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Recap

 We presented the first example of a sorting

algorithm, namely Insertion sort.

 We discussed the RAM model and worst-case

running time of an algorithm.

 We also introduced the order notations: 𝑂, Ω, Θ, 𝑜,

and 𝜔.

 The worst-case running time of Insertion sort is

Θ(𝑛2), where 𝑛 is the number of values to sort.
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Divide-and-conquer technique 

 The divide-and-conquer method is a powerful

strategy for designing efficient algorithms.

 Algorithms following the divide-&-conquer method:

 Divide the problem into subproblems that are

similar to the original problem but smaller is size.

 Conquer (solve) the subproblems recursively.

 Combine the solutions efficiently to create a

solution to the original problem.
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Divide-and-conquer technique 

 We’ll use the divide-and-conquer method to design a

sorting algorithm whose worst-case running time is

much less than that of insertion sort.

 This sorting algorithm is called merge sort.

 We’ll show that the worst-case running time of

merge sort is Θ 𝑛 log 𝑛 (as opposed to the

Θ 𝑛2 worst-case running time of insertion sort.)
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& combine smaller and smaller subarrays as follows:

 Divide 𝐴[𝑝: 𝑟] into subarrays 𝐴[𝑝: 𝑞] and 𝐴[𝑞 +
1: 𝑟], where 𝑞 is the midpoint of 𝐴[𝑝: 𝑟].

 Initially, 𝑝 = 1 and 𝑟 = 𝑛.
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Merge sort:  The idea

 Start with the array 𝐴[1: 𝑛] and recurse down to sort

& combine smaller and smaller subarrays as follows:

 Divide 𝐴[𝑝: 𝑟] into subarrays 𝐴[𝑝: 𝑞] and 𝐴[𝑞 +
1: 𝑟], where 𝑞 is the midpoint of 𝐴[𝑝: 𝑟].

 Conquer by sorting 𝐴[𝑝: 𝑞] and 𝐴[𝑞 + 1: 𝑟] ,

recursively using merge sort.

 Combine by merging the two sorted subarrays

𝐴[𝑝: 𝑞] and 𝐴[𝑞 + 1: 𝑟] back into 𝐴[𝑝: 𝑟] ,

producing the sorted answer.

Key operation!
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Merge sort: Pseudocode

 Invoke the algorithm with 𝑝 = 1 and 𝑟 = 𝑛.

 Correctness. Follows easily once we discuss how the

MERGE procedure combines the subarrays 𝐴[𝑝: 𝑞]
and 𝐴[𝑞 + 1: 𝑟] into a sorted array 𝐴[𝑝: 𝑟].
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 The two halves of

𝐴[9: 16] are copied

into the arrays 𝐿 & 𝑅.

 The pointers 𝑘, 𝑖, 𝑗 are

initialized to the start

of 𝐴[9: 16], 𝐿 & 𝑅.
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Copying the two halves of

𝐴[𝑝: 𝑟] into the arrays 𝐿 and 𝑅.

Initializing the pointers 𝑖, 𝑗 & 𝑘.

Scanning 𝐿, 𝑅 and 𝐴 using the

pointers 𝑖, 𝑗 and 𝑘 (respectively)

and copying the smallest

unmerged element into 𝐴.

Copying the residual part of 𝐿
or 𝑅 into 𝐴.

Time complexity is linear

in the size of 𝐴[𝑝: 𝑟].



Merge sort: Pseudocode

 Invoke the algorithm with 𝑝 = 1 and 𝑟 = 𝑛.

 Let’s see a pictorial depiction of the algorithm in

action.
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Merge sort: Pseudocode

 Invoke the algorithm with 𝑝 = 1 and 𝑟 = 𝑛.

 Worst-case time complexity recurrence relation:

𝑇(𝑛) = 2𝑇(𝑛/2) + Θ(𝑛).



Solving the recurrence relation

 𝑇(𝑛) = 2𝑇(𝑛/2) + Θ(𝑛).

 Θ(𝑛) means a function that is bounded above

and below by 𝑐1𝑛 and 𝑐2𝑛, respectively, for

some positive constants 𝑐1 and 𝑐2.
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Solving the recurrence relation

 𝑇(𝑛) = 2𝑇(𝑛/2) + Θ(𝑛)

≥ 2𝑇(𝑛/2) + 𝑐2𝑛

≥ 22𝑇(𝑛/22) + 𝑐2𝑛 + 𝑐2𝑛

⋮

≥ 2𝑙𝑇(𝑛/2𝑙) + 𝑐2𝑛𝑙

= Ω(𝑛 log 𝑛)
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Merge sort: Pseudocode

 Invoke the algorithm with 𝑝 = 1 and 𝑟 = 𝑛.

 Worst-case time complexity of merge sort:

𝑇(𝑛) = Θ(𝑛 log 𝑛).

 In fact, the run-time is always Θ(𝑛 log 𝑛). Why?



Merge sort: Pseudocode

 Note. Insertion Sort sorts an array in place (i.e.,

only a constant number of array elements are stored

outside the input array at any time). Merge sort

doesn’t sort in place.



Matrix multiplication



Matrix multiplication

 Matrix multiplication problem. Given two 𝑛 × 𝑛

matrices 𝐴 = 𝑎𝑖𝑗 𝑖,𝑗 ∈ [𝑛]
and 𝐵 = 𝑏𝑖𝑗 𝑖,𝑗 ∈ [𝑛]

,

output the matrix product 𝐶 = 𝐴𝐵 = 𝑐𝑖𝑗 𝑖,𝑗 ∈ [𝑛]
.

 The 𝑖, 𝑗 𝑡ℎ entry of 𝐶 is 𝑐𝑖𝑗 = σ𝑘=1
𝑛 𝑎𝑖𝑘 ⋅ 𝑏𝑘𝑗 .



Matrix multiplication

 Matrix multiplication problem. Given two 𝑛 × 𝑛

matrices 𝐴 = 𝑎𝑖𝑗 𝑖,𝑗 ∈ [𝑛]
and 𝐵 = 𝑏𝑖𝑗 𝑖,𝑗 ∈ [𝑛]

,

output the matrix product 𝐶 = 𝐴𝐵 = 𝑐𝑖𝑗 𝑖,𝑗 ∈ [𝑛]
.

 The 𝑖, 𝑗 𝑡ℎ entry of 𝐶 is 𝑐𝑖𝑗 = σ𝑘=1
𝑛 𝑎𝑖𝑘 ⋅ 𝑏𝑘𝑗 .

 Obs. We can compute 𝑐𝑖𝑗 in Θ 𝑛 time, assuming

that each addition/multiplication takes constant time.

So,𝐶 can be computed in Θ 𝑛3 time.



Matrix multiplication: Naïve approach

 Running time. MATRIX-MULTIPLY runs in time Θ 𝑛3 .

 Question. Can we do better?

 Initialize 𝑐𝑖𝑗 = 0 for all 𝑖, 𝑗 ∈ 𝑛 .



Divide-and-conquer approach

 The divide step views each of the 𝑛 × 𝑛 matrices

𝐴, 𝐵 and 𝐶 as four 𝑛/2 × 𝑛/2 matrices:

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Then, we can write the matrix product as:

𝐶 =
𝐴11𝐵11 + 𝐴12𝐵21 𝐴11𝐵12 + 𝐴12𝐵22
𝐴21𝐵11 + 𝐴22𝐵21 𝐴21𝐵12 + 𝐴22𝐵22
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 The divide step views each of the 𝑛 × 𝑛 matrices

𝐴, 𝐵 and 𝐶 as four 𝑛/2 × 𝑛/2 matrices:

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Then, we can write the matrix product as:

𝐶 =
𝐴11𝐵11 + 𝐴12𝐵21 𝐴11𝐵12 + 𝐴12𝐵22
𝐴21𝐵11 + 𝐴22𝐵21 𝐴21𝐵12 + 𝐴22𝐵22

 There are eight multiplications of 𝑛/2 × 𝑛/2
matrices in the above expression. Use this to design

a recursive algorithm as follows:
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Solving the recurrence relation

 𝑇(𝑛) = 8𝑇(𝑛/2) + Θ(1)

≤ 8𝑇(𝑛/2) + 𝑐1
≤ 82𝑇 𝑛/22 + 8𝑐1 + 𝑐1
≤ 83𝑇 𝑛/23 + 82𝑐1 + 8𝑐1 + 𝑐1

⋮

= 𝑂(𝑛3)



Solving the recurrence relation

 𝑇(𝑛) = 8𝑇(𝑛/2) + Θ(1)

≥ 8𝑇(𝑛/2) + 𝑐2
≥ 82𝑇 𝑛/22 + 8𝑐2 + 𝑐2
≥ 83𝑇 𝑛/23 + 82𝑐2 + 8𝑐2 + 𝑐2

⋮

= Ω(𝑛3)
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anything asymptotically.



Recursive MM:  Pseudocode 

Takes Θ 1 time.

Takes Θ 1 time using index

calculations to partition

matrices

Overall running time.

𝑇(𝑛) = 8𝑇(𝑛/2) + Θ 1

= Θ 𝑛3

Alas! We haven’t gained

anything asymptotically.

Wait! Here comes Strassen..



Strassen’s MM algorithm:  The idea

 The divide step views each of the 𝑛 × 𝑛 matrices

𝐴, 𝐵 and 𝐶 as four 𝑛/2 × 𝑛/2 matrices:

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Then, we can write the matrix product as:

𝐶 =
𝐴11𝐵11 + 𝐴12𝐵21 𝐴11𝐵12 + 𝐴12𝐵22
𝐴21𝐵11 + 𝐴22𝐵21 𝐴21𝐵12 + 𝐴22𝐵22

 Idea. We do not need eight multiplications of

𝑛/2 × 𝑛/2 matrices. Seven suffices! Here’s how…
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𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22



Strassen’s MM algorithm

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

Suppose,

• 𝑃1 = 𝐴11 ⋅ 𝐵12 –𝐵22
• 𝑃2 = 𝐴11 + 𝐴12 ⋅ 𝐵22
• 𝑃3 = 𝐴21 + 𝐴22 ⋅ 𝐵11
• 𝑃4 = 𝐴22 ⋅ 𝐵21 –𝐵11
• 𝑃5 = 𝐴11 + 𝐴22 ⋅ 𝐵11 +𝐵22
• 𝑃6 = 𝐴12 –𝐴22 ⋅ 𝐵21 + 𝐵22
• 𝑃7 = 𝐴11 –𝐴21 ⋅ 𝐵11 + 𝐵12



Strassen’s MM algorithm

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

Suppose,

• 𝑃1 = 𝐴11 ⋅ 𝐵12 –𝐵22
• 𝑃2 = 𝐴11 + 𝐴12 ⋅ 𝐵22
• 𝑃3 = 𝐴21 + 𝐴22 ⋅ 𝐵11
• 𝑃4 = 𝐴22 ⋅ 𝐵21 –𝐵11
• 𝑃5 = 𝐴11 + 𝐴22 ⋅ 𝐵11 +𝐵22
• 𝑃6 = 𝐴12 –𝐴22 ⋅ 𝐵21 + 𝐵22
• 𝑃7 = 𝐴11 –𝐴21 ⋅ 𝐵11 + 𝐵12

Then,

• 𝐶11 = −𝑃2 + 𝑃4 + 𝑃5 + 𝑃6
• 𝐶12 = 𝑃1 + 𝑃2
• 𝐶21 = 𝑃3 + 𝑃4
• 𝐶22 = 𝑃1–𝑃3 + 𝑃5–𝑃7



Strassen’s MM algorithm

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Strassen (1969). Using 7 multiplications and 18

additions of 𝑛/2 × 𝑛/2 matrices, we can compute

𝐶.

Suppose,

• 𝑃1 = 𝐴11 ⋅ 𝐵12 –𝐵22
• 𝑃2 = 𝐴11 + 𝐴12 ⋅ 𝐵22
• 𝑃3 = 𝐴21 + 𝐴22 ⋅ 𝐵11
• 𝑃4 = 𝐴22 ⋅ 𝐵21 –𝐵11
• 𝑃5 = 𝐴11 + 𝐴22 ⋅ 𝐵11 +𝐵22
• 𝑃6 = 𝐴12 –𝐴22 ⋅ 𝐵21 + 𝐵22
• 𝑃7 = 𝐴11 –𝐴21 ⋅ 𝐵11 + 𝐵12

Then,

• 𝐶11 = −𝑃2 + 𝑃4 + 𝑃5 + 𝑃6
• 𝐶12 = 𝑃1 + 𝑃2
• 𝐶21 = 𝑃3 + 𝑃4
• 𝐶22 = 𝑃1–𝑃3 + 𝑃5–𝑃7



Strassen’s MM algorithm

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Strassen (1969). Using 7 multiplications and 18

additions of 𝑛/2 × 𝑛/2 matrices, we can compute

𝐶.

Seems magical!  You needn’t 

memorize these equations

Suppose,

• 𝑃1 = 𝐴11 ⋅ 𝐵12 –𝐵22
• 𝑃2 = 𝐴11 + 𝐴12 ⋅ 𝐵22
• 𝑃3 = 𝐴21 + 𝐴22 ⋅ 𝐵11
• 𝑃4 = 𝐴22 ⋅ 𝐵21 –𝐵11
• 𝑃5 = 𝐴11 + 𝐴22 ⋅ 𝐵11 +𝐵22
• 𝑃6 = 𝐴12 –𝐴22 ⋅ 𝐵21 + 𝐵22
• 𝑃7 = 𝐴11 –𝐴21 ⋅ 𝐵11 + 𝐵12

Then,

• 𝐶11 = −𝑃2 + 𝑃4 + 𝑃5 + 𝑃6
• 𝐶12 = 𝑃1 + 𝑃2
• 𝐶21 = 𝑃3 + 𝑃4
• 𝐶22 = 𝑃1–𝑃3 + 𝑃5–𝑃7



Strassen’s MM algorithm

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Running time. 𝑇(𝑛) = 7𝑇(𝑛/2) + Θ 𝑛2

Suppose,

• 𝑃1 = 𝐴11 ⋅ 𝐵12 –𝐵22
• 𝑃2 = 𝐴11 + 𝐴12 ⋅ 𝐵22
• 𝑃3 = 𝐴21 + 𝐴22 ⋅ 𝐵11
• 𝑃4 = 𝐴22 ⋅ 𝐵21 –𝐵11
• 𝑃5 = 𝐴11 + 𝐴22 ⋅ 𝐵11 +𝐵22
• 𝑃6 = 𝐴12 –𝐴22 ⋅ 𝐵21 + 𝐵22
• 𝑃7 = 𝐴11 –𝐴21 ⋅ 𝐵11 + 𝐵12

Then,

• 𝐶11 = −𝑃2 + 𝑃4 + 𝑃5 + 𝑃6
• 𝐶12 = 𝑃1 + 𝑃2
• 𝐶21 = 𝑃3 + 𝑃4
• 𝐶22 = 𝑃1–𝑃3 + 𝑃5–𝑃7



Solving the recurrence relation

 𝑇(𝑛) = 7𝑇(𝑛/2) + Θ(𝑛2)

≤ 7𝑇(𝑛/2) + 𝑐1𝑛
2

≤ 72𝑇 𝑛/22 + 7𝑐1 𝑛/2 2 + 𝑐1𝑛
2

≤ 73𝑇 𝑛/23 + 72𝑐1 𝑛/22 2

+7𝑐1 𝑛/2 2 + 𝑐1𝑛
2

⋮

= 𝑂(𝑛log2 7) = 𝑂(𝑛2.81)



Solving the recurrence relation

 𝑇(𝑛) = 7𝑇(𝑛/2) + Θ(𝑛2)

≥ 7𝑇(𝑛/2) + 𝑐2𝑛
2

≥ 72𝑇 𝑛/22 + 7𝑐2 𝑛/2 2 + 𝑐2𝑛
2

≥ 73𝑇 𝑛/23 + 72𝑐2 𝑛/22 2

+7𝑐2 𝑛/2 2 + 𝑐2𝑛
2

⋮

= Ω(𝑛log2 7) = Ω(𝑛2.81)



Strassen’s MM algorithm

𝐴 =
𝐴11 𝐴12
𝐴21 𝐴22

, 𝐵 =
𝐵11 𝐵12
𝐵21 𝐵22

, 𝐶 =
𝐶11 𝐶12
𝐶21 𝐶22

 Running time. 𝑇(𝑛) = 7𝑇(𝑛/2) + Θ 𝑛2 = Θ 𝑛2.81

Suppose,

• 𝑃1 = 𝐴11 ⋅ 𝐵12 –𝐵22
• 𝑃2 = 𝐴11 + 𝐴12 ⋅ 𝐵22
• 𝑃3 = 𝐴21 + 𝐴22 ⋅ 𝐵11
• 𝑃4 = 𝐴22 ⋅ 𝐵21 –𝐵11
• 𝑃5 = 𝐴11 + 𝐴22 ⋅ 𝐵11 +𝐵22
• 𝑃6 = 𝐴12 –𝐴22 ⋅ 𝐵21 + 𝐵22
• 𝑃7 = 𝐴11 –𝐴21 ⋅ 𝐵11 + 𝐵12

Then,

• 𝐶11 = −𝑃2 + 𝑃4 + 𝑃5 + 𝑃6
• 𝐶12 = 𝑃1 + 𝑃2
• 𝐶21 = 𝑃3 + 𝑃4
• 𝐶22 = 𝑃1–𝑃3 + 𝑃5–𝑃7



MM complexity:  Current state

 Open question. Can we multiply two 𝑛 × 𝑛 matrices

in Θ 𝑛2 time?

 Winograd (1971) showed that 7 multiplications are

required for multiplying two 2 × 2 matrices.

References M(n)

Strassen (1969) 𝑂 𝑛2.81

Schönhage (1981) 𝑂 𝑛2.55

Coppersmith & Winograd (1987) 𝑂 𝑛2.376

Optimized CW (Stothers, Vassilevska Williams, Le Gall..) ⋮

Alman, Duan, Vassilevska Williams, Xu, Xu, Zhou (2024) 𝑂 𝑛2.37134
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roughly corresponds to the recursion tree method.

 This method is my personal favorite, as it is less prone

to mistakes.



Solving recurrence relations

 The method that we used so far to solve recurrences

roughly corresponds to the recursion tree method.

 This method is my personal favorite, as it is less prone

to mistakes.

 Let’s see an example…

 Suppose, 𝑇 𝑛 = 3𝑇 𝑛/4 + Θ 𝑛2 .



Recursion tree:  An example
𝑇 𝑛 = 3𝑇 𝑛/4 + Θ 𝑛2



Solving recurrence relations

 The method that we used so far to solve recurrences

roughly corresponds to the recursion tree method.

 This method is my personal favorite, as it is less prone

to mistakes.

 Let’s see an example…

 Suppose, 𝑇 𝑛 = 3𝑇 𝑛/4 + Θ 𝑛2

= Θ 𝑛2 .



Recursion tree method

 In a recursion tree, each node represents the cost of a

single subproblem somewhere in the set of recursive

function invocations.

 We typically sum the cost within each level of the tree

to obtain per-level costs.

 Then, we sum all the per-level costs to determine the

total cost of all levels of the recursion.

 Note. Sometimes, adding up the total cost takes more

creativity.



Recursion tree method

 In a recursion tree, each node represents the cost of a

single subproblem somewhere in the set of recursive

function invocations.

 We typically sum the cost within each level of the tree

to obtain per-level costs.

 Then, we sum all the per-level costs to determine the

total cost of all levels of the recursion.

 Note. Sometimes, adding up the total cost takes more

creativity.

 Next, we display a “hammer” for solving recurrences.



The Master theorem



The Master theorem

 The Master theorem helps us solve recurrences of

the form 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛 readily, provided you

recall the statement of the theorem accurately.

 If we don’t, then it’s better to apply the recursion-tree

method. (The proof of the theorem is beyond the

scope of this course.)



The Master theorem

 The Master theorem helps us solve recurrences of

the form 𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛 readily, provided you

recall the statement of the theorem accurately.

 If we don’t, then it’s better to apply the recursion-tree

method. (The proof of the theorem is beyond the

scope of this course.)

 Drawback of the Master theorem. Does not apply to

recurrences that are not of the form 𝑇 𝑛 =
𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛 .

 The recursion tree method is potentially useful for other

kind of recurrences. Let’s see an example.



Recursion tree:  An example

 𝑇 𝑛 = 𝑇 𝑛/3 + 𝑇 2𝑛/3 + Θ 𝑛 = Θ 𝑛 log 𝑛 .
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Practice Problem 3



Practice Problem 4



Practice Problem 5



Practice Problem 6

 Verify the solutions to the following recurrences:



Practice Problem 7


