











































































































Online Set Cover

Given
o v 1 2 n Ground set of n elements
F Si Sa Sm Family of subsets of V

A set cover f E f is a sub collection of
sets from F such that their union is V

i e
s S V

Each set SEE has a nonnegative
s associated with it

Goal

Find a set cover of minimum cost

Example I 41.2 83 n 8 m 6

S I 2,33 52 1 4 5,83 53 2.3.43
54 6,71 55 22,4 63 56 2,3 5,83

53 251,52 54 56 is a set cover

Sz 53 543 is a set cover

si 53,563 is NOT














































































































Offline set cover is well studied in approximation
algorithms known to have 0 login approx Ap Itis

Set cover LP min cost

P
Ming

S Lf
collection

s t E Rs I Ve E V
s ee s teach item

Ks E 0,1 is covered

o the set is it'the set
not selected is selected

Toy example 1 U er ez

on og
Si 93 Sz en ez

CCS C S2 1

IP min Xs t Xs z
s t Xsz7 1 Xs X2 71 Xs XSzE O I

OPT Sz obj 1 Note It is

pedundantLP Min Xs Xs z
s t Xs 1 X s X2 71 Xs Xs 70

LP obj Xs X Sz 7 I OPT obj
Vow LP obj I OPT obj as it is a relaxation

LP obj OPT b














































































































LP obj OP I obj

Toy example 2
min Xs t XSzT XSz

si s t Xs t X sa 71a
XSz XS 3 I

S3 Xs

Si X2 X
ez e E 0,13 IP

3 O LP52

OPT 2 as two sets are needed to cover all

LP I 312 as t I I is a feasible solution

SO OPT LP 7 43

In fact one can show integrality gap of
set cover LP is I log n

Rang How to get 0 1 from 0.17

idea of
ceiling on

floor

Simplest approach Based on threshold O

Say Ki E Co I if Ki 7,0 Ii 1
Sei C O ni 0














































































































Online version
Elements of U members of F is known

Elements of v appear one by one

cone at each time step
Also only a subset of elements v E U may
arrive Neither the order of arrival nor

U is known to the algorithm
Once a new element lappears we get to know
the sets covering the New element
we
cail it A

The algorithm must cover e by some set of F
containing e

F

q
F

F
F

r l O

o
o
m n o

For y with some arrival order o let
F u o be the cover produced by A
Ffp Cu be the optimal offline corer

Then competitive ratio Cd

Max design A to

so
Far so

6

We want to

minimize this

similarly CR can be defined for fractionalset cover














































































































Application Network service providers
Clients Elements

Servers sets

A server can provide
service to a subset of
clients

Clients app ive one by one

There is a set up cost activation cost

for each server

we know all potential clients but not the

clients who will request service

In online version at each iteration me

item thus one constraint appears

Q Can we obtain O log m competitive
ago for fractional set cover

monotonicity














































































































A candidate algorithm for fractional set cover
Maintain a weight Ws O f SEF

Define weight of an element j
Wj s

Ws i where Fj are collection
of sets in F that
contains j

single iteration of the algorithm
Element j appears

coveredIf w 71 do nothing
already

Else w 1 perform weight augmentation
Ca Let k be min integer s t 2k Wj 1

Note 2k Wj f 2 4 monotonicity is

b For each set SE Fj.ws zt.ios
So after this wj becomes 1 Wj 2KWj

Q How do we initialize wj's Say initially Ws Ip
ite is at most

Initially Ws Yap Always use 2 Heftedby

Consider sets in opt In each augmentation
say g be one of the sets in opt that covers j
Then Wg is at least doubled

This can happen I opt log Ip times














































































































So we want B to be large say B y I
But large B is also problematic

say B loft then say element is covered

by all sets OPT 1 ALGO I logan

Now we want to extend this to integral case














































































































An OClos m log n competitive algorithm
for unweighted case S 1 K S E F

Alon Averbuch Azar Buchbinder Naor STOL 03

High level idea

Maintain a weight Ws O f SEF

intuitively Ws can be thought of as a fraction
that s is being selected Our goal is to

increase the weights over time so that
we get a fractional set cover convert the

fractional son to an integral soln
Initialize Ws 42m F S E f

4 empty cover

F p elements covered by f

Define weight of an element j
Wj SE Ws where Fj are collection

of sets in F that
contains j

intuitively if w 7,1 tj E X we obtain a

fractional cover Else if wj 1 we want to
increase weights of the sets in J
Magic use of potential function to convert

the fractional son to an integral son

n2wj intuitively measures amount of
uncovered ness we want to

J F decrease it to 0 over time














































































































Over iterations wj grows so we want to adjust
F by selecting more sets into corer such that

I dont increase

single iteration of the algorithm
later part of theElement j appears
that this fractionalIt w n do nothing

Else Wj 1 perform weight augmentation
Ca Let k be min integer s t 2k Wj 1

Note 2K Wj E 2

b For each set S E Fj Ws zk.ws
So after this wj becomes 1 Wj 2kWj
But 4 also increases so to decrease
we need to increase cover by f

c choose from Fj at most a log n sets

add them 20 I s t 00 E 0

We will see how to choose such sets

ygggj.no
iterations where wj i is at most

I opt I Clog m 2

III Iaugmentation
I ÉÉ ÉÉ iteration with Wj 1

Let Os de be d before after the

iteration Then 4 log n sets can be chosen
s t 04 de As 0














































































































Theorem F is a feasible corer

I I is OC I OPT I log m log n

If initially I E ri
jet

J I e iz
SEF

I V1 n

YFItm.org
Eyn2 I lui n en

Lem 2 Io is non increasing Fractional
Thus if Wj 7,1 then j E F cover imply
else of y n2wj n integral cover

So I is a feasible cover

If l I OPT I Clogm 2 4 Log n
T

iteration where
sets are added

Max sets
added in
an iteration Bo

Lal iterations where wj 1 is at most
I OPT I Clogm 2

Initially Ws Yam Always use 2
ensured by
step a of
Algo

Consider sets in opt In each augmentation
say g E opt covers elements
Then Wg is at least doubled

This can happen 10PM log Em times

Note Larger Ws is better But we also need
initial I n so ws ayam is chosen














































































































However if each element appears in Ed sets
then Ws Yad will work we'll get o logd lo su

approx
Lemmat For iteration with wj 1 Let 0s de be d
before after the iteration Then 4 log n sets can be chosen
s t 04 de As 0

Proof For each set S E Fj let Ws Ws 8s
be the weights before after the iteration

Let Jj Eggs
The algorithm maintains wj t 8j 2

How sets are added

Repeat 4 log n times

choose each set s e Jj w p 85
2

As 8 E 2 in expectation we select one set
In fact we can select at most one set per
iteration by choosing a number uniformly
at random in 0 13

4 login sets are selected

Claim 0810
Consider an element j E U s t j F

Its contribution to as new
to Ge 0 if some set containing j is chosen

m2 Wj t 8 otherwiseOteCj














































































































For each of the 4 login steps
IP Any set containing j is not chosen

I
sEy

IP S is chosen I l E 1 E
IP j is not covered by 4108h steps

I E
4108

s e
4108 I D

E n 28

Hence IE de Cj's
n 285 m2 Wj't dj i n 285 O

n2wj As Cj
From linearity of expectation
IE toe IEEE de Cj E IE deCj

JEF JEF

E Os j Os Be

jEF

Extensions
Can be extended to weighted case

Doubling trick t involved potential for
Can be de randomized

Lower bound R log n log m loglogm loglog n
for any online algorithm


