IISc CSA : EO 249 : Online A!.ja’m:‘\:hmsz
lecture 4: RENT OR BLY PROBLEMS

e Ski-rental:
At ski-vesort Re_nhu\j casts $1 perday,
Buying $B (one-tume),

- The no. g; da_gls to ski, is vnknovon (34-')’ 74)

> Declde Whether to by o renk fveeyday.
GoalL: Achseve best competibtive vatio -
( c.R)
o Strategy 1L: Always venk:
For  —00, OPT alvoays buys on 1<t dq%
OPT pays only B. ALL0O pays =

C-R. i/B —r 9.

© Steategy 2: Buy onn 1st day.
Toake 2=1_ OPT GY\“y vents sw d\ay 1.

OoPrT pays 1, ALGODO porys B.
cr. B o200, if B—oeo.

- Toke o mix: Rent jor f doys
and. buwy s (g+ 1)t day-



- ALGO pays 4 +B if % >4

2 «f = 5&8
« OPT pays B £ = =B
2 if =< B,

Let us study the competitive ratio.

Case 1. 2 < R.

An: if y>x, C.R. — = 1. 53,
1B: ¢f y<a, cr. Y+B ™ %
> J

2C Y J
i > ¢, R —_—s =
2A ‘.r :j rd B < B- X 1\' L
2:if Y< %, cq. J*B Byg™
B

max { 2= Y4B} minioiaes for Boyed,

Henez, we obtaswn (2'5—‘) c.dmpe.bu—hve,

.A'(ﬁo and. PLs (s the Ioe.S‘b v the
determunisthe case.



§ Simple 2-oppx :
— Rent for fest(B-1)days, buy en B th day,

— If < B. OPTan = ALGO.
- If x>=B. 0PT=8B. ALLO £ 2B -1,

Couwn vandomizabien help ?

Rith probability P, . rert (1-1) days,
buy on vt day.

Also need, ,’i,pg = 1.

v=1

- Advesrsary chooses D to ke no. c§ sks doys .

Exp cost : 2, P (i—1+B) + 2. P D = A
<P “>D

we want A £ c.OPT & munime2e C.

We gek ewe consbraant Jor each D.

Thus We want 2 sdve thuls infirwte LP:
«.’r{' c s.t

vD Bﬂ +(_|+’B)|:£+ w4+ (D\+B) Py

+ Pé, p'l.' _é C -miwn CDaB)
12D

et us .s{':v\dy thas LP, say For B=4,
& Sirnp\,{,.fy the LP.




in{ C s.t-
AP + Pt P+ Pg+ Ps+Tg+...
AP, + S P+ 2P, + 2P, + 2P 2P+ - -
AP+ SPh+ 6P+ 30+ 3P+ 3P ... L3¢ (D=3)
4P+ S Pt 6P3+- Ps T Ap. +4p.+ - £ 4¢ (D =4)

<c (p=1)
=<2c (p=2)

AP+ P+ 6Py +7Pa+ BPs+ SH +...S 4c (DP=5)
AP, + Sh+ P+ F+ P+ I P+ é‘\c,CD"Q

Observation 1: For D> 4, RHS (s same.-
and verw D=4 is domunated b, rews balew.
= SO vow D=4_ can be delekeld-

Obksewvabton *: After 'we.mo\n‘nj re D=4,
coeff of P4 € Coeff. 6f Ps in ok Other
POWS .

ULl 1 WEe Can assume Ps=0.

—> If Pc¥0. set R =0, Py'= P4+Ps
ornd P =P, otherwise

Ths gives beler or some solution. )
AP, + Pt P+ Pg+ Pe+... <c (D=1)
AP, + S P+ 2P, +20,+ 2P+ .. 226 (D=2) Li;‘::fm‘m
AP, + Sh+ 6P+ 38+ 3P+ .- L3¢ (D=3) deletans

voro D=4,

AP+ P+ 6P, +7Pa+ SH +...S4c (D=5)
col P .

AP+ S+ P+ T+ Ip .. £4c(p=6)



Iternting. we take P;=0 Y3 € [5.1i] for every
W?vad:‘ finite) 2. We btake <= 2B/g¢.

Clauim: 2 P, <E€.
t >

= Othervoise. aszPsapy sets D= 25/ €

force C.R. (pég /B > ?-B e /g = 2-

e Thus, wWe consider soln. such thak

P =0 for > 2B/,

’
Pe = P, otherwise.

Ths increase LHS by ok most 4 &
letting C'= Cr4 € creates a feasible
colubiov to the LP.

e Thus gives at,—f&uke, LP, by kai@r\j

munwm & s.t- [‘by tcsdvn“;":'bnw]
46 + P2+P}+'P4 £ & Cp=1)
4?1‘1‘ 5-?2'1' 2-?3"'2?4 £ 2c CD:Z)
AP + SPy+ Gy + 3P4 £ 3¢ “P=3)
Cp>.4)

4 p + 56+ 6?3 *7?4&46



Claim * D OPT where evawy constraint s bﬁht
— Br conkradicion, assume sra u;} Hea
inequaolibes (53;—) Pas stack. , say, D=3,
Then W& con increase P, by § & decrease
Pq by 2 till (D=3) becsmes Gt
TWs creates s\ack af S vn @?, 4), bkt
Kgg_P_S (D=1),(p=2) uhdno.r\ﬁea-
Now increase 4 by (=% decresse p, by
te In b constraints . Ao oy «£ ¥
> coeff ofF Py, U creates s\ack . ar \east
Sg in M. So, c=cC — S/yp 'S feasilble new.

muwn & s.t-
(p=1)

Cp=2)

= &

AP+ B+ Pa+ Py =
4p, + 5P+ 2Pz + 2P4 = 2€
AP + SP, + 6{?3+3P4=3¢ cb=2)
4P + 50+ 6Py + P4 =4c (D24)

(D=1 Ap+p+Py+Ps =< 4P, —2p, = O
CD:z)) AR A4Pr— 2P, = 0O
 b=23
=C
4‘?34“94 4P}—SP4 _o

(p24) Aap, =c
? Ap, = C



For 3e.n.e,r¢\1- B, e il 3217

Bp —(B-DOP, =0 (D=1
Bp, —(B-OpP,=0 (D=2)

BF,_ - (B-UPg =0 (D=B-1)
BPp =c (CD=B),

Ne Ob‘hm‘v‘, P& = C/B~

P = CB"D

t Fraa

B-t B B~
=2 P = B -1 c - < B"])s
t —_— L — %E‘P = e

I
®

HO ) VWhaot s the best &R ‘Lf Ne,use,avdbsaz v
rardonn bk 7 Which too douys you will dneose. ?



~ A
A contonuous Oxp?pvoagch : %[f&(‘lﬁ)cﬂh}
Vo e [0,B]). ___5(1)‘
2C )
ICB++;') P dr %J‘P{:dx = ek i‘;[zfct)db_]
° x = —f("?
bifferentinbing . [Lisbniz irtegral m]

Thewn dﬁffe‘mar\hahnj AL, we %?):,

/\éu— (B+x) P —9{—%——&:0

1= n =/
7 ;sz gP%":KeB-

B
S\‘(\C—Z; jpt'dk — j—
(o]
=7"[K. 64/5,3:]5 =1 S KB(e-1)=1
K= >/ »(e-1).

_ 1 /B 1

Iksmﬁ eduation (1), for X =0.

e=BP xRk = g wi < 2
— e—
[~



YRO'S MinKmax princpe:

A vandomized o&ﬁo HA can be seen an
a disbeibubiow over deleermircstie
akﬁmn‘b/m«/a Ay

eﬁ‘k — { A 4 AZ
- 'P1 ?2_

Sind lxrly , a rardonn tnstance X con

be geon ovn diste. sYer ’!J/L?ult.S:

g 11 Iz . s
=13 o

For any vandonuzed odgo eAd and
woundont nstance T, e have :

W{[g[mn) S, Pruin {p,; [ACI) J
: ACL)

o1 (T) 7 detA | T opT (T,

max § E[A D) JEEA@ | [maxy
T > A AVG ]
oo (T) oeT (1)
= EE [v‘l (x) [mﬁ"’
A L OP’I’CI.) q.)C.swnS
> M iE Aj () V‘V"
= j = ST C) 2 M



e A toy examdple \n Case oj: ski~vrenrtal.
Take B=2_ 2 < 3.

Say aﬂ.ﬁo Ay deccdes o buu/ o T B day.
Instance Ij means =4

ALG O —* hever buys
T, 2/ 7 1/ 1/ As & Ap cre
I 3 2, best_ wity,
‘ 2/2 < = ?72 3/2_c5m{:.zb~:HV¢
2 >, & 2
% /2 2 /2_ 2 ness.

KOI‘@A\SO‘A: Thoozz Ay, W P, Ay wep (2-PD.
A4

T [2p+(1PD=21+P.

Li(zp+ (1-p).2) /2

2-P
= (2p + C\—F)-3>/2> 2 .

c\’\Oosfna P = ‘/3, 1+P = BéE = 4)/3 \

Frori earier o\no&ysfs, we Koo opt
Compe O Bive vathio e = "—/ (.1'— Ll'%%)g)

Now e shevo d’p@:.mo&ubf usths YR S
MenLnax peincelple.



Cons\der < randonn {n.sbcu’\ce,:

T = Io we. 73
12 vt 73
E ACL) _ 1 AT . Z A(L)
L opr(x) 2 opT(T4) > cPT(I3)
T e P e e
= = = 4
= 4—/5 - 4/5 > /5

So,—fcnr this Paondomn tnstance, oo dek -
dAgo have ca 2 /3.

Thas by Yaos \lemmna , oy vond. 50
fave car > 945

This shaws A= T A+ TAz is an

opﬁh\axl a\ﬂtjowfﬂnm ,

[This opRmad 0\1_30 condd be obtarned by
oux~ Cal&katc\/\s PB-': 95 > Pl-:'= <B—‘>Pt.+1_,
B

g _ 2
T A Ll
By : Qammz,j:md oSt - Coze =

tnstance For enerald B



11Se €SA @ EO 249.
lecture 5. é Primal - dswall j?)O.rne,»oo\oK.

Approximate cemplementary slackness

) \s m
CP) A é‘:l Ce Xy (_’D) Mo é b\) Yj
. '= =t .
Loy x> b, ELTEREN Y
Xi >0, ¥iem], ;20 ¥je[m)
Let 2= (¢, ,'xn) oma. Nz (Yas s Yr) d%b ]
bajcea._sﬂ“blc solns +p Primal and. dual
e sakisfying PoNowing c.s. candibr sms: /ﬁ 1
Q) Preimol: For o >4, ¥ien), if s>0 an-—
then Gfig 87 ayyi se /‘/’/1 L
i) Dual: For B2 1, ¥3€lml. if ;>0 -
thew bi g €7 @i £ b,
J= S T TP i
‘ $ © Dwneoh

haa] L) 2% N
then | 26Y < 3 axe SsxXpib

)=l e =1 J

R fcvm:,«l.a-—\:{m :
indi'cator vorioble x =4 if skier buys the skis.
" ZJ =1 ' skier renks skis on doy J

Fow each da.yj’-
A+2Z) >4, xe{0,1) %‘e{_o/lgvj

Ob‘)'e,c'\:v“re‘. .
v B+ 5

3 [K:#skidﬂ\y_s fs]

un known

Y



Proimal C_Cove,mng) - Dual (Packing)
Mo Box + & 2. Man g .
vt d 5-% J
- b K —
s.t.. xj‘-ZJ>/1 oy J - s.t. j,_é,' 7.)' Z B oC
VJJ%ZO VJ‘,OS)‘;éi' .—%.
2 0;

Each Aoy a new Csvering consbroust appears
and duak 36175 v N2y varm akble,
Orndline reduirement =

prev. decisvons Cant be vnmode. H we renbed
v esterday . we cont change &x today

SO, primal vamables need. +» be monotovs cally
oW - dac.r»easinj over bEime.
§ X-obpx from primol duak:

On y’th oy, Primal censbeaink =+ Zy21
oreives, If w is already satisfied do not'vu}\a
else, increase y; till some duak constraint
gets Eght. Seb covre. primal var able o be 1.

I Y; 7 O, +then d.r<9(+%‘f2,

o o By appr C.s.
K o ided oot Condh L ens,
'tf x>0, 2 Y = B, ;;C,.:"..:D,J thas |'N\P]7
o=t mﬁxl <t 2 - R?Px .

if Bj>0 then y=1 besinins =1. =2



- Beter Algorithw ?
G we. show x+%‘<c ﬁw‘ssw\a ck2 ?
May be we shoud frocthencdly increase =/z'-

ALSGO ¢

1. Thitioleze : <0, ZJ',yjé-O v J

2 O BN o\ay it N2 econstrainT arerves

e I{ =1, Jdo 'not\rvinﬁ‘

- If =<1, do Plowng :
() Z:<« L —x. Lmakes constraint 112&\1:]
(o) Vi < L [comrs. primal var istgfit)

(0) e 1+ L) £ Chobe
C =) A2 fired Roter)

- Intwiton:
O Te make primad & Auaol feasible.
@ Th eadh day, AP/Ap £ (Vo)
2P & A'DC(-&-';:‘) S 49 < gapc\ﬂ-%)
? DL PL D (i) [Weak dualit, thesvem)

Peimad jieas{b‘fbd;y .

Frenw, 2. 7&4—%‘ =1,




"

Dual fEastbilily . Need 4 shoo =Y £ B
y=1

edv. 2 showo =< 1 fa’(‘ ok most B‘t(.}nes, as

after € =1_i13e donot wpdaote Yi’s

Clokon: X 2> 1, after at most B days Of sk
PWOin
lzk neremenks crg %L in eadn day be
o, Ko, o, e, whepe o = %,XU
J=1

R o «— %CZ+J—)+;{-§ , e hawe

i"fj 2_,2_1 (\—\-6)1—’3& > Xy = (2__’,% ,1‘_3
3
'H'Z , * = {_, g .1'_ A'_
ncz K1 \‘=|Z/L = B -
Cé{”‘«“*'%«)&*-’ "(—"'A'Big«-’xgya *;)é Xy (1-)-——)
Thus Z’s fovm GP it 9(4:_1;_%& 3.@@/\4
vato 1+ 7)) AP
Hence. after B days.
x= CeYe)=1 (P
CiaYe —1) AB >
To ensure , x =1 after B ola/ggs
Ine seb _ 1~\B_ 4 -
A Cl-—f— B> CfUYB—?D")
1
So, y~e-1, 14+ L 1+ — = &

&N e-1 -1



£
Clain' BP/Ap 145 8 T

e ~
If <1 they n exd tteration AD=1
o Y. becowes 1.

AP = Bax + Zj
=B ["CC\—\-;)—P?{—B———X]—\— %
B (g (e

=%—q— -17/?"\-1_-—'3%‘ '-“—:L—b;;—

Henece., C.D'mpefb-‘—b{\/@ vot.o s _’L—(-%- x, 2%
Bub thus is only o fractenod- Ham .
Ne have t» decide intej’podb v oA
A ?_U on each, d@xﬁ

o Reachonall ‘o ﬁ’\i‘eﬁ\”aﬂ,:

e Inibialige L = 2 Y; < 0.
- Pick ¢ € LO.1] unifoem\y ak random.
° Khen newy Consbrounts arvive.
wpdode =, Yy, 2, As pefore (fractonally)
e vrerlk When = LX,
Ne bu:y whew o > ol far the :fcr»st .one.

OQ"q 1&\13 Py Y Co N ' 3 l%
A N JU

1 1



AV\GL(ySI‘SZ
= [Lcost)\ = TEEéESPw:I +E |3 spert ]

bU\)"'nj rertins
iiﬁé] B 2 @[Sm'j‘;h 4]

FE[S-FSPW] = % P [ ski vented mJ’thdai)

renting
= 2 [x- L=l < ZD— £0)

L=

;I%Z"X e ZJ=1—2,7C4]

hence, expected cost = B+ % Zj

Same as {;qotma,t ﬁ’%ﬁzsﬁ’\d SO«QJ.AZQJ.S*’\
|



