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Introduction

Given two n x n-matrices © = (x;;) and y = (yx;) whose entries are indeterminates over
some field K, we want to compute their product xy = (2;;). The entries z;; are given be the
following well-known bilinear forms:

n
Zij = inkykﬁ I1<u,j<n (1)
k=1

Each z;; is the sum of n products. Thus every z;; can be computed with n multiplications and
n — 1 additions. This gives an algorithm that altogether uses n® multiplications and n?(n — 1)
additions. This algorithms looks so natural and intuitive that it is very hard to imagine that
there is better way to multiply matrices. In 1969, however, Strassen [Str69] found a way to
multiply 2 x 2 Matrices with only 7 multiplications but 18 additions.

Let z;, 1 <1,5 <2, be given by

211 212 _ 11 212 Yyi1 Y12
221 %22 21 X22 Y21 Y22 ’
We compute the seven products

p1 = (w11 + 222) (Y11 + Y22)
p2 = (w11 + 222)yn1

p3 = 711(Y12 — Y22)

P4 = T22(—y11 + Y12)

ps = (z11 + T12)Y22

pe = (—11 + 221) (Y11 + Y12)
pr = (z12 — 22)(y21 + Y22)

We can express each of the z;; as a linear combination of these seven products, namely,

<Z11 Z12>:<p1+174—p5+p7 p3 + s >
Z21 222 P2 + P4 D1+ D3 — D2 + Ds

The number of multiplications in this algorithm is optimal (we will see this later), but already
for 3 x 3-matrices, the optimal number of multiplication is not known. We know that it is in
the interval [19;23], cf. [Bl403, Lad76].

But is it really interesting to save one multiplication but have an additional 14 additions
instead?! The important point is that Strassen’s algorithm does not only work over fields

!There is a variant of Strassen’s algorithm that uses only 15 additions [Win71]. And one can even show that
this is optimal, i.e., every algorithms that uses only seven multiplications needs at least 15 additions [Bsh95].



but also over noncommutative rings. In particular, the entries of the 2 x 2-matrices can we
matrices itself and we can apply the algorithm recursively. And for matrices, multiplications—
at least if we use the naive method—are much more expensive than additions, namely O(n?)
compared to n?.

Proposition 0.1. One can multiply n x n-matrices with O(n'°927) arithmetical operations
(and even without using divisions).”

Proof. W.lo.g. n = 2°¢ e N. If this is not the case, then we can embed our matrices into
matrices whose size is the next largest power of two and fill the remaining positions with zeros.
Since the algorithm does not use any divisions, subsituting an indeterminate by a concrete
value will not cause a division by zero.

We will show by induction in ¢ that we can multiply with 7¢ multiplications and 6-(7¢ —4%)
additions/subtractions.
Induction start (¢ = 1): See above.
Induction step (¢ —1 — ¢): We think of our matrices as 2 x 2-matrices whose entries are
26=1 » 20=1 matrices, i.e., we have the following block structure:

BB

We can multiply these matrices using Strassen’s algorithm with seven multiplications of 2671 x
2= L_matrices and 18 additions of 271 x 2¢~!-matrices.

For the seven multiplications of the 2671 x 2¢~!-matrices, we need 7- 7! = 7¢ multiplica-
tions by the induction hypothesis. And we need 7-6- (7°~! —4°~1) additions/subtractions for
the seven multiplications. The 18 additions of 2/~! x 2°~L-matrices need 18- (2/~!)? additions.
Thus the total number of additions/subtractions is

7-6- (74 418 (22 =6 (TP =745 434 ) =6 (7P — 4.

This finishes the induction step. Since 7¢ = nl°82* we are done. U

2What is an arithmetical operation? We will make this precise in the next chapter. For the moment, we
compute in the field of rational functions K(x;j,yi; | 1 < 4,5 < n). We start with the constants from K
and the indeterminates x;; and y;;. Then we can take any two of the elements that we computed so far and
compute their product, their quotient (if the second element is not zero), their sum, or their difference. We
are done if we have computed all the z;; in (1).



Chapter 1

Computations and costs

1.1 Karatsuba’s algorithm

Let us start with a very simple computational problem, the multiplication of univariate poly-
nomials of degree one. We are given two polynomials ag + a1 X and by + b1 X and we want to
compute the coefficients of their product, which are given by

(ao + a1 X) . (bo + by - X) = a0b0+(aobl +a1b0) X +arby -X2.
_ — N

€0 c1 c2

We here consider the coefficients of the two polynomials to be indeterminates over some
field K. The coefficients of the product are rational functions (in fact, bilinear forms) in
ag, a1, bg, by, so the following model of computation seems to fit well. We have a sequence
(w1, ws,...,wp) of rational functions such that each w; is either ag, a1, by, or by (inputs) or
a constant from K or can be expressed a w; = w; op wy, for indices j,k < i and op is one of
the arithmetic operations -, /, 4+, or —.

Here is one possible computation that computes the three coefficients ¢y, ¢1, and cs.

w1 = ag
w9 = aq
w3 = bo
wy = bl
De
€o :f Ws = wy - w3
De
(&) :f We = w9 - Wy
wy = Wi+ w2
wg = w3+ w4
W9 = w7 - Wwg
wi = Ws+ We
Def
1 = W11 = W9 — W10

The above computation only uses three multiplications instead of four, which the naive al-
gorithm needs. This is also called Karatsuba’s algorithm. Like Strassen’s algorithm, it can
be generalized to higher degree polynomials. If we have two polynomials A(X) = >"" ja; X ‘
and B(X) = Z?:o ijj with n = 2¢ — 1, then we split the two polynomials into halves,

that is, A(X) = Ag(X) + X™HD/24,(X) with Ag(X) = S0, X0 and Ay(X) =




ZZ(ZJOFI)/%I a(nJrl)/QHXi and the same for B. Then we multiply these polynomials using the

above scheme with Ag taking the role of ay and A taking the role of a; and the same for B.
All multiplications of polynomials of degree (n+1)/2 — 1 are then performed recursively. Let
N (n) denote the number of arithmetic operations that the above algorithm needs to multiply
polynomial of degree < n. The algorithm above gives the following recursive equation

N(n)=3-N((n+1)/2—-1)+O(n) and N(2)=T.

This yields N(n) = O(n'°823). Karatsuba’s algorithm again trades one multiplication for a
bunch of additional additions which is bad for degree one polynomials but good in general,
since polynomial addition only needs n operations but polynomial multiplication—at least
when using the naive method—is much more expensive, namely, O(n?).

1.2 A general model

We provide a framework to define computations and costs that is general enough to cover all
the examples that we will look at. For a set S, let fin(S) denote the set of all finite subsets
of S.

Definition 1.1 (Computation structure). A computation structure is a set M together with
a mapping vy : M x fin(M) — [0; 00| such that

1. im(y) is well ordered, that is, every subset of im(vy) has a minimum,
2. y(w,U) =0, ifw e U,
3. UCV =~yw, V) <~yw,U) forallw e M, U,V C fin(M).

M is the set of objects that we are computing with. ~(w,U) is the cost of computing
w from U “in one step”. In the example of the previous section, M is the the set of all
rational functions in ag, a1, by, b;. If we want to count the number of arithmetic operations
of Karatsuba’s algorithm, then y(w,U) = 0 if w € U. (“There are no costs if we already
computed w”). We have v(w,U) = 1 if there are u,v € U such that w = wopv. (“w can be
computed from u and v with one arithmetical operation.”) In all other cases v(w,U) = oo.
(“w cannot be computed “in one step” from U.)

Often, we have a set M together with some operations ¢ : M* — M of some arity s. If
we assign to each such operation a cost, then this induces a computation structure in a very
natural way.

Definition 1.2. A structure (M, ¢1, ¢2,...) with (partial) operations ¢; : M* — M and a
cost function ¢ : {p1, P2, ...} — [0;00] such that im(¢) is well ordered induces a computation
structure in the following way:

y(w,U) 2 min{e(d)) | ur, s, €U w = ¢y (ur, ...y ug, )}

If the minimum is taken over the empty set, then we set y(w,U) = oo. If w € U, then
y(w,U) = 0.

Remark 1.3. (For programmers) You can always achieve v(w,U) = 0 by adding the function
¢o = id to the structure with ¢(¢g) = 0.



Definition 1.4 (Computation). 1. A sequence = (w1, ...,wy,) of elements in M is a
computation with input X C M if:

Vi<m: wjeX V y(w;,V)) <oo where V; ={wq,...,wj_1}

2. B computes a set' Y € fin(M) if in addition Y C {wy, ..., wp}.

Def

3. The costs of B are T'(3, X) > y(wy, Vj).
j=1

In a computation, every w; can be computed from elements previously computed, i.e,
elements in V; or from elements in X (“inputs”).

Definition 1.5 (Complexity). Complezity of Y given X is defined by

C(Y, X) e min{T'(B,X) | B computes Y from X}.

The complexity of a set Y is nothing but the cost of a cheapest computation that computes
Y.

Notation. 1. If we compute only one element y, we will write C(y, X) instead of C'({y}, X)
and so on.

2. If X =0 of X is clear from the context, then we will just write C'(Y).

1.3 Examples

The following computation structure will appear quite often in this lecture.

Example 1.6 (Ostrowski measure).  Our structure is M = K(Xi,...,X,), the field of
rational functions in indeterminates Xy, ..., X,,. We have four (or three) operations of arity
2, namely, multiplication, division, addition, and subtraction. Division is a partial operation
which is only defined if the second input is nonzero. If we are only interested in computing
polynomials, we might occasionally disallow divisions. For every A € K, there is an operation
A- of aritiy 1, the multiplication with the scalar A\. The costs are given by

Operation Costs
) / 1
+, — 0
A 0

While in nowadays computer chips, multiplication takes about the same number of cycles
as addition, Strassen’s algorithm and also Karatsuba'’s algorithm show that this is nevertheless
a meaningful way of charging costs.

The complexity induced by the Ostrowski measure will be denoted by C*/, if we al-
low divisions, or C*, if we disallow divisions. In particular, Karatsuba’s algorithm yields
C*/({CO, c1,c2}, {ag,a1,bo,b1}) = 3. (The lower bound follows from the fact, that ¢, ¢, ¢y are
linearly independent over K.)



Example 1.7 (Addition chains). Our structure is M = N with the following operations:

Operation Arity Costs
1 0 0
+ 2 1

C(n) measures how many additions we need to generate n from 1.

Additions chains are motivated by the problem of computing a power X" from X with
as few multiplications as possible. We have logn < C'(n) < 2logn. The lower bound follows
from the fact that we can at most double the largest number computed so far with one more
additon. The upper bound is the well-known “square and multiply” algorithm. This is an
old problem from the 1930s, which goes back to Scholz [Sch37] and Brauer [Bra39], but quite
some challenging questions still remain open.

Research problem 1.1. Prove the Scholz-Brauer conjecture:

c2"-1)<n+C(n)—1 for all n € N.

Research problem 1.2. Prove Stolarsky’s conjecture:

C(n) > logn + log(q(n)) for all n € N,

where ¢(n) is the sum of the bits of the binary expansion of n. (Compared to the exercise,
there is a “—O(1)” missing.)

10



Chapter 2

Evaluation of polynomials

Let us start with a simple example, the evaluation of univariate polynomials. Our input are

the coefficients ayg, . .., a, of the polynomial and the point x at which we want to evaluate the
polynomial. We model them as indeterminates, so our set M = Ky(ag,...,an,z). We are
interested in determining C(f, {ao,...,an,z}) where

f=ap+arx+ ...+ apz" € Ko(ag, ..., an, ).
A well known algorithm to compute f is the Horner scheme. We write f as
f=(anz+ ap—1)x + ap—2)x + ... + ap.

This representation immediately gives a way to compute f with n multiplications and n
additions. We will show that this is best possible. Even if we can make as many addi-
tions/subtractions as we want, we still need n multiplications/divisions. And even if we are
allowed to perform as many multiplications/divisions as we want, n additions/subtractions
are required. In the former case, we will use the well-known Ostrowski measure. In the latter
case, we will use the so-called additive completity, denoted by C*, which is “the opposite”
of the Ostrowski model. Here multiplications and divisions are for free but additions and
subtractions count.

Operation Costs

¢/t
o/ 1 0
+, — 0 1
A 0 0
p € Ky (.%') 0 0
We will even allow that we can get elements from K := Ky(z) for free (operation with

arity zero). So we e.g. can compute arbitrary powers of x at no costs. (This is a special
feature of this chapter. In general, this is neither the case under the Ostrowski measure nor
in the additive measure.)

Theorem 2.1. Let ag,...,a,,r be indeterminates over Ky and f = ag + a1z + ... + a,x™.
Then C*/(f) > n and CT(f) > n. This is even true if all elements from Ko(z) are free of
costs.

11



2.1 Multiplications
The first statement of Theorem 2.1 is implied by the following lower bound.

Theorem 2.2. Let Ky C K be fields, Z = {z1, ..., z, } be indeterminates and F' = {f1, ..., fm }
n
where f, = > puvzy + qu with p,,q, € K, 1 < g < m. Then C*/(F7 Z) > r —m where
v=1

P11 .-+ Pin 1 ... 0
r = col-rkg, o :

Pmi --- Pmn 0 ... 1

We get the first part of Theorem 2.1 from Theorem 2.2 as follows: We set

K = Ky(z),
2y = Qy,
m=1,
=1,
pry =", 1<v<n,
qQ1 = ap.

Then P = (x,2?%,...,2",1) and col-tkg, P = n+1.1 We get C*/(fl, {ag,...,an}) >n+l-1=n
by Theorem 2.2.

Proof. (of Theorem 2.2) The proof is by induction in n.
Induction start (n = 0): We have

and therefore, r = m. Thus C*/(F) > 0 =r —m.

Induction step (n — 1 — n): If r = m, then there is nothing to show. Thus we can assume
that 7 > m. We claim that in this case, C*/(F, Z) > 1. This is due to the fact that the set of
all rational function that can be computed with costs zero is

Wy = {w S K(Zl, ,Zm) ‘ C(w,Z) = 0} =K+ Koz1 + Kozo + ... + Kozn.

(Cleary, every element in W} can be computed without any costs. But Wy is also closed under
all operations that are free of costs.) If 7 > m, then there are y and 4 such that p,; ¢ Ko
and therefore f, ¢ W.

W.lo.g. Kj is infinite, because if we replace Ky by Ky(t) for some indeterminate ¢, the
complexity cannot go up, since every computation over Ky is certainly a computation over
Ko(t). W.lo.g. f, #0forall 1 <p<m.

'Remember that we are talking about the rank over Ko. And over Ky, pairwise distinct powers of z are
linearly independent!

12



. . A .
Let 8 = (w1, ...,wg) be an optimal computation for F' and let each w) = Pa with py, gy €

A
Kolz1, ..., 2n). Let j be minimal such that vy(w;,V;) = 1, where V; = {w,...,wj—1}. Then
there are u,v € Wy such that

By definition of Wy, there exist aq,...,a, € Ko, b € K and vy, ..., € Ko, d € K such that

n
u = E ayzy, + b,
v=1

n
v = Z%,z,, +d.
v=1

Because b-d,b/d ¢ Wy, there is a v such that «,, # 0 or there is a v such that ,, # 0.
W.lo.g. v1 =nor vy =n.

Now the idea is the following. We define a homomorphism S : M’ — M where M’ is an
appropriate subset of M and M = K|[z1,...,2, 1] in such a way that

C(S(f1)77s(fm)) < C(f17---7fm) -1

Such an S is also called a substitution and the proof technique that we are using is called the
substitution method. Then we apply the induction hypothesis to S(f1),...,S(fm)-
Case 1: wj = u-v. We can assume that vy, # 0. Our substitution S is induced by

1 n—1
zn—>7—n( A —Z:%,zl,—d)
€Ky v=l1
Zy — 2y forl<v<n-1.

The parameter A will be choosen later. We have S(z,) € Wy, so there is a computation
(1,...,2¢) computing z, at no costs. In the following, for an element g € K(z1,...,2,), we
set g := S(g). We claim that the sequence

B=( T1,...,20¢ ,W1,.., W)
——

compute z, for free

is a computation for fi,..., fm_1, since S is a homomorphism. There are two problems that
have to be fixed: First z, (an input) is replaced by something, namely z,, that is not an
input. But we compute Z, in the beginning. Second, the substitution might cause a “division
by zero”, i.e., there might be an i such that ¢; = 0 and then w; = 2 is not defined. But since
gi considered as an element of K(z1,...,2,-1)[2] can only have ﬁznitely many zeros, we can
choose the parameter A in such a way that none of the g; is zero. (K is infinite!)
By definition of S,
W= U,
=X

thus

A, ;) = 0.

13



This means that

and

CNF,Z)=T(8,2) >T(B,Z)+1 > col-rkg, P —m+ 1.
LH.
It remains to estimate col-rkx, P. We have

n—1
fu = Zﬁu,uzu +qu
v=1

_ T
Puv = Puv — —Pun
Tn

_ Pun
Gu=¢q,— —A—d
Iz I ’Yn( )

Thus P is obtained from P by adding a Ky-multiple of the nth column to the other ones and
then deleting the nth column. Therefore, col-rkg, P > r — 1 and C*/(F, Z) > r — m.

U
Case 2: w; = —. If y, # 0, then ¥ = X\ € K and the same substitution as in the first case
- v

works. If v, = 0 for all v, then v = d and «,, # 0. Now we substitute

n—1

1
n —(Ad — Vl/_b
z |—>an( ;az )

2y — 2y fori1<v<n-1

Then @ = Ad and w; =

SN

= A € Ky. We can now proceed as in the first case. ]

2.1.1 Further Applications

Here are two other applications of Theorem 2.2.

Several polynomials

We can also look at the evaluation of several polynomials at one point x, i.e, at the complexity
of

p
fu(x)zza;w$7 I<p<m
v=0
Here the matrix P looks like
x oz ...ox™m 0 ... 1 0
2 no

P = 0 xr ¢ ... X

and we have col-tkg, P =n1+n2+ ...+ ny +m. Thus

CY(f1,- s fm) 20+ 12+ o+ N,

that is, evaluating each polynomial using the Horner scheme is optimal. On the other hand,
if we want to evaluate one polynomial at several points, this can be done much faster, see

[BCS97).

14



Matrix vector multiplication

Here, we consider the polynomials fi,..., f;, given by
aiy ... ag\ (71 fi
aml .-+ Omk Tk Im

The matrix P is given by

T1X9 ... Tk 0 1 0
P = 0 19 ... Tk

Thus col-rkg, (P) = km + m and
C* (f1,. .\ fm) = mk.

This means that here—opposed to general matrix multiplication—the trivial algorithm is
optimal.

2.2 Additions

The second statement of Theorem 2.1 follows from the following theorem. We need the
concept of transcendence degree. If we have two fields K C L, then the transcendence degree
of L over K, tr-degg (L) is the maximum number ¢ of elements ai,...,a; € L such that
ai,...,as do not fulfill any algebraic relation over K, that is, there is no t-variate polynomial
p with coefficients from K such that p(a1,...,a;) = 0.2

Theorem 2.3. Let Kq be a field and K = Ko(z). Let f =ag + ...+ a,z™. Then CT(f) >
tr-degg, (a0, ar, ..., an) — 1.

Proof. Let = (w1,...,w;) be a computation that computes f. W.lo.g. wy # 0 for all
1<A<L

We want to characterize the set W, of all elements that can be computed with m additions.
We claim that there are polynomials g;(z, z1,..., %) and elements (; € K, 1 < i < m such
that

WQZ{bm'tO ‘t0€Z7b€K}
Wi = {bz® f1(x)" ... fn(2)'™ | ti € Z,b € K}

where fi(z) = gi(x,21,...,2) |2—c1,nzi—ci» 1 < @ < m. The proof of this claim is by
induction in m.

Induction start (m = 0): clear by construction

Induction step (m — m+1): Let w; = u=£v be the last addition/subtraction in our computa-
tion with m+1 additions/subtractions. u,v can be computed with m addidition/subtractions,
therefore u,v € W, by the induction hypothesis. This means that

wi = b2 fi (@) fu2)™ £ ca® fu(@) . ful)

2Note the similarity to dimension of vector spaces. Here the dimension is the maximum number of elements
that do not fulfill any linear relation.

15



W.lo.g. b # 0, othwerwise we would add 0. Therefore,
— to b1 tm ¢ S0 51 Sm
wi = b(& gy g £ 200 ) =iy

We set Def
e
Ima1 = (xtogil .. .gfg” + Zp12%0g7 g,

Then
) c
w; = bgm11 |Z1—>C17---,Zm+1—>Cm+1 with  Gny1 = b

This shows the claim.

Since w; was the last addition/substraction in 3 for every j > 4, w; can be computed
using only multiplications and is therefore in W,,,11. Since the g; depend on m + 1 variables
21, 2m+1, the transcendence degree of the coefficients of f is at most m + 1. O

Exercise 2.1. Show that the additive complexity of matrix vector multiplication is m(k—1).
(m x k-matrix with a vector of size k, see the specification in the previous section.)

16



Chapter 3

Bilinear problems

Let K be a field, we will usually call it the field of scalars, and let M = K(z1,...,xn). We
will use the Ostrowski measure in the following. We will ask questions of the form

C*(F) =7
where F' = {f1,..., fr} is a set of quadratic forms,

N
fe = E Loy TpTy-

pr=1

Most of the time, we will consider the special case of bilinear forms, that is, our variable
are divided in two disjoint sets and only products of one variable from the first set with one
variable of the second set appear in fj.

The “three dimensional array” ¢ := (twuw)w=1,.. kipuv=1,..N € KFEXNXN g called the tensor
corresponding to F'. Since x,x, = x,x,, there are several tensors that represent the same set

F. A tensor s is symmetrically equivalent to t if

SI{/J,V + SI{I/,LL - tn“y + tnyy, fOl" all K/, IU,, V.

Two tensors describe the same set of quadratic forms if they are symmetrically equivalent.
The two typical problems that we will deal with in the following are:

Matrix multiplication: We are given two n x n-matrices + = (x;;) and y = (y;;) with
indeterminates as entries. The entries of zy are given be the well-known quadratic (in
fact bilinear) forms

n
fij = Zl“ikykj, I<i,5<n
k=1

Polynomial multiplication: Here our input consists of two polynomials p(z) = Y " a; 2
and q(z) = > _b;27. The coefficients are again indeterminates over K. The coeffi-
cients ¢y, 0 < £ < m + n of their product pq are given be the bilinear forms

cp = Zaibj, 0<l<m+n.
itj=t

Figure 3.1 shows the tensor of multiplication of degree 3 polynomials. It is an element of
K*4X7_ Figure 3.2 shows the tensor of 2 x 2-matrix multiplication. It lives in K4*4*4,

17



ayp a1 ag as
bl 1] 234
bi| 23|45
bo | 314 |51]6
bs | 4 | 5|6 |7

Figure 3.1: The tensor of the multiplication of multiplication of polynomials of degree three.
The rows correspond to the entries of the first polynomial, the colums to the entries of the
second. The tensors consist of 7 layers. The entries of the tensor are from {0,1}. The entry
¢ in position (4, j) means that ¢; ;, = 1, i.e. a; - b; occurs in ¢;.

11 1,2 21 22

yi1 | (1,1) (2,1)
Y21 (17 1) (27 1)
Y12 (17 2) (27 2)
Y2,2 (1,2) (2,2)

Figure 3.2: The tensor of 2 x 2-matrix multiplication. Again, it is {0,1}-valued. An entry
(k,v) in the row (k, 1) and column (u,r) means that x, .y, appears in fy ,.

3.1 Vermeidung von Divisionen

Strassen [Str73] showed that for computing sets of bilinear forms, divisions do not help (pro-
vided that the field of scalars is large enough).

For a polynomial g € K[z1,...,2zn]|, Hj(g) denotes the homogenous part of degree j of g,
that is, the sum of all monomials of degree j of g.

N
Theorem 3.1. Let F, = > touruxy, 1 <k <k If #K = 0o and C*/(F) = ¢ then there
pr=1
is an optimal computation consisting of products

N N
Py, = (Z UNT;) (Z VAT ), 1<AZY
i—1 i—1

such that F C ling{P, ..., P}. In particular, C*(F) = C*/(F).
Proof. Let = (wy,...,wr) be an optimal computation for F'; w.l.o.g 0 ¢ F and w; # 0 for

all1<i<L. Letuw = %with gishi € K[z, .., xn], hiygi # 0.
(3

As a first step, we want to achieve that
Ho(gi) # 0 # Ho(h), 1<i<L.

We substitute



; : i

for some «; € K. Let the resulting computation be 8 = (wy,...,w;) where w; = "
_ i
i(Z1,...,ZN) = gi(z1 + a1,...,zy + ay) and hi(Z1,...,ZN) = hi(z1 + a1,..., 2N + an).
Since f,; € {w1,...,wr},
fe(@1, ..., 2N) = fu(Z1 +1,..., TN +an) € {wWy,..., W}
Because

N N
fo(@1,...,ZN) = Z b TpTy = Z Loy + terms of degree <1,
H,v=1 H,v=1

we can extend the computation 3 without increasing the costs such that the new computation
computes fi(z1,...,2n), 1 <k < k. All we have to do is to compute the terms of degree
one, which is free of costs, and subtract them from the f.(Z1,...,Zy), which is again free of
costs. We call the resulting computation again /3.

By the following well-known fact, we can choose the «; in such a way that all Hy(g;) #
0 # Ho(h;), since Ho(gi) = gi(aa,...,an) and Ho(h;) = hi(aq,...,an).

Fact 3.2. For any finite set of polynomials ¢1, ..., ¢n, ¢; # 0 for all i, there are aq,...,an €
K such that ¢i(aq,...,an) # 0 for all i provided that #K = co.

Next, we substitute

T; — T;2, 1<i<N
Let 3 = (w1, ..,wr) be the resulting computation. We view the @; as elements of K (z1, . .., zx)[[2]],
that is, as formal power series in z with rational functions in x1,...,x N as coeflicients. This

is possible, since every w; = % The substitution above transforms g; and h; into the power
i i
series

i = Ho(3;) + H1(g:)z + Ha(g:)2* + - -

hi = Ho(hi) + Hy(hi)z + Ha(hi)2* + -+

$z

By the fact below, h; has in inverse in K (z1, ..., zy)[[z]] because Hy(h;) # 0. Thus w; =

=

is an element of K (x1,...,zN)[[2]] and we can write it as
W :ci+c;z—|—c/i/z2—i—---

Fact 3.3. A formal power series Y ooy a;z* € L[z]] is invertible iff ag # 0. Its inverse is
given by %(1 +q+q¢*+ ) where g = — Y2, ozt

Since in the end, we compute a set of quadratic forms, it is sufficient to compute only w;
up to degree two in z. Because ¢; and ¢} can be computed for free in the Ostrowski model,

we only need to compute ¢ in every step.
1th step is a multiplication: We have

Bi=0-0=w+uz4+u 224+, Jv+vz+v 22 4..).
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We can compute

/! " !/ "
c;, = u v uv u v
? ~— + + ~—
eK eK
—— ——
free of costs free of costs

with one bilinear multiplication.
1th step is a division: Here,

u—l—u/z—i—unz—i—...

- {L / " 9 / " 9 ’ 2 ’ 3
W; = = = - - = (utu z+u z°)(1—(v z+v z°4+... )+ z4+.. ) —(v z+...)°).
YT 1404022+ (utu zu 2) (1= (v z4v 27 )4 (v 2. ) = (v 2. )7)
Thus
" 17 " ! 2 " / ! / "
d=u —uv —u(-v +@))=u —(u - w6 Jv+ ww
free of costs free of costs
can be computed with one costing operation. ]

3.2 Rank of bilinear problems

Polynomial multiplication and matrix multiplication are bilinear problems. We can separate
the variables into two sets {z1,..., 25} and {y1,...,yn} and write the quadratic forms as

M N
fe= Zztnw/x,uym 1<k <k

p=1lv=1

The tensor (txu) € K kxMXN i5 unique and we do not need the notion of symmetric equiva-
lence.

Theorem 3.1 tell us that under the Ostrowski measure, we only have to consider products
of linear forms. When computing bilinear forms, it is a natural to restrict ourselves to products
of the form linear form in {z1,...,2/} times a linear form in {y1,...,yn}.

Definition 3.4. The minimal number of products

M N
P\ = (Z Up,Ty) (Z Unl), 1</
pn=1

v=1

such that F C lin{P,..., P} is called rank of F = {F1,...,Fy} or bilinear complexity of F'.
We denote it by R(F).

We can define the rank in terms of tensors, too. Let ¢t = (t. ) be the tensor of F as
above. We have

R(F) < { < there are linear forms uq,...,us in z1,...,T
and vy,...,v7 in y1,...,yn such that F' C lin{ujvy,...,upvs}
& thereare wy, € K, 1 <A</, 1<k <k

l ¢ M N
such that f,, = ZwMuAv,\ = ZUD‘“(Z uwxu) (Z v,\,,yy), 1<k <k.
A=1 A=1 p=1 v=1
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Comparing coeflicients, we get
l
tHMV:Zw)\Iiu)\/J,U)\V7 1<k<k1<p<M1<v<N.
A=1

Definition 3.5. Let w € K*, v € KM, v € KN. The tensor w @ u®@ v € KF*MXN yith,
entry wyu, vy, in position (K, p,v) is called a triad.

From the calculation above, we get

R(F) < { < there are wy,...wy € K* wui...upe KM and vy ...v; € KV such that
¢
t=(tow) = D Wx @ Uy D vy
A=1 triad
We define the rank R(t) of a tensor ¢ to be the minimal number of triads such that ¢ is

the sum of these triads.! To every set of bilinear forms F there is a corresponding tensor t
and vice versa. As we have seen, their rank is the same.

Example 3.6 (Complex multiplication). Consider the multiplication of complex number
viewed as an R-algebra. Its multiplication is described by the two bilinear forms fy and f;

defined by

(zo + 219) (Yo + y11) = Toyo — z1y1 + (Toy1 + T1Yo) @
fo f1
It is clear that R(fo, f1) < 4. But also R(fo, f1) < 3 holds. Let

P = zoyo,
Py =z,
Py = (zo +21)(yo + y1)-
Then
Jfo=P1— Py,
i=P—P —DP.
Multiplicative complexity and rank are linearly related.

Theorem 3.7. Let F = {fi,..., fr} be a set of bilinear forms in variables {z1,...,zy} and

{y1,...,yn}. Then
C*/(F) < R(F) < 20"/ (F).

Proof. The first inequality is clear. For the second, assume that C*/(F) = ¢ and consider an
optimal computation. We have

M N

l M N
fro= 2 wne (o waum+ 3 unye) (O v+ 3 o)
A=1 /J,=1 v=1

pn=1 v=1
1
=2 wax
A=1

!Note the similarity to the definition of rank of a matrix. The rank of a matrix M is the minimum number
of rank-1 matrices (“dyads”) such such that M is the sum of these rank-1 matrices.

M M

1 u/\uxu) (Zl ”/\VyV) + Z Wk (Z ”:\;ﬁ”u) (Z ui\yy,,) :

n= A=1 pn=1 v=1
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The terms of the form x;x; and y;y; have to cancel each other, since they do not appear in

Jr- O

Example 3.8 (Winograd’s algorithm [Win68]). Do products that are not bilinear help in
for the computation of bilinear forms? Here is an example. We consider the multiplication of
M x 2 matrices with 2 x N matrices. Then entries of the product are given by

f,tw = Tu1Y1v T Tp2You-
Consider the following M N products

1<p<M,

(x,ul + y21/)(x,u2 + yll/) 1<v<N

We can write
fuu = (xul + y2u)(xu2 + ylu) — TulTu2 — Y1wYv,

thus a total of M N + M + N products suffice. Setting M = 2, we can multiply 2 x 2 matrices
with 2 x n matrices with 3N + 2 multiplications. For the rank, the best we know is [31 V]
multiplications, which we get by repeatedly applying Strassen’s algorithm and possibly one
matrix-vector multiplication if NV is odd.

Waksman [Wak70] showed that if char K # 2, then even MN + M + N — 1 products
suffice. We get that the multiplicative complexity of 2 x 2 with 2 x 3 matrix multiplication is
< 10. On the other hand, Alekseyev [Ale85] proved that the rank is 11.
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Chapter 4

The exponent of matrix
multiplication

In the following (k,m,n) : K**m x K™x" — KFX" denotes the the bilinear map that maps
a k x m-matrix A and an m X n-matrix B to their product AB. Since there is no danger of
confusion, we will also use the same symbol for the corresponding tensor and for the set of
bilinear forms {377 X.u Yy [1 <k <k, 1<v<n}.

Definition 4.1. w = inf{3 | R({n,n,n)) < O(n®)} is called the exponent of matriz multiplication.

In the definition of w above, we only count bilinear products. For the asymptotic growth,
it does not matter whether we count all operations or only bilinear products. Let @ = inf{j |

C((n,n,n)) < O(nf)} with ¢(+) = ¢(x/) = ¢(\) = 1.
Theorem 4.2. w = @, if K is infinite.

Proof. 7 <7 1/
? >7: From the definition of w, it follows that

Ve >0:3Imp>1:Ym > mg: R((m,m,m)) < a m*te
——

w.log =1

Choose such an m. Let r = R({m, m,m)). To multiply m’ x m’-matrices we decompose them
into blocks of m*~! x m~!-matrices and apply recursion. Let A(i) be the number of arithmetic
operations for the multiplication of m? x m‘-matrices with this approach. We obtain

AG) <rA@G —1) 4+ ¢ m?(~Y

where ¢ is the number of additions and scalar multiplications that are performed by the chosen
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bilinear algorithm for (m, m,m) with 7 bilinear multiplications. Expanding this, we get

i—-2
, i 2(i—1) r
A(i) < 1" A(0) + em Z 5
=0

i1
= 17A(0) + ¢ m20—1) <mL) !

2

T

m2
=" A(0) + ¢ m? )

r —m?
cm? ; c )
- (A(O)—i_r(r—m?))r Tr—m2
constant

We have C((n/,n/,n')) < C((n,n,n)) if n’ < n. (Recall that we can eliminate divisions.)
Therefore,

C({n,n,n)) < C({mloemnl, ﬂogmnw,mnogmnw

(

([log,, n1)
(7" [log,, n] )
(
(

IN

rlogm n)

Il
S © O » Q

nlogm 7")

Since r < m¥*€, we have log,, 7 < w + e. Therefore,
C((n,n,n)) = O(nlogmr) = 0(n*")

and
wo<w-te for all € > 0.

This means @ = w, since @ is an infimum. U
To prove good upper bounds for w, we introduce some operation on tensors and analyze

the behavior of the rank under these operations.

4.1 Permutations (of tensors)

T
Let t € KF*m™*" and t = 3 t; with triads t; = aj1 ® ajo®aj3, 1 < j < r. Let 7 € S3. For a
j=1
triad t;, let mtj = ajz-1(1) ® Qjr-1(2) @ ajr—1(3) and 7wt = Z;Zl wtj. wt is well-defined. To see
this, let ¢t = Zle bi1 ® bis ® b3 be a second decomposition of ¢. We claim that

D A1) @ Ajrr2) ® @jrr(z) = O bin-101) ® bir-1(2) @ bin1(3).
j=1 i=1
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Let ajl = (ajn,... ,ajlk) and bil = (bin,... abilk‘) and let CLjQ, ajg, bl'g, and bi3 be given

analogously.
We have
T S
tereses = Z Ajle; ® Aj2ey @ Aj3eq = Z bite; @ bigey @ bizes-
j=1 i=1
Thus

T
Tereaes = D Gjri(1)e, 1) © Grl@e, 15y © Gin e, 1
7=1

s
= Z biﬂfl(l)eﬂfl(l) ® biﬂfl(Z)eﬂflm) ® biﬂfl(?))eﬂfl(:i) :
i=1

Figure 4.1: Permutation of the dimensions
The proof of the following lemma is obvious.

Lemma 4.3. R(t) = R(nt).

Instead of permuting the dimensions, we can also permute the slices of a tensor.

t = (tiji) € K¥*™*™ and o € Sy. Then, for t’ = (t,);1), R(t') = R(t).

Let

More general, let A : K* — K¥ B:K™— K™ and C: K" — K" be homomorphisms.

Let t = 25:1 t; with triads t; = a1 ® aj2 ® a;3. For a triad t;, we set
(A X B® C)tj = A(ajl) (%9 B(CL]Q) ® C(ajg)

and
T

(A BeC)t=Y» (A® B ).
j=1

Like above, be looking at a particular entry of ¢, it is easy to see that this is well-defined.

The proof of the following lemma is again obvious.

Lemma 4.4. R(A® B® C)t) < R(t).
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Figure 4.2: Permutation of the slices

Equality holds if A, B, and C' are isomorphisms.
How does the tensor of matrix multiplication look like? Recall that the bilinear forms are
given by

m
Zw:ZXwYuw 1<k<k 1<v<n.
pn=1

The entries of the corresponding tensor

(tmﬂ up VR) —te K(kxm)x(mxn)x(nxk)
are given by

tnﬂ,uf/,uk = 5Rmfsﬂu59u
where ¢;; is Kronecker’s delta. (Here, each dimension of the tensor is addressed with a two-
dimensional index, which reflects the way we number the entries of matrices. If you prefer it,
you can label the entries of the tensor with indices from 1,...km, 1,...mn, and 1,...,nk.

We also “transposed” the indices in the third slice, to get a symmetric view of the tensor.)
Let 7 = (123). Then for nit =: t/ € K xk)x(kxm)x(mxn) e have

I JR—

tvk,nﬁw’/ = 0o OrROpp
= 5R55ﬂu59y
= trp,uv,vi

Therefore,
R(<k7 m, n>) = R(<7”L, k, m>) = R(<m7 1, k>)

Now, let t” = (tuzvpmv). We have R(t) = R(t"), since permuting the “inner” indices
corresponds to permuting the slices of the tensor.
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Next, let m = (12)(3). Let mt” =: " € K mxm)x(mxk)x(kxn) We have,

" .
tuﬂ,uﬁ,/ﬂ? - 5M7ﬂ5*€,7€5v79

= gy, v,

Therefore,
R((k,m,n)) = R((n,m, k)).

The second transformation corresponds to the well-known fact that AB = C implies BT AT =
cT.
4.2 Products and sums

Let t € Kk*mxnand ¢/ € KF*m'*n" The direct sum of t and ¢, s := tt’ € K *+HK)x(m+m)x(ntn’)
is defined as follows:

LI fl<wk<k1<u<m,1<v<n
Sewy = \ tobpompn HE+F1I<K<k+E, m+1<p<m+m/ ,n+l1<v<n+n
0 otherwise
sy T~ |
’ |
[
)
5
Im k' i
| m’/

Figure 4.3: Sum of two tensors

Lemma 4.5. R(t®t') < R(t) + R(t')

T T
Proof. Let t = >  u; @ v; Qw; and t/ = Y u} @ v} @ w,. Let

i=1 i=1
ﬁi:(uila"'7uik707”'70) and
—— —\—
u; K’
~/ / /
U; = (07"' NV TR 7uik)'

and define 0;, w; and ¢}, @} analogously. And easy calculation shows that

/

T T
tet =Y ;@0 e+ Y i ® ] @],
i=1 j=1

which proves the lemma. ]
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Research problem 4.1. (Strassen’s additivity conjecture) Show that for all tensors ¢ and
t', R(t®t') = R(t) + R(t'), that is, equality always holds in the lemma above.

The tensor product t @ t' € KkK xmm'xnn’ of ty6 tensors t € KE*m*n and ¢/ e Kk xm'xn’
is defined by

’r /
t®t _(tliwf tH/;,L/l//) 1<k<k1<k gk
1<pu<m, 1<y S

1<v<n,1<v <n

It is very convenient to use double indices &, s’ to “address” the slices 1,. .., kk’ of the tensor
product. The same is true for the other two dimensions.

[ f %

Figure 4.4: Product of two tensors

Lemma 4.6. R(t®t") < R(t) R(t).
T

Proof. Let t = > u; ® v; @w; and ¢’ = Z u, @ v @ w,. Let u; ®u r e (umu /) € € Kk
i=1 i=1

In the same way we define v; ® v;, w; & w . We have

/ / /
(ui @ 1) ® (v @ v}) @ (w; @ W) = (WinWs - VipVsy - Wi W) 1 < < k1< 5! < K
1<p<m 1<y <m/
1<v<n,1<v <n

c Kkk’xmm’xnn’ ~ K(kxk’)x(mxm’)x(nxn’)

and
ror roo
/ / o o o
E E (ui®uj)®(vi®vj)®(wi®wj)_(E E ulliujn’vwvju’wwwiu’) L<rn<hl<w <K
i=1 j=1 i=1 j=1 1§u§m1§u§
1<v<n1<v <n
s
= <(§ :uiﬂviﬂww § :ujfi Yin _]l/ ) 1<k<k 1<k <K
i=1 l<p<ml<u <m
d 1<v<n1<v <n/
brpv tm’u’u/
=txt,
which proves the lemma. O

For the tensor product of matrix multiplications, we have
<k, m, n> & <k,, m,, n,> = (5,{/’%5#ﬂ5yﬂ§ﬁlk/5u/p/5y/lj/)
= (6/@/% 5/{’/%/5;41 5;/;1’ 51/1761/17’)

= (Om,7). (R8O gt (") O ) (27))
= (kK .mm' nn'
(kk',mm/,nn’)
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Thus, the tensor product of two matrix tensors is a bigger matrix tensor. This corresponds to
the well known identity (A® B)(A'®@B’) = (AA'® BB’) for the Kronecker product of matrices.
(Note that we use quadruple indices to address the entries of the Kronecker products and also
of the slices of of (k,m,n) ® (kK',m’,n’).)

Using this machinery, we can show that whenever we can multiply matrices of a fixed
format efficiently, then we get good bounds for w.

Theorem 4.7. If R((k,m,n)) <r, then w < 3-logy,,,, -
Proof. 1f R({(k,m,n)) <r, then R((n,k,m)) <r and R({m,n,k)) <r. Thus

R((k,m,n) @ (n,k,m) ® (m,n, k)) < r>

/

=(kmn,kmn,kmmn)
and, with N = kmn,
R(<N’L’NZ’NZ> < 7432‘ _ (N3logNr)i _ (Ni)SlogNr
for all ¢ > 1. Therefore, w < 3log 7. O

Example 4.8 (Matrix tensor of small formats). What do we know about the rank of matrix
tensors of small formats?

e R((2,2,2)) <7 = w<3-logy 7 =1log, 7~ 2.81

e R((2,2,3)) < 11. (This is achieved by doing Strassen once and one trivial matrix-vector
product.) This gives a worse bound than 2.81. A lower bound of 11 is shown by [Ale85].

e 14 <R((2,3,3)) < 15, see [BCSI7] for corresponding references.

e 19 <R((3,3,3)) < 23. The lower bound is shown in [Bl&03], the upper bound is due to
Laderman [Lad76]. (We would need < 21 to get an improvement.)

e R((70,70,70)) < 143.640 [Pan80]. This gives w < 2.80.

Research problem 4.2. What’s the complexity of tensor rank? Hastad [] has shown that
this problem is NP-complete over F, and NP-hard over Q. What upper bounds can we show
over Q7 Over R, the problem is decidable, since it reduces to quantifier elemination.
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Chapter 5

Border rank

Over R, C, the rank of matrices is semi-continuous. Let

cnxn BA]‘ — A = lim Aj

Jj—00

If for all j, rk(A;) <r, then rk(A) <r. rk(A;) < r means all (r+1) x (r 4+ 1) minors vanish.
But since minors are continuous functions, all (r + 1) X (r 4+ 1) minor of A vanish, too.

The same is not true for 3-dimensional tensors. Consider multiplication of univariate
polynomials of degree one modulo X?:

(CLO + alX)(b(] + le) = apby + (a1b0 + aobl)X + a1b1X2

The tensor corresponding to the two bilinear forms agby and a1bg + agb; has rank 3:

To show the lower bound, we use the substitution method. We first set ag = 0, bg = 1.
Then we still compute a;. Thus there is a product that depends on aj, say one factor is

Q@
aag + Bay. When we replace a; by —Bao, we kill one product. We still compute agby and
~—
#0
Q
——agby + agby. Next, set ag = 1, bp = 0. Then we still compute b;. We can kill another

product by substituting b; as above. After this, we still compute agby, which needs one
product.
However, we can approximate the tensor above by tensors of rank two. Let

t(e) = (1,e) ® (1,¢) ® (0, %) +(1,0) ® (1,0) ® (1, —%)

t(e) obviously has rank two for every € > 0. The slices of ¢(¢) are

110 01
0 1| e
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Thus t(e) — ¢ if € — 0.
Bini, Capovani, Lotti and Romani [BCLR79] used this effect to design better matrix
multiplication algorithms. They started with the following partial matrix multiplication:

( T11 T2 ) ( Y11 | Y12 > - < 211 | Fl12

T21 222 Y21 Y22 B 221 %‘/ﬁ

where we only want to compute three entries of the result. We have R({z11, 212,221}) = 6
but we can approximate {z11, 212, 221} with only five products.

That the rank is six can be shown using the substitution method. Consider z15. It clearly
depends on yp2, so there is a product with one factor being y12 + £(y11, Y21, y22) where £ is
a linear form. Substitute y12 — —f(y11,¥y21,¥y22). This substitution only affects z1o. After
this substitution we still compute z12 = x11(—1(y11,y21,Y22)) + T12y22. 212 still depends on
y22. Thus we can substitute again yas — —#¢'(y11,y21). This kills two products and we still
compute 211, 221.

Consider the following five products:

p1 = (T12 + €m22)y21
p2 = z11(y11 + €¥12)
p3 = w12(Y12 + Y21 + €y22)
ps = (11 + 212 + €x21)yn1

ps = (212 + €x21) (Y11 + €ya2)

We have

€211 = ep1 + ep2 + O(€%)
€212 = p2 — pa + ps + O(€?)
€221 = p1 — p3 + ps + O(€)

Now we take a second copy of the partial matrix multiplication above, with new variables.
With these two copies, we can multiply 2 x 2-matrices with 2 x 3-matrices (by identifying
some of the variables in the copy). So we can approximate (2,2,3) with 10 multiplications.
If approximation would be as good as exact computation, then we would get w < 2.79... out
of this.

We will formalize the concept of approximation. Let K be a field and K[[e]] =: K. The

role of the small quantity € in the beginning of this chapter is now taken by the indeterminate
€.

Definition 5.1. Let k € N, t € KFxmxn,
L Rp(t) = {r | Ju, € K[d*, v, € K[, w, € K[e]": il up ® vy ® wpy = €'t + O(e")}
p=
2. R(t) = mhin Ri(t), R(t) is called the border rank of t.
Remark 5.2. ()
1. Ro(t) = R(t)
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2. Ro(t) =2 Ra(t) = ... = R(?)
3. For Ry it is sufficient to consider powers up to €” in Up, Vp, Wp.
Theorem 5.3. Let t € KFxmxn_ ¢/ ¢ kxm'>xn" We have
1) Vm e S3:Rp(mt) = Ry(t).
2) Ruax{npy(t ® 1) < Ru(t) + Ru ().
3) Rppw(t®@t') <Rp(t) - R (t).
Proof. 1) Clear.

2) W.lo.g. h > h'. There are approximate computations such that

s
Zup v, @ w, = €'t + O("1) (5.1)
p=1
r’ h h
Z ehih/u; @ v, @ w, = e¥'t' + O(er ™) (5.2)

p=1
Now we can combine these two computations as we did in the case of rank.

3) Let t = (tij) and ¢’ = (t},;). We have t @' = (tij; - ;) € KRR xemm’xnn’ - Take two
approximate computations for ¢ and ¢’ as above. Viewed as exact computations over K [[¢]],
their tensor product computes over the following:

T = et + Mt T = 't/ 4 MY

with £ € K[e]"*™*" and # € K[e]**™ > The tensor product of these two computations
computes:

T® T — (Ghtijl +eh + 17§ijl)(€hlt;/j/l/ + Eh/+17§;/jll’)
= (€h+h tijlt;/_j’l’ + O(6h+h +1))

= M@t 4 O(M Y

But this is an approximate computation for ¢t ® t'.

The next lemma shows that we can turn approximate computations into exact ones.
Lemma 5.4. There is a constant c¢j, such that for all t : R(t) < ¢y Rp(t). ¢ depends polyno-
mially on h, in particular cp < (h;2> .

Remark 5.5. (Better bound for ¢, ) Over infinite fields, even ¢ = 1 + 2h works.

Proof. Let t be a tensor with border rank r and let

r h h h
> (Z Eaup‘X) @ D vs | @ | D wpy | ="t + O
p=1 \a=0 =0 v=0
~—_——
EK[e]*
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h4-2

Figure 5.1: By choosing two out of h+ 2 squares, we get a decompsition of h into three pieces.

Thus there are <hJ2r2) such decompositions.

The lefthand side of the equation can be rewritten as follows:
r h h h
D2 2> T U By By,
p=1 a=0p3=0~v=0

By comparing the coefficients of € powers, we see that ¢ is the sum of all u,, ® v,3 ® w,, with

« + B+ v = h. Thus it is only necessary to compute <h;2) products. O

A first attempt to use the results above is to do the following:

R1((2,2,3)) <10
R1((3,2,2)) <10 (Theorem 5.3.1)
R1((2,3,2)) <10

R3((12,12,12)) < 1000 (Theorem 5.3.3)

= R((12,12,12)) < (*$?)-1000 = 10-1000 = 10000

But trivially, R((12,12,12)) < 123 = 1728. It turns out that it is better to first “tensor up”
and then turn the approximate computation into the exact one.

Theorem 5.6. If R((k,m,n)) < r then w < 3log,,,

Proof. Let N = kmn and let Ry, ((k,m,n)) < 7”.
By Theorem 5.3, we get Ra,((N,N,N)) < r3 and R3ns((N°, N5, N*®)) < 73 for all s. By
Lemma 5.4, this yields R((N*, N%, N®)) < c35,73°. Therefore,

w < log s (c3psT>*)
= 3slog s (1) + log s (c3ns)

1
= 3logy(r) + glOgN(POIY(S))
—_—
—0

Since w is an infimum, we get w < 3logx (7). O

Corollary 5.7. w < 2.79...
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Chapter 6

7-Theorem

In this chapter, we will consider direct sums of matrix tensors, namely, sums of the form
R((k,1,n) ® (1,m,1)). The first summand is the product of vector of length k with a vector
of length n, forming a rank-one matrix. The second summand is a scalar product of two
vectors of length m.

Remark 6.1. ()
1. R((k,1,n)® (1,m,1)) =k-n+m
2. R((k,1,n)) = k- n and R((1,m, 1)) =
3. R((k,1,n) & (1,m,1)) < k-n+1withm=(n—-1)(k—-1).

The first statement is shown by using the substitution method. We first substitute m
variables belonging to one vector of (1,m,1). Then we set the variables of the other vector
to zero. We still compute (k,1,n).

For the second statement, it is sufficient to note that both tensors consist of kn and m
linearly independent slices, respectively.

For the third statement, we just prove the case ¥ = n = 3. From this, the general
construction becomes obvious. So we want to compute a;b; for 1 <, < 3 and Zi:l Uy Uy
Consider the following products

p1 = (a1 + eup)(by + evy)
p2 = (a1 + 6u2)(b2 + evy)
ps = (a2 + eus)(by + evs)
pa = (ag + euq)(ba + evy)
ps = (a3 — euy — eug)by

pe = (a3 — eug — euy)bo
p7 = a1(b3 — evy — evy)
ps = az(b3 — evs — evy)
P9 = azbs

These nine product obviously compute a;b;, 1 < 7,5 < 3. Furthermore,

62211,“1)“:p1+---—|—p9—(a1+a2+a3)(bl+b2+bg).
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Thus ten products are sufficient to approximate (3,1,3) @ (1,4,1).
The second and the third statement together show, that the additivity conjecture is not
true for the border rank. We will try to make use of this in the following.

Definition 6.2. Let t € KFxmxn gnd ¢/ ¢ gk >xm'>xn’,

1. t is called a restriction of t' if there are homomorphisms o : K¥ — Kk, 3: K™ — K™,
and v : K" — K" such that t = (a @ B ~)t'. We write t < t'.

2. t and t' are isomorphic if o, 3,7 are isomorphisms (t = t').

In the following, (r) denotes the tensor in K"*"*" that has a 1 in the positions (p, p, p),
1 < p <, and 0s elsewhere. This tensor corresponds to the r bilinear forms z,y,, 1 < p <r
(r independent products).

Lemma 6.3. R(t) <r <t <(r)

Proof. 7<": immediatly from Lemma 4.4.
T
=70 (r) = ) e, ®e, ® ey, where e, is the pth unit vector. If the rank of ¢ is < r, then we

p=1
can write ¢t as the sum of r triads,

T
t:Zup@)vp@wp.
p=1
We define three homomorphisms:
a is defined by e, — u,; 1 <p <7

B is defined by e, — v,; 1< p <7
7 is defined by e, — w,; 1< p <7

By construction,
T

(a®6®7)<r>:2&(@®@®@:t

=1, =v, =v,
which finishs the proof. O
Observation. 1. i@t 2t @t

2.t (@t 2 (tat) "

3.tot 2t ot

tl @ tl/) o (t @ t/) @ t//

36



Above, (0) is the empty tensor in K?*0*0. So the (isomorphism classes of) tensors form a
ring. (Remark: If two tensors are isomorphic, then the live in they same space K**m*n_If ¢
is any tensor and n is a tensor that is completely filled with zeros, then ¢ is not isomorphic to
t ®n. But from a computational viewpoint, these tensors are the same. So it is also useful to

—_——

use the wider notion of equivalence. Two tensors ¢t and ¢ are isomorphic, if there are tensors
n and n’ completely filled with zeros such that ¢t & n and ¢’ & n’ are isomorphic.)

The main result of this chapter is the following theorem due to Schénhage [Sch81]. It is
often called T-theorem in the literature, because the letter 7 has a leading role in the original
proof. But in our proof, it only has a minor one.

Theorem 6.4. (Schonhage’s 7-theorem) If R(

)

(ki,mi,ni)) < r with 7 > p then w < 37

p
=1

where 7 is defined by
P

Z(k’ smy - ni)T =T.

i=1

Notation. Let f € N;t be a tensor. f Ot ey S...PHt.
———

f times

log M

Lemma 6.5. If R(f ® (k,m,n)) S g, then w S 3 - W
g

S
Proof. We first show that for all s, R(f ® (k*, m®,n®)) < 7 - f.
The proof is by induction in s: If s = 1, this is just the assumption of the lemma.
s — s+ 1: We have
f ® <k5+1,m8+1,n5+1> — (f ® <k,m,n>) ®<k5’ms7ns>
~———

<{g9)

Therefore,
R(f @ (k*TLm* ™ n*T)) <R(g © (k°,m*,n®))
g S S S
g g
Z].7Z08. f
51151
9 s+1
= 1915
i
This shows the claim. Now use the claim to proof our lemma: R((k*, m* n®)) < [%S - f
implies
—0 for s—oo
3
3s log[% +log(f)-3 310%[%1 + log(f) - 5
s - log(kmn) N log(kmn)
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3log[4]

Since w is an infimum, we get w < ————. O
log(kmn)
Proof of Theorem 6.4. There is an h such that
P
Rh(@ (kﬁl, myg, nl>) S T.
i=1
By taking tensor powers and using the fact that the tensor form a ring, we get
sl P P P
) g g; o S
Rhs @ O'1!-...-O'!® HkZ’HmZ’HnZ =T
o14...Fop=s p i=1 i=1 i=1
——
=k =m/ —n/
k',m'/,n' depend on oy, ...,0,. Next, we convert the approximate computation into an exact
one and get
R EB 87!®<k' m',n')y | <r®- c
ol oyl B - NG
o1+ +op=s polynomial in h and s
S! / / /
Define 7 by ——— (k' -mi-n)T =0
s=o1+...4+0p O1: " -+ . Op.
=(1)
Fix o1,...,0p, such that (1) is maximized. Then k’, m/, and n’ are constant. To apply
Lemma 6.5, we set
s!
f= < P’
g1:° ... " 0Op:
9= - Chs;
m=m, h="h, n=n
The number of all & with o1 +... + 0, = s is
-1 s+p—1 s+p—2
s+p R e R S
p—1 p—1 p—2
Thus
O.S
< (kmn)T > ———.
I )z (s+1)p-1
We get that
ré.c
g < M1< (kmn)™ - (s + 1)P~L - ¢
f f
Furthermore,
/’,.,S /’,.,S
(kmn)™ (6.1)




By Lemma 6.5,

5 7 -log(kmn) + (p — 1) - log(s + 1) + log(cps)
- log(kmn)

— 1)1 1) + log(cp.
=37+ (p — 1)log(s + 1) + log(cns) — 37
log(kmn) 5—00

because log(kmn) > s - (logr — log p) —O(log(s)) by (6.1). O
—_——

>0
By using the example at the beginning of this chapter with k = 4 and n = 3, we get the
following bound out of the T-theorem.

Corollary 6.6. w < 2.55.
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Chapter 7

Strassen’s Laser Method

Consider the following tensor

q
Str:Z(ei®€0®€i+€0®€i®€i)

—
! (g,1,1) (1,1,q)

This tensor is similar to (1,2, ¢), only the “directions” of the two scalar products are not the
same. But Strassen’s tensor can be approximated very efficiently. We have

q q q
Z(eo—i—eei) ®(€0—|—662‘) Re; = Zeo®eo®ei+eZ(ei®eo®ei+eo®ei®ei) +O(62)
=1 i=1 i=1

If we subtract the triad eg®eo® 71, €;, we get an approximation of Str. Thus R(Str) < ¢+1.

Definition 7.1. Let t € K¥*™*" pe g tensor. Let the sets I, Jj, Ly be sucht that:

1<i<p: I CA{L,... .k},
1<j<q: J;CA{l,...,m},
1<i<s: Ly;C{1,...,n}

These sets are called a decomposition D if the following holds:

LULU...UI, ={1,...,k},
JiULU...UJ, ={1,...,m},
L1UL2UULS = {1,...,77,}.
Ur,0;,L, € KXIT51%1Lel s the tensor that one gets when restricting t to the slices in I;, J;, Ly,
i.e,

(tr; sJj,Le )a,b,c = t&,B,é

Fabian promised to draw a picture.

Figure 7.1: Strassen’s tensor
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where G = the ath largest element in I; and b and ¢ are defined analogously. tp € KP*X9%5 =
(tpi ;1) is defined by:

oo it #0
Dii,gil 0 otherwise

. Def .,. .
Finally, suppp t = {(,5,0) | tr;,0,,0, 7 0}

We can think of giving the tensors an “inner” and an “outer” structure. The ty, j; 1, are
the inner tensor, the tensor tp is the outer structure. Now we decompose Strassen’s tensor
and analyse its outer structure: Define D as follows:

( {0} U {1,...,q} ={0,...,q}
— I s
{0} U {1,....q} ={0,...,q}
=J =J;
{1,...,q} ={1,...,¢}

The outer structure is a matrix tensor,

10
Strp = < 01 ) = (1,2,1).

The inner structures are matrix tensors, too,
Strr, ;L € {{q,1,1),(1,1,¢)}, for all (7,4, k) € suppp Str.

Lemma 7.2. Let T,T' be sets of tensors. Let t € Kkxmxn /¢ [k xm'xn’ yith decompo-
sitions D, D'. Assume that t1, 5,1, € T for all (i,j,1) € supppt and tllg,J]/.,L; e T’ for all

(i,7,1) € supppt’. Then

ILxI, 1<i<p ,1<¢<yp
JixJy 1<j<q ,1<j'<q¢ p=DaD
LixL, ,1<1<s ,1<I'<¥¢

is a decomposition of t @ t' such that
(t @) pep Ztp @t

Furthermore
! !
(tet )I¢><IZ(,,J]~><JJ/_/,LZ><L;, €T ® T

elementwise

for all (i,7,1) € supppt and (¢',5',1") € supppt’.
Exercise 7.1. Proof the lemma above.

In the same way, we can prove a similar theorem for sums of tensors and for permutation
of tensor.
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Now take the permutation 7 = (1 2 3). We have
7Strep = (1,1,2) and 72 Strpep = (2,1,1)
Taking the tensor product of these three tensors and using Lemma 7.2, we get:

(Str @7 Str @72 Str) per Dar2D e Sym-Str = (2,2,2)

with every nonzeor inner tensor in begin an element of {(k,m,n) | k-m-n = ¢3}

If a tensor t is a restriction of a tensor ¢, then R(t) < R(¥). It is easy to check that also
R(t) < R(t'). We can generalize restrictions further such that they are still compliant with
border rank (but not with rank). Let A(e) € K[e]**¥, B(e) € K[|™*™, C(e) € K[|
be polynomial matrices, i.e., matrices whose entries are polynomials in €. For a tensor t' €
K xm! xn/ -

with a decomposition ¢’ = U, ® v, @ wy, we set

p=1
(Ale) ® B(e) ® C(e)t' = 3" Ale)u, ® B(e)v, © Cle)w,.
p=1

As before, it is easy to check that this definition is independent of the decomposition and
therefore well-defined. is well-defined.

Definition 7.3. Let t € Kkxmxn ¢/ ¢ gKxm'>xn' 4 s o degeneration of t' if there are
A(e) € K[e]"*¥' | B(e) € K[, C(e) € K[| and q € N such that

€lt = (A(e) @ B(e) @ Ce))t' + O(er™).
We will write t <gt' ort It'.

Remark 7.4. (J)R(t) <r <t < (r)

(]

Furthermore, this degeneration is achieved by a monomial mapping, that is, the matrices A(e),
B(e), and C(€) are diagonal matrices with e-powers on the diagonal.

Lemma 7.5. For all odd n,

Before we proof this lemma, let us understand what is means. R({(n,n,n)) < r or equiv-
alently, (n,n,n) < (r), means that with r bilinear multiplication, we can “buy” the tensor
(nyn,n). ¢y < (n,n,n) means, that if we “resell” the tensor (n,n,n), then we get ¢ bilinear
multiplications back.

Proof. Let n =2v + 1. We label rows and colums of the matrices from —v, ..., v. We define
the matrices A, B, and C by specifying they values on the standard basis of k™*™:

A . el-j — el-j . €i2+2ij

B: ey, —ej- ¢l* +2ik

2 .
C: ey — ey e 2k

so each matrix is a diagonal matrix with ¢ powers on the diagonal.
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We have .
(n,n,n) = Z €ij @ ejk @ eg,

i,j,k=1
thus .
(A Q@B ® C) <n7n7n> _ Z 6i2+2ij+j2+2jk+k2+2ki eij @ ek © i
i,5,k=1 —e(ititk)2
i, J
Ifi+j+k = 0 then i,] determine ¢ k ». So all terms with exponent 0 form a
g,k 1

3
set of independent products. It is easy to see that there are > ZnQ triples (i,7,k) with
i1+j+k=0. O

Now we start with the tensor Sym-Str and the corresponding decomposition Sym-D. Then
we take sth tensor power. The outer structure Sym—Strg@;m_D@s is isomorphic to (2°%,2%,2%).

The nonzero tensors of the inner structure are all of the form (k,m,n) with kmn = ¢%.
We have

3
<Z225> < (Sym—Stl“)?}fm_D@s

Lemma 7.5

Since the degeneration above is a monomial degeneration, we get, by extending the degener-
ation to the whole tensor, that a direct sum of %23 matrix tensors (k;, m;,n;), 1 <i < %23
with k;min; = ¢®°. To this sum, we can apply the 7-theorem and get

(q33)7—222s S (q+ 1)33

<13
q37' _QQS(q+1)3

(g+1)°
A

Theorem 7.6. (Strassen [Str87]) w < 2.48

Therefore, w < log, . This is minimal for ¢ = 5 and gives us the result w < 2.48.

Research problem 7.1. What is R(Sym-Str)? Is it strictly smaller than (g + 1)3.
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