3 Small Set Expansion Hypothesis

It turns out that the unique games conjecture and small sets having small expansions are closely related.

Definition 6 (Small Set Expansion[17]). Given a graph G with vertex set V and a parameter δ ∈ (0, 1/2],
the small set expansion of the graph is denoted and defined as

φG,δ := min
S:vol(S)≤δ·vol(V )

φ(S)

The following conjecture known as the Small set expansion hypothesis was stated by Raghavendra and
Steurer (2010,[17]).

Conjecture 11. For every sufficiently small ε > 0, there exists δ ∈ (0, 1/2] such that given a graph G =
(V,E), it is NP-Hard to distinguish between the following two cases.

1. There exists a set S such that vol(S) ≤ δ · vol(V ) and φ(S) ≤ ε.

2. For all sets S such that vol(S) ≤ δ · vol(V ), φ(S) ≥ 1− ε.

Another work due to Raghavendra, Steurer and Tulsiani (2012,[16]) also demonstrates that the unique games
conjecture and small set expansion hypothesis are closely related. Unlike unique games conjecture, there is
almost no progress in proving or disproving the small set expansion hypothesis despite many efforts.

In terms of approximation algorithms, the following result is by Raghavendra, Steurer and Tetali (2010,[18]).

Theorem 12. There exists an algorithm which, given an input graph G = (V,E) and parameter δ, compute
a set S such that vol(S) ≤ O(δ) · vol(V ) (note that we require vol(S) ≤ δ · vol(V )) and

φ(S) = O

(√
φG,δ log(1/δ)

)

Assuming the small set expansion hypothesis, Raghavendra, Steurer and Tulsiani (2012,[16]) proved that
improving the above approximation ratio beyond constant factors in NP-Hard.2

The small set expansion hypothesis is also related to the algorithm underlying the proof of Cheegar’s inequal-
ity we saw a few lectures ago. Recall that we proved that there exists a set S such that φ(S) = O(

√
2φG)

and the proof is algorithmic, in the sense that we can find such a set S. Raghavendra, Steurer and Tulsiani
(2012) showed that improving the algorithm beyond constant factors is NP-Hard assuming the small set
expansion hypothesis (and some other omitted technicalities).

3.1 Sparsest Cut Problem

The sparsest cut is a variation of expansion in a graph. In a graph G with vertex set V , it is defined as

min
S⊆V

|E(S, V \S)|
min{|S|, |V \S|}

2The above algorithm finds a set with vol(S) ≤ O(δ) ·vol(V ). The NP-Hardness result we mention is for the original problem
where we need to find a set S with vol(S) ≤ δ · vol(V ).
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Leighton and Rao (1988,[15]) showed an O(log |V |) approximation algorithm for finding the sparsest cut.
After a long time, Arora, Rao, Vazirani (2004,[4]) showed an O(

√
log |V |) approximation algorithm and

this is currently the best possible. The former result is based on linear programming whereas the latter
used semi-definite programming. The ideas introduced in the latter work helped to design approximation
algorithms for a lot of other problems indirectly. The progress on the sparsest cut problem has been very
marginal since 2004. We know some hardness results assuming the exponential time hypothesis but the
progress in terms of showing the NP-Hardness of approximation is almost negligible.
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