* Algorithms wnder Uncertaltty .

e What makes 'l,.-fe i.n'\:ere.s-l:in.j?

Decision - ma.kl}\j
wnder unczr—*taﬁnrly .

Uncertaanty s
omnuvpresent |

"In this world nothing | Whom ‘o Maeey 7
can be said to be — Whichh classes to take?

certain, except death

and taxes." — Showld I buy or rent’
- Benjamin Franklin el V¥=2X stocks to bu.y')

ALsaPi-l:hm.s under unczr"l:airﬂiy :

— Decisionmaker den't fhave complete KnOu\edje

— Each ttume step., Jdecistonmalker needs o
take a decasten based anly en Wnowledge

0% the past-

Several. approaches: Rreredpusite -
= Ornline Atgovrthms Basics 6';. P’r'ob-
_ . . thesry & Lnear
OrJane Leamv.n.J . Programming.
— Onluine Cconvex o\'.:\:.}r\ii.a:b:m.



r

* Online l.e.a.:'ru.rg Ansier a seduence 07} qy\es’c«im.s
aivem, C partial) knowledog of the correct answers
> P\eeviws ques’c«b'ms and. Poss{\oly adAd L b ool
ovaorl able in.,favma.bﬁm-

Online Learning
P Y

X, o,

fort=1.,2,...
receive question X; € X instance domoun
predict p; € D 2
recelve true answer y; € ) cacget domain
suffer loss {(p¢, yt)

Goal ' Mitvazze cummullabive Qoss (_Y’eg\ﬂet)

S\Aﬁex’zd mﬂ_o'v\ﬁ £s vun.

Example ( Predicting whether it is going to rain tomorrow: )

day t, the question x; can be encoded as a vector of meteorological
measurements

the learner should predict if it's going to rain tomorrow output a prediction

00,4, D# ) 104 07 0 [6-7

S
| 0.6 1 O -4
loss function: £(ps, y¢) = |pt — yil

which can be interpreted as the probability to err if predicting that it's
going to rain with probability p;




e Onine Convex Op‘b:rnf.m'b.}sy\, Coco):

Online Convex Optimization (0CO)

input: A convex set S

fort=1.,2,...
predict a vector w; € S
receive a convex loss function f;: S — R
suffer loss fi(wy)

T T
Regret + (w) = Z, filwh) = Z, £ (w)
L= =
‘ £= Best hypotiesis

Example ( Prediction from expert advice )

The decision maker has to choose among the advice of n given experts.
i.e., the n-dimensional simplex X = {z € R",) . z; = 1,2; > 0}.

g¢(7): the cost of the i'th expert at iteration ¢
g:: the cost vector of all n experts

The cost function is given by the linear function f;(w) = g{ x.

Tevre are n stocks -

\—-

o,o;\ (é/ ,J.;)

¥

0,1,0

\,0,0



’TM\chure_&r\zxtfmm, vde foams en

OnLne M@cm.‘af\m.s .

— Decisionmaker den't fhave complete Knou\edje

— Inpub owrives over time : part by part:

— €ach tume step, decistsnmaker needs to
take a deasten : immediate & irrevocable,
based only en wknowledge 5§ the past-

* Performance Measure :
Competitive Retio.
An online ml?sovi—l:hm ALG s c-competitive
f there s o constont ol st- for ol finite
trnpul sequences T,

ALG(TI) S Cc.OPTCI)+ X .

* For addLtive constank =0, e ca. ALG is
stricHy c-competitive.

- Mos\:-ba we are inteyvested. v efficient
Cpoytime) osLaori’chms.

— Bunk Pardiness alse 2les v the Cn-fmomahbm
tesretic barrier )



o Pa,i‘{n.j Problem :

Consider two-level computer memevy system.

1|2 i w Fast memory K< N
2] ... N| slow memory / storage ddsc
Pu Pg_ PN

(stores fi'xed. set of Pg.ags)

fxed-sized. memsry units

— At exdh ime step t o- request for ssme
‘PQ? ?ik Cosmes.

— A Bt oceurs if py is alread, in cache.
— Otherwise. A niLSS oCcurs ;
Then the system incurs sne pose fouwit

ard Py must be fetched. from sleww memos
o cxehe.

— GoaL: Decide which k pages o rebzin
in the cache, ak each point of time, to
minimw2e rmusses / maxivaze hits.

* Typicadly, for poging

fost memory = RAM,

sS\ew memory = Disk.

- In Caching ((wohere pasp s called. Block),
fost memory = Cache.
s\eww memory = RAM.

We use caching/pasing interchansgeably



* Muliple cbstract cost model : fxs

General: Cost £ for veading fast menovy,
Cost S 4oc fz\:c.'\fu.ns S slow mensvy .

- Page Foult model: F=0,S=1 — Our model)

* Full access model: §F=1,5=5,

Canduidake o\l.gcv{-i:hms :

* LRU (LEAST-RECENTLY-USED): When eviction is necessary, replace the page whose most
recent request was earliest.

* CLOCK (CLOCK-REPLACEMENT): An approximation to LRU in which a single “use bit”
replaces the implicit (time of last access) timestamp of LRU.'

* FIFO (FIRST-INFIRST-OUT): Replace the page that has been in the fast memory longest.

* LIFO (LAST-INFIRST-OUT): Replace the page most recently moved to the fast memory.

L LFU (LEAST-FREQUENTLY-USED): Replace the page that has been requested the least since
entering the fast memory.

(® LFD (LONGEST-FORWARD-DISTANCE): Replace the page whose next request is latest.

Offtine
Assume K= 3,
qu,ues-ts: aIPZIP'IPAI PB: ?21 P‘o Pﬂ'

Ne

Onl

At t=3, P4 | P | P

Note : A\ are
Demand paﬂ-{nj aLﬁ‘o'r’{'l:\ﬂMS , 2., urnless there
is & page fanlt they never evict a page
fromn the cxche:



B Prove that any on\lne / o:be.'ne. ‘P&.ﬁff\j
G\oLﬁ'D'\’*f."\:\A-M can be modified. to be demand.
paging Rithont increasfrg the ovevrall cost
on any reduest sSeqduence-

Corollary 5 There is a paging algorithm such that ‘Danie,\y -Mansouwr ‘1q

e [ts competitive ratio is 2H},

e [ts regret on any interval I is

0 (k: 1]1og (T) + \/k:|I| log ((Z)T)) -0 (k:\/m)

Let us rephrase Corollary 5 in terms of the paging problem. It guarantees an online algorithm
for which the number of cache misses is at most a 2 Hj, larger than what is achieved by the optimal
offline schedule. Likewise, for long enough segments, i.e., longer than Q(k? log(nT)), it guarantees
that the number of cache misses is not much larger compared to the best single “fixed” cache C*.
Recall that for a fixed cache C'*, whenever we have a request for a page ¢« ¢ C* we first fetch ¢
evicting j € C* and then evict ¢ and fetch back j, for a total cost of two.

g Optimal off\une 'Paair\j aljvr{-th-’

L¥D.
Intviton : Any a\:\x}nab o-ﬂ-‘b.'ne. po.a‘\'nﬁ ad..DD A
Can be mod.».‘j\‘ed. 2 act ALke LED wWithewt
de.jradéry its performance.

Claim : Let O be any reduest seduence.-

¥ie LIT1]), we can construct 4 s-t.

(i) A; Pprocesses frst 1-1 pequests same oo A.
Ciy If i'th request vesults in & page fault, Ag
evicts from its fast memovy the page with LFD.
G w; &) € A,



Claim impues LFD s ophimal .
P OPT,——> ... —=» OPT,, =LFD

Staxt wivthh n = 0PT

Proof of Clauim :
Assume just ofter processing it request,

fast memories of (A & A cortouns page sets
XO Loy, XU i) vesp.

l.o. % L thh request results
W-lo.g. assume v w ( i poge foctt)

Watil v s requested. , for swosedquent requests.
A muimies A except for evicting U f A evicts V-

Note : FF common pages s always > k-1.
If H# common PARIRS becomes Kk (i-e., tf A
evcks 19 ) then WAy continunes same an A.

toeever, £ Vs requested before A euvets v,

then Ay Uncurs page fault, buk mot A.

However, when v voao emcted. by Av F muat

Rove LFD, so 3 ab dleast eme request for w

after the UHie poge frulk:

That incurs a page fowlk

+t0 A but net o A+ -

S #F page fautks for A £ # page foull for A,
Caflter seruvcing V)

& after servicinp V, Aand A; identify O

— Poly't"rw& solvable )
— Hardness comes *_?r-vsnn Lochk_ of A f-csvma‘b'&’l



§ Loveer Bound of Ko for determinisikc
mLSUPitV\ms fov ‘Paﬁ’l:f\.ﬁ'.

ClaoLm : For any finite sequence g chosen {yrom

o set of Kr1 pages, LFD(I) £ \<sl/

—> LFD fawlls at most once eveny K_vequests.

C If L&D evicts a pase B, o obther Pages
cache must b2 requested peier b next
vegueot fw p,)

2P Pc Py

% Pb fa e‘
evicted p

P Dower bound : Pases i Pis P2, s Pras
Ldetermimstnc)

w-\.0. ‘g assume o online 0\%0 Ao holds Py, -,
We define reduest sequence g Lnductve,\J.

Y= Prea -
Yoppq = unigue 'Pa“je’ not in A's cache just
af ter seeviaing T, o, Oy

£ £
(e, ,_P,)-aa AN N Tl Py Y

Note : A fouds on each vrequest & we can
Mome || — o0,

LAY = lol, opT() =LFD(s) < Ul k.

| <l =
3 oR.CA) > = C S K

. p&%\:nj s not Rard due to compubatismal
reasons, but due to tnformodhien theosretic
Yyenssvd .



- The (£.K)- Pa.jinj Problem : h, ke, L.
Measure performonce of onfine paging
dgo of cachestee =k, velative to opamal

offne algo with czche R 2 K.

K"\f~|e_cz.:l<z?,r» adver Saz.ry!

Be\ady's a:.r\a.mo\y : \nb@weshfng}y , O Some uupu,tr
Seduence soyne 0\0,60‘("\37\«)148 Ce-g. FIFO) may Perfoem
beter rhen i s smaler fjlpgst memsey -

(HR: On pvdpeo’aés crﬂE da:gépent Mﬁb‘("\.‘%\;‘ﬂnj

& Maﬁhinﬂ Atgwim :

° K-phase partition: Fast memory size =K
Divide  into phaxs. phae O = e sequence.
Povoe 1 s the maximal sequence fbllaoing phase
i-1 thab contains <k dustinet page vequests.
So pbarae T+1 begins WOiEl CRx V)t distinat Pg v

Po , L) , o . . %
R=2 ::?u Py Fifa M PP 7,0 PiP, Ty

- Assoclate. a bE * mark” for eacl, pooe-
Bib s set —» Marked , else - Unmarked.

Bzca'\}nxulnﬁ og. each K- phase:
UM o P L pases Cwrrentlh, tn st Menoey .

. 'Dwm:n:g a K-pbase
Mark o page when W s st requested
- A ma\r:kzlnj algorithm never evictks a marked.
page frrem LES —fn.s*t memowy !



? LRV, CLOCK, ard TMany Move agﬂ.ﬁ—o-wf—bhm\s
beLanﬁ +o the class c'f mapkiﬂj O&Lﬁs'm}t\«_ms.
— We')l shao any map\iing O\LSWH:\AM aktaosns
opthqau_ C.Grr\rpe,‘l'/\‘]:fvz, oo tn the p&@e-fauw
model..

THhm © LRU is maeking algoeithm.
— for conbtradletion, assume LRU euvicts o

max Ked. pasge = during some K- pbase-
— Consder the fAvrst request for x during this

R-phase. lmmediatel, alter SesPVfrxﬁ * it |s
Mavked as most vecently used Pasge -

—So to evnct = l{'j LRL , theve shold. be ~ RK+1
A Herent pages +to be requested in bBus pheose.
LR pases incdduding = + the pase which ot = 2aAck=d )

- Caxtryadichs W) th oke;?»\ G';F ?ﬁ\ase\



R} Theorem : ij Maelaing MNgo ALG s
K/Cl&-——k—&—’l) Co'rhpz_‘b:‘:\\/-@-

—> Any veduest sequence g & ibs R-phose partition,

Clowm : For any phase 1, ALL, neurs £ W pg fowdss

— There are K distinct pg relerences w eadh
phoase . Onee & P9 (s acecessed, L 1s mayRed
& cont be evebed VU end f phae.

S, ALG cant faunlt boice on same Pz

lek o be fvest vequest of phase 1. consider
sequence <7 starhng w. second veq, f plase 7

wpto and 'l:f\C,Ll&daL:Ykﬁ frest req, of pPhase CL+1).

OPT e -1 Pazeo 2rclndeing ¢ .
There are Kk disttnet requests in g7
So, OPT must incur 2 R-(h-1 = K-t 1 faunlls .

(We con preve last phase by adduitive Odx) =em)

In cade phase olg tnawrs fauwlt £ K tmes.

K . opT(e) + K.
ALG Ca) < e ) I



Power of Randomization:
. Ad_ve,wsa.wy Models .

‘Notural’ model in deterministic case:

— Kneowis the mha»o & choosas wsoest- case 'irul:ud:
+o maxinmize C-R.

* Advantage G§ randomness : Adversary may not
kKnow -the ontcome of the wandom chesice.

request
* Adversory censbructs ascht,?nce & Poys a cost

(D oBL(oblvions) : Weak Adwversary

— construcks g . advance.

— pays optumauy.

— Doesn't koo achons (due to onkcomes Og-
vandom chaices) by A'Lﬁo.

@ ADON (adoptive ~ortine) : Medivm Adveesary
— Generate I(t) based. on Alﬁds actiorn. sSo for.

Con o) ... ICe-1I).
— serves current yrequest ordene.

[So & knows 1ts swn strategy for genevating I,
Description of ordsne a\Lza—D & ks acton so for)
& e need to Pen—j:u?m . orlane manmp:).

@ AvoF ( adoptive - c§fine) : Strong Azversary

— Choose next veduest based o A\ads action

— Pays ophimal oﬁb.‘ne, cost (Con < Brhak s
creatrd online by adversovy),



.o - . oPT (37) some constant
- Compebrbwve otip el /7 ndep :;e =
v, BLALG )] & ©OBLEI+ X opioy).

Expectation 1is tokken over the vandom
cheorces nmade by ALG.

Note : ADV (o) H:sal/,j— bzcsrmes oo RV fcv
ADON /ADCE, S0 o move Carefid qefS Ao
1S needed Hhere .

c Adoversary : (Q,S).

S far OBL/ AD-OF : Oplimal offtine algo
C so c&wF\eJ-‘ng determuned. by Q)

&forOBL-‘ % sequence J Yhok myok,PenA S,
the decsion-madkers osrline Odl_a,o

Q for AD-oN QR is a sequence Of—-f.knc,t«.mas
o AD-GF I Ay Ax Ag R Aqa = R

leb cost of ALG asggainst ADV i ALG CADV) = ALG (&)
where I i's Construed by Q va interachsn . ALG,

Simalar |y, adversary cost o\%au:ns*: ALSG =ADV(ALA)



AD-OF : §.camp agarnst AD-CE if ¥ AD-CF & -
ELALG(a)] = [Ex [ALC;x EO‘CALCM,&)]]

-pa.ndmnl_ss

S 7 B [0PT[a (Max.a)]) = 7 1B [ 0T [« (As,a)]].

AD-ON: T-camp aQaunst AD-ON if ¥ AD-6F (&%)
& [ALa CADV)) = Ex L ALG (T (ALGx , Q)))
< ¥ (B, LADV (ALGRY)) = T (E [ADV (ALGY]).

§ Relo'c\':irlﬁ the adversaries: (Ah 7.3 inB-1)

Teeorem : IF -Bhere exists & vandorized. ondine
a\.\,ﬁ-cv{'\f‘/w\— that (s c-competitive Ws': adaptive
offlne oD versaries , then tHaere adso exists a
¢_¢Wtﬁ{{ve, deteeministe orling. a!—amt":\rdﬂ.

Taorem : IS Ais c-competrtive a?au—nst adaptive
ordine odversories cond Phere exists a
d—wmpz‘l:‘lt-s:ve, aJ.So aﬂauhst OoLivisus a&ve(’sa_r-’\'es)
then there exists a cd- cormpettive akl-a—vr;t.—lﬂr\m
mﬂm&nst oadaptive Af\une ad.versaoxtes .

Covollary : I5 Ais c—cnmpe’d't‘ive a?mnst aLAap—'\:m'\/e,
ordine odversaries , then there exists a
c2- C;drnpe_tf‘b:ve, deterainis ke olﬂcra‘-%m



e Rondomized. Algoeithum °

© Algorithn RAND: Whenever a page faulk occurs,
evict a page chosen vandowly and W-Jf-‘o-pmbj
omong AL fast memory pages.

— ,R”—_ A~ .
RAND Can e sheon to be ot cmwpe;\:uh\/e

Never eucts
§ The optimalk A germima © MARK., o masked P9
- Initially, all the poages ore marked-
- If there is & vrequest for a page p,
— If P in cache, bt unmarked, then mark p.

— Else f pis not n cache , bhen prs bwv.@(?«t
wnto cache , 'r'zpla.c.t}\ﬁ o vmdmb‘ and
unifoermly Chosen page fror the set of al.
un MmarRked POeS. Mawi p.

If o pases in cache are marked Ohen b
s abouk to be broughf th, then they are
oIl unmarked -frst:

Maww P .

* Bt CR. 0§ MARR (against obl. adversar ies)
s O(Rog k).
iﬁﬂf: N-Lo-j. assuvme MARK. 8¢ a&VePsawy

stayt ottt the some set ojj’- VR WV
Pages v the Ccache (else we thave an

oad B ve OCR) tarnt).



Fix & vequest seduence J & iks k-plase

'Pa_(—*hhv'n

r each phase 1, ab start pasjes “n Cache
@RPe ealhed. alA Pages.

Now - okd. page vequests 1, newo pages.

Obs : (1) Fach vequest is elther A /ren P -

Ciiy Repeated vequests dnt conbribute t©
online eost:

Civi) .Be,g\‘nmi\j cg: phase, oML LA poeo

axe wvnmarked .

Consider pbuase 1: how K distinct PS requests.
™My Fneo pages veduested in thus phase -
Weest possible sequence J @ Request al-
Nnewd Paﬂes C e e -Fa.m,u:‘.sj ) —_Fo\kc'voed—
by (R-mi) (Ryest) vequests o @M'PQ%CS
Cohat were evicked),

Rey
Obs: In U'th phas. jyth vequested old page
ts in cache w-p. = (k- m— (G-17)/ (k- (3-12).

only )-( vequectdd amwesr are ™Morked
-mi-(j-1) my
B Wt evenk] = 1— M-S
Hence , Lf=uw v J =1 G5 o
C 'fﬂ Lts duwru Ko ™m
= LTS LYy n . L
= ™M -
1’ eh p\kot&é?] v 2’ K=yt 1

Il

?

+

3

r
3
)\
3
3



K
.':_'L

Rhere, Rk =
=1

( HO: Show Lk £ e £ Vv
ntdkion : Jddxe & fn k).

(
1=\

Koot s oPT (o) : Duxafrﬁ Ttthh and (7T-1)st
phases, >, K+ my distnct Pg vequests are

made

#pg —f—p._wtts dwmj L& T-1"E Pe\aSe, = my.
?

2, Fr [FR=#faur n i plase,
= P—.: :H:"P‘f\_oky-\s]
L[CF+®)r (GrFa)+ -]

cooPT (o) =



$ Lower bounds ‘fmﬂ reendsnw zed cgoertlens
Yao's lovwer bound. Prinecple :

- Uses L B. fw deteromurasthe aL@—m-H«ms o o
disteibubov, o bound LU-B. 'S'ov* and. 0&.30

Ca (@) bz the cost of a deternunistic online
o\);jo'r{'\:\am A with tnpnt T

Fact : A-r\y rand.eon A 2240 M-Comp ad.%o o«.caau:nst
oblivious adversaries ts S’Gvsp'ly e~ Prob. dustr.
over the set of deterrualste OJ—’JOS F.

J\e {C Cq’)} = CoPTCq’) > ¥ T (1

Consider some Mshr. Dr over anpuk <

= C, &t < o
<€Ds [J\ey 1 }] = (ZDEC pr (<]

exckm\gihj expectations ( Fubtrics Ba)

E 1c, & .
\Ae?[c’é'D{ }] = P (Z’Dl.:r COPTC«)J @

where  1s the st

V‘Le@ O'G-‘D_r{ C C(r)g 5 og. b det - aLao

S fE\A eF CIEQ‘eDr{C' C«)}]

< o E [ Copr )]
<€ Dr Ratio 03’. e;epecbed,
- Cost 0§ best

> M > \r:q\.tyeu;o <"6DI [:C' C«)j . ;ea’tz(snru.msbtc_alab
> € [ Coor Co) TpEmal

TEDT offne mlﬂo

Note : Clheace 0‘§~ Dr is oule‘t‘POJQ' Creotive ?otn{—
Ky —f-tnd;.-nﬁ ok " Sood.” Dr-

Nowo,




To shovo L:B. for Paging , 1oe need- tioo 4cts.
Coupown Collector's Problem.

Suppose each box 076 ceveod. contouns one of
A ffeecant counpons . Once you obtmin owe G?evex/y
type of Coupon , you Can send. in fe’r’avpm'%e~
Assunmlvsj Compon In each, box is clhosen fwd.e?ar\—
—dey\bgy and. mfmomly a't randosm . e ANy
boxes cs} ceread Yow nNeed. vo bL&)’ bef-me, Now

obtadin at \east one o}’ every -\:ype, c-} COUETW

° |lek X be H#boxes bouA?(’A:t vl we have al\
trpes G—j)? Couptns -

1473
Let X{ denote #=boxes bouﬁh.t ho\e x@m%a&

e,xo\c\:ly (v-1) d»n)g-‘e.r»ex\i: cau«pcms then cdearly
% Iale

yR 3
5 ‘ } —h—
X1 Rk T x

AR2n exac)c\yL 1) Coupons “+have been -
the prob. of Obtmr\u’\j a. new coupon IS
Po= 1 - 1

S—

n

Hence, Xi is o geom RV with parameter Pr
E[ij = -1— = "

UJ’\A/

p—

. —_— * ot
Pi Nn—11v+41 _ m,@{;(me,zm@ﬂ;t
CEx)=E[ £ %) = 2 BLX]
i= (=t
=t N—1td : 3



[Section E ¢n Bovoclin et ot )
c Renedal Theory :
A eenernal process eepresents process Bhal
counts Ftmes o certait event vestawts
itself Wwithin some time tntzrvad.

Lre v el ke sedquence of +ve i RV.
let MPIX%X:=07] <1 and S.n=é Xy » €N

L=1
Se=0- N(t)= swp {m: S,<t}
fvanall, . rengR ek PYOCESS (s o stchasthe trocess

INCEY - £> 0]

Renewal. ceeaurs ar tme £, 1§ Sn=t Sor sowmen.

R >~
JRo e '. —
S‘ SZ T Sh
T T ceskzres

vastreb  ceskors
After eaclh veneral , the process l:e,ﬂ'\‘ns ouaau-n, -
S teme of nith venery ol .
%Xn ! teme betwezn (n-1) & Mt venerwal -
NGE) © Nuanber crg veneols tn the vntevwval (o0 t].

Renanal function M) = TELN (7).

GLe,mzf\'taxy enelsal thesvrenm -
Given o sequence o;} lidh RVvs X, 121,

withh 0 < B[] £, then
R

T—oo t \EEXr(']




- L.B. 3%\" pand.omized. mﬂ,%o :FUY’ Pagmﬁ s A K.

- lek wnuverse size be K1
Distrmbubtiocr. D : BEacl iruPV\t ok time ¥, I
Ls U-M']%vrr\bl dusbeibulbed. over Ka1 2lements .
—_Sluv 2_6[33

For an 'uruPtAt I = {Cf,,}t —( >
N B AR = E e =L - ®

1.

Now we C-ow\PvJ:e, .. on TE_-D {F—W‘-CO’)I_

Ne partihorn I into pblases &, Ohere P
C-MS’l:S’L’.S O'S. weq/uest‘s‘ mad.e ot /CTJ'Y\& E&f,ef-\-'],
., O — 1], where §, =1, and

Oy = M Z,'V {dtu ’ -l:»+1 s s Cpl= EK"'JJ)-

TBunwo O conkaing exactly K. distinct file 'r*e_c{,ue_Sl‘S
(28 cl=) made, 191.[291.‘*1—6‘"

OPT = LFD, fhence i—f one —fawkt (S (ncurred. tn &
Phase then ro nore frwts can oecue.

" #-Fa.wu;s ancurred. by OPT SN i b-me_d
< # completed phases by ‘G-MeJ +4
Hence, lEl:FOPTCG")]é 1+ [E (,ma,x {Q:@Lé\j}], O

Naw Dis uniform & iid, | @ l=0ui— 0 is also i,



So apply elemenlary vengcwol Breseam ,
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