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(i) GCp(F,F') =1.
(i) AL prime Faches P At F are Simple A
PI#O (*SE-e Exertise 6 -- I ”5 Folt fotg
+hese C-maqa-‘h‘crno*/ then ~ Mﬂ&’f)

b) Suhpose that B spliks Libo Airans fackes =
KIXT . Then ol 2w os c:-]i’_l:wr.e. Eumple &
and enly B Fomd Flarn relabvel, prime.
FWVJ“L‘UH; \:F. Thay K =0 ien Fie c;/vua'f"'ﬂnt
F/G‘C_-D(T':/ =) have the Sare 2esas oo F, bnk
alf # Fhern are E-LMFLQ . (—n"vr:v 0> ar air-r{:‘hm"r_
bro Cesg o conshrmct & Po‘%nwd rHh Fhe Sarre
24vs ao F ot Gimpede rmthant k'nﬂﬂ'rjl:g Hhe z2e,p0

+ F)
8 Let K= IK b—et‘i\]tr.'.e.fc;f mt+h 9 QLLmM;ﬂ'TLuﬂ
Fhere are Wﬁcf:% .2(‘7],‘5‘7 PVOrIC Pnrm Fcr% -

rlormrals c?, a?-c?q-cq_ 3 vver KK (-iee. E?{erb_ 10.A.22
Le{:‘ 51/(M) P{bn—o“f.z, +he nNwrn e, u‘ﬁmu-rn‘c: Fr"b""ne—-
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ee 7

remark ab the end uiE £
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Hhe eqna i " _
Juabe 4= 7

version frvmula fo Heodd
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mfmrle 10.A. &'/ mfe have

(R)-A . NG?J;w.C:.. Y

e +he Geuss - Frronda :

e ve— S -

Som) < %%/‘(%’-)"LA AL o p roicular
. .;1 . ~£:
S;}(P) = ‘1‘,(9,/ —-4% fu-r A MJDL')V%—E( ’Drmw_nwmlw

9. (Fﬁwfhaﬁ _‘Erac.-J-'GnJ a’-cCcm}.-

ke a robicrmol }'\Vrﬂ_.c‘-h‘ﬂ‘f) ov
SWFo&a that Hae der o
+ 1
4 . ;u 7b
T':_ Wt f?m';rrn

“ls B, R Th

aNnec cnA Nevve
4
G- P
‘Ft’fghm
Senfrh'on
= Aya

G 7

L

A 147,
N

k)

+ o 4

+ .-

osibon) Let F/r er(X)
r K nath degF<day G
4hnf'uf)be‘9nm‘uf G
e - A€ Cormp osihion

Ce GQA‘B‘J'I‘I’?C-E yriorntc PY?'M-Q.

2,y e B'-pnzsjtr 73 Y"e49r"-e-

Ay,
Yoy

"P

r

. rq
+ -+
P

r

s =

Wi th VW'B]' Vu.b Aederrmined 7 °§m sy b A,,‘j ek [X]

< Ao F

(?&mwk The vyerolt °?E
+he rofienal 'vac'-‘-'ms‘

X'U-U@)N e

J / ""Fj‘.,

'Jf?oa,zHﬂer yuu-rm a X-bas

and Jg A'{_j

, M7

For ol IKgsn 1sk%e
s

+Hhao Esxceralse Posy Haak

> ) € IN >IN

/f"f<df-?7?3

X wf. KfX), W hsre "F

Aerote Fhe set
L paticdar, ZD»’ry(WX):»ﬂb
Dime KX = Al = wiNY

rrormaT §

;JY‘LF’VU?.

ihmfﬂab *;-1 KE’(]
B H# K> RN, whike
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10, a) (C—l"f—zl:na.se.- Yerrnasn o er 4—}1.0_4—1—4-,—7—.) L eE

/“'4}-"/ Mr ke mromac oendk Porrmte Y'ﬂinl"'lq\rq%
Pn’m F%ﬂm‘a-& Fn KEX]/ c.e. G@ML>ﬂ3)=4

Por all Wfg. Let p=pmepa Then the

W [x7, = k[ < -ex WX
7 75 7t
0D o nkcrrwr)bl-hs,n (TF,,: t"-“"’"}"“f’ﬂ""’"ﬂy Corn otrg ke

AC-‘GPMCP—GV ')Do-m Lhyeo‘-vwl-]" ?bru_c-.‘rg 'y 71 205761~ KHTIU -
h’l&q'b)

C 21 vy Srra =

b) (Hermitt - Tnberpatabion) Lot o, ... o ke
v s T

Listnct elermmmbs ri a FL’@JJ K ol My o, n,-,G”\ﬁ
For Mh‘w ?)."'&W elers amks C.fﬂ)... c(n'_‘) .
clo e e e
r, T ~/ - ) K} t 2ais ks Wﬁzm favﬁno‘
ey 3% JJ:G.'— K[){J *_F. aPc.a,-,-q-_ < My e 411, by iy
ot (1) (r-1) 151
F = C} + ?j’ (X~q5)+-.,_.+ cjj’ ()(_ﬂj)j_bm
Tor alf F=1-,r. (H,,"n»,-(: A—Frb port a) 4o
7
- 5
/"5"- (x-—aj) , S‘:"Jr"‘/ Y, HYM’LL C-C’"?'!Ca/tﬂ" “-7&+HL
Ta,yfuv{r.. SHPANS e OVer ar WLL}W _.{D;Joﬂ S-ee.
Exart’se 14
Vs
11. Lt K kea Fedd crnd At A be o._; K-odgebnw .
Forllv, deb £ e A and 4 M K [X ] lza Hre

s
Muf dﬂraagnm‘z;u r € K[XJ with ((x) €At
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Then KIX] = {F/¢|Fexix] Gem}
r5 & K- subalgabra o K[(X) and Hhe map

- -1 -
l:/ s =(*) i I:[X‘) br(x) = G-(x) F(x),

. & e (e T
2 ax Weld- of«%‘ru_a@ K—&%&L"-q j"rmwwnw}:}'w‘&vﬂ
‘F"\Tm KEXJM 7 A, Cma—flvra U Corr
pubshhite x vioft snly v o« F : nw‘«.ﬁ/ B Sy
e punch a raboral Punchor (5 foJM) Fur whioh
the dernorminatr 2o a wrthk o A af Hhe Flctu. X")
If X‘f‘c'i’i}ﬁfb.—w;c ovar K M""*‘lﬁr:ummaﬁ ohy —
Dl M, Then M 05 the set of sl pedynominls
m KX whneh are relahvel, prime+o s,

(:r:{ O e K[X] & redabvely prime to Mo ank

Sh+Tre=4_ 3, T € K[X] +hen S(x) Gx)=1=

G‘("‘"S("') . I% Hns a Gu-mmm A v 55 # F!’:&“’"VL

G(#) F(x] =0 , bnb F(x) a&o.)

12. Let Fand G ke nom-zemo f? nermaads ovier
Phe ficld K. Then  deg FlG) = deg F - dey G-,

13. Lot Khea fefd aomd feb A be a Kondyebre.
Every K-adyebn homomerphason K[x] —>A
v I 60"\&5}‘;1‘11"11:17 l’b-o-rnu;)—r)q-,-rl-n‘s-,.., X}——B'X‘ A

14 Lot K bea freld - The Keoalyebra antrmep-
hisms are :Pt’l&:s% the |Subsh hhm hemeruan-
hisms X i—s }*aX-:L/ a/b(—Kj bfo. Stme
0‘57"5-“1“-'*1‘«5 9?3- tho are :
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1) The KLx +he K- |
(1) Wmi_%ﬂjuﬁu nly ebrra

P affrne grom A (K) = KA K"

(2') For a e K/ +he sunbkshhihon hvrnmur}:kq‘&n
X2 X-a 25 an anlomerphasm - K [x]
andd hence (X—a)dj e H\J/ am a K- basx U:}QKEX_],
(T}"Le r%m\?&nh%‘m F = Z Cy (X_a)uo% U

</ €N
Phnonicl F e K[X] » +Hhis basis ad cnllel
+he Tayler- ! PR F af .
R..y ' *‘/,\’,}::nqqs.m _i___ ﬁ‘.)

———

150 Evarg rnbimal fumehen R € KIX) R &< &
©roins cerm deninl svar K.

16. Leb K beo fodd and b A kbea K-adyebrn.
Suppose that +the elermunt X €A 45 aJybrac
ovar K uf afzjr‘xe.h nt Hh Fhe rrcceaimald j:ob,m-,_.
el my = X+ C?nﬁqu-;-"- +a X+ a,.

q,) )(‘naaw"/‘: H:IA C{im—.o? G"‘lb \.:ﬁ +He Consban b

Aerem ag c_f)i M, no NI - 2%0 - masTR sVAL, b Fhas Cale

-4 ’ ¥7.4 .-
x= =———(><‘ + a, X +-- +ﬂ4),
qe ’ }

L The M"'DWPJ’M&T! ??119 At Kn Rchbs _nn}'ufr% |
on KIEDGHE TR trects product K3 AA;K"

"> Cotled +he nffine gromp of K usaally denoled
by A (K). |
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b) I{f Xroa writ h:1/3r/ theys Hie ricrarmal 570‘5-—
%Wm‘nf/ﬁx:‘l 'ﬁ x:" A -

" Y 24
X (3) = X X X

7 Ao i

A =
L

c) Fovr ac K} +he mararmal .lbc'&ncmrvm_Q oﬁ Xgen AD

’Mr(x““')z ce. /‘X'-f-a_: /,"‘(x—“)‘

T Leb KbeaPoaid and lh Abe a K-algebm .
+hun WMH, eherrment Je Kix] & a\%-ﬁ.br‘a.a:; VA

K# 4% <n. I‘/L-u-r-e.wxr/_j@r-)tog )
Jand enly . KiyJ = Wix],

b) Let reA be midpstint. Tha, w5 aly eborme
ove,r K and Fhe Jaraaﬁ»rﬁajmfhm
m'z(Fotznl---. Je_?qﬁ wfi . What 5 e "P“'r"”—":fz-
(ct+r)m~f—uy A€ K and me Ir\/*?_ (l—_L_m__L- Treat

the creed @ =p and A Fo &‘-nJPMnEu% ernd Com —
%Hm PM/&'C'VL'M nlsﬁchw K=o, e =

18 C‘O’?’n}m«)‘:c Fhe mriindral Fcr’%nw.uﬂ_ v‘y- * Cn-m}alzm
V1 U ooy a+b¢.'/ A beR, over IR. For Vi A~
drntic prome pu:gnmu/m € R[X] w=e have
REX]/(/“) = C (QJ TE-'J:,J%-EU)

2 N k-—ﬂ%elﬁ-ﬁ A Ofi Pf'l’—ﬂ're-u " ern £ I Y‘eﬂ?’-co;ﬂ'v:&.
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Thiw Xty and Xy are also oy ebrrne and ,,?D_
Gfe-yr‘e-e. < man, (x‘“i_y ernd xy are elermenis cﬁ
the Smallest W-subalyebn KD y] of A Conbouin—
i x*-ama?y ond K[xy] no a—&ﬂﬂrﬂj“d az a K-

vedhnr Q-Fatc,e_ !97 e elesryepis >¢M7"U/ oM<

s
OCL¢ <n and hene has Eiruas sy < mn.)

b) Let A ke a commutnirve K-aQabm . The elamerks
€A Which @wre algebrmic over K forom a Kosubalg-
“ba A"l AL (Hipk : Uke +Hhe Pt a) above.
—The alyebn A" 5 called e algebras closure

— — — —

# KmA) TE Kiga Fredd the, Al alao a frield.

Ex:rpmpi-e,- The G\.,Q?e..lvr‘m:: hwmb—'—r:\f 2¢c 0 are

Pr{o’% the sy Whach ave e lrae oy .@2/
+he

-y Porm a b freld @ of O En;m%d,:_
afenkly closed freld (Ake +he fratd ) ) buk £
has cmb Csmhééy mq,n/ eldernants . Fiv Fha Prv'vﬁ
oaﬂ @ o a%a.br.u‘cﬁ.ll), cJo._uJZ/ VLGTe M cheosr
Phats TE KL o5 o lyebint piud sxtingin, oo
L=l omd P B an arbibran [ -algebrs ho
oo Hemant g eB & algebrat over L Fand ey f

N

C) G'VE 2 -%(m-n}al-e. w?ga K—G%a.‘ara A wath vv%e-.
brove edern emks X3 €A Svuch fhat X+ and
XY Are Pramscen detal Tviar K. (l:znrwﬁ»mp&/

A= End V whie Vo vifionite dimen -
ponal Kevedhw spac, €., V= M)



’?DA-—E»/‘!! o

Zo, En;@ Fhe mdadmel pely i emanls <f Fhe froll suring
wAg abrac Numbens ovar K :
&) [ , 7 eW*: p preme
b) VZ +V3 €)~vz+33 d) 3z +3/5 (LF"O-A-“)

P § g % .
_2_1, L.et P e N ke a .Fr‘l-m urnlber For a }:mJ o—
~ P 7_ = | % R DR

w:aﬁ'i-* € _z:;_x_i m;}% mt:?w f%_wﬂa/ Aencle
F *’_}’mf:cﬁnwkﬂ v Z/Z:PL)(J O e tena'yus 0 4-7-
""j‘l.z f“t“f,ld’ #-74/4_}9 y \-——'JW7 e m«jp F —— =
ie-gF and “’f' l: 49 an.o_ n él/ffz,_.Pf_X_j/ FH e
Fo prime m QLXJ. (Hu.'—,L-: Uste 10.A.- 45 — Ute
+hio veswlt £ test (V«l—ry c.qéw;ey) +he L:r‘r"-t_aauC«:Lf/Ct";
"# a Fﬂ‘gn:r:;i m 62 E”(j. ""fﬂ’wﬁrm}o‘&/ tHhe Po&-—
Norrmal XL X +4 o }Dmm = (Z/Z'Q) [ij*f'\w
W&r:'. R, and a, Z-nﬂ oA L ﬂb/ q3/qu all Fa%hm?«&b
Af X +R3>(3+ n X+ vqu—r e ©ZL[X] are prire m
KRLX]. But +Hhire eaisks A Morac Crire dnc'lle
%U&ﬂc‘m“‘qﬂ F m Z[X] guch +hat F s Crradaclle

Tor Al prime numbess b eNT c.g. Fi=Xha= .

27 . o <
3}: & 73‘/(.9: (4—}-{.)/\15-/ PT\'}'\JJ---.I)

@J“ ﬁ{t"q k".'o_flé"’\‘/[zf the F’U“E«n sy 'al UL{_C_je-bm
KLXJ = ®R(Z) LXd with +ie gronnd fedd K:=k(Z)
e rahen A f;l-'vﬂh'l"\m {1“«:—(&2 m ore vanadble = A‘\/‘uam
\-"3}}’% o &xWMPL& lo.A. 16 /_JY “’f"l"G”L pm’&ﬂm&

— V 2 . 1 .
e KL)(.J, Fq:o, There ek @ wTg e Q,jam__w”&h‘-m
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F=ZI(F)F, whie I(F) € R(2) B a rukionat
funchion and Fe k[z]Lx] = k[Z x] whose
@«'«ﬁ%‘«-«‘mh are r‘dah’w__ﬁj Prz.“rm P%”@m}"b - kLE] .
NK +he {aaaﬁar:ya Lcaff:-usﬂ‘l: c)'.’_ F a5 mesrmrc = kL2,
T(F) o called +he Combent omd Fas called +he
promtive pog-f B Formudat and prove The
qua}loaqmm S tokersanks 10.A.1F and 410.A.24 For
+he P:@nww\r m R(ZB)LR] omk KRIZ X ] —-For
e L‘ﬂ/-eksﬁ?o\‘}ﬂ\m eFH = k[Z X] mWe Can Cnbir
‘-*h_ﬁ/r\g.i. +he rofeys 672 'an& K/(“.e‘_ ConsAz, Fx_
AS A Fc& neonal m RIxI[z] < K()i) 2] ('.see
also sechom 10.B on Feﬁnm“«l\s m Sevand :-w:a;mjz
The (mnemic m X) pelynomnt F = F = (X-1)(X32)-X
m R (2)[X] A5 brirme L’E Chwk#zjﬂ-&‘nce. F =

2 - _ ~
(X-4) Zz—l- X‘?(X—z) and dene ZZ+ ")(3(><—:2) (Xn)? &

'fQ[XJ [2] ~» prime i’}’ Exercse 1.

A anothur Femple example - (f Rek(z) RéR,
R= F/G vith elabively prime pelynortals & GE
’k[zj/-)—hm RS hranscendentnl ovar k (S-ae. Ex -
BrCise 45) and R(Z) AQGL%—LW& evar R(R). The.
i 0 .Feﬁnwm\tﬁ_ ‘?jE Z ovar kCTQ) no> wppto
W«n&ﬁ«‘;ﬁﬂ (m +he Cace 'En:’:‘/f»‘w) Phe pelyne —
el F(X) - G(x) R € R(R)[X]. $h pastizuar;
Wze have Efq(z) :__1@?;_(72)] = Max [aflyF/ v‘ﬂjG-) and
T (R) =k(2) CFW&Q cmb 70_ RS a ﬁ—mczf-v"vuﬁ)?«'nau

Finchion R= &tbz 4y a,bc def ak-Le#o,
c+d 2 4
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Thecefore Mk_qﬁj’fq(z-)_f—: PGL (k). Mere gon -
M?o@qy: I% 7C =7¢ (X) G’—kijré)rn'}rrmmi

Y R, F, e R[2D F +#0 F and F, are nok bott
Cc—ns‘:ﬁvn‘hs‘/"'hw 7T(X) and TCF;X—;-F;) Gre }ﬂr?.m.a
m R(Z)[X] and 45 I(W(5X+ED)) =4, «

[): X+R) & k(X) @a]c’io #me,,; R[=z xj omd

—— e -—'f

23 . 1_,_3,,‘_2; A Lz&vm}unbf—grr&!i A s b Th e Encldear

—,'—umg_}vm & J”"Lﬂ-nw&rgwt.@m-&mt u-{:om'ﬂr SR
‘1‘7("\) irnmal m 7(4\10}/ Y a wrdA o AL

2;3,} Lol A kegn Enclideas, ;_fnt:ajmﬁz Aoty it Hie
EndaAearn funchon P . F‘Wf—ﬁ)—r Assume Fhat for
all A be 4\\‘%:} w:_ have -r(m-i—bj qu;’:h}?(qé«?(a)j
and  plak) = ¢ a) ¥ ¢(b)

a-) e AAVISrem v Fh rerm arnder m A S W}lhﬂ
v.e. The elermenis .»]/ ~c A wi+h &_ol/bq—r- and
iy 2o or L)Dlr)<q:(lv) Ave writt vur-& def—
iorraie £ Lm /-\) by a and b+o.

b) A 15 eithar a Preld or o frormrorphie 4o Hhe
Pc&nw‘«f n,r\__g %[)(7 v o freld e,
(Hm’n(:- B} Extrcrse 23, = {QGA\‘iO}/CF{q)_}
Uio} a5 a frelk (@wbfiald ﬁA) TF & +£A Hm
Chovze X €A Auch Hhat P(X) B orammdimal
m p(Avk) Then & [x] =A.)
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257 (Urypomass of prime decomposthion w Prin -

e — ——— —

iFP\)Q L Aeal a’u’:rim;n) Sece Remark 10.A .24 .

e oy R

QJ If" A ank b are nem- 200 Aements m A ank
Aa\-}-Ab = AKX p .72&'—23;/ e, A 45 a 5__;’:‘&_:&:?{}"
Common  Aivailsar c.i &cﬁﬂfﬁ_% /L‘—ﬁp a Commmon
K v s=r vf.a and b whiuch o dAirvissble b eansry
o thur Cormnm wn Aivass c-% aA and b . Lf_ Aal,

E.Mwb"of:uw-; afo‘movv;m/-h‘-vaw (GCD Chan be *\.—‘e._m_’t:v\f“se_«.:{/

———— — — oy . — e

Wi+ e h.e-,LP 0'7"_ Fhe Enclides Mj s Hrn Ad ke
m Hoe Cases Z and K[X].
Y A cdement 4 € ANIS} A §AT 5 called frre -
ducible 1w A "f‘ {/\/»7\;,} A vy Sr r?: A NS =4 e A
W7k m A or v} He rnﬁ"m ER walls a new'd 2ed.
Prove +he E&;ﬂmﬁ . EnelidL I% A e ANqc}
Crrye ducrble and "52‘ a ArvitdAes e Fmoﬂm—_b
Qq---q.‘,/ @, e ap gA/ +her a Aivides ak leack
one o} the fachr (See 10.4.8 Sinwe Enlids
Aeroma helds for A The Crredneble elemeds

w;A Me..afso #Y‘L}M VI:\\A

= — ey —

C) Evirg cdemant a € ANio) a € AT S apro-
(Sw{o}go&a +Hhat a has o such a HeCorn posih'on
‘H‘u.n +h ere ms}:: an VHFWM/Q R&Cﬂqqabrl_? chanm
Ar = Aa, G Ao, & - F Aroy, G - v# principal
A_FG(&JJ /P:'l A. —r}"u—n /Dl,::: u A% ﬂQFPPHLEA-ﬂ—a.QPr:A

NneiN
and hente prinapal sdeeo AL Iﬁ beAar, +he
%= Ab = A, @ corbadichion.) -’
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.,{) The rz/jaruwmh@—. :? a m e F:W;— c) 1o v
VJ/M m He T—r[’lcvn@ Sense = 7 R = };4

&k, " s
W Hh prume elemenks

/-)1J Y r‘J -I’a ‘”/ ks € J\_
e r=y and Fhere eaashks a fawmu/f-m%d'w

G'"L_L_s cand vl ks é;_4 . ‘;;_}_ c A” sviech Fhat

Yooy - Fhe ST (S*"—f- the pooop <f
Wal/mna.ss mQSAfzbw—n - 10.4A.9. == Lha r‘ejarle-
Serlahon @ = }9 }; N> Caldled +ha E____nfz.e__aficf_—:z—
poskion of & m A-)

2o, Lot A bea primcipal cdead domass bk ok
A Relf. Av element reA o }:mrne_ t? and cm}
-F The brincpal (el U= Aa =(a) o5 n mMmanmL
cdeal m A/ c-e. L’/:cwwﬂ cmy f the resmvive- cfass rirny

A//OL N a fi'-e.fa(. ('JO-A-Qj S a S—«Fecd"‘aﬂ Cale ”?E—
Ko ﬁss-mbvé—n)

27, (Blememtary diviser theor for Evciidenn
ialng_n:ﬂf) Let A ke an = bdian dormorin arnd
Kk VU ke an v <xn maksx m+h L..-QE—%”ZIC«M}U‘ )
A ’fj—_\:"’__*ﬂf . The, +lasre sk e lemen i Frie
w0, - %, € GL(A) and T, - Uy € (L, (3) sneh

Hﬁa{f’*‘%}--?@?@t --{,‘;L M oa Jna\.g/o-nqﬂ raknx O =

g ley, e 90 ,0) € My, 14) where €, 0o cANM

?‘L‘*ﬁlé‘{?_ e v\inw;slﬁlnl—., (‘w(oci‘vwn S (2] )Er

C‘U’u— F-m-o‘ﬁ D arna caaﬂ-o Fo +he EJWJ"»EL L'vo &y

Mo crens ﬁv A=Z% . —L»n s Forar Hhe Elzmzmhm

'{Awém’?f?fu-crm /'OVPU’;'/E;’YI—L'/lI'V‘Gy—:"IG'L nc_.._-._Q
1de .l p‘{mv‘lchfn) w FFﬂ r
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28- ) The ving KIXT omd KX of +he formal
ok Fhe Cu—nvwgen{: FGW&{' Sﬂnby;%}u +he ;E:’c»fa? IK
are EBEnclidear domovne (‘VIH'? +he 7EWC:J"'M Whach

o 7]
ASSei= J‘-&J Wh—g’ PW-‘-{' 32, e _S__ QWX/ QMOQED/

n=ng

ks wrdir or wodar Jz.gf:-e_ Mo a5 Fhe Enclidean

%@*'m)-mzé, ity el o8 WK amd
KX are +he princpal chels (X7) = eIN. (The
fcfmd powvar Sen'es runy KIXT 09072}1,;4 For
amy Pell K. IT+s aj,ymj\; w7 T elidems slsronn
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