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1 Tree Counting

1.1 Kirchhoff’s Matrix Tree Theorem (1847)

Matrix Tree Theorem provides a way of counting spanning trees of labeled graphs. It
demonstrates a wonderful connection between spanning trees and matrices.
The theorem involves two special matrices - adjacency matrix and degree matrix.

Definition 1 The adjacency matrix of G is the n × n matrix A whose (i, j) entry,

denoted by Ai,j , is defined by

Ai,j =

{
1 if vi and vj are adjacent

0 otherwise

♦

Definition 2 The degree matrix of G is the n× n matrix D whose (i, j) entry, denoted
by Di,j , is defined by

Di,j =

{
deg(vi) if i = j

0 otherwise

So, the diagonal entries of D are the vertex degrees, and the off-diagonal entries are all zero.
♦

Definition 3 The Laplacian matrix of G is the n× n matrix L defined as

L = D −A

where D is the degree matrix and A is the adjacency matrix.
From the definition it follows that the (i, j) entry, denoted by Li,j , is

Li,j =


deg(vi) if i = j

−1 if i 6= j and vi is adjacent to vj

0 otherwise

♦

1-1



Definition 4 The Incidence matrix of G is the n (number of vertices) × m (number of
edges) matrix N whose (i, j) entry is defined by

Ni,j =

{
1 if vi and ej are incident

0 otherwise

♦

Definition 5 Given an n× n matrix M , the i,j cofactor of M is defined to be

(1)i+jdet(M(i|j)),

where det(M(i|j)) represents the determinant of the (n − 1) × (n − 1) matrix formed by
deleting row i and column j from M . ♦

Theorem 1 (Martrix Tree Theorem) Version 1: If G is a connected labeled graph with n
vertices, then the number of spanning trees of G is

t(G) =
1

n
λ1λ2...λn−1

where λ1λ2...λn−1 are the non-zero eigenvalues of its Laplacian matrix

OR

Version 2: The number of spanning trees is equal to any cofactor of the Laplacian matrix
of G

Proof
Suppose G has n vertices (v1, v2, ..., vn) and m edges (e1, e2, ..., em). Since G is connected

m is atlease n − 1. Let N be the incidence matrix of G. Since every edge of G is incident
with exactly two vertices of G, each column of N contains two 1s and n − 2 zeros. Let M
be the n×m matrix that results from changing the topmost 1 in each column to -1.

To prove the result, we first need to establish two facts, which we call Claim 2 and Claim
3.

Claim 2 MMT = D −A = L

Proof of [: Claim 2] We can prove this claim by comparing the (i, j) entry of MMT with
(i, j) entry of L. By rules of matrix multiplication,

[MMT ]i,j = ([M ]i,1, [M ]i,2, ..., [M ]i,m) · ([MT ]1,j , [M
T ]2,j , ..., [M

T ]m,j)

= ([M ]i,1, [M ]i,2, ..., [M ]i,m) · ([M ]j,1, [M ]j,2, ..., [M ]j,m)

=

m∑
r=1

[M ]i,r[M ]j,r

(1)
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• If i = j, then this sum counts one for every nonzero entry in row i; that is, it counts
the degree of vi.

• If i 6= j and vivj /∈ E(G), then there is no column of M in which both the row i and
row j entries are nonzero. Hence the value of the sum in this case is 0.

• If i = j and vivj ∈ E(G), then the only column in which both the row i and the row
j entries are nonzero is the column that represents the edge vivj . Since one of these
entries is 1 and the other is -1, the value of the sum is -1

We have shown that the (i, j) entry of MMT is the same as the (i, j) entry of L, and
thus Claim 2 is proved.

Let H be a subgraph of G with n vertices and n−1 edges. Let p be an arbitrary integer
between 1 and n, and let M ′ be the (n − 1) × (n − 1) submatrix of M formed by all rows
of M except row p and the columns that correspond to the edges in H.

Claim 3 If H is a tree, then |det(M)| = 1. Otherwise, det(M) = 0.

Proof of [: Claim 3] First suppose that H is not a tree. Since H has n vertices and n− 1
edges , H must be disconnected.
Let H1 be a connected component that does not contain the vertex vp. Let M ′′ be the
|V (H1)| × (n − 1) submatrix of M ′ formed by eliminating all rows other than the ones
corresponding to vertices of H1. Each column of M contains exactly two nonzero entries:
1 and −1. Therefore, the sum of all of the row vectors of M is the zero vector, so the rows
of M ′′ are linearly dependent. Since these rows are also rows of M ′ , we see that det(M ′) = 0.

Now suppose that H is a tree. Choose some leaf of H that is not vp and call it u1. Let us
also say that e1 is the edge of H that is incident with u1. In the tree H − u1 , choose u2 to
be some leaf other than vp . Let e2 be the edge of H −u1 incident with u2 . Keep removing
leaves in this fashion until vp is the only vertex left. Having established the list of vertices
u1, u2, ..., un−1 , we now create a new (n−1)× (n−1) matrix M by rearranging the rows of
M in the following way: row i of M∗ will be the row of M that corresponds to the vertex ui.

A useful property of the matrix M is that it is lower triangular (we know this because
for each i, vertex ui is not incident with any of ei+1, ei+2, ..., en−1 ). Thus, the determinant
of M is equal to the product of the main diagonal entries, which are either 1 or −1, since
every ui is incident with ei. Thus, |det(M )| = 1, and so |det(M)| = 1. This proves Claim
3.

Fact 4 If the row sums and column sums of a matrix are all 0, then the cofactors all have
the same value.

MMT satisfies the condition in Fact 4. So we need to consider only one of its cofactors.
Let i = 1 and j = 1. So the (1, 1) cofactor of D −A is

t(G) = det((D −A)(1|1))

= det(MMT (1|1))

= det(M1M1
T )

(2)
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where M1 is the matrix obtained by deleting the first row of D −A.
At this point we make use of the Cauchy-Binet Formula, which says that the deter-

minant above is equal to the sum of the determinants of (n − 1) × (n − 1) submatrices of
M1.
We have already seen (in Claim 3) that any (n−1)× (n−1) submatrix that corresponds to
a spanning tree of G will contribute 1 to the sum, while all others contribute 0. This tells
us that the value of det(D − A) = det(MMT ) is precisely the number of spanning trees of
G t(G).

Thus we have proved the 2nd statement of the Matrix Tree Theorem. Now to show the
equivalence between this and the 1st statement, we use the following facts.

Fact 5 The product of all non-zero eigenvalues of the Laplacian L is equal to the sum of
all principal minors of L. That is,

λ1λ2λ3...λn−1 =
n∑

k=1

[L]k,k (3)

where [L]k,k is the kth principal minor of L.

Fact 6 Diagonal cofactors of an n × n square matrix are equal to corresponding principal
minors. That is,

(k, k)cofactor of L = [L]k,k for 1 ≤ k ≤ n (4)

where [L]k,k is the kth principal minor of L.

Using Fact 5

λ1λ2λ3...λn−1 =
n∑

k=1

[L]k,k

=
n∑

k=1

(k, k)cofactor of L (using fact 6)

= nt(G)

(5)

Therefore

t(G) =
1

n
λ1λ2λ3...λn−1 (6)

1.2 Cayley’s Tree Formula (1889)

Cayley’s Tree Formula gives us a way to count the number of different labeled trees on n
vertices. In this problem we think of the vertices as being fixed, and we consider all the
ways to draw a tree on those fixed vertices.
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Theorem 7 (Cayley’s Tree Formula) There are nn−2 distinct labeled trees of order n.

Proof Any tree on n vertices is a spanning tree of the complete graph Kn.
So using the version 1 of Matrix Tree Theorem, we have

t(G) =
1

n
λ1λ2λ3...λn−1

where λ1λ2λ3...λn−1 are the non-zero eigen values of the Laplacian matrix

L =


n− 1 −1 . . . −1
−1 n− 1 . . . −1
...

...
. . .

...
−1 −1 . . . n− 1

 = nI − J

where J is the n× n matrix of ones.
J has the ones vector as one of its eigenvectors. The remaining n − 1 eigenvectors are of
the form 

...
1
−1
...


So J has eigenvalues n, 0, ..., 0, with 0 having multiplicity n − 1. This implies that L has
eigenvalues 0, n, ..., n, with n having multiplicity n− 1.
So,

t(Kn) =
nn−1

n
= nn−2. (7)

This proves Cayley’s formula.
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