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Tutte’s Theorem – On Existence of a Perfect Matching

A perfect matching in a graph is a disjoint collection of edges, which covers all the vertices
of the graph. Tutte’s Theorem gives a nice characterization of graphs containing perfect
matchings.

Preliminaries and Notations

Consider a simple, undirected graph G(V,E). A matching on G is a disjoint subset of edges,
i.e. a set M ⊆ E such that no two edges in M share a common vertex. A matching is called
a perfect matching if it covers all the vertices of G.

The number of edges in a matching is called the size of the matching. Note that a perfect
matching has size n/2. Perfect matchings can never exist in a graph with an odd number
of vertices.

Given a graph G and a matching M , an augmenting path is a path with odd number of
edges, such that every odd edge of the path belongs to E(G) \ M and every even edge
belongs to M . From an augmenting path P in a graph with respect to a matching M , we
can obtain a larger matching, by removing the even edges of P from M and adding the
odd edges of P to M . The size of the matching so obtained will be |M |+ 1.

For a graph G = (V,E) and a vertex v ∈ V , G − v is the graph G[V \ {v}]. Similarly, for
an edge e = (uv) such that u, v ∈ V but uv /∈ E, G + e denotes the graph (V,E ∪ e).

For a graph G, let q(G) denote the number of odd components in G.

Tutte’s Condition for Existence of a Perfect Matching

Tutte gives the following necessary and sufficient condition for existence of a perfect match-
ing in a graph G.

Theorem 1 A (simple, undirected) graph G has a perfect matching if and only if, for every
S ⊆ V , |S| ≥ q(G− S).
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Figure 1: An odd component will have one unmatched vertex, which needs to be paired up
with a vertex in S

The fact that Tutte’s condition is necessary for a graph to have a perfect matching, is easy
to see: Let G have a perfect matching. Consider any arbitrary set S, and let C be any odd
component in G − S. If we find a maximal matching in C, exactly one vertex will remain
unmatched (since |V (C)| is odd), which needs to be matched with a vertex in S. Since this
is true for every odd component, S needs to have sufficient number of vertices to match
with each odd component, i.e., |S| ≥ q(G− S).

What’s surprising (and significantly harder to prove) is that Tutte’s condition is, in fact,
sufficient for a graph to have a perfect matching – any graph satisfying Tutte’s condition
will contain a perfect matching. In the upcoming sections, we venture to explore a proof of
the sufficiency of Tutte’s condition for existence of a perfect matching.

Proof (Sketch) of Sufficiency of Tutte’s Condition

Before we delve into the details of the proof, we take a moment to give a bird’s-eye glimpse
of the proof, and see how the pieces fit together.

Our approach will be to show the contrapositive: assuming that G has no perfect matching,
we will find a set S ⊆ V (G) such that |S| < q(G− S). We will call such a set a bad set.

First of all, if |V (G)| is odd, then the empty set ∅ is a bad set for G. Thus, in what follows,
we assume that |V (G)| is even. To demonstrate a bad set in an even graph G, we will take
the following route.

• Edge-maximal graph G? . Given a graph G, keep adding edges to G as long as
the resulting graph still contains no perfect matching. Let G? be the edge-maximal
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graph so obtained, such that adding one more edge anywhere in G? will result in a
perfect matching. First, we will observe that a bad set in G? will also be a bad set
in G.

• Structure of a bad set in G? . Our problem now reduces to finding a bad set
in G? . We will demonstrate a certain highly connected structure to a bad set in G?

. Specifically, if S is a bad set in G? , we will see that (a) S is fully connected, (b)
Every vertex of S is connected to every other vertex of G? , and (c) Every component
of G?−S is fully connected. Further, we will see that every set that satisfies (a), (b),
and (c) is necessarily a bad set.

• Finding a bad set in G? . Now that we know what a bad set will look like, we
can try finding a bad set in G? . Since we know that the vertices of the bad set are
universal vertices (i.e. are connected to every other vertex of G? ), the natural thing
to do is bunch up all the universal vertices in G, and call it a bad set. We will see
that a set S so formed is indeed a bad set.

Nuts and Bolts of the Proof

This section fleshes out the details of the proof outline explained above, exploring each step
to its full, formal detail.

Edge-Maximal Graph G?

Claim 1 Let G′ be the graph obtained by adding a new edge to G, such that G′ does not
contain a perfect matching. Then, a bad set S for G′ will also be a bad set for G.

Proof Let G′ = G+ e, and let S be a bad set for G′, i.e. |S| < q(G′−S). There are four
different ways e could have been added to G:

(a) e is completely within S.

(b) e is completely within one of the components of G− S.

(c) e is across S and some component of G− S.

(d) e is across two different components in G− S, thereby merging them and reducing the
total number of components by 1.

Cases (a), (b), and (c) do not change the number of components (in particular, the number
of odd components) in G− S; i.e. |S| < q(G′ − S) = q(G− S) and S is a bad set for G as
well.
In case (d), the number of odd components can either decrease (when both the components

1-3



are odd) or stay the same (when one or both of the components are even). Thus, again,
|S| < q(G′ − S) ≤ q(G− S) and S is a bad set for G.

Now, add edges to G continuously, such that the edge does not introduce a perfect matching,
to obtain G? . Applying Claim 1, recursively, we see that a bad set for G? is a bad set for
G as well.

Structure of a bad set in G?

Let S be a bad set in G? . From the necessity of Tutte’s condition, we know that as long
as a bad set exists in G? , G? cannot have a perfect matching. Then, we can clearly make
the the following three claims about S:

(a) S is fully connected, since adding edges within S does not alter the ‘badness’ of S.

(b) Every vertex of S is connected to every other vertex of G? , using a similar rationale.

(c) Every component C of G?−S is fully connected, since adding edges within components
doesn’t alter the number of components and hence does not affect the ‘badness’ of S.

We now prove the converse claim: a set that satisfies the above three properties is necessarily
a bad set.

Claim 2 Let S be a subset of V (G?), satifying properties (a), (b) and (c) mentioned above.
Then, S is a bad set.

Proof Assume that S is not a bad set, i.e, |S| ≥ q(G? − S). Now, consider any odd
component C in G?− S. Since C is fully connected, there is a matching in C that matches
every vertex in C except a single vertex, say v. On the other hand, every vertex of C—in
particular, v—is connected to every vertex of S. Thus, v can be matched to some vertex
in S. Since |S| ≥ q(G? − S), every odd component can be matched in this manner. This
means that G? contains a perfect matching – a contradiction.

Finding a bad set in G?

We’ve seen that a bad set will consist of universal vertices. Let S be the set of all universal
vertices in G? . We now show that S has the structure mentioned above, and thus is a bad
set.

Since all the vertices of S are universal vertices, properties (a) and (b) of a bad set are
clearly satisfied. We now show property (c) for S, thereby completing the argument that S
is indeed a bad set.
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Figure 2: The pattern of vertices used to show an augmented path

Claim 3 Let S be the set of all universal vertices in G? . Then, every component of G?−S
is fully connected.

Proof We prove this by contradiction. Assume that there are vertices x and y within
some component C of G? − S, such that there is no edge between x and y. Then, we will
show a perfect matching in G? , contradicting our assumption that G? contains no perfect
matching1.

The proof consists of two steps. First, we will show the existence of three vertices a, b, c,
connected as shown in Figure 2. Then, we will show a perfect matching in G? using an
augmenting path from x to a, which is a contradiction.

Let P be the shortest path within C from x to y. Let b and a respectively be the second
and third vertices from x along P . Since P is the shortest path, the edge xa does not
exist in G? . Now, b lies within the component C, i.e. b /∈ S. In other words, b is not a
universal vertex, and there exists some vertex c not connected to b, as shown in Figure 2.

Now consider the following matchings M1 and M2:

• M1 matches all vertices except x and a.

• M2 matches all vertices except b and c.

Now, consider the maximum length path Q starting at c, following an edge from M1, and
then following edges in M2 and M1 alternatively2. If Q ends in b, we have an augmenting
path for M2, resulting in a perfect matching – a contradiction.

On the other hand, if Q ends in x or a, Q +xb or Q +ab will form an augmenting path,
resulting again in a perfect matching and hence a contradiction.

Note that we used the fact that there was was a missing edge in the edge-maximal graph
G? to find a perfect matching. Observe that the same matching would not exist if the edge

1Recall that G? was an edge-maximal graph without a perfect matching.
2Note that we will always be able to find such a path with at least two edges. There could be edges in G

that belong to both M1 and M2, but it’s not very hard to see that Q will never reach an endpoint of such
an edge.
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was present – this is probably the most subtle and counterintuitive aspect about the proof.

This ends the proof of Tutte’s theorem for existence of a perfect matching in a graph. The
key ideas involved in the proof were recognizing the structural properties of a bad set; and
finding such a bad set whenever a given graph does not contain a perfect matching.
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