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1 Krausz’s Characterization for Line Graphs

1.1 Line Graphs

Line graph L(G) of a graph G is another graph which is used to represent the adjacencies
between the edges of G. It was popularly known as edge graph until Harary and Norman
came up with a paper in 1960 [1]. The edges in the edge graph are addressed only as the
lines, hence the name line graph came up.

In a line graph L(G) of a graph G, an edge in L(G) represents the adjacency of edges in
G. Each edge in G is represented by an vertex in L(G). Two vertices of L(G) are adjacent
if and only if their corresponding edges are incident in G [2].

Figure 1: A claw

Line graphs are claw-free. A claw-free graph is a graph that
does not have a claw as an induced subgraph. A claw is an-
other name for the complete bipartite graph K1,3 (that is, a
star graph with three edges, three leaves, and one central ver-
tex).

The line graphs of bipartite graphs are perfect. A perfect graph is a
graph in which the chromatic number of every induced subgraph equals
the size of the largest clique of that subgraph.

There exist exactly nine configurations known as forbidden subgraphs that do not cor-
respond to a line graph. If graph contains at least one of these nine configurations then it
is not a line graph.

The line graph L(G) of a graph G with n nodes, m edges, and vertex degrees di contains
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Figure 2: Forbidden subgraphs

n′ = m nodes and

m′ = 1
2

n∑
i=1

di
2 −m

edges.

1.1.1 Applications of Line Graphs:

1. To determine whether there is a Eulerian cycle in graph G, we can construct the
line graph L(G) and determine if there is a Hamiltonian cycle in L(G). for exam-
ple, a problem with residential garbage collection. Let’s suppose that a transport
company is tasked with collecting garbage in a neighbourhood. The company has
been given a neighbourhood map showing all the streets to serve. A single truck is
used and kilometres driven is minimized such that each street is travelled exactly once.

2. Edge colouring problem in graph G can be viewed as vertex colouring problem in line
graph L(G) of G. Time table scheduling of exams and lectures in institutes is an
application of this property of line graph.

1.1.2 Krausz Partition:

Definition: A collection K of subgraphs of a graph G is Krausz Partition if it satisfy
following properties:

• Each member of K is a complete graph.

• Every vertex of G is in exactly two members of K.
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1.1.3 Krausz’s Theorem:

A connected graph G is a line graph if and only if it satisfy the properties of Krausz Parti-
tion.
Proof:

Proposition 1: If a graph L is a line graph then it has Krausz partition.

Figure 3: (a) Line graph L with a Krausz partition, (b) root graph G.

Proof: Let L be a line graph of G. Without loss of generality, we assume that G
is connected and simple graph. The edges in the star at each vertex of G will induce a
complete subgraph in L. Each vertex of L can be in exactly two subgraphs, since each edge
in G is incident on exactly two vertices. Thus line graph L has Krausz Partitions.

Proposition 2: If a graph L has a Krausz partition then it is a line graph.

Proof: Let S1, S2, ...., Sk are k partitions of graph L [3]. We create a graph G from
these partitions. G contains k vertices v1, v2, ...., vk, where vi corresponds to partition Si.
If Si ∩ Sj 6= ϕ, i 6= j then ∃ an edge (vi, vj) in graph G. Since there can be at most one
common vertex between two partitions therefore there can be at most one edge from vi to
vj . Thus G is a simple graph. Now we create line graph of G i.e. L(G). To prove the
Proposition we need to show that L(G) = L.

(i) Since each vertex in L belongs to exactly two partitions hence there is one-to-one
correspondence between edges of G and vertices of L. Number of vertices in L(G) is
equal to number of edges in G. Hence number of vertices in L equals to number of
vertices in L(G).

(ii) Now we need to show that if ∃ an edge (li, lj) in L(G) then ∃ a corresponding edge in
L. Edge (li, lj) ∈ L(G) if and only if corresponding edges ei, ej ∈ G are incident to a
same vertex vi. Since all edges incident to same vertex induces a complete subgraph
in krausz partition hence ∃ an edge (li, lj) in L. Hence proved L(G) = L.
In conclusion if a graph L has a Krausz partition then it is a line graph.

This completes the proof for Krausz’s theorem.
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