











































































































IISc CSA EO 249 Online Algorithms
Lecture 4 RENT OR BUY PROBLEMS

Ski rental
At ski resort Renting costs 1 per day

buying 13 Cone time

The no of days to ski is unknown say K

Decide whether to buy or rent everyday
Goal Achieve best competitive ratio

C R

Strategy 1 Always rent
For a X OPT always buys on 1st day
OPT pays only B ALGO pays 2

C R 713 D

Strategy 2 Bay on 1st day
Take a 1 OPT only rents on day 1
OPT pays 1 ALGO pays B

C R BI a if B a

Take a mix Kent for y days
and buy on Cy 1 th day














































































































ALGO pays y B if u y
x if u E y

OPT pays 13 if x B
n if u B

Let us study the competitive ratio

Case 1 x B
N

1A if y 3N C R 1 y
N I1 i 1

1B if y n C R Y B T se B
se y

worst case y 113
ratio for x y 12

Case 2 n B
N T

2A if y 3N C R
B

L
B

BTN213 if y se c R 9 131 y
B

worst case y 113 for x y 12ratio B

max 9 131 93134 minimizes for 13 7 1
y 12

Hence we obtain 2B competitive
Algo and this is the best in the

deterministic case














































































































Simple 2 app x
Rent for first CB 1 days buy on B th day
I f se L B OPT x ALGO

If N Z B OPT B ALGO E 2B l

Can randomization help
With probability pi pent Ci 1 days
buy on i the day
Also need Epi 1i

Adversary chooses D to be no of ski days
Exp cost Pj i i B t Pi D X

D D

we want a E C OPT minimize c

We get one constraint for each D

Thus we want to solve this infinite LP

inf c s t

T D Bp i B p D i B PD1 2

D Pi E C min CD B
i 3D

Let us study this LP say for 13 4

simplify the LP














































































































in f C s t

4 p t Pz 1 Pz Da t Ps Pg E C D 1

4 p t 5 Pz 12ps 2Pa t 2ps 12 Pgt I 2C D 2

4 p t 513 t GP3 t 3Pa t 3ps 3Pgt E 3C D 3

4 p t 5 Pz t 6Pz t 7Pa 4ps a pot E 4 c CD 4
4 p t 5 Pz t 6 Pz 17Pa t 8ps 1 5Pg t E 4 c D 5

4 P t 513 6 Pz t 7Pa t 8ps 9 Pst 4 c D 6

Observation 2 For D 34 RHS is same
and now D 4 is dominated by rows below
so now D 4 can be deleted

Observation 2 After removing now D 4
coeff of Pg E coeff of Ps in all other
POWS

Claim we can assume 105 0

If Ps O set Ps O Pa's Pa Ps
and Pi Pi otherwise

This gives better or same solution Da

4 p t Pz Pz Da t Pg E C D 1
4Pi 5102 213 212 t 2pg1 2C D z LPconstraints

after4 p t 513t GP3 t 3Pa 3Pgt C 3C D 3 deleting

I i
D














































































































Iterating we take Pj O F j E 5 I for every
large C but finite i We take i 2131
Claim Pt E

t i

Otherwise adversary sets D 2131E
force C R Z D Pi B 3 21 E 1B 2

D
DE

Thus we consider solo such that

Pe 0 for t 2Ble
Pz Pr It 213 Pt

De Pt otherwise

This increase LHS by at most 4 E

Letting C Ct 4 E creates a feasible
solution to the LP

This gives a finite LP by taking
PE OF E3 5

Mein c s t inf is min
by compactness

4 p t Pz Pz 1Pa E e C D l

4 Pi t b Pz 1 2133 2Pa E 2 c C D 2

A Pit 5 Pz Gp3 3Pa E 3C
CD 3

4 P t 5 Pz Gp3 7pg sac
CD347














































































































Claim 3 OPT where every constraint is tight
For contradiction assume one of the

inequalities Coift has slack say D 3
then we can increase Pz by 8 decrease
12 by 8 till CD 3 becomes tight
This creates stack of 8 in CD 4 but
keeps CD L D 2 unchanged
Now increase pg by µ decrease p by
µ in all constraints As coeff of K
coeff of Pa it creates slack of at least
in all So C C 8132 is feasible now

A contradiction as c was minimum
mein c s t

4 P Pz Pz Pg e CD l

4D t bPz 1 2133 t 2Pa 2C D 2

A P t 5Pz Gp3 3Pa 3C C D 3

4 P t 5Pz GP3 7Pg 4C CD347

ineqcis ineqcis fineqci l

D l 4 p t Pz Pz 1 Pa c 4 P 3Pz 0
D 2 4Pz Pz Pa C 4 Pz 3Pz OC D 37 a Pz Pa C ineqci a Pg 3Pa OCD347 A Pg c

ineqci 4Pa
in eq Citi














































































































For general B we will get
Bp B 1 Pz O C D l

B Pz C B D Pz O C D 2

a

BPB i C B l PB O D B l

B PB C C D B

We obtain PB 413

Pt CBB Pt for t E B l

Pt BEL
B t

EER BE BEI
S

B
As S Pz 1 take s B t

E I

e T l I
5 0

I
I 1

i
B

Ee
i l f B l Ye

e

e 1

Hw What is the best C R if we use only one
random bit Which two days you will choose














































































































A continuous approach dd_ fCt7dt
T N E O b f n

CB t Pe dt Nfbpeat cxddxf.fi t7dt
fGe

Differentiating Liebniz integral rule
Btn Pse

b
pedt K Pse C

Then differentiating again we get

Phat Btn Psi Pf Kpk Pse O

P
p k EMB

B
since I peat I

0

K EMB B 3 KB e 1 I

K Y BCe 1

Px j
EMB Po 1

B e 1

Using equation 1 for n O

c B Po fB pedt I I e
e z e z














































































































Yao's minimax principle
A randomized algo et can be seen as
a distribution over deterministic
algorithms Ai

Ap TE

Similarly a random instance I can

be seen as distr oren inputs
I If If

For any randomized algo et and
random instance I we have

max EG CID
I amatafeel

max E CID E
I I E Maag

E E ftp.E TfEfhsI9s
WE ao 3 Yiannis














































































































A toy example in case of ski rental
Take 13 2 a E 3

Say algo Ai decides to buy on ith day
Instance Ij means n j
ALGO never buys
Otp A Az Az A

Ii 2 1 11 1 1 1 1 Az Ap are

Iz 212 3
2 42 42 best with

3 312competitiveI3 2 2 72 4 2 12 ness

Rand Algo choose A W P P Az w p I P

et
I Zp l P It p
Iz Zp l p 3 12
I3 2p i p 33124

3

choosing p Yz Itp 321 4
3

From earlier analysis we know opt
competitive ratio 4 s G YBP

413 for 13 27
Now we show optimality using Yao's
minimax principle














































































































Consider a random instance

I If W P B
3 W P 43

E A I

Iast tAf tEA OPT I3

A Az Az A
I tz 2 3 I I it 25 Z s it E 2 f it f ZzZ

513 4
34 3

4
3

So for this random instance ale det
algo hare OR 3 413
Thus by Yao's lemma any pand also
have 92 343
this shows A 3 A t 3 Az is an

optimal algorithm
This optimal algo could be obtained by
our calculations PB SB PE BEL Pt 2

i e Pz 4

32 43 P Iz Pz 13
Hw Can we find worst case

instance for general B














































































































IISc CSA EO 249
Lecture 5 Primal dual framework

Approximate complementary slackness
n mMin Ci Xi D Max E bjYji i jV j CEm et ieCng Primal

n m
a Xi bj Ea Ij Yj E Ci vi I
Xi 30 V i E En Yj 7,0 V j CEm

OBDLet a Gee kn and y Cy Ym
be feasible solns to primal and dual

Lp satisfying following c s conditions r
CD Ppimal For 231 f i E En if ni O l IT

then E Egri ay Yi E Ci Y
Cii Dual For B Z I t je m if yj O t

then Bj E Ennis aijxisbj.fr 0m Dualthen 2 bj Yj E E Cixi E xp Lbj Yj5 1 i I I

LP formulation
indicators variable n L if skiers buys the skis
e n Zj 1 if skier rents skis on day j
For each day j

set Zj Z I KEL 0,1 ZgE20,13 V j
objective k

min B K E Zj K skidays is
j unknown














































































































Primal Covering Dual PackingK Kmin B x S Zj Max Yjj I j s
Ks t se Zj 31 A j Yj s t E y E B K

Kj Zj O j
it j O E y E 1 z

n 30

Each day a new covering constraint appears
and dual gets a new variable

Online requirement

poser decisions cant be unmade If we rented

yesterday we cant change it today
So primal variables need to be monotonically
non decreasing over time

2 appx from primal dual
On j th day primal constraint at Zj 31
arrives If it is already satisfied do nothing
else increase yj till some dual constraint

gets tight set corns primal variable to be 1

If Yj 0 then I Nt Z f 2 By appx c satleastone atmost

if n o E y B
is rounded

IIE thiosndiimtigs
j L x cZK at 2 appX

if Zj 0 then Yj I besinnins 2 1 B 2














































































































Better Algorithm
Can we show N Zj c for some CK 2

May be we should fractionally increase self

ALGO
1 Initialize x O ZI Yj O t j
2 On i th day i the new constraint arrives

If se 1 do nothing
If a 1 do following
a 2 i I se makes constraint tight
b Yi I comes primal van is tight

I Alo bec se K It TB fixed later

Intuition

To make primal dual feasible
In each day D Plo D E C l Yy

OP E OD Cc t E OP E E OD CH L7 a
DE PS DCity weak duality theorem

Primal feasibility
From Za R t Zj 1












































































































K
Dual feasibility Need to show Yj EB

j I
edu to show se 1 for at most B times as

after a 1 we do not update Yj's
Claim NZ 2 after at most 13 days of ski
Proof
let increments of se in each day be
see Nz ok where a EI Kj
From N se C I 3 we have

i Eng rich E taps Kk ai I
K

Hence Kratz Efi Tz 3

i'Isci xx JB f f Backthe Mk Itb

Thus Ri's form GP with ou I and geom
ratio 2 4,3 913

Hence after B days
N i YB B 1

I YB ly LB
It E B l

x x
To ensure a L after B days
we set BEAME

it
B L

Cfor B 0

so y e 1 I I It et e
a e 2



Claim 0
D E i t try I

1

If x I then in each iteration G D 2
as Yi becomes 1

Lip B O K t Zj
B x i se t F
B E Iz t L x

X

of I K It I BS

Hence competitive ratio is a E y e
a e l

But this is only a fractional algorithm
we have to decide integral values of
K Zj on each day
fractional to integral
Initialize all x Zi Yi O

Pick de CO 2 uniformly at random
When new constraints arrive

update x Yi Zi as before fractionally
we rent when sea
We buy when se z x for the first time

EEK i3 EB
O t l l l l l l 1
a for



Analysis
E cost E supyingt E Essepffatg

E 513925 B P skinig.beFIhaty
K

B E Kj BR
j I

E pesPn htg III IP ski rented on j th day

II a me a in
g
Zg E Zg I Eiri

Hence expected cost Ba t it ZfT
same as primal fractional solution

BET


