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Abstract

We study approximation algorithms for the geometric bin packing problem and its variants.
In the two-dimensional geometric bin packing problem (2D GBP), we are given n rectangular
items and we have to compute an axis-parallel non-overlapping packing of the items into the
minimum number of square bins of side length 1. 2D GBP is an important problem in computer
science and operations research arising in logistics, resource allocation, and scheduling.

We first study an extension of 2D GBP called the generalized multidimensional bin packing
problem (GVBP). Here each item ¢ additionally has d nonnegative weights vy (), vo(7), . . ., v4(7)
associated with it. Our goal is to compute an axis-parallel non-overlapping packing of the
items into bins so that for all j € [d], the sum of the j™ weight of items in each bin is at
most 1. Despite being well studied in practice, surprisingly, approximation algorithms for this
problem have rarely been explored. We first obtain two simple algorithms for GVBP having
asymptotic approximation ratios (AARs) 6(d+1) and 3(1+1In(d+ 1) +¢). We then extend the
Round-and-Approx (R&A) framework [14] to wider classes of algorithms, and show how it can
be adapted to GVBP. Using more sophisticated techniques, we obtain algorithms for GVBP
having an AAR of 2(1 + In((d 4 4)/2)) + €, which improves to 2.919 + ¢ for the special case of
d=1.

Next, we explore approximation algorithms for the d-dimensional geometric bin packing
problem (dD GBP). Caprara [18] gave a harmonic-based algorithm for dD GBP having an
AAR of T4 (where T, ~ 1.691). However, their algorithm doesn’t allow items to be rotated.
This is in contrast to some common applications of dD GBP, like packing boxes into shipping
containers. We give approximation algorithms for dD GBP when items can be orthogonally
rotated about all or a subset of axes. We first give a fast and simple harmonic-based algorithm,
called fullhy, having an AAR of T2. We next give a more sophisticated harmonic-based
algorithm, which we call HGaPy, having an AAR of T4 (1 +¢). This gives an AAR of roughly
2.860 + ¢ for 3D GBP with rotations, which improves upon the best-known AAR of 4.5. In
addition, we study the multiple-choice bin packing problem that generalizes the rotational case.

Here we are given n sets of d-dimensional cuboidal items and we have to choose exactly one
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Abstract

item from each set and then pack the chosen items. Our algorithms fullh; and HGaP; also
work for the multiple-choice bin packing problem. We also give fast and simple approximation
algorithms for the multiple-choice versions of dD strip packing and dD geometric knapsack.
These algorithms have AARs 79! and (1 — £)37¢, respectively.

A rectangle is said to be d-skewed if it has width at most ¢ or height at most . We give an
approximation algorithm for bin packing d-skewed rectangles whose asymptotic approximation
ratio approaches 1 as § approaches 0. Our result indicates that hard instances in geometric bin
packing arise due to items that are large in both dimensions.

A packing of rectangles into a bin is said to be guillotine-separable iff we can use a sequence of
end-to-end cuts to separate the items from each other. The asymptotic price of guillotinability
(APoG) is the maximum value of opt(I)/ opt(I) for large opt(/), where opt(/) and opt (/) are
the minimum number of bins and the minimum number of guillotine-separable bins, respectively,
needed to pack I. Computing lower and upper bounds on APoG is an important problem, since
proving an upper bound smaller than 1.5 would beat the state-of-the-art algorithm for 2D GBP.
The best-known lower and upper bounds are 4/3 and T, ~ 1.69103, respectively. We analyze
this problem for the special case of d-skewed rectangles, where ¢ is a small constant (i.e., close
to 0). We give a roughly 4/3-asymptotic-approximate algorithm for 2D GBP for this case, and
our algorithm’s output is guillotine-separable. This proves an upper-bound of roughly 4/3 on
APoG for d-skewed rectangles. We also prove a matching lower-bound of 4/3. This shows that

hard examples for upper-bounding APoG include items that are large in both dimensions.
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Chapter 1
Introduction

In the classical bin packing problem, we are given a set I of items. Each item ¢ € [ has a size
s(i) € (0, 1] associated with it. Our goal is to partition I into the minimum number of bins,
such that the sum of sizes of items in each bin is at most 1. The classical bin packing problem
and its generalizations have diverse applications in computer science and operations research,
like packing goods into trucks, allocating jobs to servers, allocating memory in computers [23],
or assigning advertisements to station breaks in television programming,

This work focuses on approximation algorithms for geometric variants of the classical bin
packing problem. In this chapter, we will first describe the classical bin packing problem and
some of its well-known variants in more detail. With this context, we will then describe the

contributions of this thesis.

1.1 Well-Known Packing Problems

1.1.1 Classical Bin Packing

In the classical bin packing problem, we are given a set I of n items. Each item ¢ € I has a size
s(i) € (0,1] associated with it. Our goal is to partition I into the minimum number of bins,
such that the sum of sizes of items in each bin is at most 1. See Fig. 1.1 for an example.

Classical bin packing is known to be NP-hard. In fact, deciding whether a set of items can be
packed into two bins is NP-complete, by a simple reduction from the partition problem. Hence,
we look at approximation algorithms. Let opt(/) be the minimum number of bins required to
pack a set I of items. A bin packing algorithm A is said to be a-approximate iff A requires at
most «opt(/) bins to pack I.

Since it is NP-complete to decide whether a set of items can be packed into two bins, it
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(a) A set of six items: two items have size 0.4 and four items have size 0.3.

0.3 0.3
0.3
e 0.3 |03
0.3
0.4 0.3 0.3 0.4 0.4
(b) A packing of the items into 3 bins. (c) A packing of the items into 2 bins.

Figure 1.1: An example of classical bin packing. We want to minimize the number of bins, so
the packing into 2 bins is better than the packing into 3 bins.

is NP-hard to obtain a polynomial-time algorithm for bin packing with approximation ratio
less than 3/2. (Using the results of Désa and Sgall, we can prove that the First-Fit Decreasing
algorithm is 3/2-approximate [29, 28].) However, such a reasoning doesn’t rule out the existence
of an algorithm that uses opt(/) + 1 bins. Therefore, we turn our attention to asymptotic

approximation algorithms.

Definition 1.1 (Asymptotic approximation). A bin packing algorithm A is said to be -
asymptotic-approzimate iff A requires at most aopt(l) + B bins to pack I for some value
B € o(opt(1)) (usually, § is a constant). « is called the asymptotic approximation ratio (AAR)
of A.

Definition 1.2 (APTAS). A bin packing algorithm is called an Asymptotic Polynomial-Time
Approzimation Scheme (APTAS) if it accepts a parameter € > 0 and gives an AAR of 1+ €.

The running time for such an algorithm usually increases as € decreases.

For classical bin packing, an APTAS was given by Lueker and Vega [26].

1.1.2 Classical Knapsack

In the classical knapsack problem, we are given a set [ of items. Each item ¢ € I has a size
s(i) € (0,1] and profit p(i) € Rsq associated with it. Our goal is to pack the maximum profit
subset of I into a bin, ie., select a subset S C I such that >, ¢s(i) < 1 and ), _¢p(i) is

maximized. In this problem, the bin is also called knapsack.



The classical knapsack problem is NP-hard by a reduction from the subset-sum problem.
Hence, we look at approximation algorithms. Let opt(/) be the maximum profit of a subset of
I that can be packed into the knapsack. An algorithm A for the knapsack problem is said to
be a-approximate iff the profit of the items packed by A is at least opt (/) /.

An algorithm for the knapsack problem is called a PTAS if it takes a constant ¢ > 0 as
parameter, is (1 + ¢)-approximate, and runs in time polynomial in n. Additionally, if the
running time is polynomial in both n and 1/e, then the algorithm is called an FPTAS.

FPTASes are known for the classical knapsack problem. There is a simple FPTAS that runs
in O(n3/¢) time [79]. Lawler improved the running time to O(nlog(1/¢) + 1/&%) [55].

1.1.3 Geometric Bin Packing

]

Figure 1.2: Packing 13 rectangles into 3 bins (without rotation).

In the 2-dimensional geometric bin packing problem (abbreviated as 2D GBP; also called
rectangle bin packing problem), we are given a set I of n rectangular items and an infinite supply
of identical rectangular bins. Our task is to pack the rectangles into the minimum number of

bins such that in each bin, the items don’t overlap. See Fig. 1.2 for an example. For each 2D



item 4, let w(i) denote the width and h(i) denote the height. Let a(i) := w(i)h(i) be the area
of item 1.

There are two commonly-studied versions of 2D GBP. In the non-rotational version, rotating
the items is forbidden. In the rotational version, the items can be rotated by 90°. In both
versions, the items and bins are oriented parallel to the coordinate axes. See Fig. 1.3 for an
example. Note that if all items have width equal to the bin’s width, then 2D GBP reduces to

the classical bin packing problem.

3 4
2 4
2
1 3 1
(a) Packing without item rotation (b) Packing with item rotation

Figure 1.3: Packing 4 rectangular items, each of width 0.6 and height 0.4, into square bins of
side length 1. Allowing rotation decreases the minimum number of bins needed to pack these
items.

2D GBP finds applications in the wood-cutting, metal-cutting, paper and cloth industries,
where rectangular pieces need to be cut out of standard-sized sheets, and item rotations are
usually allowed. Non-rotational 2D GBP can be used for placing advertisements on web pages
and newspapers.

The problem can be extended to three dimensions (3D GBP), where the bins and items
are cuboids. Since a cuboid can have 6 possible orientations (see Fig. 1.4), there can be many
versions of 3D GBP depending on which orientations of items are allowed. 3D GBP can be
used to pack boxes into shipping containers. Here the boxes can usually be rotated in any way,
but there are exceptions: for example, some boxes may need to be kept upright due to fragile

contents inside. Such boxes can only be rotated around the vertical axis.

.l\l v N

Figure 1.4: All six orientations of a cuboid of dimensions 0.2, 0.4 and 0.8.

We can extend 2D and 3D GBP to even higher dimensions. In dD GBP (d > 1), items and

bins are dD cuboids. A dD cuboid is defined as the cross-product of d intervals from the real
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line. A cube is a cuboid that has the same length in each dimension. For example, a dD cube
of side length 1 is the set [0, 1]¢. Note that 1D GBP is the classical bin packing problem.

In the non-rotational version of dD GBP, we can assume without loss of generality that the
bin is a cube of side length 1. This is because we can scale the dimensions of the bins and items
by the same factor. Note that this assumption doesn’t hold for the rotational version.

For 2D GBP, the algorithm by Bansal and Khan [14] gives the best-known AAR of 1 +
In(1.5) + ¢ ~ 1.40547 + . An APTAS cannot exist for 2D GBP unless P = NP [11, 21]. For
non-rotational dD GBP where d > 3, the algorithm by Caprara [18] gives the best-known AAR
of roughly T4, where T, ~ 1.69103.

1.1.4 Guillotine-Separable Geometric Bin Packing

In many practical cases of 2D GBP, there are additional constraints on how items can be packed

into bins, like in the two-dimensional guillotine-separable geometric bin packing problem (2D
GuillBP).

Definition 1.3. A packing of rectangles into a bin is said to be k-stage guillotine-separable
or k-stage guillotinable iff we can separate all the items in the bin using at most k stages of
end-to-end cuts (also called guillotine cuts), where in each stage, all cuts are parallel to the
x-axis or all cuts are parallel to the y-axis. A packing of rectangles into a bin is said to be

guillotine-separable or guillotinable iff it is k-stage guillotinable for some k.

See Fig. 1.6 for an example of 3-stage guillotinable packing and Fig. 1.5 for examples of

non-guillotinable packing.

Figure 1.5: Two bins that are not guillotinable.

2D GuillBP is a variant of 2D GBP where we are given a set I of rectangles and our task is
to pack them into the minimum number of bins such that each bin is guillotinable. Similarly,
in the k-stage 2D bin packing problem, we have to pack a set of rectangles into the minimum

number of bins such that each bin is k-stage guillotinable.



Y

X
Figure 1.6: Separating items using 3 stages of guillotine cuts.

2D GuillBP is relevant in sheet-cutting industries [59, 67, 70], where cutting machines can
only make guillotine cuts. Guillotine cuts simplify the design and programming of cutting
machines and reduce their operational cost, which is important if the raw material being cut is
relatively inexpensive.

Unlike 2D GBP, for which obtaining an APTAS is NP-hard, an APTAS was given for
non-rotational 2D GuillBP by Bansal, Lodi and Sviridenko [15].

2D GuillBP has connections to other interesting problems, like guillotine-separable knap-

sack [51] and maximum independent set of rectangles [1, 52].

1.1.5 Vector Bin Packing

In the d-dimensional vector bin packing problem (dD VBP), we are given a set I of d-dimensional

vectors, and our task is to partition the vectors into bins such that in each bin, the sum of



the vectors in that bin have /,-norm at most 1. Formally, let I := {v™ v® ..  v™} be the
items, where v(®) € (0, 1]¢ for each 7. Then we have to partition the vectors into bins such that
in each bin B, " _pv; <1 foreach j € {1,2,...,d}.

—

//

(a) Five 2D vectors.

(b) Packing the vectors into two bins. A set of 2D
vectors lies in a bin iff their sum lies inside a square of
side length 1.

Figure 1.7: Packing five 2D vectors into two bins.

dD VBP has applications in resource allocation problems. Consider a set of tasks, each of
which have a d resource requirements. The resources could be CPU time, memory, disk 10O,
network 10, etc. We have to assign these tasks to the minimum number of servers, where each
server has a capacity on each resource. This is an example of dD VBP, where the tasks are
items and servers are bins.

For dD VBP, the best-known AAR is Ind + O(1) [10, 12]. For 2D VBP, the best-known
AAR is 1 +1In(1.5) + & &~ 1.40547 + ¢ [12].

1.2 Contributions of This Thesis

In this thesis, we address the following four problems related to geometric bin packing.

1.2.1 Generalized Multidimensional Bin Packing

(Joint work with Prof. Arindam Khan and Sreenivas Karnati.)

Geometric packing and vector packing are well-studied generalizations of the classical bin
packing problem. However, often in practice, we encounter a mixture of geometric and vector
constraints. Consider the following airlines cargo problem [62]: We have boxes to load in an
airline cargo container. In addition to the geometric constraint that all the boxes must fit
within the container, we also have a constraint that the total weight of the loaded boxes should
be within a specified capacity. Thus, in this problem, three dimensions are geometric and the

weight is a vector constraint.



Weight has been an important constraint to consider for packing in logistics and supply
chain management, e.g., cranes and other equipment can be damaged by the bins being too
heavy, or by a skewed weight distribution [2]. While the container loading problems mostly
consider packing items inside a container, the container stowage planning problem considers
the stacking of the containers onto and off cargo ships [61]. Even when different cargoes are
packed into a fleet of aircraft for transport, one needs the individual cargoes to be not too heavy
to ensure stability and less fuel consumption [3]. Similar problems find applications in vehicle
routing with loading constraints [17]. Many practical heuristics [73, 75] have been proposed for
these kinds of problems. Several companies (such as Driw, Boxify, Freightcom) and practical
packages [81] have considered the problem. In many cases, we also want to ensure a limit on
other attributes, such as the amount of magnetism, radioactivity, or toxicity. Each of these
properties can be considered as additional vector dimensions.

Such multidimensional packing problems are also getting attention due to their connections
with fair resource allocation [63]. In recent years, a considerable amount of research has focused
on group fairness [47, 76] such that the algorithms are not biased towards (or against) some
groups or categories. One such notion of fairness is restricted dominance [16], which upper
bounds the number (or size) of items from a category. These different categories can be con-
sidered as dimensions. E.g., in a container packing problem for flood relief, one needs to ensure
that the money spent on a container is fairly distributed among different types of items (such
as medicine, food, garments). Hence, for each category, there is an upper bound on the value
that can go into a container.

Formally, we are given n items I := {1,2,...,n} that are (d,, d,)-dimensional, i.e., item
i is a dy-dimensional cuboid of lengths £,(¢), ¢5(3), ..., 44,(i) and has d, non-negative weights
v1(2), v2(2), . . ., va, (7). A (dy, dy)-dimensional bin is a d,-dimensional cuboid of length 1 in each
geometric dimension and weight capacity 1 in each of the d, vector dimensions. A feasible
packing of items into a bin is a packing where items are packed parallel to the axes without
overlapping, and for all j € [d,], the sum of the j* weight-dimension of the items in the bin
is at most 1. In the (d,, d,) bin packing problem (BP), we have to feasibly pack all items into
the minimum number of bins. In the (d,, d,) knapsack problem (KS), each item ¢ also has an
associated nonnegative profit p(i), and we have to feasibly pack a maximum-profit subset of
the items into a single bin (also called knapsack). (d,, d,) packing problems generalize both
dg,~dimensional geometric packing (when d, = 0) and d,-dimensional vector packing (when
d, = 0). Already for vector packing, if d, is part of the input, there is an approximation
hardness of d,'© unless NP=ZPP [12]. Thus, throughout the paper we assume both d, and d,

to be constants.



1.2.1.1 Our Results

We study the first approximation algorithms for general (d,, d,) BP, with a focus on d, =
2. We give two simple algorithms for (2, d) BP, called simplePack and betterSimplePack,
having AARs of 6(d + 1) and 3(1 + In(d + 1)) + ¢, respectively, for any ¢ > 0. For d = 1,
betterSimplePack’s AAR improves to ~ 4.21640 + «.

Next, we modify the Round-and-Approx (R&A) framework [10, 14] so that it works for (d,
d,) BP. We combine R&A with the simplePack algorithm to get an AAR of 2(1+In(3(d+1)))+e¢
for (2, d) BP. This improves upon the AAR of betterSimplePack for d > 3.

Next, we obtain a more sophisticated algorithm for (2, d) BP, called cbPack (abbreviation
for container-based packing), that fits into the R&A framework and has an even better AAR.

Theorem 1.1. The cbPack algorithm for (2, d) BP accepts a parameter ¢ > 0, and has an
AAR of 2(1+1In((d+4)/2)) +¢e (improves to 2(1+1In((d+3)/2)) + & when items can be rotated
by 90°). Ford =1, the AAR improves to 2(1+1n(19/12)) 4+ € ~ 2.919+ ¢ (further improves to
2(14+1n(3/2)) + ¢ ~ 2.811 4+ ¢ when items can be rotated).

Table 1.1: Comparison of asymptotic approximation ratios of our algorithms for (2, d) BP.

Algorithm AAR for (2, d) BP AAR for (2, 1) BP
simplePack 6(d+1) 12
betterSimplePack 314+ In(d+1))+¢ 3(14+1n(3/2)) +e~4.216 + ¢
simplePack with R&A 21+ In(3(d+1))) +¢ 2(14+1n6) +e ~5.5835 +¢

cbPack (without rotation) — 2(1+In(%?))+e  2(1+1n(19/12)) + & ~2.919 + ¢
+3)) Te

cbPack (with rotation) 2(1+ In(42 2(1+1n(3/2)) + & ~2.811 + ¢

We also show how to extend simplePack and betterSimplePack to (d,, d,) BP to obtain
AARs 2b(d,+1) and b(1+1In(d, + 1) +¢), respectively, where b := 9 for d, = 3 and b := 4% + 24
for d, > 3. We also give a similar algorithm for (d,, d,) KS having approximation ratio b(1+¢).

One of our main contributions is the enhancement of the R&A framework [10, 14] to a
wider class of algorithms. The R&A framework is a simple but powerful technique, originally
given by Bansal, Caprara and Sviridenko [10], to improve the AAR of a bin packing algorithm
by combining it with randomized rounding of a linear program. R&A may have the potential
to improve the AARs of several packing problems, but its applicability is limited because it
only works with subset-oblivious bin packing algorithms, and proving that an algorithm is

subset-oblivious is difficult.



Bansal and Khan [14] partially removed this limitation by proving that a large class of
algorithms for geometric and vector bin packing, called Rounding-based algorithms, is subset-
oblivious. We make further improvements on this front by showing that an even larger class
of algorithms is subset-oblivious. This class includes some of our algorithms for (d,, d,) BP,
like simplePack and cbPack. We expect that our progress will help in better understanding
the power of R&A and extending it to other set-cover type problems, like round-SAP and
round-UFP [30].

1.2.2 Harmonic Algorithms for dD GBP with Rotations

In his seminal paper, Caprara [18] devised a polynomial-time algorithm for non-rotational dD
GBP called HDH, (Harmonic Decreasing Height), where k € Z is a parameter to the algorithm.
HDH;, has AAR equal to T, k‘f’l, where T}, is a decreasing function of k and T, := limy_,o T} &
1.69103. The algorithm HDHy, is based on an extension of the harmonic algorithm [56] for classical
bin packing. For d > 3 and large k, HDH; has the best AAR among all known algorithms for
dD GBP.

A limitation of HDH,, is that it does not allow rotation of items. This is in contrast to some
real-world problems, like packing boxes into shipping containers (d = 3), where items can often
be rotated orthogonally, i.e., 90° rotation around all or a subset of axes.

Furthermore, known algorithms for rotational 3D GBP have a significantly larger AAR than
what the HDH; algorithm gives for non-rotational 3D GBP. When items can be rotated about
all axes, Miyazawa and Wakabayashi [60] gave a 4.89-asymptotic-approximation algorithm.
Epstein and van Stee [31] improved the AAR to 4.5 when the base of the bin is a square. On
the other hand, HDH;, gives an AAR of roughly T2 =~ 2.85958 for large k.

Orientation constraints may sometimes limit the vertical orientation of a box to one di-
mension (e.g., some items require a face labeled ‘This side up’ to always be on top) or to
two dimensions (e.g., long but low and narrow box should not be placed on its smallest sur-
face). These constraints are introduced to deter goods and packaging from being damaged and
to ensure the stability of the load. Current algorithms for 3D GBP either allow rotating all
items along the same set of axes or don’t allow rotating any item, i.e., they enforce the same
orientation constraints over all items in the input.

We address these issues by giving algorithms for dD GBP that are similar to HDH;, but allow
items to be rotated and allow orientation constraints to vary across items. We first give a fast
and simple algorithm called fullh, that has an AAR of T{Z. We next give a more sophisticated
algorithm called HGaPy, that has an AAR of T¢ (1 + ¢).
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1.2.2.1 Multiple-Choice Packing

fullh, and HGaP; can be extended to work for the dD multiple-choice geometric bin pack-
ing problem (dMCBP), which we will describe now. dMCBP generalizes both the rotational
and non-rotational versions of dD GBP. It also captures the concept of variable orientation
constraints across items. This perspective will help us design algorithms for the rotational case.

In dIMCBP, we are given a set Z = {I3, I5,...,I,}, where for each j, I, is a set of items,
henceforth called an itemset. We have to pick exactly one item from each itemset and pack

those items into the minimum number of bins. See Fig. 1.8 for an example.

% 4
3
5

6 _

5

Figure 1.8: 2MCBP example: packing the input Z = {{1, 2,3}, {4}, {5,6},{7,8},{9}} into two
bins. Here items of the same color belong to the same itemset.

We can model rotation using multiple-choice packing: Given a set I of items, for each item
1 € I, create an itemset I; that contains all allowed orientations of 7. Then the optimal solution
to Z :={1; : i € I} will tell us how to rotate and pack items in /.

Some algorithms for 2D bin packing with rotations assume that the bin is square [10, 41, 14].
This assumption holds without loss of generality when rotations are forbidden, because we can
scale the items. But if rotations are allowed, this won’t work because items i; and iy that are
rotations of each other may stop being rotations of each other after they are scaled. Multiple-
choice packing algorithms can be used in this case: for each item ¢ € I, we will create an itemset
I; that contains scaled orientations of 7.

Multiple-choice packing problems have been studied before. Lawler gave an FPTAS for the
multiple-choice classical knapsack problem [55]. Patt-Shamir and Rawitz gave an algorithm for
multiple-choice vector bin packing having AAR O(log d) and a PTAS for multiple-choice vector
knapsack [64]. Similar notions have been studied in the scheduling of malleable or moldable
jobs [82, 38].
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1.2.2.2 Our Results

In our work, we extend and generalize HDH;, to dMCBP. dMCBP subsumes the rotational case
for geometric bin packing, and we believe dMCBP is an important natural generalization of
geometric bin packing that may be of independent interest.

In Section 6.2, we show an O(N +nlogn)-time algorithm for IMCBP, called fullhy, having
an AAR of T{, where n is the number of itemsets and N is total number of items across all the
n itemsets. In Section 6.3, we show an algorithm for dMCBP, called HGaP;, having an AAR
of T¢'(1 + ¢) and having a running time of NOW/=)p(/9°"? " For ¢ > 3, this matches the
present best AAR for the case where rotations are forbidden. Also, for large k, this gives an
AAR of roughly T2 = 2.85958 for 3D GBP when orthogonal rotations are allowed, which is an
improvement over the previous best AAR of 4.5 [31], an improvement after fourteen years.

Our techniques can be extended to some other packing problems, like strip packing and
geometric knapsack. In Section 6.6, we define the dD multiple-choice strip packing problem
(dAMCSP) and extend Caprara’s HDHj, algorithm [18] to dMCSP. The algorithm has AAR T}~!
and runs in time O(N +nlogn), where n is the number of itemsets and N is the total number of
items across all itemsets. In Section 6.7, we define the dD multiple-choice geometric knapsack
problem (dMCKS), and for any 0 < € < 1, we show an O(N log N + Nn/e)-time algorithm that
is 34(1 + ¢)-approximate.

Our algorithms produce shelf-based packings (we formally define shelf-based later). An
interesting property of Caprara’s HDH, algorithm is that it is, in some sense, optimal for shelf-
based packing. Formally, Caprara [18] showed that no shelf-based algorithm for 2D GBP can
get an AAR better than T, &~ 1.69103, and his HDHj, algorithm achieves an AAR of T~ for
dD GBP. In Section 6.9, we extend that result to show that no shelf-based algorithm for dD
GBP can get an AAR better than 7% 1.

1.2.3 Guillotine-Separable Packing of Skewed Rectangles

(Joint work with Prof. Arindam Khan.)

Unlike 2D GBP, for which obtaining an APTAS is NP-hard, an APTAS was given for
non-rotational 2D GuillBP by Bansal, Lodi and Sviridenko [15]. A natural question, then, is
whether the optimal solution to 2D GuillBP a good approximation for 2D GBP.

Formally, let opt, (/) be the minimum number of guillotinable bins needed to pack I. Let
a be the smallest constant such that opt, (/) < aopt(f) + 3, where 3 € o(opt([)). We call «
the Asymptotic Price of Guillotinability (APoG). Hence, if we use the APTAS for 2D GuillBP
as an approximation algorithm for 2D GBP, then the AAR would be «(1 + €). Therefore, we

12



would like to obtain tight upper and lower bounds on APoG.

It is a simple and well-known fact that APoG > 4/3'. Caprara’s HDHy, algorithm [18] outputs
a 2-stage packing, so APoG < T, ~ 1.69103.

We consider the special case where the rectangles are d-skewed, i.e., each rectangle has
height at most ¢ or width at most J, where ¢ is a small constant. We prove an upper-bound
on APoG for skewed rectangles by giving an algorithm for 2D GBP, called skewed4Pack, that
outputs a 4-stage packing and has an AAR of

§<1+14—_‘55)(1+5).

We also prove a lower-bound of 4/3 on APoG by giving a set of §-skewed rectangles that cannot
be efficiently packed by a guillotine-separable packing. Therefore, when ¢ is close to zero, we
get that APoG is roughly 4/3.

This indicates that to tighten the bound on APoG for the general case, we should focus on
big rectangles, i.e., rectangles that have width and height more than a constant J.

The d-skewed case has also recently received attention in the 2D strip packing problem [34].

1.2.4 Almost-Optimal Bin Packing of Skewed Rectangles

(Joint work with Prof. Arindam Khan.)

For a constant § > 0, a rectangle is said to be d-skewed iff either its width is at most § or its
height is at most 6. We give an approximation algorithm for bin packing d-skewed rectangles
where the algorithm’s AAR approaches 1 as 0 approaches 0. Formally, we give an algorithm
for 2D GBP, called skewedCPack (abbreviates skewed compartmental packing), that accepts a
parameter ¢, and we show that for every constant ¢ € (0, 1), there exists a constant § € (0, ¢)
such that the algorithm has an AAR of 14¢ when all items in the input are d-skewed rectangles.

Our result shows that the approximability of the d-skewed case is very different from the
general 2BP problem, since it is NP-hard to obtain an asymptotic approximation ratio better
than 1+ 1/2196 for general 2BP [21].

The best-known AAR for 2D GBP is 1+1In(1.5)+¢ = 1.405+¢. Our result indicates that to
improve upon algorithms for 2D GBP, we should focus on big rectangles, i.e., rectangles whose

width and height are both more than a constant 9.

!Consider a set I of items containing 2m rectangles of width 0.6 and height 0.4 and 2m rectangles of width
0.4 and height 0.6. Then opt(/) = m and opt,(I) = [4m/3].
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1.3 Organization of the Thesis

e In Chapter 2, we describe prior work on well-known packing problems (problems of Sec-

tion 1.1 and other related problems).
e In Chapter 3, we describe the notation and preliminaries needed for the rest of the thesis.

e In Chapter 4, we describe our simple algorithms for generalized multidimensional bin

packing ((2, d) BP) and our extension of the Round-and-Approx framework.

e In Chapter 5, we describe the cbPack algorithm for (2, d) BP, which improves upon the
algorithms of Chapter 4.

e In Chapter 6, we describe our algorithms for d-dimensional multiple-choice geometric
packing problems (which generalize packing with item rotations). We mostly focus on
multiple-choice bin packing but also describe algorithms for multiple-choice strip packing

and multiple-choice knapsack.

e In Chapter 7, we show how to bound the asymptotic price of guillotinability (APoG) for
skewed rectangular items. We show a simple lower bound of 4/3 and prove an upper bound
of roughly 4/3 by giving a 4-stage 3(1 + 46)(1 + €)-asymptotic-approximation algorithm
for 2D GBP for é-skewed rectangles.

e In Chapter 8, we give an algorithm for almost-optimally packing d-skewed rectangles into

bins.

e In Chapter 9, we give concluding remarks and future directions.
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Chapter 2

Related Problems and Prior Work

2.1 Classical Bin Packing

In the online version of bin packing, the items arrive one-by-one, and for each item, we have
to immediately and irrevocably pack it into a bin. In the online version, the (asymptotic)
approximation ratio is also called the (asymptotic) competitiveness ratio. (The non-online
version is called the offline version, i.e., where we can read the whole input before we start
packing.)

The Next-Fit algorithm [46] is one of the simplest algorithms for the online classical bin
packing problem. In this algorithm, we start with an empty bin, and designate it as the open
bin. We repeatedly pack items into the open bin till we come across an item that doesn’t fit
in the open bin. We then close that bin and open a new bin and resume. Let s(I) denote the
sum of sizes of all items in I. It is easy to prove that Next-Fit uses at most [2s(/)| bins. Since
s(I) < opt(I), we get that Next-Fit is 2-approximate.

Lee and Lee [56] gave an algorithm for online classical bin packing, called the Harmonicy,
algorithm. This algorithm takes as input a set I of items and an integer parameter k£ > 2. The
number of bins used by Harmonicy, to pack I is less than T} opt([) + k, where T} is a decreasing
function of k and T := limy_, T} ~ 1.6910302.

Many other algorithms have been devised for the online classical bin packing problem. See
Table 2.1 for examples and [23] for a detailed survey. The best algorithm we are aware of is
the Advanced Harmonic algorithm by Balogh, Békési, Désa, Epstein and Levin [6] that has an
AAR of 1.57829.

Balogh, Békési and Galambos gave a lower bound of 248/161 ~ 1.54037 on the asymptotic
competitive ratio [8]. This bound was recently improved to 1.54278 [7], which is the best-known
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Table 2.1: Online algorithms for classical bin packing.

Algorithm Approximation guarantee
Next-Fit [46] < 2opt(])

First-Fit [29] < |1.70pt(1)]

Harmonicy [56] <Tpopt(I)+k (T =~ 1.69103)

Advanced Harmonic [6] < 1.57829opt(I) + O(1)

lower bound we are aware of. See [23] for a detailed survey on lower bounds.

For the offline version of classical bin packing, First-Fit Decreasing (FFD) is a popular
algorithm. Johnson [46] showed that the number of bins used by FFD is at most (11/9) opt()+
4. The additive constant 4 was improved by Désa to 2/3, which is tight [28].

Lueker and Vega gave the first APTAS for classical bin packing [26]. This was later improved
upon by Karmarkar and Karp to an algorithm that uses at most opt()+O(log? opt (1)) bins [48].
Rothvoss gave an algorithm that uses at most opt(I) + O(logopt(I)loglogopt(I)) bins [68].
Hoberg and Rothvoss gave an algorithm that uses at most opt(I) + O(logopt(I)) bins [37] (see
Table 2.2).

Table 2.2: Offline algorithms for classical bin packing.

Algorithm Approximation guarantee

First-Fit Decreasing (FFD) [28] Sopt(l)+ 2

Lueker, Vega [26] (1+¢)opt(I) +O(1/%)
Karmarkar, Karp [48] opt(I) + O(log® opt (1))

Rothvoss [68] opt (/) + O(log opt(1) loglog opt(1))
Hoberg, Rothvoss [37] pt(7) + O(logopt(I))

(VAN VAN VANRN VAN VAN

On the hardness side, to the best of our knowledge, an opt(I)+ 1 algorithm hasn’t yet been

proven to not exist.

2.2 Classical Knapsack

There is a simple FPTAS for classical knapsack that runs in O(n?/¢) time [79]. Lawler improved
the running time to O(nlog(1/e)+1/e?) [55]. The running time was improved to O(nlog(1/e)+
(1/£)'?/%) by Chan [19] and to O(nlog(1/e) + (1/€)**) by Jin [45].

16



2.3 Geometric Bin Packing

The Next-Fit Decreasing Height (NFDH) algorithm by Coffman, Garey, Johnson and Tar-
jan [24] is one of the simplest algorithms for 2D GBP (for both the rotational and non-rotational
versions), which is 4-asymptotic-approximate. Chung, Garey and Johnson [22] gave an algo-
rithm for non-rotational 2D GBP, which we call FFDH-FF, and proved that it has an AAR of
17/8 = 2.125. Kenyon and Rémila [49] gave an APTAS for a problem called 2D strip packing,
which gives a (2 4 ¢€)-asymptotic-approximation algorithm for non-rotational 2D GBP.

Caprara [18] gave an algorithm for dD GBP, called HDHg, that takes a parameter k as input
and has an AAR of roughly 79! (recall that T, ~ 1.69103) when k is large. Caprara also
simplified and improved the proofs of approximation of some known algorithms, e.g., the AAR
of FFDH-FF is 187/90 = 2.078. Their results, along with those of Baker and Coffman [5],
imply that the AAR of NFDH is 27, ~ 3.38206. All the results in [18] (including the HDHj
algorithm) only work for the non-rotational version.

Bansal, Caprara and Sviridenko gave an algorithm for 2D GBP, for both the non-rotational
version and the rotational version when the bin is square, having an AAR of 1 + In(T) +
e ~ 1.52534 4+ ¢ [10]. Their algorithm was a combination of the Round-and-Approx (R&A)
framework [10] and the HDH algorithm by Caprara [18]. Jansen and Prédel gave a (1.5 + ¢)-
asymptotic-approximation algorithm for 2D GBP [39, 41] for both the non-rotational version
and the rotational version when the bin is square. Bansal and Khan [14] combined Jansen and
Pradel’s algorithm with the Round-and-Approx framework to improve the AAR to 1+1In1.5+
€~ 1.40647 + €.

Table 2.3: Algorithms for 2D geometric bin packing.

Algorithm Asymptotic Approximation Ratio Works for rotational version?
NFDH [24] 4 Yes

NFDH [24, 18, 5] 2T, ~ 3.38206 No

FFDH-FF [24, 18] 187/90 ~ 2.078 No

HDH [18] T.. ~1.69103 No

HDH with R&A [10] 14+ In(Tw) + e~ 1.52534 + ¢ Yes (square bin only)
Jansen, Préadel [39, 41] 1.5+¢ Yes (square bin only)
Bansal, Khan [14] 1+ 1In(1.5) 4 € ~ 1.40547 4+ ¢ Yes (square bin only)

Bansal, Correa, Kenyon and Sviridenko [11] give an APTAS for dD BP for the case where all

items are dD cubes (recall that a cube is a cuboid having the same length in each dimension).
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Bansal, Correa, Kenyon and Sviridenko [11] proved that if P#ANP, then an APTAS does not
exist for 2D GBP. Chlebik and Chlebikova [21] proved that it is NP-hard to solve 2D GBP with
an AAR better than 1+ 1/3792 = 1.000264 for the non-rotational version and an AAR better
than 1+ 1/2196 ~ 1.000455 for the rotational version. Hence, unlike classical bin packing, an
APTAS cannot exist for 2D GBP.

For the version of 3D GBP where items can be rotated about all axes, Miyazawa and
Wakabayashi [60] gave a 4.89-asymptotic-approximation algorithm. Epstein and van Stee [31]
improved the AAR to 4.5 when the base of the bin is a square.

2.4 Geometric Knapsack

In the dD geometric knapsack problem (dD GKS), we are given a set I of items, where each
item ¢ € I is a dD cuboid and has a profit p(i) > 0 associated with it. Our goal is to pack
the maximum profit subset of I into a dD cuboidal bin. In this problem, the bin is also called
knapsack. We can have different versions of the problem depending on whether items are
allowed to be rotated or not.

Jansen and Zhang give a (2 + ¢)-approximation algorithm [44] for both the rotational and
non-rotational versions of 2D GKS. Géalvez, Grandoni, Heydrich, Ingala, Khan and Wiese give
a 17/9 + € ~ 1.89 + & approximation algorithm for non-rotational 2D GKS and a (3/2 + ¢)-
approximation algorithm for the rotational version when the knapsack is square.

For the special case of 2D GKS where p(i)/a(7) is lower and upper bounded by constants
for each item i € I, there is a PTAS to pack a maximum-profit subset of I into a knapsack [9].
This works for both the non-rotational and rotational version.

For 3D GKS, [27] give a (7 + ¢)-approximation algorithm for the non-rotational version.
When items can be rotated by 90° either around the vertical axis only or around all axes, they
obtain algorithms with approximation ratios 6 4+ ¢ and 5 + ¢, respectively, assuming that the

knapsack is a cube.

2.5 Strip Packing

In the dD strip packing problem (dD SP), we are given a set I of dD cuboidal items. Our goal
is to pack the items into a single dD cuboid, called strip, where the first d — 1 dimensions of the
strip are given and the d™ dimension of the strip (called height) must be minimized. We get

different versions of the problem depending on whether items are allowed to be rotated or not.
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For any dD cuboid, the first d — 1 dimensions are called base dimensions, and the d*™
dimension is called the height. When item rotations are not allowed, we can assume without
loss of generality that the strip has length 1 in each base dimension, and that the maximum
height of an item is at most 1. This is because we can scale the dimensions of the bins and

items by the same factor.

Definition 2.1 (Asymptotic approximation for SP). A strip packing algorithm A is said to
be a-asymptotic-approrimate iff for each input I, A packs I into a strip of height at most
aopt(I) 4+ Bhmax for some value B € o(opt(l)) (usually, 5 is a constant), where hyay is the

mazximum height of any item in I. « is called the asymptotic approximation ratio (AAR) of A.

We can similarly define what it means for a strip packing algorithm to be an APTAS.

When all items in a dD SP instance have the same height, and item rotations are not
allowed, then the problem reduces to (d — 1)D GBP. Therefore, dD SP is a generalization of
(d—1)D GBP.

Coffman, Garey, Johnson and Tarjan [24] gave two algorithms for non-rotational 2D SP,
called Next-Fit Decreasing Height (NFDH) and First-Fit Decreasing Height (FFDH). NFDH
packs items into a strip of height less than 2 opt(/) + Amax, Where Apyay is the maximum height
of any item in the input. FFDH packs items into a strip of height less than 1.7 opt(1) + hmax-
The approximation guarantee of NFDH also holds for the rotational version, regardless of how
we orient the items in the packing. FFDH can be made to work for the rotational version with
a bit more work.

Kenyon and Rémila gave an APTAS for non-rotational 2D SP [49]. Jansen and van Stee
gave an APTAS for rotation 2D SP [43], under the assumptions that items have width and
height at most 1 and that the strip has width equal to 1.

Caprara [18] gave an algorithm for the non-rotational dD SP, called HDHy, that takes a
parameter k as input and has an AAR of roughly T2~ for large k (recall that T, ~ 1.69103).

Li and Cheng [57] give a 3.25-asymptotic-approximation algorithm for non-rotational 3D
SP. Jansen and Solis-Oba [42] improve the AAR to 2+ ¢. Bansal, Han, Iwama, Sviridenko and
Zhang [13] improve the AAR to T, ~ 1.69103. Jansen and Pradel [40] further improve the
AAR to 1.5 +¢.

Miyazawa and Wakabayashi [60] gave a 2.64-asymptotic-approximation algorithm for 3D SP
when items can be rotated about all axes. Epstein and van Stee [31] give a 2.25-asymptotic-
approximation algorithm for 3D SP where the base of the strip is a square and the items can

be rotated either about all axes or about the height axis only.
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2.6 Vector Bin Packing

Lueker and Vega [26] gave a (d + €)-asymptotic-approximation algorithm for dD VBP.

Chekuri and Khanna [20] showed that if d is not a constant, then for all € > 0, it is NP-
hard to obtain an algorithm for dD VBP having an AAR of d'/?~¢. They showed this by
reducing from the graph coloring problem. Bansal, Khan and Elias [12] show how to improve
the hardness to d'=¢. Due to these hardness results, we now focus only on the case where d is
a constant.

Chekuri and Khanna [20] gave an algorithm for dD VBP (for constant d) having an AAR of
2+ Hy 1, where Hy, :=1+1/2+ ...+ 1/k is the k' harmonic number. Using the well-known
inequality Hy < In(k + 1) 4+ v, where v ~ 0.5772156649 is the Euler-Mascheroni constant, we
get that the AAR is at most 2 + v + Ind.

Bansal, Caprara and Sviridenko [10] improved the AAR to 1+ Ind + ¢ by combining the
R&A framework with Lueker and Vega’s (d 4 €)-asymptotic-approximation algorithm.

Bansal, Khan and Elias [12] gave an algorithm for 2D VBP having an AAR of 1+In(1.5)+¢ ~
1.405474-¢. They also give an algorithm for dD VBP having an AAR of (1.5—1In2)+In(d+1)+e,
which improves upon the previous (1 + In d + ¢)-asymptotic-approximation algorithm [10] when
d > 5. Their algorithms also use the R&A framework. They also give an algorithm having an
absolute approximation ratio of 3/2 + ¢, which is tight (hardness of 3/2 follows from classical

bin packing).

Table 2.4: Algorithms for vector bin packing.

Algorithm Asymptotic Approximation Ratio

Lueker, Vega [26] d+e€

Chekuri, Khanna [20] 2+ Hyy <257722 +1Ind

Bansal, Caprara, Sviridenko [10] 1+1Ind+ ¢

Bansal, Khan and Elias [12] (1.5 —In2) +In(d + 1) + & ~ 0.80685 + In(d + 1) + ¢
Bansal, Khan and Elias [12] 14+ In(1.5) 4+ e~ 1.40547 + ¢ (for d = 2)

Woeginger [80] proved that it is NP-hard to obtain an APTAS for 2D VBP. Recently,
Sandeep [69] showed that there exists a constant ¢ > 0 such that it is NP-hard to obtain an
AAR less than clogd for dD VBP.
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2.7 Vector Knapsack

In the dD vector knapsack problem (dD VKS), we are given a set I of dD vectors, where each
vector has a non-negative profit associated with it, and we have to pack a maximum-profit
subset of [ into a single bin (here the bin is also called knapsack).

A PTAS for dD VKS was given by Frieze and Clarke [33].

21



Chapter 3

Notation and Preliminaries

3.1 Notation

3.1.1 General

For an integer n > 0, define [n] := {1,2,...,n}. Define poly(n) as the set of polynomial and
sub-polynomial functions of n. For a set X, define | X| as the cardinality of the set and define
sum(X) := > T

For a vector x € R% we denote the 7" entry by x; or x[i]. Define sum(x) := 3¢ | x;. Define
the support of x as the set of indices of x with non-zero value, i.e., support(x) := {i € [d] :

x; # 0}. The £,-norm of x, denoted as x|, is defined as

d 1/p
I, (zm\p) |
=1

Note that if all entries of x are non-negative, then sum(x) = ||x|,.

For a matrix A, we define the entry at the i*" row and j* column by A; ; or A[i, j].

3.1.2 Items

Let i be a dD cuboidal item (this means that i is the cross-product of d intervals on the real
line). Denote the length of i along the j™ dimension by ¢;(i). The first d — 1 dimensions of i
are called base dimensions and the d'" dimension of i is called height, denoted by h(i) := £4(i).
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The volume of 7 is defined as
vol(i) == [ [ 4(0).

When d = 2, we say that ¢ is a rectangular item. Define the width of i as w(i) := ¢1(¢) and
the area of i as a(i) := vol(i) = w(i)h(i). For 1D items (i.e., items in a classical bin packing
instance), vol is also called size.

For a set I of items, let f : I — R be a function mapping each item to a real number.
Then for a set X C I, define f(X) := > ,.¢ f(i) (unless stated otherwise). For example,

vol(X) := >,y vol(i).

3.1.3 Packing of Items

Let I be a set of items. Hence, |I| is the number of items in I. Let P be a packing of items
into bins. Define | P| as the number of bins used by P. Let A be an algorithm for bin packing.
Define A(I) as the packing of I output by A. Hence, the number of bins used by A to pack [
is A(I)].

Let I be a bin packing instance. Define opt(/) as the minimum number of bins needed to
pack I. Sometimes, we may be considering multiple versions of bin packing, like 2D GBP with
rotations (denoted as 2BPR) and 2D GBP without rotations (denoted as 2BPNR). Hence, to
disambiguate, we will use the problem name in subscript, e.g., optygpg (1) and optogpng (1). We
will sometimes look at other kinds of packing problems, like strip packing (SP) and knapsack
(KS). If the problem is clear from context, we will use opt(/) to denote the objective value of
the optimal solution to I. Otherwise, to disambiguate, we will use optgp (1), optgp(1), optyg(1),

ete.

3.2 Approximation Algorithms

3.2.1 Minimization Problems

In a minimization problem, there is a set of feasible solutions associated with each input, and
each feasible solution has a cost associated with it. Our task is to output a feasible solution of
minimum cost for the given input. For an input I, let opt(/) denote the cost of the minimum-
cost feasible solution. The bin packing problem is an example of a minimization problem.

Let A be an algorithm for the minimization problem. Define A(I) as the output of A on
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input /. Algorithm A is said to be a-approximate iff for each input I, the cost of A(I) is at
most awopt(). The minimum value « for which A is a-approximate is called the approzimation
ratio of A. Note that « is always at least 1.

The algorithm A is called a PTAS (Polynomial-Time Approximation Scheme) iff it takes a
constant € > 0 as a parameter, is (1 + ¢)-approximate, and runs in time polynomial in n. Note
that ¢ is a constant, so n'/¢ is polynomial in n. A PTAS is called an FPTAS iff it is a PTAS

and runs in time polynomial in both n and 1/¢.

3.2.2 Maximization Problems

In a maximization problem, there is a set of feasible solutions associated with each input, and
each feasible solution has a score. Our task is to output a feasible solution of maximum score
for the given input. For an input I, let opt(/) denote the score of the maximum-score feasible
solution. The knapsack problem is an example of a maximization problem.

Let A be an algorithm for the maximization problem. Define A(I) as the output of A on
input 7. Algorithm A is said to be a-approximate iff for each input I, the score of A([) is at
least opt(/)/a. The minimum value « for which A is a-approximate is called the approzimation
ratio of A. Note that « is always at least 1.

The algorithm A is called a PTAS (Polynomial-Time Approximation Scheme) iff it takes a
constant € > 0 as a parameter, is (1 + ¢)-approximate, and runs in time polynomial in n. A
PTAS is called an FPTAS iff it is a PTAS and runs in time polynomial in both n and 1/e.

(Some authors use a slightly different definition of a-approximate. By this definition, algo-
rithm A is a-approximate iff for each input 7, the score of A(I) is at least aopt([). Note that

« is always at most 1 by this definition.)

3.3 Simple Packing Algorithms

Lemma 3.1. Let I be a classical bin packing instance. Then |Next-Fit(I)| < 2size(I) + 1.
FEquivalently, | Next-Fit(I)| < [2size(I)].

Proof. Assume I is non-empty (otherwise, the lemma is trivially true). Let m := | Next-Fit([)|.
Let J; be the items packed into the j® bin by Next-Fit. For j < m—1, by the definition of Next-
Fit, the first item in the (j+1)*™ bin didn’t fit into the j® bin. Therefore, size(.J;)+size(J;11) >
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1. This gives us

-1

3

size(I) = size(Jy) + size(J,,) N size(J;) + size(Jj41) - 1 _m-1
2 : 2 — 2 2
j=1 j=1
— m < 2size(I) +1 <= m < [2size(])]. O

Lemma 3.2. Let I be a classical bin packing instance, where each item has size at most €.
Then | Next-Fit(I)| < [size(I)/(1 —¢€)].

Proof. Assume I is non-empty (otherwise, the lemma is trivially true). Let m := | Next-Fit(I)].
Let J; be the items packed into the j* bin by Next-Fit. For j < m—1, we have size(J;) > 1—e.

Therefore,

size(I) > Z size(J;) > (m —1)(1 —¢)
= m<1+ _silze_(i) — m< [_size_(i)—‘ . O

Lemma 3.3 (NFDH for strip packing [24]). Let I be a set of rectangular items of width at
most 1. Then I can be packed (without rotation) into a rectangular bin of width 1 and height
less than 2a(I) + max;erh(i) using the Next-Fit Decreasing Height (NFDH) algorithm.

Proof. Let there be p shelves output by NFDH. Let S; be the items in the j™ shelf. Let h; be
the height of the ;" shelf. Let H be the sum of heights of all the shelves.

For j < p—1, all items in the j* shelf have height at least h;,;. The combined width of
the items in S; and the first item in S;;; is more than 1. Therefore, a(S;) + a(S;j+1) > hj1.

This gives us

a(S) +a(S,) = alS;) +a(S;)  ~hjy  H—h
1) = =y Falop) _
ald) > T 2 >0 5
Jj=1 j=1
= H < 2a(I) + hy = 2a(I) + maxh(i). O

el

Lemma 3.4 (NFDH for small items [24]). Let I be a set of rectangular items where each item
has width at most oy and height at most dg. Let there be a rectangular bin of width W and
height H. If a(I) < (W —éw)(H —dg), then the Next-Fit Decreasing Height (NFDH) algorithm
can pack I into the bin (without rotating the items).
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Proof. NFDH packs the items into shelves of width W. Let the number of shelves be p. Let h;
be the height of the j™ shelf. Let S; be the items in the j™ shelf. Let H be the total height of
the shelves. We need to prove that H< H.

For j < p—1, all items in the j' shelf have height at least h;1, and the total width of the
items in S} is more than W — dy,, because otherwise we could have fit another item into the
J™ shelf. Therefore, a(S;) > (W — dw)hji1 for j < p— 1. This gives us

p—1 p—1
(W = 0w)(H = 6) > a(I) > > a(S;) > (W = 0w) Y hjyr = (W = dw)(H — )
j=1 j=1
— H—6y>H—h = H<H-—(0y—h)<H. O

Lemma 3.5 (NFDH for bin packing). Let I be a set of rectangular items of width and height
at most 1. Then the number of square bins of side length 1 that Next-Fit Decreasing Height
(NFDH) uses to pack I is less than 4a(l) + 3.

Proof. The bin packing version of NFDH first packs I into shelves and then packs the shelves
into bins using Next-Fit. Let H be the sum of heights of all the shelves.

By Lemma 3.3, we get H < 2a([) + 1. By Lemma 3.1, the number of bins needed is less
than 2H + 1. Therefore, the number of bins needed is less than 4a(7l) + 3. O]

3.4 Configuration Linear Program

Let I be a bin packing instance. We will now describe a linear program (LP) associated with
I, called the configuration LP. Configuration LPs are defined for a large class of bin packing
problems, like classical bin packing, geometric bin packing and vector bin packing.

For a set I of items, define a configuration of I as a non-empty subset of I that can fit into
a bin, and a way of packing those items into a bin. An equivalent definition of bin packing is
that we need to find a small number of configurations such that each item belongs to at least
one of those configurations.

Let C' be a configuration. We say that ¢ € C' iff item ¢ belongs to the set of items corre-
sponding to C. We can denote each configuration as a vector C' € {0,1}", where C; = 1 iff
1 € C. Let C be the set of all possible configurations.

We can express bin packing as the problem of finding integer solutions to the following linear

program, called the configuration LP, where z¢ € {0, 1} denotes the number of bins that have
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configuration C"

min E To

Icl
zeR Cec

where Z re>1 Yie|n]
C3i
and re >0 vC eC

Define the configuration matrix A € {0, 1}/l as a matrix where Afi, C] is 1 if configuration

C contains item ¢ and 0 otherwise. We can also write the configuration LP as

xrélﬂzia% sum(z) where Ax >1 and z>0.

Linear programs are a useful tool in the area of approximation algorithms. Many optimiza-
tion problems can be expressed as integer programs. Rounding-based algorithms first solve the
LP relaxation of these integer programs, and then round the relaxed solution to get an approx-
imate solution to the original problem [77, 78, 54]. This approach has also been successfully
applied to bin packing: the Round-and-Approx framework [10, 14] applies randomized rounding
to a solution to the configuration LP.

We would like to solve the configuration LP in polynomial time. However, the number of
configurations can be up to 2" — 1, which is exponential in the input size. One may wonder
what it would even mean to solve the LP in polynomial time, since even writing down a feasible
solution to the LP can take exponential time! The key observation (which we will soon show)
is that there exists an optimal solution to the configuration LP whose support contains at most
n configurations. Therefore, we can restrict ourselves to solutions of poly(n)-sized support

without loss of generality. Such solutions can be written down in polynomial time.

Definition 3.1 (Extreme point; Definition 1.2.1 in [54]). Let P C R? and x € P. x is called
an extreme point of P iff there is no y # 0 such that x +y € P and x —y € P.

Lemma 3.6. If a linear program is bounded (i.e., it attains the optimal objective value at some
point), then it contains an optimal solution that is an extreme point of the set of all feasible

solutions.

Lemma 3.7 (Rank Lemma; Lemma 2.1.4 in [54]). Let P := {x : Az > b and x > 0}. Let
T be an extreme point of P. Let S := {a; : (AZ); = b;}, where a; is the i™ row of A. Then

| support(Z)| is equal to the maximal number of linearly independent vectors in S.
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Corollary 3.8. Let P := {z : Ax > b and x > 0} and let T be an extreme point of P. Then

| support(Z)| is at most the number of inequalities in Ax > b.

By Corollary 3.8, we get that there exist extreme point optimal solutions to the configuration

LP, and these solutions have at most n configurations in their support.

3.4.1 Solving the Configuration LP

Karmarkar and Karp [48] gave an FPTAS for solving the configuration LP of any classical
bin packing instance. They do this by slightly modifying the Ellipsoid algorithm of Grotschel,
Lovész and Schrijver [36].

The algorithm of Plotkin, Shmoys and Tardos [65] can be used to obtain a PTAS for the
configuration LP of any variant of bin packing, given a PTAS for the corresponding knapsack
problem. Bansal, Caprara, Jansen, Priadel and Sviridenko [9] showed how to use this to solve

the configuration LP for 2D GBP (both the rotational and non-rotational versions).
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Chapter 4

Generalized Multidimensional Bin

Packing

In this chapter, we study the (d,, d,) BP problem, also known as the generalized multidi-
mensional bin packing problem. This problem generalizes both d,-dimensional geometric bin
packing and d,-dimensional vector bin packing. Here d, and d,, are constants. See Section 1.2.1

for a detailed introduction to this problem and its significance.

Overview

e In Section 4.1, we describe some preliminaries related to (d,, d,,) BP.

e In Section 4.2, we give two simple algorithms for (2, d) BP, called simplePack and
betterSimplePack, having AARs of 6(d + 1) and 3(1 + In(d + 1)) + ¢, respectively, for
any € > 0. For d = 1, betterSimplePack’s AAR improves to ~ 4.21640 + . We also
extend these algorithms to (d,, d,,) BP.

e In Section 4.3, we describe our version of the Round-and-Approx (R&A) framework and
show how it can be applied to simplePack. We defer some formal proofs related to R&A
to Section 4.4.

e In Chapter 5, we describe a more sophisticated algorithm for (2, d) BP, called cbPack,

that improves upon the algorithms of this chapter.
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4.1 Preliminaries

For (d,, d,)-dimensional items, define Vi (i) := maxd’i1 v;(i). For convenience, let vy(i) =
vol(i). Define span(i) := max(vol(i), Vimax (7)) = maX;l“OUJ(z). span(i) is, intuitively, the mea-
sure of largeness of item i. See Section 3.1.2 to recall the definition of vol(X), Vyax(X) and
span(X), where X is a set of (d,, d,)-dimensional items.

Note that unlike geometric packing problems, we cannot trivially handle items of zero volume
in (dy, d,) BP. Assume without loss of generality that vol(i) = 0 implies (Vj € [d,],¢;(i) = 0).

For simplicity, throughout this chapter, we will assume that the bins are squares of side
length 1. This assumption isn’t true when items can be rotated, but our algorithms simplePack

and betterSimplePack can be easily extended to handle rotation and non-square bins.

Lemma 4.1. For (dy, d,) items I, [span(l)] < (d,+1)opt(I). This holds for both the rotational

and non-rotational versions.
Proof. Let Ji,...,J, be an optimal bin packing of I. Therefore,

span()] = | 303 oy W {Z S 0 W _ Ej Y, @ﬂ

=1 i€y k=1 i€J, j=0 k=1 j=0 ieJ

iZl} (dy +1)m O

k=1 5=0

IN

Lemma 4.2. For (d,, d,) items I, [Vimax(I)] < dyopt(I). This holds for both the rotational

and non-rotational versions.

Proof sketch. In the proof of Lemma 4.1, replace j € {0,...,d,} by j € {1,...,d,}. ]

4.2 Simple Algorithms

In this section, we look at simple algorithms for (2, d) BP and (d,, d,) BP. We will not rotate
the items while packing them. Nevertheless, we will show that our approximation guarantees

hold for both the rotational and non-rotational versions.

4.2.1 Steinberg’s Algorithm

A key ingredient in our algorithms for (2, d) BP is Steinberg’s algorithm [74] for rectangle
packing.
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Lemma 4.3 (Steinberg’s algorithm [74]). Let I be a set of rectangles. Let Wyax := max;ey w(i)
and hmax := max;er h(i). Consider a bin of width W and height H, where wya., < W and
hmax < H. Then there is a O(nlog?n/loglogn)-time algorithm to pack I into the bin if

2a(I) < WH — max(2wmax — W, 0) - max(2hmax — H,0).

Lemma 4.4. Let I be a set of rectangles, where a(I) < 1. Then there is a O(nlog®n/ loglogn)-
time algorithm to pack I into 3 square bins of side length 1.

5 9 2 i
11 i
: " 10
! ° 7 : 1 7 y 8
Steinberg’s :
| 4 | Algorithm ™ 4 E 3
12 i
10 6 : e
L 12 T 3 |
| 2 |
6 13
| 3 | /
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1 10
1 ( ) 8
4
13
6 5
12 3 |

Figure 4.1: Packing items of area at most 1 into three square bins: First use Steinberg’s
algorithm to pack the items into a bin of width 2 and height 1. Then make a vertical cut in
the middle of the bin and use that to split the items into three bins.

Proof. Pack I into a bin of width 2 and height 1 using Steinberg’s algorithm (see Lemma 4.3).
Then cut the bin vertically into 2 unit-sized squares. The items which lie completely inside the
left half can be packed into a unit-sized bin. The items which lie completely inside the right
half can be packed into a unit-sized bin. The items which lie on the cutting line are stacked

one-over-the-other, so we can pack them into a unit-sized bin. See Fig. 4.1 for an example. [
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4.2.2 Algorithms simplePack and betterSimplePack

Let I be a (2, d) BP instance. Let I := {span(i) : i € I}, i.e., I is a classical bin packing
instance. The algorithm simplePack([/) first runs the Next-Fit algorithm on I. Let [JAl, jg, ce
jm] be the resulting bin packing of T into m bins. For each j; C _/f\, let J; be the corresponding
items from /. Then Vk € [d,], vix(J;) < 1 and vol(J;) < 1. simplePack then uses Steinberg’s
algorithm to pack each J; into at most 3 bins, giving a packing of I into at most 3m bins.

By the property of Next-Fit (see Lemma 3.1 in Section 3.3), we get that m < [2span([)].
By Lemma 4.1, we get 3m < 6(d + 1) opt([). This gives us the following theorem.

Theorem 4.5. For (2, d) BP, simplePack(l) uses at most 3 [2span(l)] bins, so simplePack
is a 6(d + 1)-approzimation algorithm. simplePack runs in O(nd + nlog®n/loglogn) time,

where n = |1].

The algorithm betterSimplePack first computes I, which is a (d + 1)D VBP instance
obtained by replacing the geometric dimensions of each item ¢ € I by a single vector dimension
a(7). It computes a bin packing of I using any algorithm A. It then uses Steinberg’s algorithm

to obtain a bin packing of I into at most 3|.A(I)| bins.

Note that opt(I) < opt(I). If A has an AAR of o, then |A(I)| < aopt(I)+O(1). Therefore,
betterSimplePack has an AAR of 3a. The (d + 1)D VBP algorithm by Bansal, Caprara and
Sviridenko [10] (parametrized by a constant € > 0) gives & = 1+1n(d+ 1) +¢ and the algorithm
by Bansal, Elias and Khan [12] gives o = 1.5+1n((d+2)/2) +¢ (improves to o = 1 +1n(1.5) +¢
for d =1).

Although simplePack has a worse AAR than betterSimplePack, the number of bins used
by simplePack is upper-bounded in terms of span, which is a useful property. Because of this,
we will use it as a subroutine in other algorithms (like cbPack).

Since | simplePack(/)| is upper-bounded in terms of span(I), and | betterSimplePack(])| is

upper-bounded in terms of opt([), their approximation guarantees hold for both the rotational

and non-rotational versions of (2, d) BP.

4.2.3 Extending to Higher Geometric Dimensions

The algorithms for (2, d) BP can be extended to (d,, d,) BP. We just need an algorithm for
the following problem: given a set J of d,-dimensional cuboids where vol(J) < 1, pack J into
a small number of bins.

We used Steinberg’s algorithm when d, = 2. When d, = 3, we can use the algorithm of [27,
Section 2] to pack J into at most 9 bins. For d; > 3, we can use the fullh, algorithm, which
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is a variant of Caprara’s HDH,, algorithm [18], to pack J into at most 4% + 2% — 1 bins. We
fully describe and analyze fullhy in Section 6.2, but we give a smaller, self-contained analysis
in Section 4.5.

Therefore, simplePack will use b [2span(])] bins, where b := 3 when d, = 2, b := 9 when
d, = 3, and b := 4% + 2% — 1 when d, > 3. Hence, simplePack is 2b(d, + 1)-approximate.
Similarly, the AAR of betterSimplePack is b(1 + In(d, + 1) + ).

4.2.4 Simple Algorithm for the Knapsack Problem

Using similar ideas, we can get an algorithm for the (d,, d,,) KS problem. Let I be a set of (d,,
d,)-dimensional items. Let p(i) be the profit of item i. We want to pack a maximum-profit
subset of I into a bin.

Let I be a set of (d, + 1)D vectors obtained by replacing the geometric dimensions of each
item ¢ by a single vector dimension vol(i). Let A be a (d, + 1)D vector knapsack (VKS)
algorithm having approximation ratio o > 1. A gives us a packing of items J C I into a bin.
Let J be the corresponding items in /. Then vol(J) < 1 and Vk € [d,], vr(J) < 1. We can pack
J into at most b bins, where b = 3 for d, = 2 (by Steinberg’s algorithm), b = 9 for d, = 3 (by
27]), and b = 4% + 2% — 1 for d, > 3 (by the fullh, algorithm).

Let Jy,Jo,...,J, be the bins that J is packed into. Without loss of generality, assume
p(J1) > p(Ja) > ... > p(Jp). Then output the packing J; as the answer to the (d,, d)
KS problem. Since any feasible solution to the (d,, d,) KS instance I also gives a feasible
solution to the VKS instance I, we get optyg(1) > optkg(I). Since A is a-approximate, we get

p(J) > opt(I)/a. Hence,

p(J)  opt(l) _ opt(l)
b — ba T ba

p(J1) >

Therefore, we get a ba-approximation algorithm for (d,, d,) KS. Using the PTAS for (d, +1)D
VKS by Frieze and Clarke [33], we get @ = 1 + ¢.

4.3 Round-and-Approx Framework

The R&A framework is a simple but powerful technique, originally given by Bansal, Caprara
and Sviridenko [10], to improve the AAR of a bin packing algorithm by combining it with
randomized rounding of the configuration LP (recall the definition of configuration LP from

Section 3.4). R&A may have the potential to improve the AARs of several packing problems, but
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its applicability is limited because it only works with subset-oblivious bin packing algorithms,
and proving that an algorithm is subset-oblivious is difficult.

Bansal and Khan [14] partially removed this limitation by proving that a large class of
algorithms for geometric and vector bin packing, called rounding-based algorithms, is subset-
oblivious. We make further improvements on this front by showing that an even larger class of
algorithms is subset-oblivious. This class includes some of our algorithms for (d,, d,) BP, like
simplePack and cbPack. Algorithms in this class are characterized as a combination of three
simpler subroutines, called round, complexPack and unround.

We describe our version of the R&A framework as a meta-algorithm, i.e., the R&A frame-
work takes four subroutines as input—solveConfigLP, round, complexPack and unround—and
returns an algorithm for bin packing, called rnaPack. rnaPack([/) first uses solveConfigLP to
(approximately) solve the configuration LP of /. Based on the (approximate) solution to the
configuration LP, it packs a large fraction of the items in . It then packs the remaining items
using the subroutines round, complexPack and unround. We prove that if round, complexPack
and unround satisfy some special properties, then rnaPack has a low AAR.

In Section 4.3.2, we describe the rnaPack algorithm in detail. In Section 4.3.1, we highlight
the differences between our version of R&A and the previous versions of R&A [10, 14]. In
Sections 4.3.3, 4.3.4, 4.3.5 and 4.3.6, we describe the subroutines round, complexPack and
unround, and mention the properties that they should satisfy. In Section 4.3.7, we prove an
upper-bound on the AAR of rnaPack. In Section 4.3.8, we show how to apply the R&A

framework to the simplePack algorithm.

4.3.1 Comparison to Previous Versions of R&A

To use R&A, we need to solve the configuration LP. All previous applications (dD VBP and 2D
GBP) of R&A solved the configuration LP (14-¢)-approximately using a (1+0(¢))-approximate
solution to the corresponding knapsack problem. Due to the unavailability of a PTAS for
(2, d) KS, we had to adapt and use a different linear programming algorithm [72] that uses
an n-approximation algorithm for the knapsack problem to (1 + &)n-approximately solve the
configuration LP, for any constants n > 1 and 0 < e < 1.

Second, we introduce more freedom in choosing the packing structure. Unlike the R&A
framework in [14], that worked only for container-based packing, we allow either relaxing the
packing structure to non-container-based (like in simplePack) or imposing packing constraints
in addition to being container-based (like in cbPack). This generalization can help in finding

better algorithms for other variants of bin packing.
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The rounding-based algorithms in [14] work by rounding up the large dimensions of items
to O(1) different types. In addition, we also allow rounding down some dimensions, if we can
find a suitable way of unrounding a packing of rounded items. For example, in cbPack, we
round down the width and height of some items to 0. It was shown in [50] that if the large
coordinates of items are rounded to O(1) types, we cannot obtain AARs better than d and 4/3
for dD VBP and 2D GBP, respectively. However, as we now allow rounding down, we may be
able to use the R&A framework with algorithms having better approximation ratios.

We also fix a minor error in the R&A framework of [14] (see Section 4.4.1 for details).

4.3.2 Description of the R&A Algorithm

The algorithm rnaPack(/, 3, €) takes as input a set I of (d,, d,)-dimensional items and param-
eters § > 1 and € € (0,1). The steps of the algorithm are as follows (see Algorithm 1 for a

more formal description).

1. Solve the Configuration LP of I. Use solveConfigLP to obtain a p-asymptotic-
approximate solution Z to the configuration LP of I. Note that each index of Z corresponds

to a configuration.

2. Randomized rounding of configuration LP: For T := [(Inp)||Z||1] steps, do the
following: Select a configuration C' with probability Z¢/||Z||;. Pack T" bins according to
each of these selected T configurations. Let S be the remaining items that are not packed,

called the residual instance.

3. Rounding of items: We define a subroutine round that takes items I and parameter
e as input!. It discards a set D C I of items such that span(D) < espan(I) and then
modifies each item in I — D to get a set I of items. We denote the output of round(/, ¢)
as (:f , D), where items in I are called rounded items. Intuitively, after rounding, the items
in I are of O(1) types, which makes packing easier. Also, since span(D) is small, DN S

can be packed into a small number of bins using simplePack.

We impose some restrictions on round, which we denote as conditions C1 and C2, that
we describe in Section 4.3.4. We also allow round to output a O(poly(n))-sized list of
guesses of (I, D).

!The input to round is I instead of S because S is random and we want to round items deterministically,
i.e., the rounding of each item i € S should not depend on which other items from I lie in S. In fact, this is
where the old R&A framework [50] introduced an error. See Section 4.4.1 for details.
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4. Pack rounded items: Let S be the rounded items corresponding to S — D. Pack S into
bins using any bin packing algorithm that satisfies ‘condition C3’, which we describe in

Section 4.3.5. Let us name this algorithm complexPack.

5. Unrounding: Given a bin packing of S , let unround be a subroutine that computes
a bin packing of S — D. unround is trivial in previous versions of R&A, because they
only increase dimensions of items during rounding. In our applications, we may round
down items, so unround can be non-trivial. unround can be any algorithm that satisfies

‘condition C4’, which we describe in Section 4.3.6.

Algorithm 1 rnaPack(/, 5,¢): Computes a bin packing of I. I is a set of (dg, d,)-dimensional
items and g > 1

7 = solveConfigLP(/)
repeat 7" := [(In 3)[|Z||;] times
Select a configuration C' with probability Z¢/||Z]]:.
Pack a bin according to C.
end repeat
Let S be the unpacked items from 1. // S is called the set of residual items.
Initialize Jpeq; to null.
for (z D) € round(/) do // round(I) outputs a set of pairs.
Jp = simplePack(S N D)
Let 7 be a bijection from I — D to I. Let S := {x(i) :i € S — D}.
J = complexPack(S)
J = unround(.J)
if Jpest is null or |Jp U J| < |Jpest| then
Jvest = Jp U J
end if
: end for
: Pack S according to Jyest.

[t

e e e T e T s T o T
NPT Ry B9

The R&A framework requires that round, complexPack and unround satisfy four conditions
C1, C2, C3, C4, which we describe in Sections 4.3.4, 4.3.5 and 4.3.6. Prospective users of the
R&A framework need to design these three subroutines and prove that they satisfy these four
conditions. In Section 4.3.7, we prove that if these conditions are satisfied, then rnaPack has a
small AAR.

Intuitively, rnaPack first packs some items into 7" bins using randomized rounding of Z.
We can prove that Pr[i € S] < 1/5, so S contains a small fraction of the items in I (see

Lemma 4.8 in Section 4.4). We will then try to prove that if the rest of the algorithm
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(round + complexPack + unround) packs I into m bins, then it will pack S into roughly m/f3
bins. This notion was referred to in [10] as subset-obliviousness. We will use subset-obliviousness
to bound the AAR of rnaPack.

Section 4.3.8 shows how simplePack can be broken up into round, complexPack and

unround and used with the R&A framework.

4.3.3 Fractional structured packing

Let (I, D) be an output of round(/) and let X be an arbitrary subset of 1. Our analysis of
rnaPack is based around a concept called fractional structured packing of X. Note that the
notion of fractional structured packing only appears in the analysis of rnaPack. It is not needed
to describe the algorithm.

We first define what it means to slice an item. From a geometric perspective, slicing an
item perpendicular to the k*" dimension means cutting the item into 2 parts using a hyperplane
perpendicular to the k™ axis. E.g., for d, = 2, if k = 1 for item 7, then we slice i using a
vertical cut, and if £ = 2, we slice ¢ using a horizontal cut. The vector dimensions get split

proportionately across the slices.

Definition 4.1 (Slicing an item). Let i be a (d,, d,)-dimensional item. Slicing ¢ perpendicular
to geometric dimension k with proportionality o (where 0 < o < 1) is the operation of replacing
i by two items iy and iy such that: (i) Vj # k,0;(i) = {;(i1) = {;(i2), (i) lx(i1) = oly(i) and
(i) = (1= )u(d), (i) V) € [du), vy(ir) = vy (6) A vy(ia) = (1 — @), (0.

Definition 4.2 (Fractional packing). Let I be (dy, dy)-dimensional items, where for each item
i €1, we are given a set X (i) of azes perpendicular to which we can repeatedly slice i (X (i)
can be empty, which would mean that the item i cannot be sliced). If we slice items as per their
giwen axes and then pack the slices into bins, then the resulting packing is called a fractional

bin packing.

0.4

0.4

0.4

Figure 4.2: Example of a fractional packing of two items into a bin.
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We will now review a common approach used in the design of approximation algorithms for
packing problems, which we will use to define fractional structured packing.

Suppose we wanted to use a brute-force algorithm for bin packing. Such an algorithm would
enumerate all possible packings of the items into bins, and pick the packing that required the
minimum number of bins. Of course, such an approach wouldn’t work, since the number of
possible packings is exponential. So, instead of enumerating all possible packings, we will only
consider a small subset of packings. We will do this by carefully choosing a set of constraints, and
we will only consider packings that satisfy those constraints. We call such packings structured.
By carefully choosing the constraints, we hope that the optimal structured packing would be
a good approximation to the optimal packing, and that the optimal structured packing would
be easier to find than the optimal packing.

This idea of using structured packings isn’t always enough by itself. However, this idea
has been successfully combined with the idea of fractional packing. For example, Jansen and
Prédel [41] showed that given any packing of a 2D GBP instance into m bins, we can slice (a
carefully chosen subset of) the items and then repack the items into (1.5+¢)m+O(1) bins such
that the resulting packing is container-based. Container-based roughly means that in each bin,
items are packed into rectangular regions called containers, and containers’ heights and widths
belong to a fixed set of O(1) values. In their algorithm, they find an almost-optimal fractional
container-based packing of the input, and show how to convert such a fractional packing into
a non-fractional packing without increasing the number of bins by too much.

This approach of using fractional packing together with structured packing has been used
in many approximation algorithms for bin packing [41, 15] and knapsack [35]. Each of these
algorithms uses a different definition of structured. For example, according to Jansen and
Pradel’s algorithm, a packing is structured iff it is container-based. The common idea in these
algorithms is to first show that the optimal fractional structured packing is a good approximation
to the optimal packing and then find a non-fractional packing that is roughly as good as the
optimal fractional structured packing. We would like to formalize this idea and see if we can
show that such algorithms are subset-oblivious.

Formally, a fractional configuration of lis a packing of slices of some items from I into a
bin. Let S be a set of fractional configurations of I. Intuitively, S is the set of all structured
fractional configurations. For a set XCI. , a fractional bin packing of X is said to be structured
(with respect to S) iff the configuration of each bin in the packing belongs to S.

We will assume that S is downward-closed. Intuitively, downward-closed means that if we
remove some items from a structured packing, the packing will remain structured. Formally,

for two fractional configurations C; and (s, we say that C] is a subconfiguration of Cj iff we
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can remove some items (or slices thereof) from Cy to get C;. We say that S is downward-closed
iff for each C' € S, all subconfigurations of C' also lie in §. This assumption is necessary in
our analysis of rnaPack, but this is a very mild assumption, since all published examples of
structured packing that we have come across are downward closed.

The R&A framework of Bansal and Khan [14], only worked with bin packing algorithms
that used ‘container-based’ as their definition of structured packing. Our R&A framework,
on the other hand, gives algorithm designers the freedom to define the notion of structured
packing (i.e., deciding on §) in any way they want, as long as it satisfies the downward closure
property. Typically, the choice of which definition of structured packing to use will depend on
the ease of proving Conditions C2 and C3 (which we describe in Sections 4.3.4 and 4.3.5) for
that definition.

Define fsopt(X) as the number of bins used in the optimal fractional structured packing of
XClI. To analyze the AAR of rnaPack, we will bound the number of bins used to pack the

residual instance S in terms of fsopt(S), and then we will bound fsopt(.S) in terms of opt([).

4.3.4 Properties of round

Definition 4.3 (Density vector). The density vector of a (dg,, d,)-dimensional item i is the
VECtOT Vspan = [Uo(7) /span(i), v1(i)/span(i), . .., va, (7)/span(i)]. Recall that vo(i) := vol(i) and

note that ||Vspan|/co = 1.

The subroutine round(/) returns a set of pairs of the form (I, D). Condition C1 is defined

as the following constraints over each pair (T ,D):
e Cl1.1. Small discard: D C I and span(D) < espan([).

e C1.2. Bijection from I — D to I: Each item in I is obtained by modifying an item in
I — D. Let 7 be the bijection from I — D to I that captures this relation.

e C1.3. Homogeneity properties: round partitions items in I into a constant number of
classes: K 1, I?Q, e ,I?q. These classes should satisfy the following properties, which we

call homogeneity properties:

— All items in a class have the same density vector.

— For each class K j, we decide the set X of axes perpendicular to which we can slice
items in [?j. If items in a class [?j are not allowed to be sliced perpendicular to

dimension k, then all items in that class have the same length along dimension k.
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(For example, if d, = 2 and vertical cuts are forbidden, then all items have the same
width.)

e C1.4. Bounded expansion: Let C be any configuration of I and K be any one of the
classes of I. Let C := {x(i) : i € C—D}. Then we need to prove that span(KNC) < ¢uax

for some constant c,... Let us call this result ‘bounded expansion lemma’.

Intuitively, the homogeneity properties allow us to replace (a slice of) an item in a fractional
packing by slices of other items of the same class. Thus, while trying to get a fractional packing,
we can focus on the item classes, which are constant in number, instead of focusing on the n
items. Intuitively, the bounded expansion lemma ensures that we do not round up items too
much.

Condition C2 (also called structural theorem): For some constant p > 0 and for some
(I,D) € round(1), fsopt(I) < popt(I) + O(1).

Intuitively, the structural theorem says that allowing slicing as per round and imposing a
structure on the packing does not increase the minimum number of bins by too much. The

AAR of rnaPack increases with p, so we want p to be small.

4.3.5 complexPack

Condition C3: For some constant a > 0 and for any (I, D) € round(/) and any X C I,
complexPack(X) packs X into at most a fsopt(X) 4+ O(1) bins.
Intuitively, condition C3 says that we can find a packing that is close to the optimal fractional

structured packing. The AAR of rnaPack increases with «, so we want « to be small.

4.3.6 unround

Condition C4: For some constant v > 0, if complexPack(S) outputs a packing of S into m

bins, then unround modifies that packing to get a packing of S — D into ym + O(1) bins.
Intuitively, condition C4 says that unrounding does not increase the number of bins by too

much. The AAR of rnaPack increases with «, so a small v is desirable. If round only increases

the dimensions of items, then unrounding is trivial and v = 1.

4.3.7 AAR of R&A

Recall that simplePack is a 2b(d, + 1)-approximation algorithm for (d,, d,) BP (see Sec-
tion 4.2.2), where b := 3 when d, = 2, b := 9 when d, = 3, and b := 4% + 2% — 1 when
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dg > 3.

Lemma 4.6. Let S be as computed by rnaPack(l, 5,¢). Then

fsopt(S) < fsopt(1)/B + 2bue opt(I) + O(1/€2) with high probability.

Lemma 4.6 (proved in Section 4.4) is the key ingredient in the analysis of R&A. Our proof of
Lemma 4.6 is inspired by the analysis in [50]. We prove it by analyzing the fractional structured
configuration LP of I. By the homogeneity property (C1.3), the number of constraints in this
LP is a constant. So by rank lemma (Corollary 3.8) and downward closure property (see
Lemma 4.9 in Appendix), we can show fsopt to be approximately equal to the optimal solution
to the LP. We then harness the randomness of S and bounded expansion property (C1.4) to
use the independent bounded difference inequality [58] to compare the optimal LP objectives
of S and I.

Theorem 4.7. With high probability, the number of bins used by rnaPack([, 3, ¢) is at most

((lnﬁ)u + % +2b(d, + 1+ fy@u)a) opt(I) + O(1/&?).
Proof. Let Jpp be the set of bins packed in the randomized rounding of configuration LP step
(see line 4 in Algorithm 1 in Section 4.4), Jp be the set of bins used to pack the discarded items
DN S, J be the set of bins used to pack the rest of the items S — D, and J be the set of bins
used by complexPack to pack items in S.

Then [Jup| < T = [(InF)[[Z]l] < (In B)popt(l) + O(1).

Now, we have |Jp| < b[2span(D)] < 2bespan(l) + b < 2b(d, + 1)eopt(I) + b. The
first inequality follows from the property of simplePack, the second follows from C1.1 (Small

Discard) and the last follows from Lemma 4.1.

Finally, |J] < y|J] + O(1) (property of unround (C4))
< yafsopt(S) + O(1) (property of complexPack (C3))
< vya (fsopt(f)/ﬁ + 2bue opt([)) +O(1/¢?) (by Lemma 4.6)

< ya (p/B + 2bue) opt(I) + O(1/?).

Here, the last inequality follows from the structural theorem (C2), which says that 3(I, D) €
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round(/) such that fsopt(I) < popt(I) + O(1). Hence, the total number of bins is at most

\Jip| + | Tp] + | J] < ((m B+ % +2b(d, + 1+ mw) opt(I) + O(1/e2). O
The AAR of rnaPack([/) is roughly pln 8 + vap/B. This is minimized for 5 = yap/p and
the minimum value is g (1 4+ In (ayp/p)). As we require § > 1, we get this AAR only when

vyap > p. If u > ~vap, the optimal g is 1 and the AAR is roughly vap.

4.3.8 Example: simplePack

We will show how to use simplePack with the R&A framework. Recall that simplePack is
a 2b(d, + 1)-approximation algorithm for (d,, d,) BP (see Section 4.2.2), where b := 3 when
d, =2,b:=9 when d, = 3, and b := 4% + 2% — 1 when d, > 3. Using the R&A framework on
simplePack will improve its AAR from 2b(d, + 1) to b(1 + In(2(d, + 1))) + O(e). To do this,

we need to show how to implement solveConfigLP, round, complexPack and unround.

1. solveConfigLP(/): Using the knapsack algorithm of Section 4.2.4 and the LP algorithm
of [72], we get a b(1 + ¢)-approximate solution to configLP (7). Therefore, p = b(1 + ¢).

2. round(I): returns just one pair: (I,{}), where I := {r(i) : i € I} and 7(i) is an item
having height (d{" geometric dimension) equal to span(i), all other geometric dimensions
equal to 1, and all vector dimensions equal to span(i). There is just one class in I and all
items are allowed to be sliced perpendicular to the height, so the homogeneity properties
are satisfied. Also, ¢ax = d, + 1 by Lemma 4.1.

3. Structural theorem: We take structured packing to be the set of all possible packings

(i.e., S is the set of all possible fractional configurations). Then fsopt(I) = [span(/)] <
(d, + 1) opt(I). Therefore, p = d, + 1.

4. complexPack(S): We can treat S as the classical bin packing instance {span(i) : i € S}
and pack it using Next-Fit. Therefore, by Lemma 3.1, we get | complexPack(S)| <

[2span(S)] < 2 [span(S)| = 2fsopt(S). Therefore, a = 2.

5. unround(j ): For each bin in J. , we can pack the corresponding unrounded items into b

bins (using Steinberg’s algorithm or [27] or fullhy). Therefore, v = b.

Therefore, we get an AAR of p(1 + In(yap/p)) + O(e) = b(1 + In(2(d, + 1))) + O(e).
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For d, = 2, we can slightly improve the AAR by using the (2 + ¢)-approximation algorithm
of [53] for (2, d,) KS. This gives us an AAR of 2(1 +1n(3(d, + 1))) + O(g). This is better than
the AAR of betterSimplePack for d, > 3.

The above example is presented only to illustrate an easy use of the R&A framework.
It doesn’t exploit the full power of the R&A framework. The algorithm cbPack, which we
outline in Chapter 5, uses more sophisticated subroutines round, complexPack and unround,
and uses a more intricate definition of fractional structured packing to get an even better AAR
of 2(1+ In(%1)) + £ (improves to 2(1 + In(19/12)) + & ~ 2.919 + ¢ for d = 1).

4.4 Details of the R&A Framework

Let configLP(7) denote the configuration LP of items I and let configL.P* (/) denote the optimal
objective value of configL.P([).

Lemma 4.8. Vi € I, Pr(i € S) < exp( s ) < 1.

Proof. Let Cy,Cs,...,Cr be the configurations chosen during randomized rounding (line 3 in

Algorithm 1). Let C; be the configurations that contain the element 7.

T T
Pr(i € 9) (/\ (Cy € C;) ) = HPr(Ct ¢ () (all Cy are independent)
t=1 =1
T R T
t=1 Cec; Cec; 1zl
L \7
< < — T ) (constraint in configuration LP for item )
Tl
< ( r ) <1 =
<exp|———= < .
174 ] 8

Definition 4.4 (Fractlonal Configuration LP). Let (I, D) € round(I). Suppose round parti-
tioned I into classes Kl, Kg,. K Let S be the set of all structured fractional configurations
of I. The fractional structured configuration LP ofg C T, denoted as fsconﬁgLP(g), is

min E To
z€RISI

CceS

where Z span(C' N K;)zc > span(S N K;) Vj € [q]
ces
o >0 vC eS8
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The ‘integer version of this program is denoted as fsconfigIP(S). The optimal objective values

of fsconfigLP(S) and fsconfigIP(S) are denoted as fsconfigLP*(.S) and fsconfigIP*(5S).

Lemma 4.9. fsopt(S) < fsconfigIP*(.S) < fsopt(S) + ¢.

Proof. Due to the downward closure property, changing inequality constraints to equality con-
straints doesn’t affect the optimum values of the above LP and IP. Therefore, fsconfigIP(S) is
equivalent to the fractional structured bin packing problem.

A problem with the above definition of fsconﬁgLP(f ) is that the number of variables can be
infinite if certain classes allow slicing. We circumvent this problem by discretizing the configu-

rations: Let d be the smallest dimension of any item, i.e. § := min (minj":1 £;(i), min2, v; (z))

In any optimal integral solution to fsconﬁgLP(T ) that uses m bins, we can slice out some
items from each class in each bin so that the span of each class in each bin is a multiple of
§% /n. In each class, the total size of sliced out items across all bins is at most §%. Therefore,
for each class, slices of that class can fit into a single item of that class. If each such single item
is packed in a separate bin, the total number of bins used is at most m + q.

Therefore, we only need to consider configurations where either the span of each class is a
multiple of 0% /n or there is a single item in the configuration. We modify the set S accordingly.

This gives us a finite number of configurations and completes the proof. n

Lemma 4.10. fsconfigLP*(S) < fsconfigIP*(S) < fsconfigLP*(S) + g.

Proof. By rank lemma (Corollary 3.8), the number of non-zero variables in an extreme-point
solution to a linear program is at most the number of constraints (other than the variable
non-negativity constraints).

Thus, an optimal extreme-point solution to fsconﬁgLP(g) has at most ¢ positive-valued
variables. Rounding up those variables to the nearest integer will give us an integral solution

and increase the objective value by at most ¢. Hence, fsconfiglP*(S) < fsconfigLP*(S)+q¢. O

Recall that simplePack is a 2b(d, + 1)-approximation algorithm for (d,, d,) BP (see Sec-
tion 4.2.2), where b := 3 for d, =2, b:=9 for d, = 3, and b := 4% + 2% — 1 for d, > 3.

Lemma 4.11. For a set I of (d,, d,)-dimensional items, configLP*(I) € O(span(/)) + O(1).

Proof. Let A be the configuration matrix of I. Let z* be the optimal solution to configLP (/). In
configLP(I), the constraint for item i gives us ) .. A[i, Clzg > 1. Multiplying each constraint
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by span(i) and adding these constraints together, we get

span(/) < Z Zspan(i)A[i, Clag = Zspan(C)x*C

CeC iel ceC

< (dy+1)> af = (d, + 1) configLP* ().
ceC

Therefore, configLP*(I) > span(/)/(d, + 1). We also have
configLP*(I) < opt(I) < | simplePack(])| < 2bspan([) + b.

Therefore, configLP*(I) € O(span(/)) + O(1). O

Lemma 4.12 (Independent Bounded Difference Inequality [58]). Let X := [X1, Xo, ..., X,] be
random variables with X; € A;. Let ¢ : [, A; — R be a function such that |¢p(z) — ¢(y)| < ¢;

whenever vectors x and y differ only in the j"* coordinate. Then for any t > 0,

2t*
Pr[p(X) —E(p(X)) > t] <exp | ~=n—3 | -
Zj:l ¢
Lemma 4.13. Let S be as computed by rnaPack(/, 3,¢). Let € € (0,1) be a constant. When
span(I) is large compared to 1/e*, we get that with high probability

= _ fsconfigLP*(I
fsconfigLP*(S) < seon % ()

+ 2buc opt(I) + O(1).

Proof. Let y € CT be the configurations chosen during randomized rounding. When viewed as
a vector of length T, all coordinates of y are independent. Define uncovered(y) := I — Uthl Yt
Let l?l, kg, e ,[?q be the classes of I. Let 7 be the bijection from I — D to I. For a set

X C I, define I[X] :={x(i) : i € X — D}. For j € [g], define ¢; € CT > Ry as

¢(y) := span <I?] N f[uncovered(y)]) :
For any set X C I, define ¢;(X) := span([?j N T[X]) Then ¢;(y) = g;(uncovered(y)) and g, is
a non-negative additive function.

Let y®,y® € €T such that y© and y@ differ only in coordinate ¢. Let 4" = C; and
y® = C,. Let S; = uncovered(y™) and S, = uncovered(y®).
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It is easy to see (using Venn diagrams) that S; — Sy C Cy — Cy and Sy — S; C €y — Cs.

|6 (y™M) — 3 (y®)| = 19;(S1) — g;(S2)]
= |g;(S1 — S2) — g;(S2 — S1)| (additivity of g;)
< max(g;(S1 — S2), 9;(S2 — S1))
< max(g;(Cs), 9;(C1))
< max span(K ;N I1[C]) < Canax- (by bounded expansion lemma)

E(¢;(y)) = E(95(5))

= Z g;({i}) Pr(i € S) (linearity of expectation and additivity of g;)
il
<> a{ihH/p) (by Lemma 4.8)
iel
_ g;(I) _ span(K;)
B B

Vj € [q], define Q; as the smallest prefix of SN IN(j such that either Q); = SN IN(]- or span(Q;) >
e||z]l, /g Define Q := Jj_, Q;. Therefore,

span(Q) < € [[Z]l, + ¢ < epopt(l) + O(1).

fsconﬁgLP*(g) < fsconﬁgLP*(g — Q) + fsconfigLP*(Q)
< fsconfigLP*(S — Q) 4 b(2span(Q) + 1) (by Section 4.2.2)

< fsconfigLP* (S — Q) + 2buc opt(I) + O(1).

Now we will try to prove that with high probability, fsconﬁgLP*(§ —Q) < fsconﬁgLP*(f )/B.
If Q; = SN —’N(ja then Span(ffj N (§ — Q)) = 0. Otherwise,

Pr [Span(f(j NS —Q)) > M] =Pr span(}?j ng)— w > span(Qj)]
£, . 2 €, 2
< Pr [6,(0) ~ E@,) 2 S 31| < exp (—T — (Z1al,) ) (Lomma 4.12)
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< T
X _—— .
=P\ @), e

Therefore, by union bound, we get

Pr [\q/ (span(lN(j NS —Q)) > span}#)

< =1l
ex —_— |X .
=P\ @)

Since configLP*(I) < ||z||; < pconfigLP*(I) + O(1), and configLP*(I) € O(span(l)) + O(1)
(by Lemma 4.11), we get ||Z||, € O(span()) + O(1). When span([) is very large compared to
1/€2, we get that with high probability, Vj € [q],

span(k;)

span(K; N (S — Q)) < 3

Let z* be the optimal solution to fsconfigLP(7). Then with high probability, 2*// is a feasible
solution to fsconﬁgLP(g — (). Therefore,

fsconfigLP*(5) < fsconfigLP* (S — Q) + 2byue opt(I) + O(1)

< fsconfigLP*(I) /S + 2bue opt(I) + O(1). O

Lemma 4.6. Let S be as computed by rnaPack(/, B,e). Then

fsopt(S) < fsopt(I)/B + 2bue opt(I) + O(1/€?) with high probability.

Proof. When span([) is very large compared to 1/£2, we get

fsopt(S) < fsconfiglP*(S) + O(1) (by Lemma 4.9)
< fsconfigLP*(S) + O(1) (by Lemma 4.10)
< fsconfigLP*(I)/5 + 2bue opt(I) + O(1) (by Lemma 4.13)
< fsopt(I)/3 + 2bpe opt(I) + O(1). (by Lemma 4.9)

Otherwise, if span(l) € O(1/£?), we get

fsopt(S) < popt(I) + O(1) (by structural theorem)
< p| simplePack(I)| + O(1)
< O(span(l)) + O(1) (by Section 4.2.2)
< O(1/€%). O
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4.4.1 Error in previous R&A framework

Here we describe a minor error in the R&A framework of [50], and how it can be fixed.

We define (I, D) as an output of round(/) and for the residual instance S, we define S as
the corresponding rounded items of S — D. Our proof of Lemma 4.6 relies on the fact that
for any subset of rounded items, the span reduces by a factor of at least § if we restrict our

attention to the residual instance. Formally, this means that for any XClI, , we have

E(span(X N 5)) = Zspan(i) Pr(i € S) < span(X)/8.

ieX

The equality follows from linearity of expectation and the fact that span(:) is deterministic,
i.e., it doesn’t depend on the randomness used in the randomized rounding of the configuration
LP. This is because round is not given any information about what .S is. The inequality follows
from Lemma 4.8, which says that Pr(i € S) < 1/p5.

The R&A framework of [50] used similar techniques in their analysis. In their algorithm,
however, they round items differently. Specifically, they define a subroutine round and define
I := round(I) and S := round(S). They, too, claim that for any subset of rounded items,
the span reduces by a factor of at least 3 if we restrict our attention to the residual instance.
While their claim is correct for input-agnostic rounding (where items are rounded up to some
constant size collection values chosen independent of the problem instance), the claim is un-
substantiated for input-sensitive rounding (where the values are chosen based on the specific
problem instance). So the claim is unsubstantiated if round is not deterministic, as then an
item can be rounded differently depending on different residual instances.

In fact, they use their R&A framework with the algorithm of Jansen and Prédel [41], which
uses linear grouping (along with some other techniques) for rounding. Linear grouping rounds
items in an input-sensitive way, i.e., the rounding of each item depends on the sizes of items in

S, which is a random subset.

4.5 The fullh,; Algorithm

In this section, we describe the fullh, algorithm and prove an important result about it.
Although a more detailed analysis is given in Section 6.2, the analysis here is simpler because

we only focus on the part relevant to (d,, d,) BP.
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Define fy : [0,1] — [0, 1] and type : [0, 1] — [4] as

8

1 xG(Ll} for ¢ € [3]

1
f4(l‘) _ q qg+1’ g type(l‘) _ q} for qc [3]

1
g+’

[\
8
8
N
[—=
=R
8
IAN M

NN

Let i be a d,-dimensional cuboid. Define f4(i) as the cuboid of length f4(¢;(i)) in the ;™
dimension. Note that x < fy(z) < 2z. Hence, vol(i) < vol(f4(i)) < 2% vol(i). For a set I of
cuboids, fi(I) := {fu(i) : i € I'}. Define type(i) € [4]% as a vector where type(i); := type(¢;(i)).

Caprara [18] (implicitly) defines a recursive algorithm HDH-unit—packg](I ) (see Section 6.1.3
for more details), that takes as input a sequence I of dD cuboidal items, such that all items
have the same type t and vol(fy(I — {last(/)})) < 1, and returns a packing of I into a dD bin.
Here last([/) is the last item in sequence I. HDH-unit—packg](I) runs in O(|I|log |/]) time.

We now describe the fullh, algorithm. First, partition the items I by type. The number
of partitions is at most @ = 4%. Let Il be the partition containing items of type g. Order
the items in 719 arbitrarily. Then repeatedly pick the smallest prefix J of I'9 such that either
J = 14 or vol(f,(J)) > 1, and pack J into a bin using HDH—unit—packECq](J).

Lemma 4.14. For a non-empty d,D GBP instance I, | fullhy(I)| < 4% + 2% vol([).

Proof. Suppose fullhy(I9) produces ml4 bins. Let B][-q} be the ;'™ of these bins. Given the
way we choose prefixes, vol( f4(Bj[q])) > 1 for j € [mld — 1], i.e., at most 1 bin is partially-filled.

Hence,

mlal

vol(f4(119) ZVOI fa( B[q])) >mld — 1.

So, the total number of bins used is

Q Q
> ml <> (14 vol(fa(I))) = Q + vol(fa(I)) < 4% + 2% vol(I). O
qg=1 q=1

Therefore, vol(I) <1 = |fullhy(])| < 4% + 2% — 1.
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Chapter 5

Improved Algorithm for Generalized

Multidimensional Bin Packing

Here we will see an algorithm for (2, d) bin packing, called cbPack (named after ‘compartment-
based packing’). See Section 1.2.1 for an introduction to the (2, d) BP problem and a comparison
of the approximation guarantees of algorithms for this problem, including the cbPack algorithm.

The cbPack algorithm is inspired by Jansen and Prédel’s [41, 66] (1.5 + ¢)-asymptotic-
approximation algorithm for 2D GBP. Like their algorithm, the design of cbPack follows the
two-step outline described in Section 4.3.3. In the first step, called structural step, we show that
for any input I, we can round I to get a new instance I such that fsopt(I) < popt(I) + O(1)
for some constant p, where fsopt(f ) is the optimal fractional compartmental packing of I (we
will define compartmental later). In the second step, called the algorithmic step, we give an
algorithm for finding a packing of I that uses roughly fsopt(j ) bins. We do this by first rounding
Ito I, , then finding the optimal fractional compartmental packing of I using brute-force and
linear programming, and then converting this packing to a non-fractional packing of I with
only a tiny increase in the number of bins.

Our notion of structured packing, which we call compartmental packing, imposes roughly

the following additional constraints over the container-based packing of [66]:

e An item ¢ is called dense iff vi,.x(7)/a(i) is above a certain threshold. If a bin contains
dense items, then we reserve a sufficiently-large rectangular region exclusively for dense

items, and dense items can only be packed into this region.

e For a constant ¢, for every j € [d], if a set B of items is packed into a bin, then v;(B) <

1—e¢.
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We give a more precise definition of compartmental in Section 5.5.

cbPack can be easily broken into subroutines round, complexPack and unround, and we
show in Section 5.7 that it satisfies all the conditions of the R&A framework. To (approximately)
solve the configuration LP, we use the linear programming algorithm from [72] and the (2 + ¢)-

approximation algorithm for (2, d) KS from [53].

5.1 Overview of the Algorithm and its Analysis

cbPack will be parametrized by a parameter e, where e~! € 27Z and ¢ < 1/8. It takes a set I of
(2, d)-dimensional items as input. Recall that each item ¢ € I has width w(i), height h(i) and
d weights v (7), v2(1), ..., v4(7).

In Section 5.2, we remove a small subset of problematic items and classify the rest of the
items based on their geometric and vector dimensions. More precisely, we find two constants

g9 < &1 (which are functions of €) and classify items as follows:

Big item: w(i) > e, and h(i) > €

e Wide item: w(i) > e; and h(i) < ey

Tall item: w(i) <
(

g9 and h(i) > &
Small item: w(i) < ey and h(i) < ¢

We prove that the remaining items can be packed into a small number of bins (because of the
way we chose 5 and e1). We call an item i dense if vy (i)/a(i) > 1/£32.

In Section 5.3 we define semi-structured packing. Given an optimal packing of the items
into m bins, we show how to round the items and obtain a fractional semi-structured packing
of those items into roughly pm + O(1) bins, for some constant p. This section covers a large
part of the structural step of cbPack’s analysis.

The rounding of items in Section 5.3 is done with the knowledge of the optimal packing of
the items. Section 5.4 explains how to design a rounding algorithm that works without knowing
the optimal packing.

In Section 5.5, we define compartmental packing and show how to convert a semi-structured
packing to a compartmental packing with only a tiny increase in the number of bins.

In Section 5.6, we show how to compute an optimal fractional compartmental packing of
rounded items and how to convert that packing to a non-fractional packing with only a tiny
increase in the number of bins. We then show how to unround the packing without increasing
the number of bins.

In Section 5.7, we show how to apply the R&A framework to cbPack.
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5.1.1 Overview of Key Ideas used in the Structural Theorem

Our definition of semi-structured is heavily influenced by the challenges posed by the presence
of vector dimensions.

Given an optimal packing of the items into m bins, we show in our structural step how to
round the items and obtain a fractional compartmental packing of those items into roughly
pm + O(1) bins, for some constant p. Our high-level strategy for doing this, which is similar to
that of Jansen and Prédel [41, 66] for 2D GBP, is as follows:

1. In the first step, we round up one geometric dimension of each item and pack the items
into roughly pm + O(1) bins. We call these bins quarter-structured (see Sections 5.3.1
and 5.3.2).

2. In the second step, we round the remaining dimensions of items and partition them into
classes such that they satisfy the homogeneity properties (see Section 4.3.4). We allow
slicing the items and repack them into almost the same number of bins. We call the

resulting bin packing semi-structured (see Sections 5.3.3 and 5.3.4).

3. In the third step, we transform the packing into a compartmental packing (see Section 5.5).
Compartmental packings have nice properties which make it easy to find optimal fractional

compartmental packings.

In steps 1, 2 and 3 above, [66] uses the NFDH algorithm (see Lemma 3.5) to pack items of
O(em) area into O(em) bins. This doesn’t work when vector dimensions are present, since an
item of low area can have large weights. In step 2, [66] uses linear grouping, i.e., each item is
moved in place of a geometrically larger item so that it can be rounded up. Vector dimensions
make such cross-bin movement difficult, since that can violate bins’ weight capacities.

Our first crucial observation is that most difficulties associated with vector dimensions
disappear if items’ density is upper-bounded by a constant. Here density of item i is defined
as Umax(1)/a(i). Specifically, if items of bounded density (we call them non-dense items) have
small area, then we can use simplePack to pack them into a small number of bins. To make
linear grouping work, we can partition items of bounded density into a constant number of
classes such that items in the same class have almost the same value of vyax(7)/a(i). Therefore,
our strategy is to segregate items as dense and non-dense. Furthermore, dense items in a bin
must have low total area, due to their high density. If we reserve enough space for them in
the bin, we can always pack them in their reserved region using NFDH (see Lemma 3.3). Such
a guarantee means that we can essentially ignore their geometric dimensions and simply treat

them as vectors.
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In step 2, we want to round up vector dimensions with only a marginal increase in the
number of bins. To do this, we require each quarter-structured bin to be e-slacked. e-slackness
roughly means that for a set J of items in a bin, Vj € [d],v;(J) < 1 — ¢ (see Section 5.3.2 for
a formal description). e-slackness also helps us in designing the packing algorithm, because we
can then use techniques from resource-augmented vector bin packing. Also, during the rounding
step, we round down the weight of some dense items, and e-slackness allows us to unround with
no increase in the number of bins.

The observations above guide our definition of quarter-structured. Roughly, a packing is

quarter-structured iff all of the following hold:
e Wide items have their width and z-coordinate rounded to a multiple of €7 /4.
e Bach bin is e-slacked.

e If a bin contains dense items, a rectangular region of width /2 and height 1 is reserved

for them, and dense items can only be packed in this region.

In step 1, Jansen and Prédel [41, 66] use a standard cutting-strip argument: They create a
strip of width &1 next to an edge of the bin (see Fig. 5.1 for an example). Items lying completely
inside the strip (called blue items), have small area and are packed separately using NFDH.
Items intersecting the boundary of the strip (called red items), are removed. This creates an
empty space of width €1 in the bin. Using this empty space, items lying outside the strip (called
green items), can then have their width and z-coordinate rounded to a multiple of £2/2. Their
key idea is how to pair up most bins so that red items from two bins can be rounded and packed

together into a new bin. This is roughly why they get an AAR of 1.5 + €.

[ S——
el

Figure 5.1: Example of classifying items as blue, red and green based on an e;-strip.
We use the cutting-strip argument too, but with some differences. We cannot freely mix red

items from different bins if they have large weight, and we cannot simply pack blue items into

a small number of bins. We also need bins to be slacked. So, we get a larger AAR of d +4 + .
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For d = 1, however, we allow mixing items using more sophisticated techniques, which improves
the AAR to 19/6 + . Also, we round green items to a multiple of €7/4 instead of £%/2, which
leaves an empty strip of width £;/2 in the bin even after rounding, and we reserve this space
for dense items. This gives us a quarter-structured packing.

We have finished giving an overview of the algorithm. We now turn to the details of the

algorithm and its analysis.

5.2 Classifying Items
Definition 5.1. For constants €5 < €1, a bin packing instance I is called (g9, e1)-non-medium

Zﬁ\V/Z € I, (U)(Z) € (52,81]) VAN (h(l) g (62,61]) VAN (Vj S [d],l}](@) &/ (82,61]).

An (g9, €1)-non-medium instance has useful properties. Therefore, we want to remove some
items from the input instance I so that it becomes (e2, £1)-non-medium and the removed items

can be packed into a small number of bins.

Definition 5.2. Let éy,e € (0,1] be constants and let f : (0,1] — (0,1] be a function such that
Vo e (0,1], f(x) <x. Let T := [(d+2)/e]. Fort € [T], define 6; := f(d;—1) and define

d
Jy = {Z el U}(Z> € (61&7515—1] V h(@) S (515;515—1] V (\/ Uj(i) € ((St,(;t_ﬂ) } .
j=1
Define removeMedium(I, ¢, f, &) as the tuple (J,,d,,0,_1), where r := argmin’_, span(.J;).
Lemma 5.1. Let (Iieq,€2,€1) := removeMedium(/, ¢, f,dy). Then span(lneqd) < espan([).

Proof. Each item belongs to at most d + 2 sets J;. Therefore,

T
T 1 d+2
span(limea) = minspan(J;) < - ;1 span(J;) <

span(/) < espan(). O

By Definition 5.2, I — Ieq i8 (£2,€1)-non-medium. By Lemma 5.1 and Theorem 4.5,
span(/meq) can be packed into at most 6(d + 1)copt(/) + 3 bins using the simplePack al-
gorithm.

We will choose f to be independent of I, so £; and &5 are constants. Also note that
g9 := f(e1) and g; < &y. We choose &y := min (1/(4d + 1),2¢/3), so 6, € Z. We will choose f
later. For now, we will impose these conditions: f(z) < ez?/2,and (z7' € Z = f(z)™' € Z).

The second condition implies that e;',e;* € Z.
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Definition 5.3. We can classify a non-medium item i by its geometric dimensions as follows:

Big item: w(i) > &1 and h(i) > €
Wide item: w(i) > &1 and h(i) < €9

Tall item: w(i) < e9 and h(i) > €
o Small item: w(i) < ey and h(i) < &y
When rotating items is allowed, assume without loss of generality that there are no tall

items in 1.
Definition 5.4 (Dense items). Item i is dense iff either a(i) = 0 or vmay(7)/a(i) > 1/€2.
Note that big items cannot be dense.

Definition 5.5 (Heavy and light items). A dense item i is said to be heavy in vector dimension
J iff v;(i) > 1. Otherwise i is said to be light in dimension j. If i is heavy in some dimension,

then i 1s said to be heavy, otherwise i s light.

5.3 Getting a Semi-Structured Packing

Given a packing of items I — I,,.q into m bins, in this section, we will see how to round the items
and obtain a fractional semi-structured packing of the rounded items into roughly pm + O(1)

bins, for some constant p. We will also define semi-structured packing in this section.

5.3.1 Rounding One Side

In this subsection, we will show how a packing of I into bins can be modified to get a more

structured packing where one of the geometric dimensions is rounded up.

Definition 5.6. In a bin, assume a coordinate system where (0,0) is at the bottom left and

(1,1) is on the top right. We define the following regions, called strips:

=[0,1] x [1 —&y,1] and ST :=[0,1] x [1 —&,/2,1]
= [0,1] x [0, &4]

= [0,&1] x [0, 1]
=1 —¢e,1] x [0,1] and SF) :=[1 —,/2,1] x [0,1]

° S(B

We say that an item intersects a strip iff a non-zero volume of that item lies inside the strip.

Property 5.7. A bin is said to satisfy Property 5.7 iff both of these conditions hold:
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(a) The x-coordinate and width of all non-dense wide and big items is a multiple of €2 /4.

(b) If the bin contains dense items, then dense items are packed inside S'™) and no non-dense

item intersects SUF).
Property 5.8. A bin is said to satisfy Property 5.8 iff both of these conditions hold:
(a) The y-coordinate and height of all non-dense tall and big items is a multiple of €2 /4.

(b) If the bin contains dense items, then dense items are packed inside ST and no non-dense

item intersects ST

Equivalently, we can say that a bin satisfies Property 5.8 iff its mirror image about the line
y = x satisfies Property 5.7.

The main result of this subsection is the following:

Lemma 5.2. Given a packing of items into a bin, we can round up the width of some wide and
big non-dense items to a multiple of €2 /4 or round up the height of some tall and big non-dense

items to a multiple of €3/4 and get a packing into 2 bins and 2 boxzes where:
e Fach bin satisfies either Property 5.7 or Property 5.8.
e vy of each box is at most 1/2.

e One of the bozes has only dense items. Its larger dimension is 1 and its smaller dimension
is 0q := 2de? + €.

e One of the boxes has only non-dense items. Its larger dimension is 1 and its smaller

dimension 18 €1 + 9.

e One of the boxes is horizontal, i.e., has width 1 and only contains wide and small items.

The other box is vertical, i.e., has height 1 and only contains tall and small items.

Before proving Lemma 5.2, we first prove a few ancillary results.

For X € {T, B}, the items lying completely inside SX) are either small or wide. Let CX) be
the set of small and wide items that intersect SX). For X € {L, R}, the items lying completely
inside S are either small or tall. Let CX) be the set of small and tall items that intersect
S Since 21 + g5 < 1, we get CT N OB = CE N OER = {}.

Without loss of generality, assume that v;(C*)) < 1/2 because v, (C®) U CM) < 1 and
if v;(C™)) > v;(CP)), then we can mirror-invert the bin along a horizontal axis. Similarly
assume that v, (CH)) < 1/2.
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Observation 5.3. If a bin only contains tall and small items, it trivially satisfies Prop-

erty 5.7(a). If a bin only contains wide and small items, it trivially satisfies Property 5.8(a,).

Lemma 5.4. Suppose we’re given a packing of items into a bin such that no item intersects
SWE) . Then we can increase the widths of all wide and big items to a multiple of €2/4 and repack

the items so that they satisfy Property 5.7(a) and no item intersects SU%).

Proof. Let y,(i) and y(7) be the y-coordinates of the bottom and top edge respectively of item
i. If an item j intersects the strip [0, 1] X [y,(7), y:(7)] and lies to the right of i (i.e., the left edge
of 7 is to the right of the right edge of i), we say that i <., j (see Fig. 5.2). Let < denote
the reflexive and transitive closure of the relation <;,.,. It is easy to see that < is a partial

ordering of I. Define i < j asi < j A1 # j.

Figure 5.2: Ttems A, B, C' and D in a bin. Here A <, D but A 4jum C. Also, A <jum
B <imum C,s0 A< C.

Define p,(7) to be 1 if it is wide or big and to be 0 if it is neither wide nor big. Also, define
N (1) 1= Py () + max;<; ny,(7) (if there is no j < 4, define max;~; n,,(7) := 0). Intuitively, n,,(7)
denotes the length of the largest chain of wide items preceding ¢. The x-coordinate of the right

edge of item ¢ is more than e;n,, (7). Therefore, n,, (i) < 1/ — 1.

Transformation 5.9. Move each item i to the right by (n,(i) — pw(7))e3/2. Additionally, if i
1s wide or big, move it further to the right so that the x-coordinate of its left edge is a multiple

of €1/4, and increase its width so that it is a multiple of €% /4.

On applying Transformation 5.9 to item ¢, the x-coordinate of its right edge increases by
less than n,(i)e?/2. Since n,(i) < 1/e; — 1, the increase is less than €, /2. Therefore, ¢ will not
intersect SUY) after this transformation. Also, after applying this transformation to all items,
the bin satisfies Property 5.7(a).

We will now prove that after applying Transformation 5.9 to all items, no items overlap.
If 7 and j are not relatively ordered by <, they cannot overlap because we only moved items

rightwards. Now assume without loss of generality that ¢ < j. The x-coordinate of the right

57



edge of i increases by less than n,(i)e3/2. The z-coordinate of the left edge of j increases
by at least (ny(j) — pw(j))et/2. Since ny, (i) < maxy<;ny, (') = ny(j) — pw(j), ¢ and j don’t

overlap. ]

Lemma 5.5. Let R be a set of wide and small items that are dense and have total weight at

most 1. They can be packed in polynomial time into a box of width 1 and height §q := 2de? + 5.

Proof. a(R) < e2vmax(R) < de?.
So by Lemma 3.3, height used by NFDH is less than 2a(R) + €5 < 2de? + &5. O

We can get an analogous result for tall and small dense items.

Proof of Lemma 5.2. Suppose the bin contains items J. Then we can use Lemma 5.5 to move
dense wide items to box Dy, and move dense tall and small items to box Dy. We will later
repack one of Dy, and Dy into a bin.

v1(Dw U Dg) < 1. This gives us 2 cases: v1(Dw) < 1/2 or v1(Dg) < 1/2. The first case
is the same as the second one with the coordinate axes swapped, so assume without loss of
generality that vy (Dy) < 1/2.

Move CH) to a box of height 1 and width g, + &5 < 1/2. C® only has tall and small
non-dense items. Also, v, (C®) < 1/2.

Let I(®) be the set of big and wide items that intersect SU. Move I®) to a separate bin.
The items in I are stacked on top of each other. Therefore, we can round their widths to a
multiple of £2/4. I) doesn’t have dense items. Therefore, this new bin satisfies the desired
properties.

Since we removed C) and I® from the bin, S¥ is empty. By Lemma 5.4, we can round
the x-coordinate and width of big and wide items in the bin to a multiple of €2/4 and then
repack the items in the bin so that the bin satisfies Property 5.7(a) and S (F) is empty. Observe
that

2
5= 2de? + ey < 2d22 + zﬂ < %(4d+ e, < %

Since 64 < £1/2, pack Dy into SU). Now this bin also satisfies Property 5.7(b). In total, we
used 2 bins and 2 boxes (C") and Dy,). The dense box is horizontal and the non-dense box is

vertical. Refer to Fig. 5.3 for an example. m

Lemma 5.6. When item rotation is allowed, given a packing of items into a bin, we can round
up the width of some wide and big items to a multiple of €3 /4 and round up the height of some
tall and big items to a multiple of €2 /4 and get a packing into 2 bins and 1 box where:
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Figure 5.3: A bin is split into 2 bins and 2 boxes. Then the widths and z-coordinates of big
and wide non-dense items are rounded up to a multiple of €2/4. Dense items are shaded dark
and non-dense items are shaded light.

e Fach bin satisfies Property 5.7.
e vy of the box is at most 1/2.
e The box has height 1 and width €1 + €.

e The box only contains tall and small non-dense items.

Proof sketch. Suppose the bin contains items J. Move dense items to a vertical box Dy using
Lemma 5.5. Move C¥) to a box of height 1 and width e; 4+ 5. Move I® to a new bin and
round item widths to a multiple of £2/4. Now S") is empty, so pack Dy into SU). The rest
of the proof is similar to that of Lemma 5.2. O
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5.3.2 Getting Slack in Weight of Bins

For a bin J, if Vj € [d],v;(J) < 1—¢, then we can round up weights of items. Hence, we would

like to have bins with (roughly) this property.

Definition 5.10. A bin J is said to be e-slacked iff at least one of these conditions holds:
o Vje[d,v(J)<1l—e.
o |J|=1.
e |J| =2 and J only contains dense items and Vi € J, vpax(i) < 1/2.

A packing of items into multiple bins is said to be e-slacked iff all bins in the packing are

e-slacked.

We say that packing of items in a bin is quarter-structured iff the bin is e-slacked and
satisfies either Property 5.7 or Property 5.8. We would like to round up the width or height of

each item in I and repack the items into bins such that each bin is quarter-structured.

Lemma 5.7. Let D C [d] and we have a parameter § < 1/4. Let I be a set of items where
Vj € D,v;j(I) < V;. Then we can partition I into at most |D| + 1 disjoint subsets such that

each subset I' satisfies one of these properties:
o |I' =1.
o Vje D,u(l')<(1-9)V;.

Proof. Let I, :={i € I:3j € D,v;(i) > (1 —20)V;}. Move each item in I to a new box. Let
D" :={jeD:v;(I) > (1-25)V;}. Then |D’| > |I | and Vj € D', v;(I—1}) < 20V; < (1—0)V}.

Order the items in I — I}, arbitrarily. For each j € D — D', find the smallest prefix P; such
that v;(P;) > 6V;. Let i; be the last item in P;. Then v;(P; —i;) < 6V;. Since we removed
items from Iy, v;(i;) < (1 —20)V;. Therefore, v;(P;) < (1 —0)V}.

Now order these prefixes in non-decreasing order of cardinality. Let them be P{, Pj, ...,
Bp_py- Thesets P|, Py—P|, Py—P;, ... form a partition of Plp_p/|. Put each such set in a new
box, if the set is not empty. The items which remain in the original box are ) := I —1 L—P|’D_ D)
Vie D—-D' Q CI—1I,—P;. Since v;(P;) > §V;, we get that Vj € D — D', v,;(Q) < (1 —-6)V;].

Therefore, total number of boxes needed is at most 1+ || +|D—D'| < 1+|D'|+|D—-D'| <
D]+ 1. O
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Lemma 5.8. Given a packing of items I into m bins, we can round up the width of some non-
dense wide and big items in I to a multiple of €3 /4 and round up the height of some non-dense
tall and big items in I to a multiple of €2 /4 and repack the items into (d + 4)m e-slacked bins
such that each bin satisfies either Property 5.7 or Property 5.8.

Proof. Let By, Bs, ..., B, be a packing of items I into m bins. For each bin By, we can use
Lemma 5.2 to round up some items in By and split By into bins J; and K} and boxes W} and
Hy.. Without loss of generality, assume Wy is a horizontal box. Put each box in a new bin.
Then W), satisfies Property 5.8 and Hj, satisfies Property 5.7.

Let Dy :={j € [d :vj(Jy) > (1 —¢)}, B :={j € [d] : vj(Ky) > (L —¢e)}, ), :={j € [d] :
vj(Wi) > (1 —¢)} and Gy, := {j € [d] : v;(Hy) > (1 —¢€)}. Dy, Ej, Fy and G}, are pairwise
disjoint and they are subsets of [d]. Now use Lemma 5.7 with parameter § = ¢ on bin J; with
dimensions Dy. This splits J; into |Dy| + 1 e-slacked bins. Similarly, by splitting K}, W}, and
Hy, we get |Ey| + 1, |Fx| + 1 and |Gy| 4 1 e-slacked bins respectively.

The total number of bins from By is |Dy| + |Ex| + |Fx| + |Gi| +4 < d + 4. Therefore, we
get a total of (d + 4)m bins.

Ji, Ky, Wy, and Hy, satisfy the desired properties except possibly e-slackness. When we split
a bin into multiple bins, the position of items relative to the bin isn’t changed. Therefore, the

split bins continue to satisfy these properties. O

Lemma 5.9. Given a packing of items I, if item rotations are allowed, we can round up the
width of some non-dense wide and big items in I to a multiple of €2 /4 and round up the height
of some non-dense tall and big items in I to a multiple of €3/4 and repack I into (d + 3)m

e-slacked bins such that each bin satisfies Property 5.7.

Proof sketch. Use Lemma 5.6 on each bin in the packing to get 3 bins. The rest of the proof is

similar to Lemma 5.8. L]
We will now try to improve upon Lemmas 5.8 and 5.9 for the special case d = 1.

Lemma 5.10. Let there be m boxes of width 1 and height at most . Let the weight of each
box be at most ke in each dimension, where k € {1,2}. Then we can pack these bozes into

1+ m-ke/(1 — ke) bins such that the resulting bins are ke-slacked.

Proof. We can pack 1/ke — 1 boxes in 1 bin with the resulting bin being ke-slacked. This is
because the sum of weights is at most 1 — ke in each dimension and the total height of the
boxes is at most 1/k —e < 1. The total number of bins used is at most [m/((1/ke) — 1)] which
in turn is at most 1 +m - ke/(1 — ke). O
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The above lemma can also be used for vertical boxes, i.e., height 1 and width at most €.

Lemma 5.11. Let d = 1. Let there be m boxes of width 1 and height at most € containing only
non-big non-dense items. Let the weight of each box be at most 1/2. Then we can pack these

boxes into 2+ m (1/2 + /(1 — €)) bins such that the resulting bins are e-slacked.

Proof. Let i be an item in the box. Boxes only have non-big items, so a(i) < 5. Boxes only
have non-dense items, so vy (i) < a(i)/e? < /2.

From each box, choose the smallest prefix S for which v1(S) > ¢/2. Then v(S5) < e.
Remove S and put it in a new box of the same dimensions.

This gives us m boxes of weight at most (1 — ¢)/2. We can pair them up and pack them
into [m/2] <m/2+ 1 bins. Those bins will be e-slacked.

We also get m new boxes of weight at most . We can pack 1/ — 1 such boxes into a bin.
This gives us at most 1 +m - /(1 — ) bins. These bins are e-slacked.

Total number of bins used is (2 +1) + (1+m-e/(1—¢))=2+m(1/2+¢/(1 —¢)). O

Lemma 5.12. Let d = 1. Let there be m boxes of width 1 and height 4. Suppose the boxes only
have dense items, and each box has total weight at least € and at most 1/2. Then we can pack

the items of these boxes into at most 3+ 2m/3 bins such that the resulting bins are e-slacked.

Proof. Let there be t boxes that have an item of weight at least 1/2 — 2e. No item has weight
more than half. Therefore, we can pair up these high-weight items into at most t/2+1 e-slacked
bins. In each of these ¢ boxes, the remaining items have weight at most 2. Since € > 4, by
Lemma 5.10, we can pack them into 1 + 2¢t/(1 — 2¢) number of e-slacked bins.

m —t boxes have all items of weight less than 1/2 —2e. Each of these boxes has total weight
between € and 1/2. Each box can be split into 2 boxes as follows: Order the items in a box
and find the smallest prefix of weight at least €. Since there are no items of weight more than
1/2 — 2e, such a prefix has weight between ¢ and 1/2 — «.

Arrange the m —t boxes into groups of at most 3 boxes each. Let C, Cy, C3 be these boxes
in one such group. Split €} and C5 into 2 boxes each by the above method. Let the resulting
boxes be C7, CY, Cy, Cy respectively. Assume without loss of generality that vy (C}) < vi(CY)
for j € [2]. Pack C7, C4, CY into 1 bin. It has weight at most 1 — ¢, so it is e-slacked. Pack C¥
and C5 into 1 bin. It has weight at most 1 — ¢, so it is e-slacked. Therefore, we can convert a
group of 3 boxes into 2 e-slacked bins.

Total bins used is at most (1+2et/(1 —2¢)) +2[(m—1)/3] < 3+2m/3 —1t(3 — %)
which is at most 3 4+ 2m/3, assuming € < 1/5. O

The above lemma can also be used for vertical boxes, i.e., height 1 and width at most d,.
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Lemma 5.13. Given a packing of items I into m bins, when d = 1, we can round up the width
of some non-dense wide and big items in I to a multiple of €2 /4 and round up the height of some
non-dense tall and big items in I to a multiple of €3/4 and repack I into (3 + % + IL_E) m + 12
e-slacked bins such that each bin satisfies either Property 5.7 or Property 5.8.

Proof. Let By, B, ..., B, be a packing of items I into m bins. For each bin By, we can use
Lemma 5.2 to round up some items in By and split By into bins J; and K} and boxes W} and
H,,, where W), is a horizontal box and H;, is a vertical box, i.e., the width of W} is 1 and the
height of Hy is 1.

Classifying bins:

We will now classify the bins By, Bs, ..., B,.

Type 1: v;(Wy) < e and vy (Hy) < e:

Among J;, and K, at most 1 bin will have weight more than 1 —e. Use Lemma 5.7 to split
it into 2 bins. So for each original bin of type 1, we get at most 3 e-slacked bins and 2 boxes,
one horizontal and one vertical, each of total weight at most e.

Both J; and K, satisfy either Property 5.7 or Property 5.8. When we split a bin into multiple
bins, the position of items relative to the bin isn’t changed. Therefore, the bins continue to
satisfy these properties.

Type 2: v1(Wy) > € and vy (Hy) <

v1 (W) > e implies that v1(Jy) < 1 — ¢ and vy (Ky) < 1 — ¢, so Jy and K}, are already
e-slacked. Pack Wy in a bin. Since v (W) < 1/2 < 1 — ¢, Wy is e-slacked. W) satisfies
Property 5.8. So for each original bin of type 2, we get at most 3 e-slacked bins and 1 vertical

E:

box of weight at most €.

Type 3: vi(Wy) < e and vy (Hy) > e

The analysis is similar to type 2. For each original bin of type 3, we get at most 3 e-slacked
bins and 1 horizontal box of weight at most ¢.

Type 4: vi(Wy) > € and vy (Hy) > e

v1 (W) > € implies that v1(Jy) < 1 —¢ and vy (Ky) < 1 — ¢, so Ji and K}, are already
e-slacked. So we have at most 2 e-slacked bins and 2 boxes of weight at most 1/2.

Repacking boxes:

We will now try to pack the boxes into bins. Each of these bins packs some dense boxes and
some non-dense boxes. If multiple dense boxes were packed in a bin, we can use Lemma 5.5
to repack them into a single dense box and move that box to an edge of the bin. Bins that
only pack horizontal boxes satisfy Property 5.8. Bins that only pack vertical boxes satisfy
Property 5.7.
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Among By, Bs, ..., By, let there be my, bins of type k.

The number of e-slacked bins is at most 3mq + 3msy + 3ms + 2my < 3m — my. We also have
my + mg horizontal boxes and m; + msy vertical boxes of weight at most € each. Since §; <
£1/2 <eand ) +¢e9 < 26/3+42¢%/9 < ¢, each box has the smaller geometric dimension at most
¢. By Lemma 5.10, the number of bins we need to pack them is at most 2+ = (2my +my+ms).

We have m, horizontal boxes and my vertical boxes that each have weight between ¢ and
1/2. my of these are dense boxes and my4 are non-dense boxes.

The non-dense boxes don’t have big items. Since € > &1 + €5, by Lemma 5.11, the number
of bins needed to pack them is at most 4 + (% + 1%&) my.

By Lemma 5.12, we can pack the dense boxes into 642my /3 bins, where each bin is e-slacked.

The total number of bins used is at most

(3m —my) + (2+1L_8(2m1+m2+m3)) + (4+ (1+ 2 )m4) + (6+2m4)

1 € € My —m
:12+(3+6+:)m+1_8m1+ 6
<12+(3+1+ c >m—(1— c )m1 (m4<m—m1)
- 6 1—c¢ 6 1—¢ -
g12+(3+1 : >m. (e < 1/8)
6 1—¢

]

Lemma 5.14. Given a packing of items I into m bins, when d = 1 and item rotations are
allowed, we can round up the width of some non-dense wide and big items in I to a multiple of
€2/4 and round up the height of some non-dense tall and big items in I to a multiple of €2 /4

and repack I into (3 + 1%5) m + 1 e-slacked bins such that each bin satisfies Property 5.7.

Proof sketch. Using techniques from the proof of Lemma 5.13, we get at most 3m e-slacked bins
and at most m vertical boxes, where each box has total weight at most €. Using Lemma 5.10,

we get the desired results. O
We can summarize Lemmas 5.8, 5.9, 5.13 and 5.14 as follows:

Theorem 5.15. Given a packing of I into m bins, we can round up the width of some non-
dense wide and big items in I to a multiple of € /4 and round up the height of some non-dense
tall and big items in I to a multiple of €2 /4 and repack I into at most am+b e-slacked bins such
that each bin satisfies either Property 5.7 or Property 5.8. Here the values of a and b depend

on the value of d and whether item rotations are allowed. See Table 5.1.
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Table 5.1: Values of ¢ and b for Theorem 5.15.

a b Lemma
rotations forbidden d+4 0 Lemma 5.8
rotations allowed d+3 0 Lemma 5.9
= 1 and rotations forbidden 3+ é + - 12 Lemma 5.13
d = 1 and rotations allowed 3+ ] i 6 1 Lemma 5.14

5.3.3 Rounding Weights

Definition 5.11 (Weight classes). Two items iy and iy are said to belong to the same weight

class iff one of these conditions hold:

i1 and iy are big and Vj € [d],v;(i1) = v;(i2)

i1 and iy are non-dense and wide and V5 € [d],v;(i1)/h(i1) = v;(i2)/h(i2).
i1 and iy are non-dense and tall and Vi € [d],v;(i1)/w(i1) = v;(iz) /w(iz).
i1 and iy are non-dense and small and Vj € [d],v;(i1)/a(i1) = v;(i2)/a(iz).
i1 and iy are dense and light and Vj € [d],v;(i1)/Vmax(i1) = vj(i2) /Umax(i2).

i1 and iy are dense and heavy and Vj € [d],v;(i1) = v;(ia).

Big items that have the same geometric dimensions and the same weight class are identical.

We will round the geometric dimensions of dense items to 0, so heavy items of the same weight

class would be identical.

Definition 5.12 (Slicing and fractional packing). Let I be a set of items. 1 is called a slicing

of I zﬁf can be obtained from I by one or more of the following operations:

Horizontally slicing a non-dense wide item (i.e., if a wide item 1 is sliced into items iy
and iy, then w(i) = w(iy) = w(iz) and h(i) = h(iy) + h(is)).

Vertically slicing a non-dense tall item (i.e., if a tall item i is sliced into items i and is,
then h(i) = h(i1) = h(iz) and w(i) = w(iy) + w(iz)).

Slicing a non-dense small item in one or both dimensions.

Slicing a light dense item of zero area.

A packing of_/f into bins 1s called a fractional packing of I.
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Wide non-dense items of the same width and of the same weight class can be used inter-
changeably while trying to get a fractional packing. Similarly, tall non-dense items of the same
height and of the same weight class are interchangeable, small non-dense items of the same
weight class are interchangeable and light dense items of zero area and the same weight class
are interchangeable.

We will now see how to round the weights of items so that they belong to a constant number

of weight classes.

5.3.3.1 Rounding Weights of Non-Dense Items
Transformation 5.13. Given an item i, ¥j € [d],

o Ifi is big, round up v;(i) to a positive multiple of £3¢/8.
e Ifi is wide and non-dense, round up v;(i) to a positive multiple of h(i)e1e/8.
e Ifi is tall and non-dense, round up v;(i) to a positive multiple of w(i)e1e/8.

o Ifi is small and non-dense, round up v;(i) to a positive multiple of a(i)e/8.

Lemma 5.16. Transformation 5.13 is valid, i.e., for any item i, Vj € [d],v;(i) < 1 after the

transformation.

Proof. Since e7*,e7! € Z, the transformed weight of a big item can be at most 1.
Since g9 < (1 —¢)e?, the weight of a non-dense wide/tall /small item is at most e5/e? < 1—¢

and rounding it up can only increase it by at most £/8. O

Lemma 5.17. Let a bin J be p-slacked, for /8 < u < e. Then after applying Transforma-
tion 5.13, the bin will be (pu — €/8)-slacked.

Proof. If the bin contains a single item, it will remain p-slacked after the transformation.
Suppose the bin contains multiple items, then Vj € [d],v;(J) < 1 — p. Let there be p big
items. Let the total height of wide non-dense items be H. Let the total width of tall non-dense
items be W. Let the total area of small non-dense items be A.
The total area of big items is at least pe?, of wide items is at least e H and of tall items is

at least e;W. Since the total area of items in J is at most 1,
Ep+eH+eW+ALL,
The total increase in v;(.J) is at most

%(gfp +eaH+eW+A)<

| ™
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Therefore, the resulting bin is (1 — £/8)-slacked. O

Observation 5.18. Since we round up weights of non-dense items in Transformation 5.13,
some items may not continue to satisfy the non-denseness property, i.e., vj(i)/a(i) may exceed
1/e? for some items i and some j € [d].

Howewver, this will not affect us much. Formally:
(a) Big items will remain non-dense, since a(i) > €3 and Vmax(1) < 1.

(b) Small items will remain non-dense, since vVmax(7)/a(i) will be rounded up to a multiple of
/8, and /8 divides 1/&3.

(c) For wide items, vmax(i)/a(i) may rise to at most 1/ + /8. Furthermore, vmax(i)/h(i)
will be rounded to a multiple of £1€/8, and e1e/8 divides 1/e2, $0 Vmax (1) /h (i) will continue

to be at most 1/3.

(d) For tall items, vmax(1)/a(i) may rise to at most 1/e3+¢/8. Furthermore, vmax (1) /w(i) will
be rounded to a multiple of £12/8, and €1/8 divides 1/€3, 50 Vmax (i) /w (i) will continue

to be at most 1/&3.

Even if vpay(i)/a(i) of some non-dense items exceeds 1/e% after Transformation 5.13, we

will continue to consider them non-dense items.

Lemma 5.19. Define npywe = (8/(c26))%, nywe = (8/(€36))% , nawe := (8/(c2¢))". After Trans-
formation 5.13, the number of weight classes of big items is at most Ny, of wide non-dense
items is at most Nywe, Of tall non-dense items is at most Nywe and of small non-dense items is

at most Ngwe-

5.3.3.2 Rounding Weights of Dense Items

Transformation 5.14. For item i, if i is non-dense, do nothing. If i is dense, set w(i) and
h(i) to 0 and for each j € [d], if v;(i) < (¢/8d)Vmax(i), then set v;(i) to 0.

Since Transformation 5.14 rounds down weights, we need to prove that we can easily undo

this transformation.

Lemma 5.20. Let J be a set of items. Let J' be the items obtained by applying Transforma-
tion 5.14 to J. Suppose we’re given a packing of J' into a bin that satisfies Property 5.7(b) and
is p-slacked, for some p > ¢/8.
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Then there is a polynomial-time algorithm to convert the packing of J' into a packing of J
that satisfies Property 5.7(b), is (u — €/8)-slacked, and the position of non-dense items in the

packing of J is the same as the position of non-dense items in the packing of J'.
(Analogous lemma holds for Property 5.8(b))

Proof. By Lemma 5.5, we can always pack dense items in J in polynomial time into a box of
height 1 and width d4. Since dq < £,/2, this box fits in S#). Therefore, Property 5.7(b) is
satisfied.
Now we will prove that the packing of J is (u — e/8)-slacked. There are 3 cases to consider:
Case 1: Vj € [d],v;(J') <1—
For each j € [d] and each dense item i, reverting the transformation increases v;(i) by at most
(£/8d)vmax (7). So by Lemma 4.2, we get

€ € €
. < v (.J — N < v (] - <] = — — .
UJ(J)_U](J)+8dvmaX(J)_vj(J)+8 <1 <,u 8)

Therefore, J is (u — €/8)-slacked.
Case 2: |J'| =1:
Then |J| =1, so J is p-slacked.
Case 3: |J'| =2 and J' only has dense items and Vi € J';1/2 — u < vpax (i) < 1/2:
The 0-value dimensions of i increase to (£/8d)Vmax (1) < Vmax(Z), SO Umax (i) remains the same

across this transformation. So J is p-slacked. O

As the first step in rounding dense items, we apply Transformation 5.14 to I.
Since g1 < 1/4d, we get e < (£/8d)e;. Hence, Transformation 5.14 forces heavy items to
be heavy in all non-zero dimensions.

Now we will use different transformations on heavy and light items.
Transformation 5.15. For a dense item i, if v;(i) > €1, round up v;(i) to a multiple of 1¢/8.

Lemma 5.21. Let J be a packing of items into a bin that is p-slacked, for some p > /8. Let
J' be the packing obtained by applying Transformation 5.15 to dense items in J. Then J' is a
(u — €/8)-slacked packing.

Proof. Case 1: Vj € [d],v;(J") <1—

For each j € [d], there are less than e;' items i in J such that v;(i) > &,. For each such
item, v;(i) increases by less than e,6/8. Therefore, v;(J') < v;(J) + ¢/8. Therefore, J is
(1 — €/8)-slacked.
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Case 2: |J| =1
|J'| =1, so J' is p-slacked.

Case 3: |J| =2 and J only has dense items and Vi € J,1/2 — u < vpax (i) < 1/2:
e;'e™! € Z, s0 1/2 is a multiple of £,2/8. Therefore, for each item 4, vyay(i) increases to at
most 1/2. So J is u-slacked. O

Lemma 5.22. The number of distinct heavy items after Transformation 5.15 is at most

e ()

Proof. This is because large vector dimensions are rounded to at most 8/e1e — 8/¢ distinct

values. O

Transformation 5.16. For a dense item i, if vnax(i) < €9, then for each j € [d], round up
V(1) /Umax(1) to a power of 1/(1 +¢/8) if vj(i) > 0.

Lemma 5.23. Let J be a packing of items into a bin that is p-slacked, for some /8 < u < e.
Let J' be the packing obtained by applying Transformation 5.16 to dense items in J. Then J’
is a (u — €/8)-slacked packing.

Proof. Case 1: Vj € [d],v;(J") <1—p
For each j € [d], v;(i) increases by a factor of at most 1+ ¢/8. So,

0 (1) S o) (14 2) S v + o

Therefore, J' is (u — €/8)-slacked.
Case 2: |J| =1:
Umax(7) < 1 after the transformation, so the packing is valid and |J’| = 1. Therefore, J' is
pu-slacked.
Case 3: |J| =2 and J only has dense items and Vi € J,1/2 — g < vpax () < 1/2:
Since g5 < 1/2—¢ < 1/2— p and the transformation only applies when v, (7) < €9, J remains

the same after the transformation. ]

Lemma 5.24. After Transformation 5.16, the number of distinct values of the weight vector

of light items is at most

N T
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Proof. This is because v;(i)/Umax(?) is lower-bounded by €/8d because of Transformation 5.14.
[

Transformation 5.17 (Weight-rounding). For a set I of items, weight-rounding is the process
of applying Transformations 5.13, 5.14, 5.15 and 5.16 to all items. A set I of items is said to
be weight-rounded iff I is invariant under Transformations 5.13, 5.14, 5.15 and 5.16.

5.3.4 Rounding the Other Side

So far, for each item, we have seen how to round their weights and how to round one geometric
dimension. In this subsection, we will see how to use linear grouping to round the other
geometric dimension. We will show that after this operation, the items will belong to a constant

number of homogeneous classes (see Condition C1.3 in Section 4.3.4).

5.3.4.1 Rounding Geometric Dimensions of Non-Dense Items

Transformation 5.18 (Linear grouping). Suppose we are given a packing of items I into m
bins, where I is invariant under Transformation 5.13 and each bin satisfies Property 5.7(a).
Partition the big items in I by their width and weight class. Partition the tall non-dense
items in I by their weight class. The number of partitions is constant by Property 5.7(a) and
Lemma 5.19. Let 015 :=ee1/(d+ 1) (so 51;1 €Z).
For each partition S of big items, do the following:

1. Order the items in S in non-increasing order of height.

2. Let k = |0,|S|| +1. Let Sy be the first k items, Sy be the next k items, and so on, till
Sr, where T = [|S|/k] < 1/é,. Fort € [T, S; is called the t™ linear group of S. The
first item in Sy is called the leader of S;, denoted as leader(S;).

3. Increase the height of each item in Sy to h(leader(S1)). Unpack the items S1—{leader(S;)}.

4. For eacht € [T)—{1} and each j € [|Si|] — {1}, let i be the j™ item in S; and let i’ be the
g% item in S;_1. Note that h(i') > h(leader(S;)) > h(i). Increase h(i) to h(leader(S;))
and pack 1 where i was packed. Since i has the same width and weights as ', the geometric
constraints are not violated and the total weights of the bin do not increase. The number

of distinct heights in S now becomes at most T' < 1/6,.

For each partition S of tall items, do the following (see Fig. 5.4):
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1. Order the items in S in non-increasing order of height and arrange them side-by-side on

the real line, starting from the origin.

2. Let the total width of S be W. Let Sy be the items in the interval [(t — 1)0, W, to,W].
Slice the items if they lie on the boundaries of the interval. S; is called the t™ linear group
of S. The first item in Sy is called the leader of Sy, denoted as leader(S;).

3. Increase the height of each item in Sy to h(leader(S1)). Then unpack S;.

4. For eacht € [1/05] — {1}, move the items in S; to the space occupied by S,y (items in Sy
may need to be sliced for this) and increase the height of each item i € Sy to h(leader(Sy)).
This doesn’t violate geometric constraints since Sy and S;_1 have the same total width
and this doesn’t increase the total weights of the bin because all items in S have the same

weight class. The number of distinct heights in S now becomes at most 1/9g.

X X

Figure 5.4: Linear grouping tall items. Here 0y, = 5.

We can extend the definition of this transformation to bins satisfying Property 5.8(a) by

swapping vertical and horizontal directions. (Partition big items by height and weight class and
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partition wide items by weight class. Then round up the width of items in each partition using

the above techniques.)

Lemma 5.25. Let J be a set of big and tall items and let p € [0,1) be a constant. Define
span’ (i) := max (w(z‘),min (”j‘%"}i’), 1)) Then ), span’(i) < 1 implies J can be packed into
a p-slacked bin where all items touch the bottom of the bin.

Proof. > .., w(i) < Y. span’(i) < 1.

Vi € J,span’(i) > 0. So if span’(i) = 1 for some i € J, then |J| = 1. So J can be packed
into a bin, and the bin is p-slacked since |J| = 1.

Now let span’(i) < 1 for all i € J. SO Vpax(i) < 1 — g and Vj € [d],

) =Y o) < 0= Y 2= < - ) P spath <1

ieJ ieJ icJ
Therefore, J can be packed into a p-slacked bin. O

Lemma 5.26. Suppose we are given a packing of items I into m bins, where I is invariant

under Transformation 5.13 and each bin satisfies Property 5.7(a). Let U be the items unpacked

by linear grouping (Transformation 5.18). Then U can be repacked into %m + 1 number of

e-slacked bins that satisfy Property 5.7.

1
dense items in /. For any J C K, define span’(J) := ., span’(i).

Proof. Define span’(i) := max <w(i), min <”’“+"€(1), 1)) Let K be the set of big and tall non-

Interpret each item ¢ € U as a 1D item of size span’(i). Order the items such that big items
in U appear before tall non-dense items in U. Pack them on the bottom of new bins using the
Next-Fit algorithm. By Lemma 5.25, they will require at most 2span’(U) + 1 e-slacked bins.
These bins satisfy Property 5.7(a) since the width of all big items in U is a multiple of €7 /4,
and they satisfy Property 5.7(b) since U only contains non-dense items.

In Transformation 5.18, we partitioned all big items in I by width and weight class. Let
S C I be one such partition. Given the way we created the groups Sy, Ss, ..., we get |[SNU| <
[01g|S]]. Since all items in S have the same width and weights, span’(¢) is the same for each
1 € S. Therefore,

span’(SNU) = span’(i)|S N U| < span’(i) [dig] S]] < g span’(,S).

In Transformation 5.18, we partitioned all tall non-dense items in [ by weight class. Let

S C I be one such partition. Given the way we created the groups Sp, S, ..., we get w(S N
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U) = §gw(S). All items in S have the same weights-to-width ratio, which is at most 1/? by
Observation 5.18(d). Since g5 < e3(1 —¢), we get v;(i) < 1—¢ for all i € S, so span’(i)/w(i) is

the same for each ¢+ € S. Let that common ratio be o. Then,
span’ (S NU) = aw(SNU) < adw(S) = dgspan’(S).
Summing over all partitions S, we get

span’(U) = Y _span’(UN S) <Y by, span’(S) < b, span’(K). (5.1)
S S

For i € K, we get

max (w(i), U‘;‘f‘;i)> Lﬂ max (w(2), Vmax(2)) 1

max (w(i)h(i), Vmax (7)) = ;IlaX (w(i)er, Vmax (1)) — (1 — p)er

span’ (1)
span(i)

<

The last inequality follows because for big and tall items, h(i) > &.

The number of bins used to pack U is

26
2span’(U) + 1 < 2§ span’(K) +1 < ﬁ span(K) + 1
&1 — &
2(d—|— 1)5lg 2e
R 1= 1.
- 51(1—5)m+ 1—€m+

The first inequality follows from (5.1) and the third inequality follows from Lemma 4.1. O

Lemma 5.27. Suppose we are given a packing of items I into m bins, where I is weight-
rounded, each bin is p-slacked for some p < e, and each bin satisfies either Property 5.7 or
Property 5.8. Then after applying linear grouping (Transformation 5.18) to this packing of I,

we get a packing of items T into m/ bins, where all of the following hold:

~

e [ is a rounding-up of I and contains a constant number of homogeneous classes (see

Condition C1.3 in Section 4.5.4).

e Kach bin in the packing off 15 p-slacked and satisfies either Property 5.7 or Property 5.8.

, 2e
em < [(1+ m + 2.
1—¢

Proof sketch. Follows from the definition of linear grouping and Lemma 5.26. Note that we
apply linear grouping separately to bins satisfying Property 5.7 and bins satisfying Property 5.8.
m
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5.3.4.2 Coarse and Fine Partitioning

Our approach so far has been to start from an optimal packing of items and show how to modify
it to obtain an approximately-optimal structured packing of a rounded instance. However,
the rounding algorithm must round items without knowing the optimal packing. To design
such an algorithm, we first need to introduce additional concepts: coarse partitioning and fine
partitioning.

At a high level, our rounding algorithm first partitions the items by weight classes to get a
coarse partitioning. It then further partitions the coarse partitions to get a fine partitioning. It
then rounds up the geometric dimensions of items in each fine partition to make that partition
homogeneous.

We will first formally define coarse and fine partitioning. We will then restate Theorem 5.15
and Lemma 5.27 using the language of fine partitioning. Then in Section 5.4, we will see an

algorithm for computing a fine partitioning of I.

e Let B(I) be the set of big items in I.

e Let W(I) be the set of wide non-dense items in /.
e Let H(I) be the set of tall non-dense items in I.
e Let S(I) be the set of small non-dense items in I.
e Let D“'(I) be the set of light dense items in I that are either tall or small.
e Let DY2(I
e Let D™(I) be the set of heavy dense items in I that are either tall or small.

(

o Let D2

~— —

be the set of light dense wide items in I.

I) be the set of heavy dense wide items in 1.

When the set of items [ is clear from context, we will use B, W, H, S, D', D42 DM D" to

refer to these sets.

Definition 5.19 (Coarse partitioning). Let I be a weight-rounded instance. Partition items
I by their weight classes. Then for each partition containing dense items, split that partition
into 2 partitions: one containing only tall and small items and the other containing only wide
items. The resulting partitioning is called a coarse partitioning of I.

We number the coarse partitions in B arbitrarily from 1 onwards. There will be at most
Nbwe Such partitions by Lemma 5.19. Denote the p™ coarse partition by B,.

Similarly, denote the p™ coarse partition

o in W by W,, where p € [Nywel-
e in H by H,, where p € [Nywe|.
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o in S by S,, where p € [Ngwc].
e in D" by DL, where p € [nie].

e in D" by D52, where p € [nyye].
e in D" by D', where p € [Nipye).

e in D"? by D, where p € [Npye).

Observation 5.28. There is a unique coarse partitioning of I. Furthermore, the unique coarse

partitioning can be found in O(|I|) time.

In Theorem 5.15 and Lemma 5.27, widths of wide and big items are rounded. The rounding
is different for Theorem 5.15 and Lemma 5.27: In Theorem 5.15, we round the widths of some
items to multiples of €2 /4 so that the bin satisfies Property 5.7(a), and in Lemma 5.27, we round
the widths of items in bins satisfying Property 5.8(a) using linear grouping. To get a rounding
algorithm, we have to guess whether the bin of a wide or big item will satisfy Property 5.7 or

Property 5.8. We will capture these guesses in the fine partitioning.

Definition 5.20 (Fine partitioning). Let Q := Z N [i n 1i] R = {1,2,...,%}, Q, =
1 g
82 €2
{xGR:(q—l)f<x§qzl}.
Given a coarse partitioning of a set I of items, let (B;“,Bg) be a partitioning of B,
W, W;) be a partitioning of Wy, and (H,, H;L) be a partitioning of H,.
= w(i) € Q.

e BY is partitioned into sets {By, . 1 q € Q,r € R} wherei € By,

e Bl is partitioned into sets {B} . :q € Q,r € R} whereie€ Bl = = h(i) € Q,.

o W is partitioned into sets {WY, : q € Q} where i € WY = w(i) < e} /4.
. W; is partitioned into sets {W]fm 11T € R}

e H) is partitioned into sets {H,’. : r € R}.

H) is partitioned into sets {H)' : q € Q} where i € H), = h(i) < qe}/4.

oy . . . og . . . h
A fine partitioning of I is any partitioning of I into sets of the form By, ., By, ., W),
h h L1 L2 phl b2
Wy, Hy., H} ., Sp, Dy*, Dp*, Dy, Dy~

p7r’ p7r7

Note that for a given set I of items, there can be multiple fine partitionings.
Given a fine partitioning, we use the ‘x’ character in superscript or subscript to denote
the union of some partitions. For example, By, = U, By, and W, = |J, Wy, and
1. il h1
Dyt =Dy U Dy
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When item rotations are allowed, the fine partitioning includes information on which items
to rotate, and we can assume without loss of generality that H(I) = D*? = Bf,*7* = Wf* =

Transformation 5.21. Given a fine partitioning of I, execute the following operations:

o Vie BY ,UWY increase w(i) to qe?/4.

*7q7* *7q7
e Vie B, ,UH!  increase h(i) to qe1/4.

e Vi € B, ., increase h(i) to max;epw h(i).

e Vie B}, ., increase w(i) to maX;epr  w(i).
o Vie W}, increase w(i) to maX;eyyp, w(4).
o Vi € Hy,, increase h(i) to max;egw h(i).

The number of fine partitions is constant and after applying Transformation 5.21, each

partition is homogeneous.

Definition 5.22 (Semi-structured packing of fine partitioning). Suppose we are given a fine
partitioning of items I. A packing of items J C I into a bin is said to be ‘division-1 semi-
structured’ with respect to the fine partitioning iff J doesn’t contain items from Bfm*, W,ff*,
Hﬁ* and D*?* and J satisfies Property 5.7.

A packing of items J C I into a bin is said to be ‘division-2 semi-structured’ with respect to
the fine partitioning iff J doesn’t contain items from BY, ., W, H!, and D*' and J satisfies
Property 5.8.

Packing of items into bins is called semi-structured iff each bin is either division-1 semi-

structured or division-2 semi-structured.

Definition 5.23 (Balanced fine partitioning). A fine partitioning is said to be balanced iff it

satisfies all of the following conditions:
i Vp,Vr, h<W£r) = 61gh(W;*)
° Vp,Vr,w(H;‘jr) = 51gw(H;’j*)

e Vp,Vq, the sets {B;,‘jq’r :Vr} can be obtained from B, . by ordering the items in B}, , in

non-increasing order of height (breaking ties arbitrarily) and putting the first k items in
BY .. the next k items in BY_,, and so on, where k := |0,|BY, .|| + 1.

p,q,17 D:q,27
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e Vp,Vq, the sets {B]’,}’q,r :Vr} can be obtained from B;ﬁq’* by ordering the items in ng’* m
non-increasing order of width (breaking ties arbitrarily) and putting the first k items in

Bh and so on, where k := |8,/ B || 4+ 1.

) 10 the next k items in B)

P,q,27
We now restate Theorem 5.15 and Lemma 5.27 in terms of fine partitioning.
Lemma 5.29. Let I be a set of items and T be the items obtained by weight-rounding I. Then

there exists a balanced fine partitioning of a slicing of T such that after applying Transforma-

tion 5.21 to 1, there is a semi-structured (5e/8)-slacked fractional packing off into

(1+ 12_55) (aopt(I) +b) +2

bins. Here a and b are as defined in Table 5.1 in Theorem 5.15.

Proof. By Theorem 5.15, we can round up the width of some big and wide non-dense items in
I to the nearest multiple of £2/4 and round up the height of some big and tall non-dense items
in I to the nearest multiple of €2/4 and then pack I into aopt(l) + b e-slacked bins such that
each bin satisfies either Property 5.7 or Property 5.8. Let B be such a bin packing of I. By
Lemmas 5.17, 5.21 and 5.23, B gives us a (5¢/8)-slacked packing of I

Call the bins in B that satisfy Property 5.7 division-1 bins. Call the rest of the bins division-
2 bins. The items whose width needs to be rounded up to a multiple of £2/4 are the big and
wide items in division-1 bins and the items whose height needs to be rounded up to a multiple
of €2/4 are the big and tall items in division-2 bins. No other items need to have their width
or height rounded up in the packing B produced by Theorem 5.15.

Let 1% and I" be the items of I in division-1 bins and division-2 bins respectively.

We can compute the coarse partitioning of 1. Define

BY:=B,NI" Wy =W,NI" HY:=H,NI"

Th Th Th

Bl:=B,NI W) =Ww,NI H':=H,NI
Define

o By i={i€ By :(q—1ei/4 <w(i) < get/4}.

° B;j,q ={i e B;j (g —1)e?/4 < h(i) < qe?/4}.

o« Wy = {i € Wy (g — 1e?/4 < w(i) < qe?/4}.

. Hﬁq ={ie H;} (g —1)e2/4 < h(i) < qe2/4}.
Define
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BY, . as the 7" linear group of BY, (see Transformation 5.18).

h th |3 h
By, as the r™ linear group of By .

W}, as the r' linear group of W

th 1
Hp, as the ™ linear group of H'.

This is how we get a fine partitioning of a slicing of 1.
As per Lemma 5.27, on applying Transformation 5.21 to f, the resulting instance can be
sliced and packed into (1 + =) (aopt(I) + b) + 2 number of (5¢/8)-slacked bins. O

5.4 Rounding Algorithm

Let I be a set of weight-rounded items. To use Lemma 5.29 to get an approximately-optimal
packing of items I, we would like to iterate over all balanced fine partitionings of slicings of
I. However, even if we don’t consider slicings, doing that will take exponential time, since for
each big, wide and tall item, we need to decide whether to designate it as a division-1 item or
a division-2 item.

We can get around this problem by iterating over a polynomial-sized set Sy of fine partition-
ings such that each balanced fine partitioning P of a slicing of I is ‘close to’ a fine partitioning

P in Si. We will now define what we mean by ‘close to’.

Definition 5.24 (Predecessor of a set of items). Let I and Iy be sets of items. Interpret each
item 1 € I as a bin whose geometric dimensions are the same as that of i and whose weight
capacities are the same as the weights of i. Iy is said to be a predecessor of Iy (denoted as
I, X 1) iff Iy can be sliced and packed into I.

We will design a polynomial-time algorithm iterFineParts that takes as input a weight-
rounded set [ of items and outputs a set Sy of pairs such that for each balanced fine partitioning
P of a slicing of I, there exists a pair (D, ﬁ) € Spp such that all of these conditions hold:

e P is a fine partitioning of I — D.

e After applying Transformation 5.21 to P and 7/5, each partition in P is a predecessor of

the corresponding partition in P.

e D is a set of non-dense items (called discarded items) such that span(D) is small compared

to span([).
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5.4.1 Big Items

We will describe an algorithm, called partBig, that takes a coarse partition B, of big items as

input, and outputs multiple fine partitionings of B,. We can use partBig as a subroutine in

iterFineParts.
To design partBig, we will guess the cardinality of sets B}, . and B{,”qm for each ¢ and r.
We will then guess the maximum height in BY, = and the maximum width in B} . Then for

each guess, we will solve a max-flow problem to check if items in B, can be assigned to these
sets. The details can be inferred from Section 3.3.1 of Pradel’s thesis [66], but for the sake of
completeness, we give the full details in Sections 5.4.1.1, 5.4.1.2 and 5.4.1.3.

Formally partBig(B,) outputs a set of pairs of the form ({}, P), where P is supposed to
be a fine partitioning of B,. In Section 5.4.1.2, we prove the following important results about

partBig.

Claim 5.30. partBig(B,) generates O(n?@1+1/%)) < O(ndd+0/eety yalues, where n == |B,),

and the running time per value is O(n?/ee,).

Lemma 5.31. Let P :={B,, . :Vq,Vr} U{B{;w : Vq,Vr} be a balanced fine partitioning of B,,.
Then there is an output ({},P) of partBig(B,) where P = {ngqm : Vg, Vr} U {Eﬁq’r : Vg, Vr}
such that P is a fine partitioning of B, and after applying Transformation 5.21,

Yq,Vr, BY < B“ and B" < B"

p,q,r p,q,r p,q,r 21 P

partBig for the rotational case is similar to the non-rotational case: When rotations are
h

allowed, assume without loss of generality that B;, , = {}. We will guess the cardinality and
maximum height in sets B}/, .. Then for each guess, we will solve a max-flow problem to check

if items in B, can be assigned to these sets, possibly after rotating some items.

5.4.1.1 A Constrained Partitioning Problem

We will now describe a constrained partitioning problem and its solution using a max-flow
algorithm. We will later show how to use an algorithm for this constrained partitioning problem
to implement partBig.

In this problem, we are given as input a set [ of items and a set J of targets. For simplicity
and without loss of generality, assume I = [n] and J = [m]. For the j*™ target, we are given a
‘desired cardinality’ b;, such that Z;n:l bj =n. We are also given a set £ C I x J. An item ¢
is said to be feasible for a target j iff (7, ) € E.
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We have to either assign each item to exactly one feasible target such that the number of
items received by the j™ target is b;, or we have to declare that such an assignment is not
possible. An instance of the constrained partitioning problem is given by the tuple (1, J, b, E).
Here b is a vector of length m.

We will create a flow network G’ = (V' E’) for this problem. Create a source vertex s and
a sink vertex t. Create a vertex u; for each item i. Create a vertex v; for the j™ target. Add
an edge of capacity 1 from s to each u;. Add an edge of capacity b; from each v; to t. For each

(i,7) € E, add an edge of capacity 1 from u; to v;. Therefore, we get
E' = {(s,ui,1) : Vi € I} U{(us,v,1) :V(i,j) € E}YU{(vj,t,b;) : Vj € J}.

See Fig. 5.5 for an example.

Figure 5.5: Maximum flow for a network with n =5, m = 3 and b = [2,2,1]. Edges are labeled
with their capacities and unlabeled edges have capacity 1. Dashed edges have flow 0. Solid
edges have flow equal to capacity.

Lemma 5.32. If we know an integral flow f of value n for the network G', we can use f to

get a feasible solution to the constrained partitioning problem.

Proof. In such a flow, f(s,u;) = 1 for all ¢ and f(v;,t) = b; for all j. By the conservation
constraint at u;, there will be exactly one j for each i such that f(u;,v;) = 1. Assign item i to

this 5. This gives us a feasible assignment of items to targets. O]

Lemma 5.33. The flow network G' has mazimum flow equal to n iff there exists a feasible

assignment of items to targets.

Proof. The cut ({s},V’ — {s}) has value n. By the max-flow-min-cut theorem [25, Theorem

26.6], the max-flow is at most n.

80



If there is a feasible assignment m : I — .J, then we can set the flow f : E/ — Ry as
f(s,u;) =1, fus, vry) =1, f(vj,t) = b; and flow 0 for the remaining edges. This is a feasible
flow of value n, so it must be a max-flow.

Suppose there is a max-flow of value n. Since all capacities are integers, by the max-flow
integrality theorem [25, Theorem 26.10], there is an integral max-flow f of value n. Then by

Lemma 5.32, there exists a feasible assignment. O

Lemmas 5.32 and 5.33 give us an algorithm for the constrained partitioning problem, which

we call constrPartSolve (see Algorithm 2).

Algorithm 2 constrPartSolve(/, J, b, F)

LV ={st}U{u;:ielfuU{v;:je J}

2 B ={(s,u;, 1) : Vi e I} U{(us,v5,1) :V(i,5) € EYU{(vj,t, b)) : Vj € J}

3: Get an integral max-flow f for G’ = (V’, E’) using the Ford-Fulkerson algorithm [25].
4: if f has flow-value |I| then

5: Let (i) be the unique value of j such that f(u;,v;) = 1.

6: return 7

7: else

8: return null

9: end if

Lemma 5.34. constrPartSolve([n],[m],b, E) runs in time O(n(n+ m+ |E|)).

Proof. The flow network has n + m + 2 vertices and n + m + |E| edges. The Ford-Fulkerson
algorithm takes time O(n(n +m + |E])). O

5.4.1.2 partBig Without Item Rotations

We will now describe partBig for the case where item rotations are forbidden. Let B, be a

coarse partition of big items in /. We will guess the cardinality of sets B}, . and ng,r for each

. . . . . . . h
q and r. We will then guess the maximum height in B}, . and the maximum width in B, for

each ¢ and r. Then for each guess, we will check if items in B, can be assigned to these sets.
Let

4 4 g2 g2
=ZN|—+1, - = R:(g—1)2L <z <gt
Q Ll+,€%} Qq {me (=1 x_q4}

There are |Q] sets BY, . and there are |Q| sets B}, ,. We will guess the cardinality of all

of them. The number of guesses is at most 1 + n??l. Since the fine partitioning is balanced,
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we can find [BY, | from |BY, | and we can find |B) | from |B! _|. Let b, . and b" . be the

cardinalities of B . and Bqu,r, respectively. Let b be the vector containing all by , , values.
Next we will guess the maximum height in By, . and the maximum width in B} . There

are a total of 2|Q|/dg = 8(d + 1)(1 — 1) /ee} sets, and there are n items in B,. Therefore, the

number of guesses would be at most n®@+1/ =Y. Let hy . be the guess of the maximum height

. w h . . . h
in By, . and w, .. be the guess of the maximum width in By .

After these guesses, we say that item i is feasible for B} . iff w(i) € Q, and h(i) < by, .,

and item ¢ is feasible for Bl . iff k(i) € Qq and w(i) < w! . Let E be the pairs of feasible

assignments of items to these sets. An item can be feasible for at most 1/d), sets of the form
BY, . and at most 1/dy sets of the form B} = (because ¢ is determined by width or height).

Therefore, |E| < 2n/d,.

We can find a feasible assignment of the items B, to these sets (if one exists) using algorithm

8(d + 1)(1 — 51)} 7b7 E) |

e’

constrPartSolve <Bp, {

The time taken to run constrPartSolve is O(n?/eg;). We summarize partBig in Algorithm 3.

Algorithm 3 partBig(B,):

1: outputs = {}
2: for each guess b (the cardinalities of the sets) do

3: for each guess b, . and w}! . for each ¢ € Q and r € [1/8] do

4: Compute F, the set of pairs of feasible assignments.
8(d+1)(1—

5: m = constrPartSolve (Bp, [ (d+ )(3 51)} , b, E>

eey

6: if m # null then

7: Let P be the fine partitioning deduced from .

8: outputs. add(({},P))

9: end if

10: end for

11: end for

12: return outputs

Claim 5.30. partBig(B,) generates O(n*@1+1/%)) < O(ndd+0/eety yalues, where n == |B,),

and the running time per value is O(n?/ee,).

Lemma 5.31. Let P :={B,, . :Vq,Vr} U{Bﬁw : Vq,¥r} be a balanced fine partitioning of B,,.
Then there is an output ({},P) of partBig(B,) where P = {E;‘jq,r : Vg, Vr}u {éﬁqm : Vg, Vr}
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such that P is a fine partitioning of B, and after applying Transformation 5.21,

Vq,Vr,Ew < BY and Eg < B!

p,q,r — b,q,r 4,7 — pqur.
Proof. In each iteration, constrPartSolve ensures that each item is assigned to exactly one
w h :
be correct. In that iteration, a feasible assignment of items to the sets exists. Therefore, the

set, so P is a fine partitioning of B,. In some iteration, the guesses b, h

output 7 of constrPartSolve will not be null.
All items in B have the same weights. After applying Transformation 5.21, all items in
B® have width ¢e2/4 and height 1, and all items in BY_ _have width ge2/4 and height at

p?q?T p?q?r p7q7r

w Dw w fn g nh h
most ', .. Therefore, B, . = By, .. Similarly, B} . < B, . O]

5.4.1.3 partBig With Item Rotations

We will now describe partBig for the case where item rotations are allowed. Let B, be a coarse
partition of big items in I. When rotations are allowed, assume without loss of generality that

B, . = {}. We will guess the cardinality and maximum height in sets BY, .. Then for each

*7*7* p?q?r.

guess, we will check if items in B, can be assigned to these sets, possibly after rotating some
items.
The number of guesses of |By, .| is at most 1 + n!@l Since the fine partitioning is balanced,

we can find |B} | from |BY .[. Let by . be the guess of |[B)) .| Let hy, . be the guess of

the maximum height in BY, . There are at most (2n)9/% = (2n)4@+1/=% possible guesses for

p?q’r :

maximum heights.
After these guesses, we say that item i is feasible for B}’ . without rotation iff w(i) €

Qq and h(i) < hy . and i is feasible for By, . after rotation iff h(i) € @, and w(i) < hy, .. Let
E be the pairs of feasible assignments of items to these sets without rotation and Es be the
pairs of feasible assignments of items to these sets after rotation. An item can be feasible for
at most 1/6), sets without rotation and feasible for at most 1/}, sets after rotation. Therefore,
|E1 U Ey| < |Ey| + |Es| <2n/d.

We can find a feasible assignment of the items B, to these sets (if one exists) using algorithm

4d+1)(1 —eq)

3 ]bEUE)
ey

constrPartSolve <Bp, {

The time taken to run constrPartSolve is O(n?/es;). We summarize partBig in Algorithm 4.

Claim 5.35. partBig(B,) generates O(n|Q+1/%)) — O(n4d+1/ety yalues, where n = |B,),

and the running time per value is O(n?/ee;).
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Algorithm 4 partBig(B,) (with rotations):

1: outputs = {}
2: for each guess b (the cardinalities of the sets) do

3: for each guess hy, . for each ¢ € Q and r € [1/d},] do

4: Compute E7, the set of pairs of feasible assignments without rotations.
5: Compute Es, the set of pairs of feasible assignments after rotations.

6: 7 = constrPartSolve (Bp, {4<d + 16)5(31 — 51)} b, By U E2>

7: if m # null then :

8: Let P be the fine partitioning deduced from 7.

9: Vi € By, rotate item i in P iff (1,m(1)) & Er.

10: outputs. add(({}, P))

11: end if

12: end for

13: end for

14: return outputs

Lemma 5.36. Let P :={B,, . :Vq,Vr} be a balanced fine partitioning of B,. Then there is an
output ({},P) of partBig(B,) where P := {é;‘jq,r :Vq,Vr} such that P is a fine partitioning of
B, and after applying Transformation 5.21,

Vq,¥r,BY,, < B, ..
Proof. In each iteration, constrPartSolve ensures that each item is assigned to exactly one
set. Therefore, P is a fine partitioning of B,,.
vqr Will be correct. In that iteration, a feasible
assignment of items to the sets exists. Therefore, the output P of constrPartSolve will not
be null.

All items in B? have the same weights. After applying Transformation 5.21, all items in
BY _have width ¢e2/4 and height h%_ and all items in BY,  have width ¢2/4 and height at

p,q,T p,q,r p,q,r

w A’LU w
most ', .. Therefore, B . < By, . ]

In some iteration, the guesses b and h

5.4.2 Wide and Tall Items

We will describe an algorithm, called partWide, that takes a coarse partition W, of wide items
as input, and outputs multiple fine partitionings of ,. We can use partWide as a subroutine

in iterFineParts.
Let P := {Wy, : Vq} U{W}'. : Vr} be a balanced fine partitioning of a slicing of TW,. We
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want partWide to find a fine partitioning P := {W;"’q : Vq} U {/V[Z?,T : Vr} of a large subset of
W, such that after applying Transformation 5.21 to P and P, every fine partition in P is a
predecessor of the corresponding fine partition in P.

For any J C W, define h(J) := >
rectangular box for each fine partition and then try to pack a large subset of W, into these
boxes. Let Q :=7Z N [ﬁ +1, é] For each ¢ € @, let s’ be a box of width qe?/4 and height
h(W,). For each r € [1/dy], let s} be a box of width w(W}.) and height h(W},). Since we
don’t know W and W |
bounds on h(W ) and h(W},). We will then try to pack most of the items from W), into these
boxes.

Let /W]}fq be the items packed into s and let W;T be the items packed into s”. Then
P = {W;"’q : Vg U {W;r : Vr} is a fine partitioning of a large subset of W,. After applying
Transformation 5.21 to P and P, each item in W and /W;f’q has width g7 /4. Since h(/W;f’q) <
ﬁs}]") < h(W}:,), we get /I\/V;ﬁ’q = W, after Transformation 5.21. We can similarly prove that
Wl < W}, Therefore, P is a suitable fine partitioning.

The details on how to approximately guess the size of boxes and how to pack a large subset

ey P(1) and w(J) = max;c;w(i). We will create a

we will guess the value of w(WlﬁfT) and we will guess very close lower

of items into boxes can be deduced from Section 3.3.1 of Prédel’s thesis [66]. However, for the
sake of completeness, we give the details in Sections 5.4.2.1 and 5.4.2.2.

Formally, partWide(W,) outputs a set of pairs of the form (D,73), where items in D are
called discarded items and P is supposed to be a fine partitioning of W, — D. In Section 5.4.2.2,

we prove the following important results about partWide.

Lemma 5.37. For every output (D,73) of partWide(W,),

WD) < (322) (d+1 4 4>'

£€1 g2 &

Lemma 5.38. Let P := {W} : Vg U{W}" :Vr} be a balanced fine partitioning of a slicing of
W,. Then for some output (D,73) of partWide(W,,), P is a fine partitioning of W, — D and
after applying Transformation 5.21 to P and P, we get (Vq, /W;‘jq < W) and (¥r, /W;’T =Wk

Claim 5.39. Let there be n items in W,. Let n, := 4/e? — 4/e;. Then partWide(W,) outputs

at most 51gn”‘1+1+1/51g distinct values. The running time per value is O(nlogn).

partWide can analogously be used for sub-partitioning coarse partitions of tall items.

When item rotations are allowed, partWide(W,) gives us HY, instead of W/ .
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5.4.2.1 Rectangle Stacking Problem

We will describe a problem, called the rectangle stacking problem, and look at an efficient
algorithm for this problem, called greedyStack. We will later see how to use greedyStack to
implement partWide.

In the rectangle stacking problem, we are given a set S of rectangular boxes and a set
I of rectangles. For any rectangle or box i, let w(i) and h(z) be the width and height of i,
respectively. For any set T' of rectangles, w(7T') is defined as max;er w(i), and h(T') is defined
as ) iep h(1).

Our aim is to pack a large subset of rectangles from [ into the boxes S. In each box s, the
rectangles should be stacked, i.e., placed one-over-the-other. This means that if T" is the set of
rectangles assigned to box s, then h(T) < h(s) and w(T) < w(s).

We will analyze a simple algorithm for this problem, called greedyStack. greedyStack
first sorts the rectangles and boxes in decreasing order of height. Starting from the first box, it
repeatedly packs rectangles into the box till the box overflows, i.e., the rectangles packed inside
the box have height more than the height of the box. It then discards the overflowing rectangle
and resumes from the next box. If greedyStack ever comes across a rectangle whose width is
more than the width of the current box, it returns fail. If greedyStack uses up all boxes but
some rectangles haven’t yet been packed or discarded, it returns fail. Otherwise it returns
the tuple (D,T4,T5,...,Tjs|), where D is the set of discarded rectangles and 7} is the set of
rectangles packed into box j. See Algorithm 5 for a more precise description of greedyStack.

See Fig. 5.6 for an example output of greedyStack.

|
|

Figure 5.6: Example output of greedyStack for 9 rectangles and 3 boxes. The dark rectangles
are discarded.

Lemma 5.40. When greedyStack doesn’t return fail, it stacks all rectangles in I — D into
boxes S and |D| < |S|.

86



Algorithm 5 greedyStack(/,S): Horizontally stack a large subset of rectangles from [
into rectangular boxes S. Returns a set D C [ of discarded rectangles and a partitioning
T1,T5,...,Tjg of I — D such that the rectangles in T} can be stacked into the 5 box.

1: Sort the rectangles I in non-increasing order of width.

2: Sort the boxes S in non-increasing order of width. Let s; be the £ box.

3 7=1

4: D =A{} // set of discarded rectangles
5: Ty, = {} for k € [|S]]. // set of rectangles in sy,
6: for i € I do

7: if j > |S| then

8: return fail

9: else if w(i) > w(s;) then

10: return fail

11: else if h(i) > h(s;) — h(T}) then

12: Add rectangle 7 to set D.

13: g +=1

14: else

15: Add rectangle ¢ to T}. // Stack rectangle i into box s;.
16: end if

17: end for

18: return (D, T, T5,...,Tjg).

Proof. We discard a rectangle only when it overflows a box, and when a box overflows, we
switch to a new box. Hence, there can be at most |S| discarded rectangles. (In Algorithm 5,
we add a rectangle to D whenever we increment j, and we only do that at most |S| times.
Therefore, |D| < |5].)

If greedyStack didn’t fail, then each rectangle either got packed or discarded. Therefore, all
rectangles in I — D are packed into boxes. (The conditional statements in Algorithm 5 ensure
that when greedyStack tries to stack a rectangle in line 15 of Algorithm 5, it can actually do
so. Since greedyStack doesn’t return fail, every rectangle is either stacked into a box or is
added to D.) O

Lemma 5.41. If a set I of rectangles can be horizontally sliced and stacked into boxes S, then

greedyStack(/, S) does not return fail.

Proof. We will prove this by contradiction. Let T := |J, T Let dj be the k™ discarded
rectangle (i.e., dj is the rectangle that was added to D when the value of j was equal to k in
Algorithm 5). Then h(dy) + h(T%) > h(sk).

Suppose greedyStack([,.S) fails because some rectangles were left in the end (i.e., at line
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8 in Algorithm 5). Then

S| |S|

W(T) +h(D) =D (W) + h(dy)) > > _ h(sk) > h(I),

k=1 k=1
which is a contradiction.

Suppose greedyStack(/,S) fails because some rectangle i was wider than box j, (i.e., at
line 10 in Algorithm 5 because w(i) > w(s;)). Then there cannot be any rectangle in the j™
box, because rectangles are sorted in non-increasing order of width and if a rectangle can fit in
the ;' box, all subsequent rectangles can fit too.

Let X :={i' € I :w(i') > w(i)} U{i}. In a fractional stacking of I into S, the rectangles
in X are placed in the first j — 1 bins. This is because i’ € X = w(/) > w(i) > w(s;).
Therefore, h(X) < 327~1 h(si). On the other hand,

j-1 j-1
WX ={i}) = MT) + M(D) = p_(h(T}) + h(dr)) > ) h(sk).
k=1 k=1
This is a contradiction. Therefore, greedyStack(/, S) cannot fail. []

Claim 5.42. The running time of greedyStack(I,S) is O(|I|log|I| + |S|log|S]).

5.4.2.2 Partitioning Wide Items

Let W, be a coarse partition of wide items in I. Let P := {W¥ : Vq} U{W} :Vr} be a
balanced fine partitioning of a slicing of W,,. Our aim is to find a fine partitioning P = {/W;”q :
Vq} U {/VI?;T : Vr} of a large subset of W, such that after applying Transformation 5.21 to P
and P, every fine partition in P is a predecessor of the corresponding fine partition in P.

For any J C W), define h(J) := > .,
rectangular box for each fine partition and then try to pack a large subset of W, into these
boxes. Let Q :=7Z N [i + 1, %] For each ¢ € @, let s’ be a box of width qe?/4 and height
h(W2,). For each r € [1/dy], let s be a box of width w(W},) and height A(W).). Since W,
can be sliced and packed into these boxes, we can use greedyStack to pack |IW,| — O(1) items
into these boxes (see Lemmas 5.40 and 5.41). Let W;f’q be the items packed into s;’ and let
W;r be the items packed into s". Then P := {/W;’jq :Vq} U {W;T : Vr} is a fine partitioning of
a large subset of W),

After applying Transformation 5.21 to P and 73, each item in W} and /W;f’q has width
gei/4. Since h(WY,) < h(s¥) = h(W), we get WY, = WY after Transformation 5.21. We

h(i) and w(J) := max;eyw(i). We will create a
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can similarly prove that W;T = W;T. Therefore, P is a suitable fine partitioning.
Unfortunately, the above algorithm cannot be used, because we don’t know the values of
h(We), h(W},.) and w(W},), so the boxes cannot be created. We can work around this
issue by guessing these values. We will guess w(W}",) exactly and guess h(W,%,) and h(W} )
approximately. Guessing a value x approximately means guessing the smallest multiple of 9
that is greater than or equal to x. Since our guess h(sy’) could be up to g5 more than h(W,’,) and
our guess h(s") could be up to e, more than h(W},), we will also discard items that intersect
the top e5-sized section of each box. For each guess, we will get a fine partitioning P. One of our
guesses will be correct, i.e., for some value of ﬁ, we will get (Vq, W;"’q = W) and (Vr, W;T =

ngfr). We call this algorithm partWide, which is described more precisely as Algorithm 6.

Lemma 5.37. For every output (D,ﬁ) of partWide(W,),

d+1 4 4>
+ = .
£&€1 &1 &1

h(D) < (3e3) (

Proof. Let D = Dy U Dy, where Dy and Dy are as defined in Algorithm 6.

S U S £ b (s — i + 1) = i -t
h(Dy) < &3] Dy| < €5]S” U S"|. (by Lemma 5.40)
h(Ds) < (2¢2)]S¥ U S"|.

Therefore, h(D; U Dy) < (3g9)|S¥ U Sh. O

Lemma 5.38. Let P := {W2, :Yqy U{W}" :Vr} be a balanced fine partitioning of a slicing of
W,. Then for some output (D,73) of partWide(W,), P is a fine partitioning of W, — D and
after applying Transformation 5.21 to P and 73, we get (Vq, /W];f’q = W;.) and (¥r, /Wlffr =< Wlffr).

Proof. All items, except the ones in D, are placed into some fine partition. Therefore, P is a
fine partitioning of W, — D.

The first loop guesses w(WZ?’T) for each r. Some iteration of the loop will guess correctly.
The second loop guesses an integer i such that h(W),) € [keq(io — 1), keaip] and for each
q € [Gmin; Gmax] guesses iy such that h(Wy ) € [(iy — 1)eg,i4€2]. Some iteration of the loop will
guess correctly.

Since P is balanced, h(W}',) = dzh(W),). Therefore, for the correct guess of ig, h(W}),) €

p,r
[62@0 — 1), €2i0].
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Algorithm 6 partWide(WW,): Returns a set of pairs of the form (D,73), where P is a fine-
partitioning of W, — D.

1: outputs = {}

2 Qmin = 4/51 + 1, quax = 4/5%

3 k= 1/51g

4: for [wy, w,...,wy] € {w(i) :i € W,}* do

h h Gmax —(qmin+1
for [i07 iQmirﬂ iQmin‘Fl? o 77:‘]max] S {’Vm—‘} X [’Vw—‘} do

5:
k?&fg E9

6: // Create boxes and pack items in them.

7: For ¢ € [Gmin, Gmax], let sy’ be a box of width qe3/4 and height e9i,.
8: Let S* = {5 : ¢ € [qmin, Gmax] }-

9: For 7 € [k], let s" be a box of width w, and height eyig.

10: Let S = {s":r € [k]}.

11: (Dy, Ty ... T TP, ..., T}) = greedyStack(W,, S* U S")
12: if greedyStack failed then

13: continue

14: end if

15: // Clear a strip of height €5 in each box.

16: Dy ={}

17: for ¢ € [¢min, Gmax) dO

18: while h(T}") > h(s;’) — &2 and |T;°| > 0 do

19: Move an item from T, to Ds.

20: end while

21: end for

22: for r € [k] do

23: while h(T") > h(sh) — &5 and |T"| > 0 do

24: Move an item from 7" to Ds.

25: end while

26: end for .

27 For all ¢ € [gmin, Gmax], use 1" as the fine partition W}’ .

28: For all r € [k], use T as the fine partition W;T (or ﬁ;;jr if rotations are allowed).
29: outputs. add(D; U Dy, {W;‘fq : Vg U {W;T :Vr}))
30: end for
31: end for

32: return outputs

All items in W;"q can fit in Sy because

62

w N w w 1 .
h’(sq) = Zq€2 Z h(Wp,q) and w(sq) = qZ 2 iIEnMg}gui U)(Z)
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All items in W can fit in s because

h(s) = ioe2 > h(W}),) and w(s}) = w, = Zrenma}pi(rw(z)
Therefore, a slicing of W, can fit in the boxes S* U S". So, for the correct guesses, Lemma 5.41
implies that greedyStack(W,, S* U S") doesn’t fail,

Since we cleared a strip of height ey from each box, Vg, h(T;*) < (iy — 1)ea < h(W,).
Wide items can be sliced horizontally, all items in W), have the same weight class and all items
in T;* and W will have width ge}/4 after Transformation 5.21. Therefore, after the above
transformations, W, < W .

Since we cleared a strip of height &, from each box, Vr,h(T") < (ip — 1)es < h(W}),). All
items in 7)" and W', will have width w, after Transformation 5.21. Therefore, after the above

transformations, W), < W}/, [

Claim 5.39. Let there be n items in W,. Let n, := 4/e? — 4/e;. Then partWide(W,) outputs

nq+1+1/51g

at most dign distinct values. The running time per value is O(nlogn).

5.4.3 Rounding Algorithm

We define an algorithm, called iterFineParts, that takes as input a set I of weight-rounded
items and returns a set of pairs of the form (D, 73), where D C I is the set of items to discard
and P is a fine partitioning of I — D.

iterFineParts works by first computing a coarse partitioning of the items. Then for each
coarse partition B, of big items, it calls partBig(B,), for each coarse partition W), of wide items,
it calls partWide(W),), and for each coarse partition H, of tall items, it calls partWide(H,). It
then iterates over all combinations of the outputs of partBig and partWide and outputs a pair
(D, 73) for each combination. See Algorithm 7 for a more precise description.

We next use iterFineParts to design the algorithm round. round takes a set I of items. It
removes medium items from [ using removeMedium. It computes a weight-rounding (Transfor-
mation 5.17) of I — I ,eq to get 1. Then for each output (D, 73) of iterFineParts(f), it computes
fby applying Transformation 5.21 to T — D with respect to P and outputs (T, DU Iiyeq). See
Algorithm 8 for a more precise description of round.

Assume that in an output (7 , D) of round([, ), the knowledge of the associated fine parti-

tioning is implicitly present in I.
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Algorithm 7 iterFineParts(/): [ is a set of weight-rounded items. Returns a set of pairs of
the form (D, P), where D is a subset of items to discard and P is a fine partitioning of I — D.

1: outputs = {}
2: {B, :Vp} U{W, : Vp} U{H, : Vp} U (small and dense partitions) = coarse-partition(I)
Nbwe Nwwe Nwwe
3: iters = H partBig(B,) x H partWide(V,) x H partWide(H,)
=1 =1 -1
4: for L € iﬁ:ers do ’ ’ // L is a list of pairs
5: P = (small and dense partitions)
6: D = {}
T for (Eb,i%) e L do
8: D=DUD,
9: Include partitions of 7/5j into P.
10: end for
11:  outputs.add((D,P))
12: end for

13: return outputs

Lemma 5.43 (Polynomial-time). The total number of outputs of round(I) is O(n"), where

there are n items in I and

8(d+1) 4 d+1
V= NMbwe———3— + 2Nywe | 5 T+ .

The time for each output is at most O(n?/esy).
Proof. Follows from Claims 5.30 and 5.39. m

Lemma 5.44 (Low discard). Let (I, D) be an output of round(I,e). Then

span(D’) < espan([) +

62N wwe (d +1 4 4 )
2 5=

< espan(l) + 6(d + 5)627?:“.
1

Proof. Let D' = D U Ieq. By Lemma 5.1, span(/peq) < espan(l). Let D; be the wide items
in D and D, be the tall items in D. Since all items in D come from partWide, D only contains

non-dense items and D = D{ U D,. Let

+ = - =
£&1 &1 &1

d+1 4 4
A 1= Nywe(3€2) < + ) )
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Algorithm 8 round(/,¢): Returns a set of pairs of the form (f ,D"), where D’ is a subset of
items to discard and [ is a rounding of [ — D'.

1: outputs = {}

0 5 . 1 2e
: = 1min —_—
0 4d+1 3

(Imed, €2,€1) = removeMedium(/, e, f, dp) // f will be described later
// Assume € and 1 are passed as parameters to all subroutines and transformations.
Let I be the weight-rounding (Transformation 5.17) of I — Ijeq.
for (D,P) € iterFineParts(I) do
Let I be the instance obtained by applying Transformation 5.21 to T — D based on the
fine partitioning 73.~
outputs. add((Z, D U Ijeq)).
9: end for
10: return outputs

*

By Lemma 5.37, h(D;) < X and w(D3) < .
h(i h(i
span(D;) = Z max(a(i), Umax (7)) < Z max (h(@'), —;)> < LQZ < %
€Dy ieDy 1 ; 1 €1
Similarly, span(Dy) < \/e?. O

Lemma 5.45 (Homogeneity). Let (I, D) be an output of round(I, ). Then the number of types

of items in I is at most a constant:

3

8(d + 1)npwe d+1
( i )nb + 2nwwc ( -
€ey

4
+ _2> + Ngwe + 2(nlwc + nhWC)'
€€y €1

Proof. After applying Transformation 5.21 to I— D, all non-dense items in each fine partition

have:

e the same weight class.
e the same width, if the fine partition contains only wide or big items.

e the same height, if the fine partition contains only tall or big items.

From the definition of fine partitioning, the number of different partitions of non-dense items

1s at most
SNMiyw 1 4
2b 2 2nwwc (_ + > _'_ Ngwe
€101 Og €7
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In each division, there are nyy. distinct heavy dense items and ny,. weight classes in light dense
items by Lemmas 5.22 and 5.24. O

Table 5.2: Upper bound on the number of different types of items

no. of types
Division-1 big items (B}, ,) 4(d + 1)npye /e’
Division-2 big items (Bf**) 4(d + 1) Ny /€3
Division-1 wide non-dense items (W,’,) ANy €7
Division-2 wide non-dense items (W) | (d + 1)nywe/cc1

Division-1 tall non-dense items (H.",) | (d+ 1)nywe/c€1
Division-2 tall non-dense items (H"))

Ay /€7
Small non-dense items (S,) Nswe
Division-1 heavy dense items (D™!) Nhwe
Division-2 heavy dense items (Dh’2) Nhwe
Division-1 light dense items (D"!) Niwe
Division-2 light dense items (Dl’z) Niwe

Lemma 5.46. Let P be a balanced fine partitioning of a slicing of I. Then there is some output
(D, 73) of iterFineParts([) (Algorithm 7) such that P is a fine partitioning of I — D and after

Transformation 5.21, each partition in P is a predecessor of the corresponding partition in P.
Proof. Follows from Lemmas 5.31 and 5.38 ]

Theorem 5.47. There is an output (]:, D U Iyeq) of round([,€) such that I can be fractionally
packed into at most (1 + £=) (aopt(I)+b)+2 semi-structured (5 /8)-slacked bins. Here values
of a and b are as per Table 5.1.

Proof. Let m := (1 + =) (aopt()+b)+2. Lemma 5.29 guarantees the existence of a balanced
fine partitioning P of a slicing of T such that after applying Transformation 5.21, there is a
(5e/8)-slacked fractional packing of T into m bins that is semi-structured relative to P.

By Lemma 5.46, we get that there is a fine partitioning P of I — D such that after applying
Transformation 5.21, each partition of P is a predecessor of the corresponding partition of
P. Therefore, we can pack each item in I into the place of some items in the packing of
I — D. Therefore, there is a (5¢/8)-slacked fractional packing of I into at most m bins that is

semi-structured relative to 73 O
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5.5 Existence of Compartmental Packing

Definition 5.25 (Compartmental packing). Consider a semi-structured packing of items I into
m bins, of which my bins are division-1 bins and m — my are division-2 bins.

A compartment s defined to be a rectangular region in a bin such that every item either
lies completely inside the region or completely outside the region. Furthermore, a compartment
doesn’t contain big items, and a compartment doesn’t contain both wide and tall items.

In a division-1 bin, a compartment is called a dense compartment iff it is the region SU)
and it contains a dense item (recall that S .= [1 —&,/2,1] x [0,1]). In a division-1 bin, a

compartment is called a sparse compartment iff it satisfies all of these properties:

e The compartment doesn’t contain dense items.

o The compartment contains at least 1 wide item or 1 tall item. If it contains wide items, it
15 called a wide compartment, and if it contains tall items, it is called a tall compartment.

e The x-coordinate of the left edge of the compartment is a multiple of €3 /4.

e The compartment’s width is a multiple of €2/4, and if the compartment is tall, its width
is exactly €% /4.

e The compartment’s height is rounded, i.e., if the compartment is wide, its height is a
multiple of a constant eeony = €€2/12 (note that e, € 7Z), and if the compartment
is tall, its height is a sum of the heights of at most 1/e; — 1 of the items inside the

compartment.

A diwvision-1 bin is said to be compartmental iff we can create non-overlapping dense and
sparse compartments in the bin such that all wide items, tall items and dense items are packed
mto compartments.

We can analogously define compartmental packing for division-2 bins by swapping the coor-
dinate axes. A semi-structured bin packing of items is called compartmental if each bin in the

packing is compartmental.

Lemma 5.48. Let there be a rectangular bin B := [0,1)%. Let there be a set I of rectangles
packed inside the bin. Then there is a polynomial-time algorithm which can decompose the

empty space in the bin (B — 1) into at most 3|I| + 1 rectangles by making horizontal cuts only.

Proof. Extend the top and bottom edges of each rectangle leftwards and rightwards till they
hit another rectangle or the bin boundary. This partitions the empty space into rectangles R.
See Fig. 5.7 for an example.

For each rectangle ¢ € I, the top edge of 7 is the bottom edge of a rectangle in R, the bottom
edge of i is the bottom edge of two rectangles in R. Apart from possibly the rectangle in R
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Figure 5.7: Using horizontal cuts to partition the empty space around the 3 rectangles into 9
rectangular regions.

whose bottom edge is at the bottom of the bin, the bottom edge of every rectangle in R is
either the bottom or top edge of a rectangle in I. Therefore, |R| < 3|I| + 1. O

Lemma 5.49. If there exists a semi-structured p-slacked packing of items I into m bins, then

there exists a compartmental p-slacked fractional packing of I into (1 + 2¢/(1 — p)) m+ 2 bins.

Proof. Consider a division-1 bin. By Property 5.7(b), we get that all dense items (if any) lie in
dense compartments. Next, using the method of Section 3.2.3 in [66] (Rounding the Other Side
> Containers for the wide and long rectangles), we can slice items and create non-overlapping
compartments in the bin without moving any item such that all tall and wide items are packed
into compartments. Their method works by first constructing tall compartments and then using
the algorithm of Lemma 5.48 to partition the space outside tall compartments and big items
into wide compartments. The resulting packing is compartmental, except that compartments’
heights are not rounded. We will now show how to round the heights of compartments.

Let there be n, tall compartments in the bin and ny,, big items in the bin. Define

4 1 4 12 /1 12
Mtcont *= —3 ——1 §_3 Nweont ‘= —3 ——1 +1§_3
€1 \&1 €1 g1 \ &1 3

In the bin, there are 4/¢? slots of width €2/4 and height 1. Consider one such slot. Let there
be k big items that intersect that slot (k can be 0). The height of each big item and each
sparse tall compartment is more than ;. Therefore, the number of tall sparse compartments
in that slot is at most 1/e; — 1 — k. Each big item spans at least 4/¢; + 1 slots, and reduces

by 1 the number of tall compartments in the slots it spans. Hence, the number of tall sparse
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compartments is at most

<4 L 1 4+1 <4 L 1
< 5 (——1) =g | — <= = = 1) — Nbig = Ntcont — Nbig-
t_€% 81 big 51 5% 1 big tcont big

By Lemma 5.48, the number of wide compartments is at most 3(n; + nbig) + 1 < Nyeont.-

Since small items can be sliced in both dimensions, we can treat them like a liquid. For each
tall sparse compartment C' in the bin, let the tall items in C sink down in this liquid. Then
shift down the top edge of C' to the top edge of the topmost tall item in C' (so some small items
will no longer be inside C'). Then the height of C' will be the sum of the heights of at most
1/e; — 1 tall items inside C' (since tall items have height > &; and C' has height at most 1).

For each wide compartment C' in the bin, unpack a horizontal slice of height A(C') mod econt
from C' (this may require slicing items) and move down the top edge of C' by h(C') mod ecops.
This rounds down h(C') to a multiple of €¢opt-

Apply the above transformation to all division-1 bins and an analogous transformation to
all division-2 bins. This gives us a p-slacked compartmental packing into m bins. However, we
unpacked some items from wide containers in division-1 bins and tall containers in division-2
bins. We need to repack these items.

Let there be m; division-1 bins. We removed a slice of height less than .., from each wide
compartment in division-1 bins. Let S be the set of all such slices from division-1 bins. There

are at most Nyeony Wide compartments, 80 h(S) < contMweons1. For each slice i € S, define

)= mas (), (2222, 1).

For each slice i € S,

span’ (i) < max (h(z’), Um”‘(i)) < max (h(i% : h(i) ) <- h(i)

Therefore,

h 1 'wCcon
Zspan’(@') < — (5) < ECZO e "y
, ef(l—p) = ef(l—p)

Interpret each slice i € S as a 1D item of size span’(i) and pack the slices one-over-the-other
touching the left edge of bins using Next-Fit. By Lemma 5.25, we can pack them all into

1+23, gspan’(i) bins that are p-slacked. Since econ = €€7/12 < €67 /Nycont, the number of
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bins used to pack S is at most

2€ cont Mrweon 2e
s st

These bins are division-1 compartmental; they have just one wide compartment of width 1 and
height 1.
Similarly, we can pack unpacked items from division-2 bins into at most ﬁ—eu(m —my) + 1

division-2 compartmental p-slacked bins. O]

Theorem 5.50. There is an output (I, D) of round(I,e) such that I has a compartmental
(5¢/8)-slacked fractional packing into at most (14 2¢/(1 —¢€))* (aopt(I) + b) +4/(1 — €) bins.
Here a and b are as per Table 5.1.

Proof. By Theorem 5.47, there is an output (T,D) of round(/,¢) such that I can be packed
into m := (1 +2¢/(1 —¢)) (aopt(I) + b) + 2 semi-structured (5¢/8)-slacked bins.

By Lemma 5.49, the number of compartmental (5¢/8)-slacked bins needed to fractionally
pack I is at most (1 +2¢/(1—¢))m—+2< (1+2¢/(1 —¢))* (aopt(l) +b) +4/(1 —¢). O

Table 5.3: Upper bound on the number of distinct widths and heights for compartments of
different types

Compartment type no. of widths no. of heights

4 12
Division-1 wide - —

d 1 WWwWC ! o
Division-1 tall 1 (d+ Dnwe + 1)
g€l
d+ Ve N7
Division-2 wide <¢ + 1) 1
[N}

12 4

Division-2 tall — —

Since division-1 tall items have (d + 1)nywc/e€1 possible heights, the number of possible

V&=L This is a huge

heights of division-1 tall sparse compartments is ((d + 1)nywe/e1 + 1)
number of possible heights, and it is possible to reduce it by partitioning tall compartments

into weight classes and using linear grouping. We will not perform this improvement here.
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5.6 Packing Algorithm

Let I be a subset of the rounded items. Formally, let (I’, D) € round(/’,¢) and I C I'.

We will first present a polynomial-time algorithm fpack(/, m) that takes as input / and an
integer m and either outputs a fractional packing of I into m compartmental p-slacked bins
(where p < €) or claims that fractionally packing I into m compartmental p-slacked bins is
impossible.

We can use fpack(/, m) to find the optimal compartmental u-slacked fractional packing of I
by using binary search on m. With slight abuse of notation, let fpack(/) denote this algorithm.

Then, we will present an algorithm that finds a p-slacked (non-fractional) packing of I by
using fpack(/) as a subroutine. Note that we’re interested in getting a non-fractional u-slacked

packing of I, but that packing need not be compartmental.

5.6.1 Guessing Bin Configurations
A p-slacked bin J can have one of 4 possible slack types:
1. Normal: Vk € [d],vi(J) < 1 — p.
2. Big single: |J| =1 and J contains a big item and Vk € [d], vx(J) € (1 — u, 1].
3. Dense single: |J| =1 and J contains a dense item and Yk € [d], vg(J) € (1 — pu, 1].

4. Dense double: |J| = 2 and J contains two dense items and Vk € [d],vi(J]) € (1 — p, 1]
and Vi € J, vpax(i) < 1/2.

Note that these slack types are disjoint, i.e., a bin cannot have more than one slack types.

A configuration of a bin is defined to be all of this information: (i) The division type, (ii)
The slack type, (iii) Whether the bin has a dense compartment, (iv) A packing of big items,
heavy items and compartments into the bin.

We will now enumerate all possible configurations that a bin can have.

For a division-1 bin, there are 4(d + 1)nyy./cc? different types of big items, npy. different
types of heavy items, 48/c¢7 different types of wide compartments and ((d+1)1yye/egy41)/51 71
different types of tall compartments. A bin can pack less than 1/e? big items, less than 1/&
heavy items at most Nyeont Wide compartments and at most ncone tall compartments. Therefore,

by iterating over

4(d +1)n w 1/6%—1 48 TNwcont d +1 T 1/e1—1 Ntcont
n;monfs = <(T3)bc+1> g—i—l (8—5)(:+1 +1
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values (a large constant), we can guess the set of big items, heavy items and compartments in
a division-1 bin of normal slack type that does not have a dense compartment. For a bin that
has a dense compartment, the number configurations to consider is n/__ . (Nhwe + 1)1/5171,

For a bin of big-single slack type, there are at most 4(d + 1)npy./ec; configurations. For a
bin of dense-single slack type, there are at most nyy. configurations. For a bin of dense-double
slack type, there are at most n?__ configurations. Double the number of configurations to also

account for division-2 items. Therefore, the total number of configurations is at most

4(d + 1)anC

2
+ Nhwe T N .
56? W hwe

Nnconfs = 2 (n;lconfs (]- + (nhwc + 1)1/61_1) +
There can be at most Nycont + Ncont items and compartments in a bin (see the proof of
Lemma 5.49). Since the z-coordinate of these items and compartments is a multiple of €% /4,
we can use brute-force to check if they can be packed into a bin. For each item, guess its

x-coordinate and its ‘layer’ number. This will take time O ((4(nwcom + Ngeont)/ 5%)"WC°“+W°””>.

M~+Nnconfs —

Nnconfs —1

configurations. Now for each combination, we will check if the remaining items can fit into the

For m bins, we can have at most ( 1) € O(m"meents=1) possible combinations of

bins.

5.6.2 Fractionally Packing Wide, Tall, Small and Light items

We will use a linear program to fractionally pack wide, tall, small and light items. Note that
bins of non-normal slack type can only have big and heavy items, which have already been

packed, so we won’t consider them any further.

Definition 5.26 (Length and Breadth). For an item i, let the length £(i) be the longer geometric
dimension and the breadth b(i) be the shorter geometric dimension (so for a wide item i, £(i) :=
w(i) and b(i) := h(i), and for a tall item i, (i) := h(i) and b(i) := w(i)). Similarly define ¢

and b for wide and tall compartments.

In any packing of items in a wide compartment, move a line horizontally upwards, as if
scanning the compartment. The line, at each point, will intersect some wide items. The
set of such wide items is called a 1D configuration. See Fig. 5.8 for an example. Similarly
define 1D configuration for items in tall compartments. Any fractional packing of items inside
a compartment can be described by mentioning the breadths of all 1D configurations in the
compartment. The number of types of items is a constant and there can be at most 1/e; — 1

items in a 1D configuration. Therefore, the number of 1D configurations is a constant.
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Figure 5.8: A compartment with wide items from 4 different fine partitions. This compartment
has 5 distinct 1D configurations.

e Let M; and M, be the set of division-1 bins and division-2 bins respectively of normal
slack type. Let M := M; U M,. Let Mp C M be the set of bins that have a dense
compartment.

e Let the set of wide and tall non-dense item types be L. For ¢ € L, let b(t) be the sum of
breadths of items of type ¢ and each item has length ((t).

e Let J; be the set of compartments in bin .

e For compartment j, let C; be the set of feasible 1D configurations and let b(j) be the
breadth of the compartment.

e Let /¢ be the sum of lengths of items in 1D configuration C.

e Let n,c be the number of items of type ¢ in 1D configuration C'

e Let oy ¢ be the weight-to-breadth ratio of 1D configuration C' in the k' vector dimension.

o Let By, be the weight-to-area ratio of weight class p for small non-dense items.

o Let Yy = k(i) /Umax () for a light dense item ¢ in weight class p.

e Let B; be the set of big items in bin .

e Let H; be the set of heavy items in bin 1.

e Let D; be 1 for bin ¢ if it contains a dense compartment and 0 otherwise.

We will fractionally pack items using a linear program that only has constraints and has no
objective function. We call it the fractional packing feasibility program FP. It has variables x,

y and z, where

e ;¢ is the breadth of 1D configuration C' in compartment j.
® y;, is the area of small non-dense items of weight class p in bin 1.
® 2;, is the vy, of light dense items of weight class p in bin ¢. When i ¢ Mp, z;, is the

constant 0 instead of being a variable.

Feasibility program FP:
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> o =0b(j) Vie M,Yj e J;
CGC]'
(compartment breadth constraint)

Nswe

Z Z loxjc + Zyi,p <1- %Di —a(B;)

jeJ; CeCy p=1
Vie M
(bin area constraint)
Nwwe Nwe
Z Z agcTjc + Z BrepYip + Z VepZip < 1 — p—vp(Bi) — ve(H;)
jeJ; Cec; p=1 p=1

Vi e M,Vk € [d]

(bin weight constraint)

Z Z Z ncxjc =0b(t) Vtel

i€M jeJ; CEC;

o>i
(conservation of wide and tall items)
> vip=a(Sy) Vp € [swc]
ieM
(conservation of small items)
Z Rip = Umax(D;w> Vp € [mwc]
i€ My
(conservation of division-1 light items)
_ Lh
Z Zi,p — Umax(Dp ) VP € [nlwc]
i€ Mo
(conservation of division-2 light items)
.fl?j,czo ViEM,VjEJi,VCECj
Yip >0 Vi€ M,Vp € [Ngwe]
Zip >0 Vi € MD,\V/p S [nlwc]

(non-negativity constraints)
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The number of constraints in FP (other than the non-negativity constraints) is at most

4 d+1
Ne ' = m(”wcont + Ncont + d + 1) + 2nwwc <_2 + > + Nswe + 2nlwc
&9 [N
16 4 d+1
< (—3 + d> M+ 2Nywe (—2 + s + 1) (2n1we < Nwwe AN Ngye < Nyre)

< (f +d> m+2(d + 6) e
€1 €1

The number of variables and constraints in FP are linear in m. Therefore, FP can be
solved in time polynomial in m. Furthermore, if FP is feasible, we can obtain an extreme-point
solution to FP.

Therefore, fpack(l,m) guesses all combinations of configurations of m bins and for each
such combination of configurations solves the feasibility program to check if the remaining items
can be packed into the bins according to the bin configurations. Furthermore, fpack(/,m) runs
in time polynomial in m. fpack(/) makes at most O(logn) calls to fpack(/, m) with m < n.

Therefore, fpack(/) runs time polynomial in n.

5.6.3 Getting Containers from a Fractional Packing Solution

Suppose fpack(l) outputs a fractional packing that uses m bins. In each compartment j, we
create a slot of breadth z; ¢ for each 1D configuration C. Since we're given an extreme-point
solution to FP, the number of slots is at most the number of constraints n. by rank lemma.
In each slot, we create n. ¢ containers of type ¢ € L having length ¢(¢) and breadth z;c. See

Fig. 5.9 for an example.

Figure 5.9: A compartment with 6 slots and 12 containers.

Now we (non-fractionally) pack a large subset of wide and tall items into containers and we
pack a large subset of small non-dense and light dense items outside containers. In each wide

container, items will be stacked one-over-the-other. In each tall container, items will be stacked
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side-by-side. We pack the remaining unpacked items into a small number of new bins. This

will give us a non-fractional packing that uses close to m bins.

5.6.4 Packing Light Dense Items

For light dense items, for each bin ¢ and each weight class p € [niy.], keep adding items of
the same division as the bin and from weight class p to the bin till the total vy, of the items
exceeds z;,. Then discard the last item that was added.

As per the conservation constraints for light dense items, all items will either be packed or
discarded. The vy« of items from weight class p that are packed into bin 7 is at most z; .

The number of discarded items is at most the number of z-variables in FP, which is at most
MNiwe. Let D be the set of discarded items. Then span(D) = vyax(D) < (271w )m. We choose
g9 < &/Nwe. Since g3 < e3(1 — €), each item’s weight is at most 1 — . Therefore, we can use
Next-Fit to pack D into 2span(D)/(1 — p) +2 < 2em/(1 — u) + 2 number of u-slacked bins
(by scaling up each item’s weight by 1/(1 — ) before packing and scaling it back down after
packing), where tall and small dense items are packed separately from wide dense items.

The time taken to pack these items is O(|DL*).

5.6.5 Packing Wide and Tall Non-Dense Items

For each item type t, iteratively pack items of type t into a container of type ¢ till the total
breadth of items in the container exceeds x; . Then discard the last item and move to a new
container and repeat. As per the conservation constraints for wide and tall items, all items will
either be packed or discarded.

Treat the items discarded from each slot C' as a single (composite) item of breadth 5, length
{c and weight £5/€? in each dimension. We will pack these composite items into bins, where
wide and tall items are packed separately.

Let D be the set of all such discarded items. Then |D| < n.. For a composite item i, let

span’(i) := max (b(z), min (”f“"@) 1)) .

Treat each composite item as a 1D item of size span’(i). Then by Lemma 5.25, we can use

Next-Fit to pack these items into 2span’(D) + 2 u-slacked bins, where wide and tall items are
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packed separately.

spmﬂ@)ﬁln&x(b@%lei?) Slnmichjﬁ(filﬁ) Seﬁ(fiAO'

Therefore, the number of bins needed is

€92 262(16 + d&‘?) 4<d + 6) E2Nwwe

ne+2 < m + 2.
ef(1—p) l—p e

2span’ (D) +2 < 2————
D=2 )

Therefore, we choose g5 < e€3/(16 + de?) so that the number of new bins needed is at most

2 4(d+ 6 wwe
€ 4ot (+)52n4 .

The time taken to pack these items is O(|L]).

5.6.6 Packing Small Non-Dense Items

In each bin, there are at most Nyeons + Micont cOMpartments and big items (see the proof of

Lemma 5.49). By Lemma 5.48, the free space outside compartments can be partitioned into

16 /1 48
3<nwcont+ntcont)+1§3 o) ——1 +1 —|—1§—3
€1 \&1 €9

rectangular regions. Suppose there are p; slots in bin ¢ for which z; ¢ > 0. The sum of p; over
all bins is equal to n., the number of constraints in FP. Each slot may give us a free rectangular
region in the compartment. Therefore, the free space in bin ¢ can be partitioned into p; + 48 /&3
rectangular regions. Let R; denote the set of these free rectangular regions.

Let M be the set of bins of normal slack type. Let m := |M|. Then

48 64
ieM €1 1

This observation forms the basis of our algorithm packSmall (Algorithm 9) for packing small

non-dense items.
Lemma 5.51. Algorithm packSmall(l, M) doesn’t fail at line 21.
Proof. Since all items have area at most €3,
a(T) < a(r) — 265 + &5 < a(r) — (w(r) + h(r))es + 3 = (w(r) — e3)(h(r) — &2).
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Algorithm 9 packSmall(/, M,y): Here [ is a set of items and M is the fractional packing
output by fpack(I). (z,y, z) is a feasible solution to FP output by fpack(/).

1: Let S, be the p'" coarse partition of small non-dense items in 1.

2: D1 =Dy ={} // sets of items to discard
3: for each bin ¢ € M of normal slack type do

4: Let R; be the set of free rectangular regions in bin 4.
5: [/ Select a set of items to pack

6: S = {}

7: for p € [ngw] do

s S,=0

9: while a(S;,) < v, and |S,| > 0 do

10: Move an item from S, to S; .

11: end while

12: if G(SZ'J)) > Yip then

13: Move the last item in S; , to D;.

14: g\nd lf

15: S=5US,

16: end for

17: // Pack those items into R;
18: while |R;| > 0 and |S| > 0 do

19: Remove a rectangle r from R;. R

20: Let T be the smallest prefix of S such that a(T) > a(r) —2eq or T'= S

21: Pack T" into 7 using NFDH. // We will prove that this is possible
22: S -=T

23: end while R
24: Dy=D,US

25: end for
26: return Dy U Dy // discarded items
Therefore, by Lemma 3.4, we get that T' can be packed into 7. O

Lemma 5.52. In packSmall(/, M), every small non-dense item is either packed or discarded.

Proof by contradiction. Assume 3p € [ngy| such that there are items in S, that are neither
packed nor discarded. Therefore, for each bin 4, at Algorithm 9, a(S;,) > v;,. Therefore, the

total area of all items from 5, that are either packed or discarded is at least

Z Yip = a(Sp), (by conservation constraint in FP)
ieM
which means that all items have been packed or discarded, which is a contradiction. O

Lemma 5.53. Let Dy U Dy = packSmall(l, M). Then a(D; U Dj) < &9 (nswc + % + Zd) m.
1
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Proof. During packSmall(/, M), for each bin, a(D;) increases by at most eongy.. Therefore,
a(Dy) < egngyem.

We know that a(5) < Yot Yip < a(R;). The first inequality follows from the way we chose
S. The second inequality follows from the area constraint in FP.

Case 1: We used up all items in S during bin ¢:
We didn’t discard any items during bin 3.

Case 2: We used up all rectangles in R; during bin ¢:
Then the used area is at least a(R;) — 2¢5| R;|. Therefore, the items discarded during bin i have
arca at most a(S) — a(R;) + 2e5|Ri| < 2¢5|R;|. Therefore,

64
ieM
Lemma 5.54. Let D := packSmall(I, M). Then we can pack D into 2em/(1 — p) + 1 number
of p-slacked bins, where p < €.

Proof. Since €2 < (1 — €)e?, we get that Vi € D, vpax(i) < 1 —¢ < 1 — u. Let span’(i) =
a(i)/e2(1— ). Then by interpreting each i € D as a 1D item of size span’(i), we can pack them
into 2 span’(D) + 1 bins using Next-Fit. In each bin J, vyax(J) < a(J)/e? = (1 — p) span’(J) <
1 — . Also, a(J) < &2(1 — p)span’(J) < (1 — &9)%. Therefore, the bin is u-slacked and by
Lemma 3.4, we can pack items J in the bin using NFDH.

We choose &3 < g€?/ (ngye + 128 /€% + 2d). Therefore, the number of bins needed is at most
2a(D) 2¢e

2span’(D)+1< ———+1<
ef(l— p) 1—p

m + 1. O

The time taken to pack small items is O(nglogng), where ng is the number of small items,

because we need to sort items by height for NFDH.

5.6.7 The Algorithm and its Approximation Factor

We give an algorithm ipack, (Algorithm 10) for packing a subset I of rounded items.

Theorem 5.55. Let (I, D) € round(I’,¢) and I C I'. Let there be m bins in the optimal pi-
slacked compartmental fractional packing of I, where p < e. Then ipacku(]) runs in polynomial

time and outputs a p-slacked packing of I into

6 4(d + 6) x7me
145 )y 5q A4 E O e
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Algorithm 10 ipack#(_f ): Computes a non-fractional p-slacked packing of I. Here p < € and
I C T and (D, I) € round(I’) for some set I’ of items.

1: Let (J,2,y,2) := fpack,(I). Here J is a fractional packing of I into m bins and (z,y, z) is
a feasible solution to the feasibility program FP.

Create containers inside compartments in J using x as per Section 5.6.3.

Pack light dense items into dense compartments using z as per Section 5.6.4.

Pack wide and tall non-dense items into containers as per Section 5.6.5.

packSmall(/, J,y) // Pack small non-dense items outside containers.

bins, where each bin satisfies either Property 5.7(b) or Property 5.8(b).

Proof. fpack([) finds the optimal u-slacked compartmental fractional packing of I in polyno-
mial time. Given the output of fpack(/), ipack can, in O(nlogn) time, compute a packing of
I'into (14 6e/(1 — p))m+ 5+ 4(d + 6)eanywe /1 (1 — ) number of p-slacked bins.

Each bin satisfies either Property 5.7(b) or Property 5.8(b). This is because the m bins
output by the fractional packing are compartmental, and the extra bins either contain only

dense tall and small items or only dense wide items or only non-dense items. O]

We choose g5 := [max (niye/c, (16 4 d?) /ee?, (128 4 €3 (ngwe + 2d))/ee)]~". Therefore, e, €

0(51—5 + €7d€1—(2d+2)>

3 23 72 d -1
Fa) = {max<n?0716+d7128+ ((8/2%) +2d)ﬂ |

. So, the parameter f in removeMedium(I,e, f,dg) is

exd exd

Theorem 5.56. Let I be a (2, d) bin packing instance. For some (I, D) € round(I,e), if we

pack D using simplePack and pack I using ipack, we get a packing of I into at most

4(10d + 51) £2Mwe

(14 17¢)a + 6e(d + 1)) opt({) + O(1) + - i

bins. Here a is the constant defined in Table 5.1 in Section 5.3.2.

Proof. By Theorem 5.50, 3(I, D) € round(I, ¢) such that I has a compartmental (5¢/8)-slacked
fractional packing into at most m := (14 2¢/(1 — €))* aopt(I) + O(1) bins.
By Theorem 4.5 and Lemmas 4.1 and 5.44, we get

| simplePack(D)| < 6span(D) 4+ 3 <6 (5 span(I) + 6(d + 5)62nszc> 43
€1

< 6e(d+ 1) opt(I) + <3 +36(d + 5)€2njfwc> .

€1
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Let J := ipack,([), where y1 := 5¢/8. Then the bins in J are (5¢/8)-slacked. The number

of bins in J is at most

66 4d+6 E2Nwwe
RN P CLOE ;
1 1—p £

2

1—e¢ ¢
4(d + 6) E2Nwwe
l—e e =~

< (1+172)aopt(l) + O(1) +

(e<1/8)

To get a packing of I — D from a packing of f, we need to revert the transformations done
by round. The only transformation in round where we rounded down instead of rounding up is
Transformation 5.14. As per Lemma 5.20, it is possible to undo Transformation 5.14 because
the bins are (5e/8)-slacked and each bin satisfies either Property 5.7(b) or Property 5.8(b). O

By Theorem 5.56, we get that for every ¢’ > 0, there is a (a + £')-asymptotic-approx
algorithm for (2, d) bin packing. We can get a better approximation factor by using the

Round-and-Approx Framework, and we call the resulting algorithm cbPack.

5.7 Using the Round-and-Approx Framework

To use the Round-and-Approx (R&A) framework, we must show how to implement round,

complexPack, unround and solveConfigLP, and we must prove the structural theorem.

1. solveConfigLP(/): Using the algorithm of [53] for (2, d) KS and the LP algorithm of
[72], we get a 2(1 4 ¢€)-approximate solution to configLP(I). Therefore, = 2(1 + ¢).

2. round: We can use Algorithm 8 as round. By Lemma 5.43, round runs in polynomial
time. By Lemma 5.44, round has low discard. By Lemma 5.45, round partitions items

into a constant number of classes.

3. Structural theorem: Theorem 5.50. We call a packing structured iff it is compartmental
and (5¢/8)-slacked. Here p = a(1 + 2¢/(1 — €))%

4. complexPack(S): Use ipack, as complexPack, where u = 5¢/8. By Theorem 5.55,
a=1+6e/(1—c¢).
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5. unround(J): Since the output of ipack is (5e/8)-slacked and each bin satisfies either

Property 5.7(b) or Property 5.8(b), we can use Lemma 5.20 to undo Transformation 5.14.

The other transformations round up, so they are trivial to undo. Therefore, v = 1.

The only remaining requirement of R&A is proving the bounded expansion lemma.

Lemma 5.57 (Bounded expansion). Let (I, D) € round(I,¢). Let K C I be a fine partition of
I. Let C C I be a set of items that fit into a bin and let C' be the corresponding rounded items.

Then span(K N C) is upper-bounded by 1/e, + 1/4.

Proof. To prove this, it is sufficient to prove that Vi € I — D, if item ¢ gets rounded to item 7,

then span(7)/span(z) is upper-bounded by 1/e; + 1/4.

1. Big items: We will consider division-1 big items. The analysis for division-2 big items

is analogous.

w(@) <w(i) +e3/4Ah() <1

w) g a0 1

= wo) ST e S5
a(?) a®) _w@h@ _1 1
span()) = a(i) = w()h() ~ & T 1

Umax (1) + £7€/8
max(a(), Vmax (7))

- 2
< min Uma};@ + E, 1+ £1° ,
7 8 8VUmax (%)

. v
§1+m1n(

Umax(2)
span(z)

<

2. Non-dense wide items:

a(?) a(@) _ w@ _ 1
span (i) = a(i)  w(1) = £1
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(€1 <2/3)



Umax (1) + h(i)(£16/8)
max(h(i)er, Umax(7))
Umax (1) € e e1h(i)

< min ( an() 8T §vmax<i>>
) €1h(i? )
Umax(l)

Umax (7)
span(i)

<

(by Transformation 5.13)

(€1 <2/3)

3. Non-dense tall items: Similar to the non-dense wide items case.

4. Non-dense small items: a(7) = a(i).

Umax ()

Umax (7) + a()(e/8)

span(z)

< (by Transformation 5.13)

max(a(), Vmax (7))

< min (”ma)s<i> P a(i) >
)

(€1 <2/3)

5. Heavy dense items: (See Transformation 5.15)

Umax (7) <14 €1€

Vmax (1) — S8Umax (1)

span(?)

<1+
span(i) -

<

1
< =
€1

ool ™

6. Light dense items: (See Transformation 5.16)

Umax(z) < 1+

Vmax (1)

span(7)
span ()

< <L 0
&1

ool ™

The asymptotic approximation factor given by the Round-and-Approx framework is

o (1 + %) +0(1)e =2 (1 +1In (g)) +0(1)e

Using Table 5.1, for d = 1, we get 2.919065+¢" when item rotations are forbidden and 2.810930+

¢’ when item rotations are allowed.
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Chapter 6

Harmonic Algorithms for dD

Geometric Bin Packing

In this chapter, we focus on the d-dimensional multiple-choice geometric bin packing problem
(dMCBP). This problem generalizes both the non-rotational and rotational versions of dD GBP.
See Section 1.2.2 for a detailed introduction to this problem and its significance.

In dMCBP, we are given a set Z = {1, I5,...,I,} as input, where for each j, I; is a set of
items, henceforth called an itemset. We have to pick exactly one item from each itemset and

pack those items into the minimum number of bins.

Preliminaries

For convenience, in this chapter only, we will denote non-rotational dD GBP by dBP and non-
rotational dD strip packing by dSP. In dBP and dMCBP, we assume without loss of generality
that bins are dD cubes of side length 1.

We now give an equivalent definition of dIMCBP for notational convenience. Let Z be a set
of itemsets. Let K be a set of items that contains exactly one item from each itemset in Z.
Formally, for each itemset I € Z, |[K N I| = 1. Then K is called an assortment of Z. Let U(Z)
denote the set of all assortments of Z. In dMCBP, given an input instance Z, we have to select
an assortment K € W(Z) and output a bin packing of K, such that the number of bins used is
minimized. Therefore, opt \cpp(Z) = mingcw(z) 0ptypp (K).

Define flat(Z) as the union of all itemsets in Z. Then n := |Z| is the number of itemsets in

Z and N := |flat(Z)| is the total number of items across all itemsets of Z.
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Overview of the Chapter

In Section 6.1, we describe ideas from HDHj [18] that help us devise harmonic-based
algorithms for IMCBP. For two of these ideas, HDH-unit-pack, and weighting functions,

we give more details in Sections 6.5 and 6.8, respectively.

In Section 6.2, we show a simple O(N +nlog n)-time algorithm for IMCBP, called fullhy,
having an AAR of T{, where n is the number of itemsets and N is total number of items

across all the n itemsets.

We present an algorithm for dMCBP, called HGaPy, having an AAR of T/ (1 + ¢) and

(1/6)00/)

having a running time of NO(/<*)p, . We give an overview of HGaP in Section 6.3

and give its details in Section 6.4.

In Section 6.6, we define the dD multiple-choice strip packing problem (dMCSP) and
extend Caprara’s HDH;, algorithm [18] to dMCSP. The algorithm has an AAR of 79! and
runs in time O(N + nlogn).

In Section 6.7, we define the dD multiple-choice geometric knapsack problem (dMCKS),
and for any 0 < € < 1, we show an O(N log N + Nn/e)-time algorithm that is 3¢(1 + ¢)-

approximate.

Caprara [18] showed that no shelf-based algorithm for 2BP or 2SP can get an AAR better
than T, ~ 1.69103, and his HDH,, algorithm achieves an AAR of T,f_l for dBP and dSP.
In Section 6.9, we extend that result to show that no shelf-based algorithm for dBP or
dSP can get an AAR better than 791,

6.1 Important Ideas from the HDH; Algorithm

In this section, we will describe some important ideas behind the HDH, algorithm for dBP by
Caprara [18]. These ideas are the building blocks for our algorithms for dMCBP.

6.1.1 Weighting Functions

Fekete and Schepers [32] present a useful approach for obtaining lower bounds on the optimal

solution to bin packing problems. Their approach is based on weighting functions.
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Definition 6.1. g : [0, 1] — [0,1] is a weighting function iff for all m € Z~qy and z € [0, 1]™,

ixi <l = ig(xz) <1
i=1 i=1

(Weighting functions are also called dual feasible functions (DFFs)).

Theorem 6.1. Let I be a set of dD items that can be packed into a bin. Let g1,92,...,94
be weighting functions. For i € I, define g(i) as the item whose length is g;({;(i)) in the j™
dimension. Then {g(i) : i € I} can be packed into a dD bin (without rotating the items).

Theorem 6.1 is proved in Section 6.8.

6.1.2 The Harmonic Function

To obtain a lower-bound on optgp(/) using Theorem 6.1, Caprara [18] defined a function fy.

For an integer constant k > 3, fi : [0,1] — [0, 1] is defined as

=

fr was originally defined and studied by Lee and Lee [56] for their online algorithm for 1BP,
except that they used k/(k — 1) instead of k/(k — 2). Define type,, : [0, 1] — [k] as

17
typeg(x) = atl’ g )
k< %

q xe(L l] for ¢ € [k — 1]

Define T}, to be the smallest positive constant such that Hy(z) := fp(z)/T} is a weighting
function. We call Hy the harmonic weighting function. We can efficiently compute T} as a
function of k using ideas from [56, 71]. Table 6.1 lists the values of T} for the first few k. It

can also be proven that T}, is a decreasing function of k and T, := limy_,o T} ~ 1.6910302.

Table 6.1: Values of Tj,.

k34 5 6 7 0
Te | 3|2 [11/6 =183 | 7/4=1.75 | 26/15 = 1.73 | ~ 1.6910302

For a dD cuboid i, define (i) to be the cuboid whose length is f;.(¢;(i)) in the j* dimension.
For a set I of dD cuboids, let fi(I) := {fx(i) : i € I}. Similarly define Hy(i) and Hy(I). Define
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type(i) to be a d-dimensional vector whose j™ component is type,(¢;(i)). Note that there can
be at most k? different values of type(i). Sometimes, for the sake of convenience, we may

express type(i) as an integer in [k9].
Theorem 6.2. For a set of I of dD items, vol(f(I)) < T optypp(I).

Proof. Let m := optygp(I). Let J; be the items in the j® bin in the optimal bin packing of I.
By Theorem 6.1 and because Hj, is a weighting function, Hy(J;) fits in a bin. Therefore,

6.1.3 The HDH-unit-pack; Subroutine

From the HDH, algorithm by Caprara [18], we extracted out a useful subroutine, which we call

HDH-unit-pack,, that satisfies the following useful property:

Property 6.2. The algorithm HDH—unit—packE:](I) takes a sequence I of dD items such that
all items have type t and vol(fr(I — {last(I)})) < 1 (here last(I) is the last item in sequence
I). It returns a packing of I into a single dD bin in O(nlogn) time, where n :=|I|.

The design of HDH-unit-pack, and its correctness can be inferred from Lemma 4.1 in [18].
We use HDH-unit-pack; as a black-box subroutine in our algorithms, i.e., we only rely on
Property 6.2; we don’t need to know anything else about HDH-unit-pack,. Nevertheless, for
the sake of completeness, in Section 6.5, we give a complete description of HDH-unit-pack, and

prove its correctness.

6.2 Fast and Simple Algorithm for IMCBP (fullhy)

We will now describe an algorithm for dBP called the full-harmonic algorithm (fullhy). We
will then extend it to dMCBP.

fullh, works by first partitioning the items based on their type vector (type vector is
defined in Section 6.1.2). Then for each partition, it repeatedly picks the smallest prefix J such
that vol(fx(J)) > 1 and packs J into a dD bin using HDH-unit-pack,. See Algorithm 11 for a
more precise description of fullhy. Note that fullhg(/) has a running time of O(|I]log |I|).

Theorem 6.3. The number of bins used by fullhy(I) is less than Q + vol(fx(1)), where Q is
the number of distinct types of items (so Q < k¢).
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Algorithm 11 fullhy(/): Returns a bin packing of dD items I.

1: Let P be an empty list.

2: for each type t do

3: I = {i eI :type(i) = t}.

while || > 0 do
Find J, the smallest prefix of I/l such that J = I'! or vol(fi(J))) > 1.
B = HDH—unit—paCkLﬂ(J). // B is a packing of J into a dD bin.
Append B to the list P.
Remove J from I,

9: end while

10: end for

11: return the list P of bins.

Proof. Let Il be the items in I of type ¢t. Suppose fullh,(I) uses m! bins to pack 1. For
each type ¢, the first m — 1 bins have vol - f; at least 1, so vol(fx(I1))) > ml — 1. Therefore,
total number of bins used is 32  mll < 2% (1 + vol(fx (1)) = Q + vol(fi(I)). O

Lemma 6.4 (Corollary to Theorems 6.2 and 6.3). fullhy(I) uses less than Q + T} optpp (1)

bins, where Q) is the number of distinct item types.

Theorem 6.5. Let T be a dMCBP instance. Let K = {argmin, ; vol(fx (7)) : I € I}, i.e., K
1s the assortment obtained by picking from each itemset the item @ having the minimum value
of vol(f(i)). Then the number of bins used by fullhy(K) is less than Q + T¢ optyncpp (2),
where Q is the number of distinct types of items in flat(Z) (so Q < k?).

Proof. For any assortment K, vol(fy(K)) < vol(fy(K)). Let K* be the assortment in an

~

optimal packing of Z. By Theorems 6.2 and 6.3, the number of bins used by fullhy(K) is less
than

Q+ VOl(fk([?)) < Q4 vol(fu(K*)) < Q + T optypp(K*) = Q + Ty optgyepp (L)- L

Let N := |flat(Z)| and n := |Z]. We can find K in O(N) time and compute fullhy(K) in
O(nlogn) time. This gives us an O(N + nlogn)-time algorithm for iMCBP having AAR T},

6.3 Better Algorithm for IMCBP (HGaPy)

Here we will describe a T,f’l(l+8)—asymptotic—approximate algorithm for IMCBP that is based
on HDH;, and Lueker and de la Vega’s APTAS for 1BP [26]. We call our algorithm Harmonic
Guess-and-Pack (HGaPy). This improves upon fullh, that has AAR T¢.
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Definition 6.3. For a dD item i, let h(i) := £4(i), w(i) := H;l;i fr(l;(2)) and a(i) := w(i)h(7).
Let round(i) be a rectangle of height h(i) and width w(i). For a set X of dD items, define
w(X) =) ,cx w(i) and round(X) := {round(i) : i € X}.

For any € > 0, the algorithm HGaP(Z, ) returns a bin packing of Z, where Z is a set of dD
itemsets. HGaP,, first converts Z to a set 7 of 2D itemsets. It then computes Ppest, which is a
structured bin packing of 7 (we formally define structured later). Finally, it uses the algorithm
inflate to convert Pe into a bin packing of the dD itemsets Z, where | inflate(Pheg )| is very
close t0 |Pyest|- See Algorithm 12 for a more precise description. This approach of converting
items to 2D, packing them, and then converting back to dD is very useful, because most of our
analysis is about how to compute a structured 2D packing, and a packing of 2D items is easier

to visualize and reason about than a packing of dD items.

Algorithm 12 HGaPy(Z,¢): Returns a bin packing of dD itemsets Z, where € € (0, 1).
Let 6 :=¢/(2+ ¢).
7 = {round(I) : I € T}
Initialize Pp,eq to null.
for P € guessShelves(Z,4) do
P = chooseAndPack(Z, P, §)
if P is not null and (Ppes is null or |P| < |Pyes|) then
Prest = P
end if
end for
return inflate(Ppeg)

H
@

A bin packing is said to be shelf-based if items are packed into shelves and the shelves
are packed into bins, where a shelf is a rectangle of width 1. See Fig. 6.1 for an example.
A structured bin packing is a shelf-based bin packing where the heights of the shelves satisfy
some additional properties (we describe these properties later). The algorithm guessShelves
repeatedly guesses the number and heights of shelves and computes a structured packing P of
those shelves into bins. Then for each packing P, the algorithm chooseAndPack(f , P,6) tries to
pack an assortment of 7 into the shelves in P plus maybe one additional shelf. If chooseAndPack
succeeds, call the resulting bin packing P. Otherwise, chooseAndPack returns null. Pe is
the value of P with the minimum number of bins across all guesses by guessShelves.

We prove that HGaPy is 7, g_l(l + e)-asymptotic-approximate by showing that for some
P* € guessShelves(Z, ), we have |P*| S T opt(Z)(1 + €) and chooseAndPack(Z, P*,d) is
not null.

We will now precisely define structured bin packing and state the main theorems on HGaPy.

117



Figure 6.1: An example of shelf-based packing with 3 shelves.

6.3.1 Structured Packing

Definition 6.4 (Slicing). Slicing a 1D item i is the operation of replacing it by items i1 and iz
such that size(iy) + size(iy) = size(i).

Slicing a rectangle 1 using a vertical cut is the operation of replacing © by two rectangles
i1 and iy where h(i) = h(iy) = h(i2) and w(i) = w(iy) + w(iz). Slicing i using a horizontal
cut is the operation of replacing i by two rectangles i; and iy where w(i) = w(i;) = w(iz) and

h(i) = (i) + h(is).

Definition 6.5 (Shelf-based o-fractional packing). Let § € (0,1) be a constant. Let K be a
set of rectangular items. Items in Ky := {i € K : h(i) > } are said to be ‘0-large’ and items
in Kg := K — K, are said to be ‘9-small’. A §-fractional bin packing of K is defined to be a
packing of K into bins where items in Ky can be sliced (recursively) using vertical cuts only,
and items in Kg can be sliced (recursively) using both horizontal and vertical cuts.

A shelf is a rectangle of width 1 into which we can pack items such that the bottom edge of
each item in the shelf touches the bottom edge of the shelf. A shelf can itself be packed into a
bin. A d-fractional bin packing of K is said to be shelf-based iff (all slices of) all items in K,
are packed into shelves, the shelves are packed into the bins, and items in Kg are packed outside
the shelves (and inside the bins). Packing of items into a shelf S is said to be tight iff the top
edge of some item (or slice) in S touches the top edge of S.

Definition 6.6 (Structured packing). Let K be a set of rectangles and let P be a packing of
empty shelves into bins. Let H be the set of heights of shelves in P (note that H is not a
multiset, i.e., we only consider distinct heights of shelves). Then P is said to be structured for
(K,8) iff |[H| < [1/6%] and each element in H is the height of some d-large item in K.

A shelf-based 0-fractional packing of K is said to be structured iff the shelves in the packing
are structured for (K,0). Define sopts(K) to be the number of bins in the optimal structured
d-fractional packing of K.
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HGaPy, relies on the following key structural theorem. We formally prove it in Section 6.4.2

and give an outline of the proof here.

Theorem 6.6 (Structural theorem). Let I be a set of dD items. Let 6 € (0,1) be a constant.
Then sopts(round(I)) < T2~ (1 + &) optygp(I) + [1/6%] + 1 + 4.

Proof outline. Let T = round(/). Let I; and Is be the 0-large and d-small items in f, respec-
tively.

We give a simple greedy algorithm to pack 1, 1 into shelves. Let J be the shelves output by
this algorithm. We can treat J as a 1BP instance, and 1. s as a sliceable 1D item of size a(f s)-
We prove that an optimal 1D bin packing of J U 1. s gives us an optimal shelf-based d-fractional
packing of 1.

We use linear grouping by Lueker and Vega [26]. We partition J into linear groups of
size |dsize(J)] + 1 each. Let h; be the height of the first 1D item in the j™ group. Let
JM) be the 1BP instance obtained by rounding up the height of each item in the j* group
to h; for all j. Then J®M contains at most [1/62] distinct sizes, so the optimal packing of
J) T, s gives us a structured J-fractional packing of 1. Therefore, sopta(f ) < opt(JM U I. s).
Let J1°) be the 1BP instance obtained by rounding down the height of each item in the ;™
group to h;y for all j. We prove that J(°) contains at most [1/§2] — 1 distinct sizes and that
opt(J®) U Tg) < opt(J U Ig) + da(lL) + (1 +6).

We model packing J1) U fg as a linear program, denoted by LP(T ), that has at most
[1/62]1'/% variables and [1/6%] non-trivial constraints. The optimum extreme point solution to
LP(I), therefore, has at most [1/62] positive entries, so opt(J U Tg) < opt(LP(I)) + [1/62].

We use techniques from Caprara [18] to obtain a monotonic weighting function 7 from the
optimal solution to the dual of LP(f). For each item ¢ € I, we define p(i) := w(i)n(h(7))
and prove that p(I) > opt(LP(I)). By Theorem 6.1, we get that p(I) < T8 optypp(I) and
a(? 1) < T¢ ' optysp(I). Combining the above facts gives us an upper-bound on sopté(f ) in

terms of optgp(1). O

6.3.2 Subroutines
6.3.2.1 guessShelves

The algorithm guessShelves(Z,d) takes a set Z of 2D itemsets and a constant § € (0,1) as

input. We will design guessShelves so that it satisfies the following theorem.

Theorem 6.7. guessShelves(i, 0) returns all possible packings of empty shelves into at most

|f] bins such that each packing is structured for (ﬂat(f), J). g;uessShelves(f7 ) returns at most
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T := (N1 £ 1) (n+ 1R packings, where N :=|flat(Z)|, n := |Z|, and R := (“/5?1;;%17/?}_1) <
(14 [1/82])Y°. Its running time is O(T).

guessShelves works by first guessing at most [1/§2] distinct heights of shelves. It then
enumerates all configurations, i.e., different ways in which shelves can be packed into a bin. It
then guesses the configurations in a bin packing of the shelves. guessShelves can be easily
implemented using standard techniques. For the sake of completeness, we give a more precise

description of guessShelves and prove Theorem 6.7 in Section 6.4.3.

6.3.2.2 chooseAndPack

chooseAndPack(f, P, ) takes as input a set 7 of 2D itemsets, a constant § € (0,1), and a bin
packing P of empty shelves that is structured for (flat(Z), d). It tries to pack an assortment of
7 into the shelves in P.

chooseAndPack works by rounding up the width of all -large items in 7 to a multiple of
1/n. This would increase the number of shelves required by 1, so it adds another empty shelf.
It then uses dynamic programming to pack an assortment into the shelves, such that the area
of the chosen d-small items is minimum. This is done by maintaining a dynamic programming
table that keeps track of the number of itemsets considered so far and the remaining space in
shelves of each type. If it is not possible to pack the items into the shelves, then chooseAndPack
outputs null. In Section 6.4.4, we give the details of this algorithm and formally prove the

following theorems:
Theorem 6.8. If there exists an assortment K off having a structured §-fractional bin packing

P, then chooseAndPack(f, P,0) does not output null.

Theorem 6.9. If the output of chooseAndPack(f, P,d) is not null, then the output P is a
shelf-based 0-fractional packing of some assortment off such that |P| < |P|+1 and the distinct
shelf heights in P are the same as that in P.

Theorem 6.10. chooseAndPack(Z, P,8) runs in O(Nn2MY/°1) time. Here N := |flat(Z)|,
n =7

6.3.2.3 inflate

For a set I of dD items, inflate is an algorithm that converts a shelf-based packing of round (/)

into a packing of I having roughly the same number of bins.
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For a dD item i, btype(i) (called base type) is defined to be a (d — 1)-dimensional vector
whose j™ component is type,(¢;(i)). Roughly, inflate(P) works as follows: It first slightly
modifies the packing P so that items of different base types are in different shelves and d-small
items are no longer sliced using horizontal cuts. Then it converts each 2D shelf to a dD shelf of
the same height using HDH-unit-pack, (a dD shelf is a cuboid where the first d — 1 dimensions
are equal to 1).

In Section 6.4.5, we formally describe inflate and prove the following theorem about it.

Theorem 6.11. Let I be a set of dD items having () distinct base types. Let P be a shelf-
based 0-fractional packing of round(I) where shelves have t distinct heights. Then inflate(P)
returns a packing of I into less than |P|/(1 —06) +t(Q — 1)+ 1+ 3dQ/(1 — ) bins in O(nlogn)

time, where n := |I|.

Now that we have mentioned the guarantees of all the subroutines used by HGaPy, we can

prove the correctness and running time of HGaPy.

6.3.3 Correctness and Running Time of HGaP;

Theorem 6.12. The number of bins used by HGaPy(Z,¢) to pack L is less than

T (1 + ) optauepp (T) + {(g‘Fl)j <Q+%> +3+<Q+3)§-

Here @ is the number of distinct base types in flat(Z).

Proof. Let K* be the assortment in an optimal bin packing of Z. Let K* = round(K™). Let P*
be the optimal structured d-fractional bin packing of K*. Then |P*| = sopt;(K*) by the defini-
tion of sopt. By Theorem 6.7, P* € guessShelves(Z,d). Let P~ = chooseAndPack(Z, P*,4).
By Theorem 6.8, P is not null. By Theorem 6.9, Py is structured for (ﬂat(f),é) and
|Poest| < |P7| < sopts(K*) + 1.

By Theorem 6.11, we get that

_ sopts(K*) 1 0Q +1
|1nflate(PbeSt)] < 1—_5+ ﬁ (Q—1)+1+ 1_s "

By Theorem 6.6 (structural theorem) and using opt zp(K*) = optyvcsp(Z), we get

sopts(K*) < TEY(1 + 8) optayepp(Z) + [1/6%] +1 4 4.
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Therefore, | inflate(Pyes)| is less than

144 | 5 5340
T 11T5 optavcpp (L) + [ﬁ—‘ <Q+1—_5> +3+%5)

=T (1 + ¢) optymenp (Z) + {(g - 1)7 (Q + g) +34+(Q+ 3)%. O

Theorem 6.13. HGaPy(Z,e) runs in time O(N'Y1pBe2/8%) yyhere N = |flat(Z)], n :=

Z], 6 :=e/(2+¢) and R = ("I < (14 [1/6%))7°.

Proof. Follows from Theorems 6.7, 6.10 and 6.11. ]

Section 6.4.6 gives hints on improving the running time of HGaPy.

6.4 Details of the HGaP; Algorithm

This section gives details of the subroutines used by HGaP,. It also proves the theorems claimed

in Section 6.3.

6.4.1 Preliminaries

Definition 6.7. Let I1 and I5 be sets of 1D items. Then I is defined to be a predecessor of I
(denoted as Iy =< 1) iff there exists a one-to-one mapping 7 : Iy v Iy such that Vi € I,i < (7).

Observation 6.14. Let I; = I, where w is the corresponding mapping. Then we can obtain
a packing of Iy from a packing of I, by packing each item i € I, in the place of w(i). Hence,
opt(I) < opt(ls).

Definition 6.8 (Canonical shelving). Let I be a set of rectangles. Order the items in I in
non-increasing order of height (break ties arbitrarily but deterministically) and greedily pack
them into tight shelves, slicing items using vertical cuts if necessary. The set of shelves thus
obtained is called the canonical shelving of I, and is denoted by can-shelv([). (The canonical

shelving is unique because ties are broken deterministically.)

See Fig. 6.2 for an example of canonical shelving.
Suppose a set I of rectangular items is packed into a set J of shelves. Then we can interpret

J as a 1BP instance where the height of each shelf is the size of the corresponding 1D item.
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Figure 6.2: Six items and their canonical shelving into three tight shelves of width 1. The items
are numbered by decreasing order of height. Each item has its width mentioned below it. Item
3 was sliced into two items of widths 0.3 and 0.1. Item 5 was sliced into two items of widths
0.4 and 0.5.

We will now prove that the canonical shelving is optimal, i.e., any shelf-based bin packing of
items can be obtained by first computing the canonical shelving and then packing the shelves

into bins like a 1BP instance.

Lemma 6.15. Let I be a set of rectangles packed inside shelves J. Let J* := can-shelv([).
Then J* < J.

Proof. We say that a shelf is full if the total width of items in a shelf is 1. Arrange the shelves
J in non-increasing order of height, and arrange the items / in non-increasing order of height.
Then try to pack I into J using the following greedy algorithm: For each item i, pack the
largest possible slice of 7 into the first non-full shelf and pack the remaining slice (if any) in the
next shelf. If this greedy algorithm succeeds, then within each shelf of J, there is a shelf of J*,
so J* < J. We will now prove that this greedy algorithm always succeeds.

For the sake of proof by contradiction, assume that the greedy algorithm failed, i.e., for an
item (or slice) i there was a non-full shelf S but h(i) > h(S). Let I’ be the items (and slices)
packed before i and J’ be the shelves before S. Therefore, w(I’) = |J'|.

All items in I’ have height at least h(i), so all shelves in J’ have height at least h(i). All
shelves after J' have height less than h(i). Therefore, J’ is exactly the set of shelves of height
at least h(7).

In the packing P, I’ U{i} can only be packed into shelves of height at least h(i), so w(I") +
w(z) < |J'|. But this contradicts w(I’) = |J'|. Therefore, the greedy algorithm cannot fail. [
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Lemma 6.16. Consider the inequality x1 +x2+ ...+, < s, where for each j € [n], x; € Z>o.
Let N be the number of solutions to this inequality. Then N = (S’;”) < (s+1)".

Proof. The proof of N = (5:") is a standard result in combinatorics.

To prove N < (s + 1)", note that we can choose each z; € {0,1,...,s} independently. [

6.4.2 Structural Theorem

Let I be a set of dD items. Let I := round(I). Let d € (0,1) be a constant. Let I := {i € I :
h(i) > 6} and Ig := I — I,. Let J := can-shelv(I,). Let m := |.J|, i.e., J contains m shelves.
We can interpret Is as a single sliceable 1D item of size a(fg).

We will show the existence of a structured J-fractional packing of T into at most T (1 +
) optygp(I) + [1/6%] + 1 + & bins. This would prove Theorem 6.6.

Definition 6.9 (Linear grouping [26]). Arrange the 1D items J in non-increasing order of size
and number them from 1 to m. Let q := |dsize(J)| + 1. Let Jy be the first q items, Jy be the
next q items, and so on. J; is called the j™ linear group of J. This gives us t := [m/q] linear
groups. Note that the last group, J;, may have less than q items.

Let h; be the size of the first item in J;. Let hyyy := 0. For j € [t — 1], let J]OO) be the
items obtained by decreasing the height of items in J; to hjii. For j € [t], let J}hi) be the items
obtained by increasing the height of items in J; to h;.

Let J00) .= U§;11 J;lo) and JM .= U;Zl J](hi). We call J°) a down-rounding of J and J™
an up-rounding of J.

Lemma 6.17. t < [1/6%].

Proof. Since each shelf in J has height more than 9, size(J) > |J|d.

= |G| < S | = 7] D

Lemma 6.18. J(1©) < J < j®i) < jlo) y j*i),

Proof. Tt is trivial to see that J1 < .J < J®) For j € [t — 1], all (1D) items in both J](lo) and

Jﬁ? have height hj1, and |J;41| < g = |J;|. Therefore, J](_hﬁ = JJQO) and hence

t—1 t—1
J(hi) _ Jl(hl) U U J](:l_li < Jl(hl) U U J](lo) _ Jl(hl) U J(lo)' ]
j=1

j=1
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Lemma 6.19. size(J) < 1+ a(1y).

Proof. In the canonical shelving of IAL, let S; be the j™ shelf. Let h(S;) be the height of S;. Let
a(S;) be the total area of the items in S;. Since the shelves are tight, items in S; have height
at least h(S;11). So, a(S;) > h(S;4+1) and

/] |J]-1 |J]—1

size(J) = Y h(S;) <1+ Y h(Sp) <1+ Y a(S)) < 1+a(Ip). O

Lemma 6.20. sopts(I) < opt(J1©) U Ig) + da(I) + (1 + 0).

Proof. By the definition of can-shelv, 1, 1, can be packed into J. By Lemma 6.18, J < J®), so
I, can be packed into J®. By Lemma 6.17, the number of distinct sizes in J® is at most
[1/62]. So, the optimal 1D bin packing of J®) U Ty will give us a structured é-fractional bin
packing of I. Hence, sopt;(I) < opt(J®) U Ig).

By Lemma 6.18 and Observation 6.14 we get

opt(J® U Ts) < opt(J0 U JM U T5) < opt(J0 U Ts) + opt(J™).
By Lemma 6.19,
opt(J") < |7 < g < 1+ §size(J) < 1+ 6(1+a(l,). 0

6.4.2.1 LP for Packing J0° U Ig

We will formulate an integer linear program for bin packing J(° U I S-

Let C € Ztgol such that hg = 22;11 Cjhjy1 < 1. Then C is called a configuration. C
represents a set of 1D items that can be packed into a bin and where Cj items are from J;lo).
Let C be the set of all configurations. We can pack at most [1/d] — 1 items into a bin because
hy > . By Lemma 6.16, we get [C| < ("/°172H71) < [1/6271/°.

Let ¢ be the number of bins packed according to configuration C. Bin packing J1°) U I

is equivalent to finding the optimal integer solution to the following linear program, which we
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denote as LP ().

min x

z€RICI C;C ©

where Z Cize > q Vijelt—1]
cec

> (1= he)re > a(ls)

ceC
xc >0 vC eC

Here the first set of constraints say that for each j € [t — 1], all of the ¢ := |Jsize(J)]| + 1
shelves JJOO) should be covered by the configurations in x. The second constraint says that we

should be able to pack a(Ig) into the non-shelf space in the bins.

Lemma 6.21. opt(J®) U Ts) < opt(LP(I)) + t.

~

Proof. Let x* be an optimal extreme-point solution to LP(I). By rank-lemma, z* has at most

~

t non-zero entries. Let T be a vector where Z¢ := [z} ]. Then 7 is an integral solution to LP(])

~

and ) Zc <t+ ) x5 =opt(LP(])) + . O

~ ~

The dual of LP(I), denoted by DLP(I), is

i1

T .

max_a(ls)z+q ; Ui
t—1

where ZC’jyj +(1—-he)z<1 VCeC

=1
z>0andy; >0 Vjelt—1]

~

6.4.2.2 Weighting Function for a Feasible Solution to DLP(])

We will now see how to obtain a monotonic weighting function 7 : [0, 1] — [0, 1] from a feasible

~

solution to DLP (7). To do this, we adapt techniques from Caprara’s analysis of HDH, [18]. Such

~

a weighting function will help us upper-bound opt(LP(7)) in terms of optgp (/).
We first describe a transformation that helps us convert any feasible solution of DLP(IA ) to
a feasible solution that is monotonic. We then show how to obtain a weighting function from

this monotonic solution.

~

Transformation 6.10. Let (y,z) be a feasible solution to DLP(I). Let s € [t — 1]. Define
Y := 0 and hyyq := 0. Then change ys to max(ys, Ys+1 + (hsi1 — hsi2)z).
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Lemma 6.22. Let (y, z) be a feasible solution to DLP(I). Let (y, z) be the new solution obtained
by applying Transformation 6.10 with parameter s € [t —1|. Then (¥, z) is feasible for DLP(T).
Proof. For a configuration C, let f(C,y, z) := CTy+(1—h¢)z, where CTy := Z;;ll Cjy;. Since

~

(y, z) is feasible for DLP(1), f(C,y, z) < 1. As per Transformation 6.10,

5 max(Ys, Ysi1 + (hst1 — hsy2)z) j=s
j = ‘ .
Yi J#s
If ys > ysi1+ (hse1 —hsi2)z, then ¥ = y, so (¥, z) would be feasible for DLP(T). So now assume
that Ys < Yst1 + (herl - h5+2)2-
Let C be a configuration. Define C; := 0. Let

0 j=Ss
Ci=qCs+Cpn j=s+1.
C; otherwise

~

Then7 CT@\_ aTy = Cs:z/\s + Os—i—l/y\s-i-l - asys - Cs-i—lys-i-l = Cs(hs—H - hs—i-Q)Z-
AlSO? ha —he = Oshs—i—l + Os+1hs+2 - Cshs+1 - Cs+1hs+2 = _Cs(hs+l - h5+2)'
Since hg < he <1, C is a configuration.

f(C> ?77 Z) = CT§+ (1 - hC’)Z
= (CTy + Culhapr = hes2)2) + (1 = hg = Culhasr — hasa))2
= f(aayaz) < L.

Therefore, (¥, z) is feasible for DLP(T). O

~

Definition 6.11. Let (y, z) be a feasible solution to DLP(I). Let

R max (Y1, zht) j=t—1
Yj = - . )
max(y;, Yj+1 + (hjs1 — hjro)z) j<t—1

Then (¥, z) is called the monotonization of (y, z).

~

Lemma 6.23. Let (y, z) be a feasible solution to DLP(I). Let (g, z) be the monotonization of

~

(y,z). Then (y,z) is a feasible solution to DLP(I).
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Proof. (y,z) can be obtained by multiple applications of Transformation 6.10: first with s =
t — 1, then with s = ¢t — 2, and so on till s = 1. Then by Lemma 6.22, (7, 2) is feasible for

DLP(I). 0

~

Let (y*, z*) be an optimal solution to DLP (7). Let (¥, 2*) be the monotonization of (y*, z*).
Then define the function 7 : [0,1] — [0, 1] as

?/J\l lfQZE[hQ,l]
n(x) =7 ifxelhj,h), for2<j<t—1.

zz* i < hy

Lemma 6.24. n is a monotonic weighting function.

Proof. n is monotonic by the definition of monotonization.

Let X C (0,1] be a finite set such that sum(X) < 1. Let Xy := X N[0, k), let X; =
X N[hg, 1] and for 2 < j <t —1, let X; := X N[hj41,hy). Let C € ZL such that C; := |X;].
Let he := 3"} Cihju1.

t—1
1 > sum(X) = sum(Xp) + Z sum(X;)
j=1
t—1
> sum(Xy) + ZthJH (for j > 1, each element in X is at least hj4q)
j=1

= sum(Xo) + hc.

Since he < 1 —sum(Xy) < 1, C' is a configuration. Therefore,

t—1 t—1
Z n(x) = Z Z n(x) = 2" sum(Xy) + Z Cyy; (by definition of 7)
zeX Jj=0 z€X; j=1

<(1—he)z*+CTy (he <1 —sum(Xy))

~

1. (C is a configuration and (¥, z*) is feasible for DLP(/) by Lemma 6.23)

IN

O

~

Lemma 6.25. Fori € I, let p(i) := n(h(i))w(i). Then opt(LP(I)) < p(I) < T¢ " optypp(l).

o~

Proof. Let (y*,z*) be an optimal solution to DLP(I). Let (¥, 2*) be the monotonization of
(", 2%).
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In the canonical shelving of I, suppose a rectangular item i (or a slice thereof) lies in
shelf S where S € J;. Then h(i) € [hj1,h;], where hyy := 0. This is because shelves in

J := can-shelv(I) are tight. If j = 1, then n(h(i)) = »n > y;. f 2 < j < t—1, then
n(h(i)) € {yj-1,¥;} > ¥; > y;. We are guaranteed that for j € [t — 1], and each shelf S € Jj,

w(S) = 1.
pI) = jils; ; n(h(i)w(i) + Z n(h(i))w(i) (by definition of p)
> Z:S; ; yiw(i) + Z(h(z’)z*)w(i) (by definition of 1)
= iy;q +a(Is)>" (since w(J;) = q for j € [t —1])
= ;pt(DLP(f)). ((y*, ) is optimal for DLP(T))

~ -~

By strong duality of linear programs, opt(LP (7)) = opt(DLP(1)) < p(1).
Since i and Hj, are weighting functions (by Lemma 6.24), we get that p(I) < T¢~ ! optzp(1)
by Theorem 6.1. ]

Theorem 6.6 (Structural theorem). Let I be a set of dD items. Let 6 € (0,1) be a constant.
Then sopts(round(I)) < T2~ (1 + &) optygp(I) + [1/6%] + 1 + 4.

Proof.

R N d—1
a(I,) <a(l) =) (zd(z) 11 fk(ej(o)) < T4 opt pp(1). (by Theorem 6.1)

el 7j=1
sopts (1) < opt(J® U Ig) + da(IL) + (1 + ) (by Lemma 6.20)
< opt(LP(I)) + [6—12—‘ + 06T optypp(I) + (1 +6)  (by Lemmas 6.17 and 6.21)

1

< TEH 1+ 6) optysp (1) + [ﬁ—‘ +146. (by Lemma 6.25)

[]
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6.4.3 Guessing Shelves and Bins

We want guessShelves(f, ) to return all possible packings of empty shelves into at most
n:= \f | bins such that each packing is structured for (ﬂat(f), J).

Let H = {h(i) : i € flat(Z)}. Let N := |flat(Z)|. guessShelves(Z,4) starts by picking
the distinct heights of shelves by iterating over all subsets of H of size at most [1/6%]. The
number of such subsets is at most N[V/°1 4 1. Let H := {h1,ha,...,h} be one such guess,
where ¢ < [1/6%]. Without loss of generality, assume hy > hy > ... > hy > 4.

Next, guessShelves needs to decide the number of shelves of each height and a packing
of those shelves into bins. Let C' € Z%, such that h¢ = 22;11 Cjhj < 1. Then C is called a
configuration. C' represents a set of shelves that can be packed into a bin and where C; shelves
have height h;. Let C be the set of all configurations. We can pack at most [1/0] — 1 items

into a bin because h; > 0. By Lemma 6.16, we get

= (M) = (M) = ()

There can be at most n bins, and guessShelves has to decide the configuration of each bin.
By Lemma 6.16, the number of ways of doing this is at most (|C|+") < (n 4+ 1)/l. Therefore,

Cl
guessShelves computes all configurations and then iterates over all (|<:||ng

) combinations of
these configs.

This completes the description of guessShelves and proves Theorem 6.7.

6.4.4 chooseAndPack

chooseAndPack(f, P,¢) takes as input a set 7 of 2D itemsets, a packing P of empty shelves
into bins and constant ¢ € (0, 1). It tries to pack 7 into P and one additional shelf. Before we

design chooseAndPack, let us see how to handle a special case, i.e., where 7 is simple.

Definition 6.12. A set T of 2D itemsets is d-simple iff the width of each d-large item in ﬂat(f)
is a multiple of 1/\f|

Let P be a bin packing of empty shelves. Let h; > hy > ... > h; be the distinct heights
of the shelves in P, where h; > §. We will use dynamic programming to either pack a simple
instance Z into P or claim that no assortment of Z can be packed into P. Call this algorithm
simpleChooseAndPack(Z, P, §).

Let 7 := {I1,I5,...,1,}. For j € {0,1,...,n}, define fj =A{h,1,...,1;}, ie, fj contains
the first j itemsets from 7. Let @i := [ug, ug, ..., uy] € {0,1,...,n%} be a vector. Let ®(j, @) be
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the set of all assortments of fj that can be packed into ¢ shelves, where the 7" shelf has height
h, and width u, /n. For a set K of items, define smallArea(K) as the total area of §-small items
in K. Define g(j,%) := mingca(j,g smallArea(K). If ®(j,%) = 0, then we let g(j, %) = oo.

We will show how to compute g(j, @) for all j € {0,1,...,n} and all @ € {0,1,...,n*}
using dynamic programming. Let there be n, shelves in P having height h,. Then for j = n
and u, = n,n, 7 can be packed into P iff ¢(j, @) is at most the area of non-shelf space in P.

Note that in any solution K corresponding to ¢(j,u), we can assume without loss of gen-
erality that the item ¢ from K N I; is placed in the smallest shelves possible. This is because
we can always swap ¢ with the slices of items in those shelves. This observation gives us the

following recurrence relation for g(j, u):

(

00 if u; < 0 for some j € [t]
. 0 if n =0 and u; > 0 for all j € [¢]
9(j, 1) = ! (6.1)
. smallArea({i}) _ .
min;e;, if n >0 and u; > 0 for all j € [¢]
+g(7 — 1, reduce(t, 7))

\

Here reduce(, ) is a vector obtained as follows: If ¢ is d-small, then reduce(u, i) := @. Oth-
erwise, initialize x to w(7). Let p; be the largest integer r such that h(i) < h,. For r varying
from p; to 2, subtract min(z,u;) from x and u;. Then subtract  from u;. The new value of @
is defined to be the output of reduce(u, ).

The recurrence relation allows us to compute g(j, @) for all j and @ using dynamic program-
ming in time O(Nn?*) time, where N := | ﬂat(i)|. With a bit more work, we can also compute
the corresponding assortment K, if one exists. Therefore, simpleChooseAndPack(f, P,0) com-
putes a packing of 7 into P if one exists, or returns null if no assortment of 7 can be packed
into P.

Now we will look at the case where Z is not 0-simple. Let 7' be the instance obtained
by rounding up the width of each d§-large item in 7 to a multiple of 1/n, where n := ]f|
Let P be the bin packing obtained by adding another bin to P containing a single shelf
of height h;. chooseAndPack(f, P,d) computes 7' and P, and then returns the output of
simpleChooseAndPack(f’, P,§).

Theorem 6.9. If the output of chooseAndPack(f, P,d) is not null, then the output P is a
shelf-based 5-fractional packing of some assortment of I such that |P| < |P|+1 and the distinct
shelf heights in P are the same as that in P.

Proof. Follows from the definition of simpleChooseAndPack. O
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Theorem 6.8. [f there exists an assortment K off having a structured d-fractional bin packing
P, then chooseAndPack(f, P,0) does not output null.

Proof. Let K’ be the items obtained by rounding up the width of each item in K to a
multiple of 1/n. Then K’ is an assortment of Z’. We will show that K’ fits into P, so
simpleChooseAndPack(f’,ﬁ, ) will not output null.

Slice each item i € K’ into two pieces using a vertical cut such that one piece has width
equal to the original width of 7 in K , and the other piece has width less than 1/n. This splits
K’ into sets K and T. T contains at most n items, each of width less than 1/n. Therefore, we
can pack K into P and we can pack T into the newly-created shelf of height h;. Therefore, K’
can be packed into P, so simpleChooseAndPack(f’,F, ) won’t output null. O]

Theorem 6.10. chooseAndPack(Z, P,8) runs in O(Nn2lY/°1) time. Here N := |flat(Z)|,
n:=|I|.

Proof. The running time of chooseAndPack(f, P,0) is dominated by computing g(j, ) for all
j and u, which takes O(Nn?) time. Since P is structured for (f, 9), the number of distinct
shelves in P, which is ¢, is at most [1/§2]. O

6.4.5 inflate

Let I be a set of dD items. Let P be a shelf-based d-fractional bin packing of I := round([)
into m bins. Let there be ¢ distinct heights of shelves in P: hy > hy > ... > h; > §. We want
to design an algorithm inflate(P) that returns a packing of I into approximately |P| bins.

Define I := {i € I : h(i) > 6} and Iy := I — Iy, Let there be Q distinct base types in I (so
Q < kd—l)_

6.4.5.1 Separating Base Types

We will now impose an additional constraint over P: items in each shelf must have the same
btype. This will be helpful later, when we will try to compute a packing of dD items I.

Separating base types of I s is easy, since we can slice them in both directions. An anal-
ogy is to think of a mixture of multiple immiscible liquids of different densities settling into
equilibrium.

Let there be n; shelves of height h;. Let _/I\] be the items packed into shelves of height h;.
Therefore, w(]';) < nj. Let E-,q - 2’; be the items of base type ¢ € [Q)].

For each ¢, pack fm into (w(fj,qﬂ shelves of height h; (slicing items if needed). For these
newly-created shelves, define the btype of the shelf to be the btype of the items in it. Let the
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number of newly-created shelves of height h; be n’;. Then

Q
n; = Z[w<jj7Q)—| < Zw(Ij,q) +Q<n;+Q — nj<n; +Q—1.
q=1

q=1

n; of these shelves can be packed into existing bins in place of the old shelves. The remaining

n; —n; < ) — 1 shelves can be packed on the base of new bins.
Therefore, by using at most ¢(¢ — 1) new bins, we can ensure that for every shelf, all items
in that shelf have the same btype. These new bins don’t contain any items from fg. Call this

new bin packing P’.

6.4.5.2 Forbidding Horizontal Slicing

We will now use P’ to compute a shelf-based bin packing P” of T where items in I can be sliced
using vertical cuts only.

Let fq,g be the items in fg of base type ¢. Pack items fq,s into shelves using can-shelv.
Suppose can-shelv used m, shelves to pack _7;75. For j € [m,], let h,; be the height of the ;™
shelf. Let H, := 7" hy; and H := 25:1 H,. Since for j € [m, — 1], all items in the j*® shelf
have height at least g 1,

mg—1

a(Ips) > D hgjer > Hy— hgy > Hy — 6.

Jj=1

Therefore, H < a(IA s) + Q6. Let Js be the set of these newly-created shelves.

Use Next-Fit to pack fs into the space used by fs in P'. fg uses at most m bins in P’
(recall that m := | P]). A height of less than § will remain unpacked in each of those bins. The
total height occupied by Ig in P’ is a(f s). Therefore, Next-Fit will pack a height of more than
a(Is) — ém.

Some shelves in Jg may still be unpacked. Their total height will be less than H — (a(Ig) —
dm) < 6(Q +m). We will pack these shelves into new bins using Next-Fit. The number of new
bins used is at most [§(Q + m)/(1 —4)]. Call this bin packing P”. The number of bins in P”
is at most m' :=m +t(Q — 1) + [6(Q +m)/(1 —I)].

6.4.5.3 Shelf-Based dD packing

We will now show how to convert the packing P” of T that uses m’ bins into a packing of [
that uses m’ dD bins.
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First, we repack the items into the shelves. For each g € [Q)], let jq be the set of shelves in
P" of btype ¢q. Let 719 be the items packed into j;. Compute jq* = can—shelv(f[q}) and pack
the shelves j; into jq. This is possible by Lemma 6.15.

This repacking gives us an ordering of shelves in .J;. Number the shelves from 1 onwards.
All items have at most 2 slices. If an item has 2 slices, and one slice is packed into shelf number
p, then the other slice is packed into shelf number p+ 1. The slice in shelf p is called the leading
slice. Every shelf has at most one leading slice.

Let S; be the j™ shelf of jq. Let R; be the set of unsliced items in S; and the item whose
leading slice is in S;. Order the items in R; arbitrarily, except that the sliced item, if any,
should be last. Then w(R; — last(R;)) < 1. So, we can use HDH—unit—pack/[g](Rj) to pack R,
into a (d — 1)D bin. This (d — 1)D bin gives us a dD shelf whose height is the same as that of
S;. On repeating this process for all shelves in jq and for all ¢ € [Q], we get a packing of I into
shelves. Since each dD shelf corresponds to a shelf in P” of the same height, we can pack these

dD shelves into bins in the same way as P”. This gives us a bin packing of I into m’ bins.

6.4.5.4 The Algorithm

Sections 6.4.5.1, 6.4.5.2 and 6.4.5.3 describe how to convert a shelf-based J-fractional packing
Pof I having ¢ distinct shelf heights into a shelf-based dD bin packing of I. We call this
conversion algorithm inflate.

It is easy to see that the time taken by inflate is O(|I|log||).

If P has m bins, then the number of bins in inflate(P) is at most
0Q

m
—‘<1_5+t(Q—1)+1+m

5(Q +m)
1-46

m—i—t(Q—l)—i—{

This proves Theorem 6.11.

6.4.6 Improving Running Time

For simplicity of presentation, we left out some opportunities for improving the running time of
HGaPj. Here we briefly describe a way of speeding up HGaP;, which reduces its running time from
O(NVH/1pRe2[1/821) 4o O(NH/3%1211/81)  Here N := |flat(Z)|, n := |Z|, 0 :=¢/(2+¢) and
Ri= (MO < (L 1/

In guessShelves, we guess two things simultaneously: (i) the number and heights of shelves
(ii) the packing of the shelves into bins. This allows us to guess the optimal structured o-

fractional packing. But we don’t need that; an approximate structured packing would do.
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Therefore, we only guess the number and heights of shelves. We guess at most NI/ 141
distinct heights of shelves, and by Lemma 6.16, we guess at most (n + 1)W %1 vectors of shelf-
height frequencies. Then we can use Lueker and De La Vega’s O(nlogn)-time APTAS for
1BP [26] to pack the shelves into bins.

Also, once we guess the distinct heights of shelves, we don’t need to run chooseAndPack
afresh for every packing of empty shelves. We can reuse the dynamic programming table.

The running time is, therefore,

0 ( NT1/6%] (nn/mnlogn n anm/w)) — (N1 2018y

6.5 HDH-unit-pack,

This section gives a precise description of HDH-unit-pack, (see Section 6.1.3) and proves its

correctness.

6.5.1 Shelf-Based Packing

A packing of 2D items in a bin (or strip) is said to be shelf-based iff the bin can be decomposed
into regions, called shelves, using horizontal cuts, and the bottom edge of each item touches the
bottom edge of some shelf. See Fig. 6.3 for an example. Next-Fit Decreasing Height (NFDH)
and First-Fit Decreasing Height (FFDH) [24] are well-known shelf-based algorithms for 2BP
and 2SP.

I
]

Figure 6.3: An example of shelf-based packing for d = 2 with 3 shelves.

The definition of shelf-based packing can be extended to dD for d > 1. For d = 1, every
packing is said to be a shelf-based packing. For d > 2, for a dD cuboid, there are two faces of the
cuboid that are perpendicular to the d™* dimension. The face with the smaller d"" coordinate is
called the base of the cuboid. A packing of dD items into a bin is shelf-based iff the dD bin can
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be split into dD shelves using hyperplanes perpendicular to the d'® dimension, and the base of
each item is placed on the base of some shelf.

A packing of dD items into a bin is recursive-shelf-based iff the packing is shelf-based and
the packing of the bases of items on the base of each shelf is a (d — 1)D recursive-shelf-based
bin packing. (For d = 1, every packing is said to be recursive-shelf-based.)

This helps us reduce dBP to (d — 1)BP, (d — 1)BP to (d — 2)BP, and so on. The algorithm
HDH; by Caprara [18] outputs a recursive-shelf-based packing by using this strategy.

6.5.2 Description and Analysis of HDH-unit-pack;

For a dD item i, define i) as the jD item obtained by ignoring all dimensions of i other than
the first j. For a set I of dD items, let V) := {i0) .4 € I}.

HDH-unit-pack, takes as input a set I of dD items, where all items in I have the same
type vector and vol(fx(I — {last(/)})) < 1. HDH-unit-pack,(/) works recursively on d. When
d = 1, it simply returns I. When d > 1, it first sorts I in decreasing order of d"" dimension if
type,(¢a(i)) = k for each item ¢ € I. It then repeatedly picks the smallest prefix J of I such
that vol(f,(J@ 1)) > 1, and packs .J into a dD shelf. It packs all those shelves into a dD bin
and returns that packing. See Algorithm 13 for a more precise description.

Define f,(i) to be the cuboid 7 where 0;(7) = fu(£;(7)) for j € [d — 1] and £4(7) = €4(3).
Define fi(I) == {fe(i) : i € I}.

Theorem 6.26 (Correctness). For a set I of dD cuboidal items, if vol(fy(I — {last([)})) < 1,
then HDH-unit-pack,(I) can pack I in a dD bin.

Proof. Let us prove this by induction on d. Let P(d) be this proposition: For every sequence I
of dD items, if vol(fx(1)) < 1+ vol(fx(last(]))), then HDH-unit-pack, (/) can pack I into a dD
bin.
Base case: Let I be a sequence of 1D items such that vol(fi.(I)) < 1+ vol(f(last(1))).
Suppose t; # k. Then for all i € I,vol(i) < 1/t; = vol(fi(i)). Therefore,

vol(fr(I)) < 14 vol( fx(last(1)))
St P

t1 t1
= |l <ti+1 = |I|<t

I
= vol(I) < y <1
1
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Algorithm 13 HDH—unit—packg](] ): For any d > 1, returns a recursive-shelf-based packing of
I into a dD bin, where I is a sequence of dD cuboidal items and vol(fi(I — {last()})) < 1.
Here last(/) is the last item in sequence I. Also, all items in [ have the same type t, i.e.,
Vi € I,type(i) = t.

1: if d == 1 then // when items are 1D
2 return /. // Theorem 6.26 proves that they fit in a bin.
3: end if

4: if t; == k then // when length in d"* dimension is small
5: Sort I in decreasing order of d*" dimension.

6: end if // otherwise don’t disturb ordering of items.
7. Let P be an empty list.

8: while |I| > 0 do

9 Find J, the smallest prefix of I such that J = I or vol(fx(J@ D)) > 1.

10: Let t' be a (d — 1)-dimensional vector obtained by removing the d' entry from ¢.

11: S = HDH—unit—packg/](J(dfl)) // S is a dD shelf containing items J.
12: Append S to the list P.

13: Remove J from 1.

14: end while
15: Return the shelf packing P. // Theorem 6.26 proves that the sum of heights of shelves
doesn’t exceed 1, so this is a valid packing.

Since vol(I) < 1, [ fits in a bin.

Suppose t; = k. Then for all i € I, vol(fy(i)) = &5 vol(i). Therefore,

k—2

vol(I) = vol(fx(1))
k—2

< —— (L +vol(fi(last(1))))

_ ’“—;2 + vol(last(1))

<k_2+1<1
=% TR

Since vol(I) < 1, I fits in a bin. Therefore, P(1) holds.

Inductive step:
Let d > 2 and assume P(d — 1) holds. Let I be a sequence of dD items such that vol(fx([)) <
1 4 vol(fr(last(l))). P(d — 1) implies that HDH-unit-pack,(/) doesn’t fail at line 11. Let
s :=last(]).

For ¢ € I, define w(i) := H?: fe(¢;(i)) and for X C I, define w(X) = > .y w(i). Let
there be p shelves in the list P. Let S; be the j™ shelf that was added to P. Given the way
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each prefix is chosen in line 9,

Vi<p—1lw(S;)>1

(6.2)

Define £4(S;) := maxeg, £4(i) to be the height of shelf S;. Let H be the total height of the
shelves, i.e. H := ¥ _ £4(S;). Then we need to prove that the shelves fit in the bin, i.e.

H<1.
Case 1: Suppose t; # k.

Then Vi € I,04(i) < 1/tq = fr(€q(i)). Therefore,

w(l —s)

1>vol(fy(I —s)) = —— = w({ —s) < tg.

tq

Since ordering of items is not disturbed, s € S,. Therefore,

p—1
tg > w(l —s) = (Sj)+w(S,—s)>p—1
j=1
— p<tg+1 = p<tiy
P
p
= H = (9 < =<1
; d( J)—td—

Since H < 1, the shelves fit in a dD bin.
Case 2: Suppose tg = k.

Then Vi € I, f.(£q(i)) = 25£4(i). Therefore,

k—2

vol(Fu(D) = S wli)tafi) = 23

el i€l

k
k

@) fie(€a(2)

< ;2(1 + vol(fi(s))) = % + vol

(by (6.2))

(VZ < I,gd(l) < 1/td)

k—2
k

vol(fr(1))

(fi(s)). (6.3)

Since items in [ were sorted in decreasing order of ¢; (line 5), Vi € S;,£4(i) > £4(S;+1). Then

by (6.2), we get that for all j € [p — 1],

vol(f1(S))) = w(Sj)a(Sj+1) > Ca(Sj41)
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Therefore,

H= ;ed(sj) < % + ;Q(sﬂl) (since (4(S1) < 1/k)
< % + '_ vol(fx(S;)) (by (6.4))
< % +vol(fi(1))
< % + % + w(s)lq(s) (by (6.3))
< % —I—% =1 (since £4(s) < 1/k and w(s) = vol(fix(s(4~1)) < 1)

Since H < 1, the shelves fit in a dD bin. Therefore, P(d) holds.
Therefore, by mathematical induction, P(d) holds for all d > 1. O

Note that HDH-unit-pack, has a running time of O(nlogn).

Comment on Caprara’s [18] analysis of HDH,. Caprara [18] implicitly proves Theo-
rem 6.26 in Lemma 4.1 in their paper and their proof is less detailed than ours. Their algorithm
is similar to ours, except that they allow arbitrarily reordering I when t; # k, and instead of
choosing a prefix of I (line 9 in HDH-unit-pack, ), they choose a subset of I that is minimal for

some properties.

6.6 Harmonic Algorithm for Strip Packing

6.6.1 Multiple-Choice Strip Packing

Let I be a set of dD cuboidal items. In the dD strip packing problem (dSP), we have to compute
a feasible packing of I (without rotating the items) into a dD cuboid (called a strip) that has
length one in the first d — 1 dimensions and has the minimum possible length (called height)
in the d*® dimension. Let optggp(I) denote the minimum height of a strip needed to pack I.
In the dD multiple-choice strip packing problem (dMCSP), we are given as input a set
T =1{L,1,...,1,}, where for each j, I; is a set of items, called an itemset. We have to pick
exactly one item from each itemset and pack those items into a strip of minimum height.
Equivalently, given an input instance Z, we have to select an assortment K € W(Z) and

output a strip packing of K, such that the total height of the strip is minimized. Therefore,

optavcsp (L) = MiNgew(z) optasp (K).
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6.6.2 Revisiting the HDH; Algorithm

Caprara [18] gave an algorithm for dSP, which we call HDH-SP;. We will first prove a few useful
properties of HDH-SP;, and then see how to extend it to dMCSP.

For a dD item i, btype(i) (called base type) is defined to be a (d — 1)-dimensional vector
whose j*™ component is type,(¢;(i)). Define f1(i) to be the cuboid 7 where 0;(7) = fr(¢;(3)) for
j € [d—1] and £y(i) := €y(i). Define fo(I) := {fi(i) : i € I}. Similarly define Hy (i) and Hy(I).
Define i¥) to be the j-dimensional item obtained by ignoring all dimensions of ¢ other than the
first j. For a set I of dD items, let V) := {iU) .4 € I}.

HDH-SP;, works by first partitioning the items based on btype. Then for each partition, it
repeatedly picks the smallest prefix J such that vol(fy(J@ 1)) > 1 and packs J into a dD
shelf by using HDH-unit-pack, on J@ 1 (see Section 6.5.1 for the definition of a dD shelf). See
Algorithm 14 for a more precise description of HDH-SP,. Note that HDH-SP, () has a running

time of O(nlogn), where n := |I].

Algorithm 14 HDH-SP,(/): Returns a strip packing of dD items I (d > 2).

1: Let P be an empty list.
2: for each btype t do

3. I =1{iecI:btype(i) = t}.

4: Sort items in /¥ in non-increasing order of their length in the d* dimension.

5. while [I| > 0 do

6: Find J, the smallest prefix of I such that J = I or vol(f,(J@Y)) > 1.

7 S = HDH—unit—packg](J(d’l)) // S is a dD shelf containing items J.
8: Append S to the list P.

9: Remove J from I,

10: end while

11: end for

12: Return the strip packing formed by the shelves P.

Theorem 6.27. The height of the strip packing produced by HDH-SPy(I) is less than Q +
vol(fi(I)), where Q is the number of distinct btypes of items (so Q < k4=1).

Proof. Let there be pl9 shelves of btype ¢ produced by HDH-SP,(I). Let SJLQ] be the set of items
in the j*® shelf of btype q. Define Ed(Sj[q]) 1= max,_giq La() to be the height of shelf SJ[.Q}.

Since items in 719 were sorted in decreasing order of {4, Vi € Sj[q], la(i) > Ed(Sj[ﬂl). Given
the way we choose prefixes, vol(fk(S][-q](d_l))) >1forjelp—1].

vol(fi(S1)) = vol(f(SI9“"))ea(S1)) > €4(51,) (6.5)

J
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Total height of the strip packing is

Q pld Q pld—1
Zzgd S[q ) < Z 1+ Z lq(S J+1 (since ﬁd(SP]) <1)
q=1 j=1 q=1 j=1

Q pld-1 N

<Q+Y Y vol(fuls) (by (6.5))

g=1 j=1

Q pl

ZZ vol(f(SK)) = Q + vol(fi(1)). 0

Theorem 6.28. For a set I of dD items, vol(fi(I)) < T optygp(1).

Proof. I fits in a unit strip of height opt,gp(I). Let I’ be the items obtained by scaling each
item’s height by 1/ opt,gp(f). Then I’ fits in a unit cube.

Since Hy, is a weighting function, Hy(I') fits in a unit cube by Theorem 6.1. Therefore, H,,(I)
can be packed into a unit strip of height optep(I). Therefore, vol(fi(I)) < Tt vol(Hy(I)) <
T optagp (1) 0

Corollary 6.29. HDH-SP,(I) packs I into a strip of height less than Q + T{* optysp (1), where
Q@ s the number of distinct btypes of items.

Proof. Follows from Theorems 6.27 and 6.28. O

6.6.3 Extending HDH-SP; to dMCSP

Theorem 6.30. Let T be a dMCSP instance. Let K = {argmin,.; vol(f(i)) : I € T}, i.e
K is the assortment obtained by picking from each itemset the item i having the minimum
value of VOl(ﬁ(i)). Then the height of the strip packing produced by HDH—SPk(I?) is less than
Q + T optgnesp(Z), where Q is the number of distinct btypes of items in flat(Z) (so Q <
Jd-1),

Proof. For any assortment K, Vol(ﬁ;(f()) < vol(f(K)). Let K* be the assortment in an
optimal packing of Z. By Theorems 6.27 and 6.28, the height of the strip packing produced by
HDH-SP; (K) is less than

Q+ vol(ﬁ(}?)) <Q +V01(fk(K*>) <Q+ Tg_l optysp(K*) = Q + Tif_l optamesp(Z). O
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Let N := | flat(Z)| and n := |Z|. Then we can find K in O(N) time and compute HDH-SP (K)
in O(nlogn) time. Therefore, we get a T,f’1—asympt0tic—approximate algorithm for dMCSP that
runs in O(N + nlogn) time.

6.7 Harmonic Algorithm for IMCKS

In the dD knapsack problem (dKS), we are given a set I of dD items, and a profit p(7) for each
item i € I. We have to compute a maximum-profit packing of a subset of I (without rotating
the items) into a dD unit cube (called a knapsack).

In the dD multiple-choice knapsack problem (dMCKS), we are given aset Z = {Iy, I, ..., I, }
as input, where for each j, I; is a set of items, called an itemset, and each item ¢ € I; has a
profit p(i). We have to pick at most one item from each itemset and pack those items into a
dD bin such that the total profit is maximized.

For a dD item i, btype(i) (called base type) is defined to be a (d — 1)-dimensional vector
whose j™ component is type,(¢;(i)). Define (i) to be the cuboid 7 where 0;(7) = fr(¢;(3)) for
j € [d—1] and £4(3) := €4(i). Define fo(I) := {fi(i) : i € I}. Similarly define Hy (i) and Hy(I).

We will see a fast and simple algorithm HDH-NF(7) (Algorithm 15) for dBP that we will use
to design an algorithm for dMCKS.

Algorithm 15 HDH-NF.(/): Returns a bin packing of dD items I (d > 2).

: Let P be the list of shelves output by HDH-SP(I). // cf. Section 6.6 for HDH-SPy.
. Let P’ be an empty list.
: for each btype ¢ do

Let qu], Sgﬂ, e ,5’5(]1] be the shelves in P of btype ¢, in decreasing order of height.

1
2
3
4
5. Pack 5! in a dD bin.
6
7
8

For j > 2, add SJLQ} to P’.
: end for
. Interpreting each shelf Sj[q] in P’ as a 1D item of size Ed(Sj[-q]), pack the shelves into dD bins
using Next-Fit.

Note that HDH-NFj () runs in O(nlogn) time.

Theorem 6.31. HDH-NF),(I) uses at most Q + [2vol(fy(I))] bins, where Q is the number of
distinct btypes of items.

Proof. For each q € [Q)], S{q] occupies one bin.
As per Eq. (6.5) in the proof of Theorem 6.27, for all ¢ < pld — 1, we get VOI(};(St[q})) >
Ca(Sih)-

142



Let H be the total height of the shelves in P’. Then

Q pld-1 pld—1

H=>"%" 6s9) <33 vol(fi(si) (by (6.5))

g=1 t=1 q=1 t=1
Q pl

<D > vol(fu(8™) = vol(fu(D)).

q=1 t=1

Next-Fit guarantees that for a 1BP instance .J, number of bins used is at most [2vol(J)] (see
Lemma 3.1). So for the shelves in P’, we use [2H| bins. The total number of bins used is
therefore Q 4 [2H] < Q 4 [2vol(f(I))]. O

By Theorems 6.28 and 6.31, we get that HDH-NF}, is 2T,§l’1—asymptotic—approximate.

Lawler gave an FPTAS for IMCKS that has a running time of O(Nlog N + Nn/e) [55],
where N := |flat(Z)| and n := |Z|. We will use it along with HDH-NF5 to get an algorithm for
dMCKS, called HDH-KS (see Algorithm 16).

Our algorithm for dMCKS, called HDH-KS(Z), works as follows: It computes a IMCKS
instance Z by replacing each item 7 in Z by a 1D item vol(Hz(4)). It uses the FPTAS for IMCKS
to obtain a (1 + ¢)-approximate solution J to 7. Tt uses HDH-NF; to pack the corresponding
dD items of J into bins. It then selects the most profitable bin. See Algorithm 16 for a more

detailed description.

Algorithm 16 HDH-KS(Z): algorithm for dMCKS.

1. T = {{vol(H3(i)):i €I} : I € I}. // Reduction to 1MCKS.
2: Let J be a (1 + €)-approximate solution to the IMCKS instance Z output by the FPTAS
for IMCKS. R
3: Let J be the items of Z corresponding to J.
4: Let [Jy, Ja, ..., Jp] be the bin packing of J produced using HDH-NFj.
5 Jmax = arg{r)naxp(Jj)
j=1
6: return J;

Jmax*

HDH-KS runs in O(Nlog N + Nn/e) time.
Theorem 6.32. HDH-KS is 3%(1 + ¢)-approzimate.

Proof. Let I be a set of dD items. Suppose S C I can be packed into a bin. Then by
Theorem 6.1, S = {vol(H;(i)) : i € S} can also be packed into a bin. Therefore, opt,yoxs(Z) >

optancks(Z)-
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The FPTAS for IMCKS gives us J such that p(.J) > optyyexs(Z)/(1 + €). HDH-NF, packs

J into b < 371 + [27¢ 1 vol(H3(J))] < 3% bins. Given the way we choose jmax,
p(J) _ p(J)  opticks(Z) o OPtamcrs(Z)
b b~ b(l+e) T 3(l+e)

P(Jjmax) =

6.8 Weighting Function Transform

In this section, we prove Theorem 6.1.

Lemma 6.33. Let I be a set of dD items that can be packed into a bin. Let g be a weighting
function. Let q € [d]. For i € I, define g(i) to be the item i for which (;(7) := ¢;(i) when
J # q and L,(2) = g({y(i)). Then the items {g(i) : i € I} can be packed into a dD bin (without

rotating the items).

Bansal, Caprara and Sviridenko [10] give a brief proof sketch for d = 2, based on which we

provide a full proof below.

Proof. Any dD cuboid can be represented as the Cartesian product of d closed intervals on the
real line. Let the bin be [0, 1]%. Any item i € I can be written as szl[vj(i), vj(i)+£;(7)]. Here
v;(7) is called the position of item 7 in dimension j. Since each item ¢ lies completely inside the
bin, 0 < wv;(i) < v;(i) +¢;(7) < 1. Two cuboids A and B are said to overlap if their intersection
has positive volume. Since [ is a valid packing, no two items overlap.

Assume without loss of generality that ¢ = d. Let proj(i) be the projection of item ¢ onto
the hyperplane perpendicular to the d" dimension. This hyperplane can be thought of as the
base of the bin.

We will now show that for each item ¢, we can change ¢4(7) to g(¢4(7)) and change v4(i) so
that the items continue to fit in the bin. But to define what the new value of v4(i) would be,
we need to first introduce some notation.

For two items i1 and io, we say that i; < iy (i1 is a predecessor of i5) iff v4(i1) < v4(iz) and
proj(iy) overlaps proj(iz). Call a sequence [ig, 41, ..., 9m,—1] of items a chain iff 4,,_1 < o <
... =< 14g. 19 is called the head of this chain. The augmented height of a chain S is defined to
be > .5 9(lq(i)). For each item i, we wish to find the chain headed at 7 with the maximum

augmented height.
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For an item i, define

level(i) 0 if 7 has no predecessors
evel(i) :=
1 4+ maxlevel(i') otherwise
i <1

Since < is anti-symmetric, level is well-defined. Define 7 and u as

, , 0 if level(i) =0 . null if level(i) =0
u(i) == g(la(i)) + , m(i) = , .
u(m(i)) otherwise argmax u(z') otherwise
i<

In the definition of 7, ties can be broken arbitrarily for argmax. ¢ < i implies level(i') < level(7),
so level(7 (7)) < level(i). This ensures that the definitions of 7 and u are not mutually circular.

We can prove, by inducting on level(7), that T1(i) := [, 7 (i), (7 (7)), . ..] is the chain headed
at 7 with the maximum augmented height, and that the augmented height of I1(7) is w(7).

Transformation 6.13. For each item i € I, change (4(i) to g(£4(i)) and change vy(i) to
vg(i) := u(i) — g(la(z)).

We need to prove that Transformation 6.13 produces a valid packing, i.e. items don’t overlap
and all items lie completely inside the bin [0, 1]%.

Let 7; and iy be any two items. We will prove that they don’t overlap in the new packing.
If proj(iy) and proj(iz) don’t overlap, then i; and i don’t overlap and we are done, so assume
proj(i1) and proj(iy) overlap. Assume without loss of generality that i1 < . Then level(is) > 1
and

va(iz) = uliz) = g(la(iz)) = maxu(i’) 2 u(i) = vg(ir) + g(la(in))-

Therefore, 7; and iy don’t overlap in the new packing.

After Transformation 6.13, item ¢ lies completely inside the bin iff v/,(i)+¢(¢4(7)) = u(i) < 1.
Let i := ¢ and I1(:) = [ig, 1,99, .. ,m—1]. Then u(i) = Z;":_Ol g(€4(i;)) and for all j € [m —
1],4; < ij_1. Since i; and ;_; don’t overlap in the original packing, but proj(i;) and proj(i;_;)

overlap, we get vq(i;_1) > v4(ij) + £q(i;). Therefore,

m—1 —1

> lali) < (i) + Y (valij—1) — valiy)) (since vq(ij—1) > va(i;) + Ca(i;))

1

3

Jj=0

<.
Il

= Ly(3) + vq(i) — vg(im—1) < 1. (". in the original packing, 7 lies in the bin)
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Since ¢ is a weighting function and z;”:_ol la(i;) < 1, we get u(i) = Z;”:_Olg(éd(ij)) < 1.
Therefore, the packing obtained by Transformation 6.13 is valid. So {g(i) : ¢ € I} can be
packed into a bin. O

Theorem 6.1. Let I be a set of dD items that can be packed into a bin. Let g1,92,...,9q
be weighting functions. For i € I, define g(i) as the item whose length is g;({;(i)) in the j™

dimension. Then {g(i) : i € I} can be packed into a dD bin (without rotating the items).

Proof. Apply Lemma 6.33 multiple times, with ¢ ranging from 1 to d. n

6.9 Hard Instance for Shelf-Based Packing

We will prove that no shelf-based algorithm can get an asymptotic approximation ratio better
than T2~ for dD SP or dD BP. Caprara [18] proved this for d = 2. To do this, for any k& > 3 and
m > 0, we will show a set of items that fit into m dD bins but their optimal shelf-based strip-
packing has height more than m(1 — E)Sg_l, where Sj, 1= 25;11 % Define So, := limy_ o Sk.
It can be proved that T, = S ~ 1.6910302.

It’s important to note what exactly we mean by shelf-based. Here we forbid item rotation
and only allow stacking shelves along the d*® dimension (for d = 3, this means that the base
of each shelf is perpendicular to the z-axis, and for d = 2, this means that all shelves have
width 1). As noted by Caprara [18] for d = 2, if at the beginning of the algorithm we can
choose whether to use horizontal shelves (width=1) or vertical shelves (height=1), and this
choice depends on the input items, then we may get an asymptotic approximation ratio less
than T,.

For simplicity of presentation, we will only consider the d = 3 case. We call the first
dimension z-axis, the second dimension y-axis and the third dimension z-axis. An item’s
length in the d™® dimension is called height. It’s easy to extend our result to higher dimensions,
and we will give a few hints on how to do so.

Let r; be the j™ harmonic number. Choose an integer k£ > 2 and positive constant 0 <
d < 1/(rg — 1) and € > 0 such that 1/e € Z. Define ay := 0 and for j € [k — 1], define
aj == (140)(1 —1/rj41). Therefore, 0 = ag < a1 < az < ... < ax_1 < 1. Create a cube of side
length a;_;. We will cut this cube into pieces, and then cut those pieces into items. Therefore,
the items will fit into a bin. See Fig. 6.4 for an example.

First cut the cube using the planes z = a; for j € [k — 2|. Then cut the cube using the
planes y = a; for j € [k — 2]. This will give us @ := (k — 1)? pieces. For the piece between

the planes v = a4, —1, T = ag,, Y = ag,—1 and y = ay,, we call ¢:= (¢1, ¢2) the base type of that
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Figure 6.4: Constructing a hard instance for dD shelf-based packing, where d = 3, k = 3,
e=1/2,and § = 1/(r—1) = 1/5. The top half of the figure shows how to cut out (k—1)4~! =4
pieces from a cube of side length aj_; = 1. The bottom half shows how to cut out 1/e771 items
from piece number j.

piece. (For general d, make such cuts in each of the first d — 1 dimensions in a dD cube to get
Q := (k — 1)?! pieces. The type of a piece is a (d — 1)-dimensional vector.) Now arbitrarily
order these pieces and number them from 1 to ). This number is called the height type of the
piece. For the piece having height type j, use planes perpendicular to the z-axis to cut it into
items of height /7.

Repeat this process for m — 1 additional cubes. Let I be the resulting set of items. So [

can fit into m bins. We call I a hard instance for shelf-based packing.

Theorem 6.34. Let I be a hard instance for shelf-based packing, parametrized by m > 0,
k>3,0<0<1/(ry—1),e>0. Then the height of an optimal strip-packing of I is more than
m(l —e)Sit.

Proof. Consider items of height type j. They all have the same base type ¢. These items have
length (1 + 0)/(rq + 1) along the z-axis and length (1 + §)/(ry, + 1) along the y-axis. For
any j € [k — 1], we have 1/(r; +1) < (1 +9)/(r; + 1) < 1/r;. Hence, we can have at most
TqTq Such items in one shelf. Let R; := ry,74,. Since there are m/e?~! items of height type

J, these items will be spread across at least m/ Rjej_l shelves. Those shelves will have height
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at least e/~1. Therefore, for all j € [Q], we have at least m; := m/R;e’~! shelves of height
at least h; := /=1, We will use this fact to lower-bound the height of the optimal shelf-based
strip-packing of I.

Let z; be the number of shelves of height exactly e/~!. Then the total height of the optimal
shelf-based strip-packing of [ is lower-bounded by the following linear program:

Q i

;2]%%% Z h;x; where Z ;> m; Vi € [Q)].
i=1 7=1

Define mg := hgy41 := 0. Let Z; := m; — m;—;. Then ¥ is a feasible solution to this linear

program and has objective value

The dual of this linear program is

Q Q
max ;m; where i < h; Vi € Q).
yeRQ;yz ; ;yg < b Q]
Let y; := h; — h;y1. Then ¥ is a feasible solution to the dual linear program and has objective
value 252:1 h;z;. By the weak duality of linear programs, T is an optimal solution to the
linear program. Therefore, the total height of the optimal shelf-based strip-packing of I is
lower-bounded by

Q Q ] Q
> (hi = hig)mi >m Y (7 - )y =m(l—e) > =
i=1 i=1 v i=1 "
i 1y d-1
ST S} SARBIIIN | SEY
qa=1g=1 "% q=1
=m(l —e)S&! O
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Chapter 7

Guillotine-Separable Packing of
Skewed Rectangles

In this chapter, we consider the problem of obtaining tight upper and lower bounds on the
Asymptotic Price of Guillotinability (APoG). See Section 1.2.3 to recall the definition and
significance of APoG. See Section 1.1.4 to recall the definition of guillotinable packing and
k-stage packing.

We focus on the special case where the items are (dyy, dp)-skewed rectangles; i.e., each item
has width at most dy or height at most 0y, where dy and dy are constants. We give lower

and upper bounds of roughly 4/3 when dy and g are very small constants.

7.1 Overview of the Chapter

In Section 7.2, we show a lower bound of 4/3 on APoG for skewed rectangles. Formally, we

prove the following theorem.

Definition 7.1 (Hard instance). Let m and k be positive integers and ¢ € (0,1). Define
hardltems(m, k,e) as a set of 4mk rectangular items, where 2mk items have width (1 + €)/2
and height (1 —€)/2k, and 2mk items have height (1 + ¢€)/2 and width (1 —€)/2k.

Theorem 7.1. Let I := hardltems(m, k,e). Let opt(I) be the number of bins in the optimal
packing of I and opt,(I) be the number of bins in the optimal guillotinable packing of I. Then

opt, (1)
opt(])

> (-2,
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This holds true even if items in I are allowed to be rotated.

In Section 7.3, we give an algorithm for non-rotational 2D GBP, called skewed4Pack., that
takes a parameter € € (0,1) as input. For a set I of (dw,dp)-skewed rectangles, we show that
when dy, dy and e are close to 0, skewed4Pack. (/) outputs a guillotinable packing of I into
roughly 4 opt(7)/3+O(1) bins. This proves an upper bound of roughly 4/3 on APoG for skewed

rectangles. Formally, we prove the following theorems about skewed4Pack.

Theorem 7.2. skewed4Pack. (1) outpuls a 4-stage packing of I in time O((1/£)°(V/9) +-nlogn).

Theorem 7.3. Let [ be a set of items where each item has width at most dy or height at most
dp. Then skewed4Pack.(I) uses less than a(1 4+ €)opt(l) + 20 bins, where

1 OH ow
A==
2(1—5H+1—5W)

4 A 4
= §(1 +4A) + 4e (1 + %) < 5(1 +4A)(1 + 3¢)

2A(14+¢) 10 19A  16Ae

b=ttt

In Section 7.4, we show that the APoG for the rotational case is at most the APoG for the
non-rotational case. So, when are items are skewed, we get an upper bound of 4/3 on APoG

in the rotational case too.

7.2 Lower Bound on APoG

Lemma 7.4. Let m and k be positive integers and € be a positive real number. Let J be a
set of items packed into a bin, where each item has the longer dimension equal to (1 + €)/2
and the shorter dimension equal to (1 — €)/2k. If the bin is guillotine-separable, then a(J) <
3/4+¢/2—e%/4.

Proof. For an item packed in the bin, if the height is (1 — ¢)/2k, call it a wide item, and if the
width is (1 — €)/2k, call it a tall item. Let W be the set of wide items in J.

The packing of items in the bin can be represented as a tree, called the guillotine tree of
the bin, where each node u represents a rectangular region of the bin and the child nodes
v1,V2,...,0, of node u represent the sub-regions obtained by parallel guillotine cuts. The

ordering of the children has a significance here: if the guillotine cuts were vertical, children
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Figure 7.1: A guillotinable packing of items into a bin and the corresponding guillotine tree.

are ordered by increasing x-coordinate, and if the cuts were horizontal, children are ordered by
increasing y-coordinate. See Fig. 7.1 for an example.

We will now see how to rearrange the items in the bin so that the packing remains guillotine-
separable but becomes more structured. We will exploit this structure to show that the packing

has a large unpacked area. See Fig. 7.2 for an example.

[

Figure 7.2: Structuring a guillotine-separable packing.

In the guillotine tree, suppose there is a node u that has children vy, ve,...,v,. Without
loss of generality, assume that the children are obtained by making vertical cuts. At most one
of these children can contain items from W. We can assume without loss of generality that the
other children contain only one item, because otherwise we can separate them by vertical cuts.
We can reorder the children (which is equivalent to repacking the guillotine partitions) so that
the child containing items from W (if any) is the first child. Therefore, we can assume without
loss of generality that at any level in the guillotine tree, only the first node has children.

Based on the argument above, we can see that the first node in each level touches the

bottom-left corner of the bin. All the other nodes either contain a single wide item and touch
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the left edge of the bin but not the bottom edge, or they contain a single tall item and touch
the bottom edge of the bin but not the left edge. In each node containing a wide item, shift
the item leftwards, and in each node containing a tall item, shift the item downwards. Then
each wide item touches the left edge of the bin and each tall item touches the bottom edge of
the bin.

Therefore, the square region of side length (1 — ¢)/2 at the top-right corner of the bin is
empty. Hence, the area occupied in each bin is at most 3/4 + ¢/2 — 2 /4. ]

Definition 7.1 (Hard instance). Let m and k be positive integers and € € (0,1). Define

hardItems(m, k, €) as a set of 4mk rectangular items, where 2mk items have width (1 + €)/2
and height (1 — ¢)/2k, and 2mk items have height (1 + ¢)/2 and width (1 — €)/2k.

Theorem 7.1. Let I := hardltems(m, k,e). Let opt(I) be the number of bins in the optimal
packing of I and opt,(I) be the number of bins in the optimal guillotinable packing of I. Then
opt,(I) _ 4

opt(1) = 31 9)

This holds true even if items in I are allowed to be rotated.

Proof. For an item i € I, if h(i) = (1 —¢)/2k, call it a wide item, and if w(i) = (1 —¢)/2k, call
it a tall item. Let W be the set of wide items and H be the set of tall items.

We will show that opt(I) and opt, () have a big difference, which will give us a lower-bound
on APoG.

Partition W into groups of k elements. In each group, stack items one-over-the-other. This
gives us 2m containers of width (1 +¢)/2 and height (1 —¢)/2. Similarly, get 2m containers of
height (1 + €)/2 and height (1 — ¢)/2 by stacking items from H side-by-side. We can pack 4
containers in one bin, so I can be packed into m bins. See Fig. 7.3 for an example. Therefore,
opt(l) < m.

We will now show a lower-bound on opt, (/). In any guillotine-separable packing of I, the
area occupied by each bin is at most 3/4 + ¢/2 — €2/4 (by Lemma 7.4). Note that a(l) =

m(1 — &2). Therefore,

m(1 — &%)
t, (1) >
opty(D) = 5 e
t, (1 — g2 —
OpQ()Z%x 1-¢ :%x 1-¢ Zé(l—g). O
opt(I) =3 1+2:/3-22/3 3 1-2/3° 3
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Figure 7.3: Packing 4k items in one bin. Here k = 7.

7.3 Algorithm skewed4Pack

7.3.1 Packing With Slicing

Before we look at the problem of computing a (guillotinable) packing of skewed rectangles; let
us first look at a closely-related variant of this problem, called the 2D sliceable bin packing
problem, denoted as 2D SBP. In this problem, we are given two sets of rectangular items, w
and H , Where items in W have width more than 1 /2, and items in H have height more than
1/2. W is called the set of wide items and H is called the set, of tall items. We are allowed to
slice items in W using horizontal cuts and slice items in H using vertical cuts, and our task is
to pack W U H into the minimum number of bins without rotating the items. See Fig. 7.4 for
an example that illustrates the difference between 2D GBP and 2D SBP.

We first describe a fast and simple 4/3-asymptotic-approximation algorithm for 2D SBP,
called greedyPack, that outputs a 2-stage packing. Later, we will show how to use greedyPack
to design skewed4Pack.

We assume that the bin is a square of side length 1. Since we can slice items, we allow items
in W to have height more than 1 and items in H to have width more than 1.

For a set X C W of items, define

hsum(X) := Z h(i) and wmax(X):= maxiex w(i) 1 X 70 .
ieX 0 if X =0
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(b) Packing items into 2 bins by horizontally
slicing an item in W and vertically slicing an
item in H.

(a) Packing items into 4 bins without slicing.

Figure 7.4: Example to illustrate the difference between 2D geometric bin packing and 2D
sliceable bin packing. There are 2 wide items (W) and 2 tall items (H). The items are squares
of side length 0.6 and the bins are squares of side length 1.

For a set X C H of items, define

wsum(X) 1= Zw(z) and hmax(X) := maxiex h(i) X #0 :
ieX 0 if X =10

In the algorithm greedyPack(fVV7 H ), we first sort the items W in decreasing order of width
and sort the items H in decreasing order of height. If hsum(IW) > wsum(H), then we pack
the largest possible prefix of W into a bin such that the items touch the right edge of the bin.
Then we pack a prefix of H into the remaining space in the side of the bin. We call this a
type-1 bin. See Fig. 7.5 for an example. If hsum(ﬁ//) < wsum(H), we proceed analogously in
a coordinate-swapped way, i.e., we first pack tall items in the bin and then pack wide items in
the remaining space. Call this bin a type-2 bin. We pack the rest of the items into bins in the

same way. See Algorithm 17 for a more precise description of greedyPack.

Definition 7.2. Let W be a sequence of wide items. Define hpreﬁX(W, v) as the prefix ofW of

total height ~y if hsum(W) > ~ (slice items if necessary). If hsum(W) < v, define hprefix(W, )
to be W. Let H be a sequence of tall items. Define Wpreﬁx(ﬁ,v) as the prefix of H of total
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(a) A type-1 bin. Wide items are packed on (b) A type-2 bin. Tall items are packed above.
the right. Tall items are packed on the left. Wide items are packed below.

Figure 7.5: Examples of type-1 and type-2 bins produced by greedyPack.

width v if wsum(H) > ~ (slice items if necessary). If wsum(H) < =, define wprefix(H, ) to
be H.

Algorithm 17 greedyPack(W, H): Packs items W U H into bins. The items W have width

more than 1/2 and can be sliced using horizontal cuts. The items H have width more than 1 /2
and can be sliced using vertical cuts.

1: Sort the items in W in decreasing order of width.
2: Sort the items in H in decreasing order of height.

3: while W # () or H # () do

4: Create an_empty bin.

5 if hsum (W) > wsum(H) then

6: Let X := hpreﬁX(W, 1). // see Definition 7.2

7 Pack X in a region of width wmax(X') on the right side of the bin.

8 Remove X from ﬁ/i

9: Let Y := wprefix(H, 1 — wmax(X)). // see Definition 7.2

10 Pack Y in a region of width 1 — wmax(X) on the left side of the bin.

11: Remove Y from H.

12: Label the bin as a type-1 bin.

13: else B

14: Proceed analogous to the previous case, i.e., X is a prefix of H of width at most 1
and Y is a prefix of W of total height at most 1 — hmax(X).

15: Label the bin as a type-2 bin.

16: end if

17: end while

Claim 7.5. greedyPack(W,ﬁ) always outputs a 2-stage packing ofW U H. It runs in time
O(m + |W|log |W| + |H|log |H|), where m is the number of bins used. Furthermore, it slices
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items in W by making at most m — 1 horizontal cuts and slices items in H by making at most
m — 1 wvertical cuts.

If all bins are of type 1, then the number of bins used is [hsum(WW)]. If all bins are of
type 2, then the number of bins used is [wsum(H)]. Since items in W have width more
than 1/2, no two items can be placed side-by-side. If H = {}, then the optimal solution is
to stack the items W one-over-the-other. Therefore, [hsum(IW)] < opt(W U H). Similarly,
[wsum(H)] < opt(ﬁ// U H). Hence, if all bins are of the same type, the number of bins used is
at most opt(W U H).

We will now focus on the more interesting case, i.e., some bins are of type 1 and some are

of type 2.

Definition 7.3 (Full bin). In a type-1 bin, let X be the items from W and Y be the items from
H. The bin is said to be full iff hsum(X) = 1 and wsum(Y) = 1 — wmax(X). Define fullness
for a type-2 bin analogously.

We first show that full bins pack items of a large total area, and then we show that if some
bins are of type 1 and some bins are of type 2, then there can be at most 2 non-full bins. This
will help us get an upper-bound on the number of bins used by g;reedyPack(W7 H ) in terms of
a(ﬁ// UH).

Lemma 7.6. Let there be my full bins of type 1. Let Jy be the items inside those bins. Then

Proof. In the j*® full bin of type 1, let X, be the items from W and Y; be the items from H.
Let

wmax(X;) if j <my

;= )
T2 it j=m +1

Since all items have their larger dimension more than 1/2, ¢; > 1/2 and hmax(Y;) > 1/2.
a(X;) > {41, since X; has height 1 and width at least {;41. a(Y;) > (1 —{;)/2, since Y}
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has width 1 — ¢; and height more than 1/2. Therefore,

a(h) =) (a(X;) +a(¥;) =D (L1 + (1= ¢;)/2)
j=1 j=1
o [l 11 ¢
> T Civg >1/2
B LT T T
4 4 27 4
Therefore, my < 4a(J;)/3+ 1/3. O

An analogue of Lemma 7.6 can be proven for type-2 bins.

Let m be the number of bins used by greedyPack(/Wv, f[) After j bins have been packed,
let A; be the height of the remaining items in W and Bj be the width of the remaining
items in H. Let t; be the type of the j®® bin (1 for type-1 bin and 2 for type-2 bin). So
ti=1 <= A;_1 > Bj_1.

We first show that |[A;_1 — Bj_1| <1 = |A; — Bj| < 1. This means that once the
difference between k(W) and w(H) becomes at most 1, it continues to stay at most 1. Next,
we show that ¢; # t;;1 = |A;_1 — Bj_1| < 1. This means that if there are some bins of type
1 and some bins of type 2, then the difference between h(W) and w(H) will eventually become
at most 1. In the first non-full bin, we will use up all the wide items or the tall items. Then
the remaining items will have total height or total width at most 1, so we can have at most 1
more non-full bin. This would imply that there can be at most 2 non-full bins when we have
both type-1 and type-2 bins.

In the j*® bin, let a; be the height of items from W and b; be the width of items from H.

Hence, for all j € [m], Aj—1 = Aj +a; and Bj_1 = Bj + ;.
Lemma 7.7. ‘Aj—l — Bj_1’ <1l = |A] — le <1.

Proof. Case 1: Aj_1 — B;_1 €0,1].
This means that ¢; = 1.

Assume (for the sake of proof by contradiction) that a; < b;. Then a; < 1, so we used up
all of W in the j* bin. Therefore, A; =0and Aj_1 = a;. Therefore,

Aj_lz&j<bj§bj+Bj:Bj_1 = 1.
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Therefore, a; > b;. Since Aj_; — Bj_1 € [0,1] and a; — b; € [0, 1], we get
Aj = Bj = (Aj-1 = Bj1) = (a5 = bj) € [=1,1].

Therefore, |A; — B;| < 1.
Case 2: A;_; — Bj_; € [-1,0).
This means that ¢; = 2. By an analysis similar to case 1, we get |A; — B;| < 1. O

Lemma 7.8. t; #t;+1 — |A;_1 — Bj_1] < 1.

Proof.

tj=1land tj;1 =2
= Aj_1 > Bj_;and A; < B;
= Bj_1 < Aj_1<Bj_1+a; -
= A1 —Bj_1€[0,1).

tj = 2 and tj+1 =1
— Aj—l < Bj—l and Aj > Bj
= Ajo1 < Bjor S Aja 4 (b — )

— Aj—l — Bj—l € [—1,0) ]

Lemma 7.9. Let there be p full bins. If all bins don’t have the same type, then |A, — By| < 1.

Proof. If m = p, then A, = B, =0, so |A, — Bp| <1 trivially holds. If m =p+1, then A, <1
and B, <1, so |A, — B,| <1 trivially holds. So now assume m > p + 2.

Suppose that in the (p+1)™ bin, we used up all items from W but not H. Then Vi > p+2,
t; = 2. Since all bins don’t have the same type, 3k < p + 1 such that ¢, = 1 and ¢, = 2. By
Lemmas 7.7 and 7.8, we get |4, — Bp| < 1. Similarly, if we used up all items from H in the
(p+ 1) bin, then |A, — B,| < 1. O

Lemma 7.10. If all bins don’t have the same type, then there can be at most 2 non-full bins.

Proof. Let there be p full bins. Assume that there are more than 2 non-full bins. Without loss
of generality, assume that the first non-full bin used up all wide items. Hence, A,;1 = 0. By

Lemma 7.9, we get |A, — B,| < 1. By Lemma 7.7, we get |41 — Bp+1| < 1, which implies
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that B,11 < 1. Hence, the (p+ 1)"™ bin will have type 2 and will use up all tall items, so there

can be at most 2 non-full bins. OJ

Theorem 7.11. The number of bins used by greedyPack is at most
—~ ~ 4 — ~ 8
max ([hsum(Wﬂ, [wsum(H)], ga(W UH)+ §> .

Proof. Let there be m bins in the output of greedyPack(W, H ). If all bins have the same type,
then m < max([hsum(/Wvﬂ, [wsum(H)]).

Let there be my full bins of type 1 and let J; be the items inside those bins. Let there be
me full bins of type 2 and let J; be the items inside those bins. Then by Lemma 7.6, we get
mi < 4a(J1)/3 +1/3 and ms < 4a(J5)/3 + 1/3. Hence, my +ms < 4a(W U H)/3 +2/3. If all
bins don’t have the same type, then by Lemma 7.10, there can be at most 2 non-full bins, so

greedyPack(W, H) uses at most 4a(W U H)/3 +8/3 bins. O

7.3.2 Overview of skewed4Pack

skewed4Pack takes as input a set I of rectangular items and a parameter ¢ € (0,1). It outputs
a 4-stage bin packing of I.

skewed4Pack has the following outline:

1. Use linear grouping to round up the width or height of each item in /. This gives us a

new instance /.

2. Pack I into 1 /g% + 1 shelves, after possibly slicing some items. Each shelf has width or
height more than 1/2 and is fully packed, i.e., the total area of items in a shelf equals the

area of the shelf. If we treat each shelf as an item, we get a new instance I.
3. Compute a packing of I into bins, after possibly slicing some items, using greedyPack.

4. Pack most of the items of I into the shelves in the bins. We will prove that the remaining

items have very small area, so they can be packed separately.

To simplify our algorithm, we assume that ¢! € Z.

7.3.3 Item Classification and Rounding

Define W := {i € I : h(i) < 0y} and H := I — W. Items in W are called wide and items
in H are called tall. Let W) .= {i € W : w(i) > ¢} and W) .= W — W) Similarly, let
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HW .= {ic H:h(i)>e}and HS) .= H - HD),

We will now use linear grouping [26, 49] to round up the widths of items in W& and the
heights of items in H®). Arrange the items of W) in decreasing order of width and stack
them one-over-the-other (i.e., the widest item in W () is at the bottom). Let hy, be the height
of the stack. Let y(i) be the y-coordinate of the bottom edge of item 4. Split the stack into
sections of height e?hy, each. For j € [1/?], let w; be the width of the widest item intersecting

the j' section from the bottom, i.e.,
wj = max({w(i) : i € W and (y(i),y(i) + h(i)) N ((j — 1)e2hy, je2hr) # 0}).

Round up the width of each item ¢ to the smallest w; that is at least w(i) (see Fig. 7.6). Let
WJ.(L) be the items whose width got rounded to w; and let I7V\j(L) be the resulting rounded items.
(There may be ties, i.e., there may exist j; < jo such that w;, = wj,. In that case, define
Wj(QL) = /Wj(f) = (). This ensures that all WJ-(L) are disjoint.) Let W = U, Wj(m.

Allow horizontally slicing each item in W), Let W) be the same as W) except that
we are allowed to slice items in W) both horizontally and vertically. Let Wi=WHUuWwe.
Define H analogously. Let T=WuUH.

Claim 7.12. Items in W) have at most 1/&% distinct widths. Items in HT) have at most
1/€% distinct heights.

~

Lemma 7.13. opt(/) < (1 +¢)opt({) + 2.

Proof. Consider the optimal packing of I. To convert this to a packing of I— (WfL) UH fL)),
unpack Wl(L) and HfL), and for each j € [1/e2? — 1], pack WL in the place of Wj(L) and pack

j+1
H J(JLr)l in the place of H j(-L), possibly after slicing the items. Therefore,
opt(T — (W u HH)) < opt(I). (7.1)

We can pack ]?I{L) in a bin by stacking the items side-by-side on the base of bins. We can
pack /Wl(L) in a bin by stacking the items one-over-the-other. Let wy, be the total width of items
in HX). The number of bins used is [e2hy] + [e2w]. Also,

opt(I) > opt(WH U HE)) > oWy + a(HP)) > e(hy + wy).
Therefore,

opt(W I U B < [2h,] + [e2wy] < e opt(I) + 2. (7.2)
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Figure 7.6: Linear grouping of W) for ¢ = 1/2.

On combining (7.1) and (7.2), we get

opt(1) < opt(T — (W U HHY)) + opt(W U HP) < (1 + ¢) opt(I) + 2. O

7.3.4 Creating Containers

We will use ideas from Kenyon and Rémila’s strip packing algorithm [49] to pack T into con-
tainers and pack the containers into shelves. In the strip packing problem, we are given a set
of rectangular items, and we have to pack them into a bin of width 1 and minimum height.
Since we allow horizontally slicing items in /W, a packing of W into m bins gives us a packing
of W into a strip of height m, and a packing of W into a strip of height A’ gives us a packing
of W into [h'] bins. Hence, if we denote the optimal strip packing of W by optgp (/V[7), then
opt(W) = [optgp (Wﬂ We will now try to compute a near-optimal strip packing of .
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Define a horizontal configuration S as a tuple of 1/ + 1 non-negative integers, where
So € {0,1} and Z;ff Sjw; < 1. For any horizontal line at height y in a strip packing of /W,
the multiset of items intersecting the line corresponds to a configuration. .Sy indicates whether
the line intersects items from /W(S), and S; is the number of items from WJ-(L) that the line
intersects. Let S be the set of all horizontal configurations. Let N := |S|.

To obtain an optimal packing, we need to determine the height of each configuration. This

can be done with the following linear program.

min E Ts
Tz€ERN

ses
where Y Sjzs = h(W ") Vj € [1/€2]
ses
1/€?
and Z 1- Z Sjw; | xg = a(W(S))
S:So=1 j=1
and zg >0 VS eS

Let x* be an optimal extreme-point solution to the above LP. This gives us a packing where
the strip is divided into rectangular regions called shelves that are stacked on top of each other.
Each shelf has a configuration S associated with it and has height h(S) := z¥% and contains
S; containers of width w;. Containers of width w; only contain items from WJ-(L), and we call
1/82 S h

j=1 W5 that
contains small items. We call this container a type-0 container. Each container is fully filled
with items. Let w(S) denote the width of shelf S, i.e., the sum of widths of all containers in S.

Note that if Sy = 1, then w(S) = 1. Otherwise, w(S) = Z]lff Siw;.

them type-j containers. If Sy = 1, S also contains a container of width 1 — )

Lemma 7.14. z* contains at most 1/? + 1 positive entries.
Proof sketch. Follows by applying rank lemma (Corollary 3.8) to the linear program. O
Lemma 7.15. 25 >0 = w(S) > 1/2.

Proof. Suppose w(S) < 1/2. Then we could have split S into two parts by making a horizontal
cut in the middle and packed the parts side-by-side, reducing the height of the strip by z%/2.
But that would contradict the fact that z* is optimal. ]

Now treat each shelf S as an item of width w(S) and height h(S). Allow each such item to
be sliced using horizontal cuts. This gives us a new set W of items such that W can be packed
inside V. By Lemma 7.15, each item in W has width more than 1/2.
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By applying an analogous approach to H , we get a new set H of items. Let I := WUH. We
call the shelves of W horizontal shelves and the shelves of H wertical shelves. The containers
in horizontal shelves are called wide containers and the containers in vertical shelves are called

tall containers.

Claim 7.16. a(I) = a(]).

Lemma 7.17. Let h(W) be the sum of heights of all items in W. Let w(H) be the sum of
widths of all items in H. Then max([h(/Wvﬂ, [w(H)]) < opt(f).

Proof. Since x* is the optimal solution to the linear program for strip packing /W, h(/V[v/) =
Y ogesTe = optsp(ﬁ/\). Therefore, [R(W)] = opt(/VI?) < opt(7). Similarly, [w(H)] = opt(H) <
opt(1). O

7.3.5 Packing Shelves Into Bins

So far, we have packed T into shelves W and H. We will now use g;reedyPack(fVI\;7 ﬁ) to pack
the shelves into bins. By Claim 7.5, we get a 2-stage packing of W U H into m bins, where we
make at most m — 1 horizontal cuts in W and at most m — 1 vertical cuts in H.

By Lemma 7.14, we get a packing of m + 1/&2 horizontal shelves and m + 1/¢? vertical
shelves into m bins.

By Theorem 7.11, Lemma 7.17, and Claim 7.16, we get that

m < max ((h(/l/lv/ﬂ, [w(H)], %a(f) + 2) < %lopt(f) + 2

7.3.6 Packing Items Into Containers

We will now try to pack a large subset of items into the containers. See Fig. 7.7 for an example

output.

Lemma 7.18. Let P be a packing off into m bins, where we sliced horizontal shelves by making
at most m — 1 horizontal cuts and sliced vertical shelves by making at most m — 1 vertical cuts.
Then we can pack a large subset of items I into the containers in P such that the unpacked

items from W have area less than

eh(W) + 8 (1 +€)(m + 1/£2),
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Figure 7.7: A type-1 bin in the packing of I computed by skewed4Pack. The packing contains
5 tall containers in 2 tall shelves and 18 wide containers in 8 wide shelves.

and the unpacked items from H have area less than
cw(H) + dw (1 +¢)(m + 1/£).

Proof. For each j € [1/£%], number the type-j wide containers arbitrarily, and number the
)

items in WJ-(L) arbitrarily. Now greedily assign items from Wj(L to the first container C' until

the total height of the items exceeds h(C'). Then move to the next container and repeat. As per

) will get assigned to some type-j wide

the constraints of the linear program, all items in WJ.(L
container. Similarly, number the type-0 wide containers arbitrarily and number the items in
W) arbitrarily. Greedily assign items from W) to the first container C' until the total area of
the items exceeds a(C'). Then move to the next container and repeat. As per the constraints of
the linear program, all items in W) will get assigned to some type-0 wide container. Similarly,
assign all items from H to tall containers.

Let C be a type-j wide container and J be the items assigned to it. If we discard the
last item from J, then the items can be packed into C. The area of the discarded item is at
most w(C)dy. Let C' be a type-0 wide container and J be the items assigned to it. Arrange
the items in J in decreasing order of height and pack the largest prefix J' C J into C' using
NFDW (Next-Fit Decreasing Width), which is an analogue of NFDH with the coordinate axes

swapped.
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Discard the items J — J'. By Lemma 3.4, a(J — J') < eh(C) + dgw(C) + £dy. Therefore,
for a horizontal shelf S, the total area of discarded items is less than eh(S) + dg (1 + €).
After slicing the shelves in I to get P, we get at most m + 1/ horizontal shelves and at

most m+ 1/e? vertical shelves. Therefore, the total area of discarded items from W is less than
eh(W) + (1 + £)(m + 1/£2),
and the total area of discarded items from H is less than
w(H) + 6w (1+)(m+ 1/£%). O

We will pack the discarded items into new bins using NFDH (or NFDW), and NFDH always
outputs a 2-stage packing. Since greedyPack outputs a 2-stage packing of the shelves and the
packing of items into the shelves is a 2-stage packing, the bin packing of non-discarded items

is a 4-stage packing.

7.3.7 Summary

A summary of skewed4Pack is given in Algorithm 18.

Algorithm 18 skewed4Pack.(/): Packs items [ into square bins of side length 1, where each
item in I has width at most dyy or height at most dy.
1: Let W:={i€l:h(i) <dy}and H:=1-W.
Compute 7 using linear grouping with parameter € as per Section 7.3.3.
Create shelves I from items I as per Section 7.3.4.
Pack [ into bins using greedyPack.
Pack a large subset of I into the shelves using Lemma 7.18. Let W9 be the unpacked items
from W and H¢ be the unpacked items from H.
6: Pack W into new bins using NFDH.
7: Pack H? into new bins using NFDW.

Lemma 7.19. Let I be a set of rectangular items where each item has height at most . Then
the number of bins required by NFDH to pack I is less than (2a(l) +1)/(1 = ).

Proof. The bin packing version of NFDH first packs I into shelves and then packs the shelves
into bins using Next-Fit. Let H be the sum of heights of all the shelves. By Lemma 3.3, H <
2a(I)+0. By Lemma 3.2, the number of bins is less than 1+ H/(1—0) < (2a(I)+1)/(1-¢). O

Theorem 7.2. skewed4Pack. (1) outputs a 4-stage packing of I in time O((1/£)°(V/9) +-nlogn).
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Proof. greedyPack outputs a 2-stage packing, so skewed4Pack outputs a 4-stage packing.
Linear grouping takes O(nlogn + 1/¢2?) time. Computing the shelves requires solving a
linear program in at most 2(1/e2)Y/¢ variables and 1 4 1/e? constraints. greedyPack takes
O(nlogn) time. Packing I into containers takes O(nlogn) time. NFDH and NFDW take
O(nlogn) time. O
Theorem 7.3. Let I be a set of items where each item has width at most dy or height at most

dr. Then skewed4Pack.(I) uses less than a(l + &) opt(l) 4+ 25 bins, where

1 On ow
A= —
2(1—5H+1—5w)

4 A 4
= 5(1 + 4A) + 4e (1 + 7—) < g(l + 4A)(1 4 3¢)

3
ﬁ__QA(1+5)+10+19A+16A5
o g2 3 3 3

Proof. Suppose greedyPack uses at most m bins. Then by Theorem 7.11,

m < 4opt(1)/3 + 8/3.
Let W® and H¢ be the unpacked items from W and H, respectively. By Lemmas 7.17 and 7.18,

a(W?) < copt(I) + 6u(1 +e)(m + 1/£2),

a(HY) < eopt(I) + w (1 +&)(m + 1/£2).

By Lemma 7.19, the number of bins used by skewed4Pack. (/) is less than

2a(Wa +1  2a(HY) +1

1—0n 1— 0w
< (1+4A1 4 2))m +4e(1 4+ A)opt(T) + 2(1 + A) + 4A(1 + €) /&2
< aopt(I) +2(8 — 1) < a(l + ) opt(I) + 28. (by Lemma 7.13)
[l

7.4 APoG for the Rotational Case

Theorem 7.20. For a set I of rectangular items, let opt™ (I) and opt*(I) be the minimum

number of bins needed to pack I in the non-rotational and rotational versions, respectively.
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Let opty™(I) and opty(I) be the minimum number of guillotinable bins needed to pack I in the
non-rotational and rotational versions, respectively.

Let § be a family of inputs that is closed under rotation, i.e., for a set I € S of items, if
we rotate some items in I to get a set J of items, then J € S. Let APoG™ and APoG" be the
APoG for the non-rotational and rotational versions, respectively, restricted to the family S.
Then APoG" < APoG™.

Proof. Let I be any set of items in S. Let K be the corresponding rotated items in the optimal

rotational packing of I, i.e., opt* (1) = opt™ (K). Then

opty(I) < opty'(K)
< APoG™ opt™(K) + o(opt™(K))
= APoG™ opt'(I) + o(opt"(1)).
Since this is true for all I € S, we get APoG" < APoG™. O]

Assume without loss of generality that bins have width and height at least 1. The class
of (0,0)-skewed rectangles is closed under rotation, so by Theorem 7.20, the APoG for the

rotational case is upper-bounded by

4 14 40
3 1-46)

When § is very small, this is close to 4/3.
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Chapter 8

Almost-Optimal Bin Packing of Skewed
Rectangles

For a constant § > 0, a rectangle is said to be d-skewed iff either its width is at most 9 or its
height is at most 9. We give an approximation algorithm for bin packing d-skewed rectangles
where the algorithm’s AAR approaches 1 as § approaches 0. Formally, we give an algorithm
for 2D GBP, called skewedCPack (abbreviates skewed compartmental packing), that accepts a
parameter ¢, and we show that for every constant ¢ € (0, 1), there exists a constant § € (0, ¢)
such that the algorithm has an AAR of 1+¢ when all items in the input are J-skewed rectangles.

Our result shows that the approximability of the d-skewed case is very different from the
general 2BP problem, since it is NP-hard to obtain an asymptotic approximation ratio better
than 1+ 1/2196 for general 2BP [21].

The best-known AAR for 2D GBP is 14 1In(1.5)+¢ ~ 1.405+¢. Our result indicates that to
improve upon algorithms for 2D GBP, we should focus on big rectangles, i.e., rectangles whose

width and height are both more than a constant .

Overview of the Algorithm

skewedCPack takes a set I of items as input and has the following outline:

1. Invoke the subroutine round(/) (described in Section 8.1). round(/) removes some items
Ineq C I of low total area and rounds up the width or height of each remaining item so

that the resulting items I have special properties that help us pack them easily.

2. Compute the optimal fractional compartmental bin-packing of I (we will define compart-

mental and fractional later).
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3. Use this packing of I to obtain a packing of I that uses slightly more number of bins.

Let opt(I) be the minimum number of bins needed to pack I. To bound the AAR of
skewedCPack, we will prove a structural theorem in Section 8.2, i.e., we will prove that the
optimal fractional compartmental packing of I uses close to opt(/) bins.

We will focus on the case where the items cannot be rotated, so we will assume without loss
of generality that the bin is a square of side length 1. In Section 8.4, we show how to extend

skewedCPack to the case where the items can be rotated by 90°.

Organization of the Chapter

e In Section 8.1, we describe the subroutine round and define fractional packing.
e In Section 8.2, we define compartmental packing and prove the structural theorem.
e In Section 8.3, we describe the skewedCPack algorithm.

e In Section 8.4, we show how to extend skewedCPack to handle item rotations.

8.1 Classifying and Rounding Items

In this section, we will describe the algorithm round(l). round(/) returns a pair (f s Imed),
where I is called the set of rounded items and Inea € I is called the set of medium items. We
will show that a(Imeq) < ca(l) and I is obtained by rounding up the width or height of each
item in I — Ieq.

We assume that ¢ < 1/2 and that e~! € Z.

8.1.1 Removing Medium Items

We will choose I1,0.q € I such that for two constants €5 and e, no item in I — I,,q has its width
or height in the interval (e9,¢1] and 9 < 1 < 1 (we will soon precisely define the meaning of

g0 K 51). For skewedCPack to work, we require § < es.

Definition 8.1. Let ug € (0, 1] be a constant and let f : (0,1] — (0,1] be a function such that
Vo e (0,1], f(x) <x. Let T := [2/e]. Fort € [T)], define p; := f(p—1) and define

Jt = {Z el: U)(Z) S (ut,,ut_l] or h(’l) S (ut,,ut_l]}.
Define removeMedium(I, ¢, f, po) as the tuple (J,, pir, ftr—1), where r := argmin’_, a(J;).
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Lemma 8.1. Let (Iied, €2,¢1) := removeMedium(/, ¢, f, o). Then a(Inmeq) < ca(l).

Proof. Each item belongs to at most 2 sets J;. Therefore,

a(Imed) = mTlna Ji) < Za (Jy) < a(I) < ea(I). O

f2/ |

No item in [ — I;yeq has width or height in the interval (e9,1].
Let pg = €. So, &1 < ¢ and &9 := f(g1). We choose f to be

ET

104(1 + 1/(ex))2/+=2 (8.1)

flz) =

We will explain this choice later in Section 8.3.4. Intuitively, such an f ensures that ey =
f(e1) < 1. Note that f is independent of I, so €1 and ey are constants. Also note that
7 eZ = f(x)'€Z soert ey €L

8.1.2 Classifying Items

Classify the items in [ — I},¢q into three disjoint classes:
e Wide items: W :={i € I:w(i) >¢e; and h(i) < ea}.
o Tall items: H :={i € l:w(i) <egand h(i) > e1}.

e Small items: S :={i € I : w(i) < ey and h(i) < ea}.

8.1.3 Linear Grouping

We will now use linear grouping [26, 49] to round up the widths of items in W and the heights
of items in H. Arrange the items of W in decreasing order of width and stack them one-over-
the-other (i.e., the widest item in W is at the bottom). Let hz be the height of the stack. Let
y(1) be the y-coordinate of the bottom edge of item i. Split the stack into sections of height
eerhy, each. For j € [1/ee1], let w; be the width of the widest item intersecting the j* section

from the bottom, i.e.,
wj = max({w(i) : 4 € W and (y(4),y(@) + h(i)) N ((j — 1)eerhy, jeerhy) # 0}).

Round up the width of each item 7 to the smallest w; that is at least w(i). Let W; be the items
whose width got rounded to w; and let Wj be the resulting rounded items. (There may be ties,
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i.e., there may exist j; < jo such that w;, = wj,. In that case, define W}, := Wh = (). This
ensures that all W; are disjoint.) Let W=/ ; Wj.
Define H analogously. Let [:=WUHUS.

Claim 8.2. Items in W have at most 1/eeq distinct widths. Items in H have at most 1/eeq
distinct heights.

Definition 8.2 (Fractional packing). Suppose we are allowed to slice wide items in I using
horizontal cuts, slice tall items in I using vertical cuts and slice small items in I using both
horizontal and wvertical cuts. For any X C f, a bin packing of the slices of X is called a

fractional packing of X. The optimal fractional packing of)? is denoted by fopt()?).

Lemma 8.3. fopt(/) < (1 +¢)opt() + 2.

Proof. Consider the optimal packing of I. To convert this to a packing of I— (Wl UH 1), unpack
Wy and Hy, and for each j € [1/ee; — 1], pack Wj+1 in the place of W; and pack ﬁj+1 in the
place of Hj, possibly after slicing the items. Therefore,

fopt(I — (W U Hy)) < opt([). (8.2)

We can pack H, in a bin by stacking the items side-by-side on the base of bins. We can
pack Wl in a bin by stacking the items one-over-the-other. Let wy, be the total width of items

in H. The number of bins used is [ee1h] + [ec1wp]. Also,

opt(I) > opt(WUH) > a(W)+a(H) > e1(hy +wy).
Therefore,

fopt(Wy U Hy) < [ee1hr] + [es1wr] < copt(I) + 2. (8.3)
On combining (8.2) and (8.3), we get

fopt(I) < fopt(I — (W1 U Hy)) + fopt(Wy U Hy) < (1 + &) opt(1) + 2. O

8.2 Structural Theorem

In this section, we will define compartmental packing and we will prove the structural theorem,
which says that the number of bins in the optimal fractional compartmental packing of I is

roughly equal to fopt(7).
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For any rectangle i packed in a bin, let z1(i) and x2(i) denote the z-coordinates of its left
and right edges, respectively, and let y; (i) and y2(7) denote the y-coordinates of its bottom and
top edges, respectively. Let R be the set of distinct widths of items in W. Given the way we
rounded items, |R| < 1/ee;.

Recall that e; < e < 1/2.

8.2.1 Discretizing Horizontal Positions

We will show that given a fractional packing of items in a bin, we can remove a small fraction
of tall and small items and shift the remaining items leftwards so that the left and right edges
of each wide item belong to a constant-sized set T .

Let Tp := {0} and ¢y := 1. For any j > 0, define

o tj:=(141/ee1)¥.

o 0 :=ce1/tj1.

o S;=T;_1U{kéj:keZand 0 <k <1/}

o T :={x+y:2€S;and y € RU{0}}.
Observation 8.4. For all j > 0, we have T;_1 C S; C T} and 53-_1 cZ.
Lemma 8.5. For all j > 0, |Tj| < t;.

Proof. We will prove this by induction. The base case holds because |Tp| =ty = 1.

Now assume |T;_1| < t;—;. Then

1 1 1 2
T:|N<(|R|+1D|S;|<|[—+1 T;_ — | < |—+1]) t,_1=t,.
1< QR+ 0185 < (- +1) (Il + 5 ) < (£ +1) b=t

Hence, by mathematical induction, |Tj| < t; for all j > 0. [
Define 7 := T1/€1—1~ Therefore7 |T| < tl/el—l — (1 + 1/551)2/81—2‘

Lemma 8.6. Given a fractional packing of items J C I into a bin, we can remove tall and
small items of total area less than € and shift some of the remaining items to the left such that

for every wide item i, we get x1(i), z2(i) € T.
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Proof. We will describe an algorithm for such a transformation.

For wide items u and v, we say that u < v iff the right edge of u is to the left of the left edge
of v. Formally u < v <= z5(u) < z1(v). We call u a predecessor of v. Note that the relation
< is transitive. A sequence [iy, g, ..., ik such that i; < iy < ... < i is called a chain ending
at ir. For a wide item 4, define level(i) as the number of items in the longest chain ending at

1. Formally,

1 if 7 has no predecessors
level(7) =
) 1+ maxlevel(j) otherwise
7=

Let W; be the items at level j, i.e., W; := {3 : level(i) = j}.

Figure 8.1: Example illustrating the < relationship between wide items in a bin. An edge is
drawn from u to v iff u < v. Here Wy = {a,e,b}, Wo = {d, f} and W3 = {c}.

Note that the level of an item can be at most 1/e7 — 1, since each wide item has width more
than e7.

Our algorithm will proceed in stages, where in the j* stage, we apply two transformations
to the items in the bin. In the first transformation, called strip-removal, we will remove some
tall and small items. In the second transformation, called compaction, we will first shift some
tall and small items leftwards and then shift each item in W} leftwards.

We will maintain the following invariant throughout the algorithm:

Invariant: after k stages, for each j € [k], each item i € W; has z1(i) € S; (and hence
x2(i) € T;). Note that the invariant is trivially true for & = 0.

Definition 8.3 (Strip-removal). In the j™ stage, for each x € Tj_1, consider a strip of width
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d; and height 1 in the bin whose left edge has coordinate x. Discard the slices of tall and small

items inside the strips. This transformation is called strip-removal.

Lemma 8.7. Items discarded from a bin by strip-removal (across all stages) have total area

less than e.

Proof. In the j*® stage, we create |Tj_1]| strips, and each strip has total area at most d;. There-
fore, the area discarded in the j*® stage is at most |T;_1]0; < ¢;_16; = ee1. Since there can be

at most 1/e; — 1 stages, we discard an area of less than ¢ across all stages. O

Definition 8.4 (Compaction). In the j stage, move all tall and small items as much towards
the left as possible (imagine a gravitational force acting leftwards on the tall and small items)
while keeping the wide items fived. Then move each wide item i € W; leftwards till z1(i) € S;.

This transformation is called compaction.

Lemma 8.8. Compaction always succeeds, i.e., in the j™ stage, while moving item i € W;

leftwards, no other item will block its movement.

Proof. Let i € W;. Let z be the z-coordinate of the left edge of the strip immediately to the
left of item ¢, i.e., z := max({z € Tj_1 : v < x1(7)}).
For any wide item ', we have z5(i') < x1(i) <= i’ <i <= level(i') < j — 1. By our

invariant, we get
level(i') <j—1 = a9(i') € Tjo1 = 22(V') < 2.

Therefore, for every wide item i, x9(i') & (z, x1(4)].

In the j*® strip-removal, we cleared the strip [z, z + d;] x [0,1]. If 21(i) € [z, 2 + §;], then i
can freely move to z, and z € T;_; C S;. Since no wide item has its right edge in (z,z1(¢)], if
x1(2) > z + 0;, all the tall and small items in [z + J;, z1(7)] will move leftwards by at least J;
during compaction. Hence, there would be an empty space of width at least d; to the left of
item i (see Fig. 8.2). Therefore, we can move i leftwards to make x;(7) a multiple of ¢;, and
then z;(z) would belong to ;. O

Since compaction in the j* stage would force x1(i) to belong to S; for each i € W, the
invariant is maintained after each stage. Therefore, after 1/e; — 1 stages, we get that for each
wide item 4, 21(7) € S1/e,—1 €T and 23(i) € Ty = T. O
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Figure 8.2: This figure shows a region in the bin in the vicinity of item ¢ € W;. It illustrates
how shifting tall and small items during compaction in the j* stage creates a free space of
width ¢ to the left of some wide items, including :. Wide items are shaded dark and the lightly
shaded region potentially contains tall and small items. Note that some tall and small items
in the region C' may be unable to shift left because item k& is blocking them. All other tall and
small items in this figure to the right of z can shift left by ¢;.

8.2.2 Creating Compartments

Definition 8.5 (Compartmental packing). Consider a bin with some items packed into it. A

compartment C' is defined as a rectangular region in the bin satisfying the following properties:
o 21(C),22(C) €T.
e y1(C),y2(C) are multiples of econt 1= €€1/6|T]|.

o (' does not contain both wide items and tall items.
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o If C contains tall items, then x1(C) and x2(C') are consecutive values in T .

If a compartment C' contains a wide item, it is called a wide compartment. Otherwise it is
called o tall compartment.

A packing of items J into a bin is said to be compartmental iff there is a set of non-
overlapping compartments in the bin such that each wide or tall item lies completely inside
some compartment, and there are at most ny = 3(1/e1 — 1)|T| + 1 wide compartments in the
bin and there are at most ny := (1/e1 — 1)|T| tall compartments in the bin.

A packing of items into bins is called compartmental iff each bin in the packing is compart-

mental.

Lemma 8.9. Let there be a set I of rectangles packed inside a bin. Then there is a polynomaial-
time algorithm that can decompose the empty space in the bin into at most 3|I| + 1 rectangles

by making horizontal cuts only.

Proof. Extend the top and bottom edge of each rectangle leftwards and rightwards till they hit
another rectangle or an edge of the bin. This decomposes the empty region into rectangles R.
See Fig. 8.3.

For each rectangle ¢ € I, the top edge of i is the bottom edge of a rectangle in R, the bottom
edge of i is the bottom edge of two rectangles in R. Apart from possibly the rectangle in R

whose bottom edge is at the bottom of the bin, the bottom edge of every rectangle in R is

either the bottom or top edge of a rectangle in I. Therefore, |R| < 3|I| + 1. O
9
8
7 L - - -
6
——————— = s
4
2 3
1

Figure 8.3: Using horizontal cuts to partition the empty space around the 3 items into 9
rectangular regions.

Lemma 8.10. Let J be a packing of items into a bin such that for each wide item i, x1(i), x2(i) €
T. Then by removing wide and small items of area less than €, we can get a compartmental

packing of the remaining items.
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Proof. Draw vertical lines in the bin at the z-coordinates in 7 — {0}. This splits the bin into
|7| columns (see Fig. 8.4a). Each column has 0 or more wide items crossing it. These wide
items divide the column into cells. A cell is called tall iff it contains a tall item (see Fig. 8.4b).
There can be at most 1/e7 — 1 tall cells in a column, so there can be at most (1/e; — 1)|7T| tall

cells in the bin.

12037475 16

I 737 | | B .
| 8
| | 9
. ||
: 5
. |
; I

—
DO

=

|

1
(b) Wide items divide each column into cells.
Each cell containing a tall item is called a tall
cell. There are 9 tall cells in this figure, which
are shaded gray.

(a) A packing of items in a bin. Wide items are
green and tall items are blue. Draw vertical
lines at z-coordinates from 7 — {0}. They
divide the bin into columns. In this figure, we
have 6 columns.

Figure 8.4: Creating tall cells in a bin

By Lemma 8.9, we can use horizontal cuts to partition the space outside tall cells into at
most 3(1/e1 — 1)|T] + 1 rectangular regions (this can slice some wide items). See Fig. 8.5a. If
a region contains a wide item, call it a box.

For each box i, slice and discard some items from the bottom of the box and increase y; ()
so that it becomes a multiple of e.ont. Then slice and discard some items from the top of the
box and reduce y,(7) so that it becomes a multiple of e.oni. The total area of items discarded
is less than 2e.,¢. If 7 continues to contain a wide item, it becomes a wide compartment. Now
all wide items belong to some wide compartment (see Fig. 8.5b).

Each column has 0 or more wide compartments crossing it. These wide compartments divide
the column into rectangular regions. Each region that contains a tall item is a tall compartment
(see Fig. 8.6).

Therefore, by removing wide and small items of area less than 6|7 |econt/1 < €, We get a
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7 7
(a) Partition the space outside tall cells into (b) For each box, discard some items and shift
rectangular regions by extending the horizon- horizontal edges to make their y-coordinates
tal edges of tall cells (see Lemma 8.9). Each multiples of econt. Boxes that continue to con-
rectangular region containing a wide item is tain a wide item are now wide compartments.

called a bozx. There are 7 boxes in this figure,
which are shaded gray.

Figure 8.5: Obtaining wide compartments

Figure 8.6: Wide compartments divide each column into rectangular regions. Each such region
containing a tall item is a tall compartment. There are 9 tall compartments in this figure.

compartmental packing of items where there are at most (1/e; — 1)|7| tall compartments and

at most 3(1/e1 — 1)|7T| + 1 wide compartments. O
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8.2.3 Existence of Near-Optimal Compartmental Packing

For a set I of rounded items, define fcopt(f ) as the number of bins in the optimal fractional

compartmental packing of I
Theorem 8.11. Let I be a set of §-skewed rounded items. Then fcopt(I) < (1+4¢) fopt(I)+2.

Proof. Consider a fractional packing of I into m := fopt(f ) bins. By Lemmas 8.6 and 8.10,
in each bin, we can discard items of area at most 2¢ from the bin and get a compartmental
packing of the remaining items.

Let X be the set of wide and small discarded items and let Y be the set of tall discarded
items. For each item i € X, if w(i) < 1/2, slice it using a horizontal cut in the middle and place
the pieces horizontally next to each other to get a new item of width 2w(i) and height h(7)/2.
Repeat until w(i) > 1/2. Now pack the items in bins by stacking them one-over-the-other so
that for each item i € X, z1(i) = 0. This will require less than 2a(X) + 1 bins, and the packing
will be compartmental.

Similarly, we can get a compartmental packing of Y into 2a(Y’) 4+ 1 bins. Since a(X UY) <
2em, we will require less than 4em + 2 bins. Therefore, the total number of compartmental
bins used to pack I is less than (1 + 4¢)m + 2. O

8.3 Packing Rounded Items

Let I be a set of d-skewed items. In this section, we give an algorithm for computing a near-
optimal packing of I, called skewedCPack. Roughly, skewedCPack first computes (T, Ined) =
round(/). It then computes the optimal fractional compartmental packing of I by first guessing
a packing of empty compartments into bins and then fractionally packing the wide and tall items
into the compartments. It then converts the fractional packing of I to a non-fractional packing
of I with only a tiny increase in the number of bins. See Fig. 8.7 for a visual overview of
skewedCPack.

8.3.1 Enumerating Packing of Compartments

We will compute the optimal fractional compartmental packing of I in two steps. First, for
each bin, we will guess the compartments in the bin. Each such packing of compartments into
bins is called a configuration. Then we will fractionally pack the items into the compartments.

There can be at most ny := 3(1/e; — 1)|T| 4+ 1 wide compartments in a bin. Each wide

compartment can have (1/gcont)? y-coordinates of the top and bottom edges and at most |77]?/2
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I —

(a) Guess the packing of (b) Fractionally pack wide and (¢) Pack the items non-

empty compartments in each tall items into compartments. fractionally (Section 8.3.3).
bin (Section 8.3.1). This partitions each compart-

ment into containers (Sec-

tion 8.3.2).

Figure 8.7: Major steps of skewedCPack after rounding /.

x-coordinates of the left and right edges, where econt := €21 /6|7 |. The rest of the space is for

tall compartments. Therefore, the number of configurations is at most

o 6T 1/e1 (1+$
ne = ((1/5cont)2‘7-’2/2)nw S (M) S (1 + i)

£e1 £&q

Since each configuration can have at most n bins, the number of combinations of configurations
is at most (n 4 1)"°.
Therefore, we can iterate over all possible bin packings of empty compartments in O(n"c)

time. Let iterPackings(/) be an algorithm for this, i.c., iterPackings(I) outputs the set of

all possible bin packings of empty compartments into at least [a(I)] and at most n bins, where

n is the number of items in 1.

8.3.2 Packing Items Into Compartments

For each bin packing of empty compartments, we will try to fractionally pack the items into the
bins. Formally, let P be a packing of empty compartments into bins. We will create a feasibility
linear program, called FP(T , P), that is feasible iff wide and tall items in I can be packed into
the compartments in P. If FP(T , P) is feasible, then small items can also be fractionally packed
since P contains at least a(I) bins.

Let wy,wy, ..., w, be the distinct widths of wide compartments in P. Let U; be the set of
wide compartments in P having width w?. Let h(U;) be the sum of heights of the compartments

in U;. By Definition 8.5, we know that p < |T|?/2. Let wq,ws,...,w, be the distinct widths
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of items in W (recall that W is the set of wide items in _7) Let Wj be the items in W having
width w;. Let h(W]) be the sum of heights of all items in Wj. By Claim 8.2, we get r < 1/ee;.

Let C := [Cy,CY,...,C,] be a vector, where Cy € [p| and C; € Zx( for j € [r]. Cis
called a wide configuration iff w(C) = Z;Zl Cjw; < wg,. Intuitively, a wide configuration
C represents a set of wide items that can be placed side-by-side into a compartment of width
wg,- Let C be the set of all wide configurations. Then |C| < p/e], which is a constant. Let
C;={CeC:Cy=j}

To pack W into wide compartments, we must determine the height of each configuration.
Let z € R'ZC(') be a vector where x¢ denotes the height of configuration C'. Then W can be packed
into wide compartments according to x iff x is a feasible solution the following feasibility linear

program, named FPW(IN, P):

Z Cjizc > h(Wj) Vi e [r] (Wj should be covered)
cec

Y ze <WU;) Vel (C; should fit in U;)
CeC and Cyo=j
e >0 vCecC

Let 2* be an extreme point solution to FPy (I, P) (if FPy (I, P) is feasible). By Rank
Lemma, at most p+ r entries of 2* are non-zero. Since the number of variables and constraints
is constant, 2* can be computed in constant time.

Let H be the set of tall items in I. By Claim 8.2, we get that items in H have at most 1/eeq
distinct heights. Let there be ¢ distinct heights of tall compartments in P. By Definition 8.5,
we know that ¢ < 1/econt = 6|7 |/ce1. We can similarly define tall configurations and we can
similarly define a feasibility linear program for tall items, named FP H(IN , P). H can be packed
into tall compartments in P iff FP H(f , P) is feasible. Let y* be an extreme point solution to
FP H(f, P). Then y* can be computed in constant time and y* has at most ¢ + 1/ee; positive
entries.

Therefore, I can be packed into P iff the feasibility linear program FP(f, P):= FPW(T, P)A
FPy (I, P) is feasible.

The solution (z*,y*) shows us how to split each compartment into shelves, where each shelf
corresponds to a configuration C and the shelf can be split into C; containers of width w; and
one container of width wg, —w(C'). Let there be m bins in P. After splitting the configurations

across compartments, we get at most p + ¢ + 2/ee1 + m(nw + ng) shelves.
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8.3.3 Converting a Fractional Packing to a Non-Fractional Packing

Let there be m bins in a packing P of empty compartments into bins. Suppose it is possible
to pack I into P. Let z* and y* be extreme-point solutions to FPW(]:? P) and FPH(T, P),
respectively. This gives us a fractional compartmental packing of I into m bins. We will now
show how to convert this to a non-fractional compartmental packing by removing some items
of small total area. Formally, we give an algorithm called greedyPack(I:, P, x* y*). It returns
a pair (@, D), where @ is a (non-fractional) compartmental bin packing of items I— D, where
the compartments in the bin are as per P. D is called the set of discarded items, and we will
prove that a(D) is small.

For a configuration C' in a wide compartment, there is a container of width wg, — w(C)
available for packing small items. Hence, there are p + q + 2/ee; + m(nw + ny) containers
available inside compartments for packing small items. By Lemma 8.9, we can partition the
space outside compartments into at most m(3(nw + ng) + 1) containers. Therefore, the total

number of containers available for packing small items is at most

m.

e 871, 2, 10

ms = (p+q+2/eer) +m(d(nw +npg) +1) < ( 2 ge1 €61 €1

Greedily assign small items to small containers, i.e., keep assigning small items to a container
till the area of items assigned to it is at least the area of the container, and then resume from the
next container. Each small item will get assigned to some container. For each container C', pack
the largest possible prefix of the assigned items using the Next-Fit Decreasing Height (NFDH)
algorithm. By Lemma 3.4, the area of unpacked items would be less than eo 4+ +£26. Summing
over all containers, we get that the unpacked area is less than (g2 + § + £20)mg < 3eams.

For each j, greedily assign wide items from Wj to containers of width wj, i.e., keep assigning
items till the height of items exceeds the height of the container. Each wide item will get
assigned to some container. Then discard the last item from each container. For each shelf in a
wide compartment having configuration C, the total area of items we discard is at most dJw(C).
Similarly, we can discard tall items of area at most 0h(C') from each shelf in a tall compartment
having configuration C'.

Hence, across all configurations, we discard wide and tall items of area at most

71> 6IT] 2

5((p+q+2/ee1) + m(nw +ng)) <0 (_ L0 _) + 45|T]

€1

m.
2 €€ EEL

182



Therefore, for (Q, D) := greedyPack(IN7 P, x* y*), we get

52 2 6 2
a(D) < ﬂm + 4ey (ﬂ + oI71 + —) (8.4)
€1 2 €€ g€

where m is the number of bins used by P.

8.3.4 The Algorithm

We now summarize the algorithm for bin packing J-skewed items I (see Algorithm 19 for
a more precise description). First, use round on I, ie., let (I, Iyeq) := round(I). Then
enumerate all packings P of compartments into bins as per Section 8.3.1. For each packing
P, check if I can be fractionally packed into P by solving the feasibility linear program (see
Section 8.3.2). If yes, then use a solution to the feasibility linear program to compute a (non-
fractional) compartmental packing of I-D using greedyPack (see Section 8.3.3), where D is
the set of items discarded by greedyPack. Then pack [,eq U D into bins using the Next-Fit
Decreasing Height (NFDH) algorithm. Output the best bin packing of I across all choices of
P.

Algorithm 19 skewedCPack.([): Packs a set I of §-skewed rectangular items into bins without
rotating the items.

1: (I, Iymeq) = Tound.(I).
2: Initialize Qpest to null.

3: for P € iterPackings(/) do // iterPackings is defined in Section 8.8.1.
4: x* = opt(FPW(f, P)). // FPw and FPy are defined in Section 8.5.2.
5: //1If FPW(], P) is feasible, z* is an extreme-point solution to FPW(Z P).

6: // If FPw(f, P) is infeasible, x* is null.

7. y* =opt(FPy(I, P)).

8: if 2* # null and y* # null then // if I can be packed into P
9: (Q, D) = greedyPack(I, P, z*, y*). // greedyPack is defined in Section 8.8.3.
10: Qp = NFDH(D U Ieq)-

11: if Q U @Qp uses less bins than Qpest then

12: Qbest = QU Qp.

13: end if

14: end if

15: end for

16: return Qpest
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Recall the function f from Eq. (8.1) in Section 8.1.1. Since g5 := f(e1), we get

£e1 £e1

&9 = f(EI) = 104(1 T 1/€€1>2/51—2 — 1O4|7_|

The last inequality follows from the fact that |7 < (14 1/eg)?/=172,

Lemma 7.19. Let I be a set of rectangular items where each item has height at most 6. Then
the number of bins required by NFDH to pack I is less than (2a(I) +1)/(1 — ).

Proof. (See Section 7.3.7.) O

Lemma 8.12. Let I be a set of rectangular items where each item has width at most 6. Then
the number of bins required by NFDH to pack I is less than 2a(I)/(1 — §) + 3.

Proof. The bin packing version of NFDH first packs I into shelves and then packs the shelves

into bins using Next-Fit. Let the number of shelves be p. Let h; be the height of the 5" shelf.

Let S; be the items in the j shelf. For j € [p — 1], in the j'" shelf, the total width of items is

more than (1 — §) and each item has height more than h; . Therefore, a(S;) > hj1(1 —9).
Let H be the sum of heights of all the shelves. Then

p—1 p—1
a(I) > " a(S;) > Y hjy(1—6) > (1-0)(H — In)
i=1 i=1
a(l)
H 1
- < =3 +
By Lemma 3.1, the number of bins is less than 2H + 1 < 2a(I)/(1 —0) + 3. O

Theorem 8.13. The number of bins used by skewedCPack. (/) is less than

1 1 2/61—2
1420 t(1 — 1+ — 23.
r2soplny+ g (142 ) 4

Proof. In an optimal fractional compartmental bin packing of I , let P* be the corresponding

packing of empty compartments into bins. Hence, P* contains m := fcopt(/) bins. Since
iterPackings(I) iterates over all packings of compartments into bins, P* € iterPackings([).
Since wide and tall items in I can be packed into the compartments of P*, we get that x*
and y* are not null. By Lemmas 8.12 and 7.19, the number of bins used by NFDH to pack

Imea U D is less than 2a(Ipeq UD)/(1 —6) +3 4 1/(1 —6). Therefore, the number of bins used
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by skewedCPack(/) is less than

2a([medUD) 1
R
2e 2e9 [ 52|T] 71> 6|T|+2 1
= a(l el B 4 -
<m—|—1_5a()+1_5( - m+ 5+ = +3+1_5

(by Lemma 8.1 and Eq. (8.4))

104e5|T | 2e 1 8o (ITI?  6|T|+2
= (14 =2 I
<+51(1—5) U v CORS S S e G R —

_ £ 2e 1 eer|T] 2
_<1—|—1_5)m+1_5a(I)+3+13(1_5>( 5 +19—|—m>. (by Eq. (8.5))

By Theorem 8.11 and Lemma 8.3, we get

m = fcopt(]) < (1 + 4e) fopt(I) +2 < (1 +4e)(1 +¢) opt(I) + 4 + 8e.

Therefore, the number of bins used by skewedCPack([/) is less than

((1 4 45)(1 4 €) (1 + - 5) + 12—_55) opt(I)

£ 1 eeq|T| 2
448 1+ — 3 19+ —
+(+e)<+1_5)+ +13(1_5>( 5 T +\TI
1 1 2/5172
§(1+205)opt([)+ﬁ<l+g) + 23. (since 6 <& <e<1/2)
1

O

8.4 Handling Item Rotations

In this section, we will briefly explain changes to skewedCPack and its analysis so that they
work for the case where items can be rotated by 90°.

For the rotational version of the problem, we can assume without loss of generality that the
height of each J-skewed rectangle is at most 9, because otherwise we can rotate the item. We
assume without loss of generality that the width of the bin is 1 and the height of the bin is at
least 1, because we can rotate the bin and scale its width and height equally. We also assume
that the height of the bin is a constant.

To handle the rotational case, we do not require any change in Section 8.1.

The structural theorem in Section 8.2 doesn’t require any conceptual modifications. The
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only change is that the number of tall compartments in a tall cell can be more than 1/g; — 1.
Specifically, if the height of the bin is H, the number of tall compartments in a tall cell is now
upper-bounded by H/e;. (Hence, for the number of compartments to be a constant, we require
the bin’s height to be a constant). This will increase the running time of iterPackings, but
there will be no change to Theorem 8.11.

The feasibility linear program of Section 8.3.2 will have to change to take item rotations into
account. Instead of using two programs—FPy, and FPy—which fractionally pack wide and
tall items separately, we will use just one program which will also decide which items to rotate.
To do this, we allow an item to belong to both wide and tall configurations. The number of
constraints in the feasibility linear program will be a constant that depends on € and ¢;.

The greedyPack algorithm of Section 8.3.3 will remain the same, but the total area of
discarded items will be slightly different because the number of compartments in a bin can now
be larger. Finally, the AAR of skewedCPack for the rotational version will be 1+ ©(1)e by the

same kind of analysis as in Section 8.3.4.
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Chapter 9
Conclusion and Future Directions

In this thesis, we studied approximation algorithms for different kinds of geometric packing
problems.

In Chapters 4 and 5, we give approximation algorithms for the generalized multidimensional
bin packing problem, a problem that has wide practical applications but had not yet received
attention from the theoretical computer science community. We hope that our work will drive
interest into this problem. Possible future directions of research for this problem include obtain-
ing algorithms with better asymptotic approximation ratios, and identifying important special
cases that can be solved efficiently.

In Section 4.3, we extended the Round-and-Approx framework [10, 14] to a larger class of
bin packing algorithms. We expect that our progress will help in better understanding the
power of Round-and-Approx and enable the design of better approximation algorithms for
other packing problems. It would also be interesting to see applications of Round-and-Approx
to other set-cover type problems; like round-SAP and round-UFP [30].

In Chapter 6, we give approximation algorithms for the rotational version of geometric bin
packing. Our algorithm for 3D GBP obtains the best-known asymptotic approximation ratio.
Most previous works make assumptions about bin sizes which are unlikely to hold in practice.
Our algorithms, however, don’t rely on such assumptions. An important problem is to obtain
better asymptotic approximation ratios for dD GBP, especially 3D GBP. There is currently
an exponential gap between the lower and upper bounds on the AAR achievable for dD GBP
(constant lower bound, upper bound of 1.691¢71). It would be interesting to reduce this huge
gap.

We have seen that for 2D GBP, the algorithm of Bansal, Lodi and Sviridenko [15] has an
AAR equal to the asymptotic price of guillotinability (APoG). It is known that 4/3 < APoG <
Ty =~ 1.69103. If we could obtain a better upper bound on APoG, that could give us the
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best-known algorithm for 2D GBP. Hence, obtaining tight bounds on APoG is an important
problem. In Chapter 7, we show that for the special case of d-skewed rectangles, when 9 is close
to 0, both the lower and upper bounds on APoG are close to 4/3. We hope that our work will
shed more light on the general case of the problem. A good next step would be to obtain tight
bounds on APoG when all rectangles are non-d-skewed, and after that focus on the general case
of the problem.

In Chapter 8, we gave an approximation algorithm for 2D GBP when the rectangles are
0-skewed. Our work indicates that to improve the AAR for 2D GBP, a good next step would
be to focus on the special case of non-d-skewed rectangles.

Finally, it would be interesting to see if our work can be extended to other problems similar
to bin packing, like bin covering [4] and scheduling. Another direction is to explore different
problem paradigms, like online algorithms, or different analysis paradigms, like average-case

analysis.
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