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Theorem : Kuratowsi’s Theorem

Statement: A graph is planar if and only if it doesn’t contain any subdivision of K5 or K3,3.

2 Useful Definitions:

• Planar graph: A planar graph is a graph that can be embedded in the plane, i.e. it
can be drawn in such a way that no edges cross each other. A plane drawing divides the
plane into disjoint connected regions, also called faces of the graph, so that every point in
the plane that is not an element of the graph lies in just one of these regions. Exactly one
region is unbounded, also called the outer face, and the others are bounded by cycles in the
graph.

• Subdivision of a graph: A subdivision of a graph G is a new graph obtained by re-
placing some edges of G by paths (using new vertices and edges). In effect, we subdivide a
graph by putting extra vertices like beads along its edges subdividing the edges. Clearly a
subdivision of a graph is topologically homeomorphic to the original graph G.

2 Lemma 1: K5 and K3,3 are non-planar.

2 Lemma 2: If H is a planar graph, then so is any graph (simple or not) obtained from H
by contracting an edge.

2 If a graph G is planar then it doesn’t contain any subdivision of K5 or K3,3.

� If G is a planar graph, it cannot contain a subgraph isomorphic to either K5 or K3,3,
else a plane drawing of G would contain inside it a plane drawing of either K5 or K3,3. But
there are many graphs that do not contain either of these graphs and still are nonplanar.
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These can be handled by means of a particularly useful process: if H is a graph and e is an
edge in H, the contraction of H by e is the graph we denote H r e, obtained by removing
e from H and fusing its endpoints together (maintaining all the edges incident with these
vertices). As a result, H r e has order one less and size one less than H. Note that if e lies
in a triangle in H, then the other two edges of the triangle become repeated edges in H r
e. That is, H r e is not a simple graph. However, if e does not lie in a triangle, H r e is
simple.
From Lemma 2, any graph that is contractible to either K5 or K3,3 that is, can be reduced
to one of these two graphs by a sequence of edge contractions–is also nonplanar. 2

2 If a graph G doesn’t contain any subdivision of K5 or K3,3 then it is planar.

� We will prove it by a series of contradictions. Suppose there is some graph that doesn’t
contain any subdivision of K5 or K3,3, yet is nonplanar. Then, of all such graphs, there
must be one of minimal size; call it G. We continue by considering the vertex connectivity
K0(G) of the graph (the smallest number of vertices whose removal from G disconnects G).

• (K0(G) = 0:) G is disconnected, and since G is nonplanar, at least one of its compo-
nents must be nonplanar. But then any of its nonplanar components contains no subgraph
isomorphic to either K5 or K3,3 and is of smaller size than G, violating the minimality
condition. Thus, K0(G) > 0 and G must be connected.

• (K0(G) = 1:) If K0(G) = 1, then G has a cut-vertex v, that is, G - v breaks up into
k components, say G1, G2, ... , Gk. Since each Gi is of smaller size than G, they are
planar graphs. So there are plane drawings of each Gi. Now, we put back v and join it
with each of the Gis. We can easily force each plane drawing to lie entirely within an angle
of measure 360/k degrees w.r.t v. These plane drawings can now be arranged around v in
consecutive sectors of measure 360/k degrees each to obtain a plane drawing of G, which is
a contradiction. Thus, K0(G) > 1.

• (K0(G) = 2:) If K0(G) = 2, then it contains a vertex cutset consisting of 2 vertices: S
= {u, v}. Thus, G - S breaks up into components. Let G1 be the graph formed from one of
these components by adding to it the vertices u and v, all the edges of G incident with either
u or v whose other endpoint lies within that component, and the edge uv (even if uv is not
an edge in G). Let G2 be the graph formed from the other components of G - S by adding
the vertices u and v, all the edges of G incident with either u or v whose other endpoint
lies within any of the these components, and the edge uv. Since G1 and G2 are of smaller
size than G, they are planar graphs. So there are plane drawings of each. We can arrange
both of these plane drawings s.t. they have uv on the outer face. We can now glue the two
drawings together along the edge uv to obtain a plane drawing of G (by deleting uv if it
does not belong to G), which is a contradiction. Thus, K0(G) > 2. That is, G is 3-connected.

Since G is 3-connected, it must contain more than 3 vertices. But the only 3-connected
graph of order 4 is K4, which is planar. So G must have order at least 5. Also, since G is
3-connected, the minimum degree in G is at least 3.
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2 Lemma 3 (Thomassen): Let G be a 3-connected graph with at least five vertices. Then
G contains an edge e such that G r e is still 3-connected.

Proof : (By contradiction.) Assume G has at least 5 vertices, and is 3-connected. Assume
that the conclusion is false. Then for every edge e in G, the contraction graph G r e must
be only 2-connected. So G r e can be separated by a pair of vertices, one of which must
be the contraction of e. Because if G r e could be separated by two other vertices, say p
and q, neither of which is the contraction of e, then the contraction of e will be in just one
of the components of (G r e) - {p,q}, and restoring the edge e will not connect it or its
end-points to any other component, so G - {p,q} would still be disconnected, contradicting
the assumption that G is 3-connected.

Thus removing the contraction of e, and one other vertex, call it ve, must separate G r e.
Note that if e = xy, then removing ve, and the contraction of e, from G r e is the same
as removing x, y and ve from G. Now every edge e must have such a companion vertex ve

so that removing the end-points of e, together with the vertex ve, separates the graph G.
For each such edge e, let n(e) be the order (number of vertices) of the largest component
produced when this is done. Among all the edges of G, pick an edge e∗ = x∗y∗ such that
n(e∗) is maximum. In other words, e∗ is an edge whose removal (with its vertices) from G,
along with its companion vertex ve∗ , leaves (at least) one component H which is as large
as possible. We shall show that, no matter how this is done, there is always another edge
which gives rise to an even larger component, which will be the contradiction that finally
proves the lemma.

Let H
′

be another component of G - {x∗, y∗, ve∗}. Note that each of the vertices x∗, y∗

and ve∗ must be connected to each of the components H and H
′

(else we could separate the
3-connected graph G by removing only two of the three vertices). Thus ve∗ has a neighbor
u∗ in the subgraph H

′
. Now the edge f∗ = ve∗u

∗ must have a companion vertex which
well call vf∗ . If we can show that G - {ve∗ , u∗, vf∗} has a component K which is larger
than H, it will contradict our assumption that we picked the edge e∗ with largest possible
component, which will be the contradiction that proves the Lemma.

Let K = (H ∪ {x∗, y∗}) - vf∗ and note that K has one more point than does H. Note that
none of {ve∗ , u∗, vf∗} are in K. Thus we need only to show that K is connected to prove
that its in a component of G - {ve, u, vf} which is larger than H. But H was connected,
and both x and y were connected to H as we observed before. The only question is whether
removing vf∗ could disconnect the set H ∪ {x∗, y∗}. If it did, then G - {ve∗ , vf∗} would be
disconnected, implying that G was only 2-connected, contrary to assumption. Thus K is
connected, and larger than H, and so one of the components of (G r f∗) - vf∗ is larger than
H, which we assumed was largest possible. By that contradiction, the lemma is proved. 2

By this lemma, G must have an edge e = vw whose contraction G
′

= G r e is also 3-
connected. Let u be the vertex in G

′
formed by the contraction of e in G.
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2 Lemma 4: G
′

contains no Kuratowski subgraph.

Proof : (By contradiction.) Let K be a Kuratowski subgraph of G
′
. If u were not a vertex

of K, then K would be a subgraph of G. But G contains no Kuratowski subgraph, so u must
lie in K. Let H be the subgraph of G whose edges are those of K together with the edge e
(and whose vertices are precisely the endpoints of these edges in G), that is, H r e = K.
Since H is contractible to K and K is a Kuratowski graph, so is H, whence G contains a
Kuratowski subgraph, contradiction. 2

Since G contains no Kuratowski subgraph, is nonplanar and is of minimal size with these
properties, it follows that G

′
, a graph of size smaller than that of G which also contains no

Kuratowski subgraph, must be planar. Consider a plane drawing of G
′
. Deleting the edges

of G
′

which are incident with u leaves a planar graph one of whose faces contains the vertex
u, let C be the cycle bounding this face. The vertices of C are precisely the neighbors of v
and w in G. Denote the neighbors of v by x1, x2, ... , xr, labeling them clockwise around
C. Since the minimum degree in G is at least 3, v has at least two neighbors besides w, so
we have r ≥ 2.

Suppose all of the neighbors of w lie strictly between some one pair of consecutive x’s along
C; without loss of generality, we may assume that they lie between xr and x1. Working
clockwise around C, we label them y1, y2, ... , ys. We also have s ≥ 2. Then from the plane
drawing of G

′
, we can obtain a plane drawing of G by

(1) deleting u, and putting in its place the vertex v together with the edges joining it to
the x’s.

(2) placing a new vertex labeled w in the resulting face which has v and all the y’s on its
boundary.

(3) adding the edges from w to each of the y’s.

So G is planar, contradiction. The same argument can be used if as many as two of the
neighbors of w overlap with y1 and ys, in this case, we label them y1 = xr and ys = x1.
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If as many as three of the neighbors of w are among the x’s, say xi, xj , and xk (i < j <
k), then let K be the subgraph of G consisting of C, the vertices v and w and the edge
vw, and the six edges vxi , vxj , vxk

, wxi , wxj , and wxk
. Then K is a Kuratowski subgraph,

contractible to K5, contradiction.

Thus, no more than two of the neighbors of w are among the x’s and not all the neighbors of
w lie between some pair of consecutive x’s along C. Consequently, there are two neighbors
of w, say y and y

′
, and two neighbors, x and x

′
, of v, which are not neighbors of w also, so

that x, y, x
′
, y
′

occur in this order moving clockwise around C. Let K be the subgraph of
G consisting of C together with the vertices v and w, and the four edges vx, vx

′
, wy, and

wy
′
. By successively contracting all the edges of K which do not have one of these six ver-

tices (v, w, x, y, x
′
, y
′
) as an endpoint, we find that K is contractible to K3,3, a contradiction.

This exhausts all possibilities, so no such graph G can exist. The proof is now complete. 2
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