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Abstract

Two of the most common ways in which arithmetic circuits can be restricted is by requiring
that they be constant read or constant depth. Over the last decade, constant depth circuits
have received a lot of attention in the arithmetic circuit literature as proving strong enough
lower bounds for constant depth arithmetic circuits imply lower bounds for general arith-
metic circuits. The orbits of constant read models are extremely interesting because the orbit
closures (i.e. the border of the orbit) of some constant read models capture arithmetic for-
mulas and algebraic branching programs. In this thesis we study some problems about the
orbits and borders of certain constant read models as well as the lower bound problem for
constant depth arithmetic circuits.

The orbitof f € [F[xy,...,x,]is defined asorb(f) := {f(Ax+Db) : A € GL(n,F),b € F"},
where x = (x1...x,)T. The orbit of a circuit class C is defined as the union of the orbits of
all polynomials computable by circuits in C. In our first work, we study the (black-box) PIT
problem for the orbits of low individual degree commutative ROABPs, multilinear constant
width ROABPs, constant depth constant occur formulas, and occur once formulas. We give
quasi-polynomial time PIT algorithms for all four models. The PIT algorithm for the first
model implies a quasi-polynomial time PIT algorithm for orbits of elementary symmetric
polynomials and multilinear sparse polynomials. A quasi-polynomial time PIT algorithm
for the orbits of {IMM3 ;} <N is obtained as a corollary to the PIT algorithm for the orbits
of multilinear constant width ROABPs. Also, the PIT algorithm for the third model yields a
quasi-polynomial time PIT algorithm for orbits of multilinear depth 4 circuits with constant
top fan-in as well as polynomial time PIT algorithms for the orbits of the sum-product poly-
nomials and power symmetric polynomials. These results are obtained by building upon
and strengthening the rank concentration by translation technique of [ASS13].

In our second work, we study the equivalence test problem for read-once arithmetic
formulas (ROFs) as well as the polynomial equivalence problem for the orbits of ROFs. Two
polynomials f, g are said to be equivalent if ¢ € orb(f). The equivalence test problem for
ROFs is as follows: given black-box access to an n-variate polynomial f check if it is in

111



Abstract

the orbit of an ROF. If yes, output an ROF C as well as A € GL(n,F),b € F" such that
f = C(Ax+b). In other words, it is the circuit reconstruction problem for orbits of ROFs.
The polynomial equivalence problem for the orbits of ROFs is the following: given black-box
access to n-variate polynomials f, g in the orbits of two unknown ROFs, determine if f and g
are equivalent. If yes, then output A € GL(n,F),b € F” such that g = f(Ax + b). We give
the first randomized polynomial time equivalence testing algorithm for ROFs. We also give
the first randomized polynomial time algorithm for the polynomial equivalence problem
for orbits of additive constant free ROFs which are a slightly restricted class of ROFs. These
results are obtained by analyzing the Hessian determinant and the set of essential variables
of an ROF.

In our third work, we study the lower bounds problem for constant depth arithmetic
circuits. In a breakthrough work, Limaye, Srinivasan, and Tavenas [LST21] resolved the
long-standing open problem of proving super polynomial lower bounds for constant depth
arithmetic circuits. Their proof involves a hardness escalation step wherein the problem of
proving lower bounds for constant depth homogeneous circuits is reduced to the problem of
proving lower bounds for set-multilinear circuits. We give a more direct proof of their result
by avoiding this hardness escalation step. As this step introduces an exponential blow-up
in the circuit size, our proof opens up the possibility of proving exponential lower bounds
for constant depth homogeneous circuits. Our lower bounds hold for the IMM and Nisan-
Wigderson design polynomials. They are obtained by directly upper bounding the shifted
partials and affine projection of partials (APP) measures of constant depth homogeneous
circuits. We hope that this would help in obtaining average case reconstruction algorithms
for constant depth homogeneous circuits via the lower bounds to learning framework intro-
duced in [KS19a, GKS20, BGKS22].

Finally, in our fourth work, we study the border of sums of 2 ROFs. The border of a circuit
class C consists of all polynomials that can be “approximated” by a sequence of polynomials
computable by circuits in C. The border of ROFs is contained in ROFs. We show that the class
of sum of k many n-variate ROFs is not closed under the border for 2 < k < . Nevertheless,
we prove that the border of sums of 2 n-variate additive constant free ROFs is contained in
the sum of O(n) many ROFs. We also give a quasi-polynomial time PIT algorithm for the
border of sum of 2 homogeneous depth-5 ROFs.
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Chapter 1
Introduction

The central open question in the area of computational complexity is the celebrated P Z NP
problem which asks whether there is a computational problem that can be solved efficiently
by a non-deterministic Turing machine but not by a deterministic Turing machine. The most
widely used method for proving that Turing machines can not perform some computation
in a given amount of time is the celebrated diagonalization technique introduced by Georg
Cantor in 1894 to show that there are strictly more real numbers than rational numbers.
When Alan Turing introduced the notion of Turing machines, he used diagonalization to
prove the existence of computational problems that can not be solved by any Turing ma-
chine. In particular, he showed that the Halting problem, which asks whether a Turing
machine M will ever halt if run with input string x, can not be decided by any Turing ma-
chine. In doing so, he gave a negative answer the Entscheidungsproblem posed by David
Hilbert and Wilhelm Ackermann. In subsequent decades, diagonalization was used to prove
a wide variety of results showing various limitations of Turing machines. Some examples
of these results are the “hierarchy” theorems [HS65, Coo72] for both deterministic and non-
deterministic Turing machines as well as Ladner’s result [Lad75] establishing the existence
of problems that are neither in P nor in NP if P # NP. However, in 1975 Baker, Gill, and
Solovay showed that the diagonalization technique has some serious limitations [BGS75].
They proved that diagonalization can not be used to resolve the P Z NP question.! This
result is known as the relativization barrier.
After the discovery of the relativization barrier, computational complexity theorists turned

their attention to studying models of computation like Boolean circuits. A Boolean circuit
is a directed acyclic graph whose nodes are called gates and edges are called wires. Every

!Interestingly this limitation of diagonalization was itself proved using diagonalization!



gate with in degree 0 is labelled by a variable or 0/1 and these are called the input gates.
All other gates are AND, OR, or NOT gates. Gates with out degree 0 are the output gates.
A Boolean circuit with m output gates and with n variables naturally computes a function
f:{0,1}" — {0,1}"™.! The proof of the well-known Cook-Levin theorem [Co071, Lev73]
shows that the computation performed by any Turing machine M can be captured by a fam-
ily of Boolean circuits {C,}, ., with G, capturing the computation performed by M on
inputs of size n. Thus, one can certainly hope that studying the limitations of Boolean cir-
cuits will help us better understand the limitations of Turing machines. Researchers have
defined many sub-classes of Boolean circuits and studied the relative computational pow-
ers of these sub-classes. Decades of efforts have resulted in a rich body of literature on the
limitations of these sub-classes of circuits and about the relationships between them.

The computational model studied in this thesis is an algebraic analogue of Boolean cir-
cuits variously called arithmetic circuits, algebraic circuits, or straight line programs. Just
like a Boolean circuit, an arithmetic circuit is also a directed acyclic graph with input and
output gates. However, in an arithmetic circuit the input gates are labeled by either variables
or elements from some field F. Also, instead of AND, OR, and NOT gates, an arithmetic cir-
cuit has + and x gates. An arithmetic circuit (with one output gate) naturally computes a
polynomial. The polynomial computed by an arithmetic circuit can be defined recursively
as follows: All input gates compute the variable or field element labeling them. A + gate
computes the sum of its inputs and a x gate computes a product of its inputs. The polyno-
mial computed by the circuit is the polynomial computed by its output gate. The size of a
circuit is the number of edges in it while the depth of a circuit is the length of the longest
path in it. See Definition 2.1 for a formal definition of an arithmetic circuit.

Just as Boolean circuits can capture the computation performed by Turing machines,
arithmetic circuits can be used to capture Boolean circuits: an AND gate with inputs f1, ..., fx
can be replaced by a x gate with the same inputs. A NOT gate with input f can be re-
placed by a + gate with inputs f and —1, while every OR gate can first be replaced by
AND and NOT gates using De-Morgan’s laws and then these gates can be replaced by +, x
gates as just described. Note that an arithmetic circuit constructed in this manner from a
Boolean circuit agrees with the Boolean circuit on all Boolean inputs. This method of con-
verting Boolean computation into algebraic computation is called arithmetization and has
been widely used in complexity theory as well as cryptography to great effect. A couple of
examples of this are the proof of IP = PSPACE [Sha92] and the vast body of literature on
succinct zero-knowledge proofs (see [Tha22] for a survey). Furthermore, arithmetic circuits

!Generally, the Boolean circuits studied in computational complexity theory have a single output gate.
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are a natural model for studying many problems with an algebraic flavour frequently en-
countered in computer science. Some such problems are matrix multiplication, determinant
computation, polynomial multiplication, interpolation, and factorization. Algorithms for
these problems can be described as a sequence of additions and multiplications and there-
fore, as arithmetic circuits.

In his seminal 1979 paper [Val79], Leslie Valiant introduced the algebraic complexity
classes VP and VNP and initiated the study of computational hardness for arithmetic circuits;
VP and VNP can be thought of as the algebraic versions of P and NP.! To define VP and VNP
we first fix a field IF. Then VPp is a class of all polynomial families { f,; } ,en over FF such that
there exists a polynomial function ¢ : IN — IN, such that for all n > 1, f, is a polynomial in
at most f(n) variables, of degree at most (1) and computed by an arithmetic circuit of size
at most t(n). VNP is a class of all polynomial families { f, },en over a field IF such that there
exist polynomial functions k, ¢t : N — IN and a family of polynomials {g, }nen € VPE such
that foralln > 1,

fn(xl,...,xk(n)) = Z gt(n)(xl,...,xk(n),wl,...,wt(n)).
we{0,1}n)

It is easy to see that VP C VNP; Valiant conjectured that this containment is strict. To date,
the conjecture remains wide open and is the central open problem in algebraic complexity. In
the following section, we discuss the considerable body of literature that has been developed

about arithmetic circuits as well as the progress made towards this conjecture.

1.1 Algebraic complexity theory

We divide the discussion of the literature on arithmetic circuits into three fundamental cat-
egories: results on lower bounds for arithmetic circuits, polynomial identity testing algo-
rithms, and circuit reconstruction algorithms. These are discussed in Sections 1.1.1, 1.1.2,
and 1.1.3 along with the close relationships between these categories. In Section 1.1.4, we
talk briefly about geometric complexity theory and introduce orbits and borders, two ob-
jects studied in this thesis.

1.1.1 Lower bounds

Do there exist polynomial families {f,} where f, is a polynomial in poly(n) variables

nelN’/
and of poly(n) degree such that for any circuit family {C,}, ., where C, computes f,;, C,

must have size which is super-polynomial in n? The answer to this question is a resounding

! Actually VP is much closer to the class NC and VNP to the class #P.
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yes; it can be shown that most polynomial families can not be computed by families of cir-
cuits with polynomial size. The lower bounds problem asks this very question but requires
that the polynomial family {f, }nelN be “explicit”. There are a few ways to formalize the no-
tion of an explicit polynomial family; in this thesis, when we say that a polynomial family is
explicit, we mean that it is in VNP. Note that since VP is the class of all polynomial families
of polynomial degree computed by families of polynomial sized circuits, the lower bounds
problem is just another way to phrase the question of whether VP < VNP.

The VP = VNP problem has some direct implications on the lower bounds question
for Boolean circuits. Burgisser has shown that if VP = VNP over a finite field then the
non-uniform versions of P and NP, viz. P/poly and NP/poly are also the same [Btir00].
Burgisser also proved a similar result for fields of characteristic 0 in the same work, but this
result assumes the Generalised Riemann Hypothesis. It is known that if P/poly = NP /poly,
then the polynomial hierarchy collapses to the second level. Thus, it is unlikely that VP =
VNP and we expect the lower bounds question to have an affirmative answer. The lower
bounds question also has deep connections to the existence of efficient polynomial identity
testing and circuit reconstruction algorithms, but we defer a discussion of these connections
to Sections 1.1.2 and 1.1.3, respectively.

To make progress towards the VP < VNP problem, researchers have defined many
restricted classes of arithmetic circuits and proved various lower bounds for these circuit
classes. They have also shown that proving strong enough lower bounds for some of these
restricted classes of circuits would actually imply that VP # VNP. We now give a brief
account of various known lower bound results.

Prior work!

General circuits and formulas. Not much is known about lower bounds for general arith-
metic circuits and formulas computing explicit polynomials. Baur and Strassen [BS83, Str73]
proved that any arithmetic circuit computing the power symmetric polynomial (PSym,, ; :=

xf + -+ + x%) or the elementary symmetric polynomial (ESymy, 4 := Yscn): I ]ics xi) must

|S|=d
have size )(nlogd); both these lower bounds are tight. However, we do expect there to be

polynomials in VNP which require exponential sized circuits. Yet, to date no lower bound
stronger than the Q)(nlogd) is known for general arithmetic circuits.
The best-known lower bound for general arithmetic formulas is quadra’dc.2 [Kal85]

!This account of the known lower bounds result appears in a joint work with Prashanth Amireddy, Ankit
Garg, Neeraj Kayal, and Chandan Saha [AGK23].
2 Arithmetic formulas are arithmetic circuits whose underlying graph is a tree.



proved that any arithmetic formula computing the polynomial }; ic(, x{:yj must have size
Q(n?). Recently, [CKSV22] proved an Q(n?) lower bound for arithmetic formulas comput-
ing ESym, ,,. They also showed that any ‘layered” Algebraic Branching Program (ABP)
computing PSym, , has size Q(n?). ABPs are algebraic analogues of (Boolean) branching
programs and, as a model of computation, are known to be at least as powerful as formulas.
Because of the apparent difficulty of proving lower bounds for general models of computa-
tion, restricted classes of circuits like multilinear, homogeneous, and low-depth circuits have
received a lot of attention in the last few decades. We now discuss a few results for these
models.

Multilinear and set-multilinear circuits. A circuit or formula is said to be multilinear if
every gate in it computes a multilinear polynomial. [RSY08] showed a lower bound of
Q(n*/3/ log? n) for syntactically multilinear circuits. This lower bound was improved to an
QO(n2/ log® n) bound in [AKV18]. Unlike the case of general circuits and formulas, a super-
polynomial separation is known between multilinear circuits and formulas. [Raz06, RY08]
proved that there exists a polynomial computable by polynomial-size multilinear circuits
but can only be computed by multilinear formulas of size n(°8") [DMPY12] showed a
similar lower bound but for a polynomial computable by a polynomial-size multilinear ABP.

Exponential lower bounds are known for low-depth multilinear circuits. A lower bound
of 2"™'*) for multilinear circuits of product-depth A = o(logn/loglogn) computing the
n X n permanent and determinant was shown in [RY09]. [CLS19] proved a lower bound
of 22(A0%) for multilinear circuits of product-depth at most A < logd computing IMM, ;.
A quasi-polynomial separation between product-depth A multilinear circuits and product-
depth A + 1 multilinear circuits was proved in [RY09] and improved to an exponential sep-
aration in [CELS18].

Notice that the lower bounds mentioned in the previous paragraph are of the form

no)

- f(d) where f(d) is a superpolynomial but sub-exponential function of the degree.
Borrowing terminology from parameterised complexity, [LST21] calls such lower bounds
FPT lower bounds. As pointed out in [LST21], it is unclear if FPT bounds can be used
to prove lower bounds for low-depth circuits. [LST21] and later [BDS22] prove a non-
FPT lower bound of n"*" for set-multilinear formulas of product-depth A computing
IMM,, ; when d = O(logn). These lower bounds are then used to prove super-polynomial
lower bounds for low-depth circuits. In [TLS22], a non-FPT lower bound of (log n)Q(AdUA)
is proved for set-multilinear formulas of product-depth A = O(logd) computing IMM,, ;.

They also prove a lower bound of (log 7)2(1°84) for any set-multilinear formula computing

5



IMM,, 4. [KS22] proved a lower bound of n(@%/8) for set-multilinear formulas of product-
depth A computing the Nisan-Wigderson design polynomial. Later [KS23b] improved this

Q(dl/A/A)

result by obtaining an n lower bound for depth A set-multilinear formulas comput-

ing a polynomial P, which can be computed by a set-multilinear ABP. They also show that

any set-multilinear formula of arbitrary depth computing P,, must have size n2(1084),

Homogeneous and low-depth circuits. A long line of work [VSBR83, AV08, Koil2, GKKS16,
Tav15] on depth-reduction results has shown if an n-variate, degree-d polynomial can be
computed by an arithmetic circuit of size s, then it can also be computed by a ZTTZ! circuit of
size sO(V4) as well as by a homogeneous ZITEI? circuit of size sOVd) Thus, an n2V4) Jower
bound for either XIIX circuits or homogeneous XIIXIT circuits would yield a separation
between VP and VNP. Motivated by these depth reduction results, a significant body of
work has developed for lower bounds against constant depth circuits.

[SS97, Raz10] proved a lower bound of Q(An'*1/2) for depth A circuits with multiple
output gates. In a classic work [NW97], Nisan and Wigderson showed that any homo-
geneous depth 3 circuit computing ESym,, ; has size (%)Q(d). A series of papers [Kay12b,
GKKS14, KSS14, FLMS15, KLSS17, KS17b] resulted in an n2Vd) 1ower bound for homoge-
neous depth 4 circuits computing the Nisan-Wigderson design polynomial and IMM,, ;.

[SWO1] proved a quadratic lower bound for depth 3 circuits computing elementary sym-
metric polynomials of degree ()(n). This was improved to an almost cubic lower bound
in [KST16a] for a polynomial in VNP. Subsequently, [BLS16, Yaul6] proved similar lower
bounds for polynomials in VP. [GST20] obtained a lower bound of Q(n2°) for depth 4
circuits computing the Nisan-Wigderson design polynomial. In a recent breakthrough work

A
[LST21], Limaye, Srinivasan, and Tavenas proved a lower bound of p @/ 0 /8)

for product-
depth A circuits computing IMM,, 4, d = O(logn). [BDS22] improved this to a lower bound

of U@V /8) L here ¢ = (vV5+1)/2~1.618.

We refer the reader to an excellent survey on lower bounds by Saptharishi (and other
contributors) [Sap] for more details about the above mentioned results.

1.1.2 Polynomial identity testing

Given a polynomial f, is there an efficient algorithm that can determine whether f is identi-
cally zero or not? We say that a polynomial is identically zero (denoted by f = 0) if the coeffi-

A depth 3 circuit with alternating layers of + and x gates with a + gate at the top.
2A depth 4 circuit with alternating layers of + and x gates with a + gate at the top.
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cients of all the monomials in itare 0.! Algebraic geometers have known for at least a century
and a half that if an n-variate polynomial f is not identically zero and the field IF it is defined
over is sufficiently large, then it will be non-zero at most of the points (a3, ...,a,) € F". The
celebrated Schwartz-Zippel lemma [Ore22, DL78, Sch80, Zip79] shows that if f is a non-zero

n-variate, degree d polynomial then for any S C T,

Pr (f(al,...,an)=0)§i.
(a1,...,80)ES" | ‘
This gives a natural randomised polynomial time algorithm for checking if f is identically
zero or not: fixan S C F, |S| > 2d, pick (a3, ..., a,) uniformly at random from S" and check
if f(ay,...,an) < 0. The Schwartz-Zippel lemma has played a crucial role in the proof of
IP = PSPACE [Sha92] and is also used in almost all succinct zero knowledge proofs.

The Polynomial Identity Testing (or PIT for short) problem asks if there is a deterministic
polynomial time algorithm to determine whether a given polynomial is identically zero or
not. Note that there are multiple ways to give a polynomial as input: it can be given as
a list of coefficients, as an arithmetic circuit, or we can be given black-box/oracle access
to the polynomial.? Since the PIT problem becomes trivial when the polynomial is given
as a list of coefficients, we only consider the situations in which either a circuit computing
the polynomial or black-box access is given. The PIT problem for these two situations is
referred to as the white-box PIT problem and the black-box PIT problem, respectively. The
latter is also known as the hitting-sets problem. A hitting set # C IF” for a circuit class C
is a set of points such that for any f # 0 € C, there exists an (ay,...,a,) € H such that
f(ay, ..., an) # 0. It is not difficult to see that a deterministic polynomial time black-box PIT
algorithm exists for a circuit class C if and only if there exists a polynomial time constructible
hitting set for that class.

The PIT problem is one of the flagship de-randomization problems studied in theoretical
computer science. It has connections to proving computational hardness results as well as
to other important problems in algorithm design. The connection between PIT and com-
putational hardness was established in [HS80, KI04, Agr05]. [KIO4] showed that a sub-
exponential time algorithm for the PIT problem in the white-box or the black-box setting im-
plies that either NEXP Z P/poly or that the permanent polynomial can not be computed by

!Note that this is not the same as a polynomial evaluating to zero over the entire field; x> — x over IF, is a
good example of a polynomial that is zero over the entire field but is not identically zero.

2By black-box access to a polynomial f € FF[xy, ..., x,]|, we mean the ability to evaluate f(ay,...,a,) at any
(ay,...,a,) € F"in unit time.



polynomial sized arithmetic circuits. [HS80, Agr05] proved that a deterministic polynomial
time algorithm for black-box PIT would imply that there exists a polynomial which requires
exponential size circuits and whose coefficients can be computed in PSPACE. [KI04] showed
that an exponential lower bound for arithmetic circuits would imply a quasi-polynomial
time PIT algorithm. The celebrated deterministic primality testing algorithm of Agrawal,
Kayal, and Saxena [AKS04] was obtained by de-randomizing an instance of a polynomial
identity test from [ABO3]. Further, a deterministic polynomial time algorithm for PIT can be
used to de-randomize the isolation lemma of Mulmuley, Vazirani, Vazirani [MVV87]; this

would yield a deterministic parallel algorithm for finding perfect matchings in graphs.
Prior work!

Constant-depth models. The polynomial-time hitting set construction for depth-2 circuits
(i.e., sparse polynomials) in [KS01] is one of the widely used results in black-box PIT. Depth-
3 circuit PIT has also received a lot of attention. [DS07] gave a quasi-polynomial time PIT
algorithm for depth-3 circuits with constant top fan-in by showing a structural result on the
rank? [KS07] improved the complexity to polynomial-time using a different method, which
is based on a generalization of the Chinese Remaindering Theorem (CRT). The structural
result of [DS07], along with the rank extractors of [GR08], played a central role in devising
polynomial-time constructible hitting sets for depth-3 circuits with constant top fan-in over
Q by [KS11], [KS09b], [SS13]. Ultimately, a combination of ideas from the CRT method and
rank extractors led to a polynomial-time hitting set construction for the same model over
any field [SS12, SS13]. Meanwhile, [Sax08], [Kay10] gave polynomial-time PIT for depth-3
powering circuits. Using ideas from [KS07], [Sax08], [SSS13] gave polynomial-time PIT for
the sum of a depth-3 circuit with constant top fan-in and a semi-diagonal circuit (which is a
special kind of a depth-4 circuit). [SSS09] showed that polynomial-time PIT (hitting sets)
for the affine projections of IMM, ; implies polynomial-time PIT (hitting sets) for depth-3
circuits.

A quasi-polynomial time hitting set for set-multilinear depth-3 circuits with known variable-
partition was given by [FS12]. Independently and simultaneously, [ASS13] gave a quasi-
polynomial time hitting set for set-multilinear depth-3 circuits with unknown variable-partition
(and more generally, for constant-depth pure formulas of [NW97]) using a different tech-
nique, namely rank concentration by translation. Set-multilinear depth-3 circuits (in fact, pure

formulas) form a subclass of ROABPs. [dOSIV16] gave subexponential-time hitting sets for

!This account of the known PIT result appears in a joint work with Chandan Saha [ST24].
ZRank of a depth-3 circuit is the number of linearly independent linear polynomials appearing in the “sim-
ple part” of a circuit.



multilinear depth-3 and depth-4 formulas (and more generally, for constant-depth multilin-
ear regular formulas) by reducing the problem to constructing hitting sets for ROABPs. For
multilinear depth-4 circuits with constant top fan-in, [KMSV13] gave a quasi-polynomial
time hitting set. This was improved to a polynomial-time hitting set in [SV18]. Multilinear
depth-4 circuits with constant top fan-in form a subclass of depth-4 constant-occur formu-
las. [ASSS516] gave a unifying method based on the algebraic independence technique in-
troduced by [BMS13] to design polynomial-time hitting sets for both depth-3 circuits with
constant top fan-in and constant-depth, constant-occur formulas over fields of large char-
acteristic. Recently, [BSV23] gave a polynomial time hitting set for constant-occur, depth-4
formulas over any field. A generalization of depth-3 powering circuits to depth-4 is sums
of powers of constant degree polynomials; Forbes [For15] gave a quasi-polynomial time hit-
ting set for this model. Recently, a sequence of works by [PS21, PS20] and [Shp19] led to a
polynomial-time hitting set for depth-4 circuits with top fan-in at most 3 and bottom fan-in
at most 2 via a resolution of a conjecture of Gupta [Gup14], [BMS13] on the algebraic rank of
the factors appearing in such circuits. [DDS21] gave a quasi-polynomial time PIT algorithm
for depth 4 circuits with constant top and bottom fan-in. In a breakthrough paper, Limaye,
Srinivasan, and Tavenas [LST21] proved super-polynomial lower bounds for low-depth cir-
cuits; this yields a sub-exponential hitting set for arithmetic circuits of depth o(logloglogn).

Constant-read models. [SV15] initiated the study of PIT for read-once formulas. They gave
a polynomial-time PIT algorithm and a quasi-polynomial time hitting set construction for
sums of constantly many preprocessed read-once formulas (PROFs). The leaves of a PROF are
labelled by univariate polynomials and every variable appears in at most one leaf; PROFs
form a subclass of occur-once formulas. Later, a polynomial-time hitting set construction
for the same model was given by [MV18]. A sum of k ROFs is a special case of a multi-
linear read-k formula. [AvMV15] gave a quasi-polynomial time hitting set construction for
multilinear read-k formulas. Their construction also works for multilinear sparse-substituted
read-k formulas, wherein the leaves are replaced by sparse polynomials and every variable
appears in at most k of the sparse polynomials. Observe that a sparse-substituted read-
k formula is an occur-k formula (without the powering gates), however the arguments in
[AvMV15] additionally require the multilinearity assumption.

A polynomial-time PIT for ROABPs follows from the PIT algorithm for non-commutative
formulas [RSO5]. [FS13] gave a quasi-polynomial time construction of hitting sets for ROABPs,
when the order of the variables is known; prior to their work, a quasi-polynomial time

hitting set for multilinear, constant-width, known-variable-order ROABPs was given by



[JQS10]. Building on the rank concentration by translation technique from [ASS13] and the
merge-and-reduce idea from [FS13], [FSS14] gave a quasi-polynomial time hitting set con-
struction for multilinear ROABPs (more generally, low individual degree ROABPs). Finally,
[AGKS15] obtained a quasi-polynomial time constructible hitting set for ROABPs using a
different and simpler method, namely basis isolation, which can be thought of as a general-
ization of the monomial isolation method in [KS01]. It was also shown later by [GKST17],
[FGS18] that translation by a basis isolating weight assignment leads to rank concentration,
and so, constructing a basis isolating weight assignment is a stronger objective than show-
ing rank concentration by translation. This fact was used effectively by [GKST17] to design
hitting sets for sums of constantly many ROABPs in quasi-polynomial time; they also gave a
polynomial-time PIT algorithm for the same model. A conjunction of the basis isolation and
the rank concentration techniques have been used to give more efficient constructions of hit-
ting sets for ROABPs by [GG20], sometimes under additional restrictions on the model such
as commutativity and constant-width [GKS17]. The latter work also gave a polynomial-time
hitting set for constant-width ROABPs, when the order of the variables is known. For read-k
oblivious algebraic branching programs, [AFS*18] obtained a subexponential-time PIT al-
gorithm.

Edmonds” model. An important special case of PIT is the following problem first posed by
Edmonds [Edm67]: given f = det(Ag + Y[y XiAi), where A; € F"*" is a rank-1 matrix for
every i € [n] and Ay € F"*" is an arbitrary matrix, check if f = 0. This case of PIT, which
can be thought of as a generalization of PIT for determinants of read-once symbolic matri-
ces, played an instrumental role in devising fast parallel algorithms for several problems
such as perfect matching, linear matroid intersection and maximum rank matrix completion
[Lov79, KUWS86, MVV87, FGT16, ST17, NSV94, Mur93, GT20]. A polynomial-time PIT for
this model is known [Edm79, Lov89, Mur93, Gee99, IKS10]. [GT20] gave a quasi-polynomial
time hitting set via a certain derandomization of the Isolation Lemma of Mulmuley, Vazirani,
Vazirani [MVV87]. It is interesting to note that hitting sets for the orbits of polynomials com-
putable by this model imply hitting sets for the orbit of the determinant polynomial and also
the orbit of the iterated matrix multiplication polynomial via a known reduction by Valiant
[Val79] from ABPs to p-projections of the determinant polynomial family.

Orbits and orbit closures.! A polynomial-time hitting set for the orbit of the power sym-

metric polynomial PSym, ; = x¥ + ...+ x4 was given by [KS21]. For the orbit closures of

1Gee Section 2.9 for a definition of the orbit of a polynomial.
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polynomials that are computable by low-degree, polynomial-size circuits (i.e., VP circuits),
[FS18], [GSS18] gave PSPACE constructions of hitting sets.

We refer the reader to the excellent surveys by Saxena [Sax09, Sax14], Shpilka and Yehu-

dayoff [SY10] for more details on some of the results and the models mentioned above.

1.1.3 Circuit reconstruction

Arithmetic circuit reconstruction is the problem of learning an arithmetic circuit given black-
box access to it. More precisely, given black-box access to an n-variate, degree-d polynomial
f, a circuit reconstruction algorithm has to output a circuit computing f, ideally in time
poly(n,d,s), where s is the size of the smallest circuit computing f. When one considers the
circuit reconstruction problem for a circuit class C, two natural variants emerge: the proper
reconstruction problem and the improper reconstruction problem. The proper circuit re-
construction problem requires that the circuit output by the algorithm also belong to the
class C, while the improper version of the problem imposes no such restriction. Both these
versions of the circuit reconstruction problem have been studied for various special circuit
classes. Our result on equivalence test for ROFs can be thought of as a circuit reconstruction
algorithm for formulas in the average case. We talk about the equivalence test and poly-
nomial equivalence problems in Section 1.1.4.1; here we shall discuss some of the reasons
for studying the circuit reconstruction problem and document known circuit reconstruction
algorithms.

The first reason that we shall discuss is the implication that a proper circuit reconstruction
algorithm for a circuit class has for the Minimum Circuit Size Problem (MCSP, for short) for
that circuit class. MCSP for arithmetic circuits is the following decision problem: Given the
(”;d) dimensional coefficient vector of an n-variate, degree-d polynomial f and an s € N,
does f have an arithmetic circuit of size s? It is known that the existence of cryptograph-
ically secure one-way functions implies that the Boolean version of the problem! is not in

P [KCO00]; in fact it is known that under this assumption, even an nl—o)

approximation al-
gorithm can not exist [AH19]. However, no such result is known in the algebraic setting.
Observe that a poly(n,d, s) time reconstruction algorithm for a circuit class C would imply

an So(l)

approximation algorithm for MCSP for C. This is so because the circuit output by a
poly(n,d, s) time algorithm must have size at most poly(#n,4d, s).

Another compelling reason for studying the circuit reconstruction problem is its inter-

!In the Boolean MCSP, the input is the truth table of a Boolean function and one has to determine if there
is a size s Boolean circuit computing the given function.
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play with the lower bounds problem. [FK09, Vol16] showed that a circuit reconstruction
algorithm for a circuit class implies a super-polynomial lower bound for that class. Con-
versely, reconstruction algorithms for a lot of classes have relied heavily on the ideas used to
prove lower bounds for those classes. However, a lot of such reconstruction algorithms
are only known for the average-case version of the reconstruction problem. An average-
case reconstruction algorithm for a circuit class C can learn random circuits picked from
C using some “nice” probability distributions. An average-case reconstruction algorithm
for set multilinear depth-3 circuits implies an average-case algorithm for tensor decomposi-
tion, while an average-case reconstruction algorithm for depth-3 powering circuits implies
an average-case algorithm for the decomposition of symmetric tensors. It has also been
observed recently that an average-case reconstruction algorithm for very special types of
depth-4 circuits leads to an algorithm for learning random mixtures of Gaussians [GKS20]
and subspace clustering [CGK ™24, BESV24].

Prior work

Constant depth circuits. [KS01] gave a deterministic polynomial time circuit reconstruction
algorithm for spare polynomials, i.e. for XI1 circuits. This result, in conjunction with the ran-
domized polynomial time factorisation algorithm [KT90], immediately yields a randomized
polynomial time learning algorithm for ITXII circuits. Circuit reconstruction algorithms are
also known for XIIX circuits with top fan-in 2. [Shp07] gave an algorithm over finite fields
that runs in time which is quasi-polynomial in the number of variables and the degree of the
polynomial as well as in |[F|, while [Sin16] gave an algorithm over fields of characteristic 0.
In a follow up paper [Sin22] an algorithm that works over finite fields was given. Building
upon [Shp07], [KS09a] gave a deterministic quasi-polynomial reconstruction algorithm for
YIIX circuits with constant top fan-in over finite fields. The case is open for characteristic 0
fields.

[KS19a] gave average-case reconstruction algorithms for homogeneous X112 circuits as
well as for set-multilinear depth-3 circuits and depth-3 powering circuits. [GKS20, BHKX22,
CGK™24] gave average-case reconstruction algorithms for sums of powers of low-degree
polynomials. [BGKS22] gave an average-case polynomial time reconstruction algorithm for

learning generalized depth three circuits.
Multilinear circuits. [Shp07] gave a randomized poly(n, |IF|) reconstruction algorithm for

multilinear X113 circuits with top fan-in 2 over finite fields. [GKL12] extended this result to
multilinear depth-4 circuits with top fan-in 2; their algorithm works over any field. [GKL11]
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gave an average-case polynomial time reconstruction algorithm for multilinear formulas.
[BSV20] gave a quasi-polynomial time reconstruction algorithm for depth-4 multilinear cir-
cuits with constant top fan-in. [BSV21] gave polynomial time reconstruction algorithms for
multilinear depth-3 circuits with constant top fan-in for all fields of large enough or zero

characteristic as well as for depth-3 powering circuits with constant top fan-in.

ROFs and ROABPs. A deterministic polynomial time reconstruction algorithm for read-
once formulas is known [SV14, MV18]. Randomised polynomial time algorithms for learn-
ing ROABPs were obtained in [BBBT00, KS06]. [FS13] partially de-randomised these algo-

rithms to obtain a quasi-polynomial time reconstruction algorithm for ROABPs.

Other formulas and ABPs. An average-case polynomial time reconstruction algorithm for
fan-in 2 regular formulas (a.k.a. alternating normal form formulas) was given in [GKQ13].
[KNS19] gave an efficient average-case reconstruction algorithm for homogeneous constant
width ABPs.

1.1.4 Geometric complexity theory, orbits and borders of polynomials

Geometric Complexity Theory (GCT) is an ambitious program pioneered by Mulmuley and
Sohoni [MS01] to resolve the determinant versus permanent problem. The n?-variate de-
terminant polynomial Det,, is the determinant of an n x n symbolic matrix. Similarly, the

n2

-variate permanent polynomial Perm,, is the determinant of an n x n symbolic matrix. It is
conjectured that Perm,, is not in aproj(Det,,) for any m = poly(n). The set aproj(Dety,) is the
set of affine projections of Det,,, that is aproj(Det,,) = {Detm (Ax+Db): A c Fxm’ b ¢ lsz}
where x = (x1...x,2)7. This conjecture is a weaker version of Valiant’s conjecture that
VP # VNP. This is so because the determinant polynomial is complete for a sub-class of
VP called VBP while the permanent polynomial is complete for VNP. See Section 2.2 for a
definition of VBP.

Geometric complexity theory attempts to use ideas from algebraic geometry and rep-
resentation theory to separate Perm,, and aproj(Det,,) for any m = poly(n). It is conceiv-
able that any proof of this separation that uses algebraic geometry would actually prove a
stronger result; it will end up proving that Perm,, is not contained in the Zariski closure of
aproj(Det;, ). The Zariski closure of any X C F" is defined as follows: let Z be the set of all
polynomials in F[xq, ..., x,] that vanish on X. Then, the Zariski closure of X is the set of
all points at which the polynomials in 7 vanish simultaneously. aproj(Det,,) can be thought

of as a subset of FM, where M = (mznf ™), by identifying every polynomial in it with its co-
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efficient vector. By the Zariski closure of aproj(Det,,), we mean the Zariski closure of this
subset of FM. The Zariski closure of any circuit class computing n-variate, degree d polyno-
mials can be defined in an analogous manner by identifying all polynomials computed by
that circuit class with their coefficient vectors. The Zariski closure of a circuit class C is often
called the border or just the closure of that circuit class and is denoted by C.

It can be shown that the Zariski closure of the affine projections of a polynomial is the
same as the Zariski closure of its orbit (see Appendix E of [ST24] for an elementary proof over
fields of characteristic 0). The orbit of a polynomial f € F[xy,..., x,] is defined as orb(f) :=
{f(Ax+b): A € GL(n,F),b € F"}. Thus, any proof of Perm, ¢ aproj(Det
gebraic geometry must actually prove that Perm,, ¢ orb(Det

poly(n)) using al-

, 1.e. it must separate the

poly())
permanent and the orbit closure of the determinant. In this way, GCT introduces the notions

of orbits and borders into algebraic complexity theory. The introduction of these two notions
not only opens up new directions of investigations for the old problems of lower bounds,
PIT, and circuit reconstruction, but also introduces some interesting new problems. We shall

now discuss two such problems, one related to orbits and another to borders.

1.1.4.1 Polynomial Equivalence

Two n-variate polynomials f, ¢ are said to be equivalent, denoted by f ~ g, if ¢ € orb(f).
The Polynomial Equivalence or PE problem asks if the given polynomials f, ¢ are equivalent.
Also, if f ~ g, then an algorithm for the PE problem should find an A € GL(n,F) and
b € F" such that ¢ = f(Ax+ b). PE for a circuit class C can be defined by requiring that f, g
be computed by circuits in C.

PE is a natural isomorphism-type problem for polynomials. However, despite decades
of work, the exact complexity of the PE problems remains a mystery. Over finite fields, PE
is known to be in NP N coAM [Thi98, Sax06], but to date, no sub-exponential algorithm for
this problem is known. Over C and R, nothing better than a reduction to the problem of
checking whether a system of polynomial equations has a solution is known. As a result, a
special case of the PE problem called the Equivalence Test or ET problem has been studied.
The ET problem is the version of the PE problem where f is a fixed polynomial like the de-
terminant or the permanent polynomial. One can also define the ET problem for a class C
of circuits like ROFs by requiring f to be some unknown polynomial computed by a circuit
in C. Then, an algorithm for the ET problem needs to determine if a given polynomial g is
equivalent to some circuitin C. If yes, it must outputa C € C, A € GL(n,F) and b € F" such
that ¢ = C(Ax + b). Notice that the ET problem for C is the circuit reconstruction problem
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for the orbit of C. As every formula is an affine projection of an ROF, ET for ROFs can be

thought of as a natural special case of formula reconstruction.

Prior work on PE and ET. The PE problem for quadratic forms, also called the Quadratic
Form Equivalence or QFE, has been long known to admit an efficient algorithm. How-
ever, even for cubic forms, PE is known to be a hard problem. More precisely, it is known
that cubic form equivalence is at least as hard as the graph isomorphism problem [ASO5].
However, no reduction from cubic form equivalence to graph isomorphism is known, so
the former is possibly harder than graph isomorphism. The ET problem was first intro-
duced in [Kayl12a]. Since then, efficient equivalence testing algorithms have been devel-
oped for a host of polynomials like sum-product polynomials and elementary symmetric
polynomials [Kay11], power symmetric polynomials [Kay11, KS21, KS23a], determinant
[Kay12a, GGKS19], permanent [Kay12a, Grol2], continuant [MS21], IMM [KNST17, MINS20],
and Nisan-Wigderson design polynomials [GS19, BDS24]. An equivalence test for the sums
of univariates was given in [GKP18]. [BDSS24] showed that the equivalence test for sparse
polynomials is NP-hard. Very recently, [BDGT24] have shown that the isomorphism testing
problem for ROABPs is NP-hard. The isomorphism testing problem is the variant of the ET

problem where A is a permutation matrix.
1.1.4.2 De-bordering

The de-bordering question for a circuit class C asks that if f € C, then is f also in C? If not,
then can we find a class C’ such that C C C'? It is known that if f(x1,...,x,) € C, then it can
be approximated by circuits in C (see Section 2.10). Thus, the de-bordering question asks that
if a polynomial can be approximated by circuits in a circuit class, can it also be computed
exactly by some circuit in that class? This is not only a natural question, but the de-bordering
problem for VP, i.e. VP L VP has the following connection to the VP Z VNP problem: Most
known approaches for proving lower bounds not just prove lower bounds for a class, but
also for the border of that class. Thus, if VP # VNP, but VNP C VP, then all of the known
approaches can never hope to separate VP and VNP. Another motivation for studying the
de-bordering question comes from the problem of factoring polynomials given as arithmetic
circuits. A conjecture about the efficiency of factoring algorithms called the factor conjecture
says thatif f = ¢°-h, then g can be computed by a circuit of size poly(size(f), deg(g)), where
size( f) is the size of input circuit computing f. Burgisser showed in [Biir00] thatif f = ¢°- A,
then ¢ can be approximated by a circuit of size poly(size(f), deg(g)). So, if VP = VP, then the

factor conjecture would be true.
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Prior work on de-bordering. It is folklore that the classes of sparse polynomials, ROFs,
ROABPs, as well as non-commutative ABPs are closed under the border. The closure of the
last two follows from the characterisation of ROABPs and non-commutative ABPs given
by Nisan [Nis91]. It also follows from the duality trick [Sax08] that the border of depth-3
powering circuits is contained in the class of ROABPs. Also, the border of set-multilinear
depth-3 circuits is contained in the class of ROABPs. [Kum20] showed that the border of
YIIX circuits with top fan-in 2 is universal, that is, it can compute all polynomials. [BIM"20]
showed that the class of monotone ABPs is also closed under the border. [DDS21] proved
that the border of depth-3 circuits with constant top fan-in is contained in VBP. They also
gave a quasi-polynomial time hitting set construction for the border of this class. [DS22]
proved that for every k, the border of XIIX circuits with top fan-in k is strictly contained
in the border of XIIX circuits with top fan-in k + 1. [CGGR23] proved that the class of
polynomials of the form det (Zie [n] Al-xi) is closed under the border provided that all A; are
rank-1. It was shown in [DGI*24] that any degree d polynomial contained in the border of
depth-3 powering circuits with top fan-in k can be computed by a depth-3 powering circuit
with top fan-in 4% - d.

1.2 Our results

Having described the main directions of research in algebraic complexity theory, we now
motivate and discuss our results. In Sections 1.2.1, 1.2.2, we discuss our results on the hitting
sets and reconstruction problems related to orbits of constant read circuit classes. Section
1.2.4 has our results on the border of sums of ROFs. Our results on lower bounds for constant
depth circuits can be found in Section 1.2.3.

1.2.1 Hitting sets for orbits of circuit classes

We give quasi-polynomial time hitting sets for orbits of low individual degree commuta-
tive ROABPs, multilinear constant width ROABPs, constant-depth constant-occur formu-
las, as well as occur-once formulas. These models have been formally defined in Section
2.1. As corollaries, we get quasi-polynomial time hitting sets for the orbits of various poly-
nomials like the sum-product polynomials as well as the elementary and power symmetric
polynomials. More importantly, we also get quasi-polynomial hitting sets for the orbits of
{IMM3 4} ;. y Which is complete for arithmetic formulas. The contents of this section are
from a joint work with Chandan Saha [ST24].

We have the following three reasons for studying hitting sets for orbits of ROABPs and
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constant-occur formulas.

The power of orbit closures. Affine projections of polynomials computable by polynomial-
size ROABPs or constant-occur formulas have great expressive power. For example, the iter-
ated matrix multiplication polynomial IMM,, ; — the (1,1)-th entry of a product of d generic
w X w matrices — is computable by a linear-size ROABP, yet every polynomial computable
by a size-s general algebraic branching program! is in aproj(IMM;). In fact, it was shown by
Ben-Or and Cleve [BC92] that every polynomial computable by a size-s arithmetic formula is
in aproj(IMM3 501y(s)) - The sum-product polynomial SP; 4 := };c (s ITjea) Xi j is computable
by a depth-2 read-once formula, yet every polynomial computable by a general depth-3 cir-
cuit with top fan-in s and formal degree d is in aproj(SP; ;). As demonstrated by the depth
reduction results in [GKKS16, Tav15, Koil2, AV08, VSBR83], depth-3 circuits are incredibly
powerful. Also, affine projections of read-once formulas capture general arithmetic formu-
las. The orbit of f being a mathematically interesting subset of aproj(f), it is natural to ask
if we can give efficient hitting set constructions for the orbits of the above-mentioned poly-

nomial families and circuit classes. Moreover, orb(f) is not ‘much smaller’ than aproj(f),

as the latter is contained in the orbit closure of f (orb(f)). The polynomials in orb(f), and
hence also the polynomials in aproj(f), can be approximated infinitesimally closely by the

polynomials in orb(f) over C.? In this sense, orb( f) is a dense subset of aproj(f).

Geometry of the circuit classes. Consider an n-variate polynomial f € R[x] that is com-
putable by a polynomial-size ROABP or a polynomial-size constant-occur formula. Let
V(f) be the variety (i.e., the zero locus) of f. The geometry of V(f) is preserved by any
rigid transformation on R". A rigid transformation T is given by an orthogonal matrix
R € O(n,R) (which stands for reflections and rotations) and a translation vector b € R”"
such that every x € R"” maps to T(x) = Rx + b. Computation of a set # C R" that
is not contained in T(V(f)), for every rigid transformation T, would have to be “mind-
ful” of the geometry of V(f) and oblivious to the choice of the coordinate system. Com-
puting such an H is exactly the problem of constructing a hitting set for the polynomials
{f(Rx+Db) : Re O(n,R) and b € R"}. We can generalize the problem slightly by replac-
ing R € O(n,R) with A € GL(n,R).> A hitting set for ROABPs or constant-occur formulas

IThanks to the depth reduction result of Valiant, Skyum, Berkowitz, and Rackoff [VSBR83], low-degree
polynomials computable by arithmetic circuits are also computable by quasi-polynomially large algebraic
branching programs.

“However, orb(f) can be strictly larger than aproj(f).

3 An invertible transformation A is essentially an orthogonal transformation up to “scaling”: from singular
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does not immediately give a hitting set for { f(Ax+b) : A € GL(n,R) and b € R"}, as the
definitions of an ROABP and a constant-occur formula are tied to the choice of the coordi-

nate system.

Strengthening existing techniques. Finally, it is worth investigating whether the tech-
niques used to design hitting sets for ROABPs and constant-occur formulas can be applied
or strengthened or combined to give hitting sets for the orbits of these circuit classes.
Indeed, the results of this section are obtained by building upon, strengthening and com-
bining several tools and techniques from the literature, in particular the rank concentration
by translation technique from [ASS513]; the merge-and-reduce idea from [FS13], [FSS14]; the
algebraic independence based technique from [ASSS16, BMS13]; and the Shpilka-Volkovich
or the k-wise independent generator from [SV15]. Our work here on hitting sets for the or-
bits of the above-mentioned circuit classes probes a line of research that — to our knowledge
— has remained largely unexplored. In obtaining these results, we have highlighted the ef-
ficacy and the versatility of some of the existing tools and techniques. We now state our

results.

Theorem 1.1 (Hitting sets for the orbits of commutative ROABPs with low individual degree)
Let C be the set of n-variate polynomials with individual degree at most d that are computable by
width-w commutative ROABPs. If |IF| > n?d, then a hitting set for orb(C) can be computed in
(nd)O(@108%) tipye,

An interesting subclass of commutative ROABPs is the class of sums of products of uni-
variates. This model, which is a broad generalization of the class of sparse polynomials, has
found important applications in several other works [Sax08, SS513, GKKS16]. We say an
n-variate polynomial f(x1, X2, ..., x,) can be expressed as a sum of s products of univariates
if f = Yieps) [Tjepn fij(xj), where each f; ;(x;) is a univariate polynomial in x;. Theorem 1.2
below (which follows as a corollary from the above theorem) gives a quasi-polynomial time
hitting set for the orbits of sums of products of low degree univariates.

Theorem 1.2 (Hitting sets for the orbits of sums of products of low degree univariates) Let
C be the set of n-variate polynomials that can be expressed as sums of s products of univariates of de-
gree at most d. If |F| > n?d, then a hitting set for orb(C) can be computed in (nd)C(#198%) time,

Remarks.

value decomposition, we have A = UDV, where U, V are orthogonal matrices and D is a diagonal matrix.
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1. Even under the low individual degree restriction the above class remains reasonably
natural and interesting. For example, the elementary symmetric polynomial ESym,, , =
Yoo ) [Lics x;i can be expressed as a sum of n + 1 products of univariate affine forms.

D

This is due to a nice interpolation trick attributed to Ben-Or in [NW97, Shp02]. The
theorem then implies an 7°(°8")_time hitting set for orb(ESym,, p).

2. The theorem also implies a quasi-polynomial time hitting set for the orbits of multi-
linear sparse polynomials, and more generally, for the orbits of sparse polynomials
with low individual degree. It is easy to see that the orbit of a multilinear sparse
polynomial may contain a non-sparse polynomial. So, the existing hitting set con-
structions for sparse polynomials by Klivans and Spielman [KS01], Lipton and Vishnoi
[LVO3] (where the complexity depends polynomially on the sparsity parameter) may
no longer remain efficient for the orbits of sparse polynomials.

3. It turns out though that for the particular case of sparse polynomials it is possible to
remove the individual degree restriction from the above theorem. This is due to an
independent and simultaneous work by Medini and Shpilka [MS21].

Theorem 1.3 (Hitting sets for the orbits of multilinear constant-width ROABPs) Let C be the
set of n-variate multilinear polynomials that are computable by width-w ROABPs. If |F| > no(w4),

O(w6~logn)

then a hitting set for orb(C) can be computed in n time.

Remarks.

1. The theorem gives a quasi-polynomial time hitting set for orb(IMM; ;), as IMMj3 ; is
computable by a width-9 ROABP. As mentioned before, the family {IMM3;} e is
complete for the class of arithmetic formulas under affine projections (in fact, under
p-projections), as shown by Ben-Or and Cleve [BC92].

2. The set of affine projections of IMM, ; is also quite rich, despite the fact that there are
simple quadratic polynomials that are not in aproj(IMM, ;) for any d, as shown by Al-
lender and Wang [AW16], Saha, Saptharishi, and Saxena [SSS09]. This is because Saha,
Saptharishi, and Saxena [SSS09] proved that hitting sets for aproj(IMM, ;) give hitting
sets for depth-3 circuits. Moreover, Bringmann, Ikenmeyer, and Zuiddam [BIZ18] have
shown that WI\/IM) captures the orbit closures of arithmetic formulas. The above

theorem implies a quasi-polynomial time hitting set for orb(IMM; ;).
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Theorem 1.4 (Hitting sets for the orbits of constant-depth, constant-occur formulas) Let C
be the set of n-variate, degree-D polynomials that are computable by depth-A, occur-k formulas of size
s. Let R := (2k)222" If char(F) = 0 or > (2ks)'R, then a hitting set for orb(C) can be com-
puted in (nRD)OR(log R+Alogk+Alogs)+AR) time  If the leaves are labelled by b-variate polynomials,
then a hitting set for orb(C) can be computed in (nRD)OR+AR) time, In particular, if A and k are
constants, then the hitting sets can be constructed in time (nD)°1°8%) and (nD)O®), respectively.

Remarks.

1. The above theorem gives hitting sets for the orbits of two other interesting models that
have been studied in the literature: There is a polynomial-time constructible hitting set
for multilinear depth-4 circuits with constant top fan-in [SV18, KMSV13]. Theorem 1.4
implies a quasi-polynomial time hitting set for the orbit of this model, as a multilinear
depth-4 circuit with constant top fan-in can be viewed as a depth-4 constant-occur
formula. [BMS13] gave a polynomial-time hitting set for C(f1,..., f), where C is a
low-degree circuit and fi, ..., f; are sparse polynomials with bounded transcendence
degree. The proof of the above theorem also implies a quasi-polynomial time hitting
set for the orbit of this model.

2. The theorem yields polynomial-time hitting sets for the orbits of the power symmetric
polynomial PSym,, p = } ic[y] xP and the sum-product polynomial SP,, p = Yic[n) je[p] %ij-
This is because the polynomials PSym and SP are computable by constant-depth, occur-
once formulas whose leaves are labelled by univariate polynomials. Prior to our work,
[KS21] gave a polynomial-time hitting set for orb(PSym,, ) using a different argument

that involves the Hessian matrix.

Theorem 1.5 (Hitting sets for the orbits of occur-once formulas) Let C be the set of n-variate,
degree-D polynomials that are computable by occur-once formulas whose leaves are labelled by s-
sparse polynomials. If |IF| > nD and char(IF) = 0 or > D, then a hitting set for orb(C) can be
computed in (nD)C187+1085) time. If the leaves are labelled by b-variate polynomials, then a hitting
set for orb(C) can be computed in (nD)C108"+0) time,

Remark. The independent and concurrent work by Medini and Shpilka [MS21] gave (among
other results) a quasi-polynomial time hitting set construction for the orbits of read-once
formulas. We note that this result also follows from the second part of the above theorem

which is already present in the original version of our work [ST24].
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Simultaneous and subsequent work: Independent of our work here, Medini and Shpilka
[MS21] gave quasi-polynomial time hitting sets for the orbits of sparse polynomials and
read-once formulas. In a subsequent work, Bhargava and Ghosh [BG21] improved some
of the results of this work. They improved our (1nd)C@1°8%) time hitting set for the orbits

)O(min{wZ,Zd log w}) time

of width-w, individual degree d, commutative ROABPs to an (ndw
hitting set for the orbits of width-w, individual degree d, any-order ROABPs. Any-order
ROABPs are a slight generalisation of commutative ROABPs. Observe that when w is a
constant, [BG21] gives a hitting set even when the individual degree is large. They also
improve our (nd)o(w6 10g") time hitting set for orbits of multilinear, width-w ROABPs to
an (ndw)o(w2 logn-min{w?2dlogw}) i hitting set for orbits of individual degree d, width-w

ROABPs.

1.2.2 Equivalence test for read-once arithmetic formulas

Here, our main result is a randomised polynomial time equivalence test for Read-Once
Arithmetic Formulas (ROFs). The contents of this section are from a joint work with Nikhil
Gupta and Chandan Saha [GST20]. Before stating our result, we give some motivation for

studying this problem.

Generalizing quadratic form equivalence. PE for the class of quadratic forms or homoge-
neous polynomials of degree 2 is known. Are there bigger classes of polynomials for which
PE is easy? An obvious way to generalize quadratic form equivalence is to solve PE for
higher degree forms. Unfortunately, even cubic form equivalence is at least as hard as graph
isomorphism and possibly harder. Another natural way to generalize quadratic form equiv-
alence is as follows: Over C, an n-variate quadratic form with no redundant variables' is in the
orbit of x1xp + x3x4 + ... + X,_1Xy, if n is even. The expression x1x + x3x4 + ... 4+ X,_1Xy is
a read-once arithmetic formula (ROF). The quadratic form equivalence problem (QFE) over
C can thus be viewed as PE for orbits of quadratic ROFs. Thus, the following is a natural
question. Can we solve PE for orbits of general ROFs efficiently? A typical algorithm to
solve the search version of QFE over C finds invertible linear transformations that map the
two input quadratic forms to the canonical ROF x1x7 + x3x4 + ... + x,,_1x, (see Section 2.6 for
a definition of a canonical ROF). In other words, such an algorithm solves the ET problem
for quadratic ROFs. So it is natural to ask if we can solve the ET problem for general ROFs
efficiently.

!i.e., the number of variables cannot be reduced by applying an invertible linear map on the variables.
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Learning random or non-degenerate formulas As mentioned before, a formula is an affine
projection of an ROF. Learning formulas in the worst-case is a potentially hard problem, how-
ever, it may be possible to learn formulas in the average-case by formulating natural distri-
butions under which formulas are learnable. A natural distribution on formulas is defined
as follows: pick a tree of size s arbitrarily, label the internal nodes by + and x operations
to form alternating layers of + and x gates, and label the leaves by random linear forms in
n variables. The corresponding learning problem asks to reconstruct a random formula —
picked according to this distribution — from black-box access to the formula. This problem
was studied in [GKQ13] by fixing the underlying tree to be a complete binary tree; the for-
mulas we thus get are called formulas in alternating normal form (ANF). [GKQ13] gave an
efficient learning algorithm for random ANFs. On the other hand, an ET for ROFs gives a
learning algorithm for random formulas, irrespective of the underlying tree, provided n > s.
This is because a random formula is in the orbit of an ROF with high probability if n > s
and |F| is sufficiently large. Thus, ET for ROFs provides supporting evidence for efficient

learnability of random formulas (that are not necessarily ANFs).

Having motivated the equivalence test problem for ROFs, we now state our results. Our
results hold over any field IF of characteristic 0 or of sufficiently large characteristic and size.
As for the computation model, we assume that it allows basic field operations in unit time
and univariate polynomial factoring in randomized polynomial time. We say an algorithm
is efficient if it runs in randomized polynomial time.

For the ease of stating the theorems, we consider ROFs in canonical form (see Definition
2.23). The orbit of every ROF contains a canonical ROF. So, by removing redundant variables
from the input polynomial we can assume without any loss of generality that the underlying
ROF is canonical.

Our first result gives an efficient algorithm to solve ET for general ROFs. The algorithm is
randomized and has oracle access to the search version of QFE. In subsequent discussions,
we will mention “QFE” to mean “the search version of QFE”. We will also identify an ROF

with the polynomial it computes and denote the set of n x n matrices with entries in F by
M(n, ).

Theorem 1.6 (ET for ROFs) Let n € IN, char (F) = 0 or > n?, and |F| > n'3. There is a
poly(n) time randomized algorithm (with oracle access to QFE over IF) that takes input black-box

access to an n-variate polynomial f € F[x|, which is in the orbit of an unknown canonical ROF
C, and outputs (with high probability) an A € GL (n,F) such that f(Ax) = C(PSx + b), where
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P € M(n,F)and S € M(n, ) are permutation and scaling (i.e., diagonal) matrices respectively,
and b € F".

Remarks.

1.

As C(PSx + b) is an ROF, we can apply any of the known polynomial-time ROF recon-
struction algorithms [HH91, BHH95, SV14, MV 18] to first get an ROF for C(PSx + b),
and then obtain a formula for f by applying A~! on the variables of the reconstructed
ROF.

. QFE can be solved efficiently over C, R, IF; and also over Q with oracle access to integer

factoring. Hence, ET for ROFs can also be solved efficiently over these fields.

. Although ET has been studied for polynomial families like the determinant and IMM,

to our knowledge no ET was known for any natural circuit class of unbounded depth,
degree and fan-in (or even depth-4 ROFs) before this work.

Recently, [MS21] showed that ET for ROANFs and sum-product polynomials can be
solved efficiently. As ROANFs are special fan-in 2 ROFs and sum-product polynomials
are depth-2 ROFs, the theorem generalizes these two results considerably. Also, our

proof approach is entirely different from the ones in [MS21].

. The constraints on char(F) and |FF| originate primarily (but not solely) from the use

of the black-box multivariate polynomial factorization algorithm [KT90] in the equiv-

alence test. We have not made an attempt to optimize these constraints.

The second result gives an efficient algorithm to solve PE for orbits of ROFs that are

additive-constant-free. An ROF is additive-constant-free if no [F-constant appears as a child

of a +-gate. For e.g., the canonical ROF x1xy + x3x4 + ... 4+ x,_1x, is additive-constant-

free.

ROANFs and sum-product polynomials are also examples of additive-constant-free

canonical ROFs. An additive-constant-free ROF is in the orbit of an additive-constant-free

canonical ROF.

Theorem 1.7 (PE for orbits of additive-constant-free ROFs) Let n € IN, char (F) = 0 or >
n?, and |IF] > n'3. There is a poly(n) time randomized algorithm (with oracle access to QFE over IF)

that takes input black-box access to two n-variate polynomials f1, fo € F[x|, which are in the orbits

of two unknown additive-constant-free canonical ROFs, and checks if f; € orb (f2). Furthermore, if
f1 € orb (f2), then the algorithm outputs (with high probability) an A € GL (n,FF) andab € F"
such that f; = fo (Ax+Db).
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As mentioned before, the above result is a broad generalization of efficient QFE. We also
show that the additive-constant-free restriction can be removed for the special case of the
orbits of ROFs with product-depth 2.

Theorem 1.8 (PE for orbits of product-depth 2 ROFs) Let n € IN, char (IF) = 0 or > n?, and
IIF| > n'3. There is a poly(n) time randomized algorithm (with oracle access to QFE over ) that
takes input black-box access to two n-variate polynomials f1, f» € F[x|, which are in the orbits of
two unknown canonical ROFs with product-depth 2, and checks if f1 € orb (f2). Furthermore, if
f1 € orb (f2), then the algorithm outputs (with high probability) an A € GL (n,F) anda b € F"
such that f = fo (Ax+Db).

1.2.3 Lower bounds for constant depth arithmetic circuits

In a recent breakthrough work, [LST21] proved super-polynomial lower bounds for constant-
depth arithmetic formulas.! In this section, we give an alternative and more “direct” proof
of their result. The contents of this section are from a joint work with Prashanth Amireddy,
Ankit Garg, Neeraj Kayal, and Chandan Saha [AGK"23].

The lower bounds of [LST21] are of the form n2(108(")2) for a constant 0 < ¢y < 1 de-
pending on the depth A of the formula. We examine the lower bound proof in [LST21] at
a high level. Their proof has two main steps: First, they reduce the problem of proving
lower bounds for low-depth formulas to the problem of proving lower bounds for low-
depth set-multilinear formulas; set-multilinear formulas are special homogeneous formulas
with an underlying partition of the variables into subsets. [LST21] calls such reductions
‘hardness escalation’. Second, they use an interesting adaptation of the rank of the partial
derivatives matrix measure [Nis91] to prove a lower bound for low-depth set-multilinear
formulas. They call this measure relative rank (relrk). The effectiveness of the relrk measure
crucially depends on a certain ‘imbalance’ between the sizes of the sets used to define set-
multilinear polynomials. The proof in [LST21] raises two natural questions:

Question 1: Can we bypass the hardness escalation, i.e., the set-multilinearization, step?

Question 2: Can we design a measure that exploits some weakness of homogeneous (but

not necessarily set-multilinear) formulas directly?

't is not difficult to see that if a polynomial has a size s, depth-A circuit, then it has a size s°(*), depth-A
formula. Thus, for A = O(1), the formula size and circuit size are polynomially related. Because of this reason,
we can just work with constant depth formulas.
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We answer both these question in affirmative by giving a direct lower bound for low-
depth homogeneous formulas via the SP measure which was used in the series of works on
homogeneous depth-4 exponential lower bounds. We also show that the lower bound can
be obtianed using the affine projections of partials (APP) measure which has been used to
prove lower bounds for of depth 4 circuits with bounded bottom fan-in [GKS20] . While
our proof also yields lower bounds only in the low-degree setting, the hope is that it could
potentially lead to a stronger lower bound in the future. We now state our result.

Consider the shifted partials (SP) and affine projection of partials (APP) measures for a poly-
nomial f: SPy ,(f) := dim(x" - *(F)); APP . (f) :=  max dim <7TL <8kP> >, where L : x —

x—(z)
(z), |z| = ng, are linear maps and for any ¢ € F[x], 1 (g) := g(L(x1), ..., L(xy)).
Also, for convenience, let us denote by M(n, k) := (”+,I:_1) the number of monomials of

degree k in n variables.

Theorem 1.9 (Lower bound for low-depth homogeneous formulas via shifted partials) Let
C be a homogeneous formula of size s and product-depth A that computes a polynomial of degree d in
n variables. Then for appropriate values of k and ¢,

O(d)
SPk/g(C) < 52

S 1A min{M(n, k)M(Tl, K),M(n,d —k + f)}
nQ@ ")

At the same time, there are homogeneous polynomials f of degree d in n variables (e.g., an appropriate
projection of iterated matrix multiplication polynomial, Nisan-Wigderson design polynomial, etc.)
such that

SPio(f) > 279 min{M(n, k)M(n,£), M(n,d —k + £)}.

1-A
270

This gives a lower bound of % on the size of homogeneous product-depth A formulas for f.

Remark 1.1 1. The above lower bound is slightly better than the bound of [LST21]. Instead of the
d°W loss incurred due to converting homogeneous to set-multilinear formulas, our analysis
incurs a 20(4) loss; in fact, this loss can be brought down to ZO(k), but we ignore this distinc-
tion as we set k = ©(d) in the analysis. So, for example, for homogeneous product-depth 2
formulas, our super-polynomial lower bound continues to hold for a higher degree (log? (1) vs
(log(n)/ loglog(n))? in [LST21]). While the improvement may be insignificant, this hints at
something interesting going on with the direct approach.

2. [HLT24] uses the direct approach proposed in this work to strengthen some results about the
ideal proof system (see [GP18]) proved in [GHT22].
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1.2.4 Border of the sums of two ROFs

The main result of this section is the de-bordering of the sum of two additive constant free
ROFs. We also give a quasi-polynomial time hitting set construction for the border of sums
of two homogeneous depth-5 ROFs. While ROF and sums of ROFs are simple circuit classes,
studying the PIT and learning questions for these classes led to the development of tech-
niques that turned out to be useful for other, more general classes of circuits. Thus one can
certainly hope that studying the border of these classes would be a first step towards study-
ing the borders of other more general circuit classes like sums of constantly many ROABPs
and depth-4 multilinear circuits. It is not too difficult to see that ROFs are closed under
the border. So the next natural step is to try and understand the power of the border of a
sum of constantly many ROFs. Moreover, a lot of known de-bordering results are for some
constant-depth circuit classes. The sum of constantly many ROFs is a natural model to ex-
plore de-bordering for circuits with larger depths.

Our first result shows that the class of sum of k many ROFs, denoted by ¥;ROF is not
closed under the border. We use ROF(n) to denote the class of ROFs in n-variables.

Theorem 1.10 (Sum of ROFs not closed under border) Foranyn € N, n > 10and 2 < k <
£, YxROF(n) C Y, ROF(n) over any field.

Next we show that the sum of two additive constant free ROFs is contained in the sum
of linearly many ROFs. We shall denote the class of additive constant free ROFs by ROF.

Theorem 1.11 (De-bordering the border of sum of 2 ROFs) Over fields of characteristic other
than 2 and for any n € N, Y, ROFy(n) C Yp(,) ROFo(n).

Finally, we give a quasi-polynomial time hitting set for the border of sums of two homo-
geneous depth 5 ROFs.

Theorem 1.12 (Hititng set for the border of sum of 2 homogeneous depth-5 ROFs) IfFisa
field of size poly (1) and characteristic other than 2, then there is an n®1°8") time computable hitting

set for the border of sums of two homogeneous depth-5 ROFs computing n-variate polynomials over
F.

1.3 Organisation of the thesis

We first give all the definitions and some preliminary results required for this thesis in Chap-
ter 2. The next two chapters are devoted to proving the results from Section 1.2.1. In Chapter
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3 we prove Theorems 1.1, 1.2, and 1.3. Chapter 4 is devoted to the proofs of Theorems 1.4
and 1.5. Chapter 5 gives a proof of Theorem 1.6 while Chapter 6 gives a proof of Theorems
1.7 and 1.8. A proof of Theorem 1.9 can be found in Chapter 7. Theorems 1.10, 1.11, and

1.12 are proved in Chapter 8. Finally, we conclude by mentioning some directions for future
work in Chapter 9.
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Chapter 2
Preliminaries

This chapter describes the notations and conventions used throughout this thesis. It
defines notations required to describe the results of this thesis as well as states some

preliminary results used in the proofs of the main results of this work.

We begin by stating some of the notations that will be used throughout this work. Nota-
tions and conventions which are specific to a chapter will be defined at the beginning of that
chapter.

IN denotes the set of natural numbers. Forn € N, [n] = {1,...,n} and x = {xq,...,x,}.
We shall use symbols like FF, K to denote a field. For a polynomial f € F|[x]|, var(f) shall
denote the set of variables present in f. The space of polynomials having degree at most d
will be denoted as F[x] 4. For S C F[x], (S) is the F-linear space spanned by S. GL(n, F) is

the set of n x n invertible matrices over F.

2.1 Arithmetic models of computation

We start by defining an arithmetic circuit.

Definition 2.1 (Arithmetic circuit) An arithmetic circuit C over a field IF and a set of variables
x = (x1,...,xn) is a directed acyclic graph. The vertices of C are called gates. Each gate with in-
degree 0 is called an input gate and is labelled by either a variable or a field element. Every other
gate is either labelled by a x (called a product gate) or a + (called a sum gate). Every edge is labelled
by a field element and every gate with out-degree 0 is called an output gate. An arithmetic circuit
computes a polynomial in the natural way: an input gate computes the field element or variable it
is labelled with. A sum gate computes the sum of polynomials computed by its inputs, each input

scaled by the field element on the corresponding edge. Similarly, a product gate computes the product
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of polynomials computed by its inputs, each input scaled by the field constant on the corresponding
edge.

The size of an arithmetic circuit is equal to the number of edges in it and the depth of an arithmetic
circuit is equal to the length of the longest directed path in it. The product-depth of a circuit is equal
to the number of product gates on the longest directed path in it.

The fan-in of a gate is equal to the number of edges entering the gate and the fan-out of
a gate is the number of edges leaving the gate. An arithmetic formula is a special type of

arithmetic circuit.

Definition 2.2 (Arithmetic formula) An arithmetic formula is an arithmetic circuit whose under-
lying directed graph is a tree.

Algebraic Branching Programs or ABPs are a model of computation that is known to be

at least as powerful as arithmetic formulas.

Definition 2.3 (Algebraic branching program) Let M;,..., My be matrices whose entries are
affine forms in x1, ..., Xy such that My, ..., My_q are w X w matrices and My, My are 1 x w and
w x 1 dimensional vectors. Then, M - - - My is an algebraic branching program (ABP). w is called
the width of the ABP. The size of the ABP is defined to be the number of entries in My, ..., My, that
is, (k — 2)w? + 2w.

Some of the chapters of this work consider an extremely restricted class of arithmetic
formulas called Read-Once Formulas or ROFs.

Definition 2.4 (Read-Once Formula) An arithmetic formula C over a field IF is a read-once for-
mula (ROF) if every leaf in C is labelled by either a distinct variable or an [F element.

We describe ROFs and some of the facts about them in more detail in Section 2.6. A natu-
ral way to generalise ROFs is to allow variables to label constantly many leaves; such circuits

are called read-k formulas, and more generally occur-k formulas as defined in [ASSS16].

Definition 2.5 (Occur-k formula) An occur-k formula is a rooted tree whose leaves are labelled by
s-sparse polynomials and whose internal nodes are sum (+) gates or product-power (xA) gates. Each
variable appears in at most k of the sparse polynomials that label the leaves. The edges feeding into a
+ gate are labelled by field elements and have 1 as edge weights, whereas the edges feeding into a
x A gate have natural numbers as edge weights. A leaf node computes the s-sparse polynomial that
labels it. A + gate with inputs from nodes that compute f1, ..., f, and with the corresponding input
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edge labels w1y, ..., 0y, computes a1 f1 + - - - + &y f. A XA gate with inputs from nodes that compute
f1s s fin and with the corresponding input edge weights ey, ..., ey, computes f1* - - - fui'. The formula
computes the polynomial that is computed by the root node.

The size of an occur-k formula is the weighted sum of all the edges in the formula (i.e., an edge
feeding into a XA gate is counted as many times as its edge weight, whereas an edge feeding into a +
gate is counted once) plus the sizes of the depth-2 circuits computing the s-sparse polynomials at the
leaves. The depth of an occur-k formula is equal to the depth of the underlying tree plus 2, to account

for the depth of the circuits computing the sparse polynomials at the leaves.'

Read-k formulas have been studied intensely in the literature. Occur-k formulas gener-
alize read-k formulas in two ways — the leaves are labelled by arbitrary sparse polynomials
instead of just variables, and powering gates are included along with the usual sum and
product gates. These generalizations help make the occur-k model complete?, and capture
other interesting circuit classes (such as multilinear depth-4 circuits with constant top fan-
in [SV18, KMSV13]) and polynomial families (such as the power symmetric polynomials).
Besides, there is no restriction of multilinearity on the model, unlike the case in some prior
works [AvMV15, 5V18, KMSV13].

Another natural generalisation of ROFs are Read-Once Algebraic Branching Programs or
ROABPs (see [FS13]). They are algebraic analogues of Read-Once Branching Programs.

Definition 2.6 (ROABP) An n-variate, width-w read-once oblivious algebraic branching program
(ROABP) is a product of the form 17 - My (x1)Ma(x2) - - - My (x,,) - 1, where 1 is the w x 1 column
vector of all ones, and for every i € [n], M;(x;) is a w X w matrix whose entries are in F[x;].

In Chapter 3, we study a special class of ROABPs called commutative ROABPs.

Definition 2.7 (Commutative ROABP) An n-variate, width-w commutative ROABP is an n-
variate, width-w ROABP 17 - My (x1)My(x2) - - - My(xy) - 1, where for all i,j € [n], M;(x;) and
M;(x;j) commute with each other.

A polynomial f is s-sparse if it has at most s monomials with non-zero coefficients; these
monomials will be referred to as the monomials of f. It is easy to see that an s-sparse polyno-
mial of degree d can be computed by a depth-2 circuit of size at most sd. Also, observe that

every s-sparse polynomial can be computed by a width-s commutative ROABP.

!Observe that if f is computable by a size-s, depth-A, occur-k formula, then it is also computable by a size-s,
depth-A circuit that has only + and X gates.

2For example, the power symmetric polynomial x/ + ... + x! cannot be computed by a read-k formula for
any k < n, but it can be computed by an occur-once formula.
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2.2 Algebraic complexity classes

In his seminal work [Val79], Valiant defined the following two complexity classes for families

of algebraic circuits. They can be thought of as the algebraic versions of P and NP.

Definition 2.8 (Class VP) VPy is a class of all polynomial families { f, },>1 over a field IF such that
there exists a polynomial function t : IN — IN, such that for all n > 1, f, is a polynomial in at most

t(n) variables, of degree at most t(n) and computed by an arithmetic circuit of size at most t(n).

Definition 2.9 (Class VNP) VNP is a class of all polynomial families { f, },>1 over a field IF such
that there exist polynomial functions k,t : N — IN and a family of polynomials {gn }n>1 € VPE
such that foralln > 1,

fn(x1,..., .Xk(n)) — Z gt(n) (xll"'/ -xk(n)/wll"'/ wi‘(?’l))'
we{0,1}m)

Observe that VP C VNP, Valiant conjuctured that VP is in fact strictly contained in VNP.
Proving Valiant’s conjecture is the central open problem of algebraic complexity theory.
Some of the polynomial families known to be in VP are the power and elementary sym-
metric polynomials, the iterated matrix multiplication polynomials and the determinant
polynomial. The most well-known example of a polynomial family in VNP is the perma-
nent polynomial family. In fact, the permanent polynomial family is known to be complete
for VNP.

Definition 2.10 (VNP completeness) A polynomial g(x1 ..., xy,) is said to be a p-projection of a
polynomial f(y1,...,yn) if there exist r1, ..., 1y € {x1,...,Xm} NIE such that g = f(r1,...,14).
A polynomial family {f,},cn € VNP is said to be VNP-complete if for every polynomial family
{gn}tn,en € VNP, there exists a polynomial function t : IN — IN such that g, is a p-projection of

ft(n)-

It is not difficult to see that to prove VP # VNP, it is sufficient to show that there ex-
ists a VNP-complete polynomial family that is not in VP. In this way, VNP-completeness is

analogous to NP-completeness.
A class related to VP is VBP.

Definition 2.11 (Class VBP) VBPF is a class of all polynomial families { f,, },,>1 over a field F such
that there exists a polynomial function t : N — IN, such that for all n > 1, f, is a polynomial in
at most t(n) variables, of degree at most t(n) and computed by an algebraic branching program with
size at most poly(n).
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It is known that both IMM and determinant polynomial families are complete for VBP.

2.3 Polynomial families

In this section, we describe some of the polynomial families that the reader may encounter
in this work. We start by defining two well-known families of symmetric polynomials.

Definition 2.12 Forany n € N and 1 < d < n, the d-th elementary symmetric polynomial in n

ESymn,d: Z Hxi.

56([2]) ieS

variables is

The d-th power symmetric polynomial in n variables is

PSym, ; = Z x?.
]

i€ln
The sum-product polynomials are an extremely simple polynomial family.
Definition 2.13 Foranys € N and 1 < d < n, the d-th sum-product polynomial in sd variables
[]
| jeld]
The following two polynomial families and their variants have been used extensively

in proving arithmetic circuit lower bounds [NW97, Raz10, KLSS17, KS17b, K516, KST16a,
KST16b, FKS16, CLS19, KS19b, GST20, LST21, KS22].

is,

SPs,d = Z
i€fs

Definition 2.14 (Nisan-Wigderson design polynomial) For a prime power q and d € IN, let
X ={x11,---, X1, -+, Xa1,---,Xaq}- Forany k € [d], the Nisan-Wigderson design polynomial on
qd variables, denoted by NW, 4 or simply NW, is defined as follows:

NWoae= 3, T %
h(z)€F,[2): icld]
deg(h)<k
Definition 2.15 (Iterated Matrix Multiplication polynomial) Foranyn € Nand1 <d <mn,
the iterated matrix multiplication, IMM,, 4 is a polynomial in N = d-n® variables defined as the
(1, 1)-th entry of the matrix product of d many n x n matrices whose entries are distinct variables.

In a recent breakthrough [LST21], Limaye, Srinivasan, and Tavenas introduced what they
call the word polynomial which is a projection of the IMM.
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Definition 2.16 (Word polynomial Py, [LST21]) Given a word w = (wy,...,wy) € 7, let
x(w) be a tuple of d pairwise disjoint sets of variables (x1(W), . ..,xz(w)) with |x;(w)| = 2/@il for
all i € [d]. x;(w) will be called negative if w; < 0 and positive otherwise. As the set sizes are powers
of 2, we can map the variables in a set x;(w) to Boolean strings of length |w;|. Let o : x — {0,1}"
be such a mapping." We extend the definition of o from variables to set-multilinear monomials as
follows: Let X = x1 - - - x be a set-multilinear monomial where x; € xp(;y(W) and ¢ : [r] — [d] bean
increasing function. Then, we define a Boolean string o(X) := o(x1) o - - - o 0(x,), where o denotes
the concatenation of bits. Let M (w) and M_(w) denote the set of all (monic) set-multilinear
monomials over all the positive sets and all the negative sets, respectively. For two Boolean strings
a,b, we say a ~ b if a is a prefix of b or vice versa. For a word w, the corresponding word polynomial
Py, is defined as
Py = ) my -m_.
mieM (W), m_eM_(w)
o(m.) ~ o(m-)

Notice that if Y-, ~o |w;| < Yo <0 |wil, then for any m € Mi and m— € M_, o(m)
will be a prefix of o(m_) and if Y ic(4).0,>0 [Wi| > Lic[a):w,<0 |wil, then for any m € M and
m_ € M_,o(m_) will be a prefix of c(m. ). In Chapter 7, we will make use of the following
lemma from [LST21] which shows that IMM is at least as hard as Py,. For this, we recall
the notion of unbiased-ness of w = (wy, ..., wy) from [LST21] — we say that w is h-unbiased if
maXxc(q w1 + - -+ wi| < h.

Lemma 2.1 (Lemma 7 in [LST21]) Letw € [—h..h]* be h-unbiased. If for somen > 2", IMM,, 4
has a formula C of product-depth A and size s, then Py has a formula C' of product-depth at most A
and size at most s. Moreover, if C is homogeneous, then so is c.

2.4 Complexity measures

This section describes the two complexity measures that we use in Chapter 7.

Let n and ng be positive integers. Define variable sets x := {x1,...,x,} and z :=
{z1,...,2n,}. For amonic monomial m and an f € F|x|, we define 9,,f € [F[x] to be the poly-
nomial obtained by successively taking partial derivatives with respect to all the variables of
m (counted with their multiplicities). For an integer ¢ > 0, xt = {x190 - xp% teq,..., e €
Zsoand Yicpye; = £}. For an integer k > 0 and f € F[x], of = {0uf:mexr}. Fora
f eF[xl,amapL:x — (z),and S C F[x], m.(f) € F[z] and 7 (S) C F|z| are defined as
i (f) == f(L(x1),...,L(xn)) and 7. (S) := {mr(f) : f € S}, respectively.

'Note that o may map a variable from x;(w) and a variable from xj(w) to the same string if i # .
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For S, T C F[x|, S-T = {f-g:f€Sand g€T}andS+T = {f+g: f €
S and g € T}. Fora S C F[x|, we define its span as (S) C F[x] to be the set of all polyno-
mials which can be expressed as F-linear combinations of elements in S. Fora § C F[x], its
dimension, denoted by dim S, refers to the maximum number of linearly independent polyno-
mials in S.

We can now define the complexity measures for polynomials that we use to prove our
lower bounds: the shifted partials (SP) measure and the affine projections of partials (APP) mea-
sure. We remark here that both these measures (with different parameters) have been used
in the literature prior to our work — for example, the shifted partials measure in [GKKS14,
Kay12b] and the affine projections of partials in [GKS20, KNS20].

Definition 2.17 (SP and APP measures) For a polynomial f € F[x], non-negative integers k, ¢,

and ngy € [n], we define SPy ;(f) := dim <x€ : akf> and APPy ,,.(f) := max dim <7‘L’L (akf> >
L:x—(z)

SP and APP are sub-additive. That is, for any f,g € F[x|, SP(f +g) < SP(f) 4+ SP(g) and

APP(f +g) < APP(f) + APP(g).

Remark 2.1 The lower bounds that we prove in Chapter 7 can also be obtained using the skewed par-
tials measure (SkewP) [KNS20], which is a special case of APP. [KNS20] used the SkewP measure
to prove an optimal “non-FPT"" lower bound of n*@) for multilinear depth-3 circuits computing
IMM,, 5. However, we use the more general APP measure for several reasons: Firstly, APP has the
geometrically appealing feature that it is invariant under the application of invertible linear transfor-
mations on the variables. Secondly, there are models for which APP gives lower bounds but SkewP
does not (see [AGK™23]). The third reason is that for reconstruction of circuits using the recently
proposed learning from lower bounds framework [KS19a, GKS20], APP might give weaker non-
degeneracy conditions than SkewP. Thus using APP, we might be able to learn more circuits from a
circuit class than we can learn using the SkewP measure.

Also, there is a close connection between APP and the relative rank (relrk) measure used in
[LST21]: Both of them are variants of the evaluation dimension (evalDim) measure with the added
feature of ‘imbalance’. It is natural to wonder to what extent the imbalance is required. The relrk
measure works with an imbalance between the sizes of the sets involved in a set-multilinear partition.
An imbalance or skew between the sizes of variable sets also appears in APP, albeit at a gross level:
APP uses two sets — one for taking derivatives, the other for affine projections — and there is an imbal-
ance between the sizes of these two sets. Drawing analogy with evalDim, one may also view these two
sets as the variables used for evaluations (y) and the remaining variables (z). It turns out that (for

!Borrowing terminology from [LST21].
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set-multilinear polynomials) the “finer” imbalance used in the relrk measure implies an imbalance —
at a gross level — between y and z.' One may naturally ask if an imbalance at a gross level, like in
APP and its precursor SkewP, is sufficient to prove lower bounds for low-depth circuits.

2.5 Hitting sets

Definition 2.18 (Hitting set) Let C be a set of n-variate polynomials. A set of points H C F" is a
hitting set for C if for every non-zero f € C, there is a point a € H such that f(a) # 0.

By a “T-time hitting set’, we mean that the hitting set can be computed in T time. Typi-
cally, T is a function of the input parameters such as the number of variables, the size of the
input circuit, and the degree or the individual degree of the input polynomial. The individual
degree of a monomial is the largest of the exponents of the variables that appear in it. The
individual degree of a polynomial is the largest of the individual degrees of its monomials.

Definition 2.19 (Hitting set generator) Let C be a set of n-variate polynomials and t € IN. A
polynomial map G : F' — " is a hitting set generator for C if for every non-zero f € C, we have

foG #0.

We say the number of variables of G is f, and the degree of G — denoted by deg(G) - is
the maximum of the degrees of the n polynomials that define G. We will denote the t-variate
polynomial f o G by f(G). By treating a matrix A € [F"*" as a linear transformation from IF"
to F", we will denote the polynomial map A o G by AG and the t-variate polynomial f o AG
by f(AG). If the defining polynomials of G have degree dy and the degree of the polynomials
in C is at most D, then the degree of f(G) is at most dyD. Thus, if we are given the defining
polynomials of G, then we can construct a hitting set for C in time poly(n, (dyD)?) using the
Schwartz-Zippel lemma, provided also that |F| > dyD.

2.5.1 The Shpilka-Volkovich generator

Definition 2.20 (The Shpilka-Volkovich or SV hitting set generator [SV15]) Assume that |[F| >
n and let aq, ..., ay be distinct elements of IF. For i € [n], let

L= [T =

jein]j-i M TR

'[LST21] talks about the (relative) rank of the partial derivatives matrix. The rank of this matrix is evalDim
with respect to an appropriate set y.
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be the i-th Lagrange interpolation polynomial. Then, for t € IN, the Shpilka-Volkovich (SV) generator
GV P2 — " is defined as GPV = (gf”, . gt(”)) where,

, t

Qt(l)(yl,. e Y 21, e ZE) = kz Li(yx) - z«

=1

The SV generator is also sometimes called the t-wise independent generator or a t-wise
independent monomial map. Notice that deg <Qt(i)) = n, and gt +1\ (Ve=i) = QSV + e -
z141, where e; is the i-th standard basis vector of F". Thus, Img (G?Y) C Img (G?Y]) and,
continuing in this manner, Img ( tS V) C Img (Qf/v) for any t' >t. We say that a polynomial

f € F[x] depends only on variables x1, ..., x, if f € Flxy,...,x3].

Observation 2.1 Let f € IF[x| be a non-zero polynomial that depends on only b of the x variables,
and g € orb(f). Then, § has a monomial of support at most b and g(G3") # 0.

Proof: Suppose that f depends on only the variables x1, ..., x;. Let g = f(Ax) # 0, where
A € GL(n,F). Suppose that A maps x; — ¢;(x) for all i € [n]. As A is invertible, ¢4,...,¢,
are [F-linearly independent. Let B be the b x n matrix whose i-th row is the coefficient vector
of ¢; for all i € [b]. Then, rank(B) = b and there are b columns jj,...,j, of B that are
also linearly independent. This means the linear forms ¢}, .. .,Ez obtained from /1,...,¥,
after setting the variables other than Xjy, ..., Xj, to 0 are also linearly independent. Thus,
g(?y,...,¢,) # 0 which is only possible if ¢ has a monomial whose support is contained in

{le, X, }. Now observe that g (Qb [— ]/b_o‘jb)> £ 0. O
The following observation, which allows us to construct a hitting set generator for a poly-
of

nomial f from a hitting set generator for ;- will be used crucially in the proofs of Theorems

3.1,14 and 1.5.

Observation 2.2 Let f € F[x] be an n-variate, degree d polynomial, and for some m € IN, let
G : F" — " be a polynomial map of degree at most d'. If |IF| > dd’ and there is an i € [n] such
that %(g) # 0, then f(G + lev) is not a constant.

Proof: If g—i(g ) # 0, then the Schwartz-Zippel lemma implies that there is a (B4, ..., fn) €

Img (G) such that

L (rapr) 20
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because deg <§—£ (Q)) < dd and |F| > dd'. Let r(z1) := f(B1,- Bi—1,Bi + 21, Bix1, - Bn)-

Then, 5 f
r
azl( ) axl (ﬁlf an) 750/

and so, f(B1, .-, Bi—1, Bi + 21, Bi+1, ---» Bn) is not a constant. Now, G + ng|(y1:ai> =G+e;-z.
Let Img, (G + G;V) be the “partial image” of G + G} obtained by keeping the z; vari-
able alive and setting all other variables to field elements. This means that (81, ..., Bi_1, Bi +
21, Bis1, - Bn) € ImgZ1 (G + ng), and hence, f(G + va) is not a constant. O

Observation 2.3 Let f € IF[x| be an n-variate, degree d polynomial, and for some m € IN, let G :
F"™ — " be a polynomial map of degree at most d'. If |IF| > dd’, then for any affine form ¢ € F[x|
and variable sets w and {y,z} such that |u| = mand uN {y,z} = @, f(G(u) + G}V (y,z)) = 0
only if §(G) = 0, where g := f(x; = {).

Proof: Suppose that g(G) # 0. Then there exists (a1, ...,a,) € Img(G) such that

f(“l/'"Itxl'*ll,[;/ai%»l**'/(xﬂ) :g(‘xlr---/“n) 7& O/

where B := {(ay,...,a,). It is easy to see that (B — «;)e;, where e; € [F" is the i-th basis
Vector is in the image of GV. So (ay,..., a1, B, &i1-..,00) € Img(G+ G7V) and f(G(u) +
PV (y,2)) #0. O

2.5.2 Low support rank concentration

We now define the notion of low support rank concentration, which is a crucial component
of this work. The support of a monomial is defined to be the number of distinct variables in
it. For a monomial x*, we will denote its support by Supp (x*).

Definition 2.21 Let F be a polynomial in x-variables with coefficients from K¥*%, where K is a
field and w € IN. For an m € IN, we say that F has support-m rank concentration over K if the
coefficient of every monomial in F is in the K-span of the coefficients of the monomials of support at

most m in F.

Observation 2.4 Let f = 17 - My (x1)My(x2) - - - My(xy,) - 1 € F[x] be computable by an ROABP
of width w, and F = My (x1)Mp(x2) - - - Myu(xy). Foran m € N and t1(z),...,t,(z) € Flz],
where z is a set of variables different from x, suppose that F(x + t(z)) := M (x1 + t1(z)) Ma(x2 +
tr(z)) - My(xn + ty(2z)) € F(z)Y*¥[x]| has support-m rank concentration over F(z). Then,
f(xq1 +t1(z),...,xn + ta(z)), when viewed as a polynomial in x-variables with coefficients from
IF|z], has an x-monomial of support at most m, provided f # 0.
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Proof: Let F(x +t(z)) = Y, Cux*, where C, € F[z]|*¥. Then, f(x1 + t1(2),...,xn +
th(z)) = Lo (1T-Cu-1)x*. If f # 0, then there is an & such that 17 - C, -1 # 0. If
Supp (x*) < m, then there is nothing to prove. Otherwise, as F(x + t(z)) has support-m
rank concentration over IF(z), Cy is in the F(z)-span of {Cg : Supp (x?) < m}. Thus, there
is a B with Supp (xﬂ) < msuch that 17 - C g - 1is non-zero, as 17 - C, - 1is non-zero. O

2.5.3 Algebraic rank and faithful homomorphisms

We say that polynomials fi,..., fiy € FF[x] are algebraically independent over F, if they
do not satisfy any non-trivial polynomial equation over F, i.e., for any p € Flyy,...,Ym],
p(fi,--., fm) =0onlyif p =0. For f = (f1,..., fm), the transcendence degree (i.e., the alge-
braic rank) of f over IF is the cardinality of any maximal algebraically independent subset of
{f1,--., fm} over F. The notion of algebraic rank is well defined as algebraic independence
satisfies the matroid properties.

Forf = (f1,..., fm) € F[x]", let

oA oA ... oA
dx; dx dx,
gﬁ g_z gfz
X X x
J(£) = | T 72 S
Ofm  Ofm Ofm
| oxp  dxp X | mxn

denote the Jacobian matrix of f. The following well-known lemma relates the transcendence
degree of f over FF — denoted by tr-degp(f) — to the rank of the Jacobian.

Lemma 2.2 (The Jacobian criterion) Let f = (f1,..., fm) € F[x]™ be a tuple of polynomials of
degree at most D and tr-degp(f) = r. If char(IF) = 0 or char(FF) > D7, then tr-degg(f) =
rankﬂz(x) ]x(f)

Definition 2.22 (Faithful homomorphisms) A homomorphism ¢ : F[x| — F|z] is said to be
faithful to f = (f1,..., fu) € F[x|™ if tr-degp, (f) = tr-degp (¢(f)).

Lemma 2.3 (Theorem 2.4 in [ASSS16]) If a homomorphism ¢ : F[x] — F[z] is faithful to f =
(fi,---, fm) € E[x]™, then for any p € E[y1,...,ym], p(f) = 0if and only if p(¢(£f)) = 0.

The following lemma was proved in [ASS516, BMS13].
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Lemma 2.4 (Lemma 2.7 of [ASSS16]) Let f = (fi,..., fm) be a tuple of polynomials of degree at
most D, tr-degp (f) < r, and char(IF) = 0 or > D’. Let ¢ : [F[x] — FF[z] be a homomorphism such
that rankpy) Jx(f) = rankg ) (Jx(f)). Then, the map ¢ : F[x] — Flz,t,y1,...,y;] that, for all
i € [n], maps
r ..
x; = <Z yﬂ”) + (%)
j=1
is faithful to f.

We will also need the following observation in our proofs.

Observation 2.5 Let f = (f1,..., fm) € F[x]" be a tuple of polynomials with tr-degy(f) = r. For

any A € GL(n,F), let g; = fi(Ax) foralli € [m] and g = (g1,...,§m). Then, tr-degp(g) = 1.

Proof: Assume withoutloss of generality that f1, . .., f; is a transcendence basis of f. We will
show that g1, ..., g, is a transcendence basis of g. For contradiction, let p € F[yy,...,y,] be
such that p(g1,...,4) = 0. Then, p(g1,.-.,8) = p(f1,-.., fr)(Ax) = 0. As A is invertible,
p(fi,..., fr) = 0. Because fi,..., f, are algebraically independent, this implies that p = 0,
and so, g1, ...,4r are algebraically independent. Also, if there exists a j € [r+ 1,m] such
that g1,...,8r, g are algebraically independent, then for all non-zero p € Flyy,...,Yr41],
p(g1,- .. ,gr,gj) # 0. But, as p(g1, .- .,gr,gj) = p(fi,.. .,fr,fj)(Ax) and A is invertible, for
all p #0, p(fi,.-.,fr. fi) # 0. This means that tr-deg(f) > r, which contradicts the hy-

pothesis of the observation. O

[GKST17] gave a quasi-polynomial time hitting set construction for the sum of constantly
many ROABPs. As ROFs are a sub-class of ROABPs, we have the following theorem which
is used in Chapter 8.

Theorem 2.1 [GKST17] Let IF be a field of size at least poly(n). There exists a hitting set generator
G : F" — " with degree poly(n) and m = O(logn) for polynomials computed by ROABPs or
sum of constantly many ROFs.

2.6 Read-once arithmetic formulas

Recall that an arithmetic formula C is said to be read-once if every variable appears at most
once in C. We will identify a gate with the polynomial it computes and C with the polynomial
computed by its top-most gate. Without loss of generality, C has alternate layers of + and
x gates, every non-leaf gate has fan-in at least two, and every child of a x gate computes
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a non-constant polynomial. Furthermore, we assume that no leaf nor any wire of an ROF
is labelled by 0. This ensures that if C computes f, then all variables present in C are also
present in f, that is, they are in var(f). We shall assume that all ROFs in this work satisfy
this property.

The product-depth of C, denoted A, is the number of x gates in a longest path in C from
the root to a leaf. We call C a +-rooted (similarly, a x-rooted) ROF if the root of C is a 4 gate
(respectively, a x gate). The following fact is easy to veritfy.

Fact 2.1 (Irreducibility of an ROF) The polynomial computed by a +-rooted ROF is irreducible
over IF.

If f € F[x] is computed by an ROF, we shall denote this by f € ROF. In Chapters 5 and
6, we consider ROFs with some additional structure.

Definition 2.23 (Canonical ROF) An ROF C is canonical if it satisfies the following properties:
1. C has alternate layers of + and x gates.
2. Every non-leaf gate in C has fan-in at least 2.
3. Every child of a x gate computes a non-constant polynomial.
4. There are no labels on the edges of C.
5. A + gate has at most one constant and at most one variable among its children, but not both.

6. Suppose there is a + gate that has among its children a variable and a x gate v such that v has
two children — a variable and a + gate v'. Then, v' has no constant among its children.

Let C be a +-rooted canonical ROF over F. The equation C = T + - - - + Ts + v means that
Ty, ..., Ts are the non-constant children and « € F is the constant child of the root + gate.
Note that a constant in a canonical ROF C only appears as a child of a + gate. Thus, all

constants present in C are additive-constants. An example of a canonical ROF is an ROANE.

Definition 2.24 (ROANF) A canonical ROF C is in the read-once alternating normal form
(ROANF) if it is a complete binary tree, the root of C is a + gate, the bottom-most layer of C contains
x gates, and all the leaves are labelled with distinct variables.
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Definition 2.25 An ROF is additive-constant-free if it has no additive-constants. We shall denote
the class of additive-constant-free ROFs by ROFy. If R € ROF, has n variables, then we shall say
that C € ROFy(n).

For an ROF C and x,y € x, fca(x, y) denotes the first common ancestor gate of x,y in R.
Because R is an ROF, the first common ancestor is unique for any pair of variables.

The product-depth of any gate G in C is the number of x gate on the path from the root
to G excluding G.

Definition 2.26 For an ROF C € [F|x]|, its gate graph G = (|x|, E), where

E:={{xy}:fca(x,y)isa x gate}.

[SV15] showed that E = {{x,y} : aaj% # 0}.
We shall denote the class of polynomials computed by sum of k many ROFs as ) ; ROF.
In addition, we shall use }_; ROF(n) to denote the set of all polynomials computed by the

sum of k many ROFs in n variables. The following theorem is required in Chapter 8.

Theorem 2.2 [MT18] Foreachn € N, ESym,, , 1 ¢ 2[%] _,ROF.

2.7 The Hessian of a polynomial

The Hessian matrix of an ROF is crucially used to obtain an equivalence test for ROFs in
Chapter 5. We now define the Hessian of a polynomial.

Definition 2.27 (Hessian of a polynomial) The Hessian of g € F[x], denoted as H,, is then x n
matrix whose (i, j)-th entry is %ang' The determinant of Hg is called the Hessian determinant of
g.

The Hessian matrix appears naturally in the Taylor expansion of a polynomial and has
important applications in optimization, second derivative tests, etc. In algebraic complexity,
the rank of the Hessian plays a crucial role in the best known lower bound on the determi-
nantal complexity of the permanent [MR04, CCL10]. The Hessian determinant is an effective
tool for designing equivalence tests for the sum-product polynomial, the power symmetric
polynomial [Kay11], and the sum of univariates model [GKP18]. A suitable 4-th order gen-
eralization of the Hessian has been used in [GKP18] to study the Waring decomposition
problem in the average case. In this work, we focus on understanding the essential vari-

ables of the Hessian determinant of a general ROF (see Section 5.4) to devise an equivalence
test for ROFs.
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A few basic properties of the Hessian are given below.

Observation 2.6 Let C = Ty + --- + T + y be an ROF over F, where for every 1 € [s], T,
is a x-rooted sub-ROF of C and v € F. Suppose the rows and columns of Hp are labelled by
var(Ty),...,var(Ts) in order. Then, Hp is a block diagonal matrix, where for | € [s], the I-th block
on the diagonal is Hr,.

Fact 2.2 (Chain rule) Let ¢ € F[x] and h = g(Ax) for A € M(|x|,F). Then, H, = AT .
Hg(Ax) - A.

Fact2.3 Let g € F[x] and b € FIX. Then, Hy () = Hy(x +b).

Fact2.4 Let ¢ € F[x], A € GL(|x,F), b € FX and h = g(Ax +b). Then, det(H)) =
a? - det(Hy)(Ax + b), where a = det(A).

2.8 Essential and redundant variables

The contents of this section are some definitions and preliminary results for the results in
Chapters 5 and 6 which are part of a joint work with Nikhil Gupta and Chandan Saha
[GST23]. A special case of the result in Chapter 5 is included in [Gup22]. As such, some
of the preliminary results mentioned in this section also appear in [Gup22].

Definition 2.28 (Essential and redundant variables) The number of essential variables of an
n-variate g € F[x] is s := minycgp(n,F) [var(g(Ax))|. The number of redundant variables of g
is (n—s).

Following [Car06], we denote the number of essential variables of g by Ness(g). [Car06]
gave a polynomial-time algorithm that takes input the coefficient vector of ¢ and finds an
A € GL(n,F) such that |var(g(Ax))| = Ness(g). [Kayll] gave a randomized polynomial-
time algorithm that does the same given black-box access to g. These algorithms use a neat
relation between Nss(g) and dim <g—§ X E x>. See Claim 2.3 in [KNST17] for a proof of the
following fact.

Fact 2.5 (Essential variables and partials) Let d € IN and char(IF) = 0or > d. If g € F[x|<y,
then Ness(g) = dim<g—§ DX € x>. Forz C x, {3—3; 1z € z} is a basis 0f<g—§ DX € x> if and
only if there is an A € GL(|x|,IF) that maps every variable in x \ z to itself, var(g(Ax)) = z, and
Ness (§(Ax)) = |z].
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In the claim below, we mention a slightly general version of an algorithm to remove
redundant variables. Its proof follows from the above fact.

Claim 2.1 (Elimination of redundant variables) Let d € IN, char(F) = 0or > d, and |F| >
2|x|d. There is a randomized poly(|x|,d) time algorithm Remove-Redundant-Vars that takes
input black-box access to a § € F[x] <y and a set'y C x s.t. x \ 'y contains a set of essential variables
of g, and outputs an A € GL(|x|,[F) s.t. A maps every y-variable to itself and g(Ax) is y-free and
has no redundant variables.

We say asetz C xis a set of essential variables of g if {g—g 1z € z} is a basis of <g—§ DX € x>;
variables in x \ z are redundant for g. We categorize the essential variables further as follows.

Definition 2.29 (Truly and ordinary essential variables) An x € x is a truly essential vari-
able of ¢ € FF[x] if for every A € GL(|x|,[F) that maps x to itself, x € var(g(Ax)). If z is a set of
essential variables of g, then a z € z that is not truly essential is an ordinary essential variable of
ginz.

Observation 2.7 (Characterizing truly essential variables using partials) Letd € N and char(FF) =
0or > d. If g € F[x|<y, then x € x is a truly essential variable of g if and only if Y ,/c, ocx/%', =0

for ay € IF implies oy = 0, i.e., no F-linear dependence of {% cx € x} involves g—i.

It follows that every set of essential variables of ¢ contains all the truly essential variables.

Proof: Let x be a truly essential variable of g. Suppose there exists a,» € F, for every ¥’ € x,
such that ZX/EX\ {x)} (xx/% = ocxg—‘i, where a, # 0. Then, it follows from Fact 2.5 that there is
an A € GL(|x|,[F) which maps x to itself and g(Ax) is x-free. Hence, by Definition 2.29, x is
not truly essential.

Suppose x is not a truly essential variable of g. Then, there exists an A € GL(|x|, [F) that
maps x to itself and g(Ax) is x-free. Suppose the column of A labelled by x is (ay,x)jex-

Then, it follows from the chain rule of derivatives that 0 = % g;lx) =Y yex ay,xg—é; (Ax), which

implies } ., cx ocx,yg—f; = 0. As A maps x toitself, ay y =1 # 0. This completes the proof. O

The next fact follows from the proof of Fact 2.5.

Fact 2.6 (Structure of a matrix for removing redundant variables) Let d € N, char(FF) = 0
or > d,and § € F[x|<y. Let z be a set of essential variables of g, z; the set of truly essential variables
of ¢, 2o = z\ z1, and y = x \ z. Then, there is an A € GL(|x|,[F) that maps every variable in
z1 W'y to itself, maps every z € z; to a linear form in y W {z}, and var(g(Ax)) = z.
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Observation 2.8 (Truly essential variables map to linear forms in essential variables) Letd ¢
N, char(IF) = 0 or > d, x and y be disjoint sets of variables, and h € F[x|<4. Let z C x W'y and
A € GL(|x| + |y|, ) such that |z| = Ness(h) and h(A - (x,y)T) € F[z] (where we pretend that h

is a polynomial in x Wy). Then, A maps every truly essential variable of h to a linear form in z.

Ax Al
Ay Ay
where the rows and columns of Ay, Ay are labelled by x and y, respectively. It is sufficient
to show that A; = 0. Let ¢ = h(A(x,y)") € F[x]. Pretend that g, h are polynomials in x ¥ y.

Let Vg = ([Vglx, [Vgly)T, where [Vg]x = <g—§>x€x and [Vgly = <g_§>y€y = 0. Similarly, let

Vh = ([Vh], [Vh]y)T, where [Vh]y = 0. By the chain rule,

Proof: Assume that z = x and all x-variables are essential for h. Suppose, A =

4

Vg =A"-[VH/(A(xy)"). 21

Since x is the set of essential variables of , the entries in [V 1]y are F-linearly independent,
and thus, the entries in [Vh]x(A(x,y)T) are also F-linearly independent. Now, it is easy to
see from Equation (2.1) and the structure of A that AT = 0. Otherwise, we get a non-zero
linear combination of %(A(x, y)T),x € x, which is equal to 0 (as [Vg]y = [Vh]y = 0), and
this leads to a contradiction.

Now, suppose x # z. Let P € GL(|x| + |y|,F) be a permutation matrix that maps x to
z, z to x and every other variable to itself. We know h(A(x,y)T) € F[z]. Then, note that
h(AP(x,y)T) € F[x]. It follows from the above argument that AP maps every x-variable to
a linear form in x. This implies A maps every x-variable to a linear form in z.

Now, suppose that not all x-variables are necessarily essential for . Let C € GL(|x| +
ly|, F) be such that #(C(x,y)”) has no redundant variables. Then, Fact 2.6 implies that every
truly essential variable of / is in var(h(C(x,y)")). The argument in the above paragraph
implies that C~!'A maps all variables in var(h(C(x,y)T)) to linear forms in z. Because C
maps every truly essential variable of & to itself, A maps every truly essential variable to a
linear form in z. O

Observation 2.9 (Truly essential variables from factors) Letd € IN,char(IF) = 0or > d, and
x and y be disjoint sets of variables. Let h(x,y) = g(x)¢ - p(x,y) € F|x,y|, where g(x), p(x,y) are
coprime, deg(h) < d, and e > 1. If Noss(g) = |x|, then every x-variable is truly essential for h.

Proof: Suppose, ) cx ocx% + Lyey ,Byg—; =0.Since h = g(x)¢ - p(x,y) and e > 1, we get
ap 1 0% ap
wy [ g=E +e-go L —>+ ‘= =0.
J;x x (g S Te g psy ygﬁyg %
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On dividing the above equation by ¢°~! and rearranging the terms we get

(;{(a,{aﬁ Zﬁya ) +e-p (Z“x%) =0,

yey XEX

As ¢ and p are coprime, and deg (erx txxg—§> < deg(g), we get Z axag = 0. But, this

implies &y = 0 for every x € x, since N,5(g) = |x|. Hence, every x- Varlable is truly essential
for h. O

Observation 2.10 (Truly essential pairs of variables) Let d € IN,char(F) = 0 or > d, and
{x1,x2} and y be disjoint sets of variables. Let h(x1,x2,y) = Y=o pi(y) - (x1x2)" be a polynomial
of degree at most d such that p;(y) # 0 for some i > 1. Then, x1 and x, are truly essential for h.

Proof: Let oclah + "‘Zsz + Lyey :Byay 0, where aq,a2,8, € F fory € y. Since h =
Yiso pi(y) (x122)%,

(Zl P - xi™ 1x2)+a2 (Zz pi - xXixh >+Zﬁy (2 x1%) aa—l;l) =0

i>1 i>1 yey >0

Notice that aq (Zizl i-p;- x§_1x§>, Xy <Zi21 i-p;- x’lez 1) and Y,y By (go(xlxz)iaa—’;) are
i>
monomial disjoint. Thus, each of these three polynomials is zero. Suppose a; # 0. Then,

§1z pi- Xl 1x2 = 0. As char(FF) = 0 or > d, we get p; = O for every i > 1, which is a
1
contradiction. Thus, 1 = 0. Similarly, ap = 0. Hence, x1 and x; are truly essential for /.

O
Essential variables modulo affine forms. Let ¢ € FF[x] and ¢ = Y[, a;x; + B, a non-
constant affine form in F[x]. Let I = {i € [n] : a; # 0}, and < a monomial ordering on
IF[x]. Suppose, x; has the highest precedence among {x; : i € I} according to <. There is a
natural ring isomorphism between the quotient ring F[x|/(f) and FF[x \ {x;}], where (/) is
the ideal generated by ¢. We define ¢ modulo ¢ (denoted g/) as:

ger=g | X xi— T ) i B | X |
ie[n]\{j}

Definition 2.30 The number of essential variables of ¢ modulo ¢ is defined as Niss (¢ ).
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Notice that the ordering < is implicit in the above definition. But, the following observa-
tion shows that the exact choice of < is unimportant here.

Observation 2.11 (Soundness of Definition 2.30) Forj € I, let W; = <a¢aj£g ) cx € x>, where
¢;(8) is obtained by substituting x; in g by —a; ! (Zie[n}\{j} a;x; + ,8). Then, for j1,j2 € I, dimWj, =

dim sz.

Proof: Forj € I, let ¢; be the substitution map defined as: ¢;(x;) = —a; <Zi€[m]\{]~} X+ ,3>,
and ¢(x) = x forevery x € x\ {x;}. Forji,j» € I, letg; := ¢; (¢) and g}, := ¢;,(g). Observe
that ¢;, — gj, € (£), which implies g;, = ¢; (gj,), as ¢;,(¢) = 0 and g;, is x;,-free. Hence, by

. ag; ag; B Do _
chain rule, a%,-l = ¢j, (%) — tx].llocl- Qi <ﬁ> As gj, is xj,-free,

anl
98 -1 98 9 -1, 98 982
asz — —06]1 DCJZ . q)]l ﬁ]l : ax1 - 0(]2 lxl . E — q)]l (a—x1> .
Notice that the space spanned by {% — ocjzlzxi - gi—? DX € x} is Wj,, which (by the above
! 2

equations) is U := <(pj1 (?le?) DX € x>. As ¢j, is linear, dimU < dim W,,, implying
dimW; < dim Wi,. Similarly, we can show that dim W, < dimW;,. Therefore, dim W, =

dim sz. O

2.9 The orbit of a polynomial

For A € GL(n, F), Ax denotes the column vector obtained by multiplying A with (x7 - - - xn)T.

Definition 2.31 (Orbit of a polynomial) The orbit of ¢ € F[x|, denoted orb(g), is defined as
orb(g) := {g(Ax+Db) : A € GL(|x|,FF), b € FX}.

Remark. Some results in this work, like those in Chapters 3, 4, 5, 6, holds even if we consider
a more general definition of the orbit of a polynomial: Let x, y be sets of n and m variables,
where n > m, and h € F[x], ¢ € Fly|. Then, h € orb(g) if there is exista A € F"*" of rank
mand b € F" such thath = g(Ax + b).

By the ‘orbit of a circuit class C’, we mean the union of the orbits of the polynomials
computable by the circuits in the class C.

Definition 2.32 (PS orbit of a polynomial) Let g,h € F[x]. We say that h is in the PS orbit
of g, denoted PS(g), if there exist a |x| X |x| permutation matrix P, a |x| X |x| invertible diagonal
(scaling) matrix S, and a b € F| such that h = g(PSx + b).
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The following facts are easy to prove.

Fact2.7 Ifh € orb(g), then Ness(g) = Ness(h).

Fact2.8 Let d € N, char(F) = 0or > d, g € F[x]<4, ¢ € F[x] a non-constant affine form,
A € GL(|x|,F), b € FX¥, ¢’ = ¢(Ax +b), and ¢' = £(Ax + b). Then, Ness(g}) = Ness(g¢)-

2.10 The border of a circuit class

Recall from Chapter 1 that the closure or border of a circuit class C, denoted by C is the
Zariski closure of C obtained by identifying each n-variate degree-d polynomial computed
by some circuit in C with its coefficient vector. We now give an alternative and equivalent
definition of C. The equivalence between these two notions of border was proved in [Biir01].

Let € be a variable distinct from x. For f € F[x] and g € Fle, x|, we say that ¢ approx-
imates f if there exists an h € F[e, x] such that f + eh = g. Alternatively, (over C and R),
f = lime_,0g. Throughout this work, we shall denote a polynomial in € - F[e, x| by O(e).
Thus, f is approximated by g if f + O(e) = g.

If C is a circuit over [F(e) that computes g, that is, C can have “constants” from FF(e) and
these constants come for “free” and do not count towards the size of C, then we say that f is
in the border of C denoted by f € C. For a circuit class C, its border denoted by C is the union
of the border of all circuits in it. For example, the class VP contains all polynomial families
of polynomial degree that can be approximated by polynomial sized arithmetic circuits over
F(e).

Note that for y(e) € F(e), 7 can be written as e N - 4/ for some N € IN and a formal
power series ¢'. A folklore result states that if f is in the border of C, then every F(e)-
element appearing in C can be written as e " -  for some 7 € [F[e]; i.e. every IF(e)-element
appearing in C is actually a Laurent polynomial. Throughout this work, whenever we say
that C is a circuit over [F(€), we assume that all IF(e)-elements in it are Laurent series. For an
a #0=Y"' ae €F(e), val(a) is the smallest i € {a,...,b} such that a; # 0. val(0) := co.
For a g € F(e)[x], val(g) is the minimum valuation of a coefficient of any monomial of g. For
an « € FFle], «(0) € F denotes the constant term of «.

The following folklore claim follows from Nisan’s characterisation of ROABPs [Nis91].

Claim 2.2 ROABP = ROABP.

It is also known that ROF = ROF. In Chapter 8, we need a similar statement for additive

constant free ROFs that we now prove.
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Claim 2.3 ROFO = ROF().

Proof: By induction on the number of variables 7 in a C € ROFy. Forn = 1, f = ax + O(€)
for some « € F(e). Since ax + O(e) € Fle], « € Fle]. Thus, f = «(0) - x and the claim is
true. Let the claim be true for all f/ € ROFy(n — 1) and let f € ROFy(n); say it is C + O(e).
Note that C € Fle][x].

If the top gate of C is a + gate then C = T; + T, where T;s are ROFs over F(e). They are
also non-constant, variable disjoint, and additive constant-free. Hence, they must be ROFs
over F[e]. As they have fewer than n variables, from the induction hypothesis T;(e = 0) is
in ROFj and f = Ty(e = 0) 4+ Tx(e = 0) € ROF. Otherwise, C = Q1Q, where Q; are non-
constant, variable disjoint, additive constant-free ROFs over [F(e). Without loss of generality,
val(Qq) < val(Q2). As C € Fle|[x] and Qq, Q; are variable disjoint, val(Q;) + val(Qz) > 0.
Let ¢ := max {0, —val(Q1)} and Q] = €'Q;, Q) = e Q). Note that Q},Q, € Fle][x].
As they have fewer than n variables, the induction hypothesis gives that, Q}(e = 0) and
Q) (e = 0) are in ROF. Thus, f = Q) (e = 0)Q5(e = 0) is also in ROF,. O
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Chapter 3

Hitting sets for orbits of ROABPs

This section gives hitting set constructions for orbits of low individual degree commuta-
tive ROABPs and multilinear constant-width ROABPs. The contents of this chapter are
from a joint work with Chandan Saha [ST24].

3.1 Introduction
A polynomial f € F[x| where x = (x1, ..., x,) the orbit of f, is defined as

orb(f) := {f(Ax+Db): A€ GL(n,F),b € F"};

see Definition 2.31. Recall that for a circuit class C, its orbit orb(C) is defined as U< orb(f).

In this section, we describe quasi-polynomial time hitting set constructions for two sub-
classes of ROABPs: commutative ROABPs with low individual degree and multilinear ROABPs
with constant width (see Definition 2.7). As corollaries we obtain quasi-polynomial time
hitting sets for orbits of sums of products of low degree univariate polynomials and sparse
polynomials with low individual degree. We construct these hitting sets using the rank con-
centration by translation technique introduced in [ASS13] and later used in multiple works
like [FSS14] to obtain hitting sets for various sub-classes of ROABPs. In this section, we
show how this technique can be extended to the setting of orbits.

This section contains the proofs of the following theorems.

Theorem 1.1 (Hitting sets for the orbits of commutative ROABPs with low individual degree)
Let C be the set of n-variate polynomials with individual degree at most d that are computable by
width-w commutative ROABPs. If |IF| > n?d, then a hitting set for orb(C) can be computed in
(nd)Od108%) time,
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Theorem 1.3 (Hitting sets for the orbits of multilinear constant-width ROABPs) Let C be the
set of n-variate multilinear polynomials that are computable by width-w ROABPs. If |F| > no(w4),

O(w6~logn)

then a hitting set for orb(C) can be computed in n time.

As corollaries to Theorem 1.1, we obtain the following two theorems.

Theorem 1.2 (Hitting sets for the orbits of sums of products of low degree univariates) Let
C be the set of n-variate polynomials that can be expressed as sums of s products of univariates of de-
gree at most d. If |F| > n?d, then a hitting set for orb(C) can be computed in (nd)C(@1°8%) time,

Theorem 3.1 (Hitting sets for orbits of sparse polynomials) Let C be the set of n-variate, s-
sparse polynomials with individual degree at most d. If |IF| > nd and char(IF) = 0or > d, then a
hitting set for orb(C) can be computed in (nd)©(@1°85) time,

Theorems 1.1, 1.2, and 3.1 are proved in Section 3.2 while Theorem 1.3 is proved in Sec-
tion 3.3. Since both low individual degree commutative ROABPs and constant width multi-
linear ROABPs are closed under translation, we just need to prove Theorems 1.1 and 1.3 for
polynomials of the form f(Ax) where f is computed by a low individual degree commuta-
tive ROABP or constant width multilinear ROABP.

3.2 Hitting sets for the orbits of commutative ROABPs

The strategy. Theorem 1.1 is proved by adapting the rank concentration by translation
technique of Agrawal, Saha, and Saxena [ASS13]' to work for the orbits of commutative
ROABPs. Let f = 17 - My(x1)Ma(x2) - - - My(xy) - 1 be a width-w commutative ROABP;
here M;(x;) € FY*¥[x;] for all i € [n]. Also, let F = My(x1)Ma(x2) -+ My(x,). For
any A € GL(n,F), let ¢ = f(Ax) and G = F(Ax). For i € [n], suppose that A maps
x; — £;(x), where /; is a linear form, and let y; = ¢;(x) andy = {y1,...,yu}. Then, g = 17T -
M (y1)Ma(y2) - - - My (yn) -1and G = My (y1)Ma(y2) - - - My (v, ). We will show thatif g # 0,
then there exist explicit “low” degree polynomials t1(z), ..., t,(z), where z is a “small” set
of variables such that ¢(x1 + t1(2z),...,x, + t4(2)) has a “low” support monomial. This will
be done by proving that G(x1 + t1(2), ..., X, + t,(z)) has low support rank concentration in
the “y-variables”. Applying Observation 2.4, we will get that ¢(x1 + t1(2), ..., Xy + tu(2))
has a low support y-monomial. This will then imply that g(x1 + t1(z),...,x, + t,(z)) has a
low support x-monomial, provided f has low individual degree. Finally, we will plug in the

1[ASS13] proved their result for products of univariate polynomials over a Hadamard algebra which form
a subclass of commutative ROABPs. However, their analysis also works for general commutative ROABPs.
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SV generator (defined in Section 2.5.1) to preserve the non-zeroness of g. More precisely, we
will prove the following theorem at the end of Section 3.2.2.

Theorem 3.2 Let f be an n-variate polynomial with individual degree at most d that is computable

by a width-w commutative ROABP. If |F| > n, then G \(SZ‘?log W) (d+1)41) is a hitting set generator for
orb(f).

Our analysis differs from that in [ASS513] at a crucial point: In [ASS13], it was shown that
F(x+t) = Mj(xq +t1)Ma(x2 + £2) - - - My(xy + t,) has low support rank concentration over
IF(t) if the nonzeroness of every polynomial in a certain collection of polynomials — each in
a “small” set of t-variables — is preserved. As each polynomial in the collection has “few”
t-variables, a substitution f; < t;(z) that preserves its nonzeroness is relatively easy to con-
struct. But the collection of polynomials that we need to preserve to show low support rank
concentration for G(x + t) is such that every polynomial in the collection has potentially all
the t-variables. However, we are able to argue that each of these polynomials still has a low
support t-monomial. This then helps us construct a substitution ¢; — t;(z) that preserves
the nonzeroness of these polynomials.

Notations and conventions. In the analysis, we will treat t1(z), .. ., f,(z) as formal variables
t = (f1,...,ty) while always keeping in mind the substitution map t; — t;(z). For i €
[n], let r; = £;(t). For S C [n], define rs = {r;:i € S}. The F-linear independence of
l1,...,4, allows us to treat y and r as sets of formal variables. Notice that in this notation,
G(x+1t) = My(y1 +r1)Ma(y2+12) - - - My(yn +11). Let A denote the matrix algebra F*%.
Fori € [n], let M;(y;) = Zgizo uileiyfi, where u;, € A and M;(y; +r;) = ZZ,:O vi,biy?", where
vip, € Alri] C Aft]. As f is a commutative ROABP, M1 (y1), ..., My (y,) commute with each
other and hence u;,, and Uje; also commute for i # j. The following observation, implies

that v;,. and Vje; also commute for i # j.

Observation 3.1 For every i € [n] and b, e; € {0,...,d},
1. vjp, = Eg:o (21) 'rfiibi Ui
2. Uje, = EZZ.:O (?f) (=)l vy,

where (3) = 0ifa <.
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Proof: The proof of Observation 3.1 follows from the following which we prove below: Let
p(y) = T wey?, where w, € A and p(y +r) = Xf_ Wy’ Then, @, = T0_ (5)r* Yw,

d

ply+r) =Y we(y+r)
e=0
d d /o .
=Y w ) (b)re y
e=0 b=0
d d
_ < (e) re—bwe> yb
b=0 \e=0 b
Thus, @, = Y.7_ (5)7°*"we. O

ForasetS = {il,iz,...,i|5‘} C [n], whereiy <ip <...< i|5‘, the vector (bil,bi2,...,b,-|s|)
will be denoted by (b; : i € S). Let Supp (b) denote the support of the vector b which
is defined as the number of non-zero elements in it. We also define a parameter m :=
2 [logw?] + 1.

3.2.1 The goal: low support rank concentration

We set ourselves the goal of proving that there exist explicit degree-n polynomials t1(z), . .., t,(z),
where |z| = 2m, suchthat G(x1 +t1(2),..., xn +ta(2)) = My(y1+711)Ma(ya+12) - - - Mu(yn +

tn) € Alry, ..., 1r4][y] has support-(m — 1) rank concentration over [F(z) in the y-variables.

We will show in this and the next section that this happens if all polynomials in a certain
collection of non-zero polynomials {hs(rs) :S C ([:1])} C Flry,...,ra], where deg, (hs(rs))

< md™t! remain non-zero under the substitution t; — ti(z).] The following lemma will

help us achieve this goal.

Lemma 3.1 Let G, t,z,y and rg be as defined above. Suppose that the following two conditions are
satisfied:

1. Forevery S C ([:1]) and (b; :i € S) € {0,...,d}", there is a non-zero polynomial hs(xs) such
that

hs(xs) - [ [ vip, € F[t]-span {Hvi,bg : Supp (bj:i€S) < m} :

i€S i€S

'We do not really need the degree bound on hs(rs).

52



2. There exists a substitution t; — t;(z) that keeps hs(rs) non-zero for all S C ([:1]).

Then, for every b = (b; : i € [n]) € {0,...,d}",

H vip, € F(z)-span { H Uiy, : Supp (bj:i € [n]) < m} , (3.1)
ie[n]

and G(x1 + t1(z), ..., xn + tu(2)) has support-(m — 1) rank concentration in the y-variables
over F(z).
Proof: Considerab = (b;:i € [n]) € {0,...,d}" with Supp(b) > m. Pickan S C ([Z])
such that Supp (b;:i € S) = m. As hs(rs) is a non-zero polynomial and the substitution
t; — ti(z) keeps it non-zero,

v;p. € F(z)-span vy :Supp (bl :i€8S) <my.
ot p Y pp 1

i€S ieS

Also, as v; ), and vjp, commute wheni # j,

[ ] vip, € F(z)-span {Hvi,b: - IT ©jp; :Supp (b;:i€8) < m}
i€[n]

i€S j€ln)\s

= span{Hvlb/ Supp(bl’-:iES)<mandb§biViG[n]\S}

ie[n]

C F(z)-span { I p » Supp (bj 1 € [n]) < Supp(b)} :

ie[n]

Repeat the above argument for every b’ € {0,...,d}" such that m < Supp(b’) <
Supp(b). Continuing in this manner yields (3.1) for all b € {0,...,d}". Since [Ticn Vi, is
the coefficient of the monomial y? := y?l = -yfl” in G(x1 +t1(2),...,xn + ta(z)), the polyno-
mial G(x1 +t1(z),...,x, + ty(2)) has support-(m — 1) rank concentration in the y-variables
over [F(z). O

3.2.2 Achieving rank concentration

We will now see how to satisfy conditions 1 and 2 of Lemma 3.1 such that deg, (hs(rs))

< md™*1, t;(z) is an explicit degree-n polynomial, and |z| = 2m. It follows from Lemma
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3.1 that to achieve rank concentration, we only need focus on sets S of size exactly m. As-
sume without loss of generality that S = [m]. For b = (by,...,by) and e = (e1,...,en)
in {0,...,d}", define (E) = Ilicpm (Zj), where, as before, (Z;) = 0if b; < e;. Also, let

= Ilicpm vip; and ve := Tlicpm) tie;- Define r := (—ry,..., —7m), = Hie[m}(—ri)bi
and 1€ := e[y (—7:) "% We now define some vectors and matrices by fixing an arbitrary
order on the elements of {0,...,d}".

Let V := (vp: b€ {0,...,d}") and U := (ue:e € {0,...,d}"); V is a row vector in
A[r)@+1)" whereas U is a row vector in A@*t)", Let C := diag(r® : b € {0,...,d}") and
D := diag(r ¢:e € {0,...,d}"); both C and D are (d +1)" x (d + 1)™ diagonal matrices.
Finally, let M be a (d +1)™ x (d + 1)™ numeric matrix whose rows and columns are indexed
by b € {0 ,d}" and e € {0,...,d}" respectively. The entry of M indexed by (b, e)
contains ( ). We now make the followmg claim.

Claim 3.1 Let U, V, C, M and D be as defined above. Then, U = VCMD.
Proof: The entry indexed by e € {0,...,d}" of U is ue. Observe that

Ue = H ui,Ei
(bi) . (_ri)bi*ei 'Uz‘,bi) (from Observation 3.1)

- X (b)lH e T

bn)€{0,... d}" €[m] ic[m] ic[m]
b) e
be{O Ly \€
= ) O P (b) S
be{0,...d}" €
The equation U = VCMD now follows easily from the definitions of these matrices. O

In [ASS13], a very similar equation was called the transfer equation and we will refer
to U = VCMD by the same name. Let F := {b € {0,...,d}" : Supp(b) = m}; clearly,
|F| = d™. ! Also, let us call the set of all vectors (1. : e € {0,...,d}") € F@*1" for which
Yec (0,....d}" Nelle = 0 the null space of U. Then, we have the following lemma.

There is a slight overloading of notation here: We have used F before at the beginning of Section 3.2 to
denote the product My (x1)Ma(x2) - - - My (x,). However, since all our arguments involve only G = F(Ax) and
not F, we would use F in this section to denote the set that is mentioned here.
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Lemma 3.2 There are vectors {ny, : b € F} in the null space of U such that the following holds:
Let N be the (d + 1)™ x d™ matrix whose rows are indexed by e € {0,...,d}" and whose columns
are indexed by b € F and whose column indexed by b is ny,. Then, the square matrix [CMDN] is
invertible, where [CMDN]| is the sub-matrix of CMDN consisting of only those rows of CMDN
that are indexed by b € F.

The proof of the above lemma is similar to the proof of Theorem 13 in [ASS13]. At a
high level, the proof proceeds as follows: We first impose an order on the monomials in
r variables and observe that this induces an order on the rows and columns of the matrices
U,V,C,M,D,N. Then we use this order and a certain greedy argument to construct an N
whose columns are in the null space of U. We again use the order along with the Cauchy-
Binet identity for the determinant to argue that det([M]rDN) has an r monomial with the
maximum order. As [C]r is a diagonal matrix, this proves the lemma.

Proof: The entries of U, the columns of M, the rows and columns of D, and the rows
of N are indexed by e € {0,...,d}". Impose an order <, say the lexicographical order,
on the indices e € {0,...,d}" of U and the other three matrices. Pick the minimal basis
of the space spanned by the entries of U according to this order, i.e., consider the entries
of U in the order dictated by < while forming the basis. Let B := {e € {0,...,d}" :
Ue is in the minimal basis of U w.r.t. <}.

Construction of the matrix N. The columns of N are indexed by b € F. We will now spec-
ify a set of column vectors {n}, : b € F} in the null space of U such that the column of N

indexed by b € F is ny,. There are two cases for b € F:

Case 1: b € F\ B. In this case, uy, is dependent on {i, : e € Band e < b}. Pick this depen-
dence vector as ny,.

Case 2: b € FN B. Let there be p such b, where p < |B| < w?. For aset E C [m] and
b € {0,...,d}", let (b)r denote the vector obtained by projecting b to the coordinates in
E. Roughly speaking, the following claim says that each of these p vectors has a “small
signature” that differentiates it from the other p — 1 vectors.

Claim 3.2 There exists a way of numbering allb € F N B as by, ..., by, and there exist non-empty
sets Ey, ..., E, C [m], each of size at most log p < log w? such that for all k € [p — 1],

(br)g, # (bo)g, Ve {k+1,...,p} (3.2)
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Proof: Suppose that we have already identified by, ..., by_; for some k € [p — 1] and have
constructed Eq, ..., Ex_1 satisfying (3.2). We will show how to identify by and construct Ej
greedily.

Initially Ex = @. Let T be the set of the b vectors that have not been numbered yet;
|T| < p. As each vector in T is unique, there exists an index i; € [m] such that the i;-th entry
is not the same for all b € T. In fact, there must exist a j; € [d] such that the number of b
whose i1-th entry is j; is at least 1 and at most |T|/2. Add i; to Ex and remove from T all
those b whose i1-th entry is not j;. Again, as each vector in T is unique, there exists an index
ip € [m] \ Ex and a j, € [d] such that the number of b € T whose ip-th entry is j, is at least
1 and at most |T|/2. Again, add i to Ex and remove from T all those b whose i,-th entry is
not jp. Continuing in this fashion, in log p or fewer iterations, |T| = 1; call the only vector in
T, by and stop. It is clear that |E;| < log p and that by and Ej satisfy (3.2).

After having identified by, ..., b,_1, call the last remaining vector b, and pick E, to be
any arbitrary singleton set. O

We will call E; the signature of by for k € [p]. The following claim tells us that for each
vector by, there is a vector that is not in B and has support at most m — 1, but agrees with by

on its signature and so in some sense can be used as a proxy for by.

Claim 3.3 For every k € [p), there exists a vector bj, € {0,...,d}" \ (F U B) such that (b})g, =
(bx) g, and also by and by agree on all locations where by is non-zero.

Proof: As |Ex| <logw? and m = 2 [logw?| + 1, for any vector b’ € {0,...,d}" satisfying
(b')g, = (by)E,, there are still at least [logw?| + 1 coordinates whose values we are free
to choose. For each such free coordinate, we choose its value to be either 0 or the value at
the same coordinate in by. There are 2 [logw? | +1 > 2w? such b’, one of which is b and the
remaining 2w? — 1 are in {0,...,d}"\ F. As |B| < w?, at least one of these 2w? — 1 vectors
isin {0,...,d}" \ (FU B). Pick any such vector and call it b;. O

We will now use the above two claims to construct np, for all k € [p]. We will use b},
from Claim 3.3 as a proxy for by. Notice that Upy is dependent on {ue : e € Band e < b} }.
Let this dependence vector be ny, . This completes the construction of N. We will now show
that [CMDN]|r is an invertible matrix.

[CMDN]r is invertible. As C is a diagonal matrix with non-zero entries, it is sufficient to
show that [MDN]|r = [M]rDN is an invertible matrix, where [M]r is the sub-matrix of M
consisting of only those rows of M that are indexed by b € F. The following claim lets us
simplify the structure of [M]r so that it becomes easier to argue that [M|gDN is invertible.
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Claim 3.4 There is a row operation matrix R € GL(d™,F) having determinant 1 such that R|M|p
has the following structure: The rows of R[M| are indexed by b = (by,...,by) € F and its
columns by e = (eq,...,em) € {0,...,d}". Its entry indexed by (b, e) is non-zero if and only if
foralli € [m], b; = e; if e; # 0. All the non-zero entries of R[M]F are either 1 or —1.

Proof: We prove the claim by induction on m. Form =1,

1 (1) (%) @ 1
0 1 (43 “1h 1
Mg=|0 0 1 (“1H) 1
0 0 O 1 1

Let R; be the row operation matrix that multiplies the last row of [M]r by (%) and sub-
tracts it from the second to last row; then it multiplies the last row by (?), the second to last
row by (g) and subtracts them from the third to last row, and so on. Then, the first d columns
of R1[M]f form a d x d identity matrix. Also, it is not hard to see that the entry in the last col-
umn of the row of R [M]findexed by e € [d]is1— ({) + (5) — -+ (=1)*"1(,%) = (-1)*" L
Let Ry be R. Also, ignoring the last column of R[M]r and [M]F, the remaining sub-matrices
of both the matrices are upper triangular with ones on the diagonal. Thus both of them have
determinant 1. As R relates them, it also has determinant 1.

Assume that the claim is true for all values of m’ up to, but not including m > 2. Let
the matrix M for m’ be denoted by M,, and R for m’ be denoted by R,,,. Then, [Mu|r =
[My,—1]F ® [M1]F. Let Ry := Ryy_1 ® Ry. Then, Ry [Mu]r = (Ry—1® R1) ([My—_1]F ® [My]F) =
(Rm—1[Mu-1]r) ® (R1[M1]g). Thus, the claim that R,,[M,,|r has the desired structure fol-
lows from the induction hypothesis. Further, as both R,,_; and R; have determinant 1,
det(Ry) = 1. O

Because of the above claim, showing that R[M]rDN is invertible would suffice. Just like
we did with M, we also impose the order < on the columns of R[M]r that are indexed by
e € {0,...,d}". Recall that the rows of R[M]F and the columns of N are indexed by b € F.
We order these indices as follows: we keep the indices b € F\ B before by,...,b,. We
will treat r~¢ as a monomial in (—r1)71,..., (=) ! “variables” and impose the order <
on the monomials in these variables. Let A := {b: b€ F\ 5} U {b’ L. .,b;,} ; notice that
|A| = |F|. Also, the elements of A are ordered as the elements of F but with b} replacing
by for k € [p]. Then, from the Cauchy-Binet formula and the construction of the matrix N,
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det(R[M]rDN) equals

det ([R[M]Fle a) [N]a- ] ] r ¢+ lower order monomials in the (—r;)',..., (—r,) ' variables.
ecA

Here [R[M]F|s. 4 denotes the restriction of R[M]F to the columns indexed by e € A, and [N]4
denotes the restriction of N to the rows indexed by e € A. Thus to show that R{M]rDN (and
therefore [CMDN]r) is invertible, it is sufficient to prove the following two claims.

Claim 3.5 [N]4 is an identity matrix.

Proof: This basically follows from the construction of N: Consider ab € F\ B. As A does
not contain any element of 3, the column of [N] 4 indexed by b has only one non-zero entry
(which is 1) in the row indexed by b. Similarly, the column of [N],4 indexed by by for any
k € [p] has only one non-zero entry (which is 1) in the row indexed by b;. The claim then
follows from the fact that the elements of A are ordered as the elements of F but with by,
replacing by for all k € [p]. O

Claim 3.6 The matrix [R[M|r|e 4 is an upper triangular matrix with 1 or —1 entries on the diago-
nal.

Proof: Consider the column of [R[M]f]e 4 indexed by some b € F \ B. From Claim 3.4, the
only non-zero entry in this column is in the row indexed by b itself. Now consider a column
of [R[M]F]s, 4 indexed by b; for some k € [p]. From Claims 3.2 and 3.3, (b} )g, = (by)g, #
(by)g, for all £ > k. As every coordinate of by is non-zero, it follows from Claim 3.4 that
the entry in the row indexed by b, must be 0 for every ¢ > k. Also, from Claim 3.3, by and
b;( agree at all coordinates b;( is non-zero. So, from Claim 3.4, the entry in the row indexed
by by must be non-zero. Also, recall from Claim 3.4 that the non-zero entries of R[M]|r are
either 1 or —1. The claim then follows from the fact that the elements of A are ordered same
as elements of F but with by replacing by for all k € [p]. O
This finishes the proof of the lemma. O
Observe that det([CMDN]g) € F[r]: Every entry of [CMDN] is a F-linear combination
of some entries of the matrix CMD. The entry of CMD indexed by (b, e) is (E) e,
which is non-zero only if b; > ¢; for alli € [m]. In this case, r’ - r~¢ is a monomial in the
r-variables. Thus, det([CMDN]r) — which is a polynomial in the entries of [CMDN]r —is a
polynomial in the r-variables. This observation leads to the following corollary of the above

lemma, which immediately gives a way to satisfy condition 1 of Lemma 3.1.
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Corollary 3.1 Let h(r) := det([CMDN]E). Then, deg, (h(r)) < md™"L. Also, for every b € F,
h(r) - vy, € F[t]-span {vp : b" € {0,...,d}" and Supp (b") < m}.

Proof: As mentioned in the previous paragraph, every entry of [CMDN]r is an [F-linear
combination of the entries of CMD which themselves are of the form (:) 1P .r7¢ As,b,e €
{0,...,d}™ and r has m variables, the degree of r* - r—¢ in the r-variables is at most md. Since
[CMDN]f is a d™ x d™ matrix, the degree of det([CMDN]g) in the r-variables is at most
mdm+1,

U = VCMD implies that VCMDN = 0. Let Vr be the sub-vector of V consisting solely
of the entries indexed by b € F. As VCMDN = 0, every entry of Vr [CMDN]|r isin

IF[t]-span {vp : b" € {0,...,d}" \ F} = F[t]-span {v}, : b’ € {0,...,d}" and Supp(b’) < m}.

So by multiplying V¢ [CMDN|f by the adjoint of [CMDN]r, we get that every entry of Vr
times det([CMDN]g), i.e., h(r) - v, where b € F is in

[F[t]-span {vy : b" € {0,...,d}" and Supp(b’) < m}.

The following claim about i(r) gives us a way to satisfy condition 2 of Lemma 3.1.

Claim 3.7 The polynomial h(x), when viewed as a polynomial in the t-variables after setting r; =

?;(t), has a t-monomial of support at most m.

Proof: The polynomial hi(r) = h(¢1(t),...,lm(t)) # 0as [CMDN]f is an invertible matrix
and /4, ...,¢, are F-linearly independent. Then, as there are only m r-variables, the claim
follows immediately from Observation 2.1. O

Thus, by substituting G,V for t, the polynomial h(r) remains non-zero, satisfying condi-
tion 2. Note that the number of variables in G5V, i.e., |z| = 2m and its degree is n. We are
now in a position to prove Theorem 3.2.

3.2.3 Proof of Theorem 3.2

Let f = 17 My(x1)Ma(x2) - - - Myy(x,,) - 1 be a width-w commutative ROABP having individ-
ual degree at most d; here M; € FV*%|[x;] foralli € [n]. Also,let F = Mj(x1)Ma(x2) - - - My (xp).
For any A € GL(n,F), let ¢ = f(Ax) and G = F(Ax). Suppose that A maps x; — ¢;(x)
and let y; = /;(x) for alli € [n]. Then, ¢ = 17 - M;(y1)M2(y2) - - - My(y,) -1 and G =
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Mi(y1)Ma(y2) - - - My (yn). In Sections 3.2.1 and 3.2.2, we have shown that G (x + G5 has
support-(m — 1) rank concentration (for m = 2 [logw?] + 1) over [F(z) in the y-variables;
the z-variables are the variables introduced by the G3" generator. From Observation 2.4,
if g(x) # 0, then g (x+ G3"), when viewed as a polynomial over F[z] in the y-variables!,
has a y-monomial of support at most m — 1. Let the y-degree of this monomial be D’. As
the individual degree of every x-variable in f is at most d, the individual degree of every
y-variable in g is also at most d. Thus, D’ < (m — 1)d. As the homogeneous component of
g (x+G3Y) of y-degree D' is non-zero, the homogeneous component of g (x + G5") (now
viewed as polynomial over FF[z] in the x-variables) of x-degree D’ must also be non-zero,
since £1,...,¢, are linearly independent. This means that g(x + G5 ), when viewed as a
polynomial over FF[z] in the x-variables, has an x-monomial of support (in fact, degree) at
most D' < (m —1)d. Thus, g (ga‘jfl) gt Q%V> # 0. Now, it follows directly from the def-

inition of the SV generator that gfn‘f_l)d + G5V = grfz‘j—(m—l)d and so g (giﬁ(m_l)d> #+ 0.

Replacing m by its value 2 [logw?] + 1 proves the theorem. Note that the SV generator
needs |F| > n.

3.2.4 Proofs of Theorem 1.1

Let f be an n-variate polynomial computed by a width-w commutative ROABP of individ-
ual degree at most d, and g € orb (f). Then, from Theorem 3.2, g (Q > Nlog 2] (d-+1)+1 ) #0
>ogw?|(d+1)+1) NS 2(2 [logw?] (d+ 1) +1) variables, and is
of degree n. So g <g(2ﬂogw21(d+1)+1)> also has 2 (2 [logw?]| (d +1) + 1) variables. Since
the individual degree of f is at most d, the deg(f) = deg(g) < nd. So the degree of

(g o 2[log w?] (d+1) +1)> is at most n2d. Thus, as |IF| > n%d, a hitting set for ¢ can be computed
in time (nd + 1) 2(2[logw?| (@ +1)+1) _ (nd)O(dlogw)

whenever ¢ # 0. Now, QS

3.2.5 Proofs of Theorem 1.2

Let f be an n-variate polynomial such that f = Yic(s) [Tje[u fi,j(xj), where each f; (x;) is a
univariate polynomial in x;. For all j € [n], define the matrix M; = diag(f1, ..., fs;)- Then
f =17 My(x1)Ma(x32) - - - Myy(xy,) - 1. Moreover, as the matrices My, ..., M, are diagonal,
they commute with each other. Hence, f is computed by a width-s commutative ROABP

and the theorem follows from Theorem 1.1.

!This we can do as g (x + Q;?ZV) =1T.G (x+ Q,iv) -1, and G (x+ QEZV) can be viewed as a polynomial
over A[z] in the y-variables.
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3.2.6 Proof of Theorem 3.1

Let f = Yiels) c]'x'ij’1 x)" bea sparse polynomial, where ¢; € IF for j € [s]. Observe that f
can be computed by a commutative ROABP as follows: Let M1 (x1) := diag(cy xil’l, . csxis’l)
and, for 2 < i < n, let M;(x;) := diag(xfl’i,...xfs’i). Then, f = 17 - My(x1) - - My (xp) - 1.
Notice that, as all matrices M; are diagonal, it is a commutative ROABP and its width is s.
Thus, if the individual degree of f is at most d, then Theorem 1.1 implies a hitting set that
can be computed in time (nd)C(@1085),

A parallel and independent work [MS21] shows that for the case of sparse polynomials

the low individual degree restriction can be removed. They prove the following theorem.

Theorem 3.3 (IMS21]) Let f be an n-variate, s-sparse polynomial of degree d and ¢ € orb(f).

Also, let |F| > nd and char(IF) = 0 or > d. Then, g # 0 implies g (gflggﬂH) # 0. In fact, if

is not a constant, then neither is g (g Fl‘ggﬂ +1).

The above theorem yields an (1nd)'°8° size hitting set for the orbits of n-variate, degree-d
polynomials. We will make use of the above theorem in Sections 4.3 and 4.4 to prove Theo-

rems 1.4 and 1.5, respectively.

3.3 Hitting sets for the orbits of multilinear constant-width
ROABPs

The strategy. Theorem 1.3 is proved by combining the rank concentration by translation
technique of Agrawal, Saha, and Saxena [ASS13] with the merge-and-reduce idea from
Forbes and Shpilka [FS13], Forbes, Saptharishi, and Shpilka [FSS14]. Let

f=1TM;(x))Mp(x3) - My (x) - 1

be a multilinear, width-w ROABP; here M;(x;) € F**%[x;] for all i € [n]. Also, let F =
M (x1)Ma(x2) - - - Myu(xy,). For any A € GL(n,F), let ¢ = f(Ax) and G = F(Ax). For
i € [n], suppose that A maps x; — £;(x), where ¢; is a linear form, and let y; = ¢;(x) and y =
{y1,---,yn}. Then, g = 17 Mi(y1)Ma(y2) - - - Mu(yn) - 1and G = My (y1) M2 (y2) - - - Mu(yn)-
Much like in the case of commutative ROABPs, we show that if ¢ # 0, then there exist ex-
plicit “low” degree polynomials t1(z),...,t,(z), where z is a “small” set of variables such
that G(x1 + t1(2), ..., xn + tx(2)) has “low” support rank concentration in the “y-variables”.

While in the rank concentration argument for commutative ROABPs the x-variables were
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translated only once, here the translations can be thought of as happening sequentially and
in stages. There will be [logn| stages with each stage also consisting of multiple transla-
tions. After the p-th stage, the product of any 27 consecutive matrices in G will have low
support rank concentration in the y-variables. Thus, after [logn| stages, we will have low
support rank concentration in the y-variables for G(x1 + t1(z),..., x4 + tx,(z)). As in the
case of commutative ROABPs, we show that G(x + t) has low support rank concentration
if each polynomial in a certain collection of non-zero polynomials in the t-variables is kept
non-zero by the substitution t; — t;(z). However, in this case, it is trickier to show that these
polynomials have low support t-monomials. We do this by arguing that each such polyno-
mial can be expressed as a ratio of a polynomial that contains a low support t-monomial and

a product of linear forms in the t-variables.

Remark. A quasi-polynomial time hitting set for general ROABPs was given by Agrawal,
Gurjar, Korwar, and Saxena [AGKS15] using an elegant generalization of the monomial iso-
lation method of Klivans and Spielman [KS01], namely the basis isolation method. As shown
in Gurjar, Korwar, Saxena, and Thierauf [GKST17], Forbes, Ghosh, and Saxena [FGS18], de-
signing a basis isolating weight assignment is a stronger objective than achieving rank con-
centration by translation. It is not immediately clear how to obtain efficient constructions of
basis isolating weight assignments for the orbits of ROABPs, even under additional restric-
tions such as commutativity, constant-width or low individual degree. However, our work
here shows that the weaker objective of rank concentration by translation can be achieved
for the orbits of the above-mentioned subclasses of ROABPs.

Notations and conventions. Much like in the previous section, we will first translate the
x-variables by the t-variables and then substitute the t-variables by low degree polynomials
in a small set of variables. We will translate the x-variables by [log ]| groups of t-variables,
ti, ..., tjogn]- Forall p € [logn], the group t, will have y := w? + [log w?*| sub-groups of
t-variables, t,1,..., t,,. Forall p € [logn] and q € [u], tpq := {tpg1,---,tpgn}. Thus,
tinally the translation will look like

X;i — Xx; + Z tp,q,i
pe flogn),
q€(p]

for alli € [n]. Finally, we will substitute the t-variables as t,,; > sp4 - zgqu(l), where

Bp,q(i) will be fixed later in the analysis. Let rp, o ; := £; (t;4); notice that for all i € [n], y; is
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translated as

yi—yit+ Y, Lilte) =yit Y Tpgi
p€(logn], p€(logn],
q€[u] q€[u]

For the purpose of analysis, we will think of the translation as happening sequentially in the
order tyq,..., ti o, ottt by, e, we will first translate by t; 1, then by t; 5,
and so on. Let us denote the order thus imposed on the set {(p,q) : p € [[logn]],q € [u]}
by <.

ForasetS = {il,iz,...,i|s‘} C [n], whereiy <ip <...< is), the vector (bil,bi2,...,b,-|5|)
will be denoted by (b; : i € S). Let Supp (b) denote the support of the vector b which is
defined as the number of non-zero elements in it.

The inductive argument given on the next two subsections is inspired by the “merge-
and-reduce” idea from [FS13, FSS14].

3.3.1 Low support rank concentration: an inductive argument

In this and the next sections, we will prove the following lemma. Let A := F“*%.

Lemma 3.3 There exist {Bpq(i) : p € [[logn]],q € [ul,i € [n]} C Z>o, such that

Glu+ Y spgz™ et Y sz,
pe(logn], p€(logn],
q€[u] q€[u]

when treated as a polynomial in the y-variables over Alr,,; : p € [[logn]],q € [u],i €
[n]], has support-u rank concentration in the y-variables over IF (sy4,2pq : p € [[logn]],q € [u]).
Moreover, {Bp,q(i) : p € [[logn]],q € [ul,i € [n]]} can be found in time 1) and each Bpq(i)
< nO(w“).

We will prove this lemma by induction on (p, q). Let us call

{Bpqli) : p € [[logn]],q € [u],i € [n]]}

efficiently computable and good if they can be found in time n0(#") and each Bpg(i) < nO ("),

Precisely, the induction hypothesis is as follows.

Induction hypothesis. Just before translating by t,« ;«-variables, we will assume that the
following is true: there exist efficiently computable and good {B,,(i) : (p,q) < (p*,q*)}
such that the product of any 27" consecutive matrices in
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G xl + Z Sp/q M Zglpéq(l) Jeeoy x}’l + Z Sp/q M Zﬁi{](”)
(p.a)=(p*4*) (p.a)=(p*4*)

has support-(2y — (g* — 1)) rank concentration in the y-variables over

IF (Sp,qrzp,q S (pg) < (p%97))-

Base case. In the base case, (p*,7*) = (1,1). Observe that we can assume that w > 2; if
w = 1, then g is a product of univariates and the existence of a polynomial time hitting set
follows from Observation 2.1. For any w > 2,2 < 2u. As a product of any two consecutive
matrices in G has support 2 rank concentration in the y-variables over I, the base case is

satisfied.

Induction step. We need to show that there exist efficiently computable and good { B, 4+ (i) : i € [n]}
.Bp*,q* (l)

pq+ o the product of

such that after translating by t,« ;- and substituting £« 5« ; — Sp+ g« - 2
any 27" consecutive matrices in

1
Glut+ ) Spfq'zg,péq( Lt )3 Sp,q'zg,péq(n)

(p0)=<(p*7) (P)=(p i)
has support-(2j — g*) rank concentration in the y-variables over IF (sp,q, zp,q : (p,q) < (p*,9%)).
If g* < u, then this would mean that the induction hypothesis holds immediately before
translation by t,: ;« 1. On the other hand, if 4* = y, then the following easy-to-verify obser-
vation implies that the induction hypothesis holds immediately before translation by t« 1 1.

Observation 3.2 Suppose that {B,4(i) : (p,q) < (p*, 1)} are such that the product of any 2P
consecutive matrices in

G X1 + Z Sp’q * Zglpq,q(l) yoeeoy xn + Z Sp’q * Z‘glpq,q(n)
(pa)=(p*.m) (pa)=(p*m)

has support-u rank concentration in the y-variables over F (spq,2p4 : (p,q) < (p*, ). Then
the product of any 2P" 1 consecutive matrices in

1
Gln+ ) Sp/q‘zgféq()'“-'xfr )3 Sp/q'zgfpéq(n)

(p.9)=<(p* 1) (p.a)<(p* )
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has support-2p rank concentration in the y-variables over F (s,4,2p,q : (p,q) < (p*, 1))

Simplifying notations for the ease of exposition. By focusing on the induction step, we
will henceforth denote IF (sp4,2p4 : (p,9) < (p*,q*)) by F, and for all i € [n],

q(1) (1)
Milyi+ ) 4 (Sm ' Zg,pqq s Spa ngpqq ' >
(p.a)=(p*q*)

by M;(v;), tyegei DY tiy Tpegei DY 15, Sprge by s, zp g+ by zand By 4+ (i) by B(i).

Without loss of generality, we shall consider the product My (y1 + 1) - - - My (Y + ¥'m)
of the first m = 2" matrices. Our goal is to show that there exist efficiently computable
and good {B(i) : i € [m]} such that after substituting t; — s -zP(), the above product has
support-(2u — q*) rank concentration in the y-variables over F(s, z) assuming that M1 (y1) - - -
M (ym) has support-(2u — (q* — 1)) rank concentration in the y-variables over FF.

3.3.2 Details of the induction step

Recalling some notations. Before we show how to achieve rank concentration, let us recall
some notations defined in Section 3.2. While in Section 3.2, the individual degree is d, here
the individual degree is 1 and so, we modify the definitions accordingly. A is used to denote
the matrix algebra F“*%. Fori € [m], M;(y;) = Zgizo Uiey;, where u;, € A and M;(y; +
r;) = 2%1:0 Ui,b,.]/?i, where v;, € Alr;] C Aft]. Forb = (by,...,by) and e = (ey,...,en)
in {0,1}", (2) = Tlieim (5;) Also, vy = Tlicim Vip; and te := [licpn) Uie;- Moreover,
ri= (=11, —Ty), 1° = Hig[m}(_ri)bi and 1~ := [Ticpm (—7i) 7% Let t:= (t1,..., tn).

The following vectors and matrices are defined by fixing an arbitrary order on the el-
ements of {0,1}". V := (vp: b € {0,1}") and U := (ue:e € {0,1}"); V is a row vec-
tor in A[r]?" whereas U is a row vector in A%?". Both C := diag(r® : b € {0,1}") and
D :=diag(r ¢:e € {0,1}") are 2 x 2™ diagonal matrices. Finally, M is a 2 x 2™ numeric
matrix whose rows and columns were indexed by b € {0,1}" and e € {0,1}", respectively.
The entry of M indexed by (b, e) contains (2) The proof of the following transfer equation

is same as the proof of Claim 3.1.
Claim 3.8 Let U, V, C, M and D be as defined above. Then, U = VCMD.

Let F := {b € {0,1}" : Supp(b) > 2u — q*}.! Also, recall that the the null space of U is

There is a slight overloading of notation here: We have used F before at the beginning of Section 3.3 to
denote the product My (x1)Ma(x2) - - - My (x,). However, since all our arguments involve only G = F(Ax) and
not F, we would use F in this section to denote the set that is mentioned here.
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the set of all vectors (e : e € {0,1}") € F?" for which Yec{o,1}" Mette = 0. We have the
following lemma.

Lemma 3.4 There are vectors {ny, : b € F} in the null space of U such that the following holds: Let
N be the 2™ x |F| matrix whose rows are indexed by e € {0,1}" and whose columns are indexed by
b € F and whose column indexed by b is ny,. Then, the square matrix [CMDN)|, is invertible, where
[CMDN)] . is the sub-matrix of CMDN consisting of only those rows of CMDN that are indexed by
F. Also, det ([CMDN]|g) € F[r] C [F[t] can be expressed as the ratio of a polynomial in F[t] that
contains a monomial of degree at most 2w?u in the t-variables and a product of linear forms in F[t].

The proof of this lemma is mostly similar to the proof of Lemma 3.2. However we need to
do a little more work since now we also want to prove that det ([CMDN]r) has the desired

structure.

Proof: The entries of U, the columns of M, the rows and columns of D, and the rows of
N are indexed by e € {0,1}". Impose the degree lexicographic order, denoted by <gjey,
on the indices e € {0,1}" of U and the other three matrices'. Pick the minimal basis of
the space spanned by the entries of U according to this order, i.e., consider the entries
of U in the order dictated by <gjex while forming the basis. Let B := {e € {0,1}" :

Ue is in the minimal basis of U w.r.t. <gjex }-
Observation 3.3 By the induction hypothesis, for every e € FN B, Supp(e) =2u — (g* —1).

Construction of the matrix N. The columns of N are indexed by b € F. We will now spec-
ify a set of column vectors {ny, : b € F} in the null space of U such that the column of N

indexed by b € F is ny,. There are two cases for b € F:

Case 1: b € F\ B. In this case, uy, is dependent on {u. : e € Band e <giex b}. Pick this
dependence vector as ny,.

Case 2: b € FN B. Let there be p such b, by, ..., b,, where p < |B| < w?. Foraset E C [m]
and b € {0,1}", let (b)r denote the vector obtained by projecting b to the coordinates in
E. Roughly speaking, the following claim says that each of these p vectors has a “small

signature” that differentiates it from the other p — 1 vectors.

Claim 3.9 There exist sets Eq, ..., E, C [m], each of size w* — 1 such that for all k € [p)],

by identifying e with an m-variate monomial.
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1. Supp ((by)g,) = w* 1,

2. (bi)g, # (be)g, VO # k.

Proof: For k € [p], let S(by) be the set of coordinates where by is non-zero. Fix any k € [p].
Notice that Supp(by) = |S(by)| = 2u— (" —1) > p+2 = w? + [logw?| + 2. For ¢ # k,
as Supp(by) = Supp(by) and by # by, there must exist an iy € S(by), such that the i/-th
coordinate of by and b, are distinct. Put all such iy for ¢ # k in Ej. If |E| is still less than
w? — 1, then arbitrarily put some more elements in Ey from S(by) so that |Ex| = w? — 1. This
can be done as S(by) is sufficiently large. O

As before, we will call E the signature of by. The following claim tells us that for each
vector by, there is a vector that is not in B and has support less than 2u — (g% — 1), but agrees

with by on its signature and so in some sense can be used as a proxy for by.

Claim 3.10 For every k € [p], there exists a vector b € {0,1}"\ (F U B) such that (b})g, =
(bi)E, and also by and by agree on all locations where by, is non-zero.

Proof: Similar to the proof of Claim 3.3. O

We will now use the above two claims to construct np,_for all k € [p]. We will use b; from
Claim 3.10 as a proxy for by. Notice that Up; is dependent on {u : e € Band e <qiex b} }-
Let this dependence vector be ny, . This completes the construction of N. We will now show
that [CMDN]|r is invertible. In fact, we will show that det ([CMDN]) is the ratio of a poly-
nomial in IF[t] which contains a monomial of degree at most 2w?u and a product of a bunch

of non-zero linear forms in [F[t].

[CMDN] is invertible. Let [M]r be the restriction of M to the rows indexed by F, and [C|g
the restriction of C to the rows and columns indexed by F.

Observation 3.4 The matrix [M]r has the following structure: The rows of [M]r are indexed by
b = (by,...,by) € Fand its columns by e = (ey,...,en) € {0,1}". Its entry indexed by (b, e)
is non-zero if and only if for all i € [m], b; = e; if e; # 0. All non-zero entries are 1.

We order the indices b € F as follows: Let Fy := {b € F : Supp(b) > 2u — (4" —1)} and
F; :={b € F :Supp(b) =2u — (q* —1)}. We first keep the b € Fj in (descending) degree
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lexicographic order!, followed by b € F; \ B in (reverse) lexicographic order?, and then
by,...,by. Also, let A := (F\ B)u {b’,...,b;,}. Notice that |A| = |F|. Also, the elements
of A are ordered as the elements of F but with b} replacing by for k € [p]. Forany S C {0,1}"
of size |S| = |F|, let [M]r s denote the restriction of [M]r to the columns indexed by e € S,
and [N]s denote the restriction of N to the rows indexed by e € S. Now,

det([CMDNJ)
= det([C]r) det([M]rDN)

=11 o Y det([M]gg)-det([N]s)-[]r®
beF sc{o,1}" ecS
|SI=IF|

:Hrb- Y det([M]ps)-det([N]s)-[]r®

beF SCAWB ecsS
|S|=IF|

= H . Z det ([M]Es) - det([N]s) - H r €. H r ¢
beF S\SQ|A|M\3 ecSNA ecSNB
=IF

=TI T r¢ | ¥ det([Mlgs) -det([N]s)- T = JT |,

beF ecAwB S|SQ\ATDII—“Z|3 ecA\S ecB\S
where the second equality follows from the Cauchy-Binet formula and the third equality
from the fact that for any S ¢ AW B, det([N]s) = 0. Now, notice that [Tpcr t° - [Tecaun T ©
is the reciprocal of a product of non-zero linear forms in t-variables, as F C A W 3. We shall
now prove that

Y det([M]gs)- det([Nls)- [T r¢- T ¢ (3.3)

SCAWB ecA\S ecB\S
|S|=|F|

has a t-monomial of degree at most w?(2u — (g* —1)).

Claim 3.11 [N]4 is an identity matrix.

1 e., b comes before b if Supp(b ) > Supp(b), or if Supp(b) = Supp(b) and b <., b.
%j.e., b comes before b if b <, b.
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Proof: Same as that of Claim 3.5. O
Claim 3.12 The matrix [M]p 4 is an upper triangular matrix with ones on the diagonal.

Proof: Consider the column of [M]r 4 indexed by some b € F\ B. Because of the way we
have ordered the elements in F and A, it follows from Observation 3.4, the only non-zero
entries in this column are in and above the row indexed by b. Now consider a column of
[M]F 4 indexed by b;. for some k € [p]. From Claims 3.9 and 3.10, (b})g, = (bx)r, # (br)E,
for all ¢ # k. As every coordinate of (by)g, is non-zero, it follows from Observation 3.4 that
the entry in the row indexed by b, must be 0 for every ¢ # k. Also, from Claim 3.10, as by
and b;( agree at all coordinates b,’( is non-zero. So, from Observation 3.4, the entry in the row
indexed by by must be non-zero. Also, recall from Observation 3.4 that the non-zero entries
of [M]r are ones. The claim then follows from the fact that the elements of A are ordered as
that of F but with b; replacing by for k € [p]. O

Claim 3.13 det ([M]r,4) - det([N]a) - [Teep\a 1 = [Tees r® # 0 and has t-degree at most 2w?p.

Proof: det ([M]F,4) - det([N]a) - [leep\a 1® = Ileent® # O follows from Claims 3.11 and
3.12 and the fact that A N B is empty. For every e € B, deg,(r®) < 2u — (g* —1). So,
deg; (ITees ) < w?- (21 = (q" — 1)) < 2w’p, as | B < w?. -

Claim 3.14 Forany S C AW B such that |S| = |F| and det([N]s) is non-zero, there is a one-to-one
correspondence between A\ S and S N B such that if e € A\ S corresponds to ¢’ € SN B, then

/
€ —<(dlex ©-

Proof: Asdet([N]s) # 0, there must be a one-to-one correspondence between the rows and
columns of [N]g such that if the column indexed by b € F corresponds to a row indexed
by e € S, then the (e, b)-th entry of [N]s must be non-zero. Obtain a one-to-one corre-
spondence between A and S from the above correspondence by replacing by with by for all
k € [p]. Notice that, if e € A corresponds to e’ in S, then either e’ <g.x € or ¢’ = e. Now,
removing AN S from A yields A \ S, and removing AN S from S yields SN B. So the cor-

respondence between A and S yields the desired correspondence between A\ Sand SN B. O

The above claim implies that for every S € AW B of size |F|, either det ([M]rs) - det([N]g) -

HeeA\S - HeeB\S ¢ is 0, or [leen 1 <dlex HeeA\S - HeEB\S r¢. Hence, [leen r° is the
smallest r-monomial in the polynomial given in (3.3) w.r.t. <gjex order, and so, the homoge-
neous component of this polynomial that has the same r-degree as that of [ [, ;5 1® survives.
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Now, from Claim 3.13 and the fact that ¢4, ..., ¢, are linearly independent, the polynomial
in (3.3) has a t-monomial of degree < 2w?y. O

We now complete the induction step using lemma that we just proved. As det([CMDN|)

is a polynomial in [F[r] we get the following corollaries.

Corollary 3.2 Let h(r) := det([CMDN]g). Then, for every b € F,
h(r) - vp € Ft]-span {vy, : b’ € {0,1}" and Supp (b’) < 2u —q*}. (3.4)

Proof: Same as the proof of Corollary 3.1. O

Corollary 3.3 Suppose {(i) : i € [n]} are such that the substitution t; — s - zPU) keeps all non-
zero polynomials in F[t] containing a monomial of degree at most 2w?u in the t-variables non-zero.
Then, the product My(y1 +11) - - - My (Ym + rm) has support-(2u — q*) rank concentration in the
y-variables over IF (s, z) after substituting t; — s - zP(),

Proof: Multiply both sides of (3.4) by (h(r)) " after substituting t; — s - zP(). O

We now prove that {B(7) : i € [n]} as in the above corollary can be computed efficiently.

Claim 3.15 There exist {B(i) :i € [n]} such that the substitution t; — s - zP() keeps all non-
zero polynomials in F[t] containing a monomial of degree at most 2wy in the t-variables non-zero.
Moreover, we can find all the B(i) in time n°() and each B(i) < nO(@),

Proof: Because of the presence of s, the substitution t; +— s -zP() keeps any two ho-
mogeneous polynomials of different degrees distinct (unless it maps both of them to 0).
So, we need to find {B(i) : i € [n]} such that the substitution t; + zP() maps any two t-

monomials of degree at most 2w’y = O(w?) to distinct monomials in z. Now, there are
n2w?u O(w*)

2wy
given k distinct monomials in v, ...,y, of degree at most r, one can find ay, ..., 4, in time

at most ( ) = n such monomials. Klivans and Spielman [KS01] proved that
poly(n, k,r) such that every pair of monomials continues to remain distinct even after sub-
stituting y* for y;, where y is a fresh variable. So we can find a {B(i) : i € [n]} where each

B(i) < nO@") in time nO®@"), O

This completes the induction step. We now ready to prove Lemma 3.3 stated in Section
3.3.1.
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Proof of Lemma 3.3. So far we have proved that there exist { B, 4(i) : p € [[logn]],q € [u],i € [n]]},
such that

1
G| x+ 2 Spq - zgf’f( ),...,xn + 2 Sp.q -z/;f}f(n)
pE(logn], pE(logn],
q€(p] q€[u]

has support-y rank concentration in the y-variables over IF (sp,q, 25 : p € [[logn]],q € [u]).
Moreover, for each (p,q), we can find all B, 4(i) in time n0@") and each Bpq(i) < nO@*),
However, since the algorithm that follows from [KS01] is oblivious,' the Bp,q(i) found for
some fixed (p, q) can be used for all values of (p, q). This proves the lemma.

3.3.3 Proof of Theorem 1.3

Let f = 17 - My (x1)Ma(x2) - - - Myy(xp,) - 1 be a multilinear width-w ROABP; here M;(x;) €
Fv*®[x;] for all i € [n]. Also, let F = Mj(x1)Ma(x2) - - - My(xy). For any A € GL(n,F), let
¢ = f(Ax) and G = F(Ax). For i € [n], suppose that A maps x; — ¢;(x), where ¢; is a linear
form, and let y; = £;(x) and y = {y1,...,yu}. Then, ¢ = 17 My(y1)Ma(y2) - - - My (yn) - 1
and G = M;(y1)Ma(y2) - - - Mu(yn). Let p = w? + [logw?|. From Lemma 3.3, there ex-
ist polynomials, say t1, ..., t,, in F [s,4,2pq : p € [[logn]],q € [u]] of degree at most nO(®*)
such that G(x; + t1,..., X, + t,) has support-u rank concentration in the y-variables over

O®"), Suppose

F ({sp,q,zp,q}p/q). Moreover, these polynomials can be computed in time n
that ¢ # 0. Then, from Observation 2.4, g(x1 + t1,..., X, + t,) has a support-y, y-monomial
when viewed as a polynomial over F [{Sp,qrzp,q}p,q] in the y-variables. Since f is mul-
tilinear, as seen in the proof of Theorem 3.2, g(x1 + t1,...,%, + t,) has a support-u, x-
monomial. Thus, g (gg" + (tq, .. .,tn)) # 0. Now, g (gg‘/ +(t1,..., tn)) is a polynomial
in 2y + y - [logn] variables over F. Also, its degree is at most n°(®"). So, if [F| > n°®"), a
hitting set for ¢ can be computed in time

nO(w4-y-log n) _ nO(wé-log n) .

O(w® logn)

This, along with the time required to compute t,...,t,, still gives a n -time

hitting set for g.

Te. given n,k,v € IN, the algorithm in [KS01] outputs an H C IN” such that for every set of k distinct
monomials in y1,...,Y,, there exists (a1,...,4,) € H such that the monomials continue to remain distinct
under the substitution y; — y“i.
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Chapter 4

Hitting sets for orbits of constant occur

formulas

This section gives hitting set constructions for orbits of constant occur, constant depth
formulas as well as occur once formulas. The contents of this chapter are from a joint
work with Chandan Saha [ST24].

4,1 Introduction

In this section, we describe quasi-polynomial time hitting set constructions for two sub-
classes of constant occur formulas: constant depth, constant occur formulas and occur once
formulas (see Definition 2.5). As a corollary to our result for the former, we also obtain
a quasi-polynomial time hitting set for the orbit of depth-4 set-multilinear formulas. This
model has been studied extensively in the literature [SV18, KMSV13]. Moreover, hitting sets
for orbits of the sum-product polynomial and power symmetric polynomials (see Defini-
tions 2.12, 2.13) also follow from that result. The hitting set for orbits of constant depth,
constant occur formulas is obtained by combining the algebraic independence technique of
[ASS516, BMS13] with the hitting set for orbits of sparse polynomials given by [MS21] and
mentioned in Theorem 3.3. The hitting set for orbits of occur-once formulas is obtained by
using techniques similar to those used to obtain hitting sets for read-once formulas [SV15].

This section contains the proofs of the following theorems.

Theorem 1.4 (Hitting sets for the orbits of constant-depth, constant-occur formulas) Let C
be the set of n-variate, degree-D polynomials that are computable by depth-A, occur-k formulas of size
s. Let R := (2k)222" If char(F) = 0 or > (2ks)'R, then a hitting set for orb(C) can be com-
puted in (nRD)OR(og R+Alogk+Alogs)+AR) e, If the leaves are labelled by b-variate polynomials,
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then a hitting set for orb(C) can be computed in (nRD)ORO+AR) time, In particular, if A and k are
constants, then the hitting sets can be constructed in time (nD)°©1°8%) and (nD)O®), respectively.

Theorem 1.5 (Hitting sets for the orbits of occur-once formulas) Let C be the set of n-variate,
degree-D polynomials that are computable by occur-once formulas whose leaves are labelled by s-
sparse polynomials. If |IF| > nD and char(F) = 0 or > D, then a hitting set for orb(C) can be
computed in (nD)C187+1985) time. If the leaves are labelled by b-variate polynomials, then a hitting
set for orb(C) can be computed in (nD)C18"+0) time,

For ease of exposition, we first prove 1.4 in the special case of A = 4 in Section 4.2; the

general case is proved in Section 4.3. Section 4.4 is dedicated to the proof of Theorem 1.5.

4.2 Hitting sets for the orbits of depth-4, constant-occur for-

mulas

The strategy. We prove Theorem 1.4 by combining the algebraic independence based tech-
nique in Agrawal, Saha, Saptharishi, and Saxena [ASS516, BMS13] with Theorem 3.1. Let f
be a constant-depth, constant-occur formula. We first show that it can be assumed without
loss of generality that the top-most gate of f is a 4+ gate whose fan-in is upper bounded by
the occur of f, say k. In [ASSS516], they were able to upper bound the top fan-in by simply
translating a variable by 1 and subtracting the original formula. However, the same idea
does not quite work here because we have only access to a polynomial in the orbit of f. To
upper bound the top fan-in, we show that there exists a variable x; such that g—j; is a constant-
depth, constant-occur formula with top fan-in bounded by k. Then, using the chain rule of
differentiation, we show that one can construct a hitting set generator for orb(f) from a gen-
erator for orb (%) ; this means that we can shift our attention to f' = §—£, which we shall
henceforth refer to as f.

Letf = fi+--+fiy A€ GL(n,F), ¢ = f(Ax), § = §1 + ...+ g where for all
i € k], ¢i = fi(Ax). It was shown in [ASSS16] that a homomorphism, which is faithful
(see Definition 2.22) to f1, ..., fi, is a hitting set generator for f. In our case, this translates
to ‘a homomorphism that is faithful to g1, ..., gk is a hitting set generator for g . [ASS516]
also showed that the problem of constructing a homomorphism ¢ that is faithful to fy, ..., fx
reduces to constructing a homomorphism ¢ that preserves the determinant of a certain ma-
trix. This matrix is an appropriate sub-matrix of the Jacobian of fi,..., fx. Also, it was
argued that its determinant is a product of sparse polynomials and so i was obtained from
Klivans and Spielman [KS01]. We use a similar argument, along with the chain rule, to show
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that the problem of constructing a homomorphism ¢ that is faithful to gy, ..., gk reduces to
constructing a homomorphism ¢ that preserves the determinant of a sub-matrix of the same
Jacobian evaluated at Ax. As this determinant is a product of polynomials in the orbit of

sparse polynomials, we can use Theorem 3.1 to construct such a .

Notations. For some k € N, let f € F[x] be an n-variate, degree-D polynomial computed
by a (4,k,s) formula, i.e., a depth-4, occur-k formula of size-s. We will identify f with the
formula computing it. We first upper bound the top fan-in of f in Section 4.2.1 and then use
the notion of faithful homomorphisms, defined in Section 2.5.3, to construct hitting sets for

orb(f).
421 Upper bounding the top fan-in of f

To upper bound the fan-in of f, we show that for alli € [n], g—£ is a depth-4, occur-k’ formula
with top fan-in at most k; here k' is not too large compared to k (see Claim 4.1 below). We
then argue in Claim 4.2 that there exists an i € [n] such that a hitting set generator for
orb(f) can be constructed using a hitting set generator for orb( ;% of -). Thus, by overloading

the notation and referring to aJ{ as f, we can assume that the top fan -in of f is at most k.

Claim 4.1 Let f be a (4,k,s) formula. Then, for every i € [n], g—fi is a (4,2k?,2ks) formula with
top fan-in bounded by k.

Proof: Letx = x;. Let f = )¢, fi, and x be present only in fj,..., f;, where r < k.
Furthermore, for alli € [r], let fi = [Tjcp, qfl]’ and x be present only in q;1, ... qi .y Yicp) i <
k. Here, g; ; are s-sparse polynomials. Now,

e aql] eji—1 e; il
e Z ( H i,j]>' Z “igy i,j] 1 qi,j]’
j=rit1 jelri] j'€lri]
i'#i
aq” egl,,
Z )3 i 9y IT a; |
ie[r] jelr] j€lmi]
where ¢; s = ¢ for j' # jand e;; = e;; — 1. First of all, notice that the top fan-in of af is

at most ) e, 7i < k, its depth is 4 and as the leaves are still g; ; or ax , the sparsity of the
polynomials labelling the leaves are also at most s. However, the size and the occur may
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change.

e,
For all i € [r], let the occur of f; be p; < k; then the occur of [Tjc(y, q l.j]’.], is at most p;.

Also, as % is an s-sparse polynomial, its occur is 1. Then, the occur of % is at most

2 ri(14+p;) < Zri—l— Zrikgk—l—kz < 2K2.

ielr] ielr] ielr]
Similarly, suppose that the size of f; iss; < s — 1 !; then the size of ITjrepm,) qij}]}/ is at most

. . . a9q;i . .

si—1(asel. = ejj — 1). Also, as the size of g; ; is < s, the size of % is at most s. So, the size

l,]
of .
of 5y is at most

Y ri(s+si+1) < Y ri(s+s) < 2ks.

ielr] ielr]

We now show that there exists an i € [n] such that a hitting set generator for orb(f) can
of

be constructed using a hitting set generator for orb(a—xi).

Claim 4.2 Let f € FF[x] be an n-variate polynomial of degree D, and char(IF) = 0 or > D. There is
an i € [n] such that g—fi # 0, and if G is a hitting set generator for orb (g—fi), then G := G + GyVis
a hitting set generator for orb( f), provided |F| > deg(G) - D.

Proof: Let A € GL(n,F) and ¢ = f(Ax). If f is a constant, then constructing a hitting set
for orb(f) is trivial. Otherwise, there exists an i € [n] such that aa—i: # 0 (because char(F) =
Oor > D). Suppose that a polynomial map G is a hitting set generator for orb (g—f). The

Xi
i i - dp op op \ "
gradient of a polynomial p(x), denoted by Vp, is the column vector <W g m) . By
the chain rule of differentiation,

Vg = AT [Vf](Ax).

As AT is invertible, 3L (AG) £ 0 = [Vf](AG) #0 = [Vg](§) #0 = Jj €
[n] such that g—i(g) - 0. Since |IF| > deg(G) - D, by Observation 2.2, ¢(G) is not a constant.
O

1 less than s, as f; is connected to the top-most + gate by an edge.
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All we need to do now is construct a hitting set generator for orb ( of ) Overloading the

of

notation, we refer to 5~ as f, which is computed by a (4,k,s) formula whose top fan-in is at

most k.

4.2.2 Constructing a faithful homomorphism for the orbits

Let f = Yicpm fi be a (4,k,s) formula. From the discussion in the previous section, we
can assume without loss of generality that m < k. Let A € GL(n,F), and g; = fi(Ax)
for all i € [m]. Recall that a homomorphism ¢ is said to be faithful to g = (g1,...,9m) €
F[x]™ if tr-degp (g) = tr-degp (¢(g)). Also, from Lemma 2.3, if ¢ is faithful to g, then for
any m-variate polynomial p, p(¢(g)) = 0 if and only if p(g) = 0. Thus, if we have a
homomorphism ¢ that is faithful to g (irrespective of A), then we can use ¢ as a hitting set

generator for orb(f). The following lemma helps us construct such a homomorphism.

Lemma4.1 Let £ = (f1,.., fm) € F[x]"™ be a tuple of n-variate polynomials of degree at most
0, A € GL(n,F), g = fi(Ax) foralli € [m], and g = (g1,...,9m). Further, suppose that
tr-degp(f) < r, and char(FF) = 0 or > ¢". Let ¢ : F[x] — F[z] be a homomorphism such that
rankp(y) Jx(f)(Ax) = rankg,) $(Jx(f)(Ax)). Then, the map ¢ : F[x| — Flz,t,y1, ..., y,] that,
forall i E [n], maps

= (Z }/jtij> +(x;)
j=1
is faithful to g,

Proof: Let Jx(g) be the Jacobian matrix of g, and Jx(f)(Ax) the Jacobian matrix of f eval-
uated at Ax. From the chain rule of differentiation, Jx(g) = Jx(f)(Ax)-A. As A in an

invertible matrix,

ranky g Jx(8) = rankg() Jx(£)(A%). (@.1)

Also, for any homomorphism ¢ : F[x] — F[z], ¥ (Jx(g8)) = ¢ (Jx(f)(Ax)) - A and hence,

ranky ;) ¥ (Jx(8)) = rankg(y) ¥ (Jx(£) (AX)) (42)

So, if we have a homomorphism  satisfying ranky) Jx(f) (Ax) = rankg,) ¥ (Jx(f) (Ax)),
then from (4.1) and (4.2),

rankg () Jx(8) = rankg(,) ¥ (x(g)).-
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Also, from Observation 2.5, tr-deg(g) = tr-deg(f) < r, and deg(g;) = deg(f;) < J. So,
using Lemma 2.4, we can construct a homomorphism ¢ faithful to g from ¢, as stated in the

lemma. O

Let us apply Lemma 4.1 to the (4,k,s) formula f = Y, fi, where m < k. Let f =
(f1, . fm) and tr-degp(f) = r < m < k.! Observe that the degree of each f; is at most § < s?.
Then, from Lemma 2.2, rankg ) Jx(f) = r, provided char(IF) = 0 or > ¢". As Aisinvertible,
this means that rankgy) Jx(f )(Ax) = r. Assume without loss of generality that {f1,..., f+}
is a transcendence ba81s of f. Then, again from Lemma 2.2, the sub-matrix of Jx(f) consisting
of the rows corresponding to fi, ..., f, must be full rank. Thus, we can assume without loss
of generality that the minor M of Jx(f) consisting of those rows, and columns corresponding
to x1,...,xr, has non-zero determinant. Notice that, as A is invertible, the determinant of
M evaluated at Ax, i.e., det(M(Ax)) = [det(M)](Ax) is also non-zero. To ensure that the
rankp,) ¥ (Jx(f)(Ax)) is also r, it suffices to construct a homomorphism ¢ that is a hitting
set generator for orb(det(M)).

Constructing . Let us look at det(M) a little more closely. As before, let f; = [Tjc, qle']]
where g; ; are s-sparse polynomials of degree at most s. For i € [r], let the number of g; ;
containing any of x4, ..., x; be c;. As f is an occur-k formula, } ;e ¢; < kr < k?. From the

i-th row of M, we can factor out q 7 if qi does not contain any of xy, ..., x,. Moreover, even

=1
if qi,j contains some variable from x,...,x,, we can still factor out qf ]’.] . After we have
taken out all these factors, let the residual matrix be M’. Then, each entry of the i-th row
of M’ is a polynomial with sparsity at most c;s“ and degree at most ¢;s. Thus, det(M’) is a

polynomial with sparsity at most r! - [T;c[,) cis < k!- k. 5K < k2. sk and degree at most

Yicr] CiS < k?s. So, det(M) is a product of polynomials with sparsity at most k% - s and

degree at most k?s. From Theorem 3.3, ) = G E‘ﬁog (kzk skzﬂ ) =07 SV (K2(logk+1ogs)) is a hitting

set generator for orb(det(M)), if |IF| > nk?s and char(IF) = 0 or > ks.
If the g, ; are b-variate polynomials then det(M’) is a polynomial in Y ;c () cib < k%b vari-

ables. From Observation 2.1, ¢ = G2 is a hitting set generator for orb(det(M)).

k2b
Constructing ¢. Using y and Lemma 4.1, we get a homomorphism ¢ that is faithful to g. Ob-
serve that ¢ is a polynomial map in at most O (k? (logk + logs)) +k+1 = O (k* (logk + logs))
variables and of degree at most nk 4 1 (as the degree of the polynomial map 1 is at most n

!Recall that, by definition, tr-degy (f) is just the transcendence degree of the set {fi, ..., fu}-
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and, in Lemma 4.1, deg < ]’.:1 y]-tij) < nk+1).

If the g; j are b-variate polynomials, then ¢ is a polynomial map in at most O(k?b) + k +
1 = O(k?b) variables and of degree at most nk + 1.

4.2.3 Proof of Theorem 1.4: the depth-4 case

For A = 4, the value of R in the statement of theorem is (2k)!?®. However, in this special
case, one can work with a much smaller value for R. We choose R = k* so that char(IF) =
Oor > (2ks)®¥. This ensures that the constraints on char(FF) and |F|, coming from Claim
4.2, Lemma 4.1 and the application of Theorem 3.3 in the construction of 1, are satisfied.
Let f bea (4,k,s) formula. If f is a constant, then so is every polynomial in orb(f). In this
case, the set containing any non-zero point in [F" is a hitting set for orb( f); so suppose that f
is not a constant. There exists ani € [n] such that g—f; # 0 (as char(F) = 0 or > s> > D). From
Claim 4.1, %fi # 0 can be computed by a (4, 2k2, 2ks) formula with top fan-in at most k. More-

over, from the proof of Claim 4.2, if G is a hitting set generator for orb (%) , then Q~ =g+
G;V is a hitting set generator for orb(f), provided char(IF) = 0 or > D and |F| > deg(G) -
D. From Section 4.2.2, there exists a G that has at most O <(2k2)2 (log 2k* + log 2ks)> =
O (k* (logk + logs)) many variables and has degree at most 2nk* + 1. As G has 2 vari-
ables and has degree 1, G has O (k* (logk +logs)) variables and has degree at most 2nk? + 1.
Thus, for any ¢ € orb(f), g(G) has O (k* (logk + logs)) variables and has degree at most
(2nk? + 1)D. So, a hitting set for orb(f) can be computed in time (nkZD)O(k4(1°g ktlogs)) —
(nRD)O(R(logk-+logs)).

The proof for the case where the leaves are labelled by b-variate polynomials is similar.
Now, G has O(k*b) variables and has degree at most 2nk? + 1. Thus, ¢(G) has O(k*b) vari-
ables and is of degree at most (21k? + 1) D, and so, a hitting set for orb(f) can be computed
in (nk?D)O*'®) time.

4.3 Hitting sets for the orbits of constant-depth, constant-

occur formulas

Let f € F[x| be a n-variate, degree-D polynomial computed by a (A, k,s) formula ie., a
depth-A, occur-k formula of size-s. Let us identify f with a (A, k,s) formula computing it.
In this section, the level of a gate in f will be one plus its distance from the output gate of f.
Just like we did in Section 4.2, we first upper bound the top fan-in of f in Section 4.3.1 and

then use the notion of faithful homomorphisms to construct hitting sets for orb( f) in Section
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4.3.2.

4.3.1 Upper bounding the top fan-in of f

We begin by showing that f can be written in a “canonical” form.

Claim 4.3 If f is a (A, k,s) formula, then it can also be computed by a (A, k, (25)?) formula in a
canonical form with the following properties:

1. All gates connected to the leaves of f are XA gates.

2. f has alternating levels of 4 and XA gates.

Proof: While f contains a 4 gate connected to the leaves, we merge all the leaves connected
to it into a single leaf node computing their sum. Now, if this + gate is not connected to any
gate other than this leaf, it can simply be replaced by the leaf after multiplying the sparse
polynomial computed by the leaf by the label of the edge between it and the + gate. This
does not increase the depth, size or occur of f. Otherwise, we add a XA gate between the +
gate and the leaf. While this can increase the size of f by a factor of 2, the occur remains the
same. The depth does not increase, because the + gate is also connected to some non-leaf
node. Now f has property 1.

If f has a + gate g which is fed another + gate 1 as input and the edge connecting them is
labelled by «, then we can simply remove h, connect all its inputs directly to g and multiply
the labels of edges connecting all these inputs to 4 by a. This modification to f clearly does
not increase its depth, size or occur. Also, now each sum gate in f is connected solely to xA
gates.

Consider any maximal sub-tree of f made up, solely, of xA gates. Let its root be g and its
inputs hy, ..., hy. Then, g = hil -+ Iy, where ¢; is the product of the weights of all edges
on the path from h; to g. As the sub-tree is maximal, none of h, ..., h, are XA gates and g
is also not an input to a xA gate. Thus, if we replace each such sub-tree with a single xA
gate computing the same polynomial, f will also satisfy 2. Notice that, doing this does not
increase the depth or occur; size on the other hand, may increase. Suppose that the depth
of the sub-tree is A’. Let the sum of weights of edges connecting gates at level ¢ + 1 (from
q) to gates at level £ be ry < 2s, for all £ € [A’ — 1]. Also, let the sum of weights of edges
connecting the leaves be /. As, all edge weights are non-negative, } i€ < [Trejan e <
(25)%" < (25)22. Since, there can be no more than (2s) such sub-trees, the size of f can
increase by at most (2s)2~1. Thus, size of f is at most 2s + (25)2~1 < (2s)2. O
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We can also assume that the output gate of f is not a XA gate, for otherwise, we only
need to construct a hitting set generator for orbits of all of its factors which themselves are
(A —1,k, (25)%) formulas, with + gates at the top or are sparse polynomials. Thus, we can
assume without loss of generality that A is an even number: if A # 2, then the top most gate
is a + gate, f has alternating levels of + and xA gates and gates connected to the leaves
are XA gates. We now make the following claim which will allow us to assume that the top
fan-in of f is at most k.

Claim 4.4 Let f bea (A, k,s) formula in the canonical form of Claim 4.3, with either a + gate at the
top or A = 2. Then, for any i € [n], g—é is a (A, (2k)2/2, (2k)2/2s) formula in the canonical form
with the top fan-in bounded by k.

Proof: When A = 2, f is a polynomial of sparsity s and k = 1. So, the sparsity of 3_9]; is at
most s and the depth and occur do not increase, making the claim true. Assume, by the way
of induction, that the claim is true for all formulas of depth A — 2. Let x = x;, f = Yic() fi
and x be present only in fi, ..., f, r < k. Furthermore, for alli € [r], let f; = [Tjcp, qfl]/ and
x be present only in q;1, ... qiyr, Y[y i < k. Then,

0 e e IMij -1 %

i€ [V] j=1’i+1

99,
=) ) % IT ;|

i€(r] jelr] j'€[m]

where ¢/ , is either ¢; » or e; » — 1. First of all, notice that, the top fan-in of 9 is at most
1,] L] L] p ox

Yiciti < k. Asall g;; are formulas of depth A — 2, from the induction hypothesis, % is

also a depth A — 2 formula. Thus, the depth of % is at most A. However, the size and occur

may change.

For all i € [r], let the occur of f; be p; < k; then the occur of [Tic ) qle‘]f,' is at most
pi- Also, from the induction hypothesis, % has occur (2k)(A=2)/2 So, the occur of % is
at most )iy 7i ((Zk)(A_z)/2 + pi>, which can be bounded from above by (2k)*/2. Simi-

/

e. .
larly, suppose that the size of f; is s; < s —1; then the size of []ycy,] qil}‘]// is at most s;.
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2

Also, from the induction hypothesis, aqi’j has size (2k) 2 s. So, the size of % is at most

Yic ((Zk) a2 s+sl+1> < (2k)/2s. O

We now upper bound the top fan-in of f using this claim. Let A € GL(n,F) and g(x) =
f(Ax). If f is a constant, then constructing a hitting set for orb(f) is trivial. Otherwise,
there exists an i € [n] such that % £ 0 (because char(F) > (2ks)A’R > D). Suppose
that a polynomial map, G : F' — IIF” of degree at most nR + 1 is a hitting set generator
for orb (%). The gradient of a polynomial p(x), denoted by Vp, is the column vector

T
(;—Jz % . E?Ti) . By the chain rule of differentiation,

Vg = AT [Vf](Ax).

As AT is invertible, aa—f(Ag) #0 = Vf(AG) #0 = Vg(G) #0 = 3 €
[n], such thatg (G) # 0. Then, from Observation 2.2, for G := G + G5V, ¢(G) # 0, ie.,

Gisa hitting set generator for orb(f). So, all we need to do now is construct a hitting set
of

generator for orb (a—x]) and from Claim 4.4, g—fj has top fan-in at most k. Overloading the

notation, we refer to % as f, which is computed by a (A, k, s) formula in the canonical form
]
and with a + gate at the top whose fan-in is at most k.

4.3.2 Constructing a faithful homomorphism

Let f = fi+---+ frand A € GL(n,F). Let g; = fi(Ax) foralli € [k], f = (f1,..., fx)
and g = (g1,-..,8%). We now show how to create a homomorphism ¢ that is faithful to g;
from Lemma 2.3, this homomorphism will be a hitting set generator for orb(f). ¢ will be
constructed recursively as follows: each level of recursion corresponds to a level in f, with
the recursion starting at level 2 and ending at level A — 2. At level ¢, our goal will be to
construct a homomorphism ¢, which is faithful to every tuple in a certain set C, of tuples.
Each tuple in C; consists of at most r, derivatives, of order at most a,, of disjoint groups of
gates at level £ of f, evaluated at Ax. Note that, as the derivatives are of disjoint groups of
gatesin f, |Cy| <s.

For ¢ = 2, C; contains only one tuple, namely g, 7 = k and a, = 0. For any ¢ > 2, let
q<Cnq=(q1,-...,9r,), where gq; = hj(Ax) foralli € [r;] and leth = (hy,...,hy,). If pp4q
is such that rankpy) Jx(h)(Ax) = rankg,) ¢r11 (Jx(h)(Ax)), then using Lemma 4.1, we can
construct a ¢, fa1thfu1 to q. The followmg lemma which was proved in [ASS516], helps us
reduce the problem from level / to level ¢ + 1.

Lemma 4.2 (Lemma 4.4 of [ASSS16]) Let h be a tuple of r, derivatives, of order at most ay, of
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gates G at level £ of f, tr-degp(h) = 1, and h' be a transcendence basis of h. Any r} X r, minor of
Jx(h') is of the form [T; p}, where p;s are polynomials in at most ryy1 = (ap+ 1) - 2%k - v2 many
derivatives of order at most a; 1 := ay + 1 of disjoint groups of children of G.

For each h, we will use the above lemma for a non-zero r; x 1, minor of Jx(h’). Then, the
lemma gives a bunch of tuples hy, ..., h,, one for each p;. Suppose that p; is a polynomial in
Pi1, - -, Pim, which are derivatives of gates atlevel ¢ + 1 of f. Then, h; = (p;1(Ax),..., pim(Ax))
and Cy, 1 is a set of all h;, for all h. If ¢, is faithful to each tuple in C/, 1, then from Lemma
2.3, po11 (pi(Ax)) # 0 and hence it preserves the rank of Jx(h)(Ax).

The base case of the recursion is when ¢ = A — 2. Our goal is to create a homomorphism
¢a—» which is faithful to every tuple in the set Cp_p, |Ca—2| < s of at most rp_» many
sparse polynomials (because any derivative of a sparse polynomial is a sparse polynomial)
evaluated at Ax. rp_, can be bounded from above by R := (2k)2A'2A. For all @ = h(Ax) =
(h1(Ax),...,hr(Ax)) € Cp_p, we will create a ¢_1 such that

rankg(x) Jx(h)(Ax) = rankg(,) ¢a—1 (Jx(h)(Ax)).

Lethy, ..., hg be a transcendence basis of h. As the size of f is s, every entry of any |R'| x |R/|
sub-matrix of Jx(h) is a polynomial with sparsity and degree at most s. So, the determinant

of any such sub-matrix is a polynomial with sparsity at most R’! - s®* < R! - sR and degree
sV _ gV
(Nog(R1s8)]+1) — Y(O(R(log R+1ogs)))

generator for orbits of these determinants. Thus, we can put ¢p_1 = Q(Sg( R(log R-+logs)))"

then repeatedly use Lemma 4.1 to construct ¢. At level ¢ of the recursion, we add at most

at most sR. Hence, from Theorem 3.3, G is a hitting set

We

r¢+1 < R+ 1 many new variables for a total of at most (A — 2)(R + 1) new variables. Also,
notice that at level ¢, the polynomial that we add to ¢, to create ¢, has degree at most
nrp+1 < nR 4+ 1. Thus, there exists a homomorphism ¢ in at most (A —2)(R + 1) variables

and of degree at most nR + 1, such that Q(Sg( R( y Ty is a hitting set generator for

log R+logs)
orb(f). We are now ready to prove Theorem 1.4.

4.3.3 Proof of Theorem 1.4

A non-zero polynomial f € C is computed by a (A, k,s) formula. Then, f is also computed
by a (A, k, (25)?) formula in the canonical form of Claim 4.3. There are two cases:

Case 1: The top most gate of the formula is a 4 gate. If f is constant, then so is every
polynomial in orb(f). In this case, the set containing any point in F" is a hitting set for
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orb(f); so we will assume that f is not constant. Then, there exists a x; such that % #*
1

0 (as char(F) > (2ks)*’R > D) and as argued in Section 4.3.1, g—i can be computed by
a (A, (2k)2/2,(2k)2/2(25)2) formula with + gate at the top and top fan-in bounded by k.
Moreover, if G is a hitting set generator for orb <g—£>, then since char(F) > (2ks)2’R >
(nR+1)D, G = G + GV is a hitting set generator for orb(f). As char(F) = 0 or > (2ks)A'R,
Lemma 4.1 works, since the degree of polynomials computed by gates in f can be at most

((2k)2/ 2(25)A)A < (2ks)A3. Thus, as shown in Section 4.3.2, there exists a G that has at most
O (R (logR + log ((Zk)A/Z(ZS)A>>> +(A=2)(R+1) =0 (R(logR + Alogk + Alogs) + AR)

many variables and of degree nR 4 1. As GlS V has 2 variables and is of degree n, the number
of variables in G is O (R (log R + Alogk 4 Alogs) + AR) and its degree is nR + 1. Thus, for

any A € GL(n,F), and g(x) := f(Ax), g(G) is a polynomial in
O (R (logR + Alogk +1ogs) + AR)

variables and of degree at most (nR 4 1)D. So, a hitting set for ¢ can be constructed in time
(nRD)O(R(logR+Alogk+Alogs)+AR).

Case 2: The top most gate of the formula is a xA gate. Then, all inputs to this gate are
computed by (A — 1,k, (25)%) formulas in the canonical form of Claim 4.3 and with a +
gates at the top. Hence, all inputs of f are in Case 1.

The proof for the case where the leaves are labelled by b-variate polynomials is similar;
all we need to do is observe that G5! is a hitting set generator for b-variate polynomials. So,
we can use § = ggg + 1.

4.4 Hitting sets for the orbits of occur-once formulas

The strategy. We prove Theorem 1.5 by building upon the arguments in Shpilka and Volkovich
[SV15] and linking it with Theorem 3.1. At first, we show two structural results (Lemma 4.3
and 4.4) for occur-once formulas. These lemmas are generalizations of similar structural
results for read-once formulas shown in [SV15]. Much like in [SV15], the structural results
help us show that for a “typical” occur-once formula f with a + gate as the root node, there
exists a variable x; such that % is a product of occur-once formulas, each of which has at
most half as many non—constanlt leaves as f. We then use this fact to show that a hitting-
set generator for orb(f) can be constructed from a generator for orb (%). [SV15] uses the

i
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derivatives of f in a similar way to show that a generator for f can be constructed from that
for g—JQ using the SV generator (see Definition 2.20). However, in our case, we want a genera-
tor for orb(f) and not just for f. For this reason, we first use the chain rule for derivatives to
relate the gradient of a ¢ € orb(f) with that of f, and then argue that there exists a x; such

that a generator for orb (%) is also a generator for g—i. Finally, we use this generator for

% to construct a generator for g. The argument then proceeds by induction on the number
J
of non-constant leaves. In the base case, we need a hitting set generator for orbits of sparse

polynomials which we get from Theorem 3.1.

Notations. Assume, without loss of generality, that none of the edge labels of an occur-once
formula is zero. We will identify an occur-once formula with the polynomial f it computes
and define the width of f - denoted by width(f) - to be the number of non-constant sparse
polynomials at the leaves of the formula. Observe that if width(f) > 1, then f is not a
constant. As mentioned above, we reduce the problem of finding a hitting set generator for

orb(f) to that of finding a generator for orb(g—é), where x; is such that 38_9]; is a product of

width(f)
2

occur-once formulas of widths at most ; this is done in Theorem 4.1.

We start by proving two structural results.

4.4.1 Structural results

We will call an occur-once formula an s-sparse occur-once formula if the leaves of the formula
are labelled by s-sparse polynomials. Without loss of generality, assume that an s-sparse
occur-once formula is layered with all the leaves appearing in layer 0. If a gate appears in
layer k, then the depth of the occur-once formula rooted at the gate is k 4 2. We will also
identify a gate with the occur-once formula rooted at the gate.

Lemma 4.3 Let f be an s-sparse occur-once formula having width(f) > 2. Then, f can be expressed
in one of the following three forms:

1. f=alfi+fo)+Bh
2. f=ua(fi-f2) + B
3. f=aff+B,

where o, B € F, & # 0and f, f, are non-constant, variable disjoint, s-sparse occur-once formulas.
Further, width(f1) + width(f,) = width(f) in the first two forms, and width(f;) = width(f)
and depth(f1) < depth(f) in the third form.
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Proof: Let the depth of f be A, which equals the number of layers in f plus 1. Let & be any
gate in f in layer 1 (i.e., the layer just above the leaves) and width(h) > 2. If h is a + gate,
then it can be expressed in form 1. If h is a XA gate, then it can be written in form 2.

Assume, by the way of induction, that the lemma is true for all gates /' in f of width(h') >
2 and at layers less than k for some 1 < k < A — 2. Let h be a gate in the k-th layer with
width(h) > 2. There are two cases:

Case 1: his a + gate, say h = ajhy + - - - + ayhy,. Clearly, if at least two of its children
are non-constants, then & is in form 1. On the other hand, if only one child, say hy, is a
non-constant, then width(h;) = width(h) > 2. As hy is in layer k — 1, from the induction
hypothesis, it can be written in one of the three forms with the corresponding constants a
and B. Then, by adding aphy + - - - + ay,hy, (Which is a constant) to a1 8 and multiplying a4
by &, h can also be written in the same form.

Case 2: his a xA gate, say h = ' ---hy,“". Clearly, if at least two of its children are
non-constants, then & is in form 2. On the other hand, if only one child, say /4, is a non-
constant, then width(h1) = width(h) > 2. In this case, by taking & = hy® - - - h,,“" (which is
a constant), and observing that depth(h;) = k —1+2 < k+ 2 = depth(h), we see that & is

in form 3. O

of

Lemma 4.4 Let f be an s-sparse occur-once formula. Then for any i € [n], 5i- is a product of

s-sparse occur-once formulas of widths at most width(f).

Proof: Let the depth of f be A. Notice that the lemma is true for all the leaves (i.e., at layer
0) of f as any derivative of an s-sparse polynomial is also an s-sparse polynomial. Assume,
by the way of induction, that the lemma is true for all gates at layers less than k, for some
1 <k < A —2and let h be any gate in the k-th layer of f. There are two cases:

Case 1: hisa + gate, say h = ajhy + - - - + ayhy. As f, and hence £, is an s-sparse occur-once
formula, we can assume without loss of generality that x; appears only in k4, if it appears at
all. Then, % = %. From the induction hypothesis, 3—2 is a product of s-sparse occur-once
formulas of widths at most width(h1) < width(h), and so, the lemma is true for h.

Case 2: his a x A gate, say h = h1“' - - - h,,“". As, in the previous case, assume that x; appears
only in 1. Then,
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From the induction hypothesis, % is a product of s-sparse occur-once formulas of widths
at most width(h;) < width(h). Moreover, B 2, . % are also s-sparse occur-once
formulas of widths at most width(h). Thus, the lemma is true for . O

4.4.2 Proof of Theorem 1.5

We now show the existence of an efficient hitting set generator for orbits of occur-once for-

mulas.

Theorem 4.1 Let f be an n-variate, degree-D polynomial that is computable by an s-sparse occur-
once formula, and g € orb(f). Also, let |F| > nD and char(F) = 0 or > D. Then for any
t > log(width(f)), g # 0 implies g (g (Togs]+1-+£) > # 0. In fact, if g is not a constant, then

neither is g (Qsﬂog 51+1+t)>

Proof: Notice that if ¢ is a non-zero constant, then g (gf(‘l/ogﬂ ) ) # 0 for all t. So, to

prove the theorem, we need to show that if g is not a constant, then neitheris g (g Sﬂog ST+1+ t)> .
Let 1 be an s-sparse occur-once formula satisfying width(/) = 1. Then, h must be of the

form
i ( x (oéz (a1p(x) + B1)? + ,32) e )e’" + B,

where p(x) is an s-sparse polynomial, ey, ...,e,, € N, aq, ..., 0, € F\ {0} and B4, ..., B € F.
Let A € GL(n,F). If h(Ax) is not a constant, then neither is p(Ax). Thus, from Theorem 3.3
and the fact that Img(G¢") C Img(QkH) for any k > 0, we have that p <AQ (Tlogs] +1+t)) is

not a constant for any t > 0. Hence, h (AQ (Togs]+1+ t)> is also not a constant for any ¢ > 0.

Assume, by the way of induction, that the theorem is true for all g’ such that g’ € orb(f’)
for some n-variate, degree-D, s-sparse occur-once formula f’ with 1 < width(f') < ¢ <
width(f). Let h be an n-variate, degree-D, s-sparse occur-once formula having width(h) =
¢ >2,and A € GL(n,F). From Lemma 4.3, there are three cases,

Case 1: 1 = a(hy + hy) + B. Then, we can assume without loss of generality that width(h) <
w1dt2h(h) = £, as width(l) + width(hy) = width(h). Since I1; is not a constant, there ex-
ists an i € [n] such that ahl #0 (because char(FF) is 0 or > D). As 24 = q- 3% (h and

hy being variable dls]omt) and a #0

, ax # 0. Now, from Lemma 44, a—l is a product

of s-sparse occur-once formulas of width at most g Then, from the induction hypothesis,
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< QS (Tlogs]+1+t ) # 0 for any t > log¢ — 1. Let g = h(Ax). The gradient of a poly-

. ap Ip ap \ T .
nomial p(x), denoted by Vp, is the column vector (E g E) . By the chain rule of
differentiation,
Vg =AT. [Vh](Ax).

As AT is invertible, there exists a j € [n] such that (gs ([logs]+1+t ) # 0 for any t >

log ¢ — 1. This means, by Observation 2.2, q(gs (Tlogs]+1 +t))
(as deg(q) < D and |FF| > nD). In other words, h(AG [logs]+1+t)) is not a constant for any
t > logt.

is not a constant for any t > log ¢

Case 2: h = a(hy - hp) + B. As width(hy), width(hy) < width(h), from the induction hy-
pothesis, we have that for any t > log¥, hy <Ag (Tlogs] +1+t)> ho <Ag (Tlogs] +1+t>> are not

constants and so neither is h <AQ5ﬂOgS] )
Case 3: i = ah{ + B. In this case, width(h;) = width(h) = £ > 2, but depth(h;) < depth(h).

As h (AQ (Togs]+1+ t)> is not a constant if and only if /i <AQ’ (Tlogs] is not a constant,

+1+t)

the problem reduces to showing that for any g1 € orb(hy), ¢1 (Q ( is not a con-

[logs]+1+t)
stant for any t > log £. We now run the argument from the beginning with / replaced by #;,
which has a smaller depth. Eventually, we will land up in Case 1 or 2, as a depth-3 occur-

once formula having width > 2 is either in form 1 or 2 (see proof of Lemma 4.3). O

A non-zero polynomial f € C is computable by an s-sparse occur-once formula. Observe
that width(f) < n. Let g € orb(f). From Theorem 4.1, we have that g (Q (Togs]+1+4 log n1)>
is a non-zero polynomial in 2 ([logs] + 1+ [logn]) variables of degree at most nD. As
IF| > nD, a hitting set for orb(C) can be computed in time (nD + 1)2([logs]+1+[logn]) —
(nD)O(log n+logs)

The proof is similar if the leaves of the occur-once formulas in C are labelled by b-variate
polynomials. We just need to apply Observation 2.1 instead of Theorem 3.3 in the base case.
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Chapter 5

Equivalence test for read-once arithmetic

formulas

This chapter gives an equivalence test for read-once arithmetic formulas. The
contents of this chapter are from a joint work with Nikhil Gupta and Chandan
Saha [GST23]. A read-once arithmetic formula is said to be regular if no + gate in
it has a variable directly connected to it. An equivalence test for the special case

of regular read-once arithmetic formulas can be found in [Gup22].

5.1 Introduction

We say that f, g € FF[x] are equivalent polynomials, denoted f ~ g, if there exists an A €
GL(|x|,F) and b € FXl such that g(x) = f(Ax + b) (see Definition 2.31). The equivalence
test problem for a circuit class C is as follows: given a ¢ € [F[x] check if there exists an
f € F[x] computed by a circuit in C such that ¢ ~ f. If yes, find A € GL(|x|,F) and
b € FIXl such that g(x) = f(Ax + b). This section is devoted to designing and analyzing a
randomized polynomial time algorithm for equivalence test for ROFs (see Definition 2.4). In

particular, we prove the following theorem.

Theorem 1.6 (ET for ROFs) Let n € N, char (F) = 0 or > n?, and |F| > n'3. Thereisa
poly(n) time randomized algorithm (with oracle access to QFE over IF) that takes input black-box
access to an n-variate polynomial f € x|, which is in the orbit of an unknown canonical ROF
C, and outputs (with high probability) an A € GL (n,F) such that f(Ax) = C(PSx + b), where
P e M(n,F)and S € M(n,F) are permutation and scaling (i.e., diagonal) matrices respectively,
and b € F".

88



Quadratic Form Equivalence can be solved efficiently over C, R, IF; and also over Q with
oracle access to integer factoring (see Fact 5.3). Hence, ET for ROFs can also be solved effi-
ciently over these fields.

Note that as C(PSx + b) is an ROF, we can apply any of the known polynomial-time
ROF reconstruction algorithms [HH91, BHH95, SV14, MV 18] to first get an ROF for C(PSx +
b), and then obtain a formula for f by applying A~! on the variables of the reconstructed
ROF. We present a randomized polynomial-time ROF reconstruction algorithm in Section
5.6 as we need to use some of its properties for designing an algorithm for the polynomial
equivalence problem for orbits of ROFs in Chapter 6.

We first give a high-level overview of our proof of Theorem 1.6 in Section 5.2. Then
we prove some preliminary results in Section 5.3 and analyse the Hessian determinant of
an ROF in Section 5.4; the results of both of these sections are crucially used to give an
equivalence test for ROFs in Section 5.5. Finally we give an algorithm for reconstructing
ROFs in Section 5.6.

5.2 Proof techniques

First, an example. The algorithm in Theorem 1.6 is based on a few crucial properties of the
Hessian determinant of an ROF (see Definition 2.27). The effectiveness of the Hessian, in this
context, is best demonstrated by an equivalence test for the sum-product polynomial SP :=
Yic[s) [ Tje(q) Xij, which is an ROF of product-depth 1. Assume that d > 3. The algorithm
takes input an f = SP(Bx), where B € GL(sd, F) is unknown. It computes the Hessian
determinant of f, which is denoted as det(Hy). By Fact 2.4, det(Hy) is a non-zero [F-multiple
of det(Hsp ) (Bx) — the Hessian determinant of SP evaluated at Bx. Now, it can be shown that
det(Hsp) factorizes as follows:
det(Hsp) = (—=1)*“D. (d—1)°- I X2
ie[s),jeld]

So, the algorithm factorizes det(Hy) into irreducible factors and figures out' B from the
factors. The test can be implemented in the black-box setting by observing that black-box
access to the second-order partials of f can be computed efficiently (see Fact 5.1) and by
invoking a black-box polynomial factorization algorithm (see Fact 5.2). The running time is

polynomial in s and d.

!The algorithm finds an A = PSB, where P is a permutation matrix and S is a diagonal matrix, from
the factors of det(Hy). It then interpolates f (A~!x) (using the sparse polynomial interpolation algorithm in
[KS01]) to learn P and S (up to the symmetries of the polynomial SP).
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5.2.1 A basic approach

Can the Hessian determinant be exploited to devise an equivalence test for ROFs of ar-
bitrary product-depth and fan-in? A rudimentary approach is outlined in [Kayl1l]: Let
g = g1(x1,..., %) + g(xi41,..., %), where g1 and g, are variable disjoint polynomials.
Given black-box access to f = g(Bx), where g and B € GL(n,F) are unknown, can we
find an A € GL(n,F) such that f(Ax) can be expressed as a sum of two variable disjoint
polynomials?' [Kay11] gave an algorithm that finds such an A provided the number of essen-
tial variables® of det(Hy) is exactly n.

The algorithm uses the fact that det(Hg) = det(Hg,)(x1,...,x;) - det(Hg, ) (Xiy1,- .., Xn),
and so, det(Hy) is a non-zero IF-multiple of det(Hy, ) (Bx) - det(Hy, ) (Bx). It turns out that an
A € GL(n,F) can be found efficiently from black-box access to det(Hy) such that det(Hy, ) (BAx)
and det(Hyg, ) (BAXx) are variable disjoint; this step involves black-box factorization of det(Hy)
[KT90] and elimination of redundant variables from the irreducible factors of det(Hy) in a
careful way (see Claim 5.3). Now, it can also be shown that if the number of essential vari-
ables of det(Hy) is exactly n, then ¢ (BAx) and g»(BAXx) are variable disjoint (see Observa-
tion 2.8).

The correctness of the algorithm depends critically on the condition that the number of
essential variables of det(Hy) is exactly n. If this condition does not hold, then the algorithm
fails completely. The approach can be viewed as a generalization of the algorithm given
in the above example for the SP polynomial. Indeed, the number of essential variables of
det(Hsp) is n = sd.

Can the basic approach be used to learn orbits of ROFs? At a high level, the basic ap-
proach is encouraging as a +-rooted ROF is a sum of variable disjoint polynomials. Let C =
Ty + ...+ T;s be a +-rooted canonical ROF, where Tj, ... ., T; are the terms of C, i.e., the poly-
nomials computed by the second (from the top) layer of gates in C. Given black-box access
to f = C(Bx) = T1(Bx) + ...+ Ts(Bx), where C and B € GL(#n,F) are unknown, we hope to
apply the approach in [Kay11] to find an A € GL(n, F) such that T; (BAx), ..., Ts(BAx) are
variable disjoint. If we succeed in finding A, then we wish to obtain efficient black-box access
to T1 (BAXx), ..., Ts(BAx) by exploiting their variable disjointness. From black-box access to
T;(BAx), we get black-box access to Q;1(BAX), ..., Q;u, (BAX), where Q; 1, ..., Q; », are the

I This problem was referred to as the polynomial decomposition problem in [Kay11]. It should not be confused
with the functional decomposition of polynomials which is also known as the polynomial decomposition prob-
lem.

?See Definition 2.28.
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irreducible factors of T;. Claim 5.2 then lets us find a C € GL(n, F) such that Q; 1(BACx), ...,
Qim, (BACx), for all i € [s], are variable disjoint. At this point, we plan to recurse on
Qi1(BACx),...,Qim(BACx) that are in the orbits of variable disjoint +-rooted ROFs of
smaller size and depth.

Although the method looks promising, there are a few significant hurdles that render
the basic approach almost useless. First, we shall see (in the next section) that the number
of essential variables of the Hessian determinant of a canonical ROF can be dramatically
smaller than 7, although the ROF itself has no redundant variable. This is indeed a serious
problem for the approach as the step of making T; (BAx), ..., T;(BAx) variable disjoint may
break down completely. Second, even if we manage to make Ty (BAx), ..., Ts(BAx) variable
disjoint, the complexity of the recursive algorithm may grow exponentially with the product
depth of the ROF unless we generate super-efficient black-box access to Ty (BAx), ..., Ts(BAXx).
In the next section, we elaborate on these (and more) hurdles and explain how we overcome
them and salvage the basic approach.

5.2.2 Outline of the ROF equivalence test: Salvaging the basic approach

Without loss of generality, assume that the root node of an ROF C is a +-gate; if not, use
black-box polynomial factorization to reduce to the 4-rooted case. We need to answer two

questions:
1. How do we efficiently find a transformation that makes the terms variable disjoint?
2. How do we get efficient black-box access to the terms once they are variable disjoint?

We now elaborate on the technical hurdles that we encounter and deal with while answering
these.

A. Making the terms variable disjoint

We know that the terms can be made variable disjoint if the number of essential variables

in det(H() is exactly n. But this need not be the case. In fact, we face an even more basic
hurdle.

* Hurdle 1: The Hessian determinant of a non-zero canonical ROF can be identically

zero.

For instance, the Hessian determinant of (x1x3 + x3x4) (x5%6 + X7x8) + (y1y2 + y3y4) (Y5y6 +
y7ys) is identically zero over [F3; the Hessian determinant of x1x,x3 + x4 is zero over any F.
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None of these ROFs have redundant variables (see Observation 5.2), and yet their Hessian
determinants are zero.

When is the Hessian determinant non-zero? We show in Lemma 5.1 that the Hessian determi-

nant of a non-zero n-variate canonical ROF C is non-zero provided char(IF) = 0 or > n
and none of the children of the top +-gate of C is a variable!. Henceforth, we assume that
char(IF) = 0 or > n. We call a variable that is directly connected to a +-gate a dangling vari-
able, and a variable that is directly connected to the top +-gate the top dangling variable. Since
C is in canonical form (see Definition 2.23), it can have at most one top dangling variable.
Few words on the proof of Lemma 5.1: We show that the coefficient of a certain high de-
gree monomial in det(Hp) is a product of “small”, non-zero numbers. Depending on the
structure of C, we first carefully pick a variable x in it and treat det(Hg) as a univariate
polynomial over F|[x \ {x}]. We then show that the coefficient of the highest degree term
in x is a product of the Hessian determinants of “smaller”, x-rooted ROFs. We repeat this
process inductively on these smaller ROFs to show that their Hessian determinants are non-
zero. The inductive process constructs a high degree monomial implicitly. The base case
of the induction deals with Hessians of monomials of degree at least 2. The Hessian deter-
minant of a degree d monomial is itself a monomial with a non-zero coefficient. Thus, the
coefficient of the special monomial constructed by the inductive process is a product of the

coefficients of the Hessian determinants of monomials.

The presence of a top dangling variable makes det(H() zero. We will see shortly how to
prevent det(Hg) from vanishing. At first, let us assume that C has no top dangling variable.
Now, even if the Hessian determinant of C is non-zero, there is no guarantee that the number
of essential variables of det(H() is the maximum possible. This poses the second and the

main hurdle.

 Hurdle 2: The number of essential variables of det(Hg) # 0 can be much smaller than
n.

For example, the Hessian determinant of x1(x2x3 + x4) + y1(y2y3 + y4) has merely two es-
sential variables; the Hessian determinant of x;x,x3 + x4x5 has only three essential variables.

For ease of explanation, we split the above hurdle into two questions. The first one is,

!Observe that if the top +-gate has a variable child, then the Hessian determinant is identically zero over
any IF.
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e Hurdle 2a: Which variables of a canonical ROF C are essential for its Hessian determi-
nant?

The notion of “skewed paths” turns out to be quite useful in answering this question.

Skewed paths, truly essential variables, and good and bad terms: A skewed path in C is a special

structure that can be identified with a unique “marker” monomial (see Definition 5.1). In
Claim 5.8, we show that every variable other than the dangling variables along skewed
paths, the variables in quadratic forms along skewed paths, and the variables in the (top)
quadratic form of C, are truly essential for det(Hg) (see Definition 2.29)!. This knowledge
enables us to categorize the terms of C into three types — good, bad, and the quadratic form of
C. A bad term looks like x - Q, where x € x and Q is a +-rooted ROEF. In the example, both
x1(x2x3 4+ x4) and y1 (y2y3 + ya) are bad terms. In x7(x2x3 + x4), the “marker” monomial x4
(which is a variable in this simple case) defines a skewed path, x; and x3 are the variables of
the quadratic form along this skewed path, and x4 is the dangling variable along this skewed
path. Terms that are not bad and have degree > 3 are good.

Making good terms variable disjoint. If T is a good (similarly, bad) term of C, then we say
T(Bx) is a good (respectively, bad) term of the input f = C(Bx). It follows from Definition
5.1 that the skewed paths in C occur only in the bad terms of C, and so, from Claim 5.8, all
the variables of the good terms of C are truly essential for det(H). This fact along with
Claim 5.3 and Observation 2.8 help us infer that a slight variant of the basic strategy given
in Section 5.2.1 succeeds in finding an Ay € GL(n,F) such that the good terms of f become
variable disjoint under the action of Ay. See Step 1 in Section 5.5.1 and Section 5.7 for a more
detailed and pictorial overview of this step.

Making the good terms of f variable disjoint is the first step towards overcoming Hurdle
2. But it is far from sufficient even if C is devoid of bad terms, the top quadratic form, and
the top dangling variable. This is because the algorithm may encounter bad terms, quadratic
forms and dangling variables at deeper levels of the recursion, whence the basic strategy will
fail. Therefore, we must answer the following (second) question to tackle the acute loss of
essential variables in the Hessian determinant due to the presence of skewed paths in bad

terms.

e Hurdle 2b: How do we handle the bad terms and the quadratic form of C?

ISee the paragraph before Claim 5.8 for relevant terminologies. Partitioning a set of essential variables into
truly essential variables and ordinary essential variables helps us crucially in the arguments.
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We call the dangling variables along skewed paths, the variables in quadratic forms along
skewed paths, and the variables of the top quadratic form of C the bad variables of C. The re-
maining variables are the good variables. Note that a good term of C has only good variables,
whereas a bad term has both good and bad variables. For example, x; is a good variable
of the bad term xq(xpx3 + x4), and xp, x3, x4 are its bad variables. By Claim 5.8, the good
variables are truly essential for det(H(), but they need not be the only essential variables.
Some bad variables can be truly or ordinarily essential for det(Hg) or totally absent from
det(Hg); this complicates the matter a bit.

Making the bad terms and the top quadratic form variable disjoint. It turns out that Claim
5.8, Claim 5.3 and Observation 2.8 together imply that the transformation Ay is such that
BAy maps every good variable of a (good or bad) term Tj to a linear form in z; C x, where
the variable sets z; (as Ty runs over all good and bad terms) are disjoint. Let z be the disjoint
union of these sets z;, and y := x\ z. Let ¢y := BApoux for x € x. Observe that the
y-variables appear only in the linear forms £, where x is a bad variable. Let [(,]y be /,
restricted to the y-variables. Loosely speaking, we make the bad terms and the top quadratic
form of f variable disjoint in three (implicit) steps: “access” the linear forms [(,]y, map them
to distinct y-variables, and then remove “external variables” from each of the terms. Let us
elaborate on these steps by focusing on the bad terms.

Mapping “garbled” skewed paths back to monomials to access [{]y: How do we access [{;]y,

where x is a variable in a quadratic form along a skewed path or a dangling variable along a
skewed path? The answer lies in the fact that a skewed path is identified with a unique
“marker” monomial . This monomial can potentially help us access [/y]y, where x a
quadratic form or a dangling variable along the skewed path .. But the problem is that the
transformation BAp may have “garbled” the variables of u. If for every variable z of u, we
find ¢, € F|z], then we can map /, to a distinct z-variable and get back a marker monomial
— this works as z is a good variable. By Claim 5.7, such an /; is a factor of det(Hy)(Agx). We
can factorize det(Hy)(Aox) and try to find /;, but there is a problem: det(Hy)(Aox) might
have other spurious linear factors that are not ¢, for any z € x. Fortunately, we can distin-
guish £, from spurious linear factors of det(Hy)(Aox) by examining the number of essential
variables of f(Apx) modulo affine forms; this crucial result is proved in Claim 5.1. So, we
can safely assume without any loss of generality that ¢, = z for every variable z in p.

Processing quadratic forms along skewed paths and the top quadratic form: We focus on a quadratic

formq = y1y2+ ... +y;_1y; along a skewed path y, and let§ = [£y, ]y [ly, ]y + ...+ [Cy, , ly[€y,]y-
We can access g as follows: Treat f(BAgx) as a polynomial in y over [F|z] and extract out
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black-box access to the homogeneous degree-2 component in y; call it 7. As the degree-
2 monomials in y are contributed only by the quadratic forms on skewed paths and the
quadratic form of C, and there are at most n different skewed paths, 7 is n>-sparse as a
polynomial in F[y,z]. We find the dense representation of § using the sparse polynomial
interpolation algorithm of [KS01]. Observe that the coefficient of y in 7 (as a polynomial in
z over FF[y]) is 4. Once we collect all the § for quadratic forms along skewed paths, we map
them simultaneously to quadratic SP polynomials in distinct y-variables using Claim 5.2
and the QFE oracle. The existence of such a map A; is ensured by Claim 5.9 which shows
that the variables of a quadratic form are either all truly essential for det(H¢) or they are
absent from det(Hp). We then argue (in Claim 5.15) that g(BAgA1x) can be expressed as
(y1 +h)(y2 +ha) 4+ -+ (yj_1+ h_1)(y; + hy) for some (hitherto unknown) linear forms
hi,...,h € Flz]. A similar process for y = 1 takes care of the top quadratic form of C. See
Step 2.1 in Section 5.5.1 and Section 5.7 for a more detailed and pictorial overview of this
step.

Handling dangling variables on skewed paths: Now let ¢, := BApAj; o x and u be the y-

variables that have not been “used up’ by the QFE oracle in the previous step. Consider
a dangling variable x along a skewed path p. We can access [¢x|y using p, just as we ac-
cessed ¢ before, by treating f(BApA1x) as a polynomial in u over F[x \ u] and extracting out
the homogeneous degree-1 component in u. However, unlike the variables of a quadratic
form along a skewed path, a dangling variable x might not enjoy the property that it is either
truly essential for det(Hg) or it is absent from det(H(). So it may not be possible to map
all the linear forms [¢y]y for dangling variables along skewed paths to distinct u-variables.
This makes the argument here a bit subtle: We show, using Observation 5.17, Claim 5.17 and
Observation 5.19, that it is sufficient to work with any basis B of the vector space spanned by
the linear forms [{y]y as x varies over dangling variables along skewed paths. Mapping the
elements of B to distinct u-variables, using a transformation A, automatically ‘takes care
of” the linear forms outside B. At a high level, this strategy works because the elements of
B essentially corresponds to a set of redundant variables of det(H(). See Step 2.2 in Section
5.5.1 and Section 5.7 for a more detailed and pictorial overview of this step.

Removing external variables from the terms: Let ¢, := BAgA1Az ox for x € x. For a bad

term T, let y; be the union of the y-variables appearing in all /,, where x is a variable of a
quadratic form along a skewed path in T}, and the u-variables present in all /,, where x is
a dangling variable along a skewed path in Tj. The variables not in z; ¥ yj are the external
variables of T. Observe that the external variables appear in £, only if x is a dangling variable

along a skewed path in Ty or a variable of a quadratic form along a skewed path in Ty. In
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this step, we intend to remove these external variables and complete the process of making
the bad terms and the top quadratic form of f variable disjoint. At a high level, this is done
by examining some carefully chosen first-order partials of f(BAyA1A,x) and engaging the
skewed paths again to access the external variables. The proof of correctness of this step
involves a few “disambiguation arguments” (see Observations 5.20, 5.21 and 5.22) which
ensure that relevant monomials are generated “uniquely”. See Step 2.3 in Section 5.5.1 and
Section 5.7 for a more detailed and pictorial overview of this step.

Handling the top dangling variable. If det(H) = 0 (which, by Lemma 5.1, happens if and
only if C has a top dangling variable) then we can reduce to the non-zero Hessian determi-
nant case as follows: Apply a random transformation on the variable set x = {x1,...,x,}
and consider the Hessian of the resulting f with respect to only xy,...,x,_1. Intuitively,
the random transformation lets us assume two facts — one, the top dangling variable of C
is x,, i.e,, C = Cy(x1,...,x,-1) + x5, where C; is a canonical ROF with no top dangling
variable; two, f = Cy(Bx) + ¢(x) for some B € GL(n,F) such that Box, = x, and /¢
is an affine form. Now observe that the determinant of the Hessian of f with respect to
X1, ..., Xu—1 is an F-multiple of det(Hg )(Bx), which is non-zero as C; has no top dangling
variable. We can then remove the redundant variable x, from de’c(HC1 )(Bx) and hope to find
a D € GL(n,F) such that T;(BDx), ..., Ts_1(BDx) are variable disjoint, where Ty, ..., Ts_1
are the terms of C;. Once D is obtained, we are left with finding ¢(Dx) from black-box access
to f(Dx) = C;1(BDx) + ¢(Dx). Indeed, the knowledge of D and ¢(Dx) is sufficient to con-
struct an A € GL(n,F) such that T;(BAx), ..., Ts(BAx) are variable disjoint (here, T; = xy,).
See Step 3 in Section 5.5.1 for a more detailed overview on how to find ¢(Dx) by exploiting
the Hessian determinant again! A special case of this problem when £ is a constant also
arises in the resolution of the final hurdle (stated below). We give the proof idea for this

special case next.

B. Obtaining efficient black-box access to the terms

The above process finds an A € GL(n,F) such that the terms T;(BAx), ..., Ts(BAx) are
variable disjoint. Let 7;(x;) := T;(BAXx).

* Hurdle 3: How do we get efficient black-box access to r1(x1),...,7s(xs)?

In other words, how do we simulate a black-box query to r;(x;) using only one query to the
black-box for the input polynomial f. It is important to use only one query to f, as otherwise
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the time complexity of the recursive algorithm will become exponential in the product-depth
of the ROF. The product depth of an n-variate ROF can be as high as ()(n). We address this
issue as follows.

At first, we examine the second-order derivatives of f to learn the variable sets x1, ..., X;
(see Claim 5.23). Then, we set the variables in xq,...,X;_1,Xj+1,...,Xs to arbitrary field con-
stants to reduce the problem to securing black-box access to r;(x;) from black-box access to
Qi = ri(x;) + ¢, where ¢ € F is unknown. If r; is quadratic or linear, then we simply interpo-
late g; and know r;. Otherwise, we can still hope to learn c as it is the unique constant such
that g; — c is reducible !. The uniqueness of ¢ follows from the irreducibility of a +-rooted
ROF (see Fact 2.1). But how do we learn c efficiently? The Hessian determinant comes in
handy again.

Finding c. Suppose 7;(x;) = 7i1(X;) ... 7im,(x;), where 7;1,...,7;,, are the irreducible
factors of r;, and deg(r;) > 3. It follows from Corollary 5.1 that det(H,,), which equals
det(Hg,), has as one of its irreducible factors an F-multiple of r;; for some j € [m;]. The
efficient black-box polynomial factorization algorithm [KT90] gives us black-box access to
all the irreducible factors of det(Hg,). Now suppose we pick the irreducible factor a - 7;,
where # € F*, from among the irreducible factors of det(H,,). Define a random sub-
stitution map 71 on the variables of x; as follows: 7(x) := cyxt, where ¢y €, FF and ¢ is
a fresh variable, for every x € x;. Interpolate the univariate polynomials 77(g;)(¢) and
(o - r;;)(t) that are non-constant with high probability, if |F| is sufficiently large. The de-
grees of 71(g;) and 7t(a - 7; ;) are upper bounded by 7. To find ¢, we set up and solve a linear
system via the equation 71(g;) = (a,—1t" '+ ... +ag) - 7w(a - r;;) + co,? by pretending that
ay—1,...,40 and co are variables. The system has a solution that is obtained by choosing
A1 t" 1+, +ag=m(a"! TLiepm)\4jy 7iy) and co = c. This solution is unique. To see this,
suppose a,_11,--.,80,1,C01 and a,_12,...,402,co2 are two different solutions. Then,

((an—1,1 — an—12)t" 1+ ...+ (01 — a02)) - 7w(a - ri;) + (coq — cop) =0,

indicating that 7r(a - r;;) divides (co1 — co2). But this is not possible as 7t(a - ;) is not a
constant. So, we solve the above system and declare the solution for cy as c. This proce-
dure works if we pick an irreducible factor of det(Hy;) that is an [F-multiple of r; ; for some

!More generally, this is true if 7; is a multilinear polynomial having at least two non-trivial factors. But, ¢
need not be unique if 7; is not multilinear. For example, if r; = x2, then g; — c is reducible for both ¢ = 0 and
c=1.

?As deg(a - 7jj) > 1, the degree of a~ - [Ticm\ gy 71 s at most n — 1.

i
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j € [m;]. But what if we pick a “wrong” factor? Indeed, the Hessian determinant can have
other “spurious” factors. The point is that irrespective of what factor we choose, we can run
the above procedure and find some cy. If no ¢y is found, then we know immediately that a
wrong factor is chosen. Otherwise, we check if g; — ¢ is reducible, and if so, then take ¢
as c. The uniqueness of ¢ implies that we always find the right c. Once we know ¢, we can

simulate a black-box query to r; using only one query to f.

Preparing for recursion. From efficient black-box access to r;, we need to gain efficient
black-box access to the irreducible factors of r; as the algorithm essentially recurses on these
tactors. This is done as follows: Use the efficient black-box polynomial factorization algo-
rithm [KT90] to get (not necessarily efficient) black-box access to «; - r; ; for every j € [m;],
where a; € F* and &1 - a2 - ... -, = 1. Claim 5.2 then allows us to find a C; € GL(|x;/, F)
such that a1 - 7;1(Cix;), . . ., &m; - 7i,m,(CiX;) are variable disjoint. Notice that we can easily get
efficient black-box access to r;(C;x;) from the efficient black-box for ;. It is now sufficient
to create an efficient black-box for «; - ; ;(C;x;) from the black-box for r;(C;x;). Substitute
the variables in «; - r;;(C;x;) by random field constants for every I € [m;]\{j}; denote this
substitution map by p. Let ; = p(a; - ;;(CiX;) ). Observe that we know f; from the already
acquired (possibly inefficient) black-box for a; - r; ;(Cix;). Also, B; # 0 with high probability.
Then, the relation a; - 7, ;}(Cix;) = p(ri(Cixi)) - TTicpm)\ {7y B; ! produces an efficient black-box
for a;j - r; ;/(Cix;). The algorithm recurses on «; - r; ;(Cix;) with this black-box.

To summarize, irrespective of the level of the recursion, a required black-box can be ob-
tained as an expression a f (Cx + ¢) + 8, where C € M(n,F), c € F",and «, § € [F are known.
Thus, the black-box query time is independent of the recursion depth. Moreover, the time
taken to prepare a black-box for a subsequent level of the recursion (i.e., to make ready the
knowledge of a relevant affine projection C, ¢ and appropriate constants «, ) is independent

of the recursion depth.

5.3 Preliminaries

In this section, we give a detailed list of notations used in this and the next chapter and men-
tion a few structural and algorithmic results crucially used in the equivalence test. These
preliminary results are part of a joint work [GST23]. Some of the preliminary results men-
tioned here are also required for equivalence test for regular ROFs which can be found in
[Gup22]. As such, they also appear in [Gup22].

Recall the definition of canonical ROF from Section 2.23. The following tables lists the

notations used in this and the next chapter.
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Notations Usage

C, A An ROF and its product depth, respectively

T, Q (with or without subscripts) | x-rooted and +-rooted sub-ROFs, respectively
A,B,C,P,R,S Matrices over [F

uw Spaces spanned by the first order partials of polynomials
E,F,I,],N,V Sets

f. e hpqtr Polynomials

tu,x,y,z Variables

X,¥,Z,u Sets of variables

«,B,,c Elements of F

deijkl,mmn,s Natural numbers

a,b,d,« Vectors over [F

Table 5.1: Notations

5.3.1 Structural preliminaries

Observation 5.1 (Orbit of a canonical ROF) Let C be an ROF over IE. Then, there is a canonical
ROF C' over T such that C' € orb(C). If C is additive-constant-free, then so is C'.

Proof: From the definition of a formula, the first three properties of Definition 2.23 are
satisfied by C. We now “push” the labels on the edges of C down to the leaves so that the
variables labelling the leaves are scaled. Then, we apply an invertible diagonal transforma-
tion S to x to rescale the variables appropriately. This ensures that property 4 is satisfied.
To satisfy property 5, observe that if a + gate has variable children x; , ..., x;, and constant
children 71, ..., 7k, then we can replace all the constants by v = 1 + ... + 7k, and apply an
invertible affine transformation that maps x;, to x;, — (x;, + - - - + x;, + ) and every other
variable to itself.

Suppose u is a + gate that has among its children a variable x and a x gate v such that
v has two children — a variable y and a + gate v’. Suppose v’ has a constant child y. The
polynomial computed at v is of the form x + y(T + ) + other terms = (x + yy) + yT +
other terms, where T is x and y free. Now, if we apply an invertible linear transformation
that maps x to x — yy and every other variable to itself, then property 6 is satisfied with
respect to nodes u and v. Finally, it is easy to see that this canonization process does not

introduce any extra additive-constant. 0

Observation 5.2 (Essential variables of a canonical ROF) The set of variables labelling the non-
constant leaves of a canonical ROF C is the set of essential variables of C, i.e., C has no redundant
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variable.

Proof: Let var(C) = x. Over any field, Ngss(C) > dim <aC X e x> So it is sufficient to

show that dim <aC X € x> = |x|. We will prove this by induction on the product depth
A of C. In the base case, A = 0, and C computes a polynomial x + v, for v € F; so,
dim <aC X € x> = |x| = 1. Suppose that the induction hypothesis holds for canonical
ROFs of product depth A — 1 or less.

Let C = Ty + ... + Ts 4 <y be a canonical ROF of product depth A, where each T; is a x-
rooted ROF having at least two non-constant, variable disjoint factors. Consider an F-linear
dependence ), o, ay %(3 = 0, where ax € . Then, } \cyar(r,) @« 38? € F for every i € [s].
This is because T; and T; are variable disjoint for i # j. But ¥ cyar(r,) ®x %1;,. € F implies
Y xevar(T,) Xx %x = 0, as T; is a product of at least two non-constant factors and a common
root of these variable disjoint factors is also a root of ) cyar(1;) &x %x Now suppose ay # 0
for some x € var(T;) and i € [s]. Let T; = Q1 - - - Qm, where Qq, ..., Qy, are variable disjoint
+-rooted canonical ROFs of product depth at most A — 1. Suppose that the x mentioned
above is in var(Qj). By the induction hypothesis, ., evar(Q,) %y aan #0 unless every ay, = 0.
So the dependence ) cyar(t)) oy 2L ax = 0 implies Q; divides ) cvar(Q)) ocy ay # 0, which is

not possible as the latter has a smaller degree. Therefore, ay = 0 for every x € x, and so,
d1rn<aC x€x>:|x|. O

If Cis not canonical, then all the variables of C need not be essential. Fore.g., x; + - - -+ x,

is an ROF with only one essential variable. The above observations imply the following:

Observation 5.3 Let C be an ROF, C' a canonical ROF, and C' € orb(C). Then, N,ss(C) =
lvar(C')]|.

We now state an important property of a canonical ROF which will be used in the equiv-
alence test.

Claim 5.1 (Canonical ROF modulo an affine form) Let n € IN, char(FF) # 2, |F| > n, C be
a +-rooted n-variate canonical ROF, and ¢ an affine form which is not a constant multiple of some
variable. Then, Nss(Cp) > n — 2.

Proof: Letx = {x1,...,x,} bevar(C), where C = Ty + - - - + Ts + 7 is a canonical ROFE. Let
0 =Y . cx&xx + a, where either |var(¢)| > 2, « € F and for every x € x, a, € For |var({)| =
land a € F*. Let X' = x\ {y1}, {1 = Lyex —ax — &/, where for every x € x/, &} = aya,

and o/ = oaxy_ll. Notice that /; # 0. Then, we know that C, = C(y; = ¢1,x’). As Cis
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canonical, there exists at most one ! € [s], such that T; is a variable. If such an [ exists
and var(T;) Nvar(¢) # @ then we assume without loss of generality that I = 1. We also
assume that y; € var(Ty). Then, note thatCy = T] + To + - - - + Ts + 7, where T} := T1(y1 =
(1,var(Th) \ {y1}). For I € [2,s]", let x} = var(T}) and x| = var(Ty) \ {y1}. We first prove
the following two useful observations.

Observation 5.4 U := <aC x € var(Ty),l € [s], |var(T;)| > 2> does not contain a non-zero
constant.

Proof: Suppose there exists an « € UNT \ {0}. Let C' = Yl€[s],jvar(Ty)|>2 T1 + ay, where
y is a fresh variable. Then, C’ is in the orbit of the canonical ROF Yie[s)var(Ty)|=2 T1 T Y
and it follows from Fact 2.8 and Observation 5.2 that N,s(C') = |var(C')|. Thus, W :=
{BC x € var(C’ )} is F-linearly independent. Note that U = (W) but dimU < |W|; a
contradiction. So U NF \ {0} = @. O

Observation 5.5 If |var(Ty)| < 2, then Ness (Cp) > n — 2.

Proof: There are two cases, T; = y; and T; = y1y for some y € x'. For both cases, it follows

from Observation 5.2 that {aT’ le2,s], xe Var(Tl)} W {3?} is [F-linearly independent.

Now, forany ! € [2,s] and x € var(T}), aix‘*’ = % ;g;l Thus, {% cx evar(Ty),l € [2,5]}
is lF—linearly independent. Hence, from Fact 2.5, when T7 = y1, Ness (Cy) > n — 1, and when

= 1Y, Ness (Cp) > n —2. O As Cis multilinear, for every x € x, the individual degree of
x in C is at most 2. Since char(IF) # 2, for every I € [s], x € x;, 5 aC[ #0.Forl € [s],x € x], let

Bi,x € F, such that Ty ey P = 0, which implies

oT;,  9T] 0Ty
)3 Zﬁzx(—le—) Z,leax 0. (5.1)
le[2,s] xex)
1
LetI = {l € [s] : |var(T;)| = 1} and ] = [2,s] \ I. As Cis canonical, |I| < 1. If ] € I, we call
T; as z. Now, we prove the claim by induction on the product-depth A of C.

Base case: A = 1. Then, C; = (1T + T + - - - + Ts + v, where for every I € [2,5],T;is a
multilinear monomial and T{" = [Tiex; x. Because of Observation 5.5, we can assume that
z ¢ var(¢1). Thus Equation (5.1) becomes

Y. ). Bix (-04' ) +) Bi-+ Y Bix (—a;T{’ +£1T7{/) =0. (5.2)

le] xEX; lel xEX)

Form <n €N, [m,n]:={m,...,n}
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If |x}| < 1, we immediately have from Observation 5.5 that Nes(Cy) > 1 — 2. So suppose
that [x]| > 2. Then for every I € J,x € x;, the coefficient of % in the above equation is
Bi x, which implies §;, = 0. Also, as T and T—lﬁ are non-constant monomials for every
x € xj and as |I| < 1,B;, = 0. If var(¢) ﬂvar(Tl) = @, then Equation (5.2) becomes
erx/ B1.x 61— = 0 which implies erx/ B1,x - 5 = 0. Then from Observation 5.2, B1,, = 0
for all x € x| and Ness(Cy) = n — 1. Otherwise pick any y € var(¢;) Nvar(T) arbltrarlly
Observe that the polynomial multiplied by y? in Equation (5.2) is —a/ y Lrex\{y} BLayx y L. As

1

T7 is a canonical ROF, it follows from Observation 5.2 that f1, = 0 for all x € x \ y. Then,

from Equation (5.2) we have B, (—oc]’/Tl” + EJ%) = 0. As the coefficient of T” in this poly-
nomial is —Za’yﬁl,y, and char(FF) # 2, B1,y = 0. Hence, again Ness(Cp) = n — 1. This proves
the base case.

Induction step: Suppose A > 1 and the claim holds for all canonical ROFs of product-
depth at most A — 1. Let T; = Q1 - - - Qm, where for every i € [m],Q; is either a variable
or a +-rooted ROF. As in the base case, if |x]| < 1 or z € var(¢;), then there is nothing to
prove. So, suppose that |x]| > 2 and z ¢ var(¢;). We assume without loss of generality
that y; € var(Qq). It follows from the definition of Cy that T{ = Q| Q2 - - - Qu, where Q] =
Q1(y1 = 01, var(Q1) \ {y1}). Fori € [2,m], let Q; = Q] [Ticpm\ iy Qj and O1=0Qr - Q.
Letx); = var(Ql) \{y1} and fori € [2,m],x}; = var(Q;). Fori € [m],x € x| ;, rename the

coefficient of ! in Equation (5.1) as ¢; . Then, Equation (5.1) becomes

) ,le +Z,Blz+Q1( Y. ,lea Y. zxaan)

le]xex; lel le],xex; i€[m],xex);

~ 9
+'Z Qi(z lxaQ) 0. (5.3)

Observation 5.6 If Ty # y1Qy, then for everyl € ], x € x}, 1 » = 0.

Proof: If m > 3 then we substitute roots of Q, and Q3 in Equation (5.3). As |[F| > nand Q;
and Q3 are variable disjoint multilinear polynomials, roots of Q; and Q3 exist over FF. Then,
Observation 5.2 implies for | € J,x € x], f;, = 0and as |I| < 1,8, , = 0.

Now, suppose m = 2. Let the polynomial multiplied with Q, = Ql in Equation (5.3) be
1. We plug in a root a of Q, in Equation (5.3). Let ' = L] xex, ﬁl,xﬁ andh =0 +Y,c;Bi.
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Then h = h(x;, = a,x \x;,), and Equation (5.3) implies that h = —q1(a)Q}(x|, =
a,x'\ x{ ,). Note that g1 (a) € F. If either g, (a) = 0 or var(¢1) N (Wi¢jx;) = @, then Observa-
tion 5.4 implies that i’ = 0. Otherwise, deg(Q}(x}, = a,x' \ x1,)) = deg(Q}). Also, in this
case, deg(Q) = deg(Q1). As Q1 # y1, deg(Q1) > 2. Hence, deg(Q}(x}, = a,x' \ x{,)) >
2. Then there exists a monomial p in Qj(xj, = a,x'\ x},), such that deg(p) > 2 and
var(p) Nvar(Qi) # @. Clearly, pisnotin i, and as h = —q1(a) Q) (x; , = a,x" \ X7 ,), we get
h = 0. This along with Observation 5.4 implies ' = 0. Thus from Observation 5.2, §; , = 0
foreveryl € J,x € x]. O

It follows from the above observation that when T; # y1Q>, Equation (5.3) becomes

Zﬁl,z‘i‘él ( Z Cix an> 2 Qz ( Z Ci,x%) =0. (5.4)

lel i€[m],xexy ; i€[2,m] XEX);

Now, we consider all the possible cases of T]. Recall |x]| > 2, which implies that if m = 2
and Q] is a linear polynomial then deg(Q>) > 2.

Case 1: m = 2,deg(Q1) > 2,and Q, = y for some y € x'. Then, Equation (5.4) looks like

Q] 0
Zﬁl,ery ( 2 C1x Lye Coy ale) +Q§cz,y =0. (5.5)

lel xex11

If y ¢ var({1), we put y = 0 in Equation (5.5). As Qi(y = 0,x'\ {y}) = Q}, 2y = 0.
As |I| <1, B;, = 0. Thus we are left with Exex, Clxa;g 0. Let a € F¥\u1l pe a
point such that ¢;(x’' \ x;; = a,xj;) # 0; such a pomt exists. Notice that Ness(Q7 (X \
xj; = a,X{1)) < Ness(Q)). Because Q; is a product-depth A — 1 ROF and /1(x' \ x| ; =
a,x1;) # 0, it follows from the induction hypothesis that Ness(Q}(x" \ x;; = a,x7;)) >
9Q] . /

9x

|var(Qq)| — 2. This means that at least [var(Q;)| — 2 many elements in {

F-linearly independent. Hence, at least n — 2 many elements in {aCe X € X } are [F-linearly
independent, and N, (Cp) > n — 2.

Ify € var(4;), Q) = yQ +q for some Q € F[x,] and q € F[x'\ {y}]. If g is not a
constant, just as before, we set y = 0 in Equation (5.5). This gives us ¢z, = f;, = 0. If

q € T, note that x| ; C var(Q) and hence y? divides y - 5 aQ/l for all x € x| ,. This means
]
that ) ;o B2 + Coy (y ayl + Ql) = 0. Now y—+ Ql = yQ. Thus Yot Q1 + Qa = 2c2,ny +4q. As
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char(FF) > 2, c2y =0, and thus B;, = 0. Then, using the induction hypothesis as before, we
get Ness(cg) 2 n— 2.

Case 2: m = 2,Q; = y1, and deg(Qa) > 2. If y» € var(¢;) N x|, then we redo this entire

—ay,' (£ = ay,Y2). Definition

2.30 and Observation 2.11 ensure that N,ss(Cy) is not affected by making this change to the

analysis by considering Cy = C(y2 = ¢»,x \ {y2}), where ¢, :=

definition of C;. Then, this case is same as Case 1 and we get the desired result. Otherwise,
Equation (5.3) looks like

Z :lea +Zﬁlz+Q2< Z ﬁlx“)‘i‘gl(z CZxaQZ)—O.

le]xex; lel le]xex xexi,

If Q> has a dangling Variable connected to its top + gate, let it be y. We shall consider the
above equation without czy . Observe that any monomial of the highest degree in Q>
is not present in any other summand in the above equation. Hence ), Jxex; — Bi oy = 0.
Also, for every x € x|, \ {y2}, aa—% € F[x],]. Hence, ngxi,z\{yz} c2,xaa—%’- =cforace F. It
follows from Observation 5.4 that ¢ = 0, and hence from Observation 5.2 that c; y = 0 for

all x € x7, \ {y2}. Observation 5.4 and the fact that |I| < 1 imply that 8;, = 0. Then, from

Observation 5.2 B;, = 0 forall / € J and x € x]. Hence, {aa_(i,_; cxex\ {}/2}} is F-linearly

independent and N,ss(Cy) > n — 2.

Case 3: m = 2,deg(Q1) > 2, and deg(Q) > 2. In this case, Equation (5.4) becomes

Z;Bl,z+Q2( Z zxaQ)+Q1<Z CZxaaQZ)O.
i€2

lel },xexll xex1 5

Let the polynomials multiplied by Q] and Q; in the above equation be g; and ¢, respec-
tively. Let v be the parent of y; in C and path(v) be the path from the root of C to v. If v
is the top-most + gate then substitute a root a of Q, in the above equation; g1(a) € F. As
deg(Q}) > 2and |I| < 1, we get B; . = 0. Otherwise, there exists a x gate v’ on path(v), such
that Q. 1 and Q. , are children of v/, where Q,, ; lies on path(v) and Q,/ , does not. Clearly,
{1 is present in Qs 1, and Q, , is a +-rooted sub-ROF or a variable of Q. We first substitute
aroot a of Qy » in the above equation and then plug in a root of Q} (x] , = a,x"\ x] ,). In this
process, note that x} , Uvar(¢1) \ x] ; is untouched. As |I| <1, ;, = 0. Further, since Q is
irreducible (Fact 2.1), we get that Q; either divides Q] or g1. As deg(Q>) > 2, Q, contains a
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monomial not present in Q] and Q, does not divide Q/. As deg(Q>) > deg(q1), Q» dividing
q1 implies that q; = 0. Thus, using Observation 5.2 we get that c; , = 0 for all x € x; . Then,
using the induction hypothesis like in Case 1, we get Nss(Cy) > n — 2.

Case 4: m > 3. By putting the roots of Q, and Q3 in Equation (5.4), we get ;. = 0. For
i € [2,m], let q; be the polynomial multiplied with Q; in Equation (5.4). Then for every
i € [2,m],Q; divides Q;q;. As Q; is irreducible (Fact 2.1), Q; must divide g; or Q;. Sup-
pose there exists an i such that Q; divides Q;. This happens if and only if Q; = x and
Q] = ¢ = —alx, where x € x'. Note that such an i is unique, say i = 2. Now, for every
j € [3,m], Qj must divide g;. As deg(Q;) > deg(q;), 9; = 0. Then, Equation (5.4) becomes
2 (—axQ1 + Q2) = —2¢p 4ty - [Ticsm Qj = 0. As char(FF) # 2 and &} # 0, ¢;, = 0. If such
an i does not exist, then q; = 0 for all j € [2,m]. In either case, using Observation 5.2 we get,
cjx = 0 forevery j € [2,m],x € x] ;. Then, Equation (5.4) becomes Yrext, cl,x% = 0. Using
the induction hypothesis like in Case 1, we get N,ss(Cp) > n — 2. a

5.3.2 Algorithmic preliminaries

Fact 5.1 (Black-box for partials) Let d € IN, char(FF) = 0 or char(F) > d, and ¢ € F[x| bea
degree d polynomial given as a black-box. Then, for x € x, a black-box for g—ﬁ can be computed in
poly(|x|,d) time.

The above fact is well-known; a proof of it can be found in Section 2.2 of [KNST17].

Fact 5.2 (Black-box polynomial factorization [KT90]) Let d € IN, char(FF) = 0 or char(F) >
d, and |F| > d°. There is a randomized algorithm, with oracle access to univariate polynomial
factorization over F, that takes input black-box access to a polynomial ¢ € F[x| of degree d and
outputs black-boxes for the irreducible factors of g in poly(|x|, d) time.

Remark. Since our model of computation allows univariate polynomial factorization, we will
assume that black-box polynomial factorization can be done in randomized polynomial-

time. This assumption is justified particularly for finite fields and Q [Ber70, LLL82].

Quadratic Form Equivalence. Known algorithms for quadratic form equivalence (QFE)
over C,R,Q, and finite fields are based on well-known classification of quadratic forms.
Refer to [Ser73, Lam04, Arall] for a comprehensive discussion on this. We record the com-

plexity of QFE over these fields in the fact below. Over R and C, the model of computation
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is an arithmetic circuit with oracle access to a square root finding algorithm; every operation
in the circuit takes a unit time. Whereas, over Q and finite fields, the model of computation

is a Turing machine, i.e., the running time is measured as bit operations.

Fact 5.3 (Complexity of QFE) Let n be the number of variables in each of the two input quadratic

forms.

1. (Over C and R). There is a deterministic poly(n) time QFE algorithm.

2. (Over finite fields). Let char(IF) # 2. There is a randomized poly(n,log |[F|) time QFE
algorithm.

3. (Over Q) [Wall3]. There is a deterministic poly(n, b) time QFE algorithm with oracle access
to integer factoring, where b is the bit length of the coefficients of the input quadratic forms.

Let g1,...,9m € FF[x] be pairwise variable disjoint. Recall that we use N,s(g) to denote
the number of essential variables in a polynomial g (see Definition 2.28). It can be shown that
Ness(g1 - 9m) = Ness(g1) + - .. + Ness(gm) over any field. The following claim proves the
converse and, more importantly, provides an algorithm to find a transformation that makes

g1, ---,8&m pairwise variable disjoint.

Claim 5.2 (Making polynomials variable disjoint) Let d € IN, char(F) = 0 or > d, and
\F| > 2|x|d. There is a randomized poly(|x|,d) time algorithm that takes input black-box access to
21, ---,8m € F[x], where g1 - - - gm € F[x|<g and Ness(g1 -+ - gm) = Yic[m] Ness(gi), and outputs
an A € GL(|x|,F) such that g1(Ax),..., gm(AX) are pairwise variable disjoint and individually

free of redundant variables.

Proof:

Algorithm 1 Make-Polys-Var-Disjoint(g1, . . ., gm)

Input: Black-box access to g1,...9m € F[x] such that Ness(g1---gm) = Ness(g1) + -+ +
Ness (g m)

Output: An A € GL(|x|,F) such that g1 (Ax), ..., g¢m(Ax) are pairwise variable disjoint and
individually free of redundant variables.

A I|x\><\x|/ y < Q.

fori=1,...,mdo

—_

2
3:  A; < Remove-Redundant-Vars(g;(Ax),y) (see Claim 2.1); y; « var(g;(AAx)).
4 A<+ AA,y <~ yUy;

5: end for
6: Return A.

The correctness of the algorithm follows from the observations below.
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Observation 5.7 For every i € [m], Ness(g1 -+ - i) = Ness(§1) + -+ - + Ness(gi)-

Proof: Follows from the fact that over any F, Nyss(h1h2) < Ness(h1) + Ness(h2), for hy, hy €
IF[x]. O

Observation 5.8 Suppose x = y Wz and hy(y), ha(z,y) € F[x] such that Ness(hy) = |y| and
Ness(h1hy) = Ness(h1) + Ness(h2). Then, z contains a set of essential variables of hs.

Proof: Observe that dim <aigzh2 1z € z> = dim <% 1z € Z>,' let this dimension be [.

Then, by Fact 2.5, Ness(h1ihp) < I+ |y|, which implies Ness(ha) < I (as Ness(h1) = |y|
and Ness(h1h2) = Ness(h1) + Ness(h2)). On the other hand, dim <aa% iz € z> = [ implies
Ness(hy) > 1. Hence, Ness(h2) = 1, and so by Fact 2.5, z contains a set of essential variables of
hy. O
This finishes the proof of Claim 5.2. O

The next claim generalizes the above claim and is used crucially in the equivalence test
presented in Section 5.5.

Claim 5.3 (Making factors variable disjoint) Let d € N, char(IF) = 0 or > d, and |F| >
max {2|x|d,d®}. There is a randomized poly (||, d) time algorithm that takes input black-box access
toan f = g(Bx +d), where B € GL(|x|,FF), d € FIX, and ¢ € F[x|<4 such that g = g1--- gm
for pairwise variable disjoint g1,...,gm € F[X]<4, and does the following: (Here, B,d, g, and
S1,---,8&m are unknown to the algorithm.)

1. It computes an A € GL(|x|,F) such that ¢ (BAx+d),...,gm(BAx + d) are pairwise vari-
able disjoint and individually free of redundant variables. (g1, ..., gm need not be irreducible.)

2. It computes a set V of pairwise disjoint subsets of x such that for every i € [m)], there exist
hiv, . him; € F[X] satisfying TTicpm,) iy = gi(Bx+d), and V. = {var(h;;(Ax)) : i €
[m], 1 € [m;]}.

Proof:

The correctness of the algorithm follows from the following observation. Note that the num-
ber of essential variables of a polynomial can be computed efficiently using Claim 2.1. As we
are merging factors in Step 4, it is clear that the running time of the algorithm is poly(|x|, d).

Observation 5.9 At Step 4, hy and hy are factors of g;(Bx + d) for some i € [m].
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Algorithm 2 Make-Factors-Var-Disjoint(g(Bx + d))
Input: Black-box access to a g(Bx+ d) € F[x]4, where ¢ = g7 - - - g for pairwise variable
disjoint ¢1,...,gm- (B € GL(|x|,F), d € EXl and <,81,---,9m are unknown to the algo-
rithm.)
Output: An A € GL(n,F) and a set V as stated in Claim 5.3.
1: Factorize ¢(Bx + d) using Fact 5.2. Let F < {hy,...,h.} be the set of (black-boxes for
the) irreducible factors of ¢(Bx + d).
2: while N (HhGF I’l) 7& ZhGF Ness (h) do
3:  For the first | € [|F|] s.t. Ness(hy---hy) Yjefn) Ness(hj), find a k € [l —1]
s.t. Ness(hl e hgq hl) = Zje[k—l] Ness(hj) + Ness(hl) but Ness(hl o hy hl) 7é
Zje[k] NeSS(hj) + Ness (h1).
F < FU{hg-h},F < F\ {hg, h;}. Rename the elements of F as {hy, ..., hs}.
end while
Let F = {hy,--- ,hs}. A < Make-Polys-Var-Disjoint(hy, ..., hs) (see Algorithm 1).
V « {var(hi(Ax)),...,var(hs(Ax))}.
Return A and V.

Proof: For contradiction, suppose /i is a factor of g;(Bx + d) and /; is a factor of g;(Bx +d)
fori # j. Let p be the product of all 1 € {hy,...,h;_1} such that & is a factor of g;(Bx + d),
q the product of all i € {hy,..., hx_1} such that h is a factor of g;j(Bx + d), and r the
product of all i € {hy,..., h;_1} such that & is neither a factor of g;(Bx + d) nor a factor
of gi(Bx+d). Then, hy---h_y = pgr. Observe that Ness(pgrh;) = Ness(p) + Ness(r) +
Ness(qhy), as g1,...,gm are pairwise variable disjoint. On the other hand, from the con-
dition Ness(h1---hg_1-h;) = Ness(h1) + ... Ness(hx_1) + Ness(hy) in Step 3, Ness(pgrh;) =
Ness(P) 4 Ness(9) 4 Ness(7) + Ness(hy). Hence, Ness(qh;) = Ness(q) + Ness(hy). For a sim-
ilar reason, Ness(phy) = Ness(P) + Ness(hg). Now, Ness(pqrigh;) = Ness(phy) + Ness(ghy) +
Ness(7),as g1, . - ., §m are variable disjoint. This implies, Ness(pgrhgh;) = Ness(p) + Ness(hy) +
Ness(9) + Ness(h) + Ness(r) = YiclK Ness(hj) + Ness(h;), which contradicts the condition
Ness(hy -+ - hg - hy) % Ness(h1) + - . . Ness (g ) + Ness(h;) in Step 3. O

This finishes the proof of Claim 5.3. 0

5.4 The Hessian of an ROF

In this section, we state some important properties of the Hessian determinant of a canoni-
cal ROF. These properties play a crucial role in the equivalence test given in Section 5.5 and
allow us to use the Hessian determinant to learn valuable information about the matrix map-

ping the input polynomial to a canonical ROF. We shall denote the Hessian of a polynomial
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g by Hg.

Theorem 5.1 (det(Hg) # 0) Let n € N and char(F) =0or > n. Let C =Ty + - - - + Ts + 7y be
a canonical ROF over [F, where for every k € [s], Ty is a x-rooted canonical ROF, |var(Ty)| < n and
v € . If for every k € [s], Ty computes a polynomial of degree at least 2, then det(Hg) # 0.

Proof: Notice that % = 0if x € var(Ty) and y € var(Ty) for k # k' € [s]. Thus Hp
is a block diagonal matrix with the diagonal blocks being Hr,, ..., Hr,. Hence, det(Hp) =
[Tkefs det (Hr,). So to prove that det(Hg) # 0, it suffices to show that det (Hr,) # 0 for all
k€ [s].

Lemma 5.1 Let n € IN, F be a field with char(F) = 0 or > n, and x be a variable set with
x| < n. If T is a x-rooted canonical ROF computing a polynomial in IE[x] of degree at least 2, then
det(HT) 75 0.

Proof: We begin by developing an understanding of the entries of Hr. To do this, we first
understand the derivatives of T. Let path(x) denote the path from the root of T to the leaf
labelled by x. For an x € x, we define the product-depth of x, denoted by Ay, to be the num-
ber of x gates on path(x). We say that x is a dangling variable if x is directly connected to
a + gate. For an x € x, we expand T along path(x) as follows: let T = Qy11- - Qx1,m,,
and x € var(Qy11). Let Qy11 = Tya1+ -+ Ty1s + 71, and x € var(Ty11). Let !
be any number less than A, — 1. After inductively defining Q,;; and T,,; for all i €
1], j € [m], and j' € [si], let Ty;1 = Qxpi1,1- Quivim,,, With x € var(Qy41,), and
Quir1n = Topp11+ -+ Tapgrs,, + 741, with x € var(Tyq11). If x is not a dangling
variable, let Tya —11 = xQxa, 2 Qxa,m A (here Qya,1 = x). If x is a dangling vari-
able, let Ty a, 11 = Qxa,1" " Qx,Ax,mAX and Qya, 1 =X+ Typ, 0+ + Tx,Ax,sAx + 74, (here
Toa,1 =%)-Then, 95 = [T T Quij
i€[Ay] 2<j<m;

The entries of Hr. For x,y € x, let [Hr|y, denote the (x,y)-th enrty of Hr. Because T is
multilinear, [Hr]yx = 0 for all x € x. For x # y € x, we define the first common ancestor of
x and y, denoted by fca(x,y), to be the first gate that appears on both the path from the leaf
labelled by x to the root of T as well as on the path from the leaf labelled by y to the root of
T. There are two cases: fca(x,y) is a 4+ gate and fca(x,y) is a x gate. We now describe aa;—g;/
in both these cases.

Observation 5.10 For all x # y € x such that fca(x,y) is a + gate, [Hr|x, = [Hr]yx = 0.
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Proof: Suppose that fca(x,y) = Q1 for some 1 < I < min {A,, A}, and y € var(Ty,5).

2T _ 0*Quia o ((*Tyn | *Tyn S .
oxdy ~ dxdy ’ 1_[ H QX,I,] - 9xdy =+ 9xdy ’ H H Qx,l,] = 0. SO/ [HT]x,y —
ie[l] 2<j<m; ie[l] 2<j<m;

[HT]y,x = O. D

The second case is when fca(x,y) is a x gate. Suppose that fca(x,y) = T or fca(x,y) =
Ty11 forsome 1 < < min{A,,A,}. As we expanded T along path(x), we also expand it
-, Ty s foralli € [Ay]
if y is a dangling variable, and for all i € [A, — 1] otherwise. Notice that for all i € [I],

along path(y) by defining Qyi1,...,Q, i foralli € [Ay]and Ty 1, .

every Qyij = Qyijand every Ty, » = T, ; ». Also, we can assume without loss of generality
that le+1 1= Quit12 Quir11 = le+1 2, and Qxl+1] le+1] forall3 <j < myy =

m1+1 Let Qxy = H IT Quij- I Qxl+1] Notice that Qxy = II II Quij-

i[l] 2<j<m; 3<j<myiq iell] 2<j<m}
IT le—l-l] Then

3<]<mlJrl

Observation 5.11 For all x # y € x such that fca(x,y) is a x gate,

[HT]X,]/ = [HT]y,x = Qx,y H H Qx,i/]' ) H H Qy,i,]’-

I+1<i<A, 2<j<m; I+1<i<Ay 2<j<m!
Proof:
oy~ 11 1T 0.5
- x,1,]
0xay icil|2<j<m; 0xay
_ H Qi a2Tx,l,1
= X,ij
il 2<j<m; dxdy
— 0Qy 411 9Qyi+11
= IT Quij- II Quitij- 3
iell] 2<j<m; 3<j<myipq Y
= Quy H H Quij - H H Qyij-
I+1<i<A, 2<j<m; I+1<i<Ay 2<j<m!

Having gained an understanding of the entries of Ht, we proceed with the proof of the
lemma. We shall call a x-rooted canonical ROF a (A, m) ROF if it has product-depth A and
has exactly m many product-depth A — 1 ROFs connected to the top-most x gate. Let H7. be

the matrix obtained from Hr by taking x ! common from the x-th row and the x-th column

110



of Hr. Observe that forall x,y € x, [H]xy = xy - [Hr]xy. Also, notice that it suffices to show
that det(H}.) # 0. We show this by induction on tuples of the form (A, m).

Base case. T is a (1,m) ROF, where 2 < m < |x|. Then, T is a multilinear monomial, say
x1- - X, and det(H7) = (=1)" "1 (m — 1) [Tiepm *}" # 0, as char(F) = 0 or > n > |x|.

Induction step. T is a (A, m) ROF, for some A > 2. Assume, by the way of induction, that
det(H?,) # 0 for all (A, m") ROFs T’, where:

1. VN=Tandm' € {2,...,|x|}, or

2. 1< AN <Aandm’ € [|x]], or

3. A=A and m’ < m.

Pick a variable x € var(T) as follows: arbitrarily pick a factor of T with product-depth
exactly A — 1. If there is no dangling variable inside this factor, then let x be any variable in
it. Otherwise let x be a dangling variable with the smallest product-depth in it. As before,
we expand T along path(x) by defining Q. ;; for alli € [Ax] and T,y for all i € [A,] if x
is a dangling variable, and for all i € [A; — 1] otherwise. Also, we assume without loss of
generality that Q,11,..., Qx 1, are the only sub-ROFs of T with product-depth A —1. If x is
not a dangling variable, let x = Ay — 1; otherwise let x = Ay. Let

U= {yevar(T) :fca(x,y)isa x gate} W {x}

and
U =var(T)\U = {y € var(T) : fca(x,y) isa + gate}.

The following, easy to see observation gives a characterisation of U and U.

ZG[AX] zg]gml (Qx,l,]) { } ZE[X] 2§]§S, ( x,l,])

We now upper bound the degree of x in det(H}.), denoted by deg, (det(H})), in terms of
uj.

Observation 5.13 deg, (det(H})) < |U]|.

Proof: det(H}) = Y,eg (—1)%8"() [Tyex[HTly,0(,), where Sy is the group of permutations
of x. It follows from Observations 5.10 and 5.11 that the only rows of H’T containing x are
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the rows labelled by variables in U. Thus, for any o € Sx, [Hr], () contains x only if y € U.

Hence, at most |U| many entries in {[H’T] yoly) ©Y € x} contain x. Also, the degree of x in
each of those entries is at most 1. The observation follows. O

Let N C Sy be the set of all ¢ € Sy such that the image of U under ¢ is U, and let
N =S, \ N.
Observation 5.14 Forany o € N, deg, (Hyex[HHy,a(y)> < |U|.

Proof: As o € N, there exists ay’ € U such that ¢(y’) € U. It follows from Observations
5.10 and 5.11 that the only columns of H’. containing x are the columns labelled by variables
in U. Hence, x ¢ var ([H’T]y/,g(y/)) Then, even if all entries in {[HlT]y,U(y) Yy £y € U}

contain x, deg, (Hyex[HHy,U(y)) < |Ul. 0

Now,

det(H7) = Y (=1)¥" O TT[Hlye + X (=1 TT[H] 00
ceN

geN yex yEX

Let the first summand in the above expression be h. It follows from Observations 5.13 and
5.14 that to prove det(H’,) # 0, it suffices to show that deg,.(h) = |U].

Claim 5.4 /1 = ( Y (—1)8@) T] [H’T]yl,al(yl)> ( L (1)) H[H'T]yz,az@z))-

€Sy neu P EST Yl

Proof: For any o € Sy, let 07 be o restricted to U and o7 be ¢ restricted to U. For any o € N,
notice that o1 € Sy and 0, € Sg7. Thus,

h= Z (_1)sgn(0) H[Hé"]y,a(y)

ceN yex
_ Z (_1)sgn(t71)+sgn((72) H [H/T]ywﬁ(m) . H[Hﬂyzﬂz(yz)

?266%5 el ol

u

= Y (1% T [Hly 00 ( Y (~1ysne) H[H/T]yz,az(yz))

€Sy yeu nEST el
= ( Y, (=) T [H'T]yl,m(yl)) ' ( Y, (~pysn) H[H/T]]/z,ﬁfz(yz)) -

1€5u y1eU ESY vl
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Observation 5.15 deg, ( Y (—1)%8"2) 7 [H/T]yz,az(yz)> =0.

0’2€SU Y2 GU
Proof: It follows from from Observations 5.10 and 5.11 that for no y, € U, does the row of
H/ labelled by y; contain x. O

Claim5.5 Y (—1)%") ] [H,]yzﬂz(yz) 7 0.
0'265* yzGU

Proof: Notice that the given polynomial is the determinant of [H7|; 7, the sub-matrix of
[H7] whose rows and columns are labelled by variables in U. We show that [Hy|; is a
block diagonal matrix and all the diagonal blocks have non-zero determinant.

From Observation 5.12, the rows and columns of [Hy|j; are labelled by variables in

W o var(Ty;;). We claim that ax ax = 0 for all x; € var(Ty,;;) and xo € var(Ty ),
i€[x] 2<j<s; ’ ” n

where i # i’ or j # j'. If i = i, then both T ; ; and Ty /) are children of the gate Q,;1, and
fca(x1, x2) = Qx,] As Q,,;; is a + gate, from Observation 5.10, ax ax = 0. On the other
hand, if i # i, assume without loss of generality that i < i’. Then, observe that T ; is a

sub-ROF of T, ;1. Thus fca(x1, x2) is again Q. ; j» and just as before agzaTx S = 0. This implies

that [H7]g; 7 is a block diagonal matrix with diagonal blocks [HT]Var(sz]) var(Ty ;) fori € [x]
and2 <j <s,.
We now show that for all i € [x] and 2 < j < s;, the determinant of [H/T]var(Txij),var(Txij)

is non-zero; this would prove the claim. Fixani € [xy]andaj € {2,...,s;}. Observe that
for any xq,x2 € Var(Tx,i,j)/ a,?faT,Q = ging;i : l—h 2<]1/1m/ Qu,irjr- SO, [H/T]Var(Tx,i,j),var(Tx,i,j) =
IT g 1/—<[m Qxir,j [H/Tx,i,j]’ and it is sufficient to prove that det( [H/Tx,i,j]) # 0.! We claim that
lTi[l,]] 1s]n0t ;1 single variable. The only way it can be a single variable is if it is a dangling vari-

able. If x is not a dangling variable, then because of the way we picked x, there is no dangling
variable inside Qy 1,1. As Ty is a sub-ROF of Q, 11, it is not a dangling variable. Otherwise,
as x is a dangling variable in Q, 1 1 with the smallest product-depth, for all i’ < A, — 1, and
2<j <sy, T, cannot be a dangling variable. Also, xand Ty a_2,..., Tx A s 5, are children
of the same gate, viz. Qy 1. Because T is a canonical ROF, Ty p_o2,..., Ty A, s 5, Can not be
dangling variables. Thus, T,;; is not a dangling variable, and is a (A’,m") ROF for some
A < A such that if A’ =1, then m’ > 2. Then it follows from the induction hypothesis that

!Since Ty, j is a X-rooted sub-ROF of T, we can define [H, I_]_] in the same way as [H7].
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det([Hr, ij]) # 0, proving the claim. O

Because of Claim 5.4, Observation 5.15, and Claim 5.5, to prove that deg (k) = |U|, we
only need to show that for g := Y (—1)%"() [T [H} lyro1 (1), degy(g) = |U|. Let T' be
o1E€Sy el
the ROF obtained from T by replacing Ty, + - - - + Ty;s + 7i by 0 for all i € [x]. Notice
that T/ = x [T TI Qi o= X ?;;C Hence, g—z = %—7; Also, from Observation 5.12,
i€[Ay] 2<j<m;

var(T') = U.

Claim 5.6 When g and det(HY,) are viewed as polynomials over F[x \ {x}], the coefficient of x!!!
is same in both the polynomials.

Proof: ¢ = Y (—1)%") T] [Htlys,0000), det(Hp) = & (—1)e) 1 [H/T’]ywl (y1)

01E€Sy y1€u 01E€Sy y1€
and for all y1,y, € U, [Hyy,, and [H%]y, 4, are multilinear. Thus, it is sufficient to show

that the coefficient of x is same in [H7],, 4, and [H7]y, , for all y;,yo € U. This is the same

: 3[H] a[H
as showing that [ g}xyl’yz _ A g’iyl “2 for all y1,y> € U. There are three cases.

Case 1: Neither y; nor y; is x. Then,

o[H] ) 0T 9> (0T 0> (9T’ _ 9[H;
G T aT]yl'yz =5 (ylyz—) = Y12 ( ) V12 ( ) _ Mg
X X Y10y oy10y2 \ 0x 8y18y2 0x ox

Case 2: Exactly one of y; and y; is x; say y; = x. Then,

AH s _ 9 2T 9 /9T 9 (AT _ 8 (  PT\ _3Hplu
ox ox yzaxay - 9y, \ ox -2 oy, \ 0x ) ox 2 0xdYy 0x

Case 3: y; = y» = x. In this case, both [H}],,,, and [H,],, y, are 0. So, % =
a[H%/]yllyZ =0 0
ox -

Now, every non-zero entry of H7, contains x and the rows of HY, are labelled by vari-
ables in U. Because we can take x common from all the rows of H7,, if det(H},) # 0,
then deg, (det(H},)) = [U|. Thus Claim 5.6 implies that, deg (¢) = |U| if and only if
det(H7,) # 0. Recall that T is a (A,m) ROF. If m > 2, then it follows from the definition
of T' that itis a (A,m — 1) ROF. Otherwise, if m = 1, i.e., if Q, ;1 is the only sub-ROF of T
of product-depth A, then T’ is a (A’, m’) ROF for some A’ < A and m’ < |x|. Also as T is

a x-rooted ROF, its fan-in, m; > 2. Thus, if A’ = 1, then m’ > 2. So from the induction
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hypothesis, we have that det(H’,) # 0. This proves the lemma. O
This concludes the proof of the theorem. O

For our equivalence test, the mere non-zeroness of the Hessian determinant is not enough;
we also need some knowledge about its factors. The following claim gives us some of these
factors.

Claim 5.7 (Factors of det(H()) Let IF be an arbitrary field and C a canonical ROF over TF. Let Q
be a +-rooted sub-ROF of C or a variable connected to a x gate in C. Let Q1, ..., Qm be the siblings
of Q, i.e., for every | € [m], Qy is either a variable or a +-rooted sub-ROF of C and has the same
parent as Q. If |var(Qq)| + - - - + [var(Qm)| = e, then the multiplicity of Q as a factor of det(H)
is at least (e — 1).

Proof: LetT = Q-Q71---Q; be a x-rooted sub-ROF of C. LetC = T; +--- + Ts + 7. We

saw in the proof of Lemma 5.1 that det(Hp) = [Tkcfs det(Hr,). Thus, if T is a sub-ROF

of Ty, then it is sufficient to show that Q°~! is a factor of det(Hr,). Let x € l E[rJ }Var(Ql)
e|m

and consider the x-th row of Hr, . Like in the proof of Lemma 5.1, we expand Tj along the

path(x). Then for any y € var(Ty), [Hr,]xy = % ( [T TII Qx,l-,]). Notice that for some

i€[Ay] 2<j<m;
Ax € [AxJand j € [m, ], say for j = 2, Q = Qx A, 2. Thus, Q is not a factor of [Hr, ], only if
y € var(Q). For such ay,

[HTk Xy =

H H Qx,i A" H Qx,/\x,j- (5-6)

a]/ i€[Ay—1] 2<j<m; 3<j<m,,

We take Q common from every row of Hr, labelled by variables in l LJ[rJ }Var(Ql) to obtain
€\m

a matrix Hf,. Now, det(Hr,) = Q°det(Hp,). So it suffices to show that det(H7, ) is either a
polynomial, or if it has a denominator, the denominator is just Q. Notice that the only entries

of Hy which are not polynomials but rational functions are [H7. |+, where x € | E[cl }Var(Ql)
e\m
and y € var(Q). Let ¢ € Sy, (r,) be any permutation that maps x; # x; € LJfJ ]Var(Ql) to

y1 # Yo € var(Q). Define ¢’ € Svar(T,) such that it maps x; to y2, x to y1, and for all other
x € var(Ty), 0’ (x) = o(x). Then,
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(_1)sgn(a) H [Hélk]x,v(x)_(_l)sgn(al) H [H%(]x,a’(x)

xevar(Ty) xevar(Ty)
= (_1)5871(‘7) H [HIT/k]x,U(x) ([H%(]xllyl [H%(]xzzyz - [Halk]xlryZ [Hgk]m/%) .

xevar(Ty)\{xy,x2}

Now, expanding T along path(xj) as well as path(xy) we get,

QZ ([Hflflk]xy]/l [H{Flk]xzfyz - [H%/k]xl,yz [H%{]xz,%)

0Q dQ
( - IT IT Quije 11 Qxl,Axl,j) == [T TII Quij Il Qunr,i

W1 e, —1)25)<m, 3<j<my,, W2 ier,, 1] 2<j<m, s<jzm,

d9Q 10)
- (a_yz'.e[n IT Quij- I Qxl,Axl,j) 3 IT II Quijs II Quny

Ay —1] 25j<m, 3<j<my,, Y1 iefn,—1]2<j<m, 3<j<ml,

(from Equation (5.6))
=0.

Let U be the set of all permutations ¢ such that c maps at most one variable in l E[d ]Var(Q 1)
e\m
to a variable in var(Q). Then,

det(HE] = . (~1%"@ T [Hflsow)

cel xevar(Ty)

As at most one of the {[H’T’k]xlg(x) tx € Var(Tk)} has a denominator and this denominator

is Q, either det[H’T’k] is a polynomial, or if it has a denominator, the denominator is just Q.

Thus, Q°! is a factor of det(Hr,). O
The following corollary is an immediate consequence of the above claim.

Corollary 5.1 Let IF be an arbitrary field and C = Ty + - - - + Ts + <y a canonical ROF over IF, where
for every k € [s], Ty is a x-rooted canonical ROF and v € F. If k € [s] is such that Ty computes a
polynomial of degree at least 3, then there is a +-rooted or a variable child Q of Ty such that Q is a
factor of det(Hp).

In the remainder of this section, we describe the variables that are essential for det(H()
and the variables that do not appear in it. We first define the notion of “skewed paths” which
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helps us in characterizing these variables.

Definition 5.1 (Skewed path) Let Q be a +-rooted sub-ROF of C and Ty, ..., Ty, be the product
gates on the path from the root of C to Q. If for all i € [m], T; has just two children — a +-rooted
ROF containing Q and a variable x; — then we say that the path to Q is skewed and identify this
path with the “marker” monomial y = T;c},,) i We say x1, ..., Xy are in the skewed path.

Few other terminologies. We call a variable x a dangling variable if its parent in C is a +
gate. For a +-rooted sub-ROF Q = Tj + --- + Ts + v, where at most one of Tj,...,Ts is a
variable and the rest are x-rooted ROFs, we call the sum of all T; computing a degree two
monomial the quadratic form of Q. Also, a variable x is said to be in the quadratic form of Q
if it is in var(T;) for some T; computing a degree two monomial. Suppose that the path to
a +-rooted sub-ROF Q is skewed, and the skewed path to Q is identified by the monomial
u. Then, if x is a dangling variable connected to the top-most + gate in Q, we say that x is
the dangling variable along the skewed path u. Similarly, we call the quadratic form of Q the
quadratic form along the skewed path p. We now describe the essential variables of det(Hg)
using these terminologies.

Claim 5.8 (Essential variables of det(HC)) Let n € N, char(F) = 0or > n,and C = Ty +

-+ -+ Ts 4y be a canonical ROF computing an n-variate polynomial such that for all k € [s], deg(Ty) >
2 and v € F. Then, every variable in var(C) other than the variables in the quadratic form of the
top-most + gate of C, the dangling variables along skewed paths and the variables appearing in the
quadratic forms along skewed paths is truly essential for det(Hp).

Proof: From Lemma 5.1, det(Hp) # 0. Suppose that x € var(C) is not a variable in the
quadratic form of the top-most + gate of C, nor a dangling variable along some skewed path,
nor a variable appearing in a quadratic form along some skewed path. There there exists a
x-gate T on the path from the root of C to the leaf labelled by x such thatif T = Q- -- Q,y,
then x € var(Qq) and |var(Qz)| + - - - + |var(Q,»)| > 2. Then, Claim 5.7 implies that Q;
is a factor of det(Hp). Now Q; is either a variable or a +-rooted sub-ROF, and therefore is
irreducible (Fact 2.1). Then, the claim immediately follows from Observation 2.9. O

Claim 5.9 (Variables of quadratic forms) Let Q be a +-rooted sub-ROF of C and y be the set of
all variables in the quadratic form of Q. Then, either all y-variables are present in det(Hg) or all

are absent. Further if all y-variables are present in det(Hp), then they are also truly essential for
det(Hc).
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Proof: Suppose that y; € y is present in det(Hp). Let the quadratic form of Q be y1y> +
..+ y;_1y;. Let P be a permutation matrix acting on x := var(C) such that P maps y; to y»,
Y2 to y1, and every other variable to itself. As, C = C(Px), det (Hg) = det (HC( Px)>. Also,

from Fact 2.4, det (HC(PX)> = det (HC) (Px). As y; is present in det (HC), Y2 is present in
det (Hp) (Px) = det (Hp). For any odd i < I — 1, let P be a permutation matrix mapping y1
to ¥i, Y2 t0 Yit1, Yi tO Y1, Yit1 to y2, and all other variables to themselves. Again det (Hp) =
det (HC(PX)> and det <HC(PX)> = det (Hg) (Px). Asy and y; appear in det (Hg), y; and
Vi1 also appear in det (Hp) (Px) = det (H).

For any odd i < I — 1, let S be a scaling matrix mapping y; to 2y, yi+1 to ¥51 and every
other variable to itself. C = C(Sx), and hence det (Hp) = det <HC (Sx)>. Also, from Fact 2.4,

det (HC ( SX)> = det(H()(Sx). Consider a monomial y of det (Hp) in which the degree of y;
is d;, that of y;,1 is d;11, and whose coefficient is 8. In det (HC) (Sx), the coefficient of yu is
B- 24i—div1 Thus, d; = di+1. Then from Observation 2.10 y; and y;,1 are truly essential for
det (Hc) . O

Claim 5.10 (Missing dangling variables) Let C = Ty + - - - + Ts + <y, where Ty, ..., Ts are x-
rooted sub-ROFs and «y € F. If for any k € [m], Ty = xQ for a +-rooted sub-ROF Q, and y is a
dangling variable connected to the top-most + gate of Q, then y is not present in det(H).

Proof: As argued in the proof of Theorem 5.1, det(Hg) = [ie[ det (Hr,). It is sufficient
to show that y is not present in det (Hr, ). It follows from Observations 5 10 and 5.11, that

y does not appear in any entry of Hr_because the only x" € x for wh1ch Eree k # 0is x. But

aax,g"y = 1. Hence, y ¢ var (det (Hr,)). 0

5.5 Equivalence test for ROFs

In this section, we prove Theorem 1.6. Suppose that we are given black-box access to an
f € F[x] in the orbit of an unknown canonical ROF C. We can assume that C is +-rooted:
Suppose the root of C is a x gate and C = g - - - g, where for every i € [m], g; is either a
variable or a +-rooted canonical ROF. We obtain black-box access to the irreducible factors
fi,--+, fwr of f using the algorithm in [KT90]. Fact 2.1 implies m = m’. We can assume
that for every i € [m], f; € orb(g;) '. Then, we apply the algorithm given in Claim 5.2
on fi,..., fm to compute an Ay € GL(#n,F) such that fi(Aox),..., fm(Apx) are pairwise
variable disjoint. For i € [m], let x; = var(fi(Aox)) and f/(x;) = fi(Aox). Suppose, for
every i € [m|, we could compute an A; € GL(|x;|,[F) such that f/(A;x;) € PS-orb(g;).

'Here we are using a slightly general definition of orbit; see the remark after Definition 2.31.
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Let A := diag(A,..., An), which is block-diagonal. Then, f(AgAx) € PS-orb(C). Thus,
the problem reduces to performing equivalence tests for +-rooted canonical ROFs. Before

giving the equivalence test, we first give a high-level description of it.

5.5.1 An overview of the algorithm

We are given black-box access to an f € [F[x] such that there exista B € GL(n,F),ad € F",
and a canonical ROF C satisfying f = C(Bx+d). LetC = Ty + --- 4+ Ts + 1, where at
most one of the terms Ty, ..., Ts is a variable and the rest are x-rooted ROFs, and ¢ € F.
Also, f = Ty +--- + Ts + v, where for all k € [s], Ty = Ti(Bx + d). The equivalence test
can be divided into two phases. In the first phase, we compute an Ay € GL(#n,F) such
that Ty (Agx), . .., Ts(Apx) are variable disjoint. In the second phase, we recursively perform
equivalence test on the factors of T (Agx), ..., Ts(Aox). A pictorial overview of the algo-
rithm is given in Section 5.7.

Phase 1: Making terms variable disjoint

We rearrange and divide the terms of C and of f into four groups: Terms T, . .., Ts, are called
the “good” terms of C if none of them is a dangling variable, nor a degree 2 monomial, nor
does it look like x - Q for some x € x and a +-rooted ROF Q. Similarly, Tl, e, Tsl are the
good terms of f. Terms T 41, ..., Ts, are called the “bad” terms of C if each of them looks like
x - Q for some x € x and a +-rooted ROF Q; similarly T51+1,. .., Ts, are the bad terms of f.
Observe that the skewed paths in C occur only in the bad terms of C. If C has a top dangling
variable, then without loss of generality Ty = x;, and Ts,1 + - - - + Ty is the top quadratic
form where s’ = s — 1. If C does not have a top dangling variable, then T, 1 + - - - + Ty is
the top quadratic form where s’ = s. If C has a top dangling variable, then let £ := T;. This
phase can be divided into three steps. In the first step, we make all the good terms vari-
able disjoint. In the second step, we make all the bad and quadratic terms variable disjoint
and ensure that Zi/:sz—&—l Ty maps to (y1 4 ¢1)(y2 +c2) + - - - (y1_1 + c1-1) (y; + ¢;) for some
Y1,-..,y; € xand cy,...,c; € F. If C has a top dangling variable, then in the third step, we

map /¢ to an affine form in a single variable.

Step 1: Making the good terms variable disjoint. To make the terms variable disjoint, we
make extensive use of the Hessian determinant. If C does not have a top dangling vari-
able, then h = det(Hf) # 0 (see Lemma 5.1 and Fact 2.4). Otherwise, we apply a ran-
dom transformation R € F"*" to f and compute i = det(H;); here H; is the Hessian
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of f(Rx) with respect to {x1,...,x,-1}. In this case, we refer to x, as up. If C does not
have a top dangling variable, then let R = Ix, and Hy = Hy. Let H, be the Hessian
of Y kels] Ti.! Note that H; and H, are n x n matrices if C has no top dangling variable
and (n —1) x (n — 1) matrices otherwise. We show in Claim 5.12 that in both cases, & is a
non-zero constant multiple of det(H,)(BRx + d). We then invoke Make-Factors-Variable-
Disjoint() (see Claim 5.3) on h to compute an Ay € GL(n,F) that makes the factors of 11, i.e.,
hy = det (Hr,) (BRx+d), ..., hs, = det(Hr,,) (BRx + d) variable disjoint.?

For all k € [sp], let var(hx(Apx)) = zi as hx(Aox) has no redundant variables, all
variables in z; are essential for it. Let z;{ C z; be the set of truly essential variables and
z; = z; \ z the set of ordinary essential variables in z;. Let z = W[, jzx and y = x\ z.
From Claim 5.8, all variables in C other than the top dangling variable, the variables appear-
ing in the top quadratic form, the dangling variables along skewed paths (see Definition 5.1)
and the variables appearing in the quadratic forms along skewed paths are truly essential
for det(H,). In particular, for all good terms Ty, |var(Ty)| = |z}| = |z|; by applying a per-
mutation on the variables in C if necessary, we can assume that var(T;) = z; = z;. We then
argue (using Observation 2.8) that for all k € [s1] and all z € zx, BRAg o z € FF[zi]. Hence,
the good terms Ty (RAgx), .. ., Ts, (RApx) are variable disjoint.

We also use Claim 5.1 to compute an affine transformation® Cx + b that maps all the
“good” linear factors of h(Apx) to constant multiples of distinct variables (while preserving
the variable disjointness of T;(RAox), ..., Ts,(RAox)). A linear factor of h(Agx) is good, if
there exists an x € x connected to a x gate (of C) computing a polynomial of degree at least
3 such that BRApx + d maps x to a constant multiple of that factor. Finally, we update Ag to
RAyC and b to RAyb.

Step 2: Making the bad and quadratic terms variable disjoint. The only variables in a bad
term Ty that need not be truly essential for det (H;) are the dangling variables along skewed
paths and the variables appearing in the quadratic forms along skewed paths — call these
the “bad” variables. We show (using Observation 2.8) that all other variables are already
mapped to affine forms in zy by BAgx + Bb + d. Thus, we only need to handle the linear
forms that these bad variables map to. Here skewed paths help us. If z € z; is a variable in a
skewed path in Ty and its sibling in Ty is Q, then by “absorbing” an appropriate constant in

!We stress that the Hessian of a polynomial g is with respect to var(g) (unless mentioned otherwise).

2We need not mention det (HT52 "

3 Although Phase 1 computes an affine transformation Agx + b, it only outputs Ag. Indeed, the terms of
f(Apx + b) are variable disjoint if and only if the terms of f(Ax) are variable disjoint.

) ,...,det (HTS/) as these are nonzero constants.
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Q(BAgx + Bb + d), we can assume that BAgx + Bb + d maps z to a variable z’.! In fact, by
permuting the variables in C if necessary, we can assume that z/ = z. Hence, each skewed

pathin f(Aox + b) is a “marker” monomial in z.

Step 2.1 (Processing quadratic forms along skewed paths). At first, we treat f(Aox + b) as a poly-

nomial in y = x \ z over F[z| and obtain black-box access to the homogeneous degree-2
component 7 iny of f(Agx + b). The coefficients of the y-monomials of 7 are n-sparse poly-
nomials in F|z]; the monomials of these coefficients correspond to skewed paths and the
constant terms of these coefficients originate from the top quadratic form of C. As 7 is an
n3-sparse polynomial in IF[z, y], we can interpolate it using the sparse polynomial interpola-
tion algorithm in [KS01]. Now, by treating 7 as a polynomial in z over [F[y|, we see that the
coefficients of the z-monomials of 7 are related to the “unprocessed” quadratic forms along
skewed paths as follows.

Let g¢ be the top quadratic form of C, g4, . .., ¢ the quadratic forms along skewed paths
whose variables do not appear in det(H;) (see Claim 5.9), and yy, . . ., pim the corresponding
skewed paths. If q; = y1y2 + - - - + y;_1y;, then we show that the coefficient of y; in 7 (if
i = 0, then the [F[y]-constant term in ) is §; := [{y,] y [4y,] gyttt [y, ] y [ﬂyl]y. Here, for
any x € x, {y = BApox and [Ex]y is ¢y restricted to the y-variables. So, we can use Claim
5.2 and QFE (see Fact 5.3) to map the coefficients of all the z-monomials of 7 to variable
disjoint, canonical quadratic forms (i.e., quadratic forms that look like y1y> + - - - +y;_1y)).
We then argue (in Claim 5.15) that if A} is the matrix obtained by combining the matrices
output by QFE on 73, ...,4m and A} = ApA}, then for §; := g;(Bx+d), §;(A1x+Db) =
(y1 +h1)(ya +ha) + -+ (yi—1+ hi_1)(y; + hy) for some (hitherto unknown) affine forms
hi,...,h € F[z].? We can assume that the y-variables in g; and 7;(A1x + b) are the same by

applying a permutation on the variables of C if necessary.

Step 2.2 (Handling dangling variables along skewed paths). Call the y-variables not appearing in

qJo(A1x+Db),...,Gu(A1x + b) the u-variables. The u-variables appear only in the linear
forms corresponding to the dangling variables along skewed paths (that are not truly essen-
tial for det(H)) and the top dangling variable. We treat f(A1x + b) as a polynomial in u
over [F[x \ u] and obtain black-box access to the homogeneous degree-1 component {inu
of f(A1x + b). The coefficients of the u-variables of 7 are n-sparse polynomials in F[z]; the

! Absorbing an appropriate constant into Q (i.e., rescaling Q) essentially means that we are starting with a
different (but equally valid) B and d. But this is fine as the algorithm is oblivious to the choice of B and d.
’The affine form h; in Step 2.1 should not be confused with the Hessian determinant ; in Step 1.
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monomials of these coefficients correspond to skewed paths and the constant terms of these
coefficients originate from the top dangling variable. As 7 is an n?-sparse polynomial in
[F|z, u], we interpolate it using [KS01]. Now, by treating lasa polynomial in z over F[u], we
see that the coefficients of the z-monomials of 7 are related to the “unprocessed” dangling
variables along skewed paths as follows.

Let 1o be the top dangling variable of C, x1, ..., x,,y the dangling variables along skewed
paths in C that are not truly essential for det(Ha), and pg, . .., p, the corresponding skewed
paths. Then, [{y ] « (Where £, is the linear form that BA;x maps x; to) is the coefficient of y;
in 7 and the [F[u]-constant term in Vis [€uy) - We then find a basis B of the coefficients of z-
monomials (which are linear forms in u) and compute an A/, that maps these basis elements
to distinct u-variables. Now there is a subtle point to address here: The size of B can possibly
be strictly less than m’ + 1, which is the number of “unprocessed” dangling variables. And
yet we wish to show that A} takes care of all the m’ 4+ 1 dangling variables. Let us see (at a
high level) how this works.

We argue that the elements of B are of two kinds. First, we show (in Observation 5.17)
that for x € {ug,x1,..., %}, [{x], is always in B if x does not appear in det(Hy); this part
of B is independent of the choice of the basis B. Second, we show in Claim 5.17 that the
remaining elements of B correspond to a set of redundant variables of det(H) among the
variables appearing in det(H;); this part varies with the choice of B. This structure of B
helps us prove the following: Fork € {s; +1,...,s2}, let x; be the set of all x € var(Tj) such
that [¢y], is in B. Let yj be the union of the y-variables present in the quadratic forms along
skewed paths in T, (A; A5x + b) and the u-variables in £ (A}x) for x € x,. Then, we show in
Observation 5.19 that as long as we map £, (A%x) to a linear form in F[z; & y;| for all x € x;,
we would have mapped all ¢,/, where x’ € var(T) is a dangling variable along a skewed
path, to linear forms in F[z; & yy].

It follows that [¢,,], is in B (as ug ¢ var(det(Hz))) and Aj maps it to 1y (without
loss of generality by applying a permutation on var(C) if required). Apart from [(,,],, let
[€x]y /- [lx, ], De the other B-elements. Then, £,,(A5x) looks like ug 4 hg 1 (y \ u) + ho(z)
and £y, (A}x) looks like u; + h;1(y \ u) + h;»(z), where h; 1 (y \ u) is an affine form in y \ u
and hi,z(Z) is an affine form in z for all 0 < i < m. In fact, by renaming the variables of C
if required, we can assume x; = u; for all i € [m]. So, we will refer to x; as u;. We save
V = {(1,up), (u1,u1),--., (4m, um)} for Step 2.3. Let A, = A;A} and ¢, be the linear form
that BA; maps x to. Our goal in the next step is to compute a linear transformation that for
allk € {s1+1,...,s2} removes “external” variables, i.e., variables not in z; ¥ yj, from all

¢y and /, for y € yi \ up and u € u;. Also, we want to map the top quadratic form to an
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expression (y1 +c¢1)(y2 +c2) + -+ (y—1 +c;-1)(y; +¢;), where ¢; € TF.

Step 2.3 (Removing external variables from terms). We first remove external z-variables from ¢,

fory € y \ w; such an /¢, does not have external y-variables. We also remove external (y \ u)-

variables from ¢, for u € u; such an /¢, does not have external u-variables. This is done

af(A2X+b)
dy

say y'. The sparsity of ¢ is at most 21, so we can interpolate it. If ¥ is multiplied by the

as follows: For all y € y\ u, compute g = ; it will contain only one y-variable,
z-monomial y in ¢ (4 can be 1), then we express g as u(y’ + ¢') + r(z), where ¢’ is an affine
form in z, and r(z) € F[z]|. Suppose y € yi \ ux (k can be figured out from p). We show
in Observation 5.20 that for every z ¢ z; in ¢/, the coefficient  of z in ¢’ can be assumed
to be the same as its coefficient in £,.. So, by translating y' by —Bz we can remove z from
¢,s. Then, we show in Observation 5.21 that for all monomials y; in r(z) (y; can be 1) such
that (p;,u;) € V and u; € u, the coefficient B of y; in (z) can be assumed to be the same
as the coefficient of y in ¢,;,. So, to remove y from the latter, we just need to translate u;
by —By. The transformation A} computed thus removes external z-variables from ¢, for
y € y \ uand external (y \ u)-variables from ¢, for u € u. It also follows from the disam-
biguation argument in Observations 5.20 and 5.21 that A} maps the top quadratic form to
(1 +c)y2+c2)+- (-1 +a-1) (i + ) fore; € F.

Let A3 = ApA) and /x be the linear form that BA; maps x to. Then, we only need to
remove the external z-variables from ¢, forall u € uy and k € {s;1+1,...,s2}. Let u; € uy.
To remove z ¢ z; from ¢, we obtain g from f(A3x + b) by setting all variables other than
var(p;) and z to 0. Then, using the disambiguation argument in Observation 5.22, we show
that the coefficient 8 of z in /,; can be readily derived from the coefficient of y; in g—‘g. Thus,
by translating u; by —Bz, we can remove z from the /,,,. If A} is the transformation computed
this way and Ay = A3A), then in f(A4x + b) all non-linear terms are variable disjoint.

Step 3: Learning the top linear form. Let /, be the linear form that BAs maps x to. If C
has a top dangling variable, then Steps 1 and 2 ensure that 1 is only present in the linear
form /,,. Moreover, Step 2.3 implies that ¢, is free of y \ {up} variables. In particular,
none of the variables in the quadratic term Zi/:sz +1 Ti(Agx +b) is in ly,. So, we only need
to remove the variables in T;(Asx + b), ..., Ts,(Asx + b) from ¢,,. Towards this, we first
use second derivatives (in Claim 5.23) to learn var(T; (Agx + b)), ..., var(Ts, (Asx + b)); let

these variable sets be z1,...,2,." Then, we iteratively learn /,, in s, iterations. In the k-

2

'Here, we are overloading the notation a bit. In Steps 1 and 2, z; was the variables of the Hessian determi-
nant of Ty evaluated at BRApx + d. In other words, the new set of z; variables is the disjoint union of the old
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th iteration, we learn [{y,], . To do this, we first obtain T := Ti(Agx +b) + [Cy,] o T
where ¢/ € F, by setting all but z;-variables to zero. The argument to learn [¢,,] 5, from
T is a generalization of the argument used for ‘Finding ¢’ under Hurdle 3 in Section 5.2.2.
However, it is more involved as (unlike the constant ¢ in Section 5.2.2) [¢,,] 5, 18 ot uniquely
determined. This leads to a couple of complications: One, the circuit that we derive by
“learning” [{,,], is strictly speaking not canonical. Two, it is now unclear how to test if a
chosen factor of the Hessian determinant of T is “good”. We elaborate on these next to show
how the non-uniqueness of [¢,], is handled.

We use the factors of 1/, the Hessian determinant of T with respect to the zg-variables,
to learn an affine form ¢ such that T — ¢ is reducible. Observe that I’ is the Hessian de-
terminant of T evaluated at BAyx + Bb + d. Corollary 5.1 implies that at least one of the
factors of Ti(A4x + b) is a factor of i'. We will refer to the factors of /' that are also factors
of Ty(Asx + b) as “good” factors of 1. Let Q be a constant multiple of a good factor of /'
We now show how to learn ¢ using Q

Q is not linear. Let aq, . . ., a|,,| be random F-vectors of size |z;| and ¢ be a fresh variable. For
alli € [|z|], interpolate Q(ta;) and T(ta;). Discover Q;(t) of degree at most n and B;, Bi1 €
IF such that Q(ta;) - Q\:(t) +Bi1-t+Bio = T(ta;) by solving a system of linear equations
in the coefficients of Qf(t) and Bio, Bi1- One solution is Q; = (Tk(A4x+b)/ Q) (ta;),
Bi1 = [lu],, (ai), and B;gp = 7'. We show in the proof of Claim 5.25 that this solution
is unique with high probability over the randomness of aj, .. .,|y,|- Then, we set l to

be the affine form obtained by interpolation using B1,1,...,B|,1 and Bip = 7'. Hence,
b = [ﬁuo]Zk +9/,and T — ¢ = Ty (Agx + b) is reducible.

Q is linear. Suppose that Q = z (recall that in Step 1, we would have mapped Q to a sin-
gle variable). Let ay,...,a|,|_1 be random FF-vectors of size |z;| — 1 and ¢ a fresh variable.
For all i € [|z;| — 1], interpolate the bivariate polynomial T(z,z; \ {z} = ta;). Find Q/(z,t)
of degree at most n and B9, Bi1, Bi2 € [ such that z@(z,t) +Bin-z+ Bi1-t+ Bio =
T(z,z \ {z} = ta;) by solving a system of linear equations in the coefficients of Q/(z, ) and
Bio, Bi1, Bi2- One such solution is Q: = <Tk(A4x + b)/@) (z,ta;), Bin = c3, the coefficient
of zin [lyy], , Bip = [EuO]Zk\{Z} (aj) and B;o = 9'. We show in the proof of Claim 5.26 that f8; ;
and f; o are unique with high probability over the randomness of ay, ..., a|,,|_1. So, after us-
ing B1,1, - - Bl |-11 and Big = 7' to interpolate an affine form £y, we get fx = [lug],\ (-} +7'-
Hence, T — ¢, = z(T(Agx +b)/z + ¢;) is reducible.

zy and yy.
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What if Q is not good? As at least one factor Q of /' is good, by iterating over all its fac-

tors, we ultimately find an ¢; such that T — ¢ is reducible. If Q is good, then either ¢; =
[uy),, + 7' and T —Afk — Ti(Agx +b) or {k = [Euo]zk\{z} +9 and T — ¢, = z(Ti(Asx +
b)/z + c;) (Where Q = z). But, what if Q is not good? It turns out that the algorithm
only needs to care about finding an ¢; such that T— ?y is reducible; such an ¢ is always
the desired one. This is because, it is implied by the proof of Claim 5.27 that if T — /;
is reducible, then the following holds: If Ti(A4x + b) has no linear factors, then £, =
[E”O]Zk + 9. On the other hand, if Ty(Asx +b) = lel e Qk,mk and lel = z, then /
and [{y,] ,, Must agree on the coefficients of all variables in z; except perhaps that of z.

In both the cases, T — b = lel (@k,z e Qk,mk + c) for some ¢ € [F. Thus, if we redefine

Ti(Asx +b) as lel (Qk,z e Qk,mk + c), then T (Asx +b) = T/ (BAsx + Bb + d), where if
T = Qi1+ Qim, then T] := Qr1(Qx2 - - - Qmy, + ). Let C' be obtained from C by replacing
T with T] whenever necessary. If As is obtained from A4 by translating 1 by the linear
part of Yy, U, then f(Asx +b) = Tj(Asx +b) + -+ + Ty(Asx + b) +ug + v for v € F,
and f(Asx +b) = C'(BAsx + Bb + d). Notice that all the terms of f(Asx + b) are variable

disjoint.

Re-canonizing the ROF. Circuit C' need not be a canonical ROF as Property 6 of Definition

2.23 may fail. However, for all k € [s;], all the factors of T} are canonical. As we recursively
perform ET on only the factors of T;(Asx), C’ not being canonical is not a problem during
recursion. However, at the end of the recursion, we are left with reconstructing a canonical
ROF where Property 6 may not hold. But this is not an issue as the ROF reconstruction algo-
rithm (Algorithm 9) in Section 5.6 works for canonical ROFs that may not satisfy Property 6.
Once an ROF is constructed using Algorithm 9, we go over the ROF in linear time to ensure

that Property 6 is satisfied.

Phase 2: Recursively performing equivalence test on the factors of variable disjoint terms

To perform equivalence test on the factors Qk,l (Asx), ..., Qk,mk (Asx) of Ty(Asx) we need to
obtain black-box access to each of the factors using only one query to the black-box of f. It
is important that a single query to f is used, or else, the running time of the algorithm will
blow up exponentially with the product depth of the ROF. A detailed overview of this phase
is already provided in the discussion following Hurdle 3 in Section 5.2.2. Other details are
given in Sections 5.5.3.4 and 5.5.3.6.
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5.5.2 The algorithm

Having given a high level overview of the algorithm, we now describe it formally.

Algorithm 3 Find-Equivalence(f(x))

Input: Black-box access to an n-variate polynomial f in the orbit of an unknown +-rooted

canonical ROF C such that every x € x is essential for f.
Output: An A € GL (1, F) such that f(Ax) € PS-orb(C).

N

10:
11:
12:
13:
14:

15:

17:
18:
19:
20:
21:
22:
23:

25:

26:

1:
If deg(f) = 1, return I,»,. Making the non-linear terms of f variable disjoint.
Ao, b,z,{ug},{z1,...,Zm} + Make-Good-Terms-Var-Disjoint(f) (Algorithm 4).
A < Make-Bad-And-Quadratic-Terms-Var-Disjoint(f (x), A, b, z, 19) (Algorithm 5).

6:

y < x\z. E«Q, G+ ({z1,...,Zn} Wy, E), a graph.
fori, j € [m] do

If for any z; € Z; and z; € Zj, % #0,add edge {Zz;,Z;} to E.
end for
fori € [mjandy € y do

If foranyz € z;andy €y, % # 0, add edge {z;, y} to E.
end for
Zi,...,Zs, < the variable sets of size more than 1 corresponding to the different con-

nected components of G. z < W2z, y + x \ z.

16:

if {up} # @ then

¢ + Find-Top-Linear-Form(f (Ax + b)) (Algorithm 7). Update A to map ug to ug — ¢'.
end if
fork € [sp] do

T + Compute-Term-Black-Box(f (A (z,x \ zx = 0))) (Algorithm 8).

24:
Ql, ceey ka + black-boxes of the factors of T obtained using the algorithm in [KT90].
Compute an Ay € GL(|z/, F) s.t. Ql(Ak,ozk), e, ka(Ak,OZk) are variable disjoint

126



using Make-Polys-Var-Disjoint() (see Claim 5.2). VI € [my], Q, + O (Akozi), 2k
var (Ql).

27:
28: F < asubset of F of size n°.! a <« a vector of size z; containing random elements
from F.
29:  forl € [my]| do
30: a’ < arestricted to entries corresponding to z \ z; ;.3em

31: B+ Trempn Qv (zinzie\ 2y =a'). Qp + Bt T (Axo (zes zi \ 2zt = @)
Ay < Find-Equivalence <Ql>

32:  end for

33:  Construct an A} , € GL(|z|,[F) that maps every z € z; to Ag; oz, VI € [my]. Ay <
AkIOA;{,O.

34: end for

35: Construct an A" € GL(#n,F) that maps all z € z; to Ay oz, Vk € [sy] and all y € y to .
A< AA

36: if {ug} # @ then

37.  f' < Reconstruct-ROF(f (Ax)) (see Section 5.6, Algorithm 9).

38:  For every term of f’ that looks like (a1x + a9)Q and Q has a constant f attached to the

top + gate but not a dangling variable, modify A to map ug to ug —ay - - x.
39: end if
40: Return A.

Recall that the algorithm is given black-box access to an f € FF[x] such that there exist a
B € GL(n,F), ad € F”", and a canonical ROF C satisfying f = C(Bx + d). Also, there are
no redundant variables in f. Further C = T; + - - - + Ts + v, where Ty, - - - , Ts are x-rooted
canonical ROFsand y € FF. Also, f = Tj + - - - + Ts + 7y, where forall k € [s], Ty(Bx+d) = Tj.
Ty, ..., T, are the “good” terms of C, i.e. none of them is a dangling variable, nor a degree
2 monomial, nor does it look like x - Q for some x € x and a +-rooted ROF Q. Similarly,
Tl, e, Tsl are the good terms of f. T .1, ..., Ts, are the “bad” terms of C, i.e. they look like
x - Q, while Tsl+1, ..., Ts, are the bad terms of f. If C has a top dangling variable, Ts = xy,
s':=s—1,and Ty, 41 + - - - + T,s_1 is the top quadratic form. If C does not have a top dangling
variable, then T, 1 + - - - + T is the top quadratic form and s’ := s. If C has a top dangling

'Here n° is somewhat arbitrary. We simply want to ensure that after we apply union bound to the error

probabilities in different steps of the algorithm, the total error probability is still small.
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variable, then ¢ := Ts.

We shall give a formal description of the algorithms Make-Good-Terms-Var-Disjoint(),
Make-Bad-And-Quadratic-Terms-Var-Disjoint(), Find-Top-Linear-Form(), and Compute-Term-
Black-Box() while analysing the algorithm. Make-Good-Terms-Var-Disjoint() outputs an
Ag € GL(1,F) and a b € " such that Ty (Agx), ..., Ts, (Apx) are variable disjoint. Make-
Bad-And-Quadratic-Terms-Var-Disjoint() outputs an A € GL(#,[F) and b € F" such that
Ti(Ax+b),..., Ty (Ax + b) are variable disjoint and

S/

S/
Y Ti(Ax+b)= Y (ye1+ck1) Wi+ ck2),
k=sp+1 k=sy+1

where ¢y 1, cx» € FF. Find-Top-Linear-Form() maps ¢(Ax) to a single variable u9. Compute-
Term-Black-Box() helps obtain black-box access to T;(Ax), ..., Ts,(Ax) using just one query
to the black-box of f. Finally Steps 21-34 recursively perform equivalence test on the factors
of T (Ax),..., Ts,(AX).

5.5.3 Analysis of the algorithm

In this section, we prove the following lemma. This lemma along with the analysis of the

running time in Section 5.5.3.6 proves Theorem 1.6.

Lemma 5.2 (Correctness of Algorithm 3) Let IF be a field of char (IF) = 0 or > n? and |F| > n'3.
Given black-box access to an n-variate polynomial f in the orbit of an unknown -+-rooted canonical
ROF C such that every x € x is essential for f, Algorithm 3 outputs an A € GL(n,[F) such that
f(Ax) € PS-orb(C).

Towards proving this lemma, we first formally describe the Make-Good-Terms-Var-Disjoint(),
Make-Bad-And-Quadratic-Terms-Var-Disjoint(), Find-Top-Linear-Form(), and Compute-Term-
Black-Box() algorithms in the following sections.

5.5.3.1 Making the good terms variable disjoint

The following algorithm is used to make all the good terms variable disjoint.
We now prove the following lemma which establishes the correctness of the above algo-

rithm.

Lemma 5.3 (Correctness of Algorithm 4) Make-Good-Terms-Variable-Disjoint( f (x)) outputs an
Ag € GL(n,FF) and a b € F" such that Ti(Agx + b),..., Ty, (Aox + b) are pairwise variable
disjoint. Further for all x € x connected to a x-gate in C computing a polynomial of degree at
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Algorithm 4 Make-Good-Terms-Var-Disjoint(f(x))

Input. f(x), a polynomial in the orbit of a +-rooted canonical ROF C.
Output.

1. Ag € GL(n,F),b € F" such that for k # k' € [s1], var(Ti(Agx + b)) Nvar (T (Aox +
b)) = @.

2. Forall x € x connected to a x-gate in C computing a polynomial of degree > 3, BAox +
Bb + d maps x to constant multiple of a variable. If C has a top dangling variable, then
MO — xn.

3. {Z1,...,Zm} such that there exists a partition Iy, . . ., I, of [m] such that for all k € [s,],
Wiey,z; = var (det(Hr,)(BAox + Bb +d)). z = Wic [, Zi.

1.

2: if det(Hy) = 0 then

11:
12:
13:

14:
15:

F + asubset of F of size at least #°. R <+ an n X n random matrix with entries picked
independently and uniformly from F. uy < x;,.
h < the Hessian determinant of f(Rx) with respect to x \ {ug} variables.
A + Remove-Redundant-Vars(h, ug) (see Claim 2.1).
else
{up} <+ @, h + det(Hf), R < Iyxn, Ao < Lixn.
end if
A\, Z1,...,Zy < Make-Factors-Var-Disjoint(h(Agx)) (see Claim 5.3). Ay < AgAj. z
var (h(Apx)).
10:
V < the set of all linear factors of h(Agx). C < L,xn, b’ < 0.
for /' € Vdo
If Ness (f(RAox) mod ¢') < n— 2, pick az € var(¢') and update C and b’ such that
¢(Cx+b') = z (see Claim 5.1).
end for
b «+ RAob’, Ap < RA(C. Return Ay, b, z, {uo} , {/Z\l,. . ,im}
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least 3, BAgx + Bb + d maps x to constant multiple of a variable. Moreover, there exists a parti-
tion Iy,. .., Ls, of [m] such that for all k € [s], Wic, Z; = var (det(Hr, )(BAox + Bb +d)) and

YARS H'Jie[m]/z\i-

Proof: If C has no dangling variable, then we know from Lemma 5.1 that det(Hg) # 0;
from Observation 2.4 this implies det(Hy) # 0. Otherwise, we apply a random transforma-
tion R to x in f and compute the Hessian determinant of f(Rx) with respect to x \ {ug} =
{x1,...,x,_1} variables. Notice that f(Rx) = C(BRx + d). The following two claims show

that this Hessian determinant is non-zero with high probability.

Claim 5.11 The sub-matrix [BR] 1,0y x\ {uo} of BR, whose rows and columns are labelled by x \
{ug}-variables is invertible with high probability.

Proof: [BR]X\{uO},X\{uO} = [B]x\{uo},x [R]X,X\{uo}, where [B]X\{MO}’X is the sub-matrix of B
whose rows and columns are labelled by variables in x \ {up} and x, respectively, while
[R]x,x\ (1o} 1S the sub-matrix of R whose rows and columns are labelled by variables in x and
x \ {uo}, respectively. For x € x\ {up}, let ¢x be the linear form that x is mapped to by
B. Let R = (ryy)yvex- Then the (x,x")-the entry of [BR] (01 x\ {uo} 1S Cx(tw), where 1y =
{ryv :x € x}. As B is invertible, {{y(x) : x € x\ {ug}} is linearly independent. Thus, the
columns of [BR], {uo}.x\ {1} are evaluations of linearly independent, degree 1 polynomials
at independently chosen random points from F", where |F| > n°. It is well known (see for
instance Claim 2.2 of [KNS19]) that any such matrix is invertible with probability at least
1-4 O

n’
Claim 5.12 Let Hy, H be the Hessians of f(Rx) and C with respect to x \ {ug}-variables, respec-
tively. Then, h = det(H;) = B>det(H,)(BRx + d), where B = det ([BR]X\{L[O}/X\{HOQ and
h # 0 with high probability. Also, ug is redundant for h with high probability.

H,

Proof: Observe that Hj is the Hessian of )} ;.11 Tx + v. Then Hp = 0 . Fact 2.2
ke(s'] Y C 0 0

implies that Hy(gy) = (BR)"T - Hr(BRx +d) - (BR). It is easy to that Hy = [BR],{\{uO},X\{MO} :
Hy(BRx + d) - [BR]\ {19} x\ {u}- Which implies i = det(H;) = B% det(H,)(BRx + d), where
B is the determinant of [BR]\ ,,y x\fu,}- From Lemma 5.1, det(H) # 0 and from Claim
5.11 B # 0 with high probability. Hence, & is also non-zero with high probability. Also,
ug ¢ var(det(H)) and hence Ness(det(Hy)) < n — 1. Now, [Vh]x\{uo} = [BR]i\{uO},x\{uo} .
[V det(Hz)] fuy (BRx+d), where [Vh],, 1,y and [V det(H>)],, g, are the gradient vectors
of h and det(Hy) restricted to the entries corresponding to variables in x \ {u}. From Claim
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511, [BR];F\ {1} X\ {uo) 1S invertible with high probability. So the spaces <% tx €x\ {u0}>

and <% det(Hy) : x € x\ {u0}> have the same dimension with high probability. Then Facts
2.7 and 2.5 imply that a subset of x \ {ug} contains a set of essential variables of & with high
probability. Thus, 1 is redundant for / with high probability. O

It is easy to see that Hy is the Hessian of } yc(s] Ty + 7. Since H; is a block-diagonal matrix
with Hr,, k € [¢/] as the diagonal blocks, Claim 5.12 implies that h = B2 - [xe ] det(Hr, ) (BRx +
d). Observe that for every k € [sy], det(Hr,) is non-constant. So for every k € [sp],
det (Hr,) (BRAox + d) is a non-constant factor of h(Agx). Thus, after we compute A{, by
invoking Make-Factors-Var-Disjoint() on /(Apx) and update Ay to be AgA{ in Step 9, Claim
5.3 implies that for ky # ky € [sp], det <HTk1> (BRApx + d) and det (HTk2> (BRApx + d) are
variable disjoint.

For all k € [s], let x, = var(Ty), by = det (Hr,) (BRx + d), and gx = hi(Aox), where Ay
is as after Step 9. Then from Claim 5.3, g; has no redundant variables. Let zy = var(g).
Fix a k € [s/]. By permuting the variables of C if necessary, we can assume that z; is also
a set of essential variables for 1; := det(Hr,). Let G € GL(n,[F) be a matrix that removes
redundant variables from 7; and g, = I (Cgx). Then, var(g,) = var(gx) = z;. Let z;
be the set of truly essential variables, z;/ = z; \ z; be a set of ordinary essential variables,
and yr = xi \ z; be a set of redundant variables for . Lety = Wiy yx ¥ {uo}. Note
that z = var (h(Aox)) = W[ Zk, and define 2’ = Wiz}, 2" = Wicy1z/. Notice that
x =z'Wz'"Wy. Forall x € x let %) be the linear form that x is mapped to by BRAy.

Claim 5.13 (Structure of BRA() For every k € [s'],

1. Forallz € z;, 00 € Flz].

2. Forall z € z]], 00 = 0 + y€§m ocyﬁéo), where U, € Flzi] and for all y € y; Nvar (hy),
k
Var(h,’()
ay € F.
Proof: T (Rx) = Ti(BRx + d) implies that g;(x) = g (C, 1 BRAx + C 'd). Asvar(gy) =
var(g;) = zx and none of them have any redundant variables, z; are the truly essential vari-
ables of g and ¢’. Thus Observation 2.8 implies that C,~ IBRA( maps every z € z to a linear
form in z;. Also, from Fact 2.6 we have that C; maps every z € z; and every y € yj to itself,
and every z € z; to a linear form that looks like z + L yeyiiva ()
C. 1BRA, yields the claim. O

ayy. Multiplying Cy to
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Claim 5.8 implies that zy = z; = x;. Hence, the above claim immediately implies that
T1(Aox), ..., Ts,(Agx) are pairwise variable disjoint.

Now consider the for loop of lines 12-14. Claim 5.8 implies that for all x € x connected
to a x gate in C computing a polynomial of degree at least three, a constant multiple of the
affine form KJ(CO) + d, that BAgx + d maps x to isin V. Also, as Nss (C mod x) < n — 2, Fact
2.8 implies that Nss (f(Ron) mod (E,(CO) + dx>> < n — 2. Conversely, if ¢/ € V is such
that Ness (f(RApx) mod ¢') < n — 2, then it follows and from Claim 5.1 and Fact 2.8 that
there exists an x € x such that ¢’ is a constant multiple of E,(CO) + dy. Observe that if x is not
connected to a product gate computing a polynomial of degree at least three, then N, (C
mod ax) > n — 2 for any « € F*. Hence from Fact 2.8, we have that x is connected to a
product gate computing a polynomial of degree at least three. Thus the affine forms ¢/ € V
such that Ngss (f(RAgx) mod ¢') < n — 2 are exactly the constant multiples of EJ(CO) +dy,
where x is connected to a X gate computing a polynomial of degree at least three. Because
{E,(CO) 1X € x} is linearly independent, it is possible to map all such ¢’ to distinct variables.

Observation 2.9 implies that every x connected to a X gate computing a polynomial of
degree at least three is in z’. Also, Claim 5.13 implies thatif x € z}, then ¢’ € F[z;]. Thus after
the loop has been executed and Aj updated to be RA(C, the affine transformation BAyx +
Bb + d maps every x € x; connected to a X gate computing a polynomial of degree at least
three to a constant multiple of a zi-variable. Also this means that T} (Agx +b), ..., Tsl (Apx +
b) are still variable disjoint.

Immediately before Step 9 is executed, det(Hr,)(BRAox + d), ..., det(Hr,, ) (BRAox +
d) are non-constant factors of h(Apx). So from Point 2 of Claim 5.3 there exists a par-
tition I,..., I;, of [m] such that after Ay has been updated to be ApA|, for all k € [so],
Wier,Z; = var (det(Hr,)(BRAox+d)) and z = Wi, Z;. As for all k € [so], C only maps
some variables in z; to linear forms in F[z}], we have that var (det(Hr, ) (BRAox+d)) =
var (det(Hr, ) (BRAo(Cx +b’) + d)). Because Ay is updated to be RAoC and b := RApb’ in
Step 15, the moreover part of the lemma follows. O

Remark. After A has been updated to be RAgAj, in Step 15, for all x € x, we redefine E,(CO) to
be the linear form that x is mapped to by BAg. Notice that Claim 5.13 continues to hold.

5.5.3.2 Making bad and quadratic terms variable disjoint

The following algorithm is used to make all the bad and quadratic terms variable disjoint as
well. After this algorithm is executed, all the non-linear terms will be variable disjoint.
For now, we postpone describing the Remove-External-Vars() algorithm and start the
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Algorithm 5 Make-Bad-And-Quadratic-Terms-Var-Disjoint(f (x), Ao, b, z, up)

Input. f(x). Ao, b, z, and u are as returned by Make-Good-Terms-Var-Disjoint(f (x)).
Output. A € GL(n,F) such that all the non-linear terms of f(Ax + b) are variable dis-
joint.

1:
2:

3:

11:

12:

13:

14:

15:
16:

y < x \ z. {Discovering the y parts of quadratic forms.}
g < the degree-2 homogeneous component in y of f(Agx + b) when it is viewed as a
polynomial over [F|z].
Use sparse polynomial interpolation to interpolate 7. {41,...,§m} < the coefficients of
non-constant z-monomials when 7 is treated as a polynomial in [F[y]. gy < coefficient of
1.
A’ «+Make-Polys-Var-Disjoint(qy, . . ., §m) (see Claim 5.2). u +—y.
fori=0,...,mdo
p « the canonical quadratic form in var (§;(A}x)). C; <= QFE(g;(A}x), p). Extend C;
to map every variable in x \ var (§;(Ax)) to itself. u <— u \ var (7;(A}x)).
end for
All — All ?1:0 Ci- A1 — A()Ai

10:

0 « the degree-1 homogeneous component in u of f(A;x 4+ b) when it is viewed as a
polynomial over [F|z].

Use sparse polynomlal 1nterp01at10n to interpolate 7. Let pi, ..., u,, be the non-constant
z-monomials of ¢, and £1 Em/ be their coefficients. Eo < the coefficient of 1.

~ ~

eil,...,iim < a basis of <€1,... 7 />. Construct a matrix A/, that maps Ezl, .., 0 to

Im
distinct u variables, say u;, ..., u;,, such that if Eo maps to up. Also, A}, acts as identity
onx\ u

V {(7/‘;1'”1'1)" ey (y;m,uim)}. Ay — A AL

C < Remove-External-Vars(f(x), A2, b, z,y, u,up, V) (Algorithm 6).

A + A;C. Return A.
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proof of correctness of the Make-Bad-And-Quadratic-Terms-Var-Disjoint() algorithm. In
particular, we prove the following lemma.

Lemma 5.4 (Correctness of Algorithm 5) Make-Bad-And-Quadratic-Terms-Var-Disjoint(f (x), Ao, b,
z,ug), where Ay, b,z, and ugy are as returned by Make-Good-Terms-Var-Disjoint(f(x)) outputs

an A € GL(n,F) such that T;(Ax+b),...,Ty(Ax + b) are pairwise variable disjoint. Also,
Z‘,,S{/:Szﬂ T (Ax+b) = Z‘Jiszﬂ(ykll +ck1) (Yko +cko) whereforallk € {sy+1,...,5'}, ck1,ck0 €

IF. Further, for all x € x connected to a x-gate in C computing a polynomial of degree at least 3,

BAx + Bb + d maps x to constant multiple of a variable. Also, if C has a top dangling variable, then

ug only appears in {(Ax +b).

Proof: We begin by stating the following useful claim. For a linear form ¢', we denote its

projection to variables in a variable set x” by [¢'], ». Recall that for an x € x, £ ) is the linear

X// .

form that x is mapped to by BA,.
Claim 5.14 { [Eéo)} (Y € y} is linearly independent.
y

Proof: BA is invertible and from Claim 5.13, for every z € 7/, [Ego)} = 0. Hence, the
y

sub-matrix [BAo], of BA( containing rows corresponding to variables in z”” Wy and

”L‘!’Jy,y
columns corresponding to variables in y is full rank. From Claim 5.13, we have that all rows

Of [BAO]Z”,y

follows by noticing that the entries of [BAg], . y are exactly the linear forms [féo)] for all
’ y

yey.

are in the IF-span of the rows of [BAg], . Thus [BAo], . is full rank. The claim

From Claim 5.8, only the top dangling variable, the variables in the top quadratic form,
the dangling variables along skewed paths, and variables appearing in the quadratic forms
along the skewed paths in C need not be truly essential for det(H;). Hence, from Claim 5.13,
if for some k € [s'], x € x is such that 00 ¢ F(z], thenk € {s1+1,...,s2} and x is either
a dangling variable along a skewed path or a variable appearing in some quadratic form
along a skewed path in Ty which is not truly essential for det(H), ork € {s, +1,...,s'} and
x is a variable appearing in the top quadratic form of C. Also, if x is a variable appearing
in a skewed path in Ty, then from Lemma 5.3, E}({o) + by = az for some z € z, and a« € [F*.
Suppose that the other gate connected to the parent of x is Q. Then by ‘absorbing” B in-

side Q(BAox + Bb + d), we can assume without loss of generality that 8 = 1.! Thus each

! As mentioned in Section 5.5.1, absorbing B in Q means that we are starting with a different but equally
valid B. This ‘new’ B is obtained from the ‘old’ B by scaling rows labelled by appropriate variables in z’. Hence,
Claim 5.13 continues to hold.
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skewed path is a monomial in [F|z]. Also, we can assume without loss of generality that ev-
ery variable appearing in a skewed path in C is mapped to itself by the affine transformation
BApx + Bb + d, i.e. the skewed paths in C and f(Apx + b) are the same. This is so because
if a variable x appearing in a skewed path in C is mapped to z # x, then we can permute the
variables in C so that the leaf labelled by x is now labelled by z.!

Let g¢ be the top quadratic form of C and py, . . ., 4y be all the skewed paths in f(Agx + b)
such that no variable of the quadratic forms gy, . . ., g, corresponding to these skewed paths
in C appears in det(H;) (see Claim 5.9). Also, let the corresponding quadratic forms in
f(Aox+b)beqy,...,Gu. Thenforalli € {0,...,m}, ;i = g;(BAox + Bb + d). Suppose that
qi = 63(/?2/1 K;?g/z doo 0 g0 ,- It follows from the discussion in the above paragraph that

Yi,m; 1™ Yi,m;
g=qo+mqp+---+ ymgjml, where §; = [ﬁé?il} , [ﬁ;?zz} , 4t |:£:§(i),1)1’li,1:| , [E}(/??nilz} y Observe

that each g; is an n2-sparse polynomial. As there are at most 1 skewed paths in C, this means
that 7 is an n3-sparse polynomial and can be interpolated efficiently. Claim 5.2 ensures that
after Step 4 is executed, §o(A}xX), ..., Gmn(A}x) are variable disjoint and have no redundant

variables.

Claim 5.15 After the for loop of lines 5-7 has been executed and A’ updated to be A’ TTiL, C;, for all
i€ {O, ey m}, qu (AgX) = (yg,l,l + hi[l[l) <y;’1’2 + hi,1,2> +-- (]/f,mﬂ + hi,m1,1> (y;,mi,z + hi,mi,2> ’
forsomeyiy 1, Yivp s Yim 1 Yim,o €Y and affine forms hix, hing, .. hima, himp € Flz].

Proof: Observe that for every i € [m], the i-th iteration of the loop only works with §;(A}x)
(wWhere A is as in Step 4) and computes a C; which only acts non-trivially on var (g;(A}x)).
Thus, we can analyse every iteration of the loop in isolation, and it sufficient to prove that
after the i-th iteration,

7i(A1Cix) = (%1,1 + hi,l,l) (%1,2 + hi,l,z) +o (Vg,mi,l + hi/miJ) (y;,m,ﬁ + hi,mi,Z) :

Fixani € {0,...,m} and let var (§;(A}x)) = {y;,l,l' Vit Yim1 yg,mil}' As mentioned
before, §;(A}x) has no redundant variables. Thus, C; € GL(2m;,F) output by the QFE

'Tf the permutation matrix that we need to apply to C is P, then the new ROF is C(Px) and the matrix
transforming it to f(Agx + b) is P"!1BAg. While we proved Claim 5.13 for C and BAy, it continues to hold for
C(Px) and P~'BAy. This is so, because if the leaf in C labelled by x is labelled by x’ in C(Px), then the linear

form that P~1BA, maps ¥’ to, i.e., the ‘new’ 63(((,)), is the “old’ ESCO). In other words, permuting the variables in C

just results in the leafs of C and the rows of BA( being relabelled consistently. Through out the analysis, we
shall permute the variables of C many times, however each time we do this, everything that we have proved
up to that point for C and the matrix transforming it to f(Agx + b) would continue to hold for the new C and
the new matrix.
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algorithm is such that after it has been extended to map every variable in x \ var (§;(A}x))
toitself, 7;(A1CiX) = Yi11Yi1o+  + Vi 1Vim, 2
Forallj € [m;] and | € [2], let a;; be the y; ;-th entry of Bb +d and p;; = [ﬁ;?]).l} +ay.
iz
Then,

Z] ([@OJ)J ot szl) ([550,)2] ot PJ',Z) (ACx) =) (Ga+pja) (Gia+pj2)

j€lm; jE€[mi]

where forj € [m;], [ € 2], {;; := [gé?,;?,l

plies that {£;; : j € [m;], | € [2]} is linearly independent. Now §;(A1C;) = Ljc(m, £j1¢j2 and

] (A/Cix). Since A!C; € GL(n,F), Claim 5.14 im-
y

g € orb(g;). Also neither g; nor §; have any redundant variables. Hence from Observation
2.8, forall j € [m;] and I € [2], ¢;; is a linear form solely in {yal/l, Vit Yim 1 y;,m,-,Z}'
Expanding the right hand side of the above equation,

Y. Ga+pi)Gatpip) = Y, Galio+ Y, (Gapja+Liopia) + ) piapje- (57)

j€[m;] j€mi jé€[m;] j€[m;]

For j € [m;], let h; j1 and h; j» be the coefficients of y; j» and y; 1 in Ve, (£j1Pj2 + €j2p)1)
respectively. Then, ;1,h; ;> € F[z] are linear polynomials and Yieim)Gjapja + Li2pj1) =
Z]E[m (yl] 1hij2 +Yij2hi), 1)- Now, Z]e binlip = Z]e 1 YijaYij2- Puttmg these in equation
(5.7),

Y. Ui+ pin) Wiz +pip) = Y. Wij1+hija)Wij2+hijo)+ Y, (piapj2 — hijihijp)

j€lm] j€lmi j€mi

(5.8)

Substitute y; ;; = y; i1 — hjj; for every j € [m;],] € [2] in the above equation. Then we get
Y. G+ pi)Wia+ i) = Y. Yijaija+ Y, (Pjapi2 — hijihija),
jelm] jElmi] j€lmi]

where for every j € [m;], | € [2], p;‘,l € F[z] is a linear polynomial. Note that the right
hand side of the above equation does not have a monomial containing variables from both
y and z. Thus we get Y ;c(,, (619}, + ¢j2p};) = 0. Since {€;1:j€[mi], | €[2]} is lin-
early independent, it is easy to see that for every j € [m;], p;',l = P;’,z = 0, which implies
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Zje[mi] (Pj,le,z - hi,j,1hi,j,2) = 0. Hence,

9i(A1Cix) = .[Z] ([Eﬁozl]y + Pj,l) ([EJ(/OJ)zL + P]’,Z) (A1Cix)
j€lm
= Z ]1+P]1 ]2+pj,2)

j€mi

= Y Wija+hiji)ijo+hijo) (from Equation (5.8)).
j€mi

The following observation is easy to see.

Observation 5.16 All the y-variables appearing in g1 (A}X), . .., §m(A|x) are distinct. Also, A} €
GL(n,F) and acts as identity on variables not in var (g1 (A1x)) & - - - Wvar(gm(A1x)) i.e. on zWu.

In Step 8, A := ApA]. Forevery k € {s1+1,...,s'} let u; be an arbitrary subset of
u \ {up} of size equal to the number of dangling variables in T; which are redundant for
det(H,). While defining uis we ensure that for k # k/, uy and uy are disjoint. Redefine yy
to be the union of the set of y variables appearing in the quadratic forms in T;(A;x + b)
and uy. Then, by permuting the variables in C if necessary, we can assume that yj \ uy are
the y variables appearing in the quadratic forms in Tj that are redundant for det(H;) and
uy. are the dangling variables in T that are redundant for det(H,). For all x € x, let E,(Cl) be
the linear part of the affine form that replaces x in f (A1x + b). Thatis, for all x € zWu,
o = 00 (A}x) is the linear form that x is mapped to by BA;, while for ally € y \ u, if

(1)

¥y =Yij, then {,” = y;/ T hi/j/l.l Also by permuting the variables in C if required, we can

assume thaty = y; . .

Claim 5.16 { [Egl)} Tu e u} is linearly independent.

u
Proof: {E,(Cl) 1X € x} is linearly independent. As A] acts as identity on z & u (Observation

5.16), from Claim 5.13, we get that oV ¢ F[z] forall z € 2. Hence, dim < [6,((1)} cx ez’ y> =
y

ly|. From Claim 59, no y € y\ u is in var(det(H;)). Thus, by applying A} on both

(1) _

sides of the equation in the second point of Claim 5.13, we get that for all z € 2", ¢;

O+ Yucu a, 0V, where ¢, € Flz]. Hence, { [fél)} 1z € z”} € F-span { [EJ(/D} 1y € y};
y y

1y§,]-,l + hjj,; need not necessarily be 8;0)(A’1x). This is so, because for any i € {0,...,m}, an invertible
matrix mapping g; to g; need not be unique.
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SO { V](/l)} , 1y € y} is linearly independent. Now, { [fy)]y Y EY\ u} = y \ u. Thus,

{ [61(41)] L € u} is linearly independent. O

Recall that in f(Apx + b), y-variables are only present in Z,(CO) if x the top dangling vari-

able, a variable in the top quadratic form, a dangling variable along a skewed path or a vari-
able in some quadratic form along a skewed path which is not truly essential for det(H).

Also, A} acts as identity on z, and [E;l)} is a single variable in y \u for ally € y\ u
y

Hence, a u-variable is only present in 63(51) if x is the top dangling variable (i.e. 1) or a dan-

gling variable along a skewed path which is not truly essential for det(Hy). So, if u1, . .., ttyy

are dangling variables that are not truly essential for det(Hy) and /], ..., y}, are the corre-

sponding skewed paths, then 7 in Step 12 looks like [8%)] + 1y [6%)} SRR S T [&(41),] :
u u "lu
Because m' < n, 0 is n?-sparse and can be interpolated efficiently. If B = {Zil, . .,Zm} is a
basis of <?1, .. .,Zm/> = < [Z%)] L, [61(4}3,} >, then it is clearly possible to map the linear
~ ~ u u
forms /; , ..., {;, to distinct u-variables. Claims 5.13 and 5.9 imply that

<[€§1)] cx €z W (ug ﬂvar(h,ﬁ))> = <[€£,1)] TUE uy ﬂvar(h,’c)>

u u

for every k € {s1+1,...,s2}. Thus, Claim 5.16 implies the following observation.

Observation 5.17 For any u ¢ var(det(Hy)), [69)] € B. Also, forany k € {s1+1,...,s2}, B
u

contains |w, N var(h, )| many linear forms from 65,1) :u € upNvar(hy) ¢.
k Yy u k

In particular, if C has a top dangling variable, then ¢y = [fl%)] L B and it is mapped to
up in Step 13. So, after A; is set to A1 A}, {(Axx + b), i.e. the top linear form in f(Ayx + b)
contains uy. Also, because A] acts as identity on z W u and A} act as identity onz Wy, A]A)
is identity on z. For every k € {s;+1,...,52}, let x; C z/ Wuy, |x;| = |uk| be such that
{ [z,(})] IEE: € x,’c} C B. Let X' = Wy, 11<k<s,X; W {ttp}. Then the following observation is
easy to see.

Observation 5.18 Forall x € X/, E,(Cl) (A%x) looks like 1+ 1), for some u € wand h,, € Flz,y \ u].
Also, if the skewed path corresponding to x is u, then (u,u) € V.

We now show that x’ is in a set of redundant variables for det(Hy).

Claim 5.17 x' W (y \ u) is a set of redundant variables for det(Hp).
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Proof: Immediately after Step 9 of Algorithm 4 is executed, det(Hy) (BRAox+d) = h(Apx) €
[F|z]. Because C computed in the for loop of lines 12-14 only maps some variables in z’ to lin-
ear forms in [F|z], after this loop is executed, det(H,)(BRA((Cx+b) 4+ d) € F[z]. Thus, after
Ay is updated to be RAoC and b := RA(b’ in Step 15 of Algorithm 4, det(H;)(BAox + Bb +
d) € F[z]. Since A} acts as identity on z and A; = AgA}, ' := det(H,)(BA1x+ Bb+d) €
[F|[z]. Now, from the chain rule of derivatives we have that

Vh' = (BA;)T [V det(H;)] (BA1x + Bb + d),

where VI’ and V det(H,) are gradients of i’ and det(H,) with respect to x, respectively. As

h' does not contain any u-variable,
0= [VH], = [(BA1) ]u[V det(H;)] (BA1x + Bb +d),

where [V#'], is VI restricted to entries corresponding to u and [(BA;)T]y is (BA7)T re-
stricted to rows corresponding to u. Thus,

[(BA1) ] [V det(Ha)]y = —[(BA1)' ]y x\x [V det(H2)yx ,

where [(BA1)T], x and [(BA1) T]u,x\x/ are the sub-matrices of (BA;)T whose rows and columns
are labelled by variables in u, X' and u, x \ x’ variables respectively. As B = [BA1]y 4,
[((BA1)T],x is invertible. By right multiplying its inverse on both sides of the above equa-
tion, we get that for all x’ € x/, ;2 det(H,) € F-span {% det(H) : x € var(det(Ha)) \x’}.
Hence, x is redundant for det(H,). Then, as no variable y \ u is present in det(H; ), the claim

follows. u

Using an argument similar to the one used to prove Claim 5.13, we can prove the follow-

ing observation.

Observation 5.19 Forall k € {s1+1,...,5} and all x € z W (u, Nvar(hy)), E,(Cl) =0+
Y oc;,ég), where (3 € F(z;] and &', € FF for all x' € x; Nvar(hy).
Sorli)
For all x € x, let 69(62) = E;l)(A’zx) be the linear part of the affine from that replaces
x in f(Asx +b). Because A|A) acts as identity on z, Observations 5.17 and 5.19 imply
that if for all k € {s;+1,...,s,} and x € x}, we can remove variables not in z; & yj - i.e.

(2)

“external” variables - from ¢,”’, then all linear forms corresponding to dangling variables
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along skewed paths in Tj would just be in z; & y; variables. Similarly, because A} acts as
identity on y, Claim 5.15 implies that if we can remove variables not in z; from E;z) for all
Y € yi \ ug, then all linear forms corresponding to variables appearing in quadratic forms
along skewed paths in T; would just be in z; W y; variables. Then all the non-linear terms of
f(Axx + b) would become variable disjoint. We now describe the Remove-External-Vars()

algorithm and show that it does just this.

Algorithm 6 Remove-External-Vars(f(x), Az, b, z,y,u, ug, V)

Input. f(x), A2, b, z, y, u, up, and V are as in Step 14 of Algorithm 5.
Output. A € GL(n,TF) such that all the non-linear terms of f(Ax + b) are variable dis-
joint.

1:

N

: Aé < Inxn.

W

: fory € y\udo

4:  Interpolate g <+ af(Aa#nyrb)
say i/, in g, then write g = u(y' + K’y, +a,/) +7(z), where E’y, € F(z] is a linear form,
ay € F,and r(z) € Flz].

5. Update A} so thatit maps y’ toy’ — E’y,.

. If p is the z-monomial multiplied to the only y-variable,

6:  for every monomial 3’ in 7(z) do

N

If there exists a u’ such that (y/,u’) € V, update A} to map u’ to u’ — By, where B is
the coefficient of 3’ in 7(z).

end for

*®

9: end for
10: Az < AzAé.
11:

12:
13: A} < Iyxn. F < asubset of FF of size nd.
14: for (u,u) € V such that deg(u) > 2 do
15:  forz € zdo

16: ¢ < f(As(var(p), z, x\ (var(p) W{z}) =0) +b).

17: Interpolate g—i. Let a be the coefficient of y in g—f. Update A} to map u to u — az.
18:  end for
19: end for

20: for (1, u) € V such that deg(y) =1 do
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21: forz € zdo

22: Set all variables in f(A3zA)x + b) other then var(y) and z to random elements from
F. g < the resulting polynomial.

23: Interpolate 3—5’;. Let a be the coefficient of y in 3—‘3;. Update A} to map u to u — az.

24:  end for

25: end for

26: A < A3A). Return A.

We first consider the for loop of lines 3-9 and show that the matrix A} computed by
this loop is such that it removes all variables not in z; & y; from E](/z) forall y € yi and
k € {s1+1,...,5'}, and removes all variables in y \ y, from ¢? forall x € x, and k €
{s1+1,...,s2}. Before arguing this, we remark that in any iteration of this loop, g is a 2n-
sparse polynomial. This is so, because any vy € y is only present in 63(/2) and in ¢ ,(CZ) for x € x'.

Thus, every monomial in 7(z) is a skewed path and there are at most n skewed paths.

Claim 5.18 The matrix A, computed after the execution of the for loop of lines 3-9 is such that for
everyk € {s1+1,...,s0} and every y' € yi \ uy, 6;%) (ALx) € Flzy Wyl

Proof: Pick any arbitrary k € {s1+1,...,52} and i’ € y. If E;%) contains a variable not
in z; & yy, because of Claim 5.15 and the fact that A} acts as identity on z W (y \ u), it must
be in z \ z;. Suppose that yy’ is a term in the quadratic form along a skewed p in Tj. Fix
any z € z \ zy; if z € var <€§)>, then during the y-th iteration of the for loop of lines 3-9,
¢ contains the monomial yz. We now argue that the only place in f(Azx + b) which can
contribute pz to g is yﬁy). This implies that the coefficient of uz in g, i.e., the coefficient of z
in %/ after Step 4 is equal to its coefficient in E;%).

For uz to be present in g, uzy must be present in f(Ayx + b). We claim that pzy is not
present in Tjr(Aox + b) for any k' # k. If k' € [s1], then this directly follows from Claim
5.13 and the fact that A} A} act as identity on z;. For a k' € {s;+1,...,s}, note that as
ke {s1+1,...,5}, deg((;i) > 1. Because y and variables in var(u) are not in zy Wy, y

can only be present in 0% for some x € Xy if x is a dangling variable along some skewed
path. Hence any monomial of Ty, (Ayx + b) containing i can not contain any other variable
in z; W yy. So, uyz is not present in T (Ayx + b).
(2) (2)

Now, apart from Eyz , y can only appear in ¢, for some x € x, if x is a dangling variable

along some skewed path, say y/. However, since z ¢ z, z ¢ var(y'). So, puzy can not be
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present in /' éﬁf). This only leaves ¢’ as the place that can contribute pz. Hence the coeffi-

(2)

cient of z in K’y, is equal to its coefficient in fﬁ

2)
y/

. Now, notice that i’ is not present in g in any
iteration of the for loop other than the y-th iteration. Hence, through out the execution of the
loop, A} only acts on i’ during the y-th iteration. In this iteration, after Step 5 is executed,
K;%) (Afx 4+ b’) does not contain z as A} is updated to map y’ to y’ — E'y,. Since this is true for
any z € z \ z, the claim follows. O

To show that BA; A} maps the top quadratic form to Zi/:52 11 + k1) (Wi2 + cr2) and
A/, removes external y variables from E%), we shall use the following two observations.
Observation 5.20 Forany y € Lﬂ]il,zszﬂyk/ and any k € {s1+1,...,s2}, if Ty = zQ and the top
dangling variable of Q is x, then it can be assumed without loss of generality that y is not present in

/2

X -

Proof: Suppose that yy’is a term in Ei/,: Ti and that the coefficient of i in ¢ ,(52) is B. Then

sp+1
we ‘absorb” Bz in Kﬁ) and subtract (%2) +c— y) from &(62); here c is the constant term of
the affine form that replaces y in f(Azx + b). This does not change f(Ax + b). 0

Observation 5.21 If C has a top dangling variable, then for any y & Lﬂi/: 5,41k, it can be assumed
without loss of generality that the affine form replacing y in f(Axx + b) has no constant.

Proof: Suppose that Ty = yyy» for some k € {sp+1,...,s'} and that Ty(Ayx +b) =
(ﬁﬁ) +c1) (Eg) + ¢p), where ¢1, ¢ € F. Then we add czﬁﬁ) + clég) to E%) and add c¢yc; to the
constant of the affine form replacing ug in f(Azx + b). This does not change f(A)x+b). O

We call every x € x’ such that some T, = zQ and x is the top dangling variable of Q, a

bad dangling variable. For every y & ErJ,S(/,: s,+1Yk, every bad dangling variable x, and ug we
(2) p2)

redefine ¢, £y and E%) as mentioned in the proofs of the above observations.

Claim 5.19 The matrix A’ computed after the execution of the for loop of lines 3-9 is such that for
every y' € Wy, 11<k<s' Vs f;%)(Agx) =y’ + c for some c € F.

Proof: Pick any arbitrary k € {sy+1,...,s'} and iy’ € y;. If E;%) contains a variable not in yy

(as zy = @), because of Claim 5.15 and the fact that A} acts as identity on z W (y \ u), it must

be in z. Suppose that Ty = yy'. Fixany z € z; if z € var (E;%)) , then during the y-th iteration

of the for loop of lines 3-9, ¢ contains z. We now show that the only place in f(Ax + b)
(2)
y/

that can contribute z to g is £;’. Observe that for z to be present in g, yz must be present
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in f(Ayx +b). Apart from Eéz), y is only present in f,@ if x is a dangling variable along a

skewed path in some bad term Ty or x = uy. However, Observation 5.20 implies that we
can assume without loss of generality that the only place in f(A;x + b) that contains zy is
€§2)£§). Thus, after Step 5 is executed, i’ is mapped to an affine form in ¥’ in f(A;A;x + b).
]

Claims 5.18 and 5.19 ensure that external variables are removed from the linear forms
corresponding to variables appearing in quadratic forms along skewed paths and the top
quadratic form. The following claim proves that external y variables are removed from
linear forms corresponding to dangling variables along skewed paths and the top dangling

variable.

Claim 5.20 The matrix A’ computed after the execution of the for loop of lines 3-9 is such that for
everyk € {sy+1,...,s2} and x € x;, 02 (A%x) does not contain any variable from y \ y. Also if

C has a top dangling variable, then E%) (A%x) does not contain any y variable other than u.

Proof: Fixak € {s1+1,...,5} and an x € x;. Suppose that y € y\ yj is present in
14 §3>. Then, in the y-th iteration of the for loop of lines 3-9, the monomial y’ representing the
skewed path corresponding to x is in 7(z). Observe that deg(y’) > 1. Note that the only
time A translates the sole u-variable u’ in ¢ 3(62) by a multiple of y is in the y-th iteration of the
loop. So it suffices to prove that in this iteration, § in Step 7 is the coefficient of y in E;Z). We
do this by showing that the only place in f(Ax + b) from which ' can appear in g is from
]4/ &(62).

For i’ to be present in g, s’y must be present in f(A>x + b). We claim that 3’y can not be
present in T (Ax + b) for any k' # k. Because of Claims 5.18 and 5.19, variables in var (')
can only be present in ESC%) for some x’ € xp if " is a dangling variable along some skewed
path in Ty or ' = up. Hence any monomial of Tis(Azx 4 b) containing a variable in var (')
can not contain any other variable in z; ¥ y;. So, 3’y is not present in T (Axx + b).

Now, in Ti(A2x + b), y is only present in 69(3) for some x’ € x if x’ is a dangling variable
along some skewed path. However, if that skewed path is 1", then the monomial present in
Ti(Ayx + b) is u”y. Hence y”éi%) can contain the monomial y'y only if y” = y’ and x” = «x.

Thus only ' KJ(CZ) contributes y’ to g, and B is precisely the coefficient of i in E,(f). Hence, after

A’ has been updated to map ' to u’ — By in Step 7, ¢ @ (A%x) does not contain y.

Forany y € K%) , in the y-th iteration of the loop, r(z) contains a constant, say B. Because
ug is only translated by a constant multiple of y in the y-th iteration of the loop, it is sufficient
to show that B is the coefficient of y in E%). Ify € ygforsomek € {s1+1,...,52}, then every

monomial in f(Azx 4+ b) containing y must also contain a skewed path. Observation 5.21
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implies that A} maps the top quadratic from to Zi/:SZH Yk1Yk2- Thus By is also not present in
the top quadratic form. Hence B is exactly the coefficient of y in E%). Also, in this case when
Step 7 is executed, u’ = 1. So after A} has been updated to map u’ to u’ — By, ES,%)(Agx)

does not contain y. O

After Aj has been defined as AyAJ, let 5;3) be the linear part of the affine form replacing
x in f(Azx +b). Note that for all x other than those in &g, . 1 <x<syk, bad dangling variables,
and u, E,(Cg) = fﬁg") (A%x). Now from Claim 5.18, for all k € {s; +1,...,s2}, the only x € x
for which &(63) contains variables not in z; W y; are dangling variables along skewed paths.
Also, for all x € x;, Claim 5.20 implies that 03 € Flz & yi]. Now A} Aj acts as identity on z
and Claim 5.10 implies that no bad dangling variable is in var(det(H;)). Thus Observation
5.19 implies that for allk € {s; +1,...,5}, x € z Wy, f,({?’) € Flz Wyy].

Claim 5.21 The matrix A}y computed after the execution of the for loop of lines 14-19 is such that for
everyk € {s1+1,...,s2}, x € x_is not a bad dangling variable, 2 (A}x) € Flzj W yy].

Proof: Fixanyk € {s;+1,...,5} and x € x; which is not a bad dangling variable. If the
corresponding skewed path is y, then deg(u) > 2. Also, from Observation 5.18, if the sole
u variable in 65,3) is u, then (y,u) € V. We analyse the iteration of the for loop of lines 14-19
corresponding to (u, u). Fix any z € z \ z;. We show that in the z-th iteration of the for loop
of lines 15-18 the coefficient of yz in g is exactly the coefficient of z in ESCB).

As deg(u) > 2, uz is not present in Ty (Asx + b) for any k' # k. Also, in Ti(Asx + b),
z is only present in &@ for some x € xy, if x is a dangling variable along a skewed path.
However, if the skewed path corresponding to x is i/, then we get the monomial u'z form
e E,(f). This means that 4 = u and hence in Ty(A3x + b), uz is only obtained from yﬁgf).
This means that in Step 17, « is precisely the coefficient of z in ng). Hence, after that step
is executed and A} updated to map u to u — az, E,(CB')(AZLX) does not contain z. Also, ob-
serve that the only monomials containing z in Ti(As(var(i), z, x \ (var()') & {z}) =
0) + b), for k¥ # k can be of degree at most 2. Further any monomial containing z in
Te(As(var(y'), z, x\ (var(#') & {z}) = 0) + b) must look like 1z, where 3’ is a sub-

monomial of p. Hence, g—‘g is sparse and can be interpolated efficiently. 0

The above claim immediately implies that forallk € {s1 +1,...,s2}, %) (A)x) € Flzy &
yi] for all x € z;' W u; which is not a bad dangling variable. To prove an analogous statement
for the bad dangling variables we need the following observation. Note that Claim 5.10 and
Observation 5.17 imply that every bad dangling variable is in x'.
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Observation 5.22 Suppose that xq,...,x, are all the bad dangling variables, the corresponding
skewed paths are iy, ..., um, the sole u variables in E,(g), .. .,E,(fn) are uy, ..., Uy, and the for loop of
lines 20-25 processes (p1,u1),. .., (Um, Um) in that order. Then, it can be assumed without loss of

generality that for all i € [m] and all j < i, &(3) does not contain z;.

Proof: Foralli € [m] and all j < i, let the coefficient of z; in 5,(3) be B;;. Forall j € [m],

we ‘absorb” 3% ;1 B;jz; in 6,(3) and remove f; ;z; from 6,(5’) for all i > j. This does not change

f(Asx+b). O
(3)

For every bad dangling variable x, we redefine ¢y’ as mentioned in the proof of the
(3)

above observation. The following claim shows that variables in z \ z; are removed from ¢y

for every bad dangling variable x € x; as well.

Claim 5.22 The matrix A} computed after the execution of the for loop of lines 20-25 is such that for
every k € {s1 +1,...,s2}, and every bad dangling variable x € x, %) (A}) € Flzx Wyl

Proof: We prove the claim by showing that the following loop invariant holds: The ma-
trix Afl computed after the i-th iteration of the loop is such that for all j < i, if xj € x;c,
then Z,ﬁf) (A}x) € Fz; & yg]. Suppose that the invariant is true before the execution of the
i-th iteration of the loop; it is trivially true before the first iteration. Suppose that x; € x;.
First we consider the z-th iteration of the for loop of lines 21-24 fora z & z; U {z1,...,zm}.
Since for any k € [s], the only x € x; such that Z,(CS)(AQX) contains variables not in z
are x € {ug,x1,...,Xn}, the only place in f(A3zAjx + b) that can contribute z;z to g is
zZj - E,(C?)(Agx). Hence, in Step 23 « is exactly the coefficient of z in 5&?) (A}x). Thus after
that step is executed and A} is updated to map the sole u variable u; in ¢ 3(3) (A}x) to u; — az,
14 S’) (A)x) does not contain z. Fora z € {z3,...,z;_;}, the assumption that the loop invariant
is true before the i-th iteration and Observation 5.22 imply that z;z is not a monomial in g
and hence z is not present in g—‘g. On the other hand, for all z € {z;y1,...,zm}, Observation
5.22 implies that in Step 23 « is exactly the coefficient of z in ¢ S’) (A)x). Hence, after that step
is executed and A} updated to map the sole u variable u; in ES) (A}x) to u; — az, KS) (A)x)
does not contain z. Notice that this also implies that the monomial z;z is no longer present in
f(Ajx+b). Also, in the i-th iteration, A} does not act on any variable other than u;. Hence,

the invariant is also true after the execution of this iteration. O

Let £*) be the linear part of the affine form replacing x in f(Ax + b). For all k € [s'] and
X € Xy, €,(C4) is now a linear form in z; Wy, = xi. Also, Claim 5.19 and the fact that A} acts as
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s s/
identity on y implies that Y. Ty(Ax+b) = ¥ (yk1+ck1) (Yk2 + ck2). Now, as seen
kesy+1 kespr+1
in the proof of Lemma 5.3, for every x € x connected to a X gate computing a polynomial of

degree at least three, E,(Cl) is a constant multiple of a z-variable. As A] - - - A} acts as identity

(4)

on z, so is ¢;’. Moreover, if C has a top dangling variable 1y = x;,, then from Claim 5.20,

(2)

the only u variable in ¢;;] was ug. As Aj merely translates 1 by constant multiples of y-
variables and A acts as identity on u, the only u variable in EE,%) is ug. Also, ug ¢ var (ng))

for any x # uy. O
5.5.3.3 Discovering the top linear form

We begin by stating the following useful claim.

Claim 5.23 (Learning variable sets) After Step 14 of Algorithm 3 is executed, z; = var <Tk(Ax + b))
forall k € [sp].!

Proof: There are two cases.

Case 1: k € [s1], say Ty = Qg1+ Qikm,, Mx > 2 or neither Q1 nor Qy, is linear, T, =
Qk,l e Qk,mk, and Qk,l = Qx(Bx+d) forall I € [my]. Then from Claim 5.7,

Qk,l (RAOX)/ sy Qk,mk (RAOX)

are irreducible factors of h(Agx) where R, Ao, and & are as just before Step 9 of Algorithm
4 is executed. Because z, ...,Z, are returned by Make-Factors-Var-Disjoint(h(Agx)), from
Claim 5.3, for every | € [my], there exists an i € [m] such that var (Qk,l(Ron)> C z;, where
Ao is as after Step 9 of Algorithm 4 has been executed. It follows from Observation 2.8 that
every variable in var(Qy ;) is mapped to a linear from in z; by BRAy. As C only maps some
of these linear forms to constant multiples of variables in Zz;, even after A is updated to be
RA(C in Step 15 of Algorithm 4, var (Qk,l(AOX + b)> = var (Qk,l(AOX)> C Z;. Because in
Algorithms 5 and 6, A}, ..., A} act as identity on z, var (Qk,z (Ax + b)) C zZ; where Aand b
are as after Step 4 of Algorithm 3.

If var (Qk,l (Ax + b)) U---Uvar (Qk,mk (Ax + b)) C z;, thenvar <Tk(Ax + b)) is clearly
contained in a single connected component of G. So suppose that there exist disjoint sets

'Here we are overloading the notation. Now z; = var (Tk(Ax + b)) but in Sections 5.5.3.1 and 5.5.3.2 it
was a set of essential variables of det(Hr, ) evaluated at BRAx + d. The new z is the union of the old z; and
zy.
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Ii, I C [mg] and i # j € [m] such that Uy, var <le(Ax -+ b)> Zi, Ui, var (le(Ax + b))
Zj, and Ujgp g, var (Qk,l(Ax + b)) (z; ¥Zj) = @. Then, for any z; € Z; and z; € Z;,

Ff(Ax+b) T (Ax+b)

821822 N 821822
a (HleAX+b> (HleAX+b> ( H leAX+b))
21 \Jel 922 \jcy, 1€,
£0

So the edge {Ei,ij} is added to G, and var (Tk(Ax + b)) is in a single connected component
of G.

Case2: k€ {s;1+1,...,5},say Tk Qk 1Qk >, where Qk 1 is in the orbit of a variable. If there
exists an i such that var (Qk,l(Ax + b)) U var (Qk,2(Ax + b)> C z;, then var <Tk(Ax + b))
is clearly contained in a single connected component of G. Otherwise, it follows from
Lemma 5.4 that lel(Ax + b) is a constant multiple of a variable, say z; € Z;. Let x be
any variable in Qg,(Ax + b). First suppose that x € z;j for some j # iand x = 2.

Then ZAAXE) — (Axib) _ 5 (le(Aerb) M). As, 22XFb) s g o e

le Bzz 821822 BZZ 822

aZQ

var <Q\k,1(Ax +b)- M). Thus, % # 0 and the edge {21-,2]-} is added to G.

Now, if x € y and x = y, even then using the same argument as above, afaZA—g;b # 0 and

the edge {z,y} is added to G. Thus var (fk(Ax + b)) is contained in a single connected

component of G.

So for all k € [sp], var (Tk(Ax + b)) is contained in a single connected component of

G. Also, for k # k' € ['] and any z; € Ti(Ax+b), zp € Tu(Ax+b), Pf(Ax+b) _

02102>
0. Thus, var (Tk(Ax + b)) corresponds to a connected component in G. Further for any
~ ~ 2
Y1,Y2 € var <T52+1 (Ax + b)) W...Wvar <TS/(AX + b)) observe that % is never com-
puted, hence they are in distinct connected components of G of size 1 each. uy is also in
a connected component containing just itself. Hence the only connected components of G
with more then 1 variable correspond to var (Tl (Ax + b)> ,...,var <TS2 (Ax + b)> O

Because of Step 17 of Algorithm 3, the following algorithm will only be called if C has a
top dangling variable. It finds an affine form ¢’ such that when we map 1 to up — ¢’ in
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f(Ax + b), all its terms become variable disjoint and ¢(Ax + b) becomes 1 + ¢ for some
c € F (recall that ¢ is the affine form that the top dangling variable is mapped to by Bx + d).
This is done in s; iterations. In the k-th iteration it finds ¢’ restricted to z; variables, denoted
by Ek-

Algorithm 7 Find-Top-Linear-Form(f’)
Input: /' = f(Ax+b), where A and b as after Step 4 of Algorithm 3.
Output: An affine form ¢’ such that all terms in ' (x\ {ug},ug = ug — ¢') are variable dis-

joint.
1: fork € [Sz] do
2 T« f'(z1,x\ zx = 0). I < the Hessian determinant of T with respect to zy-variables.
N < the set of irreducible factors of /’. F < a subset of F of size at least n°.

3: for Q € Ndo
4: if Q is not linear then
5:
6:
7: ai, ..., a, | < vectors of size |z;| containing random elements from F. f <— a fresh
variable.
8: Vi € [|z¢]], interpolate Q(ta;) and T(ta;). Discover Q!(t) and B0, Bi1 € F such

that Q(ta;) - Q}(t) + Bi1 - t + Bip = T(ta;) by solving a system of linear equations
in the coefficients of Q\;(t) and Bio, Bi1-

9: Interpolate } ., azzusing i1, ..., By 1- It T— Y zez, 22 — B1o is reducible, £ <
Y zez #2Z2 — Proand T <— T — /. Break.

10:
11: else
12:
13: Suppose Q = z; if not, move to the next iteration. a,, ..., aj,,|-1 < vectors of size

|z;| — 1 containing random elements from F. t < a fresh variable.

14: Vi € [|z¢| — 1], interpolate T(z, z; \ {z} = ta;). Find @(z,t) and Bio, Bi1, Bi» € F
such that z - Q!(z,t) + Bin -z + Bir -t + Bio = T(z,2; \ {z} = ta;) by solving a
system of linear equations in the coefficients of Q;(z, t)and Bio, Bi1, Bio-

15: Interpolate Ez’ezk\{z} (XZ/Z/ using 131"1,. ey ‘B|Zk|71,1. If T — Ez’ezk\{z} (XZ/Z/ — 131,0 is
reducible, lx < Y.icp,\ (2} @2’ — B1,0 and T < T — /. Break.
16: end if

17:  end for
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18: end for
19: £ < Yie[s,] b Return £/,

We now prove the following lemma.

Lemma 5.5 (Correctness of Algorithm 7) Find-Top-Linear-Form(f(Ax + b)), where A and b
are as after Step 4 of Algorithm 3, finds an affine form €' such that when g is mapped to uy — ¢’
in f(Ax+b), all its terms become variable disjoint and £( Ax + b) becomes ug + « for some « € F.

Proof: Because of Step 17 of Algorithm 3, this algorithm will only be called if C has a
top dangling variable. Recall that the variable sets of T;(Ax + b),..., Ts,(Ax 4+ b), and
Zi/:sz 1 Tk(Ax +b) are z1,...,25,, and y \ {1} respectively. From Observation 5.18 the
coefficient of 1y in £(Ax+b) is 1, and from Claim 5.20no y € y \ {uo} appears in /(Ax + b).
Let {((Ax+Db) = up+ Y ,c,Cz-z+co; recall that z = zq W - - - Wz,,. Fixa k € [sp]. We now
show that in k-th iteration of the loop of lines 1-18 (the outer loop), the algorithm finds ¢
which is ¢’ restricted to z; variables. Towards this, we first show that in the k-th iteration of

the outer loop, T is reducible after the execution of the for loop of lines 3-17 (the inner loop).

Claim 5.24 For any k € [sy], after the execution of the inner loop during the k-th iteration of the
outer loop, T is reducible.

Proof: At the beginning of the k-th iteration, T = Ty (Ax+b) + [((Ax + b)], +17/, for some
7" € F. In the algorithm N is the set of irreducible factors of ' which is the Hessian determi-
nant of T with respect to the zi-variables. Let Tk = lel e Qk,mk- It follows from Corollary
5.1 and Fact 2.4, that at least one of the Q1 (Ax +b), ..., Qk/mk(Ax + b) is in an irreducible
factor of I’. Hence, a constant multiple of at least one of the Qk,l (Ax+b),..., Qk,mk (Ax+b)
is present in N along with some other ‘bad’ factors. Fix a Q € N. Then it is either a “good’
non-linear factor, ‘good” linear factor, or a bad factor. In the following two claims we show

that in the first two cases, T is made reducible.

Claim 5.25 If@ is a constant multiple of one of the lel (Ax+Db),..., Qk,mk(Ax + b) and is non-
linear, then after the execution of the first inner loop, T is reducible.

Proof: Fixani € [|z;]]. As a; is chosen randomly, deg(Q(ta;)) > 2 with high probability.
Notice that there exist Q;, Bio, Bi1 such that 0) (ta;) - Q;(t) +Bi1-t+Bio= T(ta;) is satisfied;
one solution is Q! = (fk(Ax + b)/@) (ta;), Bi1 = (Lzeq cz - 2)(a;), and Bip = 7'. We claim
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that this solution is unique with high probability. Suppose that there existed two solutions
@Q,ﬁ@,ﬁu and Q7, B}, B}1- Then Q(ta;) - (Q}(t) — Q/ (1)) = (Bin = Bin) -+ Big = Pio- As
deg(Q(ta;)) > 2 with high probability, this is only possible if Q;(t) = Q;'(t), Bi1 = B;, and
Bio = B;1- In particular B;1 = (Y4 ¢z - 2)(a;) and B;g = 7'. Thus, after we interpolate
Y ez X2z USING Bi1, ..., By 1 and set b = Y., a:z + Bio, T = Ti(Ax+b) + [((Ax +
b)]z, +9 — f = Tr(Ax + b) is reducible. O

Claim 5.26 If@ is a constant multiple of one of the Qk,l (Ax+b),..., Qk,mk (Ax +b) and is linear,
after the execution of the first inner loop, T is reducible.

Proof: Fixani € [|z;| — 1]. Because deg(Ty) > 3, Lemma 5.4 implies that Q is a variable.
Notice that there exist Q: (z,t),Bi2 Bi1, Bio satisfying z - Q;(z, t)+Bio-z+Bin-t+Bio =
T(z,z; \ {z} = a; - t); one such solution is Q| = (Tk(Ax + b)/@) (z,ta;), Bin = cz, Bi1 =
(Crez\ {2} €2 - z')(a;) and B;p = 7. We now show that B;1, and B;( are unique with high
probability. Suppose there are two solutions Q/(z,t), Bi2, Bi1, Bio and QY (z, 1), B2 Bi1s Bio-
Then, z - (Qj(z,t) — Qf'(z,t)) + (Bi2 — Bip) -z = (Bj1 — Bia) - t + (Bjp — Bip)- By putting
z = 0 it can be seen that B;1 = B} = (L.eg\ ) ¢ - Z')(a;) and Bip = By = 7. Thus,
after we interpolate Y /¢, \ (-} 422" using Bi1, ..., |z 1 and set fx = Yoy () 422’ + Bro,
T = Te(Ax +b) + [£(Ax + b)), + 9 — & = Ti(Ax + b) is reducible. O

Consider an iteration of the inner loop for a bad Q. If in this iteration T is made reducible,
then there is nothing to prove. Otherwise it follows from the above two observations that
for all previous iterations of the inner loop, Q must have been a bad factor. It follows from
Corollary 5.1, that at least one of Q1 (Ax +b), ..., Qk,mk (Ax + b) is an irreducible factor of
h'. This means that the next iteration of this loop will be executed and this will continue to
happen until for an iteration Q is a constant multiple of Qk,l(Ax +b),..., Qk,mk(Ax +b).
The claim follows from Claims 5.25 and 5.26. O

We now prove a structural result.

Claim 5.27 Suppose that Q1 - - - Qu + u is a canonical ROF. Let T = Q1 - - - Qu + {(z), where { is
a non-zero affine form and Qs - - - Qy, is not a quadratic polynomial. Then T is reducible if and only

if for some 1 € [m], Qy is an affine form in a single variable and { is a constant multiple of Q.

Proof: One direction is simple. If / = c- Q, for some | € [m], then it is clear that T is

reducible.
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For the other direction, pick a z € var(¢) and let its coefficient be c. Note that there
must exist an I € [m] such that z € var(Q;), for otherwise T is in the orbit of the +-rooted
ROF Qg - - - Qi + z and therefore irreducible. So assume without loss of generality that z €
var(Q1). Let T = rq - r; where rq is an irreducible factor of T containing z and r; is not

necessarily irreducible. Note that as T is multilinear r; and r; are variable disjoint. Now,
riry = Q1Q+C'Z+£,

where Q = Q- Qpuand ¢ =c-z+ /0. Let Q1 = ¢1-z+ ¢ and 11 = wy - z + wy where
91,82, w1, and wy are z-free polynomials. Then,

(wy-z4+wy) 1p=(g1-2+g) Q+c-z+ 1. (5.9)

Observation 5.23 w; € [F*.

Proof: Taking derivatives with respect to z on both sides of Equation (5.9), we see that
wy -1 = g1 - Q + c. If g is a non-constant polynomial, then the latter is a 4+ rooted ROF and
therefore from Fact 2.1, irreducible. Hence, r; is irreducible and g; € FF.

If g1 is a constant and ¢ is also a constant, then as Q1 Q + u is a canonical ROF, either Q
must be a product of at least two + rooted ROFs or if it is just a single + rooted ROF, then it
can not have a constant attached to its top-most + gate. In either of these cases g1 - Q +c is
irreducible and hence we again get that r; is irreducible and g; € FF.

Suppose that g is a constant, but g is not. As Q is non-constant (since m > 2), there
exists a zp € var(Q). Then, for any z; € var(g2), as zz1 does not appear on the right side of
Equation (5.9), z; ¢ var(w;) or var(rp). Also, for any z), € var(Q), z, ¢ var(w;). This is so
because, for any z} € var(g»), z}z5 appears on the right side of Equation (5.9). If z| were to
be in var(w; ), then z}z, can not appear on the left side of (5.9) since z| ¢ var(w;) or var(ry).
Thus, no variable in var(g;) or var(Q) can be present in var(w; ) forcing w; to be a constant.
O

Assume without loss of generality that w; = 1. Thus,
(z4+wp) - rn=(g1-2+g) Q+c-z+/1,
which implies that 7, = g7 - Q + ¢. Hence,

(z+w)-(g1-Q+c)=(g1-z+) - Q+c-z+ /.
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Observation 5.24 g1 € [F\ {0}.

Proof: By contradiction. Suppose that g; is a non-constant polynomial. Then we have

(z+w2) (g1-Q+c)=(g1-2+8) Q+c-z+/{
— (wp- g1 —9)Q = —c-wy+ .

Suppose that w; - g1 — g2 # 0. Then Q and w, must be variable disjoint, we get

1. Qislinear and so as it is a canonical ROF is an affine form in a single variable,
2. wy-g1— g € F¥, sayitis ¢/, and

3. wy is an affine form.

Hence, Q1 = g1-2+ 9 = g1-2+ g1 - wp — ¢’. We claim that ¢ must be 0. It given that
Q1Q + u is a canonical ROF and Q is an affine form in a single variable. Thus it follows from
property 6 of the definition of a canonical ROF that Q; can not have a constant attached
to its top-most + gate; hence ¢’ = 0. However this contradicts our assumption that ¢’ =
wy - g1 — g2 # 0. Hence, wy - g1 — g2 = 0. So, o = wy - wy. This implies that Q7 = ¢1(z + wy),
which implies that g; € F* because Q; being a 4--rooted ROF is irreducible. O
Assume without loss of generality that g; = 1; if it is not, then replace Q by g; - Q and g» by
1 1. ¢5. Then,

(z+w2)(Q+c)=(z+g2) - Qtc-z+ /0
= (wy — $)Q = —c-wy + 1.

Then, just as before, Q and w, are variable disjoint. Thus,
1. Qis linear and so as it is a canonical ROF is an affine form in a single variable,
2. wy — g € F*, sayitis¢”, and

3. wy is an affine form.

Suppose wp, — g2 # 0. Hence, Q1 = z+ wp — ¢” and as Q; is canonical, w, has to be a
constant. But then, Q; and Q are both affine which contradicts the hypothesis that Q; - - - Qy,
is not a quadratic polynomial. Thus, w, = ¢5. Then,

(z4+w)(Q+c)=(z+wp)-Q+¢
= (z+wy)-c=L1.
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Now, as Q1 = (z + wy) is a canonical ROF, w, € F. Hence, £ = c- Q. a

We complete the proof of the lemma by combining Claims 5.24 and 5.27. As the k-
th iteration of the outer loop only works with z;, we can analyse each iteration in isola-
tion. Claim 5.24 implies that after the execution of the inner loop, T is reducible. Initially,
T = Te(Ax+b) + [{(Ax + b)] o, T 7 forsome ' € IF. The inner loop only subtracts an affine
form from T. So after the execution of the inner loop, T = Ti(Ax +b) + { for some affine
form /. Notice that T € orb(T+ ') for ¢/ := ¢(A~'B~1(x — Bb —d)). Let T, = Q1+ Qmyr
T = lel . Qk,mk/ and Qk/l = Qki(Bx+d) for all I € [my]. Claim 5.24 implies that T
is reducible. Then, if none of the factors lel,. ey Qk,mk are linear, Claim 5.27 implies that
¢ = 0. On the other hand, if one of the factors, say lel is linear, then Claim 5.27 implies that
= ¢l - lel for some ¢, € F and T = lel (Qk,z . Qk,mk + C;() In the first case, £, must be
[((Ax)],, + 9'. Because Q1 is a variable connected to a x gate computing a polynomial of
degree at least 3, Lemma 5.4 implies that Q1 (Ax + b) is a constant multiple of a variable,

say z. Thus, in this case, {x and [(], must agree on the coefficients of all z' € zy except

perhaps that of z. For every k € {sy+1,...,s'}, every k € [sy] such that Ty is in the first
case, and every k € [sp] in the second case that looks like xQ, where Q has a top-dangling
y, let T| = Ty. For every other k, let T| = Q1 (Qk2--- Qim, + ;). We also redefine d as
follows: For every k € [sy] such that Ty is in the second case, it looks like zQ, and the top
dangling variable of Q is y, we add c; to the y-th entry of d; all other entries remain un-
changed. If we redefine T(Ax +b) = T{(BAx+ Bb +d),and C' = T| + - - + T, + 7, then
f(Ax+b) =Ti 4 -+ Ts + = C'(BAx + Bb + d). Now, when we map u to ug — ¢ in
f(Ax+Db), allits terms are variable disjoint and ¢/( Ax 4+ b) becomes 1y + « for some a € F. O

Remark. Notice that C’ need not be a canonical ROF. However, for all k € [s,], all the factors
of T} are still canonical. As we only recursively perform equivalence test on the factors of
Ti(Ax), C’ not being canonical is not a problem.

5.5.3.4 Obtaining efficient black-box access to a term

The next algorithm is used to obtain black-box access to a term Tj(Ax) using a single query

to f.

Algorithm 8 Compute-Term-Black-Box(g)

Input: Black-box access to a term of f(Ax) plus an unknown constant.
Output: Black-box access to the term using just one query to the black-box of f.
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1: F < asubset of FF of size at least n°.
2: Obtain black-box access to det(Hg) with respect to var(g) and factorize it using the al-
gorithm in [KT90]. N < set of black-boxes of the irreducible factors.

3: forr € Ndo

4:  a <« avector of size |var(g)| containing random elements from F. For a fresh variable
t, interpolate r(ta) and g(ta).

5. Discover 7'(t) and B € FF such that r(ta)r'(t) + p = g(ta) by solving a system of linear
equations in the coefficients of v’ and B.

6: If g — Bisreducible, then return black-box access to g — B.

7: end for

The following lemma establishes the correctness of the above algorithm.

Lemma 5.6 (Correctness of Algorithm 8) Compute-Term-Black-Box(f (A (z,x \ zx = 0))) gives
black-box access to T(Ax) with high probability. Also, one query to Ti.(AX) needs just one query to

f.

Proof: As f(Ax) = Ti(Ax) + --- + Ts(Ax) 4+, Ti(Ax),..., Ts(Ax) are variable disjoint,
and for all k € [sy] z; = var (Tk(Ax)), f(A(zi,x\ zx = 0)) = T(Ax) + o/ for some 7’ € F.
So all that needs to be done to obtain black-box access to Ti(Ax) is to find 9/ and subtract it
from ¢ = f (A (zk,x \ zx = 0)). We show that this is exactly what the algorithm does.

In the algorithm, N is the set of irreducible factors of det (Hg). Suppose that Ty =
lel e Qk,mk- It follows from Claim 5.7 and Fact 2.4, that a non-zero constant multiple of
at least one of the factors Qi 1(Ax),..., Qgm (Ax) is in N along with some other ‘bad’ fac-
tors. First let us analyse the behaviour of the for loop of lines 3-7 when r is a constant
multiple of one of the Qy 1 (Ax), .. ., Qk,mk (Ax). In this case, there exist 7/ (t) and B € FF such
that r(ta)r'(t) + B = g(ta); one solution is 7/(t) = (Tk(Ax)/r> (A(ta)) and B = o'. (1)
and B can be discovered as follows: first interpolate r(ta) and g(ta) which are univariate
polynomials in t. Treat the coefficients of #'(t) and B as unknowns. Then, by equating the
coefficients of monomials on both sides of r(ta)r’(t) + p = g(ta), we get a system of linear
equations in these unknowns which the algorithm solves. As mentioned before, this system
has a solution, we now show it is unique.

Suppose that there existed two solutions 1} (t), 1 and r5(t), 2. Then, r(ta) (v} (t) — r5(t))
= B> — B1. Because a is chosen randomly, with high probability r(ta) is a non-constant poly-
nomial in t. Thus, this is only possible when #{(t) = r5(t) and B1 = B2 = 7'. Hence, if ris a
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constant multiple of one of the O 1(Ax), ..., Qk,mk (Ax), then B = 9/ and ¢ — B is reducible.
Thus, the algorithm returns a black-box of ¢ — B = Ti(AxX).

On the other hand, when r is one of the bad factors, there are two cases: § = 7/ and
B # 7. In the first case there is noting to prove. On the other hand, if § # 7/, then notice
that ¢ + 9/ — B is in the orbit of Ty 4+ 7' — B. As the latter is a +-rooted ROF, Fact 2.1 implies
that it is irreducible. Hence ¢ — B is also irreducible. Now, the fact that the for loop was
executed for this bad factor implies that in all of the previous iterations, » must have been
a bad factor, for otherwise as seen above, the loop would have terminated. This along with
the fact that N contains a constant multiple of at least one of the Q1 (Ax), ..., Qk,mk(Ax)
implies that in this case, the next iteration of the loop will be executed. This will continue
to happen until the loop is executed for an r which is a non-zero constant multiple of one of
the lel (Ax),..., Qk,mk(AX) and 7' is discovered.

Notice that T(Ax) = f (A (z¢,x\ zx = 0)) — B. Hence, to query Tr(Ax) at z; = a, for
some a € FFl%/, f(Ax) just needs to be queried at the point (z; = a,x \ z; = 0) and then B,
which is a fixed, known constant, subtracted from the result. Now as A is known to us, to

query f(Ax) at any point, we just need to query f at one point. a

5.5.3.5 Proof of Lemma 5.2
By induction on the product-depth A of C. If A = 0, as C is a canonical ROF, C = x; and f

is an affine form. Since all variables in f are essential, n = 1 and f = a1x1 + ag for some
ag, 017 € F, a7 # 0. Then, f(Iyxnx) € PS-orb(C) and the algorithm works correctly for
product-depth 0 ROFs.

Assume that the algorithm works correctly for all polynomials in the orbit of a canonical
ROF of product-depth A > 0 and let C be a canonical ROF of product-depth A 4 1. Recall that
the algorithm is given black-box access to an f € F[x] such that there exist a B € GL(n, F)
and a d € F" satisfying f = C(Bx + d). Also, there are no redundant variables in f. Further
C=T+: -+ Ts+, where Ty, - -, Ts are x-rooted canonical ROFs and 7 € [F. Also,
f= Ti+ - +Ts+ v, where for all k € [s], fk = Ty(Bx+d). Ty, ..., Ts, are the good terms
of C, while, Tl,. e Tsl are the good terms of f. Similarly, Ty, 11, ..., Ts, are the bad terms of
C, while Ts1+1r cen, TSz are the bad terms of f. If C has a top dangling variable, it is T; = x,,
s':=s—1,and T,, 411 + - - - + Ts_1 is the top quadratic form. Otherwise, Ty, 11 + - - - + T is
the top quadratic form and s’ := s. If C has a top dangling variable, then ¢ := Bo x, + dy,
where d,, is the n-th coordinate of d.

It follows from Lemma 5.4 that after Step 4 is executed, T; (Ax +b), ..., Ty(Ax +b), and
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hence Ty (Ax), ..., Ty (Ax) are variable disjoint while Zi/:szﬂ Ti(Ax) = (y1+c1) (2 +c2) +
-+ (Yam—1 + c2m—1) (Yom + com), where ¢y, . .., coyy € F. Then, Claim 5.23 implies that after
Step 14, zy, . .., z, are variable sets of Ty (Ax),..., TSZ (Ax), respectively. Further, if there is a
dangling variable, then Lemma 5.5 implies that /(Ax) = ug + c for some ¢ € F. However,
now f € orb(C’), where C' is as defined in the proof of Lemma 5.5. If C does not have a
top-dangling variable, then let C' = C. We first show that after Step 35 is executed, f(Ax) €
PS-orb(C'). As there are no redundant variables in T (Ax), ..., Ty (Ax), for all k € [s], |zi| =
lvar (T})| and |y| = ‘Var (Z,S(:SZH T,i)
(that maps ug to 1p) such that for all k € [s,], var(T;(Pyx)) = z; and var <Zizsz+1 T,i(POx)> =
y. There exists a B’ € GL(n,F) and d’ € F" such that f(Ax) = C'(Py(B'x + d’)). Notice that
it suffices to prove that f(Ax) € PS-orb(C’(Pyx)). We now analyse the for loop of lines 21-34.
For any k € [sy], as the k-th iteration of the loop only works on Ti(Ax) and z;, we can look

. So there exists a permutation matrix Py € M(n,F)

at it in isolation.

Claim 5.28 For any k € [s], after the execution of the k-th iteration of the for loop of lines 21-34
there exists a permutation matrix P, € M(|zk|,IF), an invertible scaling matrix S, € M(|zk|,F),
and a by € Fl=! such that Ty (A (Agzie, x \ ) = T[(Po (PcSkzi + by, x \ zx)).

Proof: Fix a k € [sp]. The hypothesis of Claim 5.6 is satisfied. Hence after Step 22 is
executed, T is the black-box of Ti(Ax). Suppose that Ty(Ax) = Qgq(Ax)--- Qk,mk(Ax),
the corresponding term T} (Pyx) of C'(Pyx) is a product of +-rooted canonical sub-ROFs
Qk1,---s Qum, and for all I € [my], Qk,l(Ax) = Qi i(B'x+d’). The factors Ql,...,ka of
T computed in Step 25 are non-zero constant multiples of lel(Ax), e, Qk,mk(Ax), respec-
tively, say they are c; lel(Ax), ey ckak,mk(Ax); here [Tjepy, o1 = 1. Now, as Qx 1, - - -, Qkmy
are variable disjoint ROFs, N, (lel e Qk,mk) = Ness (Qk1) + -+ - + Ness (Qm, ). Also, for

all | € [my] Ness (Ql) = Noss (Qk,l(Ax)> = Ness (Qx;) and similarly N, (Ql . ka> =

Ness (Q1 - - - Qkmy ) - This means that N (Ql o ka> = Npgs (Q1> + -+ 4 Ness (ka> So
from Claim 5.2, there exists an Ay € GL(|z/,F) such that O (Axozk), - -, ka(Ak,OZk) are
variable disjoint. It also implies that Q; (Axozk),-- -, ka(Ak,oZk) do not contain any redun-
dant variables. In Step 26, Q; has been updated to be Q;(Ayoz;) for all I € [my]. Now
Ql(Ak,OZk)/ |var (Qk;) | = |zx;|, where z; = var <Ql(zk)). So, there exists a permutation
matrix P, o € M(|z|,IF) such that for all I € [my], var (Qx;(Prozk)) = z-

Much like the outer loop, the I-th iteration of the inner loop of lines 29-32, also only works
with Ql (zx) and zj ;; so we can also look at an iteration of this loop in isolation. We now anal-

yse the I-th iteration of this loop for some I € [my]. a is a random vector of size |zi| and a’ is
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a restricted to entries corresponding to z \ zx ;. Also p; = Hl/e[mk N1} Qy (zg 1z \ zx) = ).
Because a is random, 8; # 0 with high probability. Thus Q, = :Bl T (Akpo (zk1, 2k \ 2y = @) =
C; lel(A(Aklozk,x \ zx)). Now consider a product-depth A canonical ROF Q; obtained by
multiplying Qy ;(Px ozx) by c;, pushing it down to the leaves, and removing it from any non-
constant leaf. Let B” = P,g’ole’ Al o, where P, € M(n,IF) maps every z € zx to Prg oz and
every other variable to itself, while A} ; € GL(n,F) maps every z € z; to Ay oz and every
other variable to itself. Also, letd” = P,i 0_1d’ It can be verified that Q; = Q; (B"x +d"). T
recursively perform equivalence test on Ql we shall show that there exists a By € GL(|zy |, lF)
and a d; € F!#xl such that Ql(zk/l) = Qi (Bjzy; + dp).

Because var (Q;) = zx;, Qi(zx)) = Qi <[B//]Zk,l X+ [d”]Zk/l>, where [B"],,, and [d"]

Zg,]
are B” and d” restricted to the rows corresponding to z;;. Also, since var (QZ) = zy,
Qi(zx)) = Q ([B//]Zk,lxzk,l zy + [d”]lk,z)’ where [B”]Zk,lXZk’l is B” restricted to the rows and
columns corresponding to z . It follows from Observation 2.8 that [B” J2¢, %z, 1S invertible.
_ g o
andd; = [d ]Zk,z‘

Thus, by the induction hypothesis, Ay; computed in Step 31, is such that there exist a

So we canset B; = [B"], .,
permutation matrix Py; € M(|zy,|,IF), a scaling matrix Sy; € M(|zx,|,F) and a by, € [Flzx|
satisfying Ql(Ak,le,l) = Qy(Px;Sk 2k + by;). Since this is true for all I € [my], after the
execution of the for loop of lines 29-32 and Step 33, for all I € [my], ¢; Qk,l (A(Akzg, x\ z¢)) =
c1Qx 1 (PkSkzx + by), where for all I € [my] and z € zy;, Pr maps z to Py o zx;, Sy maps

z to Sy o zx; and the z-th coordinate of dy is the same as that of [Py ] dy;. Because

Zk,1 X Zk,]
[Tiepmycr =1, Te(A(Arzie, x \ z)) = T} (Po(PiSkzi + by, x \ z¢)), proving the claim. 0

Now we finish the proof of the lemma assuming the claim. After Step 19, there already exists
a permutation matrix P, 1 € M(|y|,[F), an invertible scaling matrix Ss, .1 € M(|y|, F) (such

that Py, 1S5, 41 019 = up) and a b, 1 € FI¥l such that

Z Tk AX Z Tk PO( 52+1552+1y+b52+1/ ))
k=sp+1 k=sp+1

Let P € M(|z|,F) be a permutation matrix that maps every z € z; to Py oz for all k € [sp]
and every y € y to P, ;1 o y. Similarly, let S € M(|z|,IF) be a scaling matrix that maps every
z € zx to Syozforall k € [s;] and and every y € y to S;,41 o y. Also, let b € [F" be such that
for all k € [sy], its coordinates corresponding to z are by and those corresponding to y are
bs, 1. As Aj maps every z € z; to Ay oz, Vk € [s] and maps every y € y to itself, after A
is set to AA’ we have that T;(Ax) = T'(Py(PSx + b)) yielding f(Ax) = C'(Py (PSx + b)) €
PS-orb (C).
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If C' = C, then we are done. Otherwise, in Step 38 f(Ax) is reconstructed. From
Lemma 5.7, we have that the terms of the reconstructed ROF f’ are constant multiples
of T{(Py (PSx+ b)), ..., T.(Py (PSx+b)). In fact, as T{ (P (PSx + b)), ..., T.(Py (PSx + b))
are variable disjoint and hence linearly independent, the terms are exactly

T|(Py (PSx+b)),..., T.(Py (PSx + b)).
Fix any k such that Ty # Tj. Recall that in this case, Ty = zQy - - - Qk,m, and

Ti =2 (Qkz - Qiomy + k) -

From Lemma 5.7, the corresponding term of f is

(cax + cay) (c_l (Qkz- - Qmy) (Po (PSx+b)) + c_lck) ,

where ajx = PyPS o z, | is the z-th entry of Pyb, and ¢ # 0. Hence in Step 38, a1 = ca)
and B = ¢~ !c;. Notice that PyPS o uy = ug. So after A is updated to map ug to ug — a1 Bx,
Te(Ax) = Ti(Py(PSx + b)) yielding f(Ax) € PS-orb (C).

5.5.3.6 Running time of Algorithm 3

Notice that whenever a recursive call is made to Find-Equivalence(), it is for a polynomial
in the orbit of a distinct +-rooted sub-ROF or variable of the original ROF C. As there are
at most n many +-rooted sub-ROFs and n variables, there are at most 2n many recursive
calls. Thus to prove that Find-Equivalence() runs poly(n) time we only need to argue that
the time required by each recursive call (not counting the time spent in any sub-calls) is
poly(n). We divide this time into three parts: the time required to query the black-box of the
input polynomial, time required to prepare black-boxes for sub-calls, and the time required
to do everything else. The last of these is poly(n) because the Algorithms 4, 5, 8, 7, and
Algorithm 9 run in time poly(n). This is so as all the operations that they perform like sparse
polynomial interpolation, computing partial derivatives of order at most two, computing
determinants of symbolic matrices, and factoring polynomials can be done efficiently in
black-box fashion.

We now analyze how much time is required to query the black-box of the input polyno-
mial and prepare black-boxes for sub-calls. To do this, let us understand how the black-boxes
for the factors of the terms T; (Ax), ..., Ts,(Ax) are prepared in the for loop of lines 21-34 in
first call to Find-Equivalence(), i.e., the call for f. Observe that for any k € [s;], Compute-
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Term-Black-Box() obtains black-box access to Tk(Ax) by setting all variables other than those
in z; to 0 in f(Ax) and subtracting a known constant 8 from the resulting polynomial. Thus
black-box access to T(Ax) is obtained by evaluating f at known affine forms /1, ..., £, (ob-
tained from A by setting variables not in z; to 0) and subtracting a known constant 8 from
flly, ... 0). ~

For any I € [my], to obtain black-box access to the factors of Ty(Ax), we first compute a
matrix Ago € GL(|z], F) such that the factors Qy, ..., Qm, of Te(A(Ay oz, x \ 2;)) are vari-
able disjoint. To obtain black-box access to Q; for some I € [m], we first set the variables
in z; \ zx; to random field elements a’ and compute the constant B; from the (possibly in-
efficient) black-boxes of Q1, ..., @mk obtained from Tk(A(Akloz,x \ z)) using the black-box
factorisation algorithm in [KT90]. We then compute ﬁfl T (Ako (zx1, zi \ zx; = a’)). Notice
that this is the same as evaluating f at known affine forms ¢/, ..., ¢}, (obtained from ¢4, ..., ¢,
by setting z; \ zx; = a’), multiplying it by a known constant ,81_1 and subtracting a known
constant ﬁflﬁ from it.

In any recursive call to Find-Equivalence(), the black-boxes for sub-calls are prepared
in the same way. Thus the discussion in the above paragraph implies that no matter the
recursive depth for a recursive call for a polynomial f’, the black-box for f’ would look
like af (44,...,4y) — B, where «, § are known constants and /4, ..., £, known affine forms in
var(f’). Thus the time to query the black-box of f’ is poly(n); not poly(|var(f’)|), but still
independent of the recursive depth. Similarly the time required to prepare black-boxes for
sub-calls is also poly(7) and independent of the recursion depth as all that needs to be done
is to compute appropriate affine forms ¢/, ..., £}, and constants &’ and f’. Thus the algorithm

runs in time poly(n).

5.6 ROF reconstruction

We present an algorithm that reconstructs an ROF in the PS-orb of a canonical ROE.! In
this section, we slightly abuse the terminology and call an ROF that satisfies Properties 1-
5 of Definition 2.23, but does not necessarily satisfy Property 6, a canonical ROF. We also
give an accompanying algorithm to recover a translation vector and a scaling matrix that
convert the reconstructed ROF to a canonical ROF. While randomized [HH91, BHH95] and
deterministic [SV14, MV18] polynomial-time ROF reconstruction algorithms are known, we
provide a randomized algorithm here as we need some special properties of this algorithm

!The algorithm can be easily adapted to work for a general ROF. However, since we only need to recon-
struct ROFs in the PS-orb of a canonical ROF, we present the algorithm and its analysis just for ROFs in this
form.
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in Chapter 6.
5.6.1 The algorithm

Before formally describing the algorithm, let us see a high-level description of it.

The idea. Suppose that we have black-box access to an ROF C = T7 + - - - + T + 7 in the
PS-orb of a canonical ROF, where Ty = Q1 - - Qks, for all k € [s], Qk, is either a variable
or a +-rooted sub-ROF of C for every | € [s], and v € F. We first use the second-order
derivatives of C to learn var(Ty), ..., var(Ts). Then, we obtain black-box access to Ty, ..., Ts
as follows: As C is in the PS-orb of a canonical ROF, at most one of the Tj, say T;, is a scalar
multiple of a variable x;. As aaT(ij = 0 for all j # i € [n], we can find out x;. On the other

hand, for k € [s — 1] and for a x; € var(Qy ),

aC
— =Ty H Qk,l’/
ox; reisd\n

whererq, - - -, 1y, are pairwise variable disjoint, and every 7; is either a variable or a +-rooted
sub-ROF of Qi ;. Assp > 2and Qg 1, ..., Qks, are non-constant polynomials, for every Qy,
there exists x; € var(Ty) such that Qy; is an irreducible factor of g—g (because of Fact 2.1).
Thus, by obtaining black-box access to the derivatives of C with respect to the variables in
var(Ty), factoring them, collecting all the factors and then discarding a factor r if there exists
another factor #’ such that var(r) C var(r’), we get black-box access to Qy 1, ..., Qs up to
constant multiples. However, notice that if we want to query the black-box of a Q; at one
point, we need to query the black-box of C at poly(n) points. So, if we try to recursively
learn Qy 1, . .., Qk,, the running time of the algorithm would be exponential in the depth of
C.

We need to be able to get black-box access to Qy 1, - - ., Qk s, in such a way that to obtain the
value of Qy; at one point, we only need to query the black-box of C at one point. We do this
by first learning var(Qx1), ..., var(Qys,) and some roots of Qx 1, ..., Qs using the black-
boxes of Qx 1, ..., Qs that we obtained above. Then we set all variables in x \ var(Qy,) to
random field elements. This gives us black-box access to ¢y ;Qy; + C;c,lf for some unknown
ck1 # 0, cfc,l € . Plugging in the root of Qy; into this black-box we learn C;c,l' Subtracting
this from ¢y ;Qy; + C;c,l gives us black-box access to ¢, ;Qy;, where ¢ is unknown. Notice
that now we only need to make one query to the black-box of C to learn the value of ¢ ;Qy ;.

We learn v by finding a common root a = (ay,...,a,) of Qk; forall k € [s],] € [s;] and
setting v = C(a). Then, we find out ¢y ...,cs € Fsuch that } 3} ;¢ - ]_[?":1 - Qxy =C—1
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and multiply Q11,...,Qs1 by c1,...,cs, respectively. After that, we learn Ty by recursively
learning ccy 1 Qx 1,k 2Qk2, - - -/ Cks, Qk,s, and multiplying them. We now describe the algo-
rithm formally.

Algorithm 9 Reconstruct-ROF( f(x))
Input: Black-box access to an n-variate ROF f(x) in the PS-orb of a canonical ROF.
Output: An ROF Cin the PS-orb of a canonical ROF computing f.
1:

Let E <+ @, and G < (x, E) be an undirected graph.
fori,j € [|x]] do

If 2L #0,add edge {x;, x;} to E

Bx,-axj 4 g ] :

end for

Let C < {x1,...,xs} be the set of connected components of G, where s < [C]|.

8:
9: if Jk € [s] such that x| = 1 then
10:  Ifx = {xi}, Ty < xj, N {xi}.

11: end if

12: for k € [s] such that x| > 2 do

13: Ni < @.

14:  for i such that x; € x; do

15: Compute black-box access to g—j; and then obtain black-box access to all its irre-
ducible factors. Add all the irreducible factors to Nj.

16:  end for

17:  forry,ry € Ny do

18: If var(ry) C var(rp), N <= N\ {r1}. Else, if var(rp) C var(ry), Ny < Ni\ {r2}.

19:  end for

20: end for

21:

22: for k € [s] such that |x¢| > 1 do

23:  forr € Ni do

24: a, < a vector of size |var(r)| which is a root of r. a, < a random vector of size
n — |var(r)|.

25: Br < f (var(r) = a,, x\ var(r) = a). r < f (var(r),x \ var(r) = a}) — B,.

26: end for
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27: end for
28:
29: Construct a = (ay,...,a,), acommon root of [T,en, 7, .., [Lren, 7 v ¢ f(a).
30: Solve forcy, ..., cssuchthat f —y =c1-[Len, 7+ + ¢ [hen 7
31: For all k € [s], replace an arbitrary r € Ni by ¢, -r. If 3k € [s] such that |x¢| = 1,

Ty < ci Tk.
32:

33: for k € [s] such that |x¢| > 2 do
34: T+ 1.
35:  forr € Nido
36: y < var(r). Ty <— Ty xReconstruct-ROF(r(y)).
37:  end for
38: end for

39: C+ T1+ -+ Ts + 7. Return C.

5.6.2 Analysis of the algorithm

We will assume, without loss of generality, that an ROF has no edge labels and every leaf

node is either a constant or a constant multiple of a variable.

Lemma 5.7 If f(x) computed by an ROF C' in the PS-orb of a canonical ROF, then the ROF C
returned by the algorithm is equal to C' up to scaling of the leaves with high probability. Moreover,
there is a one-to-one correspondence between the gates of C and the gates of C' with a gate of C
computing a non-zero constant multiple of the polynomial computed by the corresponding gate of C'.

Proof: We induct on the product-depth A of C'. If A = 0, then as C' is in the PS-orb of a
canonical ROF, C' = ¢;x; + 7, where ¢; # 0,7 € F. In this case C has only one connected
component x; = {x;}. In Step 10, T} = x;. Step 29 can be implemented by simply setting
a to be the all zero vector and Step 30 by computing %. Thus, C = C' and for A = 0, the
lemma is true. l

Now, suppose that the lemma is true for all ROFs of product-depth at most A > 0 and
let C’ be a product-depth A +1 ROF. Let C' = T} + - - - + T, + /. There exists at most one
k" € [s], such that |[var(T},)| = 1 and for every k € [s] \ {k'}, let Ty = Q} ;- Q; , where
sy > 2 and for every | € [si], Qllc,l is either a variable or a +-rooted sub-ROF of C'.
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Claim 5.29 There is a bijection 7 : [s] — [s] s.t. the connected component x ) = var(Ty) for all
k€ [s].

Proof: Fix any k € [s]. If |[var(T})| = 1, say T] = c - x; for some ¢ € F*, then %ng =0

forallj € [s] \ {i}, and so, {x;} is a connected component in C. If |var(T})| > 2, then as C’
is in the PS-orb of a canonical ROF, T = ch,l e Q;C,Sk, where s > 2. If x;, x; € var(Ty) are
2
such that x; € var(Qy ;) and x; € var(Q; ), for I # I, then as %aij # 0, {x;,xj} € E. On
the other hand, if I = [, then as sk > 2and Qp 1,. : Q,’C 5, are non-constant, there exists a
Xm € var(Qy ), I # I such that 5—— a # 0 and ax ax # 0. Thus, {x;, xn}, {xj,xm} € E
and so x; and x; are in the same connected component Moreover, as for any x; € var(T})
2
and x; € var(T;) W .- Wvar(Ty_;) Wvar(T, ;) W Wvar(Ty), %aij = 0, this connected
component is exactly var(T}), proving the claim. O

Claim 5.30 After Steps 9-11 and the for loop of lines 22-27 have been executed, for all k € [s], with
high probability, Ny ) = {lel, vy lesk} where Qi 1 is a non-zero constant multiple of Q;(,l for all
I € [sx] and 7 is the bijection given in Claim 5.29.

Proof: Fix any k € [s]. If |var(T])| = 1, say var(T}) = {xi} then Claim 5.29 immedi-
ately implies that after Steps 9-11 have been executed, Ny = {x;}. On the other hand if
[var(T})| > 2, then observe that for any x; € var(Qy ),

aC’
=7 Tm- H Ql’(’l,,
ox; reisd\()

where rq, - - -, 1y are pairwise variable disjoint and every r; is a variable or a 4--rooted sub-
ROF of Q; ;- Hence, after the for loop 14-16 has been executed, N ) will contain two types
of factors:

e constant multiples of Q; {, ..., Q; 5, and
* constant multiples of +-rooted sub-ROFs of Q ;, ..., Q. .

The first kind of factors are present because s; > 2, ch,lf v Q;c, s, are non-constant polynomi-
als and being +-rooted sub-ROFs are irreducible (see Fact 2.1). As all variables appearing
in any +-rooted sub-ROF of Qllc,l are also variables of Q;(,l , the second kind of factors are
removed from Ny by the for loop of lines 17-19. Moreover, as Q; , and Q; ;, are variable

disjoint for I # I’, the first kind of factors are not removed. This means that after the for
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loop of lines 12-20 has been executed, for all k € [s], Ny = {lel, vy Qk,sk} where Qy;is a
non-zero constant multiple of Q,’(’l for all I € [s¢]. Thus, a root of Qy is also a root of Qj ;.

Now, inside the loop of lines 22-27, forr = Qy, f (var(r), x \ var(r) = a;) = cx;Qy; +¢;
for some ¢y, ¢, ; € F. As every coordinate of a; is chosen randomly (say, from a subset of IF
of size n*), with high probability cx; 7 0. As a, is a root of Ql/<,l ,

Br = f (var(r) = a,, x\var(r) = a;) = C;(,Z'

Hence, after this loop has been executed r = c;Q; ; , proving the claim. O

Thus, for all k € [s], T} is a non-zero constant multiple of the product of the polynomials
in N ). So, forsomecy, ..., cs € F*,C' = T{ + - - T+ 9" = Yreps) ¢k - [iefs,] Qi + - Since
in Step 29, a is a common root of Qi ;, for all k € [s]and I € [s¢], ¥/ = f(a) = 7. As the
polynomials in {Hle[sk] Qri: ke [s]} are linearly independent, cy, ..., cs are unique. Once
c1,...,Cs have been learnt in Step 30 and Ny, ..., Ns updated in Step 31, we have for all k €
[s], Ty is equal to the product of the polynomials in Ny . For all k € [s] and I € [sy], as Qi
is a product-depth A ROF in the PS-orb of a canonical ROF, from the induction hypothesis,
the output of Reconstruct-ROF(Qy ;) is a ROF in the PS-orb of a canonical ROF and is equal
to Qg up to scaling of the leaves. After the loop 33-38 has been executed, for all k € [s], Ty )
is an ROF in the PS-orb of a canonical ROF and is equal to T} up to scaling of the leaves.
Hence,C'=T{+ -+ T.++ =T1+---+Ts+7=C.

For the “moreover” part of the lemma, notice that from the induction hypothesis, we
have the desired one-to-one correspondence between gates of the ROF output by Reconstruct-
ROF(Qy,) and the gates of Qy; for all k € [s] and I € [sg]. Then, as T, = T, this yields
the desired one-to-one correspondence between the gates of C’ and C. 0

Running time of the algorithm

We will show that the algorithm runs in time poly(#). From black-box access to f, a black-
2
box access to %z{xj' for any i,j € [n], can be computed in poly(n) time (Fact 5.1). Whether

% is zero or not can be determined in poly(#) time using the Schwartz-Zippel test. Hence
G can be constructed in time poly(#). The connected components of G can also be computed
in poly(n) time. Clearly, lines 9-11 run in poly(n) time. Now we analyse the runtime of the
loop of lines 12-20.

of

Ablack-box access to 5~ can be obtained in poly(n) time from black-box access to f. Once

we have black-box access to %, black-box access to its irreducible factors can be computed
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in poly(n) time using the algorithm in [KT90]. Hence, the for loop of lines 14-16 executes
in poly(n) time. For Step 18, var(r1) and var(r;) can be determined by obtaining black-box
access to the derivatives of rq and r, with respect to all x variables and checking using the
Schwartz-Zippel lemma which of them are non-zero. Thus this step, and hence, the for loop
of lines 17-19 executes in poly(n) time.

Once we have black-box access to all polynomials in Ny, ..., N, for all k € [s] and all
r € N, a, and a, can be computed in poly(n) time. To construct a,, first set all but one
variable appearing in r to random values. After doing this, » becomes an affine form whose
root can be computed easily. Notice that on line 25, we obtain black-box access to Qy ; using
only one query to f.

The vector a can be constructed in poly(n) time by just combining all a,’s constructed
in the loop of lines 22-27. To compute cj,...,cs in Step 30, we can simply evaluate f and
[Lics, Qx, forall k € [s] at s many random points by, ...bs and solve the linear system of

equations

fbi) ==Y o []Qui(bi): k€s]

kels] lesy

forcy,...,cs. As {Hle[sk] Q1 : ke [s]} are linearly independent, with high probability, the
coefficient matrix of this system will be invertible.

So far we have shown that for each call to the algorithm, the time spent outside the
recursive calls on line 36 is poly(n). Now, given input f, the total number of recursive calls
is at most poly(n). This is because each leaf of the recursion tree corresponds to a distinct
variable in x and whenever Reconstruct-ROF(r) is called from inside Reconstruct-ROF(r’),
var(r) C var(r’). Thus, the runtime of the algorithm is poly(n), as a black-box query to r

amounts to only one query to f.

5.6.3 Canonization: Recovering scaling and translation

We shall slightly abuse the terminology in this section and say that a leaf of an ROF is a
variable if it is a constant multiple of a variable. This is consistent with our assumption in
the previous section that any leaf of an ROF is either a constant multiple of a variable or
a constant. To recover the scaling matrix and the translation vector, we use the following

algorithm.

Algorithm 10 Canonize(C)
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Input: An ROF C in the PS-orb of a canonical ROF.
Output: A scaling matrix S € GL(|x|,F) and a vector b such that C (Sx + b) is a canonical
ROFE

1: Np < set of all +-gates in C directly connected to a variable. N, < set of all variable
leaves connected to x-gates. Initialize S <— I;;x, and b = (by,...,b,) = 0.
: forv € NjW N> do
3:  If v € Nj and the variable and constant children of v are a;x; and ; respectively, where
w; € F*, then b; + ;—’?l and S < diag <O,...,0,0¢;1,0,...,0) - S.

Else, if v € N, and v = a;x;, a; € F¥, S « diag (0,...,o,a;1,o,...,o) .S and b; 0.
end for
: Return S, b.

N

A

Clearly, the algorithm runs in poly(n) time; its correctness follows from the next observation.

Observation 5.25 Let S,b = Canonize(C). Then, C(Sx + b) is a canonical ROF.

Proof: Letv € Nj and let the variable and constant children of v be «a;x; and B;, respec-
tively. As b; = _“—fg’ and S is updated as diag (O, ...,0, ocl._l,o,. . .,O) - S, after the execution
of the loop of lines 2-5, a;x; + B; from C becomes x; in C(Sx + b). Similarly, if v € N, and
v = w;x;, because S is updated as diag (O, ...,0, zxi_l,O, cer, 0) - S, after the execution of the
loop of lines 2-5, a;x; becomes x; in C(Sx + b). Since the only difference between a canonical
ROF and an ROF in its PS-orb is that in the latter a variable can be scaled and translated, this

proves the observation. O

We now show that not only does Algorithm 10 recover the translation vector but also

that this vector is recovered uniquely. The following claim comes in handy in Section 6.3.

Claim 5.31 Let C' be an ROF in the PS-orb of a canonical ROF, S' be a scaling matrix and b’ a
translation vector such that C'(S'x +b') is a canonical ROF. Also, let C = Reconstruct-ROF(C'(x))
and S,b = Canonize(C). Then, b =b’.

Proof: Letv € N; W N,. From Lemma 5.7, the corresponding gate v’ in C’ is such that
v = c¢- v for some ¢ # 0. So, if v € Ny, then v/ must be a + gate with variable and constant

children. If the variable and constant children of v’ are a/x; and B!, respectively, then the

Y
variable and the constant children of v are ca’x; and cp, respectively. Observe that b = j i,

i
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Thus, b; = ;Zfﬂ = 76; = b!. Similarly, if v € N, then ¢’ is also a variable leaf. Thus,

b ="b=0. O

5.7 A pictorial overview of Algorithm 3

We consider the following simple example to show the working of Phase 1 of the algorithm
mentioned in Section 5.5.1.

‘5x1+x2+x7+4x12—3xl5+1

‘ 6x3 + 3x13 + 5x14 ‘ ‘ 2xy + x3 4+ 6x7 + 2x13 ‘

The original ROF C f € orb(C)

In the following figures, ¢;, ¢; ;, !

i hi, h, hij, hij etc. denote affine forms.

° “ 6 —Yo + Y23 +Lo(z1,22) ‘
’21/1 ‘ ’21,2 ‘ z13 ‘ 221 e 332 + l3(21, 22)

° e 7yo4 + oa(21,22)
®

° ‘ 523 + Y22 + You + £23(21, 22) ‘

223 224 225

6121 + £2,1(z1,22) ‘ 222 + Y21 + l22(21, 22) ‘

Step 1

In Step 1, all the good terms of f are made variable disjoint. Furthermore, every “good”
linear factor - affine form connected to a x gate computing a polynomial of degree at least 3
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in f - gets mapped to (a constant multiple) of a distinct variable. In our example, the good
term has three good linear factors, which have been mapped to z; 1, z1 5, z1 3. Also, there are
five good linear factors in the bad term; these have been mapped to z51,...,225. Let z; :=
{z11,212, 213}, 220 *= {221,...,225}, 2 == z1 Wzy, and y := x \ z. Step 2 extensively uses
skewed paths. In the above figure, there are two skewed paths identified by the “marker

EON,

‘ Y31 +h31(z1,22) ‘ ‘ Y32+ h32(z1,22) ‘

monomials” 221 and 2214222

7y24 + 45 4(21,22,y \ {y23,Y24})

] [ua) 7] [

5y23 + Yaa+ €5 4(21,22, 7 \ {¥23,Y24})

‘ vo1+hy1(z1,22) ‘ ‘ Yoo +hoo(z1,2) ‘

Step 2.1

In Step 2.1, every affine form corresponding to a variable in the top quadratic form or a
quadratic form along a skewed path which is redundant for det(H() is mapped to an affine
form of the type y;; + h;j(z). In the above figure, the y-variables corresponding to affine
forms in the top quadratic form and in the quadratic form along the skewed path z; 125,
are Y3 1,32 and Y 1,122, respectively. We shall refer to all the remaining y-variables, i.e.,
Y0,Y2,3, Y24 as u-variables.

‘ uy + hy(z1, 22,y \ u) ‘

\ 223 \ \ 224 \ \ 225 \ \ 222 \

‘ul + hy(z1,22,y \ u) ‘

‘ Ya1+ha1(z1,22) ‘ ‘ Y22 +hop(21,22) ‘

Step 2.2

In Step 2.2, every affine form corresponding to a dangling variable along a skewed path
which is redundant for det(H) is mapped to an affine form of the type u; + h;(z,y \ u).
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There might be dangling variables along skewed paths that are present in a set of essential
variables of det(H( ). In our simple example, such variables are not present. In the general
case, such variables can be handled by picking a basis of an appropriate vector space. This
space is spanned by the u-parts of the affine forms corresponding to the dangling variables
along skewed paths and the top dangling variable (see Section 5.5.1 for more details). A
word of caution: the affine form corresponding to the top dangling variable has not been
handled; it will be fixed in Step 3. Let yo = {uy,u2,y21,¥22}. In the above figure, the
variables in z; and y \ y; are external for the bad term and all variables in x \ {y31,y3.} are
external for the top quadratic form. These will be removed in Step 2.3.

x ()
221 + Y31+ a31 Y32 +a3p

X X ‘ up + (22,921, ¥2,2) ‘
e E G
X ‘ ui + (22,921, Y2.2) ‘
Y21 +hy,(22) Y22 +hy,(22)
Step 2.3

In Step 2.3, external variables are removed from the affine forms in the top quadratic form,
quadratic forms along skewed paths and corresponding to dangling variables along skewed
paths. In the above figure, h:] and /; are obtained after removing external variables from £; ;

and h;, respectively.
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’ 211 ‘ ’ 21,2 ‘ 21,3 ‘ 221

223 224 225

Y21+ 15, (22)

222

Step 3

’ Y31+ 31 ‘ Y32+ 32 ‘

‘ up + hy (22, Y21, ¥2,2) ‘

‘ uy +h (22, Y21, ¥2,2) ‘

Yoo +hy,(22)

In Step 3, the affine form corresponding to the top-most dangling variable is mapped to

ug + wp, g € IF. Now, all the terms of f are variable disjoint. After this, we recursively call

Algorithm 3 on the factors of the good and the bad terms to map them to variable disjoint

ROFs.
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Chapter 6

Polynomial equivalence for orbits of

read-once arithmetic formulas

This chapter gives polynomial equivalence algorithms for orbits of read-once
arithmetic formulas in various special cases. The contents of this chapter are
from a joint work with Nikhil Gupta and Chandan Saha [GST23].

6.1 Introduction

The polynomial equivalence problem for a circuit class C is as follows: given f,g € F[x]
computable by circuits in C, check if ¢ ~ f. If yes, find A € GL(|x|,F) and b € F
such that ¢(x) = f(Ax+b). This section is devoted to designing and analysing randomised
polynomial time algorithms for various special cases of the polynomial equivalence problem
for the orbit of ROFs (see Definition 2.4). In particular, we prove the following theorems.

Theorem 1.7 (PE for orbits of additive-constant-free ROFs) Let n € IN, char (F) = 0 or >
n?, and |IF) > n'3. There is a poly(n) time randomized algorithm (with oracle access to QFE over IF)
that takes input black-box access to two n-variate polynomials f1, fo € F[x|, which are in the orbits
of two unknown additive-constant-free canonical ROFs, and checks if f € orb (f2). Furthermore, if
f1 € orb (f2), then the algorithm outputs (with high probability) an A € GL (n,F) anda b € F"
such that f1 = fo (Ax+b).

Theorem 1.8 (PE for orbits of product-depth 2 ROFs) Let n € IN, char (IF) = 0or > n2, and
IF| > n'3. There is a poly(n) time randomized algorithm (with oracle access to QFE over ) that
takes input black-box access to two n-variate polynomials f1, f» € x|, which are in the orbits of
two unknown canonical ROFs with product-depth 2, and checks if fi € orb (f2). Furthermore, if

171



f1 € orb (f2), then the algorithm outputs (with high probability) an A € GL (n,FF) andab € F"
such that f1 = fo (Ax+b).

Recall that Quadratic Form Equivalence can be solved efficiently over C, R, IF,; and also
over Q with oracle access to integer factoring (see Fact 5.3). Hence, PE for the orbits of
additive constant free ROFs as well as for the orbit of depth 5 ROFs can also be solved
efficiently over these fields.

Theorem 1.7 is proved in the following section and Theorem 1.8 is proved in Section 6.3.

6.2 Polynomial Equivalence for orbits of additive constant
free ROFs

In this section, we shall prove Theorem 1.7. Let ROFj be the class of all additive-constant-
free canonical ROFs. We make use of an efficient algorithm for rooted tree isomorphism in
our proof, so we first define rooted tree isomorphism.

6.2.1 Rooted tree isomorphism

Definition 6.1 (Tree isomorphism) Two rooted trees G = (Vy,Eq,v1) and G, = (Va, Ez, v7)
are isomorphic, if there is a bijection 7w : Vi — Vo s.t. (v,0') € Ey < (n(v), n(v')) € Ep and
(v1) = vy.

Fact 6.1 (Efficient tree isomorphism [AHUS83]) There is an algorithm that takes input two rooted
trees G1 = (Vq, E1,v1) and Gy = (V,, Ep, vp) and decides if Gy and Gy are isomorphic. If the answer
is yes, it also outputs an isomorphism. The running time of the algorithm is poly(|V4], |Va]).

The following observation is easy to show.

Observation 6.1 Let Gy = (Vi,Eq,v1) and Gy = (Va, Ey, v2) be rooted trees and 7t an isomor-
phism from Gy to Gy s.t. 7w(v1) = vy. Then, 7 is completely determined by its restriction to the
leaves of Gy.

6.2.2 The algorithm
The following algorithm decides whether f1(x), f2(x) € orb (ROFy) are equivalent or not.

Algorithm 11 Equivalence-Test( f1(x), f2(x))

Input: Black-box access to f1(x), f2(x) € orb(ROFy).

Output: Whether or not f; and f, are equivalent. If they are equivalent, then A € GL(n, F)
and b € F" such that f1(x) = fo(Ax+b).
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1:
fori € 2] do
A; < Find-Equivalence( f;(x)) (Algorithm 3).
C; < Reconstruct-ROF(f;(A;x)) (Algorithm 9).
Si,b; <+ Canonize(C;) (Algorithm 10), where S; € GL(,TF) is a scaling matrix, b; €
F".
6: GC; Cf(Six + b;), G; < the underlying tree of C; wherein all internal nodes are unla-

belled and the leaves are labelled by variables.
7. end for

9:

10: if G1 and G, are isomorphic as rooted trees then

11:  If ¢ is the permutation such that 0(G,;) = Gj, construct a permutation matrix P
that maps x; to o(x;) Vi € [n] using Fact 6.1. A «+ AZSZPSflAfl, b < A;by —
A2S2PS; 'by.

12:  Use the Schwartz-Zippel Lemma to check if f(x) = fo(Ax+ b). If yes, return EQUIV-
ALENT, A and b. Else, return NOT EQUIVALENT.

13: else

14:  Return NOT EQUIVALENT.

15: end if

6.2.3 Analysis of the algorithm

We establish the correctness of the above algorithm by proving the following lemma.

Lemma 6.1 (Correctness of Algorithm 11) Given black-box access to two n-variate polynomials
f1(x), f2(x) € orb(ROFy), Algorithm 11 correctly determines with high probability whether they
are equivalent or not provided that char(IF) = 0 or > n? and |F| > n'3. Moreover, if they are
equivalent, it returns an A € GL(n,F) and a b € F" such that f1(x) = f,(Ax+b).

Proof: If fi ¢ orb(f;), then Step 12 ensures that the algorithm returns NOT EQUIVALENT
with high probability. So suppose that f; € orb(f;). In this case, there exists a C € ROF,
such that f1, f» € orb (C). Then, f1 (A1x), f2 (A2x) € PS-orb(C) (from Lemma 5.2), and so
the only non-zero additive-constants in them are translations, i.e. constants attached to +
gates which have a variable as a child. As, from Lemma 5.7, C} and f; (A1x), C; and f» (A2x)
are equal up to scaling of the leaves, the only non-zero additive-constants in C} and C} are
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also translations. We now use this fact to show that C; and C, are the same as C up to a
permutation of variables.

As mentioned above, f1(A1x), f2(A>x) € PS-orb(C) and C}, C are same as f1(A1x), fo(A2x)
up to scaling of leaves. This means that C}, C; can be obtained from C by permuting, scal-
ing, and translating the variables and scaling the additive-constants (as they are also leaves
of C},C}). However as the only non-zero additive constants in C; and C) are translations,
these two ROFs differ from C by just permutation, scaling and translation of the variables.
From Observation 5.25, C; and C, are constant-free regular ROFs obtained from C; and Cj
by recovering the scaling and translation of variables. Hence, they must be equal to C up to
a permutation of variables.

As C; and C; are the same up to a permutation of variables, their underlying trees G; and
G, are isomorphic as rooted trees. So, a permutation ¢ such that 0(G;) = G exists. As 0 is
completely determined by its restriction to the leaves of Gy, if P is as defined in Step 11, then
Ci1(x) = Ca(Px). A simple calculation shows that this implies f1(x) = f,(Ax+b) for A and
b defined in Step 11. O

Running time of the algorithm. Find-Equivalence(), Reconstruct-ROF(), and Canonize()
run in time polynomial in n. Also as mentioned in Fact 6.1, a polynomial time algorithm
exists for the rooted tree isomorphism problem. Moreover, the Schwartz-Zippel lemma also
yields a polynomial time algorithm for checking if f1(x) = f2(Ax + b) in Step 12. Thus,
Algorithm 11 runs in time poly(#n). This along with Lemma 6.1 proves Theorem 1.7.

6.3 Polynomial equivalence for orbits of product depth-2 ROFs

In this section, we gave an algorithm for PE for orbits of additive-constant-free canonical
ROFs. Here we show how to solve PE for product-depth 2 canonical ROFs with additive-

constants.

6.3.1 Overview of the algorithm

The issue with additive-constants. Let f; and f, be two n-variate polynomials in the or-
bits of ROFs and suppose that they are equivalent. Then there exists a canonical ROF C
such that fi, f» € orb(C). If A1, A € GL(#n,F) are matrices obtained by invoking the Find-
Equivalence() algorithm (Algorithm 3) on f1 and f,, respectively, then f1(A1x), f2(Axx) €
PS-orb(C). In particular, the additive-constants other than translations in f1(A1x) and f,(Axx)
are the same. However, when we reconstruct f;(A1x) and f(A»x) using the Reconstruct-
ROK() algorithm (Algorithm 9) and recover the translation of variables using the Canonize()
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algorithm (Algorithm 10), the outputs C] and Cj are equal to f(A1x) and f»(Ax) up to scal-
ing of the leaves. This means that the additive-constants in C] and C) might not be the same.
Thus, if we were to construct a permutation matrix P from the isomorphism that maps the
underlying tree of C] to that of Cj, C| need not be equal to C5(Px). So the strategy used in
the previous section does not work in a straightforward manner. In this section, we show

how to overcome this issue for the case of orbits of product-depth 2 ROFs.

The idea. Suppose f; € orb(f,); then C; = C, = C, where C is a product-depth 2 canonical
ROF and thus, from Theorem 1.6 f1(A1x) € PS-orb(f2(Azx)). We reconstruct fi(A1x) and
f2(Ayx) to obtain C} and Cj, recover, and remove the translations of variables in both C}
and Cj. We then show that there is a way to transform C] and Cj such that all the non-zero
additive-constants in them are 1 and that as ROFs, they only differ by permutation and scal-
ing of variables; we exploit this to give an equivalence test. We then recover the scaling of
variables in C] and Cj. After that we check if for every term Ty in C there exists a term T,
in Cj such that the number of factors of both having 1 as additive-constant and having 0 as
additive-constant is the same. Furthermore, we check that for every factor of T; having 1
(respectively, 0) as additive-constant, there exists a factor of T, also having 1 (respectively,
0) as additive-constant such that their underlying trees are isomorphic. If f; € orb(f,), this
must be true for all terms of C} and C} and we are thus able to check for equivalence. Note
that here we do not need to worry about their additive-constants as they are the same.

Transforming C}] and C). Let f(x) = f1(x),A = A1,C'(x) = Ci(x) (or f(x) = fo(x),A =
A,,C'(x) = Ch(x)). Suppose that f(Ax) = Ty + - -+ + Ts + . Then from Lemma 5.7 as C’
and f(Ax) are equal up to scaling of leaves and each gate in C' computes a non-zero constant
multiple of the corresponding gate in f(Ax),if C'(x) = T{ +--- + T, + v/, then T/ = ¢;T; for
alli € [s] and ' = ¢y, where ¢y, . . ., ¢; are non-zero constants.

Observation 6.2 cy,...,cs = 1.

Proof: Since f(Ax) and C'(x) are the same polynomials, we get 0 = C'(x) — f(Ax) =
(1 —=1)Ty+ -4 (cs —1)Ts + (co — 1)7y. Now each of the terms Ty, . . ., Ts contains a variable
not contained in any other term or in y. This means Tj, ..., Ts, 7y are linearly independent
forcingcp=--- =cs = 1. O

Let b be the translation vector output by Canonize(C’). Then, from Claim 5.31, b is
also the translation vector of f(Ax). So, f(Ax + b) is free of translations and is the same
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as C'(x + b) up to scaling of the leaves. We shall transform the terms of C'(x + b). Let
T = Qi ---Qubeaterm of f(Ax + b). Then, from Lemma 5.7 the corresponding term of C’,

= Q}---Qy, will be such that Q; = B;- Q;, B; # 0 foralli € [m]. There are two kinds of
T':

e Kind 1: The additive-constant of at least one of the factors Q}, ..., Q;, is 0

* Kind 2: The additive-constant of all the factors Q, ..., Q;, are non-zero.
In the following claims we see how to transform each of the above two kinds of terms.

Claim 6.1 Let T be a term of kind 1 such that for some k < m, the additive-constants of Qj_ 1, ..., Qy,
are zero, while the additive-constants o}, ..., a; of Q}, ..., Q; are non-zero. Also, let ay, ..., oy be
the additive-constants in T. Then, if we transform T’ by bringing out o, ...,«; and absorb the
product o' = [Ty o) in Qy,, we recover T' as Ql e % “(Be+1Qkt1) - (Bm-1Qm—1) - (B~ -
BmQm), where B = [Tic Bi and & = [Ticp . Also, the only non-zero additive-constants in T’
areall 1.

Proof: As Q! = B;Q;, af = Bja; for all i € [m]. Thus, when we bring out &}, ...,a; from
Q... Q) we recover T as T' = (Byay) - <ﬁkak> B (B Qi) - (BnQu),

which implies T = (B1a1) - - - (Bag) - 2+ &+ (Bra1Qisr) - - (BmQu).

So, after absorbing af ---a; = (B1ay) - (/3k0¢k) in Qy, we get T' in the desired form.
Also, the only non-zero additive-constants are those in %, ey S—: and they are 1 by the
definition of aq, ..., . O

Claim 6.2 Let T' be a term of kind 2 and the additive-constants of Q},..., Qy, be &}, ..., a},. Also,
let ay,. .., &y be the additive-constants of T. Then, if we transform T' by bringing out o}, ..., a;,,

we recover T as o - < - .. Qm , Where a = ] & Also, all additive-constants in T' are 1.
o 16 1

Proof: As Q! = B;Q;, a} = Bja; for all i € [m]. Thus, when we bring out «}, ..., ), from
Ql,...,Q, werecover T"as T' = (B1a1) - - - (Bmttm) - % e %’Z—%’; Observation 6.2 implies
Br1-Bm = 1land we get T' = «a - & e Q—Z By the definition of &y, ..., a, all additive-

constants in T are 1. 0

Now, suppose that f; € orb(f,) and by, b are translation vectors of C; and C recovered
using the Canonise algorithm. Then from Claim 5.31, as they are also translation vectors
of f1(A1x) and f2(Axx), fi(A1x+ by) and fo(Azx + by) are free of translations. Moreover,
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as ROFs they only differ by permutation and scaling of variables. Notice that, in this case,
the above two claims imply that the same relationship also holds between C}(x + b;) and
C5(x + by). As we exploit this property to give an equivalence test for f; and f,, we record

it as an observation.

Observation 6.3 If f; € orb(f2), then after modifying Cy(x + by) and Ch(x + by) according to
Claims 6.1 and 6.2, Cy(x + by) and Cy(x + by) as ROFs only differ by permutation and scaling of
variables.

6.3.2 The Algorithm

Algorithm 12 Product-Depth-2-Equivalence-Test( f1(x), f2(x))
Input: Black-box access to f1(x), f2(x) in the orbits of product-depth 2 canonical ROFs.

Output: Whether or not f; and f, are equivalent. If they are equivalent, then A € GL(n, F)
and b € F" such that f1(x) = fo(Ax+b).

1:

2: fori € 2] do

3:  A; < Find-Equivalence( f;(x)) (Algorithm 3).

4. C} + Reconstruct-ROF(f;(A;x)) (Algorithm 9).

5 b; + translation vector returned by Canonize(C;) (Algorithm 10). C; + C}(x + b;).

6:  Transform all terms in C; according to Claims 6.1 and 6.2. C; < the ROF obtained after

the transformation and recovering scaling of variables, S; <— the scaling matrix.
7: end for

9:

10: if the additive-constants of C} and C} attached to the top + gate are not equal then

11: Return NOT EQUIVALENT.

12: end if

13: Nj < set of terms of C'l, N, < set of terms of Cé, P < I,xu, the permutation matrix

mapping the variables of C] to the variables of C5.

14: for T; € N; do

15:  If T] is a term of kind 1 and 3 T; € Nj also of kind 1 such that Check-Kind-1(Tj, T;)
returns SUCCESS, then N, <— N, \ {T;}. Update P so that it maps var(T}) to var(T})
appropriately.
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16:

17:
18:
19:
20:

21:
22:
23:

If T| is a term of kind 2 and 3 T} € N, also of kind 2 such that Check-Kind-2(T7], T;)
returns SUCCESS, then N, <— N, \ {T;}. Update P so that it maps var(T}) to var(T})
appropriately.

end for

if N = @ then
A < A3S3PSTTATY, b+ Agby — A3S,PS by
Use the Schwartz-Zippel Lemma to check if f1(x) = fo(Ax + b). If yes, return EQUIV-
ALENT, A and b. Else, return NOT EQUIVALENT.

else
Return NOT EQUIVALENT.

end if

The checks on lines 15 and 16 are performed using the following algorithms.

Algorithm 13 Check-Kind-1(Tj, T)

Input: Terms T; of C} and T} of C5 of Kind 1.

Output: SUCCESS if they are equivalent, FAILURE otherwise.

1:

v ® N

Suppose T} = Q/l,l T Q/Lk1 : Qll,k1+1 T Qll,ml and T, = Q/Z,l e le,kz : Q/Z,k2+1 T Q./?.,mz’
where Q) 1, -+, Q’Lk1 and Q5,,- -+, Qé,kz are the only factors with additive-constants.
if k1 # kp or mq # m; then
Return FAILURE
end if
if there exists a bijection ¢ : [mj] — [my] such that o ([k1]) = [k1] and Vi € [m;], the
rooted trees of Q) ; and Q/Z,(f(i) are isomorphic then
Return SUCCESS.
else
Return FAILURE.
end if

Algorithm 14 Check-Kind-2(Tj, T})

Input: Terms T; of C} and T} of Cj of kind 2.

Output: SUCCESS if they are equivalent, FAILURE otherwise.
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Suppose Tll = “/1 ) Q,l,l e /1,m1 and Té = “/2 ) Q/2,1 T Q/Z,mz'
if af # af, or my # mjy then
Return FAILURE
end if
if there exists a bijection o : [m;] — [m1] such that Vi € [m], the rooted trees of Q} ; and

le,U(i) are isomorphic then
Return SUCCESS.

else
Return FAILURE.

end if

o ® N>

6.3.3 Analysis of the algorithm

We establish the correctness of the above algorithm by proving the following lemma.

Lemma 6.2 (Correctness of Algorithm 12) Given black-box access to two n-variate polynomials
f1(x), f2(x) in the orbits of two unknown product-depth 2 canonical ROFs, Algorithm 12 correctly
determines whether they are equivalent or not provided that char(F) = 0 or > n? and |F| > n'3.
Moreover, if they are equivalent, it returns an A € GL(n,F) and a b € F" such that f1(x) =
f2(Ax+b).

Proof: If f; ¢ orb(f2), then Step 20 ensures that the algorithm returns NOT EQUIVALENT
with high probability. So suppose that f; € orb(f). Then, from Observation 6.3, we have
that after Step 6 of the algorithm, C} and C} as ROFs only differ by permutation of variables
(because the scaling of variables has already been recovered). Thus, if the additive-constants
attached to the top-most gates in C; and Cj are not equal, f; ¢ orb(f,) and so Step 11 is
correct.

Now for every term T of fi, there must exist a term T; of f, such that T; € PS-orb(T3).
Then, Observation 6.3 also implies that the corresponding terms Tj and T, of f{ and f; as
ROFs must be same up to permutation of variables. It is easy to see that this is true if and
only if, depending on the kind of these terms, either Check-Kind-1(Tj, T;) or Check-Kind-
2(T{, T;) succeeds. Hence the algorithm correctly determines whether f; and f, are equiva-
lent or not. A simple calculation then shows that f;(x) = f2(Ax+ b) for A and b as defined
in Step 20. O
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Running time of the algorithm. Find-Equivalence(), Reconstruct-ROF(), and Canonize()
run in time polynomial in n. Also as mentioned in Fact 6.1, a polynomial time algorithm ex-
ists for the rooted tree isomorphism problem. This implies that Check-Kind-1() and Check-
Kind-2() run in time poly(n). As |Nj|, |Nz2| < n, this means that the for loop of lines 14-17
also runs in poly(n) time. Moreover, the Schwartz-Zippel lemma also yields a polynomial
time algorithm for checking if f1(x) = f2(Ax + b) in Step 20. Thus, Algorithm 12 runs in
time poly(n). This along with Lemma 6.2 proves Theorem 1.8.
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Chapter 7

Lower bounds for constant depth

arithmetic circuits

In a breakthrough paper [LST21], Limaye, Srinivasan, and Tavenas proved super-polynomial
lower bounds against low depth arithmetic circuits. This chapter provides an alternate
and a more direct proof of their result. The contents of this chapter are from a joint work
with Prashanth Amireddy, Ankit Garg, Neeraj Kayal, and Chandan Saha [AGK23].

7.1 Introduction

In a remarkable work, [LST21], Limaye, Srinivasan, and Tavenas solved the long-standing
open problem of proving super-polynomial lower bounds for constant depth arithmetic
circuits. They showed that any circuit with product-depth A (see Definition 2.1) comput-
ing the n variate, degree d IMM polynomial (see Definition 2.15) must have size at least

Od) A ). thic ui g : —
a“\n ; this yields a super-polynomial lower bound as long as d = O(logn) and

A= Olgoﬁ)g —. They do this by showing that if IMM is computed by a size s, product-depth A
circuit C, then it must also be computed by a homogeneous circuit C’ with product-depth 2A
and size s - dA°(?). They further show that C’ can be converted into a set-multilinear circuit C”’
of product-depth 2A and size s - d°@) and finally prove a lower bound for this C"" using the
relative rank measure, which is a variant of the partial derivatives measure. In this section,
we give a more direct proof of their result: we prove a lower bound for C’ directly using the
shifted partials (SP) and the APP measures (see Definition 2.17). Specifically, we prove the

following theorem.

Theorem 1.9 (Lower bound for low-depth homogeneous formulas via shifted partials) Let
C be a homogeneous formula of size s and product-depth A that computes a polynomial of degree d in
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n variables. Then for appropriate values of k and ¢,

S ZO(d)

< =
SPk,Z(C) = nQ(dzlfA)

min{M(n,k)M(n,¢), M(n,d —k+{)}.
At the same time, there are homogeneous polynomials f of degree d in n variables (e.g., an appropriate
projection of iterated matrix multiplication polynomial, Nisan-Wigderson design polynomial, etc.)
such that
SPio(f) > 279 min{M(n, k)M(n,£), M(n,d —k + £)}.
S1-A

This gives a lower bound of % on the size of homogeneous product-depth A formulas for f.

In Section 7.2, we describe some notations and definitions specific to this chapter. In Sec-
tion 7.3, we give a high-level overview of the techniques. Section 7.4 analyses the structure
of a certain space of partial derivatives; the results proved in this section play a vital role in

giving us a more direct proof in Section 7.5.

7.2 Preliminaries

Let a,b, ¢ be real numbers. Then we define the sets [a..b] := {x € Z : x € [a,b]} and [a] :=
[1..a]. For a constant¢ > land b > 0, wesay a ~; bifa € [b/c,b]. We writea ~ b
if a ~; b for some (unspecified) constant c. All logarithms have base 2 unless specified
otherwise. We denote the fractional part of a by {a} := a — |a| and the nearest integer of
a by |a]. The following quantity will be crucially used in the proofs of our lower bounds.
Here, we think of dy, ..., d; as degrees of certain homogeneous polynomials, d as the degree
of the product of those polynomials, and k is the order of partial derivatives used for the

complexity measures.

t
Definition 7.1 (residue) For non-negative integers dy, ..., d; such that d := Y, d; > 1land k €
i=1

t
[0..(d — 1)), we define residuey(dy, ..., d;) :== 1+ min_ ¥
kl,...,ktEZ i=1

ki—%-d;l.

The factor of half has been included in the definition just to make the statements of some
of the lemmas in our analysis simple. It is easy to show that residuey(dy, ..., d;) < % The
minimum is attained when for alli € [t], k; = {% . diw . When we use residue in the analysis of
complexity measures, we would also have the following additional constraints that k; > 0
and k; < d;, ki + --- 4+ k;, = k, where k shall be the order of derivatives. As the value of

residue can not decrease when we impose these constraints, we omit them.
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Sets and functions. When some sets Sy, ..., S; are pair-wise disjoint, we write their union
as SyU---USy Forafunction y : S — T and a subset A C S, we define the multiset
u(A) := {u(x) : x € A}. Clearly |u(A)| = |A|'. We denote the power set of a set S by 2°.
We say that a function y: S — Textendsx : A — Tif A C Sand forall x € A, pu(x) = x(x).
Lety:S — Tandx : A — T be functions suchthat SN A =®@. Thenpylix : SUA — Tis
defined by setting (u L «)(x) = pu(x) forall x € Sand (u U «)(x) = x(x) for all x € A.
Binomial coefficients. For non-negative integers a, b, we shall denote the quantity (”“Lz_l)
by M(a,b). Note that M(a, b) is the number of (monic) monomials of degree b over a many
variables.
The following lemma is useful when dealing with binomial coefficients.

Lemma 7.1 (Approximations for M(a, b)) For positive integers a > b > ¢ and d, we have

1. (a/b)® < M(a,b) < (6a/b)?,

2. (a/2b)c < Mo < (2a/b),

3. Med) > (c/p)".

M(bd)
Proof:
1.
a+b—1)---(a ab
M(a,b) = ( b') (@) ﬁ,and
b—1)b
M(a,b) < % (using b! > (b/e)")
(£)
b b b
< (2a)"-e < (6_a>
- v T \b
2.

M(ab+c) (a+b+c—1\ [(a+b
M(a,b) b+c b+1)°

'For a multiset B, |B| denotes its size, i.e. the number of elements in B counted with their respective
multiplicities.
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The bounds follow from the fact that each of the above ¢ many fractions lies between
a 2a
25 and 7

M(c, d) _ (c+d—1Y\ (g)
M(b,d)  \b+d—1 b/’
The lower bound follows from the fact that each of the above d many fractions is at

C
least i

7.3 Proof techniques

In this section, we explain the proof idea and compare it with that in [LST21]. A lot of lower

bounds in arithmetic complexity follow the following outline.

Step 1: Depth reduction. One first shows that if f(x) is computed by a small circuit from
some restricted subclass of circuits, then there is a corresponding subclass of depth-4 circuits
such that f(x) is also computed by a relatively small circuit from this subclass'. The resulting
subclass is of the form: f(x) = Y ; ]_[;i:1 Q;j- Usually there are simple restrictions on the

degrees of Q; ;’s. For example, they could be upper bounded by some number.

Step 2: Employing a suitable set of linear maps. Let IF[x]= be the space of homogeneous
polynomials of degree d, W be a suitable vector space, and Lin(FF[x]=%, W) be the space of
linear maps from F[x]= to W. We choose a suitable set of linear maps £ C Lin(FF[x]=¢, W)
that define a complexity measure p,(f) := dim(L(f)), where L(f) := ({L(f) : L € L}).
We would like to choose L so that it identifies some weakness of the terms H§:1 Qjin

the depth-4 circuit. That is, p, (H]t':1 Qj> should be much smaller than i (f) for a generic
f. For e.g., if Q;’s are all linear polynomials, we can choose L to be the partial derivatives
of order k, 3. Then, j, (]_[]t-:l Qj> < ()< (”+,]§_1) which is the value for a generic f (for
k < t/2). This is the basis of the homogeneous depth-3 formula lower bound in [NW97].
For proving lower bounds for bounded bottom fan-in depth-4 circuits (i.e., when degree
of Q,’s is upper bounded by some number), [CKKS14, Kay12b] introduced the SP measure

!Some major results in the area such as [Raz03, L.ST21] did not originally proceed via a depth reduction
but instead analysed formulas directly. These results can however be restated as first doing a depth reduction
and then applying the appropriate measure.

184



and used the linear maps £ = x’ - 9*. The main insight in their proof was that if we apply
a partial derivative of order k on H§:1 Q; and use the product rule, then at least t — k of
the Q;’s remain untouched. This structure can then be exploited by the shifts to get a lower
bound. This intuition however completely breaks down for k > t. Due to this, progress
remain stalled for higher depth arithmetic circuit lower bounds via SP.

In a major breakthrough, [LST21] gets around the above obstacle by working with set-
multilinear circuits which entails working with polynomials over d sets of variables (x1, ..., X4),
|xi| = n. Let us use the shorthand xs = (x;);jcs. The products they deal with are of the
form ]_[}f-:1 Q]-(xs].), where S1,Sy,...,S; form a partition of [d]. The set of linear maps they
use are £ = ITody, for a subset A C [d]. Here, IT is a map that sets n — 1y variables in

each of the variable sets in x4, 4 to 0. They observe (for the appropriate choice of 1) that
e <H§:1 Qj(xsj)> < 2%2;;+n]

Here, imbalance; = ||A N S;|log(n) — [Sj\ A|log(no)|. For the appropriate choice of n,
a generic set-multilinear f satisfies 1z (f) = nl4l, so that lower bound (on the number of
summands) obtained is exponential in the total imbalance Z§:1 imbalance;. [LST21] observe
that this quantity is somewhat large for the depth-4 circuits that they consider.

The core of the above derivatives-based argument allows us to unravel some structure
in partial derivatives of order k applied on H§:1 Q; for values of k > t. We use this to
derive a structure for the partial derivative space of a product H;Zl Qj(x). Consider a partial

derivative operator of order k indexed by a multiset « of size k. Using the chain rule,

t
O H Qj = Z Cgl,...,ﬂét 1—11: aﬂé; Qj
j=

— vt _
j=1 Koo fBpD Y g Kj=0

for appropriate constants ¢, ,,’s. In the product H§:1 da;Qj, we can try to club terms into
two groups depending on if the size of |;| is small or large. It turns out that the right
threshold for |a;| is k deg(Q;)/d (i.e., if we divide the order of the derivatives proportional
to the degrees of the terms). Let S := {j : |a;| < kdeg(Q;)/d}. Define ko := } ;e |a;| and
by = Zjeg(deg(Q]-) — |aj|). Notice that we can write the product H§:1 de;Qj as Pl Tjes 9, Q)
for a degree ¢y polynomial P. Hence, d, H§:1 Qj is a sum of terms of this form. While it is
not immediate (due to the condition on «;’s in S), with a bit more work, one can combine the
product of partials into a single partial.

What can we say about kg and ¢y? It turns out that the quantity that comes up in the
calculations is kg + ﬁéo and it satisfies kg + ﬁﬁo < k. Note that kg is between 0 and k, and
£y between 0 and d — k. So the normalization brings ¢ to the right scale’.
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It turns out we can give a better bound in terms of a quantity we call residue defined as

1
residuei(dy, ..., dy) := 3 min Z

and having the property that:

Proposition 7.1 Let ko and £y be defined as above. Then, ko + ﬁﬁo < k — residuey(dy, ..., d),
where d; = deg(Q);).

We want to spread the derivatives equally among all terms but cannot due to integrality is-
sues. The residue captures this quantitatively and as described below, is what gives us our
lower bounds. While the proof in [LST21] also relies on an integrality issue, there it origi-
nates from an imbalance between the sizes of the variable sets involved in a set-multilinear
partition (as the map II sets some variables in certain sets to 0). In contrast, we show that
the integrality issue arising directly from the derivatives can be leveraged without involving
set-multilinearity. In this sense, our approach is conceptually direct and simpler. Combined

with the above discussion, we get the following structural lemma about the derivative space

Lemma 7.2

<ak(Q1"'Qt)> C Z <x€0.ako (HQ]>>
SC[t], ko€[0..k], £oE[0..(d—K)], jes

ko+ dfk 4y < k—residuey(dq,...,dy)

Now we have the choice to utilize the above structure using an additional set of linear
maps. Both shifts and projections give similar lower bounds, so let us explain shifts here.
Note that there is an intriguing possibility of getting even better lower bounds (in terms of

dependence on d) using other sets of linear maps! From the above structural result, we have

<X€ X4 (Q1--- Qt)> - 2 <x”£° . 9k (H Qj) > .
SC[t], ko€[0.K], Loe[0..(d—K)], jes

ko+ 755 lo < k—residuey(dy,....d;)
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Thus we can upper bound,

SPre((Q1---Qr)) <2f-d*. max M(n, ko) - M(n, by + ¢)
ko, lo>0

k0+ﬁ'£0 < k—residuey(dy,...,dt)
20(d)

<2t 4 min{M(n,k)M(n,¢), M(n,d —k +¢)},

nresiduek(dl,...,dt)
where the second inequality follows from elementary calculations.

Now to upper bound the shifted partial dimension of polynomials computed by low-
depth formulas, we give a decomposition for such formulas into sums of products of polyno-
mials (Lemma 7.5) where the degree sequences are carefully chosen so that that the residues
can be simultaneously lower bounded for all the terms (Lemma 7.6). While in a different

context, these calculations do bear similarity with related calculations in [LST21].

Step 3: Lower bounding dim (L (f)) for an explicit f. As a last step, one shows that for some
explicit candidate hard polynomial dim(L(f)) is large and thereby obtains a lower bound.
This is another step where bypassing set-multilinearity helps as one is not constrained to
pick a set-multilinear hard polynomial. Indeed, using a straightforward analysis we show
that the APP measure is high for an explicit non-set-multilinear polynomial (see Remark 7.2).
We also show that the measures are high for more standard polynomial families such as the

iterated matrix multiplication polynomials and the Nisan-Wigderson design polynomials.

7.4 Structure of the space of partial derivatives of a product

In this section, we bound the partial derivative space of a product of homogeneous polyno-
mials. In the following lemma, we show that the space of k-th order partial derivatives of a
product of polynomials is contained in a sum of shifted partial spaces with shift £y and order
of derivatives kg such that ko + ﬁ - £y is ‘small’. Using this lemma, we upper bound the SP
and APP measures of a product of homogeneous polynomials. These bounds are then used

in Section 7.5 for proving lower bounds for low-depth homogeneous formulas.

Lemma 7.3 (Upper bounding the partials of a product) Let n and t be positive integers and

Q1, ..., Q¢ be non-constant, homogeneous polynomials in IF[x] with degrees dy, . .., d; respectively.
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t
Let d := deg(Q1---Q¢) = Y d; and k < d be a non-negative integer. Then,
i=1

<8k(Q1"'Qt)> C Z <x€0.ak0 (HQ1)>
SC[t], ko€[0..k], Lo€0..(d—Kk)], ieS

ko—‘rﬁ-fo < k—residuek(dl,...,dt)

Proof: We first give some intuition about the proof. Let m be any multilinear monomial
(i.e., no variable appears more than once) of degree k, and X be the corresponding set of
variables. Then, by the product rule dx(Q; - - - Q¢) can be expressed as the sum

Y 0x,Q1--9x,Qr (7.1)
(Xl,...,Xt)S
XU UX;=X
Note that since the sizes of X;’s should sum to k and the degrees of Q;’s should sum to
d in each term of the above summation, some factors are differentiated ‘a lot” while the
others are differentiated only ‘a little’. More specifically, if | X;| > %-di, we use the fact that

dx,Q; € <xdl’_‘Xf |> and otherwise we use dx,Q; € <8|Xf|Qi> to conclude that

dx, Q1+ -9x,Qr € <XZ"€5E°”' ‘Hako’iQi> ,
i€es
where S := {i et X < §~di}, S =1[]\S by, =d;—|X;| foralli € S, and ky; =
|X;| for all i € S. By the nature of our construction, we can show that ko + ﬁ Ay < k—
residuei(dy, ..., d¢), where ko := Ycsko; and £y := ¥,
of the proof). Now suppose it holds that [];c 90iQ; = 8" [[;cs Qi. In such a case, we

would get the space required in the R.H.S. of the lemma statement, and we would be done.

¢y ; (see the calculations at the end

However, this assumption need not be true if |S| > 1. To get around this issue, we employ
an inductive argument on the size of S (see Claim 7.2). For this argument, it will be helpful to
combine certain terms in the sum (7.1) depending on the set of factors that are differentiated
a ‘lot” (see Claim 7.1). We now present the proof in full detail. Since, in general, the variables
in m need not be distinct, it will be convenient to think of degree kK monomials over x as
maps from [k] to x.

For a function y : P — x and any P’ C P, recall that y(P’) refers to the multiset of images
of the elements of P’ under u. Thus |u(P’)| = |P’|. Let V be the set of polynomials on the
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RHS, ie,

V= Z <x£° .9k <H Qi) > :
SCIt], ko+ 7% 4o i€s

< k—residuey(dy,...,d;)

We now argue that for an arbitrary total function p : [k] — X, 9, < I1 Qi> € V; the
ielt]
lemma then follows immediately. We use the following identity which is a direct conse-

quence of the product rule for derivatives:

Dy ([k]) (1;% Qz’) = ; Y. TT0uw)Q
1 K:[t

—2lkl g, ic[t]
Uiexi=[k]

In fact, the product rule yields something general: for any P C [k], function y : P — x, and
S Ct],

Iy(P) (HQZ‘>: Y. TT0uw)Q: (7.2)

i€S k:S—2P s.t. 1€5
Uieski=
In the above identities we have used «; as a shorthand for «(7); we shall also do so for the
rest of this section.
For an arbitrary S C [], recall that we denote S = []\ S. Let % : S — 2] be such that
|%;| > &.d; for alli € S. Then we define a polynomial Rs ; as

Rsz = Yoo TT9u)Q (7.3)
K:[t]—2W s.t. i€]t]
K extends ¥
Uiexi=|k]

vies, || <k-d;

The idea is to express any k-th order partial derivative of the product Qi - - - Q; in terms of

Rg . Indeed we have the following claim.
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Claim 7.1

dupy | [1Qi | = L Rsw
ict] SClt] %52 st

Vies, %>k d;

SClt] K:[t]—>2[k] s.t. i€lt]
Uiejgri=[K]
{Z'E[t]2|7€1'|§§.di}=5

- B Z Z H () Qi
SC[t] #%S—2l s.t K/:S%Z/[k]g.t. i€[t]
Vie$,|&|>5.d; k=K LUK
LA Uieyxi=Ik]
vies, |kl <k.d;

Z Z H () Qi

SClt] ®5—2W st x:[f]»2W st i€t
Vies, K| > g.di x extends ¥

Ui xi=(k]
vies, ;| <k.d;
Z Rg . (by the definition of Rg 7 in (7.3))

SClt] %5—2W st
vieS, || >k d;

O

Hence, to show that 9,y (Q1--- Q¢) € V), it suffices to argue that the polynomials Rg 3 are

in V. We show this by induction on the size of S. In the base case of |S| = 0, there does

not exist any function « : [f] — 2/ that extends & such that {i et <k di} = Sand

Uie[n®i = [k]. This is so because [x;| = [&;] > K.d;foralli € [f] implies that ¥ [r;| >
ieft]

Y § -d; = k, and hence Ujcyx; # [k]. So by definition, Rgz =0 € V.
i€ft]

Suppose that Ry, € V forall T C [n] such that |T| < |S|. Let % : S — 2/ be any function
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such that [#;| > %.d; foralli € S, and let « : [t] — 2l be a function that extends & such that

. k
l—lie[t]Ki = [k] and {l S [t] : |Kl" < E b‘lz} =S. (74)
Denoting LI, _gk; by Ps and U;esk; by Ps,
Ip(Uiesy) H Qi = 9y (py) H Qi

i€eS i€S

= Z Hay(K;)Qi. (from Equation (7.2))
K':5—20s st 1€S
Ujesk;=Ps

For Us , € F[x] defined as Us  := <8y(ps) IT Ql) - IT 9,(x,) Qi, we have the following claim.
ieS S

i€S
Claim 7.2
Rsz = Uy — Y. R yon iz
TCS and x":S\T—2"S s.t.
VieS\T,|x//|>-d;
Proof:
Usx = (aﬂ(Ps)HQi> 'Haﬂ(Ki)Qi
icS ieS
= Z Hau(x,‘)Qi ' Hau(Ki)Qi
x':5—2Ps 5t 1€S i€S
Ujesk;=Ps
=) Y. Hay(,{,i)Qi ~ H i) Qi (reordering based on T)
TCS  y:.5—2Psst.  i€S i€S
Ujesx’i=Ps

{ies:|e}|<ka;}=T

=) )3 [ 196 Qi T 10 Qi
TCS x7:5\T—2"s and x"":T—2"s s.t. 1€5S i€S
K/:K//l_lK///
'—'iesK'i:Psk
VZGS\T,|K1/»/|>E~di
VieT,|[k!"| <k 4;

- Z Z Z H ay(K?‘)Qi
TCS y":5\T—2%s s.t. K" T—2Ps st i€[t]

1
VieS\T,|x"|>k.d. K'*:K Ux"" UK
\ r‘ zl d " VlET,‘Kﬂg%-di

" I __
Uierx; Uljes\7; =Ps
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(as k* extends ¥’ = x” LI x" and k extends K )

=) )3 ) Ha#(Kf)Qi
TCS w":5\T—2s st «*:[t] 2 s.t. i€[t]
IS\, e/ > d; ' =K"UK"LR
VieT,|kf| <k -d;
Ui =Ik]

i

(because U;c (k] = (I—]iGS\TKzl'/ L I_IZ'GTKW> U U5k = Ps UL csk; = Uik = [k] from (7.4))

=2 X Rrow
TCS x:5\T—2s sit.
VieS\T,|x//|>.4;

(Rt % is well-defined because «* extends k' LI ¥ and (7.4))

= Rsz+ ) Ry iz (separating out the case T = S)
TCS and ”:5\T—275 st.
VieS\T,|«!'|> % .d;
O
When T C S, by the induction hypothesis, all the terms Ry ,» 5 in the above expression
are in V. Therefore, to conclude that Rgz € V, it suffices to show that U, € V. From its

definition, note that Us, € <6k0 (H Qi) -x€0> where kg := [u(Ps)| = |Ps| = ¥ |x;| and
ieS

€S
lo =) deg(9,,(,)Qi) = ¥ (di — |xi]). Also,
i€eS i€eS
k k
k—ko—mg():k_thzl_mZ(dl_lKlD
i€eS ieS
k
= Z|Ki| i Z(di — [xi])
ieS i€S

(as from (7.4), k1, . .., k; form a partition of [k])

k
= Z|Ki| Ti % (di — |ril)

i€S
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A; (usingd > d — k and |x;| > g'diiffieg)

s(iesm_,; )%(gw Zd)
ERPR(RY
%(iemmg) <§s"“' i)—§<lezs|xl| )
(-2 (5e-e) -2 (5e-

(since |k;|’s sum to k and d;’s sum to d)

L 2 |%c;] E~di (from (7.4))
2 . d
iet]
> residueg(dy, ..., dt). (from definition of residue)
Hence, Us , € <x£0 . gko <H Qi)> CVasky+ ﬁ by < k — residuey(dy, ..., d;). O
ieS

We now use the above lemma to upper bound the shifted partials and affine projections

of partials measures of a product of polynomials.

Lemma 7.4 (Upper bounding SP and APP of a product) Let Q = Q1 - - - Q; be a homogeneous
polynomial in F(xy,...,x,] of degree d = dy + - -+ +d; > 1, where Q; is homogeneous and d; :=
deg(Q;) for i € [t]. Then, for any non-negative integers k < d, £ > 0, and ng < n,

1.
SPre(Q) < 2. 2. max M(n, ko) - M(n, by +¢),
ko,lo>0
k0+ wlo < k—residuey(dy,...,d;)
2.
APPk,no(Q) < 2" d2 : max M(ﬂ, k()) . M(Tlo, 50)
ko,£o>0

ko+ 755 -lo < k—residuey(dy,....d;)
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Proof: We will first upper bound the shifted partials measure. From Lemma 7.3, we know
that

(3" (Qi-+-Qn) c y <xfo 9o (H Qi> >

Sg[t]; ko, £o>0 i€S
ko—i—ﬁ -Zo§k—residuek(d1,...,dt)

Hence,

<x€ ok (Qp--- Qt)> C Z <X€0+€ . 9ko (H Qz) > . (7.5)
Sg[t]; ko, £p>0 i€eS
ko+ 755 o<k—residuey(dy,....d;)

For a fixed S C [t] and ko, ¢y, since <xf0+£ . 9ko (H Qi)> C <x€0+£> : <8k° . (H Qi) >, and
i€S i€S
dim (x‘**) < |x€0+€{ = M(n, ¢y + ¢) and dim<8k° (H Qi)> < [0 (H Qi)‘ < {Xk0| =
i€S

ieS
M(n,ky), we have,

dim <x£0+£ . ko (H Qi> > < dim <x€0+£> -dim <a"0 (H Qi> > < M(n, by+£)-M(n, ko).

ieS ies

Adding up the above upper bound over all the 2¢-d? possible combinations of S C [t],
ko € [0..k], and ¢y € [0..(d — k)] in (7.5), we get,

SPr¢(Q) = dim <X€ 3 (Q1- Qt)> <2'.d* Jax M(n, ko) - M(n, o+ ).
0,40=
k(ﬂrﬁ~f0Skfresiduek(dl,...,dt)

The details for an upper bound on APP are similar.

PPy (@)= e aim (s (9010

L:x—(z)
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< max dim <7‘[L ) <x€° . 9k (H Qi>> >
Lix—(z) SCIH]; ko lo>0 icS

ko+ﬁ-Eogkfresiduek(dl,...,dt)

(from Lemma 7.3)

< max dim< Z <7‘L’L (xgo . ko (H Qi>> >>
Lix—{z) SCIt]; ko,lo>0 ics

ko—l—ﬁ-fogk—residuek(dl,...,dt)

(as 77 distributes over addition)

< max dim s XE0 - T <ak0( Q1>)>
Lix={z) Sg[ﬂ;;o,éozo < ( > E

ko—f—ﬁ-ZO§k—residuek(d1,...,dt)

(Using 71, distributes over multiplication)

< max )y dim (771 (x0) ) - i <7TL (ako (H Qi) ) >

Sg[f}; ko, Lo>0 i€S
i€eS

ko+ 755 Lo <k—residue (dy,....d¢)
k
m |0 | [TQ
ieS

(as L is a map from x to (z), 7t (m) € z' for any monomial m over x of degree ;)

< 2t-d2- max M(no,go)-M(ﬂ,ko).
kO/ZOZO
ko—l—ﬁ-Zogk—residuek(dl,...,dt)

< max ) ()
Lix—(z) SCIt]; ko,lo>0
kOJrﬁ.goSk—residuek(dy---,dt)

< max Z ’150 )

L:x—(z) SC[t]; ko, £o>0
ko+ﬁ.[0gk—residuek(dlv--/dt)

7.5 Lower bound for low-depth homogeneous formulas

In this section, we present a superpolynomial lower bound for “low-depth” homogeneous
formulas computing the IMM and NW polynomials. We begin by proving a structural

result for homogeneous formulas.

195



7.5.1 Decomposition of low-depth formulas

We show that any homogeneous formula can be decomposed as a sum of products of homo-
geneous polynomials of lower degrees, where the number of summands is bounded by the
number of gates in the original formula. The decomposition lemma given below bears some
resemblance to a decomposition of homogeneous formulas in [HY11]. In the decomposition
in [HY11], the degrees of the factors of every summand roughly form a geometric sequence,
and hence each summand is a product of a ‘large” number of factors. Here we show that
each summand has ‘many’ low-degree factors. While the lower bound argument in [LST21]
does not explicitly make use of such a decomposition, their inductive argument can be for-
mulated as a depth-reduction or decomposition lemma (with slightly different thresholds

for the degrees).

Lemma 7.5 (Decomposition of low-depth formulas) Suppose C is a homogeneous formula of
product-depth A > 1 computing a homogeneous polynomial in F[x1, . .., x,| of degree atleastd > 0.
Then, there exist homogeneous polynomials {Qi,]'}l.]. inF[xq,...,x,| such that

S
1. C= Y Qi1---Qipy, for somes < size(C), and
i=1

2. foralli € [s], either
. 1-A
‘{] c [ti] : deg(Qll]) = 1}| > dz , or

Hj € [ti] : deg(Qi;) ~2 dZHH >d2 " — 1, forsome s € [2..A].

Proof: The decomposition is constructed inductively — at addition gates, we simply add
the decompositions of the smaller sub-formulas, whereas the multiplication gates need to
be handled more carefully. Consider a multiplication gate Q1 x - - - x Q;. If all the factors
(Qi’s) have ‘low’ degrees, we use this expression directly to construct the decomposition.
Otherwise, we go deeper into a factor which has a ‘large’ degree, but do not expand the other
factors. The thresholds to decide whether a factor is of ‘low” degree may appear arbitrary
(and are indeed so) for this lemma, but we fix them to be 4>’ for 6 € [2..A] as these give us
the desired lower bounds.

Without loss of generality, we may assume that C has alternate layers of addition and
multiplication gates. Further, we can assume that the degrees of the polynomials computed
by all the multiplication gates that feed into an addition gate are the same as the degree of
the polynomial computed by that addition gate. This is so because disconnecting all the
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multiplication gates that compute polynomials of other degrees does not affect the polyno-
mial computed by the addition gate. Also, for brevity, we will ignore the edge weights in
C, i.e., we assume that all the field constants on the edges are equal to 1. As scaling with
constant factors does not affect the homogeneity of polynomials, this is a valid assumption.
Let
u u;
C= Z C;,and fori € [u], C; = HC,-,]-,
i=1 =1
where u and {u;}; are integers and {Ci,]-}i,]. are (homogeneous) sub-formulas of C of product-
depth A — 1. The proof of this lemma is by induction on the product-depth. For A = 1, for
all i € [u], we have u; > d and for all j € [d], deg(C;;) = 1, so both the conditions in the
lemma statement are met for Q; ; := C; ;.
Suppose that the lemma is true for all homogeneous formulas of product-depth at most
A —1,A > 2. For a formula C with product-depth A, we consider the term C;; - - - C; ,, for

an arbitrary i € [u] and analyze the following two cases.

Case 1: There exists some j* € [u;] such that deg(C; ) > \Vd. As the product-depth of Ci - is
at most A — 1, we have the following expression for the polynomial computed by C; j« from

the induction hypothesis:

Cijo = 2. Qi1 Qiig s (7.6)
where

§i S size(Ci,]'*) S SiZQ(Ci), (77)

and {Qi,if}i s are homogeneous polynomials such that for all 7 € §;, either

-1

Hie (7] :deg(éi,f,j) = 1}‘ > \/EZHA 1

er [F] deg(@i’;,]v) R NZE b}' > \/EZH —1 ,forsomed € [2..(A—1)]. (7.9)

=d?" or (7.8)

o+1

2175 _
Note that since vd~ = d2 """, (7.9) is equivalent to

er £] : deg(@i,{j) ~n dzl_(s}’ > 4%’ — 1, forsomed € 3..A]. (7.10)

Indeed, when A = 2, the above scenario never arises and the number of linear factors is
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‘large’, i.e., (7.8) holds. Denoting ][] C;; by D; ;- and using (7.6), we have
jeluil\{7*}

Ci=Ci1- - Ciy = ZQM m - Dj jr. (7.11)

Thus, we are able to decompose the sub-formula C; as a sum of at most size(C;) many prod-
ucts.

Case 2: Forall j € [u;], deg(C;;) < v/d. Consider the polynomials computed by C;1, ..., Cj ;.
Suppose there exists j1 # j» € [u;] such that deg(C;;,) < \/TH and deg(C;;,) < \/TE. Then
deg(C;j, - Cij,) < Vd. By repeatedly combining such low degree factors, we can express
Ci=Cii---Ciyas

Ci=Di1--Diy,, (7.12)

where {Di/f}i,j are homogeneous polynomials such that for all j € [v;], we have deg(D; ;) <

v/d and there exists at most one index j* € [v;] such that deg(D; <) < ‘/TH. In other words,
for at least v; — 1 indices j € [v;], deg(D; ;) ~, V/d. Using the fact that C is a homogeneous

formula,

d < deg(C) = deg(C Zdeg ) < vp-Vd.

Therefore, the number of indices j € [v;] such that deg(D;;) ~» Vd is at least v; —1 >
V/d — 1. In other words,

21—5

Hj € o] : deg(Dy;) ~ dz”H > @ 1, fors=2. (7.13)

Now, expressing C; for each i € [u] using (7.11) if i falls under Case 1, and using (7.12) if i
talls under Case 2, we get

u S
C=)Ci=)Y Qi Qi

i=1 i=1
for polynomials {Q; j}. . that are defined appropriately based on {Ql ; ]}_ and {D; ]}

Using (7.7) and (7.12), we get that the number of terms is s < Z size(C;) < size(C). Item 2
in the lemma statement directly follows from (7.8), (7.13), or (7 10) O
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7.5.2 Low-depth formulas have high residue

The following lemma gives us a value for the order of derivatives k with respect to which
low-depth formulas yield high residue. Its proof uses Lemma 7.5.

Lemma 7.6 (Low-depth formulas have high residue) Suppose C is a homogeneous formula of
product-depth A > 1 computing a polynomial in F[xq, ..., x,] of degree d, where d217A w(1).
Then, there exist homogeneous polynomials { Q; ]} inlF[xq,...,x,] such that C = 2 Qi Qigs

for some s < size(C). Fixing an arbitrary i € [s], lett = t; and define d; := deg(Ql])for] € [t].

Then, residuey(dy, . .., d;) > Q (clz >, where k := V—'dJ, o= Azl (2U1)1V, and T := {dzl AJ.

1+a =0
Proof: We will show that the decomposition proven in Lemma 7.5 itself satisfies the re-
quired property. We first establish a range for the value of k (and «) given in the lemma
statement. We have « < 1 and

1

—1)" 1 1 1

22 21 :1_;:1_?25-
v=0 {d J

3|72 472
d> 12", wecan apply Item 2 of Lemma 7.5 to C using 72" (rather than d) as the threshold.

Hence, k € [|2],4| C |4,2| because d = w(1). As C computes a polynomial of degree
p poly g

Thus, we have that at least one of the following two cases will hold.

A1 217A
Casel: [{je[t]:dj =1} > (TZ_) = 7. Then,

k
ki—Z.d.
min, L= g4

po{ft ) (5]
E (e )
=60 mm{ {512

(ask/d € [1/4,1/2])

Y

NI—= N—= N~
=
=

residueg(dy, ..., d)

K
—.
m

v

v
~ l\.)|r—\

v
~
&

1-6

) HA-1 21 oa-1\2 .
Case2: |{j € [t]:d;j~ <T > > (T > —1forsome d € [2..A] (this case cannot
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occur when A < 2). Equivalently, there exists a 6 € [0..(A — 2)] such that

H]E[t] d~2T H>T -1

Let ky, ...,k be arbitrary non-negative integers such that k]- <d i for all j € [t]. Then for any
j € [t] such that d; ~; 72, we have

: 5 d -d
21 |, _ 201 i
ki 7T T4 LHJ
di wa-d d; w-d
S U B P BB B I
=1 ( T4 11l d \1+a
i d. s o d,
S 2201 a4 21 4
° i d
i a-d 201, .20 i
> 721 y 1_{_; _z 7 ‘ (since d; = TZO)
o+1
zl—A 2 -1
> 201 & - d; B (d )
- N Y d
201 & - d; 1
>T T 1y« (asd < A-2)
5 Oé'd‘
=21 ]—1+; —o(1)
(if - O(1), then the lemma is not interesting)
> L2 @ — k)| —o01) (asa < 1) (7.14)
=5 : i =k asa < :

We use the following claim. For j € [t], let m; := d; — k;, note that m; is a non-negative
integer.

Claim 7.3 17 := %71 [k; — - mj| > Q(1).

Proof: We prove the claim by analysing the following three sub-cases.

Case (i): m; < k;. Then, 17 > \kj — a-m]-\ =kj —a-m; > kj—mj > 1.
s 1\ 5+1 A-1 1\ 5
Now, let ay := Zo (Tzvl)l, ay = (25121 - and a3 = %2 (szlgl. Then, let ay = 72 1.
V= v=0+

(kj — mj-a1). Noting that & = &y + & + a3 we have,
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5 5 5
n=1""1|kj—am| =|t* Tk — 7 1-m]--(oc1+tx2+zx3)‘
(as &« = a1 + ap + a3 by definition)
. o4+1 .
20—1 (=1) 201
Z Ng — T mJW—T -m]'-tx3
] 6+1
2°—1 (=1) 201
Z Ny — T mjm — | T 'm]"lX3
m 5
] 201
> oy = 5| — |7 'mj‘“B‘
m; A—1 (_1)1/,.(2‘5—1,1,”],
= || aa] | T Z 271
v=0+2
J
m;j Lo,
Z |“4| - 20 - T26+2_1
(taking only the leading term of the summation)
) o
m: 20-1. 2 5
] 1 ~
> M1
e
m‘
— A
- |“4| Tzo“ 0(1)
. 5 m;
Notice that, as mj < d]- ~y 1%, % <1.
T
Case (ii): k]- <m; < 6-kj. Note that
6-m;+m; 6-mi+6ki 6 6
] J J ] 2
m;: = < =_-d; < =7 ,and
] 7 - 7 777
mi+ki di 1 o
m].>¥:_]>_.~[2"
- 2 2 4

-
Thus TTZ, € [%, g
nominators of all the terms in a7 divide 12°=1 Therefore "1 is at least min {1/4,3/4,6/7,1/7} =

2
> 1/7 and

. On the other hand, a4 = 21— 21 -m;-q is an integer since the de-
] j 8

m;

72

1/7 distance from any integer, and from |a4| in particular. That is,

|og| —
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Case (iii): m; > 6-k;. Then,

1) (_1)1/
—kj + mj-aq = —kj+mj- Zoﬁ
V=
[ (_1)1/—1
= —kj+mj—mj- Y
v=1 T
m;
m
Z?]— j (as T = w(1))
mj m; mj 2 2'dj T
>3 "% 3oy mrk) == =722
Hence, ||ay| — :17{5 = ‘Tzé_l-(—kj +mj-aq) — % >2—1=1andy > Q(1). O
t
Letkq,...,k; € Z be the such that }_ |k; — § - d;| is minimised. Hence,
i=1
. 1 k
re5|duek(d1,...,dt) 2 E Z k]—ad]
je[t}:dj%2T2
1 5 k
> —- je[t]:d-zzrz - min ki——-d;
2 ‘{ / }’ ]G[t]Zdj"‘z’L'zé ] d J
3 k
>0 2 min ki — —.d;
( ) jeltdjmat? b
=0 (T) min T2571 . k] — E d]
]'E[t]td]'%ffz& d
Q(1)- (g - o(1)) (using (7.14))
> Q(7)
Therefore, residuey(dy, ..., dt) > Q(T) > Q (TTH> >Q(t+1) >0 <d217A>. a

7.5.3 High residue implies lower bounds

For a ‘random” homogeneous degree-d polynomial in F[xy,...,

Xy, if the shift ¢ is not too

large, we expect the SP measure to be close to the maximum number of operators used to
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construct the shifted partials space, i.e., M(n,k)-M(n,{). In the lemma below, we derive a

bound for such polynomials. Explicit examples of such polynomials are given in Section
7.54.

S
Lemma 7.7 (High residue implies lower bounds) Let P = )} Q;1---Q;; be a homogeneous

i=1
n-variate polynomial of degree d where { Qi,j}l.]. are homogeneous and SPy y(P) > 270 4. M(n, k)-
M(n, ¢) forsomel < k < %,nyg <nand { = {%J such thatd < ng ~ 2(d —k)- (%) ©*. If there is

a7y > 0such that foralli € [s], residuer(deg(Q;1), ..., deg(Qiyr)) = v, thens > 2-0() (H)Qm.

/\

&
>,~

Proof: Using Lemma 7.4 (Item 1) and the fact that SP is sub-additive), we get

S
SPo(P) < Y SPiy(Qin -+ Qip) <s-28-d*- ax M(n, ko) - M(n, £+ {o),
i=1 040=

ko+ 75l < k—y

where f := max; t; is at most d. On the other hand, by our assumption we have SPy (P) >
2-9W) . M(n, k) - M(n, £). Putting these two together, we get for some integers ko € [0..k], £y €
0..(d — k)] satisfying

k
< k=
ko+d_k bo <k—1, (7.15)
that,
M(n, k)-M(n,?)
M(Tl,ko)'M(Tl,g—Ffo)

< »—0(d). M(n, k)
M(n, ko)-(Zn/E)Z0

s > 20 .o~t g-2,

(7.16)

(Lemma 7.1 (Item 2) is applicable as 1y > d implies that n > | 24| = ¢; also ny < n implies
PP p 1o p
d
= LZ—OJ >d > )

> p-0ld), ___ M(n.k) (7.17)
M(l’l, k()) . (110/50)60
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(because 2n/¢ < 4ny/ g as ¢y < d and absorbing 4% in 2_O(d))

k
< »—0(d). (n/k)
- (61 /ko)ko-(ng/ ly)to

(assuming ko, £y # 0 and using Lemma 7.1 (Item 1) as n > ny > d > max {ko, (o }; the

. (n/k)k
- (n/ko)ko-(ng/ o)t
< »—0(d). (n/k)*
(n/ko)o- (242 (n/ k)7
_ —0(d), (n/k)k
(n koY~ (47E) - (n/ k)
_ 5-0(), (n/k)*

)

(n/K)¥o. (ko) - (45 Yo (n/K)

_ 70( (n/k)k k() 750
(k/ko)ko- (47K) %

S ,-o() _ (n/d)
a (d/ko)ko.(£)

() ()

)7 . (e—l/e)d . (e—l/e)d

(V]
N
)
&
IS S S
N—
2
=2

We state an analogous lemma with APP instead of SP.

204

analysis is easier if any of ko, ¢y is 0)

(since kg = O(d))

(substituting ng)

(as lo = O(d))

(asn/ko = (n/k) - (k/ko))

(using k < d and (7.15))

(using x* > e~1/¢ for x > 0)

S
Lemma 7.8 (High residue implies lower bounds, using APP) Let P = ) Q;1---Qjy, bea

i=1

homogeneous n-variate polynomial of degree d where {Q; j}. - are homogeneous and APPk no(P) >

279U . M(n, k) for some 1 < k < %,ny < n such that d < ng ~ 2(d — k). (% )d k. If there is a

v > 0 such that for all i € [s], residuey(deg(Q;1), . .., deg(Qiy,)) > 7, then s > 270U )-(g)ﬂm.



Proof: Using Lemma 7.4 (Item 2) and the fact that APP is sub-additive, we get

S

APPk,VlO Z PPk i) Ql 1° Qi,f,') <s- 2t : d2 ' kn}a;(() M(Tl, kO) 'M(HO/ gO)
i=1 00

ko+755-Lo < k—7y

On the other hand, we have APP; , (P) > 2-9W@).M(n, k). Putting these two together, we
get for some integers ko, {op > 0 satisfying

kot -5 g <k—n,

d—k
that,
_ ¢ - M(n, k) _ ny Q7)
< 2-O() -t g2, S y-0(), (M2
522 2 M(Tl,ko)-M(TlQ,g()) =2 <d>

(Using Lemma 7.1, absorbing 6% in 2790 and borrowing calculations beginning from (7.17))

O

Remark 7.1 In the above lemmas, although our lower bound appears as 2~ .0 similar cal-
culations actually give a lower bound of 2~°K) .0 for any choice of k and an appropriate choice
of £ (or ng in the case of APP). We do not differentiate between the two, as for our applications (i.e.,
low-depth circuits and UPT formulas), the value of k we choose is ©(d).

7.5.4 The hard polynomials

We shall prove our lower bound for the word polynomial Py introduced in [LST21] as well
as for the Nisan-Wigderson design polynomial. In order to do this, we show that the SP and
APP measures of Py, and the SP measure of NW are large for suitable choices of k, ¢ and ny.

Lemma 7.9 (Py as a hard polynomial) For integers h,d such that h > 100 and any k € [%, %] ,
ng

there exists an h-unbiased word w € [—h..h]¢, integers ng < n, £ = {”—‘iJ such that ny ~ 2(d —

k)- (k)d ¥ and the following bounds hold: SPy ;(Pw) > 279 M(n, k)-M(n, £) and APPy , (Pw) >
2O . M(n, k). Here n refers to the number of variables in Py, i.e., n = Yield 2| il

Proof: We construct the word w as follows. Let i/ = thk € [2’1—9,11]. The word w shall
consist of the following elements (the ordering of these elements shall be fixed shortly):
. h (k times), — |W'],...,— |W| (k; times), — [W'],...,— [W'] (kp times), where ki :=
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(d —k)[W] —kh and ky := d — k — k;. We note that ky,ky € Z>¢ and k+k; +ky = d.
Assuming |h'| = [h'] —1 (evenif i/ € Z, the calculations are similar), the total sum of the

weights is

Y wi=kh—ky W]~k [IW] =kh— ki ([I'] = 1) — ko [W] = ki —ky [W] + ks — ko [K]
ie[d]

—kh—ky [W] 4 (d —K) [W] —kh —ky ['] = 0. (7.18)

Now we fix the ordering of the above weights. For i = 1 to d in this order, if the sum
Y je[i—1) Wj is non-negative (for example, this happens for i = 1), set w; to be an arbitrary
negative weight that is available, otherwise set it to be the positive weight & (if available).

If the above procedure never runs out of positive or negative weights at any step i € [d],
then for all i € [d], |wi1 +---+w;| < h. In other words, w is h-unbiased. Now suppose
the procedure runs out of negative weights at an index i € [d]. This means that the sum
Yjcji—1] wj is non-negative but there are no negative weights available among the unused
weights. But then, the total sum of the weights would be equal to } ;c[;_1; wj plus the sum of
unused weights, which is greater than 0, contradicting (7.18). We get a similar contradiction
if there are insufficient positive weights at any point. For the rest of the proof, we fix w to be

the above word. Then,

k2l < n < d-2" 502" ~g (%) . (7.19)

Denoting the variables of Py by x = y Ll z, where y are the positive variables and z are

the negative variables, we take
ng := |z| =y (d — k)-ZMq.

Note that ng ~ (d —k)-2I"1 ~ 2(d —k)-2" = 2(d — k)-2£ < 2k-2" = 2(n — ng) where

the last inequality follows from the fact that d—;k .24 is an increasing function of k when
k

k€ |4,4] and h > 100. Thatis, o < 21/3 and no ~ 2(d — k)- (})7 % by (719) and k < §.

Also, ny > %-ZWW > #-2’1/ > %-2% > %-2322dash>100andk§ %. Define a

map L : x — (z) as follows:

x, if x € z.

0,ifxecy,
L(x){ Y

We can lower bound the APP measure by using L and considering only the derivatives
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with respect to the set-multilinear monomials over all the positive sets, i.e., M (w). By the
definition of the polynomial Py and because } ;cs w; = 0, for every m; € M., there exists
a unique m_ € M_ such that m - m_ is a monomial in Py, and vice versa.! Hence the set

of all derivatives of Py, with respect to monomials in M is exactly M_, yielding
3 (Pw) 2 M_(w). (7.20)

Using the fact that ) ;c 5 w; = 0 and (7.19), the size of M_(w) is

k
‘M—(W)‘ — zzie[d]:wi<0|wi‘ — zhk Z 2—O(k)' <%> 2 Z_O(d)'M(I’Z, k) (721)

The last bound follows from Lemma 7.1 (Item 1), as n > ng > d > k. As the substitution 7},

does not affect negative variables, thus,

APPy .. (Py) > dim <nL (ak (pw))> > dim (77, (M_(w))) = dim (M_(w)) > 270D M(n, k).

We now analyze the shifted partials of the same polynomial with ¢ := V—dJ . Recall that

7’1.0
nyg < 2n/3.

SP¢(Pw) > dim <x€ o (PW)>

> dim <y€ . M,(w)> (as x 2 y and (7.20))

> Jy' - M- (w))

= ‘yg‘ S IMZ(w)] (since M_(w) C z¥ Fandynz = ®)

= M(n —ng, £)-27°@ . M(n, k) (using |y| = |x| — |z] and (7.21))
l

> M(n,0) (1 %) 270 . M(n, k) (using Lemma 7.1 (Item 3))
g

> M(n, 0)- (1 - %) "0 .0=0@). M(n, k)

> 270D -M(n,k)-M(n, 0).  (since (1 —x)"/* > 1/3/3 for x := no/n < 2/3)

|
The following lemma shows that the SP measure of the Nisan-Wigderson design poly-
nomial is ‘large’ for k as high as @(d), if £ is chosen suitably.

!Recall the definition of Py, from Section 2.3. Because | M .| = | M_|, the bit representations of m. and m_
are the same. However, they can have different degrees.
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Lemma 7.10 (NW as a hard polynomial) For n,d € IN such that 120 < d <

50 8
let q be the largest prime number between | 55| and |%]. For parameters k & [31 4_ %} and
(= L ZJ where ng = 2(d — k)- ( ) P (NWoa) > 270 - M(qd, k) - M(qd, 0).
Proof: We begin by obtaining bounds on the value of /.
Claim 7.4 ny = o(qd), d*> = o(¢) and £ = o(qd).
Proof:
4\ 7%
1o = 2(d — k) (‘7 )
k
d/2—vd/8
<2(d—k) (qd) RS (because k =o0(gd) and k < d_ \/—E>
k 2 8
2
o k). (k)i
=200 <qd )
<2d-qd L :
(qd)25vd
1
<2d-qd- —
225Vd

2
Asd < 5 L dogn V" ond gd > n logad - 12loglogn _ 41551004, Aslogd? < 4loglogn —
q 3 g 108 g g10g

loglogn 4’ 35 =
log gd
C(J(]-)/ ;O5xf logd2—|—w( ) and 2% = a)(dz) Thus, ny = O(Q) — O(qd)] NOW, / 2
% ~1=7 o( ) —1 = w(d?). Thus, d*> = o(¢). Also,
/< ﬂ
=
qd? O\
2(d — k) <q_d)
gd> (kP p
< _ _ 4 _
=2 —h <qd) (becausek 0(gd) and 35 = k

In this proof, we need ng = o(q). However, we require ny = o(n), in Section 7.5.6 and so we have
mentioned ny = 0(gd) in the statement of the claim.
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Sk-(qd)% (askgg)
=o(n) (because k< log2 nand gd < n) )

O
Let

S = { H xi’h(i) ch e qu[Z],deg(h) < k}

i€k+1..d)

and

T = {m : 3 monomials my, my, deg(my) = {,my € Sand m = mymy}.

Observe that T C <x£8k N Wq,d,k> and so, SPy ((NW, 4x) > |T|. We obtain a lower bound on
|T|. For h € Fy[z] such that deg(h) < k, let

Th = {m1 H xi/h(i) : deg(ml) = ﬁ} .
i€

k-+1..d)

Then, T = Un(z)eF, [z): Th- Thus, from the inclusion-exclusion principle,

deg(h)<k
IT|> )Y |Tul— ) | Ty, 0 T, |- (7.22)
helF,(z): hi#hy €F,[z):
deg(h)<k deg(h),deg(hy) <k

Lower bound on ), |Tj,|. Fix an /i € FF,[z] such that deg(h) < k. Then, since for monomials
d0—
my#my,my- T1 xp #ma- T gy [Tl = (75557 Hence,

ielk+1...d] ick+1..d]
d+/0—1 d+¢—-1
Yol = sk (T ) =gk (TR0, 7.23)
he, [2): qd — 1 qd —1
deg(h)<k

Upper bound on Y, -, | Ty, N Ty, |. For hy, hy € F[z] such that deg(hy), deg(hz) < k, we say
that ’hl ﬂh2| =rif ‘ {hl(k—l— 1),. . ,hl(d)} N {]’lz(k + 1),. . ,]’l2(d>} | = r. Now

k—1
Y T NThl =Y. Y [Ty, NTy,l. (7.24)
]’1175]’[2 7’:0 hl#hzi
|h1Nha|=r
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Fix hy and hy such that [y N hy| = 7. Let m1 = [Ticpqr.a) Xiny i) and m2 = TTicpest.d] Xi (i)-
A monomial m € Ty, N Ty, if and only if there exist degree £ monomials m] and m) such

that m = mjm; = mymy. Thus must divide m). As |y Nhy| = r, ged(my, my) has

o
gcd(m M)
has degree d — k — r. Hence the number of possible monomials m7,

ga+t—d+k4r=1) Now, the number

gd—1
of possible polynomials /1 and h, such that |y N hy| = ris at most (d;k)qk_qu = qZk_r(d:k).1

mo
degree r, and so W

and thus the number of possible monomials m is at most (

Hence,
Y T NT | < g d—k\ (gd+{—d+k+r—1 7.25)
Ty Tl = r gd —1 ’
‘hlﬂh2|:1’

Claim 7.5 Forr € [0.k — 1], let x(r) = ¢ "- (d;k)(qu;Zf]l(H_l). Then x(0) > x(r) for all
relk—1].

Proof: We shall show that for all v € [0..k — 2], (Y(Jr )1 ) < 1; this will prove the claim. Fix any
r € 0.k —2].

2k—r—1 . (dfk) (qd+€—d+k+r)

X(T + 1) _ q r+1 gd—1
X(V) qZk—r . (d;k) (qd+€;zil1c+r_l)
(d=Kk)! (qd+0—d+k+r)!
1 GH)i@—k—r=1)1 (d-DI{{—d+k+r+1)!
q (d—k)! (qd+{—d+k+r—1)!
ri(d—k—r)! (qd—1)!({—d~+k—+r)!
1l d—k—r gi+l—d+k+r
T g r+1  l—dtk+r+1
d (1+0(1))gd '
SN (by Claim 7.4)
7 o)) y
d2
= (1+0(1))5
=o(1), (by Claim 7.4)

where the second to last inequality follows from k,r > 0, ¢,d, k,r = o(n) and d, k,r = o(¥)
(Claim 7.4), and the last equality from the fact that d*> = o(¢) (Claim 7.4). O

This is so because |y Nhy| = r implies that hy — hy = (z —aq) -+ (z — a;) - g(z), where ay, ..., a, are
distinct elements in [k + 1..d] and g(z) is a polynomial of degree at most d — k.
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From Equations (7.24), (7.25), and the above claim, we get

Y Ty AT < k- (1T AT (7.26)
mEh qd =1

Thus from Equations (7.22), (7.23), and (7.26),

gd —1 gd —1
d+l—d+k—1
_qk,(qd+£—1) 1_k'q2k'(q+da ) 727
gd —1 qk . (‘7‘22{;1)
.2k (9d+{—d+k—1
Claim 7.6 — k(.(qdlel) ) <3
qd—1
Proof:
d0—d+k—1 (qd+0—d+k—1)!
kg (7 gd—1 ) k. (;d:l)!(ﬁfdJrk)!
qk . (qd+€—1) (gd+0—1)!
qd—1 (qd—T)171
ek C(l=1)-(=2)--(f—d+k+1)
T A —1) (qd+0—2) (qd+(—3)---(qd+{—d+k)
—k qk 1
T a1 d—1 d—1 d—1
(q7+1> ‘ (qul+1> ' (@TZ+1) (e—qu*l)
1
<k-g*-
N
7
d—k o)
Sk-qk-(q%> e (as1—x>e > forx €[0,1/2])
d d—k q 2
=(1+0(1))-k-¢* <—) (asd —k =o0(gd) and ¢ < —)
no no
J Ak Nk
_ k -~
-k () (q0)
< (4o k- (1) (ask < 9
< 0 5 ask <5
<1
-2
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when d > 120. O
Thus, from Equation (7.27) and k = ©(d), we get

k
— 2 gd—1 ) — k gd—1 ) — gd — 1 gdi—1 )’
where the last inequality follows from Lemma 7.1. Recall that SPy ,(NW, ;x) > |T|. Hence,
SPo(NW, 4x) > 270 . M(qd, k) - M(qd, (). O

Remark 7.2 An advantage of directly analysing the complexity measures for homogeneous formulas
instead of for set-multilinear formulas is that our hard polynomial need not be set multilinear. In
Section 7.5.6, we describe an explicit non set-multilinear polynomial P (in VNP) with a large APP
measure; the construction is similar to a polynomial in [GKS20]. The proof that APP of P is large is
considerably simpler than the proofs of the above lemmas.

7.5.5 Putting everything together: the low-depth lower bound

Theorem 7.1 (Low-depth homogeneous formula lower bound for IMM) Foranyd,n, A such
that n = w(d), any homogeneous formula of product-depth at most A computing IMM,, ;4 over any

ol-A
field I has size at least 2-0(d) -nQ<d ) In particular, when d = O(logn), we get a lower bound

of nQ(dzl_A> .

Proof: We can assume that d2 = = w(1) and h := |logn| > 100, as otherwise the
lower bound is trivial. Suppose IMM, ; has a homogeneous formula C of product-depth

at most A. Consider the polynomial Py, given by Lemma 7.9, by setting k := L%J , where
A1, v -
x =Y % and T = Ld? AJ ; these parameters are the same as those in Lemma 7.6.

It is easy to show that k € [%, %} As w is h-unbiased, by Lemma 2.1 there exists a ho-

mogeneous formula C’ of product-depth at most A computing Py such that size(C') <
size(C). Hence, by Lemma 7.6, there exist homogeneous polynomials {Qi,j}l.]. such that

Pw = Zie[s] Qi,l cee Qirfz" S S size(C’) and residuek (deg(Qill),. . .,deg(Q,-,tl.)) 2 Q (d217A>
for i € [s]. Denoting the number of variables in Py, by 7, Lemma 7.9 guarantees that
= _
ny < 2(d—k)- (%) o= {%J and SPy ¢(Py) > 279 . M(i1, k)- M(7i, {). Therefore, we
1-A
ﬁ)Q(dZ )

can apply Lemma 7.7 to the same polynomial Py, which gives thats > 2-9(@). (E

S1—A
Hence, size(C) > size(C') > s > Z_O(d)-nﬂ( >, since 1 > 2" >n/2 = w(d). O
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Theorem 7.2 (Low-depth homogeneous formula lower bound for NW) Let n,d, A be posi-
tive integers. If A = 1, let d = n'~€ for any constant € > 0 and k = L%J Otherwise,

1 togn 2 _ g2t e = e ad
let d < 50 <loglogn> ,let T = {d J, K = IEO St and k = h*"‘J' In both cases, let q
be the largest prime between |55 | and |%|. Then, any homogeneous formula of product-depth at

O dﬂ‘A)

most A computing NW, ;. over any field IF has size at least 20 .y ( . In particular, when

1-A
d = O(logn), we get a lower bound oan (dz )

Proof: We analyse the cases A =1 and A > 2 separately.

A = 1. Let C be a homogeneous formula of product-depth 1 computing NW, ;. Then, C =
Yicls) I ljeqa) Qij, where Q; ; are linear forms. Observe that for any i € k], @ o (Hje[d} Q,-,j> C

<H]E a)\s Cij : S| = k> Thus, dim <ak <H]e Qz])> ( ). As dc ¢ Yicls <ak (Hje[d} Qi,j) >,
d1m<ak > <s- (Z)
On the other hand, dim <a"(qu,d,k)> = (”]z) -g*: Forevery S C [d],|S| =k,

th € Flz],deg(h) <k p C 3 (NW,4z).
zewhs

Now, for hy # hy € F|z],deg(hy),deg(hy) < k, there exists an i € [d] \ S such that h;(i) #
hy (i) because |[d] \ S| = d —k > k + 1. Thus, Hze d)\S Xi,hy (i) #Hze d\S Xi,hy (i) and|TS|_q
Also, for S # S§' C [d], |S| = |S'| = k, Ts and Ts are disjoint. Hence, dim <8k( q,d,k)> >
({) - 5! Thus, s > ¢~ = (%)o(d) as k = ©(d) and gd = @(n). Because d < n'~¢, this means
that s > nO),

A > 2. We can assume that 42 = = w(1), as otherwise the given bound is trivial. Let
C be a homogeneous formula of product-depth at most A computing NW, ;; C is a for-
mula in gd variables. By Lemma 7.6, there exist homogeneous polynomials {Q; ]} such
that NW, gk = Yiejs) Qi Qi s < size(C), and residuey (deg(Q;1), - - deg ta
@) (d217A> for i € [s]. From the proof of Lemma 7.6, k € [%, %l] In fact, as d r <

:"\” A IV

o
1-L<1--1 k< % \f . Thus, Lemma 7.10 guarantees that for ng = 2(d — k)- (%)

!In fact, it can be shown that this is an equality.
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and ¢ = L@J SPiro (NW,a) > 2-9). M(qd, k)-M(qd, £). Also, it follows from the proof

ng |’

of Lemma 7.10 (see Claim 7.4) that for ny < gd. So, applying Lemma 7.7 to NWy 4, we

REN _
get that s > Z_O(d)(%)()(d ) = 2_O(d)-n0<d21 A> as qd > % and d = o(n). Hence,

d21—A>.

size(C) > Z’O(d)-na( O

Remark 7.3 Notice that in the above theorem, as k depends on the product-depth A, the polynomial
NW,,qx may be different for different values of A. However, much like in [KSS14], there is a way
to “stitch” all the different NW polynomials for different values of A into a single polynomial P such

2l=
that any homogeneous formula of product-depth A computing P has size at least 2-0(d),,° <d )

In [LST21], the authors showed how to convert a circuit of product-depth A computing
a homogeneous polynomial to a homogeneous formula of product-depth 2A without much
increase in the size. Combining Lemma 11 from [LST21] with Theorems 7.1 and 7.2, we get:

Corollary 7.1 (Low-depth circuit lower bound for IMM) For any positive integers d, n, A such
that n = w(d), any circuit of product-depth at most A computing IMM,, 4 over any field IF with

0 (d2172A )
characteristic 0 or more than d has size at least 2~ °(@) . s

o 2128
In particular, when d = O(log n), we get a lower bound of n ( : )

Corollary 7.2 (Low-depth circuit lower bound for NW) Let n,d, A be positive integers. If A =

2
1, letd = nl=€ for any constant € > 0 and k = V%J Otherwise, let d < 1;—0 (%) , let

A1, v
T = Ldzlﬂj, N = Zo (T;—l_)l, and k = {%J In both cases, let q be the largest prime number
V=

between | 55 | and | % |. Then, any circuit of product-depth at most A computing NW, 4 over any

1-2A
o )
field TF of characteristic O or more than d has size at least 2-O@) .5 ( 2

1-2A
a2
a(£5-)

In particular, when d = O(log n), we get a lower bound of n (

We note that our lower bounds quantitatively improve on the original homogeneous for-

mula lower bound of [LST21] in terms of the dependence on the degree. While [LST21] gives

Q(dl/ZA—l)

a lower bound of d°(=4).n (as the conversion from homogeneous to set-multilinear

Q (dZPA) . Thus,

we get slight improvement both in the multiplicative factor (from d°@) to 2°(?)) and in the

formulas increases the size by a factor of d°(4)), our lower bound is 204 .5

1 1
exponent of n (from d2*-1 to d2*~V). We point out what these improvements mean for
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smaller depths: For A = 2, our lower bound for homogeneous formulas computing IMM

is superpolynomial as long as d < € - log? 1 for a small enough positive constant e, whereas

2
the lower bound in [LST21] does not work beyond d = O ((1 Og)ﬁ)g n) ) . In particular, we

obtain a lower bound of n(1°8") for the size of homogeneous depth-5 formulas computing
IMM,, ; when d = ©(log? n).

Finally, for A =3 and d < e- log4/ 31, we get a lower bound of nQ(dM), as compared to
n2(@"7) from [LST21].

7.5.6 A non-set-multilinear hard polynomial

2
For any n,d, A € IN such that 120 < d < ﬁ (10?1%211) , define k = {%J, where a0 1=
A—1

v _ Tk
Y ( 1) and T : {dzl AJ. Then, let ny = {Z(d —k)- (%) d"J (ng < n, see Section 7.5.6),
v=0 *

m=mn—ngy={x1,...,%,}and z = {xy,41,..., %, }. Let M, be the set of all (monic)

monomials of degree k in y variables and M, be the set of all (monic) monomials in z vari-
ables of degree d — k; it can be verified that |[M,| < [M;|. Fix any one-to-one function
0 : My — M;. Then, itis easy to see that for Py := },c v, m - 0(m), APPy, (P) = M(11, k).
While P, defined above might have a non-trivial set-multilinear component, it can be mod-
ified to ensure that there are no multilinear monomials in it. Notice that to prove a lower
bound for such a polynomial, we must analyse the measure of a homogeneous formula com-
puting it directly; we can not hope to get a lower bound by going via set-multilinearity as is
done in [LST21].

Lemma 7.11 (Non-set-multilinear hard polynomial) APP(P,) > 2-C® M(n, k).

Proof: Using an analysis similar to the one in the proof of Claim 7.4, it can be shown that
np = o(n). Also, from the proof of Lemma 7.6, k € [ 1 2} Let us assume that A > 2; the case

of A = 1is simple and can be handled separately. Then, as d rSa<1- =< 1-

de—i—k-l—zf,andhencek<——£ 4\]} ‘—l—i-i—sf Q—T.

Claim 7.7 [M,| < | M.|.

2{’

§
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Proof: |M,| = (""" 1) and M, = ("0t 451) Thus,

1’11—1 ng—l

(M| (mo+d—k—-1)(ng+d—-k—2)---ng k!

My~ (m+k—-1)(nm +k—=2)---n;  (d—k)!
S k! .ng_k' 1
LI (1+’<;1)k
> (1= 0(1) (g (@ o) =R (})"

(replacing ng by its value and as ng = o(n), n; = @(n) = w(k?))

k
— k _
- 1oyt (1 - o(1))v27tk ( (d— Ry
=\ d—k k
(1+0(1)) V2r(d— ) (4F) k
(using Sterling’s approximation)
k
> (1.8)4F . pd—2k
> (1.8) e T %
>1,
for d > 120. u

Claim 7.8 M(ny, k) > 270 M(n, k).

Proof: Asmny = ©®(n) > k, from Lemma 7.1, we get

o= (1) = ()} (1) = (1) e 2o () 220 b

where the third to last inequality follows from 1y = o(n) and the last inequality follows from
n > k and Lemma 7.1. O
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Chapter 8

Border of sums of constantly many

read-once arithmetic formulas

This chapter studies the border of a sum of read-once arithmetic formulas. The

contents of this chapter are part of a joint work with Pranjal Dutta.

8.1 Introduction

Recall that for an f € F[x| and a fresh variable € ¢ x, we say that f is approximated by a
¢ € Fle, x| if there exists an h € F[e, x] such that f + € -h = g. We abbreviate f +¢-h = gas
f+O(e) = g. The border of a circuit C over [F(e) is the set of all polynomials approximated
by C; the border of a circuit class C is just the union of the border of all circuits in it (See
Section 2.10 for more details). In this chapter, we prove some results about the border of

sums of ROFs. We prove the following three theorems in this chapter.

Theorem 1.10 (Sum of ROFs not closed under border) Foranyn € N, n > 10and 2 < k <
£, Yk ROF(n) C Y4 ROF(n) over any field.

Recall that ROFj(n) is the class of additive constant free ROFs in n-variables. (see Defi-
nition 2.25

Theorem 1.11 (De-bordering the border of sum of 2 ROFs) Over fields of characteristic other
than 2 and for any n € N, Y-, ROFg(n) C Y5,y ROF(n).

In the following theorem, by a depth A ROF we mean a depth A ROF with a + gate at
the top.
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Theorem 1.12 (Hititng set for the border of sum of 2 homogeneous depth-5 ROFs) IfFisa
field of size poly (1) and characteristic other than 2, then there is an n®1°8") time computable hitting
set for the border of sums of two homogeneous depth-5 ROFs computing n-variate polynomials over
F.

Theorems 1.10 and 1.11 are proved in Sections 8.2 and 8.3, respectively. The proof of
Theorem 1.12 is given in Sections 8.4 and 8.5; in the former we prove a special case of the
theorem for the border of sum of two depth-4 ROFs and in the latter we extend this proof
to the depth-5 case. Throughout this section, we shall identify a circuit with a polynomial
computed by it.

8.2 Lower bounds for sums of ROFs against their border

The proof of Theorem 1.10 follows from the two lemmas proved below.

Lemma 8.1 Foralln € Nand1 <d <n, ESym, ; € ¥, ;.1 ROF(n)

Proof: We shall show that forall 1 < d < n, there exist f;(€), gi(€) with val(f;) = val(g;) =0
for all i € [n — d] such that

ESym,, ; 4+ O(e) = € (x’ + 1)
j€ln]
n—d 1 fz(e) i X
+ — .  gld+i)2 (—’. + 1> . (8.1)
= 21 gi(e) ]-Q] e?

Since the right hand side above equation has n — d 4+ 1 summands and each is an ROF over
IF(e), proving the above equation will establish the lemma.
Observe that for all d € [n],

p X d—1 I n—d 1
€ H (-f + 1) = Z "' - ESym,,; + ESym, ;s + Y —-ESym, ;.
jem \ € i=0 i1 €
Thus,
d Xj 1
ESym, s+ O(e) = ¢ [ ] (; + 1) -) = ESym,, 4. ;- (8.2)
i=1

j€[n]

Assume by the way of induction that for some 0 < m < n — d, there exist f/(€), gi(e) for all
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m+1<i<n—dwithval(f]) = val(g!) = 0 such that
d Xj
ESym, s+ O(e) =€ [ ] ( + 1)

n i 62}_1 sz g (d-+i)2 H] (ez’ +1)

j€ln

B N (O

1 e(i—m—l—l)Zm—l g:(e)

-ESym,, 44 (8.3)

Note that the base case of m = 0 is just Equation (8.2) (with f/(e) = g/(e) = 1). As

i1 d+m+1 X; dtm o\ d+mAl—i
(ez +1> H ( zm]+1 +1> Z (62 H) -ESym,,;
| \€

j€ln i=0
+ ESymn drmil
+ ez m— 1ZM+1 -ESym,, 444,
i=m+2
1 1;1+1 (€)
elm+1—m+1)27—1 gl 1(€) "BSYMy 41
1 +1(€)
= €2m+171 m 1(6) ESymTl d+m+1
1 fm+1(€) 1\ d+m+1 X
— 627ﬂ+171 g (G) (€ ) . H €2m_+1 _|_ 1
o jelnl
w1 f,ﬁ1+1(e) g1 d+mt1—i
_ Z om+1_1 . g, 1(6) <€ > .Esymnl
m-+
O @ 1
D R (5 MR e T A
r 1;1+1 (€)

m Xj
e (I

€2m+1_1 g;n+1 (e) ]E[n}

. nii 1 fma(€)

(i—m2n -1 "ol ()

i=m+2 € m+1

+ O(e).
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Putting this in (8.3), we get

X
ESym,, ;s + O(e) = H €]+1)

j€n
i ' ie).e(d+i)2fH (%Jrl)
:1 (e) jE[l/l] €
1 n1(€)  (aiminyomn ( X )
B m ) € : H “omil + 1
62 +171 g;l/n—i—l(e) ]‘G[n] 2 +1
n—d /
1 fm+1 (e)
+ . — . -ESym,, 4.,
i—;i—z 6(1_’”)2 +1_1 g;n+1(€) n,d—+i
n—d /
1 i(€)
— . : -ES .
i—;f—z 6(1—m+1)2’”—1 gll(e) ymn/d+1
Defining f,, 11 = —f;,,1 and g1 = —g), 1 We get
ESym,, ;s + O(e —edH< )
jeln]
m+1 .
SO e (5 0)
i=1 € 8z‘(€) j€ln] €

n—d / !
1 fi(e) 1 mr1(€)
- : - : E .
i—%z <€(im+1)2m1 g;(e) e(ifm)Zmel 8,’11“ (6) Symn,d—H

Now (i —m)2" ™1 —1 > (i—m+1)2" —1forallm+2 <i < n —d. Thus,

1 . file) B 1 . fui1(€)
eli-m+1)2m—1 gf(e) e(i—m)2m+1—1 g’ +1(€)

_ 1 12" fi(€) - gmii(e) = fria(e)-gi(e)

elimm2mH -1 8i(€) - 8y i1(€) '

Forallm+2 < i< n—d,define f/'(e) = et="=12" . fl(e) - ¢' . (€) — f . 1(€)-gl(e) and
g/ (€) = gi(€) - §1,41(€). Since val(f, 1) = val(g;) = 0, val(f/") = 0. Similarly, val(g;,, ;) =
val(g}) = 0imply val(g/) = 0. Hence,

ESym, ; +O(e —edH ( >
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Tl file) eld+i)2! Xj
2 L +1
+ H} (627 + )

i=1 €2 -1 gz( ) icln

¥ 1 )

(i—(m+1)+1)2m+1-1 81( €)

oli Esymn A+ir
i=m-+2

this concludes the induction step. To complete the proof of the lemma, we observe that for

m = n — d, Equation (8.3) is the same as Equation (8.1). O

The following lemma strengthens Theorem 2.2 which was proved in [MT18].
Lemma 8.2 Foralln > 10and 2 < k < g, ESym,, ,, .1 & 3 ROF(n).

Proof: Fix ann > 3. We first prove the following special case of the lemma and then show
how to reduce the general case to this special case. Recall the definition of the gate graph of
an ROF (Definition 2.26). Also, recall that fca(x,y) denotes the first common ancestor of x
and y in an ROF.

Claim 8.1 Let f = Cy + - -+ Cy forany 2 < k < %. If Cq, ..., Cy have the same gate graph, then
C # ESym,, k11

Proof: Since Cj,...,C; have the same gate graph, we may assume that their gate graphs
must be complete graphs. If not, then there will exist x, y € x such that fca(x,y) = + in all

of Cq,...,Ck. Then from Observation 5.10, 3xgy1 = g x% = 0 and no monomial in C can
contain xy. Becausen > 3and2 < k < % z, 1 —k +1 > 2. Thus, there exists a monomial in

ESym,, x containing xy. The claim follows.

Define D; := Cand D;; = C; for all i € [k]. Let T; be a product gate in D;; with
the largest depth. Then, T; must be a product of at least two affine forms, each in just
one variable. Without loss of generality, let a1 1x1 — a1 9 and y; — B1 be two of its factors.

Define D, = aD, (y1 = ﬁl) Then D, = Dzz + .-+ Dy, where for all j € {2,...,k},

D ax1
)
D2j = %' = B

5.11). Also, Dy, - - - ,Dy x have the same gate graph. Thus, we can repeat the above process

(y1 = pB1) = 0 (follows from Observation

with Dy. Proceeding in this manner, we obtain D; = D;; + --- + D;k, and x;,y;, B; for all
i€{2,...,k}suchthatD; = oD, 4

oD,
m(yi—l = B;_1) and a_x{(yi = B;) = 0. Now there are two
cases:
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Case 1: Not all of B4,..., By are 0. Note that %—%(yk = Br) = agc’;'k (yx = Bx) = 0. Since

k oD s -
ax?”%x]{(yl = P ¥k = Br) = FE(yk = Pr), itis also 0. Now, as k < 3, ﬁ,%xk =

ESymy, mkr1(X'), where X' = x\ {x1,..., x¢} and m = n — k. It is not difficult to see that

ESymyy m—k+1(y1 = B1,-- - Yk = B)
k
=) ESymu pm k1 (X \{y1,- .-, yxk}) - ESympi (B, - ., Br)-
i=1

Here we use the fact that k < %, for otherwise m — 2k +1 < 0. Thus,

ESymy m—k+1(y1 = B1, -, Yk = Br) =0

only if for all i € [k], ESymy ;(B1, ..., Bx) = 0; this follows from the fact that

{Esymm—k,m—k-i-l—i (X/ \ {y1,---,yk}) ie [k]}

is linearly independent. This only happens when By, ..., By = 0. As at least one of them is
non-zero, ESym,, ., _x+1(y1 = B1, ..., Yk = Bx) # 0. If C computes ESym,, ,, 4, then

okC

0= g o W1 = Pue Y= Bi) = By (V1 = B i = Bi) # 0.

Hence C can not compute ESym,, , ;1.

D1 D14

Case 2: 1 = --- = B = 0. In this case C computes ESym,, , ;. only if e, — o T
% computes
ok=1C

m(m =0,...,Yx_2=0) = ESym,, ,_1(x),

wherem =n—(k—1) — (k—2)and X' = x\ {xq,..., X1, ¥1,.-.,Yx_2}. The claim follows
from Theorem 2.2. O

We now show how to reduce the general case to the above claim. Let C = C; + - - - 4+ C;

and Cq, ..., C; do not have the same gate graph. There are two cases:

Case 1: Not all of the Cy, ..., C; contain all variables in x. Without loss of generality C; does
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aC, for all i € [k]; note that C;, = 0. Now C

computes ESym,, , ;. onlyif C'=Cj+---+ Ck_l computes ESym,, 1 (,_1)_k+1-

not contain x. Then we define C' = %g and C'

Case 2: Each of the Cy,...,Cy contain all variables in x. Then there must exist an i € [k]
and x,y € x such that fca(x,y) in C; is a + gate; without loss of generality i = k. Define

C = % Ci = gigyi forall i € [k — 1]. Notice that C computes ESym,, ,, ;1 only if C' com-

putes Esymn 2,(n—2)+k— 1( \{x ]/})

Now, if C'l, .. -/C;<—1 have the same gate graph, then we have successfully reduced to the
case of Claim 8.1. Otherwise, we repeat the process described in Cases 1 and 2 until we
geta C" = C/ +--- + CJ such that C{,...,Cj have the same gate graph and C computes
ESym,, ,_x+1 only if C” computes ESYMy i, (n—m)—k41(X), where 0 < m < 2(k—¢) <2(k—1)
and |x'| = n — m. This is so because the process needs to be repeated at most k — 1 times
and every time the above process reduces the number of summands by 1, the number of
variables as well as the degree of ESym both decrease by either 1 or 2.
If ¢/ = 1, then we need to show that C” which is an ROF can not compute ESymy, i, (n—m)—k+1-

As2 < k < % (n—m)—k+1 > 3. Now the gate graph of C” must be a complete
graph, for otherwise there would be a pair of variables x,y € x’ such that %xgy = 0 while

9’ES
ym”g;fa’(y” m KL £ 0. But if the gate graph of C” is a complete graph, then it must compute

[Ixex x whichis not presentin ESym,, ., ;) —41- SO C" can not compute ESYymy, o (n—m)—k+1-

”gm. So we can

If £ > 2, then a simple calculation shows thatas 2 < k < %, implies 2 < k <
use Claim 8.1 for a C"” obtained from C” by adding an k — £ ROFs with the same gate graphs

as .., C}/ whose sum equals 0. O

8.3 De-bordering the border of sum of 2 ROFs

In this section, we show that the border of sum of two additive constant free ROFs comput-
ing an n- variate polynomial is contained in the sum of O(n) many ROFs. Recall that we
say that an ROF is additive constant free if all children of every + gate in it are non-constant

polynomials. Also recall that we denote the class of additive constant free ROFs by ROF.

Proof of Theorem 1.11

The proof is by induction on n. For n = 1, and any f € Y, ROFy(n), f + O(e) = ax; + Bx;
for some «, B € F(e) such that « + B € F[e]. Puttinge = 0in f + O(e) = (a + B)x1, we get
f € ROF,.
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Assume by the way of induction that the theorem is true for 1 < n’ < n. Fix an
f e ZZTFO(n). Then f + O(e) = Ry + R, where Ry and R; are additive constant free
ROFs over F(e). We divide the proof into two cases depending on whether (one of) the
deepest gate in Ry, say G, is a + gate or a x gate.

Case 1. G is a x gate. Notice that since G is (one of) the deepest gate in Rj, it can only
compute a product of variables in x. Moreover, it must have degree at least 2. Then without
loss of generality G = x1x2 - - - x;,. We further divide this case into sub-cases depending on
what fca(xq,xp) in Ry is.

Case 1.1. fca(x1, x2) in Rp is a + gate. Note that 5 f +O0(e) = aRl + axz and thus aa{ €

Y » ROFy(n —1).! Also, as polynomials over ]F( ) every monomlal in 81; contains x; (see
Observation 5.11)> while no monomial i in 2R has xp. Thus, there can be no cancellations
between %xl and aRZ Hence axz € Fle][x] and Clalm 2.3 implies that aRz 2(e = 0) € ROF,.
Because R; is a multﬂmear polynomial, R, = xR ax1 + Ry(x1 = 0). Hence, f+0(e) =
(R1 4+ Ra(x1 = 0)) + R3, where R3 = x7 - %Iiz (e = 0) is an ROF (over F).

We can repeat the argument made above for ' := (Ry + Ry(x; = 0))(e = 0), to get that
f 4+ 0O(e) = (Ry + Ra(x1,x2 = 0)) + R3 + Ry, where Ry is also an ROF (over F). Observe
that a monomial in Ry + Rp(x1,xp = 0) contains x7 if and only if it contains x,. Consider
f" = (R} + Ra(x1,x, = 0))(e = 0), where R] is obtained from R; by replacing G with
yx3 - - X,y where y ¢ x is a fresh variable. As f” € Yy, ROFy(n — 1), by the induction hypoth-
esis, f € Yo(m—1)ROFo(n —1),say f” = P+ - - - + Py, wherem = O(n — 1). Foralli € [m],
let P/ = P;(y = x1x2). Observe that P{ 4 --- + P;, = (Ry + Ry(x1,x2 = 0))(e = 0). Further
Pj,..., P, € ROF,. Hence, f +O(e) = P+ -+ + P, + O(e) + R3 + Ry and f € }p(,,) ROFo.

Case 1.2. fca(x1, x2) in Ry is a x gate; suppose this gate is at product-depth § — 1. We assume
that the top gate of R, is a + gate, if it is not, we add a dummy + gate. Then, we can
write Ry as Q1,1 + - -+ + Q1,5, where each of the Q;; are x gates (or 0 if the top + gate
is a dummy gate) and x1,x, € var(Qi1). Let Qi1 = Ti1--- Tim and xq,x € var(Tyy).
Having mductlvely defined Q;;and T; s foralli € [¢],£ <6 —1,j € [s;], and j' € [m;], let,
Tpp = Quy1a+ -+ Qryasy,, with x1/x2 € var(Qry1,1), and Qri11 = Torrn - Tovtmgy
with x1,x, € Var(TgH,l). Finally, Ts_1 = Q1 + -+ + Qss, With x1,x, € var(Q;;) and

IThis is so, becasue the derivative of an additive constant free ROF is also an additive constant free ROF.
ZEven though we have only proved Observation 5.11 for canonical ROFs, it actually holds for any ROF
with alternating layers of 4+ and x gates. Recall that all ROFs considered in this work have this structure.
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Qs1 = Ts1-Tsp- - Tsm,, where x1 € var(Ts,) and xp € var(Ts,). Thatis fca(xy, x2) = Qg1
Observe that as &(x =0) = Ri(x; =0) =0, &2(x, = 0) and ?,I;Z(xl = 0) € Fle|[x].

- aX2 4 E)x1

Thus ( 2(xp = 0)) (e =0) and (aRZ (x1 = O)) (€ = 0) are both in ROF; = ROF;. Now,

oR oT;s o1

gj(xz_ axil Ts0(x2 =0) - Ts3- -~ T, quz T; m,
=

oR 0T o1

a—xzz( 1= )_W; T51(x1=0) Tz Topm, - [ [Tiz- - Tiom,

Let val (T(S,3 Ty TI L T -Tim> — v and val (aTM) = &y, val (Ts2(x2 = 0)) = Bo,

d
val < 52) = &y, val (Ts 1(x1 = 0)) = B1. Since %x (xp = 0), Er 2(xy = 0) € Fle][x], a1 + B2+
v > 0and ay + B1 + 7 > 0. A simple calculation shows that this implies that a1 +ay +77 > 0

or B1 + B2 + v > 0. We now analyse these two cases.
Let Rz = <x13x (xp = O)) (e =0)and Ry = (ngliz( x; = 0)) (e=0).Ifar+ar+vy >0,
then

9*R, d0Ts51 0Tsp

€ ROF; = ROF,.
Thus we can write
f+0(e) = (R1 +Ry) + R3 + Ry + Rs

where R5 := xlxza?i—gz(e = 0) € ROFy, and R, = Ry(x1,x2 = 0). Then we can argue as
in Case 1.1: obtain R} by replacing x1x; in Ry by y and define f’ := (R} + R})(e = 0). By
induction hypothesis f’ € Yo (,_1) ROFg(1 — 1) from which we can obtain a circuit for f in
>-0(n) ROFy(n) by replacing y with x1x; and adding R3 + R4 + Rs.

Similarly, if B1 4 B2 + v > 0 then we can write

f+0(e) = (Ri + Ry) + Rz + Ry + Rs
where Rs = (Ry(x1,x2 =0)) (¢ = 0) € ROF; = ROFj and R} = xlxzax ax Note that a

monomial in Ry or R} contains x; if and only if contains x,. Let R and R/ be obtained from
Ry and R}, by replacing x1x, with a fresh variable y and define f’ = (R]+RJ)(e =0). As
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before, by the induction hypothesis, f’ € }_o(,_1) ROFo(n — 1). We can obtain a circuit for f
in Yo(n) ROFg(n) from that of f' by replacing y with x1x; and adding R3 + R4 + Rs.

Case 2. G is a + gate. Since G is the deepest gate in Ry, it must compute a linear form. With-
out loss of generality G = a1x1 + - - - + & X, where val(a1) < val(ap); in fact we can also
assume that a; = 1. Consider f’ := f (x; = x1 —az(e = 0)x2) = f(x1 = x1 — azx2) + O(e).
Then f' 4+ O(e) = R} + R}, where R| = Ri(x1 = x1 — a2x2) and R}, = Rp(x1 = x1 — aox2).
Note that R} does not contain x,, but R} need not be an ROF over F(e); it may contain x, at
two places. xz% can not cancel out and is in F[e][x]. We now analyse xz%. There are two

cases: fca(x1, xp) in Ry is a + gate and fca(xy, xp) in R is a x gate.

Case 2.1: fca(x1, x) in Ry is a + gate. If there is a 4 gate in R; such that x1 and x; are directly
connected to it, then the same is true in R),. Let us call this gate in R}, as G’. Then R} is an ROF
over [F(e). Hence xz%(e = 0) € ROFy = ROF. Then, " +O(e) = (R} + R5(x2 = 0)) + R3,
where R3 = 129 (e = 0). Now f := (R} + Rj(x2 =0)) (¢ = 0) € ¥, ROFo(n — 1) and
thus from the induction hypothesis, f € }.o,_1) ROFp(n — 1). Hence, f' € Y0,y ROFo(n).
We can obtain a circuit for f from that for f’ by replacing x; with x; + ap(e = 0)x,. Since

f" does not contain x; and Rz does not contain x;, the circuit so obtained will still be in
>-0(n) ROFp(n). Now we look at the case in which such a G’ does not exist.

As in Case 1.2 we assume without loss of generality that the top gate of R; is a + gate.
Suppose that fca(xy, x2) is at product-depth 5. Write Ry as Q11 + - - - + Q1,5, Where each of
the Q;; are x gates (or 0 if the top gate of Ry is a x gate) and x1,x € var(Q11). Q11 =
Ti1 -+ Trym and xq1,x2 € var(Ty,;1). Having inductively defined Q;; and T; s for all i € [/],
<d,jesi],andj € [m],let Ty = Qpy11 + -+ Qryus,,, With x1, %0 € var(Qpy1,1), and
Qrv11 = Trv11 Tog1my,y With x1, x0 € var(Tpyq,1). Finally, Tsy = Qs11+ -+ Qo165
with x1, € var(Qs411) and x» € var(Qs412). Since G’ does not exist, it must be tha/t at

least one of Qs111, Qs+12 has fan-in at least 2. Because R} does not contain x», g% €
Fle](x \ {x2}) . Now,

dR,  9Ts1(x1 = x1 — px2) o=
— , Tso-.-T ||T o T
axz axz 5,2 5,7’/’15 ] 1,2 1,m;

_ (9Q(n =m —axa) | 0Qsi12) o
x> x> 0.2
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Suppose that Q5.1 1 has fan-in at least 2, the case when Qs 1 has fan-in at least 2 is similar.
Let Q51,1 = Tsy1,1° * Top1,my,, With x1 € var(Tsy1,1) and ms, 1 > 2. Then as Ry and thus
R} is additive constant free, every monomial in Qs411(X1 = X1 — a2X2) containing x; also
contains a variable in var(Ts,1,). Because R is an ROF, var(Qs11) and var(Qs41,) are
disjoint. Thus var(Qsy11)(x1 = x1 — a2x2) Nvar(Qs+12) = X2. Hence, every monomial in

) . . . C . . 0 .

QaJTZM (x1 — apxp) contains a variable in var(Ts. 1 ) which is not in % So no cancellations
: 3 —x—

are possible between R} := x, Q5+1,1(x81x2x1 22x2) Tsp - Tom, H‘S YTy - Ty, and Ry :=

x2a%<sT+21,1 +Tsp+++ Tomy  TI0=; Tip -+ - Ty m,- Thus both of them are in Fle](x \ {x2}). Also note
that both are ROFs over FF(e). Thus Rz := Rj(e = 0) and R4 := R)(¢ = 0) both are ROFs
over [F.

Notice that R, computes a multilinear polynomial. So,

f'+0(e) = (R} + Ry(x2 = 0)) + R3 + Ry. (8.4)

f" = (RI+R,(x2=0)) (e = 0) € Y,ROFy(n—1); so by induction hypothesis, f’ €
>-0(n—1)ROFy(n —1). So, f" € Yo(,) ROFq(1). We can obtain a circuit for f from f’ by re-
placing x; with x1 + (e = 0)x2. Now R3, R4 do not contain x4; this is because R} does not
contain any monomial containing both x; and x;. Hence f continues to be in )",y ROFo (7).

Case 2.2 fca(x1, x2) in Ryisa x gate. Asin Case 1.2, we assume without loss of generality that
the top gate of R; is a + gate. Suppose that fca(x1, x2) is at product-depth § — 1. Write R; as
Q1,1+ -+ -+ Q1,5, where each of the Q; ; are x gates (or 0 if the top gate of R is a x gate) and
x1,x2 € var(Qq1). Qi1 = Ti1- - Tim and x1,xp € var(Ty;). Having inductively defined
Qijand T foralli € [{], £ <d—1,j € [si],and j' € [m;],let Tyy = Qpy11+ -+ Qus1s,,5-
with x1, xp e var(Qey1,1),and Qpy11 = Ty Trgtmy,, With x1, X2 € var(Tyyq,1). Finally,
Ts—1 = Qsq + -+ Qs,s, With x1,x2 € var(Qs1) and Qs = Tj1 - Tso - - - Tsm,, Where x1 €
var(Ts1) and x € var(Tj,). Thatis fca(xq,x2) = Qs 1.

Observe that R}, has individual degree at most 1in x \ {x2 } and individual degree at most
2 in x,. Hence, as char([F) # 2,

oR) 1 2azR’

/

As in f’, R/, is the only sub-circuit containing x, x23—1;22(x2 = 0) + 3x3 aa R ¢ Fle][x]. This

also means that both the summands are also in FF[e][x].
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In R/ the only sub-circuits with x, are Tyq(x1 = x1 — apx) and Ty 5. So,

8;15; _ <_(X2'88T—ail . aaT_;f.TM T&mg) .ﬁTZZ Tim,
Thus, E’;—J’S%'Z(e — 0) € ROF, = ROF,. Call this ROF R,
8_R’2<x2 =0)
x>
= (—062 ' aaT—Jfll Tso(x2=0) + Ts1 - aaLJf;) “Ts3 - Tsmy 'jlei,z “Tim;
= (—062 : aaT—;ll - T52(x2 = 0) + (xlaaL)f’l1 + Ts1(x1 = 0)) ' 387;22> Ts3 - Tsms '(ﬁTi,z " Tipm,-

Unless Tj,(x2 = 0) = 0, every monomial in T, (x, = 0) must contain a variable y such that

fca(y, x2) in R, is a + gate. Such a variable can not be presentin Ty ; - aaj;ff. Thus,

dT54

5—1
g Tsp(x2=0)--Ts3 Tsms - [ [ Tin - Tim, € Fle][x].
i=1

Also, it is an ROF over [F(€), so

3T -1
<—0é2 : a;; Tsp(x2=10) Tz Tsms- [ [ Tia- Ti,m,-) (e = 0) € ROF,.
i=1

Call this ROF Ry. F[e][x] also contains

BT(;,Z o—1
Tsa - N Tsz - Tsmy - i|:1| Tip - Tim,
— (2o g (x1 = 0) Moz gyt §||1 Tip - T;
= 1 aX1 0,1\A1 — aXZ 4,3 S,mg 1 i,2 im;-

Thus,

aT&,l aT(S,Z o—1
(Xl ax1 . axz . T(5,3 ce T5,m5 . ;[:]1: Ti,Z . Ti,mi (6 _ O)
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and
oT;,

(T&,l(xlz()) 8—x2 T53 T5mo HTZZ Zml) e:O)

are both in ROFy = ROF. Call these two first ROFs R5 and Rg. Then,

1
f'4+0(e) = (R} + Ry(x2 = 0)) + x2(Rg + R5 + Rg) + §x§R3.

Note that f” := (R} + Rj(x2 = 0))(e = 0) € Y, ROFy(n — 1). So by the induction hypothe-
sis, f” € ZO(H—I) ROF()(?’I - 1). Letay = apo + O(e) Then,

f= f/(xl = X1 + a2,0x7)

1
—X%Rg

= f"(x1 = x1 + agpx2) + x2(Ra + Rg) + x2(Rs(x1 = x1 + agpx2)) + 5

Note that R4 and Rg do not contain x5. So x2R4 and xpRg are both ROFs. Then, from
the proof of Claim 2.3, R3 and Rs look like —2a; oR’ and x1 R’ respectively for some ROF R’.
So, x2(Rs5(x1 = x1 + aox2)) + %x%l% = x1xR’. As R5 does not contain x5, x,R’ is an ROF
giving f € Yo (») ROFy(n).

8.4 PIT for the border of sum of 2 depth-4 ROFs

For ease of exposition, we first prove Theorem 1.12 for the special case of the border of sum
of 2 depth-4 ROFs. The proof of the theorem follows in a straightforward way from the

following lemma.

Lemma 8.3 Let G : [F" — IF" be a hitting set generator for n-variate multilinear ROABPs as well
as Y, ROF. Then G + G5V is a hitting set generator for the border of sums of 2 additive constant
free, depth-4 ROFs provided that |IF| > n?d, where d is the degree of G + G5!

Proof: Let f +O(e) = Ry + Ry, where Ry, R; are additive constant free depth-4 ROFs over
IF(e) and f # 0 € FF[x]. From Observation 2.2 it is sufficient to show that G + G5V is a hitting

set generator for aaf for some i € [n]. If f € F, there is nothing to prove. Else, there exists
an i € [n] such that af # 0. Observe that aRl and aR2 are in ROF; over F(e) with depth 3
and a product gate at top. So by re- defmmg f ax , R1 =R R, aa 2, we can reduce the

ox;

lemma to the following: Let Ry = p;---prand Ry = g1 ---q¢, then G —|— G5V is a hitting set
generator for f. For all i € [k], let p; = a;1m;1 + - -+ + &;x,m;x, where m; ; are monomials.

!For a polynomial map G = (g1,...,gn), deg(G) := max {deg(g;) : i € [n]}.
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Similarly, for all i € [¢], let g; = B;1pi1 + - - - + Bi,ie, Wwhere p; ; are monomials. We want
to show that f(G + G5) = 0 implies that f = 0. We first show that f(G + G5") = 0, then

{mij}; = {mijhi;
Claim 8.2 Iff(g + QZSV) =0, then {mi,]- i e [k],] € kl} = {“l/li,]' 11 e [E],] € Ez}

Proof: The proof is by induction on the number of variables nin f. If n = 1, then R; = ax
and Ry, = PBx; and the claim is clearly true. So assume, by the way of induction, that the
claim is true for all f" in the border of sum of 2 additive constant free depth-4 ROFs with at
most n — 1 variables. If {m;;:i € [k],j € k;} # {pi;j:i € [{],j € {;}, then either there exists
x such that x is present in only one of the Ry or Ry, or there exist x, y such that x,y € m;;
but x € py i and py i, where j' # j” or there exist x,y such that x,y € m;; but x € py i and

pin jr, where i’ # i"’. We now analyse these three cases in detail.

Case 1. There exists x such that x is present in only one of the R; and Ry; without loss of
generality, x € my ;. Then,
of

m
Fys O(e) = a1, ;’1 P2 Pk

The right hand side must be in F[e][x]. Thus g—J; € ROFy; from Claim 2.3 it is in ROF.
Observation 2.2 and f(G + ggV) = 0 imply that %(g ) = 0. As G is a hitting set generator
for 2, ROF, this means that % =0and

a11myp2 - - pr = O(€),

Sof+O0(e) =py-p2 - pc+q1---qe where p] = ajomp + - - + ;. m; .. This has fewer
than n variables. So the claim follows from the induction hypothesis.!

Case 2. There exist x, y such that x,y € m;;but x € py i and py i, where j* # j”. Without
loss of generalityi =1,j=1,i' =1,j' =1,j = 2. Then,

0
%(}/ZO)ﬂLO(e) = 1,1%"12"'676
0
%(x =0)+0(e) = ﬁl,zy;z g2 qy

!By removing m 1 from {mi,]-}l.j since f has an expression that does not contain 1y ;.
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82f le
+O(€) = ay, Xy “* Pk

oxay

The right hand sides of all the three expressions are in F[e][x]. So BJ; (y = 0), gjyc(

0), E)xafy € ROF,. Thus from Claim 2.3, they are in ROFy. Also, from Observations 2.2 and
P) P)
2.3, f(G+ QZSV) = 0 implies that <%(y = 0)) G) = <%(x — ())) (G) = (ﬁ) (G) = 0.

However, as G is a hitting set generator for X, ROF, this means that

Biim11- g2 q0 = Of(e)
Biak12 g2+ q0 = Of(e)
wymyg - pa - pr = O(€).

Hence, f +O(e) = pip2---px + 4192 - - qe, where p| = a;omio + -+ a;m;y, and q7 =
Bighiz + -+ ajppie. Thus f has fewer than n variables and the claim follows from the
induction hypothesis.

Case 3. There exist x, y such that x, y € m; ;butx € py yandy € pjn », wherei’ # i"'. Without
loss of generality, i =1,j =1,/ =1,/ =1,and i = 2,j” = 1. Then, for ¢} := g1 — B11}111
and g, == q2 — Ba1t2,1,

Uty =0)+0(e) = pra- M2 gy g5,

ox
L =0)+0(e) = i for- 2 ga-- g

The right hand sides of both of the above expressions are in [F[¢][x]|. Hence g—f (y=0),3 of (

X

0) € ROFy. Thus from Claim 2.3 they are in ROF;. Observations 2.2 and 2.3 g1ve that
(G +G3V) = 0 implies that (%(y = 0)) (G) = (%(x = O)) (G) = 0. As G is a hitting set
generator for 2pROF, this means that

Bii-#i1- 9293 -q0 = O(e)
01 B21-M21-q3--- 90 = O(e€).

It is not difficult to see that this means that at least one of B1 11,1 - B21}21 - g3+ - g¢ and
qy-q5-q3---qeisalso O(e).
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Case 3.1. B11111 - B2aM21 -G53 -g¢ = O(€). Then

82f m1,1
520y +0(e) =aq1 5y p2- - Pk

The right hand side is in Fle][x]. Thus ;j—aj; € ROFj and from Claim 2.3 it is in ROFj.

Observation 2.2 gives that f(G + G5") = 0 implies that (;j—a@) (G) = 0. As G is a hitting set
generator for 2pROF, this means that

w11myp2 - pr = O(e),

Sof+O(e) =py-pa - pc+4q;-93-93 ¢, where pi | = p11 — a11my,1. This has fewer
than n variables. So the claim follows from the induction hypothesis.

Case 3.2. 4195 - q3- - - q¢ = O(€). Then for p] = p1 — a11m1,

f(x=0,y=0)+0(e) = pip2--- px-

The right hand side is in F[e][x]. So f(x = 0,y = 0) € ROF; and from Claim 2.3 it is in
ROFy. Observation 2.3 gives that f(G + G5") = 0 implies that f(x = 0,y = 0) = 0. As G is
a hitting set generator for £,ROF, this means that

pip2- - pr = O(e).

So f+0O(e) =wa11m1-p2--- Pr+ B1iM11 - P12M21 - 43 - - - 4¢- Note that variables in var(q])
and var(q5) (both of which can not be empty simultaneously) are not present in the second
summand. Thus, f is in Case 1 and the claim follows because it holds in Case 1. O

We now need to show that when {m;;:i e [k],j €k} = {pj:i€[l],jeti}, f(G+
G5V) = 0 implies f = 0. We start by proving the following claim.

Claim 8.3 k = ( and p; = v;q;, where vy; # 0 € F|e] for all i € [k].

Proof: By induction on n the number of variablesin f. If n = 1, then f + O(e) = ax1 + Bx2
and the claim is true. So suppose that it is true for all f’ in the border of sum of 2 additive
constant free depth-4 ROFs with at most n — 1 variables.

Without loss of generality for all i € [k], val(a;1) < val(a;;) for all j € [k;] and for all i €
[m], val(B;1) < val(B;;) for all j € [¢;]. Also, without loss of generality, m;; = p1,; for some
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j € [f1]. Suppose that some p y is not in p;; without loss of generality pyy = my . Then
observe that ay 1111 - & juimy o - p3 - - - px € Fle][x]. But this means that val(ay,1) + val(ag i) +
val(ps -+ px) > 0. Asval(ay;) < val(ay;) forall j € [ki], this means val(p;) + val(ay ) +
val(ps -+ px) > 0. S0, ap jnmy jnp1 - p3 - - - px € Fle][x]. But then sois By py 792 - - - q¢- Thus

(042,]'//"12,]'“191 P3Pt Bryphpge W) (e=0)

is in 3 ROFy. Thus for all x € pyj = myn, % + O(e) € Y, ROF. From Observation 2.2,
(G +G5V) = 0 implies that

ap iy inp1 - P3 -+ Pr+ Brp,pq2 - qe = O(€)

Thus, f +O(e) = p1-p5-p3-- Pk +4q,-q2---qe, where p) = pp — a0y ity o and 75 =
q2 — Bty So f has fewer than n variables and the claim follows from the induction

hypothesis. O

Now for all i € [k], it is easy to see that p; and g; have multilinear ROABPs with the
same variable order over F(€). Multiplying all of these ROABPs together we get multilinear
ROABPs for Ry and R; with the same variable order. Hence f € ROABP. Claim 2.2 implies
that f € ROABP. As G is a hitting set generator for ROABPs, f(G + QZSV) = 0 along with
the fact that G5V contains 0 in its image implies that f = 0. O

Proof of Theorem 1.12, the depth-4 case

Let f # 0 be in the border of sums of 2 additive constant free, depth-4 ROFs. Then from
Lemma 8.3, we have f(G + G3V) # 0. From Theorem 2.1 G is a polynomial map in O(log )
variables and of degree poly(n). G5 is a polynomial in 6 variables and of degree O(n).
Hence, G + GJV is a polynomial map in O(logn) variables and of degree poly(n). Thus,
there is a hitting set for f that can be computed in time 70108,

8.5 PIT for the border of sum of 2 depth-5 ROFs

In this section, we prove Theorem 1.12. The proof of the theorem follows in a straightforward

manner from the following lemma.

Lemma 8.4 Let G : F" — F" be a hitting set generator for n-variate multilinear ROABPs as well
as Y, ROF. Then G + G2V is a hitting set generator for the border of sums of 2 homogeneous depth-5
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ROFs provided that |IF| > n?d.

Proof: Let f + O(e) = Ry + Ry, where Ry, Ry are homogeneous depth-5 ROFs over F(e)
and f # 0 € F[x]. Similarly to the proof of Lemma 8.3, it suffices to show that G + GJV
is a hitting set generator when R; and R; are depth 4 ROFs with x gate at the top. Let
Ry = p1---prand Ry = g1---qs, where for all i € [r], pi = Yicpp i1 4ijq, and for all
i€ sl qi = Ljefs bija - Cijer

Claim 8.4 If (G + G;") = 0, then for all i, j, k, there exist i, j', k" such that £; . = ikl i o for
some a;;x 7 0 € F(e).

Proof: Let Ry, R; be as above. We first argue that if x is present in Ry, then it must also
be present in R; and vice versa. Suppose not; without loss of generality x is in R; but not
in Ry. Then % +O0(e) = aa%. Thus f € ROF,' = ROF,. %(Q +G3V) = 0, for otherwise
Observation 2.2 would imply that f(G + G7V) # 0. As G is a hitting set generator for }_, ROF
and 935 V has 0 in its image, this means that g—]; = 0 and thus x can be removed from R;.

We now show how to ensure that for all i, j, k a multiple of /; ;; appears in some linear
form in Ry. Then repeating this same argument but for showing that a multiple of ¢}, i1kt @P-
pears in some linear form of R; for all i/, j/, kK would prove the claim. For ease of exposition,
fixi = j = k = 1. Let x be the variable in ¢ ; ;1 whose coefficient has the smallest valuation
among all the coefficients in ¢ ; ; and without loss of generality x is in (’1,1,1. Let the coef-
ficients of x in both these linear forms be « and a’ respectively. Let y be any other variable
in /111 and its coefficient be . We will now show how to ensure that a’x + %/ - By occurs in
5/1,1,1- Repeating this argument for all variables in ¢; 1 ; would ensure that a multiple of ¢ 1 1

is present in ] ; ;. There are two cases.

Case 2. fca(x,y) in Ry is a + gate. Define f' := f (x =x— §(€ = O)y). This case has two
sub-cases.

Case2.1.y € £1,,. Let a’x + B'y be present in £} ; ;. Observe that f' + O(e) = R} + R},
where R] is obtained from R; by replacing ax + By in {111 by ax and replacing «’x + 'y
in R} by «’x + vy, where y = p/ — o’ - g This is so because ' = f (x =x— gy + O(e)> =
f <x =x— gy) + O(e) = R} + Rj. From Observation 2.3, f'(G + G5V) = 0. Now, as only
R}, contains y,

af/ e1 ,

F +O0(e) = ’Y'H€1,1,k"72""7€-

Y k=2

!Note that every homogeneous ROF is also an additive constant free ROF
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Thus af € ROFy = ROFy. Observation 2.2 implies that & (g +G5V) = 0. As G is a hitting
set generator for ROF, this means that % = 0. Thus v - Hk:z L1k 42 qe = O(e) and
f'4+ O(e) = R} + RY, where R is obtained from R; by replacing «’x 4+ 'y by just a’x. As
f=f (x =x+ §y> + O(e) this means that f + O(e) = Ry + R}’ where RY)’ is obtained
from R, by replacing B’y with %/ - B.

Case?2.2.y ¢ (. Without loss of generality y € ¢}, . Observe that f' + O(e) = R| + R5,
where R := R;(x = x — éy) Now, if the coefficient of y in £} , ; is #/, then

af/ O —_ A ﬁ . El 161 gl
a—+ () = —« '—H 11k 92 qs+p H 12k 92" Ys-
4 &= k=2

Observe that there can be no cancellation between the two summands. This is so because
e; > 2. Thus, every monomial of the first summand contains a variable in Var(fglzlk) which
can not be present in the other summand (and vice versa). So, both summands are in F|e]
and %—J; € Y,ROF,. Asin Case 2.1, f(G+G3;V) = 0 and thus from Observation 2.2,
%—g (Q + QZSV) = 0. Since § is a hitting set generator for ) , ROF, this means that f =
Hence f’ does not have y and f' + O(e) = R} + R where R} = R}(y = 0) = Rz(y = 0).
Hence f + O(e) = Ry + R}’, where R}’ = R} (x = x + %y) is an ROF which can be obtained
by first setting y = 0 in R, and then replacing a’x by a’x + % - By.

Case 3. fca(x,y) in Ry is a x gate. Define f' := f (x =X — g(e = 0)y>. There are two sub-

cases.

Case 3.1. There exists k € [e1] such that y € £} , ;. Without loss of generality, k = 2. Observe
that f' 4+ O(e) = R} + R}, where Rl = R;(x = x — éy) Now, if the coefficient of y in £ ; , is
B, then

aZ/
af +O(e) = o g ank g2+ qs

i3
a—(yzO)-i—O(e):—zx’-g- /1,1,2(y:O)'Hgll,l,k'qz"'qs-l'g 1,11 ,3 Hflzk qz-
k=3

Thus ﬂ; € ROF; = ROF. As in Case 2.1, f'(G + G3") = 0 and thus from Observation

2. 2, ay (g + G») = 0. Since G is a hitting set generator for }_, ROF, this means that & f =0.
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Also, unless £}  ,(y = 0) = 0, every monomial in —a/ Eog 12 =0) TL gt 1927 4s
must contain a variable in var (5’1’1,2) \ {y} which can not be present in the other sum-

mand. Hence there can be no cancellations between the two summands that make up
3 (v = 0) + O(e) and both of them must be in Fle]. Thus 3 -y = 0) € Y, ROF,. Ob-

servatlons 2.2 and 2.3 imply that < a—f/(y = )> (G+67v) =0. Smce G is a hitting set gen-

erator for ), ROF, this means that f (y = 0) = 0. As 5 yé is also 0 and char(F) # 2, f’
does not contain y and ' 4+ O(e) = R’ + R} where R} = R,(y = 0) = Ra(y = 0). Hence
f+0O(e) = R1 + R, where R} = R’z’(x =x+ ’%y) is an ROF which can be obtained by first
setting ¥ = 0 in R; and then replacing a’x by a’x + "‘ - By.

Case 3.2. There exists i € [s],j € [si],k € [e;] such thaty € fg,j,k' Without loss of generality,

i=2,j =1k =1. Observe that f' + O(e) = R} + R}, where R} = R;(x = x — gy) Now, if
the coefficient of y in £} ; ; is f/, then

Q2 f! T
vt =2 (BT ) (FTT ) oo

i(yZO)JFO(G _< H£11k> 0)"13""1s+f11'<ﬁ/£[2£/2,1,k>'673“'%-

Justlike in Case 3.1, y]; = 0. Also, unless g»(y = 0) = 0, every monomial in <—oc' : gnilzz gll,l,k) :
72(y = 0) - g3 - - - s must contain a variable in var (g2) \ {y} which can not be present in the
other summand. Hence there can be no cancellations between the two summands that make
up %(y = 0) 4+ O(e) and both of them must be in F[e]. Thus %(y = 0) € Y, ROF. Obser-
vations 2.2 and 2.3 imply that (%—j;(y = 0)) (G +GPV) = 0. Since G is a hitting set generator
for ), ROF, this means that %—g(y =0) =0. As % is also 0 and char(IF) # 2, f’ does not
contain y and we can again argue as in Cases 2.2 and 3.1 that f + O(e) = Ry + R}, where
Ry =R)(x =x+ E/y) is an ROF which can be obtained by first setting y = 0 in R, and then
replacing a’x by a’x + % - By. O

Notice that because of the above claim, if f(G + GJV) = 0, then f is in the orbit of the
border of a sum of two homogeneous ROFs of depth 4. So we can expect a claim analogous
to Claim 8.2 to hold for f. We now prove that this is indeed the case.

Claim 8.5 If f(G+G5V) = 0, then {er[di] Gixii€lrdje r,} - {ocz,j Teefe; £ i € [8],7 € si}
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for some a;; # 0 € F(e).

Proof: The proof is similar to that of Claim 8.2. In the proof of that claim, we analyse
various cases involving two variables x,y. In our case, we shall have to analyse the same
cases, but with x and y replaced by /; ;; and K;/I - Let liix = ax+hand Eg,, e = By + 1,
where I, I’ are linear forms and x,y are chosen such that val(a) < val(h) and val(B) <
val(h'). Define ' := f (x =x—1e=0),y=y- %’(e = 0)) Notice that f' + O(e) :=
f (x =X — %, y=y-— %) This can be obtained from f by replacing /; ;x by ax and ¢}, K
by By. Due to Claim 8.4, f’ is also in the border of sum of two homogeneous ROFs of depth
5. Observation 2.3 implies that f(G + G5") = 0. It can be verified that the argument in the
proof of Claim 8.2 would go through even if Mijy ; and pij; ; are products of linear forms in-
stead of being monomials; it only requires that we take derivatives with respect to variables

and set variables to 0. So, the claim can be proved by arguing analogously. O

We now prove a claim analogous to Claim 8.3.
Claim 8.6 s = rand p; = g; forall i € [k].

Proof: Again the proof is same as the proof of Claim 8.3; all we need to do is observe that
that proof does not use the fact that {mi,j}l.,]. and { Vi/i}i,j are monomials. O

Much like in the proof of Lemma 8.3, p; and g; have multilinear ROABPs with the same
variable order. Multiplying all of these ROABPs together we get multilinear ROABPs for
R; and R, with the same variable order. Hence f € ROABP. Claim 2.2 implies that
f € ROABP. As G is a hitting set generator for ROABPs, f(G + GEV) = 0 along with
the fact that G2 contains 0 in its image implies that f = 0. O

Proof of Theorem 1.12

Let f # 0 be in the border of sums of 2 homogeneous depth-5 ROFs. Then from Lemma 8.4,
we have f(G + G2V) # 0. From Theorem 2.1, G is a polynomial map in O(logn) variables
and of degree poly(n). G2V is a polynomial in 10 variables and of degree poly(n). Hence,
G + GV is a polynomial map in O(logn) variables and of degree O(n). Thus, there is a
hitting set for f that can be computed in time #0108,

237



Chapter 9
Directions for future work

In this thesis, we described some results about hitting sets for orbits of various circuit classes,
gave an equivalence test for ROFs, de-bordered the border of sums of two ROFs, and gave
an alternative, and in our opinion, a more direct proof of a super-polynomial lower bound
for constant depth arithmetic circuits. We now mention some directions of future work to
extend these results.

Hitting sets for orbits of circuit classes

In Chapters 3 and 4, we have studied the hitting set problem for the orbits of several impor-
tant polynomial families and circuit classes that are not closed under affine projections. This
line of research is both natural and interesting as affine projections of some of these circuit
classes and polynomial families capture much larger circuit classes (in some cases, almost
the entire class of VP circuits). The orbit of a polynomial f is a natural and “dense” subset
of affine projections of f that, in turn, resides in the orbit closure of f. We have shown ef-
ficient hitting set constructions for the orbits of several well-studied circuit classes. Despite
the progress made here, there are several natural questions that, if resolved, will strengthen
and complete the set of results presented in this work. We leave these for future work:

1. Removing the low individual degree restriction. Theorems 1.1 and 1.3 give hitting
sets for orbits of low-individual degree commutative ROABPs and constant width
multilinear ROABPs. While the low individual degree restriction is natural as it sub-
sumes the multilinear case, it would be ideal if we get rid of this limitation of our
results. A subsequent work by Bhargava and Ghosh [BG21] has made progress in this
direction in the small width setting. However, the problem of constructing efficient
hitting-sets for the orbits of general commutative ROABPs remains open.
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2. Lower bound and hitting set for the orbits of ROABPs. We would also like to remove
the requirements of commutativity and constant-width from Theorems 1.1 and 1.3 on
hitting sets for the orbits of ROABPs. It is worth noting that an explicit hitting set
for the orbits of ROABPs implies a lower bound for the same model computing some
explicit polynomial due to a result by Agrawal [Agr05]. To our knowledge, no explicit
lower bound is known for the orbits of ROABPs. Can we prove such a lower bound
tirst?

3. Hitting sets for the orbits of Det and IMM. The determinant (Det) and the iterated
matrix multiplication (IMM) polynomial families are complete for the class of algebraic
branching programs under p-projections. Can we design efficiently constructible hit-
ting sets for the orbits of Det and IMM? Observe that a hitting set for the orbits of
multilinear ROABPs is a hitting set for orb(IMM). Also, a hitting set for the orbits of the
polynomials computable by the Edmonds” model is a hitting set for the orbits of both
Det and IMM.

Equivalence test for ROFs

In Chapter 5, we gave the first randomized polynomial-time equivalence test for ROFs (The-
orem 1.6) and use this result to solve PE for orbits of (slightly restricted) ROFs (Theorem
1.7). These results are substantial generalizations of two well-studied problems in algebraic
complexity, namely quadratic form equivalence and reconstruction of ROFs. As PE is graph
isomorphism hard for even cubic forms, it is indeed satisfying to know that PE can be solved
efficiently for an unbounded-depth, unbounded-degree, and unbounded-fanin circuit class
such as orbits of ROFs. Theorem 1.6 also implies efficient learning of random arithmetic
formulas (without any restriction on the underlying tree structure) in the high number of

variables setting. We now note a few future directions that can be pursued:

1. Generalizing our results. An interesting generalization of Theorem 1.6 would be
an equivalence test for power-substituted ROFs and, more generally, for univariate-
substituted ROFs '. An equivalence test for univariate-substituted ROFs would greatly
generalize the equivalence test for the sums of univariates model studied in [GKP18]
and the reconstruction algorithm for preprocessed ROFs in [SV14]. We believe that our
equivalence test and its analysis can be extended to work for univariate-substituted

! A univariate-substituted ROF is obtained from an ROF by substituting every variable x; by an arbitrary
(and unknown) univariate polynomial g;(x;). Such ROFs were called preprocessed ROFs in [SV14].
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ROFs. To support this belief, let us consider the power-substituted sum-product poly-
nomial SPP := Y e [ Tieq x?/ , where ¢;; € IN. It turns out that det(Hspp) factorizes

as:

) d—2
det(Hspp) = (_1)S(d 1), 1—[ € - H (eil1 +...teq— 1)- H X;]"]

ic[s],je[d] icls] i€[s] je(d]
So the equivalence test for SP, described in Section 5.2.1, works (almost as it is) for SPP.

. Learning orbits of sparse polynomials and ROABPs. Studying the orbit of a circuit
class is a natural first step towards understanding affine projections of the class. Ef-
ficient proper learning algorithms are long known for sparse polynomials [KS01] and
ROABPs [BBB 00, KS06]. Recall that affine projections of these classes capture im-
mensely powerful circuit classes such as depth-3 circuits and ABPs. Like ROFs, can
we design efficient learning algorithms for orbits of sparse polynomials and ROABPs?
[BDS24] have shown that ET for sparse polynomials is NP-hard. Very recently, [BDGT24]
show that the isomorphism testing problem of ROABPs is also NP-hard. In the isomor-

phism testing problem A is a permutation matrix.

. Learning random formulas. Theorem 1.6 solves the learning problem for random
formulas when the number of variables 7 is larger than the size s of the underlying
tree of the formula. A more interesting setting of parameters is s = poly(n). Can we
design an efficient learning algorithm for random formulas (of even constant depth) if
s> n?

Lower bounds for constant depth arithmetic circuits

Recently, [LST21] made remarkable progress on arithmetic circuit lower bounds by giving

the first super-polynomial lower bound for low-depth formulas. In Chapter 7, we give an

alternative and in our opinion a more direct proof of their result. Unlike [LST21] however,

we are able to bypass the set-multilinearisation step. Since this step incurs a loss of a factor

of d°@), it is not clear if proving exponential lower bounds for low-depth set-multilinear

formulas would yield exponential lower bounds for low-depth homogeneous formulas. A

direct approach does not seem to incur an inherent exponential loss. So, it might be possi-

ble to prove stronger lower bounds for low-depth homogeneous formulas or other related

models using this approach or an adaptation of it. We list some open problems below:

1. Exponential lower bounds. Prove exponential lower bounds for low-depth homoge-

neous arithmetic formulas. Prove exponential lower bounds for low-depth, multi-r-ic
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formulas. A formula is said to be multi-r-ic, if the formal degree of every gate with
respect to every variable is at most » [KS17a, KST16b].

2. Learning low depth circuits. Our work also raises the prospect of learning low-depth
homogeneous formulas given black-box access using the ‘learning from lower bounds’
paradigm proposed in [GKS20, KS19a]. Obtain learning algorithms for random low-
depth homogeneous formulas.

3. Exploiting the structure of the space of partials using an ideal. To upper bound SP or
APP of a homogeneous formula C, we first show in Section 7.4 that the space of partial
derivatives of C has some structure and then exploit this structure using shifts or affine
projections. There might be a better way to exploit this structure, say by going modulo
an appropriately chosen ideal or using random restrictions along with shifts as done
in [KLS517, KS17b]. Exploring this possibility is also an interesting direction for future

work.

Border of sums of ROFs

In Chapter 8, we showed that the border of the sum of two additive constant free n-variate
ROFs is contained in the sum of O(n) ROFs. We also gave a quasi-polynomial PIT for the
border of the sum of two homogeneous depth 5 ROFs. A few natural directions to extend

the results presented in Chapter 8 are as follows:

1. Removing the additive constant free restriction. Can we remove the requirement
that the ROFs be additive constant free from Theorem 1.11 and de-border the border

of sums of two ROFs?

2. De-bordering the border of sums of constantly many ROFs. Can we extend Theorem
1.11 to the sum of constantly many ROFs?

3. PIT for the border of sums of two ROFs. We are only able to give a PIT algorithm for
the border of sums of two homogeneous, depth 5 ROFs. Can we extend Theorem 1.12
to the border of sums of two ROFs?
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