* Ondune Set Cover :

Given :

U= {1.2,...,n} : C\raau.ndsz\:a? n elemesnts.

e F:= 15,S2,sSm} : Family of subsets e§ U .

e A set cover 'S F is & subcollectom of
sets from F such that thelr vouon sV .

re. S =U.
Seq’

e Each st S €F oo a nvnre@ac\.’l“ve,
e (S) associaked. it 2L -

Goal:

Find & sekx csver og Mmoo cost -

E'XM\P\e"U: T\"Z‘/ '"/82:- ‘Y\—:s)m:é.

=11.2.3%, s,= 11.4.5,8]-5,=(2,2,43
Su= 16,7), s¢c= 12.4.61.5,=32,3.5,83.

AS,,52.54, sc\ s a set cover
@ 155,523,543 s & set csver.

. £s., Sa, Selis ﬂOT\.
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— Offune set cover is well-studied th approxteathon
ALoCitmS . knovon b0 have © Clogn)- approx (ove)

C‘P) SeF
s.t 2 K =1, YMeeuU
S: €S ‘\
ezcih i ternn
2/ Xs€ {-o’i is covered.
As 4
/o:-l:hzse.t 'S 1: the s=t
Nnot szlecked. is s2lected

Toy example 1° U= {ZA,ZZ}-

S\ ={eay,S2=1e, 62'5,
@ 2D shmclsi=n

s.t- 7(52>/ i, XS‘ + XSZ =1, )<S..:><$2e {D, 1}
oPT: 1S}, ob) = 1. Note < 4 is

St %5, 21, X5 +Xs, 21, Xs,»%s, 2 O.

LP ob) = Ks,+Xs, 2 1= OPT—olo_j-
Newd 1P ob) & OPT oy & it is a velaxabon,
A1 P . — MmOT ..



-7 =\ oq—VI l*.‘).

Toy example 2

St Kg, + Xs, > 1

?(5' ,st, xs$
%sz-!- '7(5.3 >\ P {0,13*'“’
Ksy+ Ns 21 20 ~LP

OPT = 2, as 2 two sets are needed +to Cover all.
LPL 3, . A C-l:-_,-;_-,-’-) is & feastble soluten,

So. oPT /LP > Y, .

In fact, one can sheo 4}\,'\763‘40\22-5 gop of

Set cover LP is <2 (og™.

- Rounding : How 2 et J0,1) feomm [0.1] 7

LPso\nn
e —A dea
o\ /1' Ceiun?m

- Stmplest opproach : Based o thresheld (6),
Sayl X\'e Loaljp 't.-F 'l‘f>/e -—’%—_—1
% £ 6 — s =0.



OnlUne versien :
= Elements of U & members of F is knovn.

- Elements of U *ppear one -by -one
Cone ol each time step)

- Also only, oo suoset og. clements U"S.U’ My
arrive . Nedrther the ovder o@ Qetval oy
U (s knov b the AgEn .

e
= Once & new clement , oppears. wcszr » knew
the 2Ls cprering the new lemend:
nNe call i+ A

The acj.ﬁ(vur:{"ﬁ«m must cover o by some set £ F
cnrl:ain;.’na e.

F v F S8 F S8
o ! ‘0 o \ ‘o

° o ﬁ*\/ \/ —) v

’ i L ) .
.M " o

‘m no. ‘m .

= For 7 with some armval ovder o, et
F'Cuss) be the Cover produced by 4 &
Flor CU7) be the opiimal Coffline) csver.

Then competitive ratio (4)

HNe waat 1o
= max F’C{J’id) /d-esi%h A
'd y 74 * nv'.rv.:miie— "U'\:.S.
v Foer VN

- sf‘“’“”'y . LR Coun be de_f;‘na —.ﬁ"" f_Fﬂa.c'b.wJ-
Sek ceover.



- Application : Nebwoerk ervice peoviders .

Cluents - Elements, A server can grovde

Sevvice 4 a. Suwbset of

clients.

— Clents arvive one- by, ~one.

— There is & :ek-wp cost/ acvotion cost
for 2achh server.

~ ne know o~ potentiok clients, butk mot the
cluents who wilL request service.

) B B

= Jn online versiew, ok each tterabhen one
e & Brus one consbranmt Appears.

Servers: Sets.

Q. Can ne obtain O(log M) - conpel-tle

Ao for frackional seb cver ?__,Mww4 YN



* A candidote algprithma Jor fractianal seb cver-
- Maintan a Ms}&l‘ RWg>O0 V¥V SEF

— Define w.e;..“gkt of on _lement |

i‘ Wg » where ¥Fj are collecthow
se 7 g sets v F that

Single iteration &§ the algorithm -

- Element ) abpears. /7“*

= If Wy 21, do northuing),

— €lse () L1), perform welghnk aupmentotion
Ca) Let K be mun integer s-t- folat Wy > 1

- mana'bshl\ut? S
Ao Foine -

Cb) For each sek S e 3:3 , 0054—2’(-005.

QL. How do e nitialize ‘s 2 Say, inthalty uos-:z‘.—‘?

. #'\‘\'e,r‘o:bfsvs where v0\5<1, is atr most
lopT1. Clogp +2).

Lemma

[NRY.S g £ 2.

— Consider seks v OPT. ‘nn eacl aﬁmmh‘m
3@y Cj be e of the seby i OPT Lot covers 4-
Thewn wcj is &b \easdr Acnnioled.

— This Can happen 10PTI. Les L/_:_‘)tmes
=g



S0, we \wwantk @ h&elams.. Sdy B> —‘w—‘_-
Bt Qorge B also problematie

Sy, B2 %'jzl" , Bhen sy clement s cavera)
o
by o sekxs. OPT=4, ALGO 2 Lagtn.

Now, Re Wk b exlend Hus % in*n_gﬁml_cm.



e Anh O (los M log w)- COYY\‘Pe'bl"‘\'.'; ve a«Lazn"H:\A%
Jor unneiogted. case [els)=1 v sSeF].
C A\ow, Awerbuch. Azar, Buchbinder, Naor, STOC.’OB']

thghlevel idea :
- Maintouin & nweaght Rg>0 ¥ S &F

C Intuatively, Ws Can be thengt b o‘g. an o ffac:bm
that S is becng selecked.. Our qorL &
increase +the weighls ovev me so thak

ne g2b oo fractienol set cover & Convert the
§\°ac:\:{mo\.k so\n to an in‘\‘e%rau, soln?)

- \nhali2e : wWs = \/zm ¥ s eF.
F'= . (empl cover)
F=c¢. (elements covend by F)

T Define welsght of on <lement j -
W = ) where ¥ are collection
J sie.:r:‘, s° g gets (v F thal
Cinthitively , if W) =1 ¥je X, we obtatn a
frachanok cover. Else if W)L 1, we Wwaat o
incvreaste weights of the ks in f"} ).

Magic: Use of potental funcon to convert
the fvac.'b'\‘mak so\n to an frﬁ'eﬂ‘ro\\ soln,

2 25 P irtutively measures awveurtt af
@ = n “uncoveredness” & we Wwaat to
IEF decrease ‘&t tv O over ttme.



Over iterabhions Ry Irews , so we Waourt o a&ju.ct
F (wy selecting more sets into cover) such ot
D dent tncrease.
Single iteratisn 6'; ‘the a\Laa'pi-\:km .

' wter X “the
~ Ele t J ppears. dﬁai'ﬁ?j: u‘:\f\ ensure

that this fractianmal

- If Wy >1, do nd't\fvtna. Cover toply totegvar cover

= €\se (B)<L1), perform welght a.u'.gmen'\:oc\:fm

Ca) Lek K be mun in\:eﬁcf at- Qs +0j > 1
CNote = 2% wW; £ 2)

Co) For each sek S e 3:3 , Ws «— 28 wg .
CSo. after this wWj becames > 1) wjezk,@JM
(Bt P also increases. so todecreare ¢

we Mneed @ 1ncrease cover Ly )

Ce) Choose from 5::)', ot most 4 legn cets
& odd thew tvp F' s.t- AP <o0.

CHe will see hew 2 choose such sekts)

lenma 1. FF iteratioas where Wy <1, (S ar most

. v . )
w'lc‘obfl? T boundiny \OPT l . C 103 m Z), gk"hh.‘“
il maintain & feasible soln, ;‘;‘r‘(H“

Lemma 2. For iterabion with, 1) <1,

Let Ps & Pe be P before & after the
teration. Then 4 log n seks cobe chosen

St AP =cde—&s 20.




o Theorem: F’'is a feasible cover
& [g:', S OC loPT| l.oam 'Loa,‘n)

: : N = S A
M’ \nially é = 2 nZ“aJ . N\) i 2m = 2.

YEU <%
We cant have ~ ) v [VI=n.
\Fyl=mu¥ “gnt £ wiln en®
Jey
lem2 = P is nm-\‘ncre.asina. .
Frrcbron b
Thus i.f szi,ﬂyen;)ep; Caver tnply
. \ Caver |
else CP = N2 > nZ. m‘rzswd. e )
So F/is & feasile covev.
LF’l = loPTl Llogm+2). Alogn:
7 < mage
# terahow where adﬁ:;?f\s
seXs are «dded o iteratism, -

lemma 1. FH iterabions where uo‘) <1, is armost
loPT1. Clogm + 2).

= \Inrhally, Wg = \/ZM , Ml»wky.s Wy £ 2. Sep o of
A\zo
— Consider seks i OPT. ‘nneacl Aﬂmexﬁuh'm s
S&y Cj & oPT cavers e,le_rnantj-

Thewn NCJ 1S &k \2asdr Acwboled.

— This Can happen 10PTI. Loy Lz/z_j;‘_ﬂ)h}wes-

Note: Larger W s better. Bul we also need
v oA P < n%, so wg ::.‘/?_M is chesen.



However , \—f eacch ement oppeces in & A seis.
thewn Ns = \/zd. will work 4 we’ll st OC‘OSd\oSh)

OPPYOX.
Lemmea 2. For iterabion witie W) L1, Lek Ps & Pe be b

hefcme. & after the iterathi'on. THhen 4 105 n sSeks Coar e Clhesen
St Ad =P —d zo0.

M For cach 3=k S e.‘J-B-, let Wg & W5 +§&s
be the weimglis before & after the iteratisw.

Lk 5") = 2,83-
seJ:J

The ad_awi*l:hm maountains bOJ-\- 8:_) L 2.
How s2ks are added :
Repeal 4 logn Ttimes:
choose each =t S€& Fj w.p. 35/2,

LA 8 <2, in erpectation we mlect one set-
In foct., we con se\ect at most one s2t per
terathien by daoos{nj a numbers wv‘—fwmbr
ok vandon in Lo,ﬂ.]
= 4l seks are se\echted.

Claim: AP <o.

Consider an element )¢ U s.t- \)’g F.

Its conteibuhon to P = w2,  Ps())

v to P =0 if some set cartalaliny yis chesin,
¢{’,_ gy = W2 8 ahepuise.



For eacw cf the A \ogn steps-
P L Ay set cmtracniy )7 is not chosen)

£ \— 3, P[Sis choxen]) < \ - g 8 = \_&

P L9 is net cevered by 4logn S‘\-e_(;s‘)
ot ] —0Y
€ (- ég_')qdah ¢ o 87 . Alogm [ T,

< w25

H'e.ncz, L= E4’e (,j’)]
< n—zé'y. nz(w\')'—t-é:-)r) v (- ﬂ-—zsy). o
= n2% = &gy,
Rrema &.Cnea.ri‘by c-;S- expec_bat‘b\‘d“\,
B lde)= B[ < Pe(y)]) = g ElPe (YD)
Y43 Y43
é‘ ,2: Ps(y) = Ps. =
)¢F
Extensions
— Can be extended to weishited cow-
Dowoblxd ik + nvolved fotenti ol .

— Can be derandocovwzed..

— Lower boswnd @ (2 (logn log 'V‘/C'°j‘°3“"+l°51°j“)).
for ony erdine a\lﬂ—m'{-bkm.



