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Abstract

A symbolic determinant under rank-one restriction is a polynomial of the form det(C' + Agzo +
oo+ Apqx,1) where C) Ao, ..., A,_1 are square matrices over some field F and Ay, ..., 4,1
are rank-one. We ask the following problem: given black-box access to the polynomial det(C +
Aozo + -+ + Ap_1x,_1), find square matrices D, By, ..., B, with By,..., B, 1 being rank-
one such that det(C' + Aoxg + -+ + Ap_12,—1) = det(D + Boxo + -+ - + Bp_12,-1). Since this
polynomial family is known to be equivalent to read-once determinants (RODs), we call this
problem Learning RODs. A read-once determinant is a determinant whose entries are either
field constants or variables, with each variable appearing at most once.

For learning RODs, we give a randomised polynomial time algorithm by connecting it to an-
other well-known problem in linear algebra: the Principal Minor Assignment Problem (PMAP).
In PMAP, we are asked to construct a matrix with a given list of principal minors. We show
that learning RODs is randomised polynomial time equivalent to a black-box variant of PMAP:
given black-box access to det(A + X) where A is a square matrix over F and X is a diagonal
matrix with variable entries, find a matrix B such that det(A+X) = det(B+X). We then solve
this black-box PMAP in randomised polynomial time by reducing it to PMAP for a special class
of matrices that satisfy what we call property R. The randomised polynomial time equivalence
between learning RODs and black-box PMAP as well as the reduction from black-box PMAP

to PMAP of matrices that satisfy property R can be derandomised in quasi-polynomial time.
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Chapter 1

Introduction

1.1 Motivation and related works

Arithmetic circuits are the standard computational model in algebraic complexity theory. An
arithmetic circuit is a directed acyclic graph with input nodes (nodes of in-degree zero) labelled
by variables, an output node (node with out-degree zero) and internal nodes labelled either as
sum or product nodes. It is easy to see that such circuits compute multivariate polynomials.
The size of a circuit is the number of edges in it. The maximum distance between an input and
an output node is its depth. In algebraic complexity, we analyse classes of polynomial families.
Three important areas in algebraic complexity theory are circuit lower bounds, polynomial
wdentity testing and circuit reconstruction problem or learning problem.

Valiant introduced the classes VP and VNP in [Val79] which can be thought of as algebraic
analogues of P and NP. A central goal in the area of circuit lower bounds is separating VP and
VNP, which amounts to finding an explicit circuit family in VNP that does not have polynomial
sized circuits. It is considered necessary to separate VP and VNP to separate P/poly and
NP /poly (non-uniform versions of P and NP) [Bii00].

Polynomial identity testing (PIT) is the problem of determining if a given multivariate
polynomial is the zero polynomial (the polynomial with all of its coefficents being zero after any
cancellations). In white-box PIT, the polynomial is given explicitly, usually as an arithmetic
circuit. In black-box PIT, we are given query-access to the polynomial, where we are only
allowed to query the polynomial at points of our choosing. PIT is one of the major problems that
admit a randomised polynomial time algorithm but no known deterministic ones. Furthermore,
efficient deterministic PIT algorithms can result in proving lower bounds for circuits [HS80,
KI03, Agr05], so PIT becomes an important problem in algebraic complexity theory.

In the circuit reconstruction problem or learning problem, we are given black-box access to a



circuit from a circuit class € that computes a polynomial f, and are required to output a circuit
computing f of similar complexity (this is similar to exact learning of Boolean functions). If the
output circuit belongs to €, the learning algorithm is said to be proper. In the end, we use an
efficient black-box PIT algorithm to check if we have reconstructed correctly. It is easy to see
that deterministic reconstruction is harder than identity testing. Efficient learning algorithms
also imply circuit lower bounds [F'K09, Vol16]. Due to this, proper learning for general circuit
classes is considered to be a hard problem.

As a result, the learning problem is often considered for restricted models of computation.
This can be size or depth constraints, as in constant depth circuits, or a read constraint where
we restrict the number of times a variable appears as input. Only a handful of such classes are
known to admit efficient proper learning algorithms. These include depth-two circuits (sparse
polynomials) [BT88, KS01], read-once formulae (ROFs) [HH91, BHH92, SV14, MV18], and
read-once oblivious algebraic branching programs (ROABPs) with known variable ordering
[BBBT00, KS06]. Algebraic Branching Programs (ABPs)', analogous to Boolean branching
programs, are a powerful model of computation. Polynomial-sized ABPs, which form the com-
plexity class VBP, capture important polynomials like the determinant polynomials and the
iterated matrix multiplication polynomials. Owing to a reduction from ABPs to the deter-
minant polynomial [Val79], we can assume that an ABP computes a polynomial of the form
det(C' + Agzg + -+ + Ap_12n-1) where C, Ay, ..., A,_1 are r X r matrices over a field F and
Zo,...,T,_1 are input variables. VBP is a subset of VP, therefore separating VP from VNP
would require separating VBP from VNP, which is also a major open problem in algebraic

complexity theory.

1.1.1 Read-Once determinants

One important subclass of ABPs is the symbolic determinants under rank-one restriction: this
is when the matrices Ay, ..., A, in det(C + Agzg + -+ + A,_12,_1) are rank-one (no such
rank restriction is imposed on C'). This class of polynomials has been studied in the context of
matroid problems, maximum rank matrix completion, and polynomial identity testing [Edm67,
Edm68, Edm79, Lov89, Mur93, Gee99, IKS10, IKQS15, GT17]. It is known that polynomials
in this class can be expressed as read-once determinants of small size [GT17, Lemma 4.3].

A read-once determinant (ROD) is the determinant of a matrix whose entries are either field

constants from a field F or variables, with each variable appearing at most once. It is easy to

1An ABP can be defined as a directed acyclic graph with a single source and a single sink where the edges
are labelled by affine forms in the variables. The weight of a path from source to sink is the product of the
affine forms along its edges. The polynomial computed by the ABP is the sum of the weights of all paths.



see that an ROD is a symbolic determinant under rank-once restriction, thus making symbolic
determinants under rank-once restriction and RODs essentially equivalent. When compared to
ROABPs!, another ‘read-once’ restriction on ABPs, it is seen that both ROABPs and RODs
capture ROF's [Val79], but unlike ROABPs, RODs are not universal. For example, RODs cannot
compute the elementary symmetric polynomial or the permanent polynomial [AJ15]. On the
other hand, the determinant polynomial family, which is VBP-complete [Val79] and requires
exponential sized ROABPs [Nis91], is easily seen to be computable by small RODs. This
makes RODs a rather interesting class of polynomials from a complexity theoretic standpoint.

Thus, a natural question to ask is if this model admits an efficient proper learning algorithm.

We shall call this learning problem learning RODs.

Problem 1.1 (Learning RODs) Given black-box access to a polynomial f(xg,...,xp_1) =
det(C' + Aoxo + -+ + Ap_1Tp-1), where C, Ag, ..., Ap_1 are unknown r X r matrices over a
field F and Aq, ..., A,_1 are rank-one, is there an efficient algorithm to output r’ X v’ matrices
D, By, ...,B,_1 such that f(xq,...,x,_1) = det(D + Boxg+ -+ By_10,1)?

Since the determinant family requires exponential sized ROABPs but admits small RODs,
as mentioned above, improper learning of RODs via the learning algorithm for ROABPs is not
feasible. This makes Problem 1.1 interesting in its own right. Another motivation for solving

it comes from its connection to the principal minor assingment problem.

1.1.2 Principal minor assignment problem

The principal minor assignment problem (PMAP) is a well-known problem in Linear Algebra
nxn matrix A such that the principal minor of A corresponding to the rows and columns indexed
by S equals pg [HS02, GT06]. Often, it is typically assumed that the given principal minors are
consistent — that is, there exists a matrix whose principal minors match the list of numbers. In
this case, the principal minors are assumed to be given in the form of an oracle, and one wants
to minimise the number of queries to the oracle. Since there are 2" — 1 principal minors and
the matrix has n? entries, this becomes an over-determined problem when n > 5. So, assuming
consistency of principal minors, a question arises if the matrix can be reconstructed with, say,
number of queries to the principal minors being polynomial in n. Such efficient algorithms for

PMAP are known for special classes of matrices, like symmetric matrices [RKT15], magnitude

!An ROABP is a layered ABP with n + 1 layers numbered 0 to n, the source being layer 0 and the sink
being layer n. All edges from layer i to layer ¢ + 1 are labelled by univariate polynomials in z,(;) where o is a
permutation on {0,1,...,n —1}.



symmetric matrices [Brul8, BU24], and a certain subset of matrices with non-zero off-diagonal
entries [GT06]. However, an efficient algorithm for general matrices remains elusive.

PMAP becomes especially interesting in the context of learning discrete determinantal point
processes. A determinantal point process (DPP) is a kind of probability distribution defined on
subsets of a ground set Y. In the discrete case, Y is finite and the inclusion probabilities are
defined using the principal minors of a |Y| x |Y| positive semi-definite matrix K called the kernel
matrix. Specifically, for a random subset Y C Y, Pr[J C Y] equals the principal minor of K
corresponding to the rows and columns indexed by J. DPPs see use in random matrix theory
and machine learning to model systems where diversity of the predicted sets are important
[KT12]. Naturally, given the context of machine learning, the question of learning DPPs become
interesting. Efficient algorithms for PMAP can lead to efficient learning algorithms for DPPs,
as was the case for symmetric DPPs [UBMR17].

Consider the n-variate polynomial f(zo,...,2,—1) = det(A+ X) where A is an n x n matrix
and X is a diagonal matrix of the variables xg, ..., z,_1. It is easy to see that f is multilinear
and the coefficients of the monomials in f are the principal minors of A. This motivates what
we shall call the black-box principal minor assignment problem (black-box PMAP): where we

need to reconstruct a matrix with the same principal minors as A given black-box access to f.

Problem 1.2 (Black-box PMAP) Given black-boz access to a polynomial f(zo, ..., Tp_1) =
det(A+ X), where A is an unknown n x n matriz over a field F and X is a diagonal matriz of

variables, is there an efficient algorithm to output an nxn matriz B such that f(xg, ..., Tp_1) =
det(B+ X)?

Note that det(A + X) = det(B + X) is equivalent to saying that A and B have the same

principal minors.

1.2 Owur Results

We give randomised polynomial time algorithms to solve Problem 1.1 and Problem 1.2. The
algorithms can be derandomised in quasi-polynomial time. Specifically, we show a randomised
polynomial time equivalence between the two problems and solve the latter in randomised

polynomial time. Stating our results formally:

Theorem 1.1 Let F be a field where square roots can be computed in polynomial time. Let
n € N and |F| > nb. Then

1. Given black-box access to f(xo,...,xn_1) = det(C+ Agzo+... Ay_12,_1), where the r X r
matrices C, Ay, ..., An_1 are unknown (r is also unknown) and Ao,...,A,—1 are rank-

one, there is a randomised algorithm that runs in time polynomial in n that can recover

4



(with high probability) n X n matrices D, By, ..., B,_1 with By, ..., B,_1 being rank-one
such that f(zo,...,xn_1) = det(D + Bozg + -+ + By_12,-1). This algorithm can be

derandomised in quasi-polynomial time.

2. Let X be an n x n diagonal matriz with variable entries xq,...,x,_1. Given black-box
access to f(xg,...,x,_1) = det(A + X), where A is an unknown n X n matriz, there is
a randomised algorithm that runs in time polynomial in n that can recover (with high
probability) an n x n matriz B such that f(xo,...,x,—1) = det(X + B). This algorithm

can be derandomised in quasi-polynomial time.

The algorithm for Problem 1.2 automatically results in a 20 algorithm for PMAP: by
querying all the principal minors, one can easily construct the polynomial det(A 4+ X). In the
scenario where the principal minors provided as input need not be consistent, this would be
near optimal as one needs to query all principal minors to affirm that they are consistent. If
the principal minors are provided as a list, then this algorithm would be almost linear in the
input size.

The size constraint on the field arises from the need to apply the Polynomial Identity Lemma
(see Section 4.1). If one can work with field extensions, this requirement can be dropped. The
requirement of an efficient square root finding algorithm comes from the need to solve quadratic
equations. This assumption is justified for rational numbers as there exist deterministic square
root finding algorithms for it. For finite fields, there exist randomised polynomial time algo-
rithms that can be derandomised in polynomial time if a quadratic non-residue is known (which
is justified assuming the Generalised Riemann Hypothesis [Bac90]).

The results come from exploiting the properties of a certain class of matrices satisfying
what we call property R. An n X n matrix with n > 4 is said to satisfy property R if all its
off-diagonal entries are non-zero and, for all distinct indices ¢, 7, k, [, if the submatrix formed
by the rows indexed by 7, 7 and columns indexed by k, [ is rank-one, then there exists a set of
indices S with 4,7 € S and k,l & S such that the submatrix of A with rows indexed by S and
columns indexed by the complement of S is rank-one.

Theorem 1.1 is solved by reducing them to PMAP for matrices with property R. We have
the following:

Theorem 1.2 Let F be a field such that there is a deterministic polynomial time square root
finding algorithm over F. Let A be an unknown n X n matriz over F satisfying property R.
Then there is a deterministic polynomial time algorithm that, given the principal minors of A

of orders at most 4, outputs an n X n matriz B that is principal minor equivalent to A.



Note that in a random matrix A over a large enough field, the off-diagonal entries will
be non-zero and there will not be a 2 x 2 submatrix that is rank-one with high probability.
Thus, property R is a genericity condition satisfied by random matrices. While [GT06] also
solves PMAP for matrices satisfying a genericity condition they call ‘off-diagonal full’, it does
not seem to correspond to any structural property of a matrix that guarantees a solution
for PMAP. Furthermore, off-diagonal full matrices cannot have cuts (see Definition 2.6) while
matrices satisfying property R can. We also demonstrate a reduction from black-box PMAP to
PMAP for matrices with property R (see Chapter 4). It is not clear if such a reduction exists

for off-diagonal full matrices.

1.3 Organisation

Chapter 2 establishes definitions and notations that we shall use. Chapter 3 shows a randomised
polynomial time equivalence (also, deterministic quasi-polynomial time equivalence) between
Problem 1.1 and Problem 1.2. Chapter 4 reduces Problem 1.2 to PMAP of matrices satisfying
property R. Chapter 5 lays out a cut detection algorithm given oracle access to 4 x 4 and
smaller principal minors of a matrix satisfying property R. Chapter 6 finally establishes the
algorithm that proves Theorem 1.2.

Lemma 2.8, Lemma 5.7 and Lemma 6.3 from the paper [ACGT26] are referred to without
proofs; these were proven by Chatterjee, Ghosh, Gurjar and Raj before the author and Chandan
Saha began collaborating with them.



Chapter 2

Preliminaries

2.1 Basic notations

We denote by [0..n) the set {0,1,2,...,n — 1}. The n x n diagonal matrix with entries
20, -+, 2n—1 is denoted as diag(zg, ..., 2z,-1). We denote the set of n x n matrices over the field
F as F*"*". We denote by I,, the n X n identity matrix, and by O,, , the m x n zero matrix.

Let A € F™*". We index the rows and columns of A by the set [0..7n), that is, they are zero-
indexed. Let S,T7° C [0..n). Then, A[S,T] represents the sub-matrix of A with rows indexed
by S and columns by 7. We denote the sub-matrix A[S, S] as A[S]. We denote by S the set
complement of S, that is, [0..n) \ S. By adj A, we refer to the adjoint of A.

2.2 Read-once determinants

Definition 2.1 A symbolic determinant under rank-one restriction is a polynomial of the form
f((l,’(), ce 7[['”_1) = det(O+A0[E0+ .. 7An—1xn—1> where O, Ao, ce >An—1 e F™" and Ao, ce 7An—1

are rank 1.

If for i € [0..n), A; = u;vl, then it is not hard to see that we can also express f above as
f(zo,...,xn 1) = det(UXVT + C) where U and V are r x n matrices whose columns are u;
and v; respectively, and X = diag(zo,...,ZTp_1).

We can show that symbolic determinants under rank-one restriction are equivalent to read-

once determinants.

Definition 2.2 A read-once determinant (ROD) is a polynomial expressed as a determinant
of a matriz whose entries are either field constants or variables, with each variable appearing

at most once.



Lemma 2.1 ([GT17, Lemma 4.3]) Let f(zo,...,2n1) = det(UXVT + C) where U,V €
Fr=n C e F™*" and X = diag(zo,...,xn—1). Then,

I, X Oy,
flxo,...,xn1) =det |Op,, I, VT
uv 0O,, C

We demonstrate that, given, black-box access to det(UX V7T + C), we can assume r < n.

Lemma 2.2 Let f(zo,...,2n-1) = det(UXVT + C) be a non-zero polynomial where C €
Fr=r UV € F™*™ and X = diag(zo, ..., Tn_1). Then we can assume, without loss of generality,
that r < n.

Proof: If r < n, we are done, so assume r > n. Let k& < n be the rank of the matrix U (The

choice of U is arbitrary; we can similarly work with V). By Lemma 2.1,

I, X Oy,
f(xo,...,xn1) =det (O, I, VT
v 0., C

Using row transformations on U, we have

[n X On,r
On.n I, V7T

o, ..., Tp_1) = det N ,
f(zo 1) )

Orfk,n Orfk,n CY2

where U € FF*n_ Oy € FF*r Cy € FP*7 and U is full-rank. For f to be non-zero, Cy must
be full rank. We can perform row and column transformations on C5 and absorb any resulting

scalars into a column of C' to get

]n X On,k On,r—k
Opw L, VT VT
f((lfg, ce 7.I‘n_1) = det N ~ !
U 0 C Gy

Or—k,n Or—k,n Or—k,k [r—k



In X On,k
=det |0,, I, V7

A~

U Opn C
= det(UXVT + ),

where V € FF*" and C' € FFxk, 0

The following lemma is useful in converting a read-once determinant back into a symbolic

) |

determinant under rank-one restriction.

Lemma 2.3 Let A ¢ F'*(=7) B e F™*" and C € F"=")*" Then,

A B
I,., C

—C
I,

det

= (—1)7) det ([A 5|

Proof: Using block Gaussian elimination,

A B A B-AC

In—r On—r,r
= (—=1)"™ ") det(B — AC)

— (=1 et ([A 5|

det = det

n—r

-C
I,

) |

2.3 Principal minor equivalence and cuts in matrices

Definition 2.3 (Reducible and irreducible matrix, irreducible blocks) A matriz A €
F7*n s reducible if there exists a permutation matriz P € F™*" such that PAPT is a block

upper triangular matriz with at least two blocks along the diagonal. The blocks along the diagonal
of PAPT are the irreducible blocks of A. A matriz that is not reducible is irreducible.

Equivalently, let G' be the directed graph of n vertices with an edge from 7 to j present if
and only if A[i,j] # 0. Then A is reducible if and only if G is not strongly connected. The

irreducible blocks would then correspond to the strongly connected components of G.

Definition 2.4 (Diagonal similarity and diagonal equivalence) Two matrices A and B €
F™ ™ are said to be diagonally similar (denoted as A ZB ) if there exists an invertible diagonal
matriz D € F™™ such that A = D'BD. If AZ B or AT £ B, then A and B are said to be
diagonally equivalent (denoted as A = B).



Definition 2.5 (Principal minor equivalence) Two matrices A, B € F"™™ are said to be
principal minor equivalent (denoted as A= B) if for all S C [0..n), det(A[S]) = det(B[S]).

Definition 2.6 (Cut in a matrix) A set S C [0..n) with 2 < |[S| < n —2 is a cut in an
irreducible matriz A € F™" if both rank A[S, S| and rank A[S, S| are 1.

The following lemma follows from [Ahm23, Corollary 5.4].

Lemma 2.4 Let A be a reducible matriz. Suppose the irreducible blocks of A are indexed by
Ty, ..., Tu_1. Then A= B if and only if:

e The irreducible blocks of B are also indexed by the same sets Ty, ..., Tk 1.
e Foreachi€[0..k), A[T}] = B[T}].

PME

It is easy to see that A = B = A '= B. [HL84, Theorem 3] and [Loe86, Theorem 1]

prove a partial converse:

Lemma 2.5 Let A, B € F"™". Suppose A is irreducible, and A= B. Then,
o Ifn=2or3, then A= B.
e FElse if n >4 and A has no cut, then A= B.

Motivated by [Ahm23, Lemma 4.5], [CGGR25] introduces cut-transpose as a principal minor

preserving operation.

Definition 2.7 (Cut-transpose) Let S be a cut in an irreducible matrizc A € F**". Let

S S
-3 )

for p,v € FISI w,q € FISI, where ¢7 is the first non-zero row of A[S,S] and u is the first

non-zero column of A[S,S]. Then the cut-transpose of A with respect to S is

S S
ct(4,8) = ° {A[S] puT}
S LT  A[S|T

Lemma 2.6 ([CGGR25, Lemma 2.12]) Let S be a cut in A € F**™. Then ct(A,S) = A.
For 4 x 4 matrices, we have the following:

10



Lemma 2.7 ([CGGR25, Lemma 3.1]) Let A € F** have non-zero off-diagonal entries.

Let B € F*4 be such that A= B. Then one of the following holds:
e AZB.

e There exists a common cut in A and B. For any common cut S in A and B, ct(A,S) = B.

2.4 Property R

Motivated by the proofs of [HL84, Theorem 2] and [Loe86, Lemma 6], we introduce a property

of certain matrices called property R.

Definition 2.8 (Property R) A matriz A € F™*" satisfies property R if and only if
o All off-diagonal entries of A are non-zero.

e For all {i,j,k,l} C[0..n), if rank A[{7,5},{k,l}] = 1, then there exists S C [0..n) with
{i,j} € S, {k,1} C S such that rank A[S, S] = 1.

Property R allows for quickly testing principal minor equivalence by checking equality of

principal minors of order at most 4.

Lemma 2.8 ([ACG"26, Theorem 1.3]) Let A € F™*" satisfy property R. Let B € F"*™ be
such that for all S C [0..n) with |S| < 4, A[S] r B[S]. Then A R

2.5 Black-box with inverted inputs

Given black-box access to a degree d polynomial f(zo,...,x,—1) where some of the inputs are
inverted, we can evaluate it at a point (ao,...,a,_1) when some of the coordinates are zero.
Say ag,...,a,_1 are zero. Then we see ¢(t) = f(ao,...,ax_1,t,...,t) is a polynomial in ¢. Say

g(t) = Zie{m ,,,,, ) c;t' Observe that ¢ is the value we need and if the field is large enough, we
can find distinct values (g, 31, ..., 84 € F. Then

9(5Bo) L By B3 -+ B |eo
q(B1) 1 B B - B |a

9(Ba) 1 Ba 67 -+ B3l |ca
On the right is a Vandermonde matrix that is invertible. Then by inverting the matrix, we

can compute the value of cg.
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Chapter 3

Equivalence between Learning RODs
and Black-Box PMAP

In this chapter, we establish a randomised polynomial time equivalence between learning RODs
and black-box PMAP. We show that given black-box access to a polynomial f(zo,...,x,—1) =
det(C + Aoxo + -+ + Ap_17,_1) where Ay, ..., A,_1 are rank-one, we can reduce the prob-
lem of learning f to learning a polynomial of the form g(xo,...,z, 1) = det(X + B) where
X = diag(xo,...,2,—1) and vice-versa. The first section shows a randomised polynomial time
reduction from learning RODs to black-box PMAP, a reduction that can be derandomised in
quasi-polynomial time. The second section shows a deterministic polynomial time reduction
from black-box PMAP to learning RODs.

3.1 Reduction from learning RODs to black-box PMAP

Say f(xg,...,Zn_1) = det(UXVT + C) is a non-zero polynomial where U,V € F™*™ and C €
F*r. We proceed similarly to [GT17, Theorem 4.2]. First, we homogenise the polynomial f,
with the help of Section 2.5, as follows:

x Loy _
920, T 1Y s Y1) = Yo - Y1 f(—, ., ) = det(V) det(UY ' X VT + C).

Yo ’ Yn—1
By Lemma 2.1,
L, Y'X O, Y X O,
(o, Tpn-1,Y0, - - - Yn—1) = det(Y)det |O,,, I, V| =det |0,, I, VT],
uv 0O, C uv 0,, C

12



where Y = diag(vo, - .., Yn—1). Since f is non-zero, g is as well, which means the matrix [U C]

is full rank. Performing row transformations and permuting the columns, we get

( ) det | € L'W'P —
g\To, .- s Tp-1,Y0,---,Yn-1) = ¥ dAC )
1 1 L. H
where
e [/ is the n X (2n + r) matrix [In I, Om]
Y On,n On,r
o W'is the (2n +r) x (2n + r) diagonal matrix |0,,, X 0,,|-
Or,n Or,n Or,r
e Pisthe (2n+r) x (2n+r) permutation matrix corresponding to the column permutations

performed.

H is the (n + r) x n matrix resulting from the transformations.

« is the scalar resulting from the transformations.

By Lemma 2.3, g(o,...,Zn-1,Y0,-- Yn-1) = (=1)""Madet(L’'W'PR™) where R =
[—HT [n] is a n x (2n + r) matrix. We can drop the rows of R' and W’ as well as the
columns of L' and W' corresponding to the zeroes in W', and then absorb (—1)""*"q and P

into the matrix R’ to get g(xo, ..., Tn_1,Y0,---,Yn_1) = det(LW RT), where

e [ is the n x 2n matrix [In [n]

e W is the 2n x 2n diagonal matrix

Y O
Opn X |

e R is the n x 2n matrix resulting from all the algebraic manipulations.

Observe that we have black-box access to g. We can now use the Isolation Lemma [MVV87]
to find a monomial in g (see [NSV92, Section 4.1], [GT17, Section 2.4]. This reduction can be
done in deterministic quasi-polynomial time [GT17]). By the structure of the matrix L, we see

that the the monomial must be of the form 29z ... z,_1 with z; = x; or y;. Let z; = y; if z; = x;

)

and vice-versa. Say

Ry
Ry

Z  Opn
On,n /

9(Toy o 1, Y05 -+ Yn—1) = det ([In In]
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where Z = diag(zo,...,2,1), Z = diag(Zo, ..., Z,_1); and Ry, Ry € F™™ are the matrices that
comprise RT. Tt is easy to see that det(Ry) # 0 is the coefficient of z ...z, ; and is known.
Then,

- B Z ann ]n
g(Z()a sy Bn—15205 - Z?’L—l) = det(RO) det <|:In In:| On,n Z RIR(]_l >
= det(Ry) det(Z + ZR 1 RyY).
Let §(207 ey ZTL—17 207 P ;En—l) = ZO e 57’),—19('207 T 7Zn_1, %7 B 2"1—1)' It iS easy to see

that

g(ZO, ey 2n—1, 20, ey En—l) = det(Ro) det(Z) det(Z + Z_lRlRal)
= det(Rg) det(ZZ + R Ry").

Observation 3.1 In a monomial of g, Z; appears if and only if z; does. This arose out of the

homogenisation of f: y; appears in a monomial of g if and only if x; does not.

Multiplying g by det(Ry)~!, and setting z; = 1 for all i € [0..n), we get h(zq,...,2,_1) =
det(Z + R1R,"). Suppose we learn a matrix M such that h(z,...,z,_1) = det(Z + M). By
Observation 3.1, we see §(20, - -, Zn_1, 20, - - - » Zn_1) = det(Ro) det(ZZ + M). Thus

g(Zo, ce s Bne1, 20, - - - En_l) = det(Ro) det(Z) det(Z_lZ + M)
= det(Ry) det(Z + ZM)
Z Oy

L,
Onn 2 | |M

det(Ro) Olynfl det(Ro) Ol,nfl
On—l,l -[n—l On—l,l ]n—l

= det(Ry) det ([In In]

:det(

det(Ro) Ol,n—l det(Ro) Ol,n—l

Onfl,l [nfl Onfl,l [nfl

Z  Opn
Onn 2

i)

Let 1, be the column of ] corresponding to xz; and let

I
ry, be the row of [M corresponding to x;. Similarly define [, and r,,. We see that the

polynomial g(xq,...,Tn_1,%0,--sYn-1) = det(Zie[o_n)(lzﬁxi% +1,,ry,y:)). We can now set the
y; variables to 1 and simplify to see that f(zo,...,2,_1) = det(D + Boxo+ -+ + B _12Z,_1)
where D = 3", 1y (ly,7y) and By = Iy 7y,

14



Algorithm 1 Reduction of ROD Learning to Black-box PMAP
Input: Black-box access to f = det(C + >

F™*" and Ao, ..., A,_1 are rank one.

Output: Matrices D, By, ..., B,_1 € F"" with B,,..., B,_1 being rank-one such that f =
det(D + 3 ico..ny Bii)-

Assumption: Oracle access to learning algorithm for det(M + Z) where Z = diag(zy, ..., z,).

€0 .. n) A;x;) for some matrices C, Ag, ..., A1 €

1: Homogenise f to get g(zo, .-, Tn_1,Y05-->Yn-1) = Yo - - .yn_lf(“’;—g, e Z:)
2: Use the Isolation Lemma to isolate a monomial of g. Let this monomial be z,..., 2z, 1

with coefficient ~.

30 h(zoy. oy 2pn1) = %g(zo, ooy Zn_1, 1, ..., 1) will be the input to the black-box principal minor
assignment problem.

4: Suppose M is the output of the black-box principal minor assignment problem. Then
g = ydet <[]n In] Z On_’n LL])

Opn 2 | |M

5: Set the y; variables to 1 and simplify to recover f = det(D + Zie[o..n) Biz;). Output

D,By,...,B, 1.

3.2 Reduction from black-box PMAP to learning RODs

Say we have f(xg,...,z,-1) = det(X + A), X = diag(xo,...,T,-1), which we wish to learn via
reduction to learning RODs. Note that det(X + A) is by itself an ROD which we can learn.
Say f(zo,..,2Tn1) = det(UXVT + C) where U,V € F™*" and C' € F'*". By Lemma 2.2, we

can assume r < n. Then by Lemma 2.1,

L, X O
f(an S 7$n—1) = On,n In VT
U 0, C
Onn VT

The coefficient of zg ...z, 1 in fis (—1)" det N = 1. Thus, we must have r = n and

det(U) det(V') = 1, making U and V invertible. Then

f(zo, ...,y 1) = det(U ) det(UXVT 4+ C)det (V) ™) = det(X + U 'C(VT)™).

15



Chapter 4

Reduction from Black-Box PMAP to
PMAP with Property R

In this chapter, we demonstrate how Black-box PMAP reduces to PMAP of matrices with
property R. We first demonstrate that for a matrix A and a diagonal matrix D of randomly
chosen entries, the irreducible blocks of (A + D)~! satisfy property R with high probability.
Then, we show how to get black-box access to det((A + D)~! + X)) from black-box access to
det(A 4+ X), and how to find the irreducible blocks of (A + D)~!. Finally, given a matrix
C "= (A+ D)™, we recover a matrix principal minor equivalent to A. We finally describe how

to derandomise the reduction in quasi-polynomial time.

4.1 TIrreducible blocks of (A + D)~! satisfy property R

We demonstrate that for an arbitrary matrix A, the irreducible blocks of (A + D)~ satisfy
property R with high probability, where D is a diagonal matrix of random field constants. We
first state the Jacobi identities relating the minors of a matrix with the minors of its inverse

(see [Gan60, Page 21]) which we shall use in this section:

Lemma 4.1 Let A € F*™" be an invertible matriz. Then for all S, T C [0..n),|S| = |T],
det(A[S, T]) = (—1)" det(A) det(AT, S]) where r = (3,cq1) + (X sep 0)-

We shall also require the following results:

Lemma 4.2 ([HL84, Theorem 1]) Let A € F™" be an irreducible matriz and let Y =
diag(yo, - - - s Yn—1) with yo,...,Yn—1 being algebraically independent elements. Then all the en-

tries of (A+Y)™ are non-zero.
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Lemma 4.3 ([HL84, Theorem 2]) Let A € F"™™ and let Y = diag(0,0,ya,...,Yn—1) with
Y2, -, Yn—1 being algebraically independent elements. If det(A +Y) = 0, then there exists a
partition SUT of [2..n) such that rank A[{0,1} U S,{0,1} UT] < 1.

Lemma 4.4 ([CGGR25, Claim A.1]) Let A € F™*" be an irreducible matriz and let S C
[0..1) be such that 2 < |S| <n — 2 and rank A[S,S] = 1. Then rank A~1[S, S] = 1.

We now show the following:

Lemma 4.5 Let Y = diag(yo,---,Yn_1) With Yo, ..., Yn_1 being algebraically independent ele-
ments. Then for an n x n irreducible matriz A, (A+Y)~! satisfies property R.

Proof: From Lemma 4.2, all the off-diagonal entries of (4 + Y)~! are non-zero. Now, let
So, 51 C [0..n) with [Sp| = |S1| = 2 and SyNS; = 0. Suppose (A+Y)7![Sy, S1] is rank 1, that
is, det((A + Y)~1[Sp, S1]) = 0. By Lemma 4.1, we have det((A + Y)[S},S0]) = 0. Then, by
Lemma 4.3, there exists a partition ToLT} of [0..71)\ (SoUS;) such that rank A[SyUTp, S1UT}]| =
1 and as a result, rank(A + Y)[So U Ty, S1 UTi] = 1 (Note the rank cannot be zero, otherwise
A becomes reducible). Thus, by Lemma 4.4, rank(A + Y) 7Sy U Ty, S; UTY] = 1. O

Observation 4.1 Let D € F*"*" be a diagonal matriz such that
1. (A+ D) is invertible.
2. Off-diagonal entries of (A+ D)~' are non-zero.

3. For all So, Sl - [0 ’I’L) with |S()| = |Sll = 2, S() N Sl = (Z), det((A+ D)_1[50,51]> =0 =
det((A+Y)™[Sy, S1]) = 0.
then the matriz (A + D)~! satisfies property R.

Proof: Since off-diagonal entries of both (A+D)~! and (A+Y)~! are non-zero, and (A+Y)~*

satisfies property R, we have

rank(A + D) [Sp, Si] =1 = det((A + D) *[Sy, S1]) =0
— det((A + Y)_I[SO, Sl]) =0 = rank(A + Y)_I[So, Sl] =1
— rank(A +Y) Ty, 7] =1 = rank(A+ D) [T, 1] =1

for some partition Ty LU Ty of [0..n) with Sy C Ty, S; C Ty. Thus, (A + D) ! satisfies property
R. O

The above observation implies the following:
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Observation 4.2 Let A € F™*" be an irreducible matriz. Consider the following polynomials

in Flyo, - Yn_1]:
1. det(A+Y).
2. For all{i,7} C [0..n), adj(A+Y)[i,7] = (=)™ det((A+Y)[[0..n) \ {},]0..n) \ {i}]).
3. For all So,Sl g [On) with |S()| = |Sl| = 2, SQ N Sl = @, det(adJ(A+Y)[So,Sl])

If there exists an assignment of values dy, . .., d,_1 to Yo, ..., Yn_1 Such that all the polynomials
above are simultaneously non-zero, then (A + D)~ with D = diag(dy, .. .,d,_1) would satisfy
property R.

If [F| > n® then by the Polynomial Identity Lemma [DL78, Sch80, Zip79], a random as-
signment would leave all of the polynomials above non-zero with high probability. Hence, for a
random diagonal matrix D, (A + D)~! would satisfy property R with high probability.

Now if A is reducible, then the argument above would apply to the irreducible blocks of A
(which are the same as that of (A + D)™'). This is easy to see if we assume without loss of

generality that A is a block-diagonal matrix.

4.2 Reduction to PMAP with property R

4.2.1 Obtaining black-box access to det(X + (A + D)™1)

Given black-box access to det(A + X) and a diagonal matrix D of random field entries, where
X = diag(xg, ..., Tn_1), we have det(A+ D)~! (since D is random, det(A+ D) is non-zero with
high probability) as well as black-box access to

det(A+ D) 'det(A+ D+ X) = det(I, + (A + D) 'X).
Then by Section 2.5, we can have black-box access to
det(I, + (A+ D) ' X N det(X) = det(X + (A + D)),

which is what we need.

4.2.2 Finding the irreducible blocks

We first see that via interpolation, we can query the principal minors of (A + D)~! with black-
box access to det((A + D)~! + X). We make the following observation
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Observation 4.3 Let the irreducible blocks of a matriz A have non-zero off-diagonal entries.
Then, two indices i,j belong to the same irreducible block if and only if Ali, j]A[j,i] # 0, that
is, A[{i,j}] is irreducible.

We can check if a two-by-two submatrix is irreducible using the following observation.
Observation 4.4 A[i, j|Alj,i] = det(A[{i, j}]) — A[i]A[j].

Since by Section 4.1, the irreducible blocks of (A + D)~! satisfy property R with high
probability, we can query one-by-one and two-by-two principal minors to check which indices
belong to which irreducible blocks. Thus, we can find the indices to the irreducible blocks of
det((A+ D)~' 4+ X). Say the indices are Ty Ty U --- U T,y = [0..n). Since the principal
minors of the irreducible blocks are the same as that of (4 + D)™!, we have black-box access
to det((A + D)7 T;] + X|[T;]) for each i € [0.. k), which we learn separately.

4.2.3 Recovering a matrix PME to the original matrix

Say we have C; '= (A 4 D)~'[T}] for each irreducible block (A + D)~[T;] of (A + D)~'. Since
we know the indices in T;, we can put together the C;s to get a block diagonal matrix C' with
C[T;] = C;. Then by Lemma 2.4, C''= (A4 D)~!. Then det(C + X) = det((A + D)~ + X),

which means

det(C™ ) det(C + X) = det (I, + C'X)
= det(A + D)det((A+ D)™" + X) = det(I, + (A + D)X).

Inverting the variables and multiplying by zq...x,_1, we get

det(l, + C'X 1) det(X) = det(X +C™1)
=det(I, + (A+ D)X 1) det(X) = det(X + (A + D)).

This means det(C~! — D + X) = det(A + X), thus C~! — D A

4.3 Derandomising the reduction

The reduction above can be derandomised in quasi-polynomial time as follows:

e Note that in Ttem 3 of Observation 4.2, by Lemma 4.1, det(adj(A 4+ Y)[So, S1]) # 0 <—
det((A+Y)[S1,So]) # 0. Thus, all items in Observation 4.2 are read-once determinants,

and we can use the [GT17] hitting set to come up with a quasi-polynomially large set of
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diagonal matrices Dy, ..., Dy_1 containing at least one matrix D; such that the irreducible
blocks of (A + D;)™! satisfy property R.

Say for some j € [0..k), D; is a ‘bad’ matrix, that is, the off-diagonal entries of (A+D;)~*
are not guaranteed to be non-zero. Then for two indices p,q € [0..n), if they belong to
different irreducible blocks, the algorithm in section 4.2.2 still identifies them as belonging
to different blocks. It is when p and ¢ belong to the same irreducible block that the
algorithm may fail: it might put p and ¢ as being in separate blocks. This means that
for the ‘correct’ diagonal matrix D;, the number of irreducible blocks returned by the
algorithm will be minimal. By running it for all diagonal matrices Dy,..., D,_; and
picking the matrix which returns the least number of irreducible blocks, we can find the

indices corresponding to the irreducible blocks of A.

We can run the property R reconstruction algorithm for all matrices (A + D;)~*. For
a diagonal matrix D;, let C; be the matrix reconstructed, and let B; = C;' — D;. We
want to check if B; "= A. To do so, we first find another diagonal matrix D/ such that
(B;+ D})~! satisfies property R (Since B; is known explicitly, this can be done by checking
if the polynomials in Observation 4.2 are non-zero). Then, we can check if the principal
minors of (A + D!)~! and (B; + D})~! of order at most 4 are equal. If they are, then by

Lemma 2.8, A = B;.
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Chapter 5
Cut Discovery Algorithm

In this chapter, given a matrix A that satisfies property R, we describe how to find a cut in
a matrix C''= A given oracle access to the principal minors of A of order 4 and smaller. We
denote by PM4 4 the oracle for querying the principal minors of A of order at most 4. We define
property P as follows:

Definition 5.1 (Property P) Given A € F*™™ with non-zero off-diagonal entries and n > 4,
we say a tuple {{i,j},{k,1}} with {i,j, k,l} C[0..n) andi, j, k,1 being distinct satisfies property
P if there exists a matriz C € F¥* such that C = A[{i, j,k,1}] and {i,j} is a cut in C.

Lemma 5.1 Let A € F™" satisfy property R with n > 4. Suppose {{i,j},{k,lo}} and
{{i, 7}, {k, 11 }} satisfy property P. Then {{i,j},{lo,l1}} satisfies property P.

Given access to PM4,, we can check if a tuple {{i,j},{k,l}} satisfies property P (We

describe how in Section 6.2).

Definition 5.2 (Plausible set) Given a matriz A € F™*"™ with non-zero off-diagonal entries,
n >4, and a set S C [0..n) with 2 < |S| < n — 2, we say S is a plausible set for A if for all
{i,j} € S, {k, 1} €S, {{i,j},{k,1}} satisfies property P. We say S is minimal if no proper

subset of S is a plausible set.

Lemma 5.2 Let A € F"*" satisfy property R with n > 4, and let S C [0..n) with 2 < |S] <
n—2. Then S is a plausible set for A if and only if there exists a matriz C'= A such that S

18 a cut in C.

We shall prove Lemma 5.1 and Lemma 5.2 later. We first present an algorithm that finds a
cut in a matrix PME to A satisfying property R, given oracle access to its principal minors of

order at most 4.
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Algorithm 2 Black-box cut discovery

Input: Access to PM4, for a matrix A satisfying property R.

Output: A minimal cut S in some matrix C''= A if one exists, else output ‘No cut’.

Assumption: Access to a 2-SAT solver.

1:
2
3
4
o:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:

19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

function FINDCuT(PM4,)

if n < 3 then
return ‘No cut’
end if
for (i,7,k,1) € [0..n)*, with 4, j, k,[ being distinct, do
if {{i,j},{k,1}} satisfies property P then
Let ®; be an empty 2-CNF.
For each e € [0..n) \ {4, j, k, 1}, x. is a Boolean variable that can appear in ®,.
forec[0..n)\ {i,j,k, 0} do
if one of {{i,5},{k,e}} or {{i,7},{l,e}} does not satisfy property P then
Add clause z, to ;.
end if
if one of {{i,e},{k,l}} or {{j,e},{k,1}} does not satisfy property P then
Add clause -z, to ®,.
end if

end for

for (p,q) € ([0..n)\ {i,4,k,1})*,p # ¢, do
if one of {{i,p}, {k,q}}, {{7,p}, {k,q}}, {{i,p}, {0, a3} or {{J, p}, {1, q} } does

not satisfy property P then

Add clause —z, V z, to ®,.

end if

end for

if @, is satisfiable then
Let a be a minimal satisfying assignment for ®,.
return {i,j}U{e|z. =1in a}.

end if

end if
end for

return ‘No cut’

29: end function
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Lemma 5.3 Algorithm 2 outputs a minimal cut S in some C = A if and only if a cut exists

mn A.

Proof: Let S be a cut in some C''= A. Then it is easy to see that for all e € [0..n)\ {3, j, k, 1},
e =1 <= e € S must satisfy ®;. Now suppose the algorithm outputs a satisfying assignment
for some {i,7,k,1}. Let S ={e|x.=1}. Then

e Ve € S, -z, cannot have been a clause in @y, so both {{i,7},{k,e}} and {{i,7},{l,e}}

satisfy property P. Similarly, Ve € S, x. cannot have been a clause in ®,, so both
{{ire}, Tk, 1}} and {{j,e}, {k, 1}} satisfy property .

e Vp € S,qe S, ~w,Vr, cannot have been a clause in ®;, which means all of {{i, p}, {k, ¢}},
{7, p}{k a3}, {{e,p}, {1, ¢} } and {{j, p}, {l, ¢} } satisty property P.

e Vp,g € Sire ga all of {{i,p},{/{,r}}, {{i,q},{kﬂ’}}, {{i,p},{l,r}} and {{iaQ}a{Lr}}

satisfy property P, so by Lemma 5.1, both {{p, ¢}, {k,r}} and {{p, ¢}, {l, 7} }, satisfy prop-
erty P. Similarly, we can see that Vp € S, ¢, € S, both {{p,i},{q,r}} and {{p, i}, {q,7}}
satisfy property P.

e Vp,qg € S,r,t € S, both {{p,i},{r,t}} and {{q,i},{r,t}} satisfy property P, thus by
Lemma 5.1, {{p, ¢}, {r,t}} satisfies property P.

This means that {i,j} U S is a plausible set for A, which, by Lemma 5.2, is a cut in some

PME . . . . .. . . . .
C = A. Since at Line 23, we insist on a minimal satisfying assignment (an assignment where

flipping any 1s to 0s causes the CNF to be unsatisfied), the cut output must be a minimal cut.
O

5.1 Proof of Lemma 5.1

Lemma 5.1 (restated). Let A € F™*" satisfy property R with n > 4. Suppose {{i,j},{k,lo}}

and {{i,7},{k,l1}} satisfy property P. Then {{i,j},{lo,l1}} satisfies property P.
Proof: We use the following lemma:

Lemma 5.4 ([CGGR25, Lemma 3.2]) Let A be an n x n matriz over F with nonzero off-
diagonal entries. Let S C [0..n) be a cut in A. Then, for any T C [0..n) the following
holds.

1. If T or T is a subset of S or S, then T is a cut in A if and only if T is a cut in ct(4,S).
2. Otherwise, T is a cut in A if and only if TAS is a cut in ct(A,S).
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Observation 5.1 Let A € F™™ and let {{i,j},{k,1}} satisfy property P. Then either {i,j}
is a cut in A[{i, ], k,l}] or both {i,k} and {j,k} are cuts in A[{i,7,k,l}| (while {i,j} is not).

Proof: By definition, there exists C''= A[{i, ], k,1}] such that {i,j} is a cut in C. If {i,j}
is a cut in A, we are done. Suppose it is not, then by Lemma 2.7, there exists a cut in
Al{i, j, k,1}], which we assume without loss of generality is {i,k}, such that {i,j} is a cut
in ct(A[{s,J, k,1}],{i,k}). Since both {i,j} and {7, k} are cuts in ct(A[{7, ], k,(}],{i,k}), by
Lemma 5.4, {i, 7}A{i,k} = {4, k} is a cut in A[{i, ], k,[}]. O

Now we prove Lemma 5.1. Assume without loss of generality that {{0,1},{2,3}} and
{{0,1},{2,4}} satisfy property P. We look at the following cases:

1. {0,1} is a cut in both A[{0,1,2,3}] and A[{0,1,2,4}]: {0,1} would be a cut in
A[{0,1,2,3,4}] and hence, in A[{0,1,3,4}].

2. {0,1} is not a cut in either A[{0,1,2,3}] or A[{0,1,2,4}]: By Observation 5.1, {0,2}
and {1,2} are cuts in both A[{0,1,2,3}] and A[{0,1,2,4}]. This means {0,2} and {1, 2}
are cuts in A[{0,1,2,3,4}], and by Lemma 5.4, {0,2}A{1,2} = {0,1} is a cut in C =
ct(A[{0,1,2,3,4}],{1,2}). Thus, {0,1} is a cut in C[{0,1,3,4}] = A[{0,1,3,4}].

3. {0,1} is a cut in A[{0,1,2,3}] but not in A[{0,1,2,4}]: By Observation 5.1, {0,4}
and {1,4} are cuts in A[{0,1,2,4}]. Since A satisfies property R and {0,1} is a cut
in A[{0,1,2,3}], either A[{0,1},{2,3,4}] or A[{0,1,4},{2,3}] is rank one; and either
A[{2,3},{0,1,4}] or A[{2,3,4},{0,1}] is rank one.

(a) If A[{0,1},{2,3,4}] and A[{2,3,4},{0,1}] are rank one, then {0,1} is a cut in
A[{0,1,3,4}].

(b) If A[{0,1,4},{2,3}] and A[{2,3},{0,1,4}] are rank one, then {0,4} is a cut in
Al{0,2,3,4}]. But {0,4} is a cut in A[{0,1,2,4}], which means {0,4} is a cut
in A[{0,1,3,4}]. Similarly, {1,4} is a cut in A[{1,2,3,4}] and A[{0,1,2,4}], and
thus in A[{0,1,3,4}]. Thus, by Lemma 5.4, {0,4}A{1,4} = {0,1} is a cut in
ct(A[{0,1,3,4}],{1,4}).

(c) If A[{0,1,4},{2,3}] and A[{2,3,4},{0, 1}] are rank one, then,

x % a b x
* *x aa ab x
A[{0,1,2,3,4} = |¢ v¢ * x %
d vd * % x
e ve Pa pb *
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If we consider the fact that {0,4} and {1,4} are cuts in A[{0,1,2,4}], we can see
that {0, 1} must be a cut in A[{0,1, 3,4}].

[« % a b %e 1

% x  aa ab %‘56
A[{0,1,2,3,4}}=|c ~vyc * x dc
d ~d *x *x x

e ve Ba Bb x|

If A[{0,1},{2,3,4}] and A[{2,3}, {0, 1,4}] are rank one, a similar analysis with the

transpose holds.

5.2 Proof of Lemma 5.2

Lemma 5.2 (restated). Let A € F™"*" satisfy property R with n > 4, and let S C [0..n) with
2 <|S| <n—2. Then S is a plausible set for A if and only if there exists a matrizc C'= A
such that S is a cut in C.

Proof: The reverse direction trivially follows from the definition of a plausible set, so we prove
the forwards direction. We prove it in three stages: when S is of size 2, when S is minimal and

finally the general case.

5.2.1 When S is of size 2

Suppose S is a plausible set for A of size 2. Define a binary relation ~ on S as follows:
e~ f < e=for A[SU{e, f}] has cut S.

It is easy to see that ~ is an equivalence relation on S. For all e € S, let T, be the equivalence
class of e, and T, = S\ T..

Claim 5.1 Given an n x n matriz A with non-zero off-diagonal entries, suppose S = {sg, $1}
is a plausible set for A. Then either S is a cut in A or for alle € S, both {so} UT, and {s,}UT,

are cuts in A.

Proof:
We prove by induction on n. Assume without loss of generality S = {0,1}. If n = 4, we

have two cases:
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1. If 2 ~ 3, then {0,1} is a cut in A.
2. If 2 o4 3, then by Observation 5.1, {0,2},{1,2}, {0,3} and {1, 3} are all cuts in A.

Now we handle the induction case for n > 5.
Claim 5.2 If for some e € [n]\ {0,1}, |T.| > 2, then both {0} UT, and {1} UT, are cuts in A.

Proof: For each f € T,, note that {0, 1} remains a plausible set for A[[0..n)\ {f}] and since
f € T,, T. remains the same for A[[0..n)\ {f}] as well. By induction, either {0, 1} is a cut of
A[[0..n)\ {f}] or both {0} UT, and {1} UT, are cuts of A[[0..n)\ {f}].

We now show that {0,1} cannot be a cut in A[[0..n)\ {f}] for any f € T,; suppose {0,1}
were a cut of A[[0..n)\ {f}]. Without loss of generality, let {f, g} C T.. Then {0,1} would be
a cut in A[{0, 1, e, g}], contradicting the fact that g € T,. Thus, both {0} UT, and {1} UT, are
cuts of A[[0..n)\ {f}] and A[[0..n) \ {g}], making both {0} UT, and {1} U T, cuts of A.

O
If there exists e € [0..7)\{0, 1} such that |T,| = 0, then for all f € [0..n)\{0,1,e}, A[{0,1,¢, f}]
has cut {0,1}. Thus, {0, 1} is a cut in A. Now suppose |T,| > 1 for alle € [0..n)\{0,1}. Then
for each e € [0..n) \ {0, 1},

1. If |T.| > 2, then by Claim 5.2, both {0} UT, and {1} UT, cuts of A.

2. If T, =1,1let T, = {f}. Then Ty =T, = [0..n) \ {0,1, f} and |Ty| =n — 3 > 2. Since
Ty ={f}, by Claim 5.2, both {0, f} and {1, f} are cuts in A, which means both {1} UT,
and {0} UT, are cuts in A.

O

By the above claim, either Sis a cut in A or foralle € [0..n) \ S5, {so} UT, and {s1} UT,

are cuts. If the latter is true, then by Lemma 5.4, ({so} UT.)A({s1} UT.) = S is a cut in
ct(A, {so} UT,).

O

5.2.2 When S is minimal

Claim 5.3 Let A € F™*" satisfy property R. If S is a minimal plausible set for A with |S| <
n — 2, then S is a minimal plausible set for A[[0..n)\ {e}] for alle € S.

Proof: We see that S is a plausible set for A[[0..n) \ {e}]. Suppose S is not minimal for
A[[0..n) \ {e}], which means there exists T C S that is plausible for A[[0..n) \ {e}]. Since T
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is not a plausible set for A, there exists {i,j7} C T, k € S\ T such that {{i,j},{k,e}} does
not satisfy property P. Let [ € S\ {e}. Since S is a plausible set for A, {{i,j},{l,e}} satisfies
property P. Since T is a plausible set for A[[0..n) \ {e}], {{7,7}, {k,(}} satisfies property P.
But by Lemma 5.1, {{i, 5}, {k, e}} must satisfy property P, a contradiction. Thus S must be a
minimal plausible set for A[[0..n) \ {e}]. O

We also require the following lemma:

Lemma 5.5 ([CGGR25, Lemma 3.6]) Let A and B be two n X n matrices with non-zero
PME

off-diagonal entries and A = B. Let S be a minimal cut of A of size greater than 2. Then, S

1s also a cut of B.

We now prove Lemma 5.2 for minimal plausible sets by induction on n. The base case
of n = 4 is already handled by the previous subsection as |[S| = 2. Now let n > 4, and S
be a minimal plausible set for A. Since |S| = 2 is already proven, we assume |S|,|S] > 2.
Let {f,g} € S. By Claim 5.3, S is a minimal plausible set for both A[[0..n) \ {f}] and
A[[0..n) \ {g}]. By induction there exist C; = A[[0..n)\ {f}] and C, = A[[0..n) \ {g}]
with S as a cut. Since S is a minimal plausible set for A[[0..n) \ {f}] and A[[0..n) \ {g}], it
must be a minimal cut for Cy and C,. Thus, by Lemma 5.5, S is a cut in A[[0..n) \ {f}] and
A[[0..n)\ {g}], and as a result, S is a cut in A.

5.2.3 General S

First, we state a few results that we need.

Lemma 5.6 ([CGGR25, Lemma 3.4]) Let A € F"*" with non-zero off-diagonal entries.
Let S C [0..n) be a cut in the matriz A and e € S, and suppose T C S is a cut in A[S U {e}].

Then, T is also a cut in the matriz A.

Lemma 5.7 ([ACG"26, Lemma 5.7]) Let A, B € F"*" with non-zero off-diagonal entries.
Let S C [0..n) be a cut in both A and B. Let s € S andt € S. Then A= B if and only if
A[SU{t}] = B[S U {t}] and A[S U {s}] = B[S U {s}]. Furthermore, if S is a minimal cut of
A, then A[S U{t}] has no cut.

We now prove the following:

Lemma 5.8 Let A € F™" matriz with non-zero off diagonal entries and S C [0..n) be a
cut of A. Let s € S,;t € S and M and N be two matrices such that M = A[S U {t}] and
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N = A[SU {s}]. Then, the matriz B defined as follows is principal minor equivalent to A.

S S
NJs,5
ST Ms] M[S.4 R
B =
S | NS i 9] NS

Nt,s]

Proof: It is easy to see that B[S U {t}] = M. We claim that B[S U {s}] = DND~! where
D e FUSHDx(SI4Y) js a diagonal matrix such that D[s] = %[[jg and Ve € S, Dle] = 1.

Observe that since A[s, t] and A[t, s| are non-zero, M s, t], M[t, s], N|s, t], N|t, s| are all non-
zero as well. Also, since M "= A[S U {t}] and N "= A[S U {s}], we have A[s,t]A[t,s] =

M]s,t|M|t, s] = N[s,t]N[t, s]. This means % = % Then

npol_ | W Ous [N_[s} Nis, S]] |3 Ous
O s | [NIS.s] NIS) | [0, Is,
[ WAl F NG S| (3 Ous
| NS, 5] NIS] Oia g
[ N REINES) _[ N]s] %{:fﬂms,é]]
CSEENIS s NIS) | NS NS |

Thus, B[SU{s}] = DND~', which implies B[SU{s}] = N = A[SU{s}]. By Lemma 5.7,
A= B m

Now we prove Lemma 5.2 for a general plausible set S by induction on n. The base case
n = 4 follows from the |S| = 2 case. Assume n > 4. Since we have already proven the lemma
when S is a minimal plausible set, we assume S is not minimal. Let 7" C S be a minimal
plausible set. Then, there exists a matrix C' '= A such that 7 is a cut in C. Let t € T.
Observe that S is a plausible set for A[T U {t}]. Since A[T U {t}] satisfies property R, by
induction, there exists a matrix N '= C[T U {t}] such that S is a cut in N. Let s € S\ T and
M = C[TU{s}]. Let C" "= C be the matrix constructed from Lemma 5.8 using M = C[TU{s}]
and N = C[T U {t}]. By construction, T'is a cut in C" and C'[T' U {t}] = N, thus C'"[T U {t}]
has S C T as a cut. By Lemma 5.6, S and thus S is a cut in C".
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Chapter 6

Reconstruction of Matrices with

Property R

In this chapter, we demonstrate how to reconstruct matrices satisfying property R given oracle
access to their principal minors of order at most 4. We first demonstrate how to reconstruct
matrices for n = 2, 3 and 4, then we present the reconstruction algorithm for matrices satisfying
property R without a cut. Finally, we extend the algorithm to general matrices satisfying
property R, irrespective of the presence of a cut.

We describe a ‘canonical’ form for matrices with non-zero off-diagonal entries that helps

simplify analyses of diagonally similar matrices.

Definition 6.1 (The function N) N is a function defined on n X n matrices with non-zero

off-diagonal entries as
N(B) = diag(1, B[0,1],..., B[0,n — 1]) - B - diag(1, B[0, 1], ..., B[0,n — 1]7").

Lemma 6.1 For any matrices B,C € F"*™ with non-zero off-diagonal entries,
e N(B) = B.
e For each i€ [1..n), N(B)[0,:] = 1.
e IfCZBandViec[l..n), B[0,i] =C[0,i] =1, then C = B.
e BZ(C <= N(B)=N(0).

Proof: The first two statements follow trivially from the definition of N. The fourth follows
from the first three, so we prove the third statement. Let D = diag(dy,...,d,_1) be the such
that C = DBD™!. Then for all i € [1..n), we have C[0,i] = dod; ' B[0,i]. We infer that dy = d;
for all 4, which makes D a scalar multiple of identity. Thus, C = DBD™' = BDD™! = B. O

29



6.1 Reconstruction of 2 x 2 and 3 x 3 matrices

The following observation allows us to reconstruct 2 x 2 matrices.
Observation 6.1 Let A € F?*2. Then, with 3 queries to PM4,4, we can reconstruct the follow-

ing matriz that is principal minor equivalent to A.

A[0] 1
A[0,1]A[1,0] A[1]

We now deal with reconstruction of 3 x 3 matrices.

Lemma 6.2 Let B € F3*? with non-zero off-diagonal entries. Then with 7 queries to PM4, and

an algorithm to compute square roots, we can reconstruct the following matriz that is principal

minor equivalent to A

where v is a root of the quadratic equation az® — bz + ¢ in z, with
e a = A[0,2]A[2,0].
o b= A[0,1]A[1,2]A[2,0] + A[0,2]A[2,1]A[L,0].
e c = A[0,1]A[1,0]A[1, 2]A[2, 1].

Proof: Let B be the reconstructed matrix. It is easy to see that A[S] = B[S] for all |S| < 2.

It is also easy to verify that

e a = det(A[{0,2}]) — A[0]A[2].

o b =det(A)— A[0]det(A[{1,2}]) — A[1] det(A[{0,2}]) — A[2] det(A[{0, 1}]) +2A[0] A[1] A[2].

o ¢ = (det(A[{0, 1}]) — AIOJA[1])(det(Al{1,2}]) — A[1]A[2)
Thus, we can form and solve the equation az? — bz + ¢. Since A[S] = B[S] for all |S| < 2, we
have

det(A) — det(B) = A[0, 1]A[1,2]A[2,0] + A[0,2]A[2, 1] AL, 0]
— BJ0,1]B]1,2]B[2,0] — B0, 2]B[2,1]B]1, 0]

:b—'ya—sz.
Y
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Thus, det(A) = det(B). O

PME

Corollary 6.1 Let A € F3*3 with non-zero off-diagonal entries and let B = A such that
B[0,1] = B[0,2] = 1. Then B must be one of the two possible matrices that Lemma 6.2 can
output.

Proof: Equating the order 1 and 2 principal minors of A and B, it can be easily seen that
B must have the same structure as in Lemma 6.2 for some value of 7. Equating det(A) and

det(B), we see that v must satisfy ay? — by + ¢ with a, b, ¢ as in Lemma 6.2. O

6.2 Reconstruction of 4 x 4 matrices

As arequirement of Algorithm 2, instead of reconstructing a single matrix, we discuss generating

a list of principal minor equivalent matrices which we define as follows:

Definition 6.2 (The set §4) Given A € F*** 8, is a finite set of 4 x 4 matrices defined as
follows:
84 ={N(A), N(AHYU{N(ct(A, T)): T C[0..4) is a cut in A.}

Claim 6.1 Given a matriz A € F¥* with non-zero off-diagonal entries, for all matrices C'=

A, there exists a B € 84 such that C £ B.

Proof: Suppose B'= A. Then by Lemma 2.7, either B = A or there exists a cut 7" in A such
that B = ct(A,T). If B = A, then either B = N(A) or B = N(AT). If B = ct(A, T), then either
B = ct(A,T) or B = ct(A,T)T = ct(A,T), implying B = N(ct(A,T)) or B = N(ct(A,T))
respectively. O

The following algorithm constructs the list $4 given PM4 4.
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Algorithm 3 Reconstruction of 4 x 4 matrices

Input: PM4, where A € F*** has non-zero off-diagonal entries.

Output: The set S4.

Assumption: Access to an oracle to compute square roots in F.
1: 84, Ri 9, Ro3, Ry3 + 0.
2: for (i,7) € {(1,2),(2,3),(1,3)} do

a + A0, 7]A[7, 0].

4 b« A[0,i] A4, j]A[7, 0] + A[0, j]Alj, 1] A[i, 0].

5 c < A[0,1][z,0] A, 5][4, 4]

6: Rij+{z€F:az*—bz+c=0}.

7

8

@

: end for
: for (o, 5,7) € Ri2 X Rag x Ry 3 do

AJ0] 1 1 1
Al0,1]A[1, 0] All] ! v
A0,2]A[2,0] AR2ARIT - g[9) i

A[O, 3]14[3, O] A[1,3iA[3,1] A[2,3}BA[3,2] A[?)]

©

PME

10: if B = A then

11: SA%SAU{B}.
12: end if
13: end for

14: return S 4.

Claim 6.2 Algorithm 3 outputs the set 84 as defined in Definition 6.2.

Proof: Let 8 be the set output by Algorithm 3. By Claim 6.1 and Lemma 6.1, it is easy
to see that 8' C 8,4. Let B € 84. Since B[0,1] = B[0,2] = B[0,3] = 1 and B[T] "= A[T] for
T € {{0,1,2},{0,2,3},{0,1,3}}, by Corollary 6.1, B must have the same structure as in Line

9. Thus, B € 8 which means & = 8 4. O

6.3 Reconstruction of cut-free matrices

In this subsection, we focus on reconstruction of matrices satisfying property R and without

cuts. To do so, we rely on the following lemma:

Lemma 6.3 ([ACG"26, Corollary 5.1]) Let n > 5 and A € F™™ be a malriz satisfying
property R and has no cut. Then there exists S C [0..n) with |S| > 3 such that for eachi € S,
A[[0..n)\ {i}] has no cut.
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Algorithm 4 Finding a sequence of indices satisfying no cut property
Input: PM4, where A € F"*" satisfies property R and has no cut. Two indices ig,4; € [0..7).

Output: A sequence of indices (i,_1,%n_2,-.-,%) such that V k € [3..n), A[{io, ..., ix}] has no

cut.

1: function NOCUTSEQUENCE(PM4 4,i¢,i1)

22 Q+ ()

3 J <+ [0..n)\ {ig, i1}

4 for k€ [0..n—2) do

5: for j € J do

6 if FINDCUT(PM4A[(JU{iO’i1})\{j}]) = ‘No cut’ then
7 Append j to Q.

8 J+— J\{j}.

9 Break out of inner for-loop.

10: end if

11: end for

12: end for

13: Append (i1,19) to Q.
14: return ().

15: end function

The correctness of Algorithm 4 follows trivially from Lemma 6.3.

Algorithm 5 Reconstruction of matrices with property R and no cuts
Input: PM4, where A € F™*" satisfies property R and has no cut.

PME

Output: A matrix B = A.

Assumption: Access to an oracle to compute square roots in [F.

1: function NOCUTRECONSTRUCT(PM4,)
2: (in—1,9n_2,--.,12,1,0) «— NOCUTSEQUENCE(PM44,0,1).

3: Let B be an uninitialised n x n matrix.
AJ0] 1
A0, 1JA[1,0] AQ1]|

b

B[{0,1}] «

5: for j€[2..n) do
AlO 1
o Bloape |, 0 L
A0, 7;]A[5, 0] Al
7: (kj, kj1, ..., ko, k1 = ij,0) <~ NOCUTSEQUENCE(PM4 4((01,is.....i;}]> 0, %)
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Algorithm 5 Algorithm to reconstruct matrices with property R and no cuts (continued)

8: for ¢ € {2,3,...,j} do

9: Let By, By be uninitialised matrices. Let T = {0, ko, ..., k¢_1}.
T Ky ky
T BT, k]
B|T UA{k
10: By~ Iy | (k)] * (* denotes uninitialised entry).

ke LBk T] = | Bk

T ky ky
BIT, k,

11: By +— K NBHT U k) | * | (N as defined in Definition 6.1).

ke LBlke,T) x| Bk
12: a < A0, ki) Alke, 0].
13: b« A0, k1| Alk1, ko) Alke, 0] + A[O, ko) Alke, k1] Alkq, 0].
14: ¢ < A[0, kq][k1, 0] ALk, kel [k, K1)
15: Let {70,71} be the roots of ay? — by + c.
16: for t € {0,1} do
17: Bolky, ke], B1lk1, ko] < .
18: Bylke, k], Bulke, k] < AlrhdAliel],
19: if V.S C{0,ky,... kb, |S| <4,B[S] = A[S] then
20: B[{0, k1, ..., ki}] < Bo.
21: break for-loop at Line 16.
22: else if V.S C {0, ky,...,k},|S| <4,B,[S] = A[S] then
23: B[{0,ky,...,ki}] < Bi.
24: break for-loop at Line 16.
25: end if
26: end for
27: end for
28: end for
29: return B.

30: end function

The correctness of Algorithm 5 follows by setting j = n — 1 in the following lemma:
Lemma 6.4 The following loop invariants hold for Algorithm 5:
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1. After each iteration of the loop at Line 8, B[{0,ky, ..., ke}] = A[{0,ky, ... ki}].
2. After each iteration of the loop at Line 5, B[{0,1,iy,...,i;}] Z A[{0,1,iy...,4;}].

Proof: We prove it by a nested induction on j and ¢. The base case of j = 3,/ = 3 follows
trivially from Lemma 6.2 and Lemma 2.5. Note that in this case, By = B;.

For ease of notation, let @, = {0,1,...,4;} and K; = {0, ky, ko, ..., k:}. Assume Item 2
holds for 7 — 1. Once again, the base case of ¢ = 3 follows from Lemma 6.2 and Lemma 2.5.
We now assume Item 1 holds for ¢ — 1. Recall that i; = k;, which means K, \ {k1} C Q;_:.
Furthermore, due to Algorithm 4, neither A[Q;] nor A[K;] have any cuts for all 2 < t < n.

From the induction hypothesis, one of the four cases can occur:

e B[Q; 1] = A[Q;_1] and B[K,_ 1] = A[K,_,]: By Lemma 6.1, B[Q;_1] = N(A)[Q;_1]
and B[Ky_1] = N(A)[K-1]. This would mean that at Line 10, By = N(A)[K,] except for
entries By[ky, k¢] and By[kg, k1], which are still uninitialised. Since N(A) = A, N(A)[ky, k]
must be one of the roots of the equation at Line 15, which means that there is at least one
value of vy for which the condition at Line 19 holds. Since A[K/| satisfies property R and
has no cut, by Lemma 2.8 and Lemma 2.5, at the end of the iteration of the for-loop at
Line 8, we would have B[K/] = A[K,]. Note that after the update, B[Q;_1] = N(A)[Q;_1],
so B[Q;_1] = A[Q;_1] remains true.

e B[Q; 1] = AT[Q;_1] and B[K,_,] = AT[K,_,]: Given PM4,, it is impossible to distinguish
between A and A”. Thus, the above analysis with A replaced with A7 holds in this case.

e B[Q; 1] = A[Q;_1] and B[K, ;] = AT[K,_,]: By Lemma 6.1, B[Q;_1] = N(A)[Q,_,] and
B[K;—1] = N(AT)[K(—1]. Since Ky—1 \ {k1} C Q;_1, we must have N(A)[K,_; \ {k1}] =
N(AT)[K¢_1 \ {k1}]. This would mean that at Line 11, B; = N(A)[K,] except for entries
By [ky, ke) and Bj[ky, ky], which are still uninitialised. Since N(A) = A, N(A)[ky, k] must
be one of the roots of the equation at Line 15, which means that there is at least one value
of v for which the condition at Line 22 holds. Since A[K,] satisfies property R and has
no cut, by Lemma 2.8 and Lemma 2.5, at the end of the iteration of the for-loop at Line
8, we would have B[K/] = A[K/]. Note that after the update, B[Q;_i] = N(A)[Q;_1], so
B[Q,_1] = A[Q;_,] remains true.

e B[Q;_1] = AT[Q; 1] and B[K, 1] = A[K,_1]: The above analysis with A replaced with

AT holds in this case.
Upon exiting the for-loop at Line 8, since Q; = K, B[Q;] = AlQj]. O
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6.4 Reconstruction of matrices with cuts

For the general reconstruction algorithm, we rely on Lemma 5.7 to recurse on smaller subma-

trices.

Algorithm 6 Reconstruction of matrices with property R
Input: PM4, where A € F™*" satisfies property R and has no cut.

Output: A matrix B = A.

1: function RECONSTRUCT(PM4,)
2 S < FINDCUT(PM4,).
3 if S= ‘No cut’ then
4 return NOCUTRECONSTRUCT(PM4 )
5: else > S is a minimal cut in some C''= A
6 LettcS,scS.
7 By <= NOCUTRECONSTRUCT(PM4 4150113))-
8 By <= RECONSTRUCT(PM4 45u(4y])-
S S
S BolS] B[S, 1] - 21

B [S,t}

return

©

S [ 208l g, 9] By[S]

B1 [t,s]

10: end if

11: end function

Since we recurse on smaller sub-matrices, the above algorithm runs in polynomial time. Its
correctness follows easily from Lemma 5.7 and the fact that Algorithm 2 outputs a minimal cut

. PME
in some C = A.

36



Chapter 7
Conclusion

We demonstrated an algorithm to solve PMAP for matrices with property R, and used it to find
randomised polynomial time algorithms, that can be derandomised in quasi-polynomial time,
for learning read-once determinants and black-box PMAP. Some possible avenues for future

work include:

e Given a polynomial class € and a multivariate polynomial f, equivalence testing is the
problem of checking if there exists a polynomial g € € and an invertible matrix A such
that f(x) = g(Ax). Equivalence testing of polynomials of the black-box PMAP form
det(A+ X) easily follows from a suitable black-box factorisation algorithm [KT90]. What
about equivalence testing of read-once determinants? The reduction from learning RODs
to black-box PMAP fails to work for this case. It is not known if efficient algorithms exist

for equivalence testing of RODs, nor if it is NP-hard.

e Adding to the previous problem, we can also ask about the existence of a sub-exponential
deterministic black-box PIT algorithm for the orbit of RODs: a polynomial g is in the
orbit of a polynomial f if there exists an invertible matrix A such that g(x) = f(Ax).
No sub-exponential deterministic black-box PIT is known for the orbit of RODs. Even
sub-exponential deterministic black-box PIT for the orbit of the determinant polynomial

is an open question.
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