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(Probable) List of Theorems for “Chalk & Talk a Graph Theorem” Session

The goal of this session is to cover fourteen important and fundamental theorems (given below)
in graph theory that cannot be covered in the lectures due to the lack of time. Every group will
take care of one theorem out of the lot. At the end of this document, you will find a few ”dos
and don’ts”.

1.1 Menger’s Theorem for k-connected Graph

A graph G is k-connected for 1 ≤ k ≤ n− 1 if and only if given any two distinct vertices u and
v, there exist k internally vertex disjoint (u, v)-paths.

1.2 Chvatal’s Sufficiency Condition for Hamiltonian Graph

Let n ≥ 3. Suppose a graph G with degree sequence (d1, . . . , dn) such that (d1 ≤ d2 ≤ . . . ≤ dn)
satisfies the following condition: if there is an integer k such that 1 ≤ k ≤ n

2 and dk ≤ k, then
dn−k ≥ n− k. Then G is Hamiltonian.

1.3 Ramsey’s Theorem on Graphs

For any natural numbers s and t there exists a natural number R(s, t) ≤
(
s+t−2
s−1

)
such that in

any graph on R(s, t) or more vertices, there exists either a clique (complete graph) of s vertices
or an independent set of t vertices.

1.4 Brook’s Theorem on vertex-coloring

If G 6∈ {C2p+1,Kn}, then χ0(G) ≤ ∆(G), where χ0(G) and ∆(G) denote the vertex-coloring
number and maximum degree of G.

1.5 König’s Theorem on edge-coloring of Bipartite graphs

For a bipartite graph G, χ1(G) = ∆(G), where χ1(G) and ∆(G) denote the edge-coloring num-
ber and maximum degrees of G.

1.6 Kuratowski’s Characterization of Planar graphs

A graph is planner if and only if it contains no subdivision of K5 and K3,3.

1.7 Heawood’s Theorem on 5-colorability of Planar graphs

Every planar graph is 5-vertex-colorable.

1.8 Turan’s Theorem on Clique-free Simple Graph

Among n-vextex simple graphs with no Kr+1, Tn,r has the maximum number of edges. Here
Tn,r denotes the complete multipartite graph with n vertices which has r parts, each containing
either bn/rc or dn/re vertices. Such graphs are known as Turan graphs.



1.9 From Kirchoff’s Matrix Tree Theorem to Cayley’s Formula

Given a simple graphGwith n vertices, its Laplacian matrix L = (`i,j)n×n is defined as follows:

`i,j =


deg(vi) if i = j
−1 if i 6= j and vi is adjacent to vj
0 otherwise

Then Kirchoff’s theorem says that the number of spanning trees inG, denoted byJ (G), is equal
to any co-factor of L. Two spanning trees T1 and T2 are considered as distinct if E(T1) 6= E(T2).
Now show that Carley’s Theorem (i.e. the no. of distinct trees on a given set of n vertices is
nn−2) can be derived from Kirchoff’s theorem.

1.10 Hall’s Theorem for Bipartite Graph Matching

A bipartite graph G[X,Y ] has a matching saturating every vertex in X if and only if NG(S) ≥
|S|, for every S ⊆ X .

1.11 König’s Theorem on vertex-covering and matching number of Bipartite Graph

For a bipartite graph G[X,Y ], β0(G) = α1(G), where β0(G) and α1(G) denote the vertex-
covering and matching number of G.

1.12 Tutte’s Theorem on perfect matching

A graph G has perfect matching if and only if O(G − S) ≤ |S|, for every S ⊆ V (G). O(G − S)
denotes the number of components of G− S with odd number of vertices.

1.13 Dirac’s Characterization for Chordal Graphs

a) Why chordal graphs are important to study?

b) A graph is chordal if and only if every minimal a-b-separator induces a complete sub-
graph, for every pair of non-adjacent vertices a and b in G. An a-b-separator is a subset
S of vertices such that a and b belong to two distinct components of G − S. A minimal
a-b-separator S is an a-b-separator such that no proper subset of S is an a-b-separator.

1.14 Krausz’s Characterization for Line Graphs

a) Why line graphs are important to study?

b) A connected graphG is a line graph if and only if there exists a family of complete graphs
in G such that (i) two complete graphs have at most one vertex in common; and (ii) each
vertex is in at most two complete graphs.

****

Dos and Don’ts

c) Presentation must be on white board. Slides are not allowed.

d) Do not assume that the instructor / the class has prior understanding of the proof.

e) Submit your report (in pdf) at least two days before your presentation.

f) You will be evaluated as a group. To put up a good show, a good undertsanding with
your partner is needed (otherwise your partner’s presentation can screw up the group
presentation).

g) Attendance is mandatory for all the presentations.


