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Abstract

We show that any depth-4 homogeneous arithmetic formula computing the Iterated
Matrix Multiplication polynomial IMM,, 4 — the (1,1)-th entry of the product of d generic
n x n matrices — has size n?(°8m) if d = Q(log2 n). Moreover, any depth-4 homogeneous
formula computing the determinant polynomial Det,, — the determinant of a generic n x n
matrix — has size n?(°gn)
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1 Introduction

The problem of proving super-polynomial lower bounds for arithmetic circuits occupies a cen-
tral position in complexity theory, much like the problem of proving super-polynomial lower
bounds for boolean circuits. The model of arithmetic circuits is an algebraic analogue of the
model of boolean circuits: An arithmetic circuit contains addition (+) and multiplication (x)
gates and it naturally computes a polynomial in the input variables over some underlying field.
Proving super-polynomial arithmetic circuit lower bounds for an explicit family of polynomial,
say the Permanent family, amounts to showing that VP # VNP [25]. The complexity classes
VP and VNP consist of families of polynomials and can be viewed as algebraic analogues of the
classes P and NP respectively. Interestingly, it is known that P # NP implies VP # VNP [23].
The hope is that it might be possible to use algebraic and geometric insights along with the
structure of arithmetic circuits to make progress towards settling the VP vs VNP question. Till
date, research on arithmetic circuits has produced several interesting results that have enriched
our understanding of the lower bound problem and the related problems on polynomial identity
testing & reconstruction (or learning) of arithmetic circuits. The survey [22] gives an account
of some of the results and outstanding open questions in this area.

Previous work on super-polynomial lower bounds. Raz [20] showed that any multilinear
formula computing the determinant Det,, (or the permanent Perm,,) polynomial has nf{°&n)
size. This result was refined to show a super-polynomial gap between multilinear circuits and
formulas [19]. A significantly better bound was later shown for bounded (i.e. constant) depth
multilinear circuits [21]: A depth-d multilinear circuit computing Det,, or Perm,, has size gn?/®,

The study of constant depth circuits has gained momentum in the recent years after a
striking connection was shown between lower bounds for general circuits and that for depth-4
& depth-3 formulas. Building on the depth reduction results of [20] 3], a string of works [2]
13l 24] arrived at the following result: A 9w(Vdlog N) gize lower bound for depth-4 homogeneous
formulas D, computing a degree-d, N-variate polynomial (in a polynomial family), implies a
super-polynomial lower bound for general circuits. Further, if the polynomial family belongs to
VNP then such a lower bound would imply VP # VNP. A similar implication is true even for
depth-3 formulas, although at the loss of the homogeneity condition - this is a surprising result
due to [8].

The formal degree of a homogeneous formula is bounded by the degree of the computed
polynomial - a feature that is quite effective in proving lower bounds using partial derivatives
based methods. The approach of proving lower bounds by studying the space of partial deriva-
tives of the computed polynomial was introduced by [18], who showed an exponential lower
bound for homogeneous depth-3 formulas ﬂ (For depth-3 formulas over fixed finite fields, an
exponential lower bound was shown by [, [6].) Indeed, the super-polynomial lower bounds ob-
tained by [20} 19, 21], and also some others like [1], are based upon studying partial derivatives
or associated matrices involving partial derivatives like the Jacobian or the Hessian.

The situation for depth-4 homogeneous formulas has been substantially improved by the re-
cent work of [10, [7], followed by the work of [12] and [4]. These work have lead to a 22(Vdlog N)
lower bound for depth-4 homogeneous formulas with bottom fan-in O(v/d) (where d is the de-
gree of the N-variate ‘target’ polynomial on which the lower bound is shown). Further, [12]
and [4] together imply a super-polynomial separation between algebraic branching programs
and regular formulas - two natural sub-models of arithmetic circuits ﬂ A seemingly tempting

'with bottom fan-in bounded by O(+/d)
Prior to this work, Nisan [I7] showed an exponential lower bound for noncommutative arithmetic formulas
3In fact, a very recent work of |[I4] shows a super-polynomial separation between general formulas and regular



problem left open in these work is, if the lower bound of 92(VdlogN) i the above statement

could be improved to gw(Vdlog N ), a super-polynomial lower bound for general circuits would
ensue immediately. Another recent work [15] has shown an exponential lower bound for depth-4
homogeneous formulas with constant top fan-in. At the heart of these results lies the study
of the space of shifted partial derivatives of polynomials and an associated measure called the
dimension of the shifted partials - a technique introduced in [I0} [7]. Loosely speaking, the di-
mension of the shifted partials of a polynomial g refers to the dimension of the F-linear vector
space generated by the set of polynomials obtained by multiplying (shifting) the partial deriva-
tives of g with monomials of suitable degrees.

Our results. In an attempt to understand the strength of the shifted partials method better,
a recurring open problem stated in [12| 4, 14}, 24] is to show a super-polynomial lower bound
for homogeneous depth-4 formulas. Whether the shifted partial measure can be used to prove
such a result or not is not exactly clear to us. This very recent work by [14] seems to suggest
that the answer is likely in the negative. However, this does not rule out the possibility of
using a different measure, perhaps closely related to the shifted partials, to achieve the same
goal. It turns out that indeed it is possible to use a slightly modified (or augmented) version of
the shifted partial measure to show a super-polynomial lower bound for depth-4 homogeneous
formulas. For the ease of reference in this paper, we will call this modified measure the shifted
projected partials. Loosely speaking, the idea is to view the partials after ‘projecting’ them to
an appropriate set of monomials.

Our results are formally stated below.

Theorem 1. A depth-4 homogeneous formula computing the Iterated Matriz Multiplication
polynomial IMM,, 4 — the (1,1)-th entry of the product of d generic n x n matrices — has
nfogn) gize assuming d = Q(log2 n). If d < elog®n for a sufficiently small € > 0 then any

depth-4 homogeneous formula computing the IMM,, 4 polynomial has size nOVad),

Theorem 2. A depth-4 homogeneous formula computing the determinant polynomial Det, —

the determinant of a generic n x n matriz — has size nft108m)

Subsequent work There has been quite some progress on this question since we submitted
these results to STOC 2014. Independent of our work, Kumar and Saraf [I6] give an N(loglog N)
lower bound for LIIXIT homogeneous formulas computing an explicit polynomial (more formally,
a polynomial in VNP) in N variables. Further, we [II] have been able to strengthen the
lower bounds presented here by showing an N 2(vVd) 1ower bound for an explicit polynomial
in N variables with d = N2, yielding an ezponential lower bound for homogeneous SLIIXII
formulas. In both these works, the explicit polynomials are variations of the Nisan-Wigderson
polynomials introduced in [12].
The rest of the paper is devoted to proving Theorems [1| and

2 Definitions and notations

The Iterated Matrix Multiplication polynomial. Fix any n,d € N such that n,d > 2.
Define sets of variables Xi,..., X, as follows. If p € {1,d}, X, = {:zzg.p) ’j € [n]} is a set of

n variables; otherwise X, = {xgplz ‘ j ke [n]} is a set of n? variables. Let X = Upe[d] Xp

formulas.



and N := |X| = (d — 2)n? + 2n. We think of X; and X, as row and column vectors of
variables respectively and of X, (p € [d]\{1,d}) as n x n matrices of variables. Now, we define
the IMM,, 4(X) polynomial as the (unique entry of) the product of the matrices X --- Xg.

Formally,
IMM,, ¢(X) = 2 x(.l)fb“@) ---x<d71). m(d)

‘ ‘ Jr 1,52 Jd—2,Jd—1"Jd—1
J15--dd—1
An alternate, combinatorial and quite useful way of looking the above polynomial is through
the lens of Algebraic Branching Programs (ABPs) (see, e.g., [22]). Consider a homogeneous ABP
A defined over vertex sets Vj, ..., Vy where V = {v(0}, V; = {v(@}, and V,, = {vfp) | i€ [n]}
for p € [d—1]. The ABP contains all possible edges between V,, and V41 for p € {0,...,d —1}.

Each edge e is labelled with a distinct variable from X: the edge e = (v(©), vj(.l)) is labelled with
2y e = (), 0¥) is labelled with 2"; finally, e = (v, v(®) is labelled with &\”. The
ABP computes a polynomial by summing over all paths p from v(?) to v(9) the monomial which
is obtained by multiplying the variables labelling the edges along the path. It is easily verified
that the polynomial computed this way is IMM,, 4.

Throughout, we omit mention of the set of variables X if the values of n and d are fixed.
Recall that a monomial over the variables in X is said to be multilinear if it is not divisible
by z2 for any € X. Given a monomial x!, we define the matriz support of x! — denoted
MSupp(x!) — to be the set of all p € [d] such that m is divisible by some z € X,. We call a
monomial x! set-multilinear if it is multilinear and furthermore, it is divisible by exactly one

variable in X, for each p € MSupp(x!).

Depth-4 arithmetic formulas. We recall some basic definitions regarding arithmetic circuits
and formulas; for a more thorough introduction, see the excellent survey [22]. Let Y be a finite
set of variables. An arithmetic formula C over F[Y] is a rooted tree the leaves of which are
labelled by variables in Y and elements of the field F and internal nodes (called gates) by +
and x. This computes a polynomial f € F[Y] in a natural way. By the size of a formula, we
mean the number of vertices in the tree, and by the depth of a formula, we mean the longest
root-to-leaf path in the tree. Our focus here is on depth-4 formulas, which are formulas that
can be written as sums of products of sums of products, otherwise known as XIIXII formulas.
We will prove lower bounds for homogeneous SIIXII formulas which are XIIXII formulas such
that each node computes a homogeneous polynomial (i.e. a polynomial whose every monomial
has the same degree). Given a XIIXII formula, the layer 0 nodes will refer to the leaf nodes, the
layer 1 nodes to the II-gates just above the leaf nodes, etc. The top fan-in refers to the fan-in
of the root node on layer 4. We also consider variants of XIIXII formulas with bounds on the
fan-ins of the II gates. By SHIPISTI formulas, we mean SIIXII formulas where the fan-ins of
the layer 1 and layer 3 II gates are at most t and D respectively.

The measure. Let f be a polynomial in F[xy,...,zN] of degree d. Let S; and S be certain
fixed subsets of monomials in the IV variables. For a polynomial g = > ; ¢x!, where ¢; € F, define
75, (9) = Dxies, cix! i.e. 7, (g) is the projection of g onto the monomials in S;. Consider the
vector space Vi ¢(f), which we call the space of the shifted projected partials of f E| and is
defined to be

. ok .
spanp{x’ - Tg, (M) :|i] < ¢ and H 1z, € Sa}. (1)
Jicc Jk qe[k)

“borrowing notations and terminologies from [12] and [4]



The measure is the dimension of this space, denoted by p ¢(f) := dim(Vg ¢(f)). The choices of
S1 and Sz used for IMM,, 4 will be made precise in Section 3| The parameters k and ¢ will also
be fixed in the analysis later. Since S; and Ss are fixed, it is easy to verify that the measure
obeys the subadditivity property.

Lemma 3 (Subadditivity Lemma). For any f, g € F[X], we have . ¢(f+9) < pe(f)+ 1r,e(9)-

3 Preliminaries

Throughout this section, we fix some n,d € N and work with X = UPE[ d Xp, the set of variables
over which IMM,, 4 is defined.
3.1 The derivatives

We define the derivative operators as in [4]. Let Xi, Xs,..., Xy be the matrices that define
IMM,, 4. Let k be a parameter which will be fixed later and r = | 45| — 1. We choose evenly

)
spaced k indices pi1,p2,...,Dk, .. D1,D2,...,Pr are chosen so that for all 1 < ¢ < k + 1,
Pg — (Pg—1 + 1)) = r, where pg = 0 and py+1 = d + 1. Now we choose one variable each
from the matrices X,,, Xp,, . .., Xp,, say xz(f}j)l , 35552])2, - xl(ff“j)k, respectively and take derivatives
with respect to them - this defines the set Sy in Equation (1)). More precisely, for any I =
(31,71, - - - ik, jx) € [n]?*, let m; denote the monomial xl(?}j)lxg?ﬁ . xﬁfkj)k and for a polynomial

F e F[X], let 0;F denote (M) Then Sy is the set {m; | I € [n]?*}.

(p1) (Pg)
azilyjl ...&E%Jk

IV
-

By
3
e

3

d+1

3.2 Restriction applied to IMM,, 4(X)

We will define a restriction as in Section 6 of [4]. Fix pi,...,p},, € [d] such that for each
q € [k + 1], we have min{p; — (pg—1 + 1),pq — (P, + 1)} = |“52], where po, ..., pgi1,7 are as
defined in Section 3.1} Recall that S, is standard notation for the set of all bijections from
the set [n] to itself. Let P’ = {pq|q e [k]} u {p} |qe [k+1]}. For ji,jq € [n] and tuple of

bijections B = (¢, € Sy, : p € [d]\(P" v {1,d})), we define the restriction 7 = 7;, j, p as follows:




Forzx e X

if x = I§~1) for j # 71,

if x = :E§~d) for j # jaq,

ifg= xgg? for p € [d]\(P' U {1,d}) and ¢,(i) # j,

otherwise.

T(z) =

8 O O O

We denote by R the set of all such restrictions. Given a restriction ¢ € R and a polynomial
f € F[X], we denote by f|, the polynomial f(o(z) : x € X). Let 79 = 71,1,B, where By is a
tuple of identity permutations and let F' = IMM,, 4+,

3.3 Measure py, applied to a restriction of IMM,, 4(X)

Just as in [4], we work with the special restriction F' = IMM,, 4|, for the ease of presenta-
tion. The lower bound on the measure given by Lemma 4] (below) holds for every restriction
7 applied to IMM,, 4 i.e. for every IMM,, 4|;. In [4] it was proved that the dimension of the
shifted partials space of F' is large. It turns out that the measure j, ¢(F) is exactly equal to the
the dimension of the shifted partials space of F', if the set S7 in Equation is defined as follows.

The projection 7g,: The map mg, becomes well defined once we specify the set S;. Let
P1,P2, ..., Pk be as defined in Section The set Sp is defined as the set of all set-multilinear
monomials which are supported on variables in X\ (qupq). We can now prove this lemma
formally.

Lemma 4. Let k,¢ € N be arbitrary parameters such that 20k < d < £ and k = 2. Then,

N+7 9 (N +1{¢—d/40
=M - — .
Hie(F) = M < 4 ) M < ¢ —d/40 )’

where M = [nka.

The proof of this lemma follows that of [4, Lemma 11] closely. For completeness, the entire
proof is presented in the appendix.

4 Lower bounds for certain XIIX1I formulas

In this section, we prove a lower bound for certain variants of XIIXII formulas that we define
below. Fix n and d and let X be the set of input variables to IMM,, 4. Let Z denote the set
Upepr Xp — where P’ is as defined in Section |3 — and ¥ = X\Z. Let J denote the ideal
generated by all the non-set-multilinear monomials over X.

Given X' € X and f € F[X], we denote by degy/(f) the degree of f seen as a polynomial
over the variables in X’ with coefficients from F[X\X'].

Definition 5 (EH[D]EHE formulas). An XIIXII formula C is said to be an ZH[D]EH@ formula
if the fan-ins of its layer 3 multiplication gates are bounded by D, and the layer 1 11 gates in C
compute monomials X' s.t. degy (x!) < t.

The main result of this section is the following:

Lemma 6. For large enough n,d € N, any D € N and t,k € N such that t = 4 and kt < d/1000,
the following holds. Let C be a ZH[D]EHgtm] formula such that C = IMM,, 4|, (mod J) for

s\ k
some o € R. Then, the top fan-in of C' is at least ﬁ (”lej;k) .
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The proof of the above combines Lemma [4 along with an upper bound on the dimension of
the shifted projected partial derivative space of C. To be precise, we prove the following:

Lemma 7. For any n,d,D,k,¢ > 2, we have the following. Let C be a Z‘H[D]Eﬂgﬁ] formula
over the variables in X of top fan-in s and let f be any polynomial from J. Then, we have
D N+IL+(t+1)k
k C+ (t+ 1)k
Assuming the above lemma, let us finish the proof of Lemma [6] We will need the following
technical facts (see [4, Section 3] for the proof of Fact [J)).

uk,e<0+f)<s-2d~<

Fact 8. For any integers N, £, r such that r < ¢, we have

<N+€>T QF <N+e—r>’"
< < :
/ (NJerr) Y/

L—r

Fact 9. For any integers n,d > 2, N = (d—2)n? +2dn and t > 1, there exists an integer £ > d
such that n'/16 < (%)t < nt/4,
of Lemmal[@ [4, Claim 14] observe that all the polynomials IMM,, 4|, are equivalent in the
sense that they can be transformed to one another by permuting the variables in each X,
(p € [d]) suitably, which also preserves the ideal 7. Thus, it suffices to prove the lemma for
F = IMM,, 4|, only.

By Fact |§|7 we can fix £ € N such that n/16 < (NTH)t < n'/%. For this choice of £, we first
lower bound fu, ¢(F') using Lemma {4} which tells us that

eatey =0 (N ) car (Y A0) @

where M = |n!5%|.
Note that for our setting of parameters, we have
M) 1 [N 40\
g2 (N+E=dj40 = nlok ( 7 ) (by Fact
( 0—d/40 )

( 1/16t)d/40

n

) k)

> Tk =>n =2

for large enough n. Thus, using the above and , we obtain that

pie(F) = % : (NZ E) (3)

Now, since C' = F' (mod J), we have ' = C + f for some polynomial f € J. Then,
Lemma 7] and Inequality above together imply that

M) e (7
= D = d (eD N+l+tk
224 (3) (CEa) 2t ()
1.5k
L ! (by Fact [3)

k
1 n*°k 1 e \F
g > by choice of ¢
4.9d (eD- (N;E)t> 4.9d <€D-n1/4> (by choice of /)




which implies the lemma. O

All that remains is to prove Lemma [7] which is done below.

4.1 Proof of Lemma [T

Fix C and f as in the statement of the lemma. By Lemma 3] we know that p(C + f) <
pie(C) + pre(f). The latter term is handled first.

Claim 10. For every g € J and every I € [n]*

0.

, we have 7g, (0rg) = 0. In particular, p(g) =

Proof. By linearity, it suffices to prove the above for every monomial x! € 7. Since x! is non-set
multilinear, there exists some p € [d] and z,y € X, (possibly equal) such that zy|x'. There are
two cases to consider:

e p¢ {p1,...,pr}: In this case, it is easy to see that zy|drx! as well and hence g, (0rx') = 0.

e pe{p1,...,pr}: Either x and y are distinct or x = y. In the former case, we note that
since we derive w.r.t. at most one of x or y, it must be the case that either x|d;x! or
y|orx'. In the latter case, since we derive at most once w.r.t. x, we have x]@;xi. In either
case, T, (0rxt) = 0.

O]

Thus, we only need to bound py(C). Assume that C' = >7_| C;, where each C; is a
H[D]EHQ;] formula. By Lemma |3| it suffices to show that for each i € [s], we have

pir.0(C;) < 24 <lk)> : <N2rf(+tit;r);)k:> (4)

Let i € [s] be fixed for the rest of the proof. We may assume that the top fan-in of C;
is exactly D and hence C; = [ ] c;p @p where degy(Qp) < t for each p € [d]. Consider any
I € [n]?*. By the product rule for differentiation, we can see that 0;C; can be written as

a(C) = )] (H Qp> QA
AC[D):[A|=D—k \peA

where for each A, Q , satisfies degy (Q7 4) < tk. Let Q4 denote [ [ 4 @p. Hence we have

{orcy)

spang {QA - x ’ A C [D],|A] = D — k,degy (x)) < tk:}

Ie [n]%} c

Thus, we have by linearity,
2k
{ms.(@1(C) | Te [} <
spang {7T51<QA ) ‘ |A| = D — k,degy (x) < tk}
Now, by the definition of 7g,, Ts,(Q4 - xI) = 0 if either % is non-set-multilinear or it is

divisible by a variable in [ J gelk] Xp,- Thus, in the expression above, we may range only over xJ
that are set-multilinear and not divisible by any = € | J ge[k] Xp,- In particular, this implies that

7



deg,(x) < k (recall that Z = U,epr Xp) and hence |j| = degy (39)+deg, (x3) < th+k = (t+1)k.
Thus, we get

{wsl(al(ci)) ’ Ie [n]%} c
spang {ms, (Qa - x1) | |A] = D — ki, xd € MY, [j] < (¢ + 1)k} (5)

where we use M to denote the set of all set-multilinear monomials over X.
To analyze the above, decompose @4 further as

Qa=QF"+ > Qf
Bc[d]
where Q"™ is the sum of all the non-set-multilinear monomials in Q4 (with the same coef-
ficients) and Qf (for each B < [d]) is a linear-combination of set-multilinear monomials x
appearing in Q4 such that MSupp(x't) = B.
Since non-set-multilinear monomials lie in the kernel of mg, we have for any xd e M,

75 (Qa 1) = s, (QF™ %)+ Y 7, (QF - x)

Bg|d]
=0+ )] ms,(QF ) (6)
Bc[d]
What follows is a crucial observation: for any B  [d] and any x} € M3,
0, if Bod{py,....ok} # &,
LG R R I v IO

Qf -xJ,  otherwise.

In particular, along with @, this implies that for any xJ € M5, the polynomial 7g, (Q4 - xI)
lies in spang {Qﬁ - xd ‘ Bc [d]} Plugging this into l}

{ng(é’l(Ci)) ‘ Ie [n]%} c
spang {Qﬁ - x ’ Al =D —k,|j| < (t+1)k,B < [d]}
We are now ready to bound gy ¢(C;). By linearity once more, we have
Vil Ci) = {0+ w5, (21(C2)) | T & [n]™ i < ¢}
C spang {Qﬁ -x1 T ’ |Al =D —k,|j| < (t+ 1)k, B < [d],]i] < E}

— spang {fo X [|A| =D —k,i| <+ (t+ 1)k Bc [d]}
Therefore, by the definition of p, ¢, we get
pi,e(C) = dim (Vi (Cy))
<|{Q% x[1Al =D~k fil < £+ (t+ D B < [d]}
< (# of choices for B) - (# of choices for A)
- (# of monomials of degee < ¢ + (t + 1)k)

= ()-( I

This finishes the proof of Lemma [7}




5 Lower bounds for XIIXII homogeneous formulas

In this section, we prove Theorems [1j and [2| The idea of the proof is to show that if IMM,, 4
or Det,, has a small XIIXII homogeneous formula, then there is a restriction ¢ € R such that
IMM,, 4|» has a small EH[D]ZH@ formula (mod J) (for suitably chosen ¢ and k). We then
appeal to Lemma @ to get the result. We first prove a restriction lemma for IMM,, 4.

Lemma 11. For all large enough n,d € N, any D,t,k > 1, we have the following. If IMM,, 4

has o SIIPISIT formula of size s < n/10, then there is a restriction o € R and a EH[D]ZHgt/QH
formula C" of size at most s such that C' = IMM,, 4|, (mod J). Moreover, if C' is also homo-
geneous, then we can find a homogeneous C' satisfying the above.

Proof. We show that a random o € R will meet our requirements with good probability. For-
mally, choose ji1,jq € [d] and B = (¢, € S, : p € [d]\(P" U {1,d})) each independently and
uniformly at random and set o = 7;, j, p as defined in Section 3| Note that for p € [d]\P’, each
variable x € X, is set to 0 with probability 1 — 1/n; moreover, the restrictions in X, X,y for
p # p' are independent.

Let C; be the formula obtained by setting all variables x € X to o(z) and removing II-
gates at layer 1 which have an input set to 0; clearly, C is a SIS formula that computes
IMM,, 4lo. We call a 0 € R good if every gate g at layer 1 in C' computing a set-multilinear
monomial such that degy (g) > [t/2] has as input some variable that is set to 0 by ¢ and hence
removed from C;. We claim that o is good with probability at least 1/2.

To see this, consider any gate g at layer 1 in C' computing a set-multilinear monomial x! such
that degy (g) = |MSupp(x‘) N ([d]\P")| > [t/2]. We can factor x' as (HpeMsupp(xi)m.([d]\P/) xp)-XI
for some monomial xJ. Then, g survives in Cj iff no variable z, (p € MSupp(x') n ([d]\P"))
is set to 0 by o. Since the probability that each such z, is not set to 0 is at most 1/n and
this event is independent for distinct p, the probability that g survives in C is at most ntfl/?
Taking a union bound over all such g — of which there are at most s many — we see that the
probability that any such g survives in C' is at most s - # < 1/2 for large n since s < nt/10,

Now, fix any good o and C; = C|, which computes IMM,, 4|,. Let C’ denote the formula
obtained from C by removing all gates g at layer 1 such that degy (g) > [t/2]. By our choice of
o, all such gates compute non-set-multilinear monomials in 7. Thus, ¢’ = IMM,, 4|, (mod J)
as claimed in the lemma statement. Moreover, it is clear that C’ has size at most the size of C
which is s.

Finally, note that C’ was obtained from C' by removing some of the monomials computed at
layer 1 in C'. If C' is homogeneous, then we can assume w.l.o.g. that all the monomials feeding
into a X-gate at layer 2 have the same degree. It thus follows that if C' was a homogeneous
formula, then so is C". O

We now prove the lower bound for IMM,, 4.

of Theorem[]. We first fix the parameters that we will be using. Choose ¢,k such that ¢ =
min{|+/d], |logn/5000]} and d/4000 < kt < d/2000. Let C' be a homogeneous formula of size s
computing IMM,, 4. Note that since C' is homogeneous, it is in particular a YIS formula.
If s > n/19, then we have the claimed lower bound and thus we are done.

Otherwise, we can use Lemma and obtain a restriction ¢ € R and a homogeneous
ZH[d]EHgt/Q]] formula C” of size at most s such that ¢’ = IMM,, 4|, (mod J). Note that,
in particular, the top fan-in s of C’ is at most s.

Since C” is EH[d]ZHgt/ 2”, each input polynomial f to a Il-gate g at layer 3 in C’ satisfies
degy (f) < [t/2]. We now apply the following transformation to C’: if any Il-gate g at layer



3 in C’ has two inputs fi, fo such that degy (f1),degy (f2) < t/4, then we replace them by a
brute force Eﬂgt/ A formula computing their homogeneous product f;fo. This process clearly
ensures that the formula remains EH[d]EHgt/ 2 and moreover, does not increase the top fan-in
of C’. We repeatedly apply this transformation to C’ until we have an equivalent homogeneous
formula C” of top fan-in at most s that moreover has the property that any Il-gate at layer 3
has at most one input f such that degy (f) < t/4. In particular, this last property along with
the homogeneity of C” ensures that any layer 3 II-gate in C” has fan-in at most 4d/t +1 < 5d/t.
Hence, C” is a EH“M/”]EHgt/m formula of top fan-in at most s such that C” = IMM,, 4|,
(mod J).

Lemma [0] tells us that by our choice of k and ¢ and for large enough n, we have

1 nkt\" 1 n o \k _ nd/4500t
>52—— (| 22— () 2
8282 ad <5ed> 4-2d (60000) 4-2d

Q(vd)
= max {722617 2Q(d)} .

Note that the above lower bound is n*V® when d < elog?n for a small enough € > 0; for
d = Q(log?n), the above is n2(°8") Thus, we have the theorem. O

We now turn to the lower bound for Det,,. We first need a lemma due to Valiant [25]. Given
parameters ni,d; = 2, we let X (n1,d;) denote the set of variables over which the polynomial
IMM,,, 4, is defined.

Lemma 12. For any ni,dy € N and any n = nidy, there is an n x n matriz M whose entries
are either 0, 1, or variables from X (ni,dy) such that Dety, (M) = IMM,,, 4, .

of Theorem [3. For large enough n, we can fix ny and dy = O(log? ny) such that n/2 < nid; < n.
Set ¢t = |logn1/25000] and k& > 10 such that d;/4000 < kt < d;,/2000.

Assume that C is a homogeneous XIIXII formula of size s for the polynomial Det,,(y; ; :
i,j € [n]). In particular, note that C is a SIIMYIT formula. If 5 > ni/lo = nSHlogn) then we
have the claimed lower bound and we are done. Otherwise, we can use Lemma [12] to transform
C into an XIIMYII formula C) of size at most s for IMM,,, 4, by substituting each y; ; by
M; ; throughout C. Now, we can apply Lemma [I1] to C; and obtain a restriction o € R and
a ZH[”]ZHgt/QH formula C” of size at most s such that C' = IMM,,, 4,|s (mod J). Note in
particular that the top fan-in s of C’ is at most s.

Lemma [6] tells us that for large enough n we have

1 7,&.25 k 1 nf% k nk/5

s = : = . >
4 .24 en 4.24  \ 2enid; 4 .24
nclll /20000t

4 .92d1

= QQ(dl) — nsl)(l‘)gnl) _ nQ(logn))

=

and since s < 5, we have the theorem. O

6 Discussion

Our work uses an augmentation of the shifted partial measure (namely, shifted projected par-
tials) to show a super-polynomial lower bound for homogeneous depth-4 formulas. It is natural
to wonder if one might be able to use some other ‘shifted partials inspired’ measure(s) to prove

10



super-polynomial lower bounds for other interesting classes of arithmetic circuits, like homo-
geneous formulas or multilinear circuits. As mentioned in the introduction, we have been able
to improve the quasipolynomial lower bound presented here to an exponential lower bound for
an explicit polynomial in VNP. It would be interesting to prove such a lower bound for a
polynomial in VP.
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Lower bounding i, ((F')

In this section, we prove Lemma

By the definition of ¢, we have py, o(F') = dim(Vy ¢(f)) where Vj, o(F') is given by

spang{x' - Tg o | [i| < ¢ and H 2P ¢ Sa}
! al,(Pl) ax(Pk) ielh] tq:Jq

11,01 7 i,k

= spanp{x' - 7s, (OrF) | |i| < ¢ and I € [n]**}

First observe that any 07 F' is a monomial given by p1p2 ... prr1, where
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1
o= a0 T o) (1T,

1<p<p) P <p<p1
~—
I I
91 hl
_ (p) (Pg) H (»)
Pq = H Tjo1dg—1 | Fig-14q Ligig
Pg—1<p<pj Py <p<pq
o ~- 7
I I
9q hq
_ (») (p;ﬁLl) (») (d)
Pr+1 = H e | Tied H T11 |-
PE<P<Pjq P <p<d
—
I I
gk+1 hk+1

where the second equality holds for 1 < g < k + 1
Due to the above structure of 7 F we have the following claim.

Claim 13. VI € [n]?*, 0;F € 5.
Claim [13| implies that for all I € [n]?*, g, (0;F) = 0;F. Therefore, we get
Vio(F) = spang{x’ - 0;F : |i| < £ and T € [n]**}

The analysis of the dimension of Vj, ¢(F’) is now very similar to the analysis of the dimension
of the shifted partial derivative space of F' as done in [4].

Let M = {x!-0;F :|i| < £ and I € [n]?*}. Since M is a set of monomials, the dimension of
the span of M is exactly |[M|.

Another way of looking at M is M = (J¢[,2x M1, where My := {x!'|]i| <f+d—kand

01 F divides x'}. Therefore, we have the following claim.

Claim 14. For F and M; (I € [n]**) as defined above, we have dim(Vy, o(F)) = |M|, where
M = Uefnpr Mr-

In what follows, we do not distinguish between multilinear monomials over the variable set
X and subsets of X.

Claim 15. For any I,1' € [n]?*, we have

O F\orF| = AL T) [T - IJ

where A(I,1") denotes the Hamming distance between I and I'.

Proof. Consider any I,1' € [n]?*. Say I = (i1,j1,...,ik,jx) and I' = (i}, 5], ... s Jr)- Then,
using the notation from the definition of 07 F', we have

orF\orF 2 | (gl \al ) o | (hE\h)
qaelk qelk]

(gqlll\géﬂ)v U (hé/\hé)-
q€

]
)
[k]:5q 734 qe[k]:iq#ig
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where AU B denotes the union of disjoint sets A and B.
INOW, when j, # j(’l, then the monomials 9«§+1 an/d gélﬂ are disjoint and hence |gé;1\gg+1| —
|g,§+1| > | %2 |. Similarly, when i, # i, we have [RI\Rl| = |51

|0p F\O1 F'| = Z ’95+1\QCI,+1‘ + 2 ’hé \hé’
aelk]:iq#54 qelk]siq#i,

>A(I,I')-[r21J,

which completes the proof of the claim. O
Claim 16. For any I € [n]?*, we have |Mj| = (NZZ).

Proof. A monomial x! € M iff there is a monomial xJ such that j < £ and x! = x3 - 9;F. Thus,
|M] is equal to the number of monomials of degree at most ¢, which is (N ZZ). O]

Claim 17. For any I,1' € [n]?*, we have

N +/{¢— |(0p F\orF
|MIQMI/|:< ‘(I \1)’>

0 —|(0p F\OrF)|

Proof. Fix any I, I’ as above. Any monomial x' € M; n M may be factored as x! = x3 - ¢, F -
(61/F\61F). where j </ +d—k — (d — ]{7) — |(5[/F\(3[F>| =/{— |((911F\51F)‘

Thus, |[M; n My is equal to the number of monomials of degree at most ¢ — |(0p F\OrF)]|,
from which the claim follows. O

Claim 18. For any k € N and large enough n € N, there exists an S < [n]** such that
o |S| = lnl.SkL
e For all distinct I,1' € S, we have A(I,1') = k/4.

Proof. We construct the set S by first greedily choosing vectors which have pairwise Hamming
distance at least k/4 and then prove that the set thus formed has size [n1'5kJ. A standard

volume argument [9] gives that the set picked greedily as above has size at least Wg,kﬂ)’
where Vol (2k, k/4) stands for the volume of the Hamming ball of radius k for strings of length
2k over an alphabet of size n. It is easy to see that Vol, (2k, k/4) = Zfﬁ) (2;“) (n — 1), which is

upper bounded by 2(,{2/’1) (n— 1)k/ 4 This in turn is at most n*/3 for large enough n. Therefore,

|S| is at least :TQ/];, ie. |S| = n®k/3. By choosing a subcollection of the vectors thus chosen, we
can ensure that |S| is exactly |n!5%|. O

Recall that a very similar claim (Claim 10) proved in [4] gave S = [(%)kJ This size of S

was sufficient for the proof of Lemma 11 in [4]. We will now see that a slightly larger sized S
will be useful for us to prove Lemma

of Lemmal[j Fix S as guaranteed by Claim By Claim it suffices to lower bound | M].

For this, we use inclusion-exclusion. Since M = | J; M, we have

M| = | U M|
IeS
> Mg = > MMyl (7)
IeS I1#I'eS
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By Claim we know that |Mj| = (N ZZ). By Claims (17| and [15[ and our choice of S, we
see that for any distinct I, I’ € S, we have

N4 l—k/d-|(r=1)/2]\ (N +£—d/10
monatt< (T < ()

where the last inequality follows since |(r —1)/2| > d/10k for k < d/20 (recall that r denotes

]

Plugging the above into , we obtain

N+ /4 5 (N +{¢—d/40
izt (N7 sk (Y0,

Since |S| = |n!'5*], the lemma follows.
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