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Abstract

An m-variate polynomial f is affine equivalent to an n-variate polynomial g if m > n and there is
a rank n matrix A € F"”" and b € [F” such that f(x) = g(Ax + b). Given blackbox access to f
and g (i.e membership query access) the affine equivalence test problem is to determine whether f
is affine equivalent to g, and if yes then output a rank # matrix A € [F"”" and b € F" such that
f(x) = g(Ax + b). This problem is at least as hard as graph isomorphism and algebra isomorphism
even when the coefficients of f and g are given explicitly (Agarwal and Saxena, STACS 2006), and
has been studied in literature by fixing g to be some interesting family of polynomials. In this work,
we fix g to be the trace of the product of d, w x w symbolic matrices Xy, ..., X;. We call this poly-
nomial Tr-IMM,, 4. Kayal, Nair, Saha and Tavenas (CCC 2017) gave an efficient (i.e (mwd )0 time)
randomized algorithm for the affine equivalence test of the iterated matrix multiplication polyno-
mial IMM,, 4, which is the (1, 1)-th entry of the product of d w x w symbolic matrices. Although the
definitions of Tr-IMM,, ; and IMM,, ; are closely related and their circuit complexities are very simi-
lar, it is not clear whether an efficient affine equivalence test algorithm for IMM,, ; implies the same
for Tr-IMM,, 4. In this thesis, we take a step towards showing that equivalence test for Tr-IMM,, 4
and IMM,, ; have different complexity. We show that equivalence test for Tr-IMM,, ; reduces in
randomized polynomial time to equivalence test for the determinant (DET), under mild conditions
on the underlying field. If the converse is also true then equivalence tests for Tr-IMM,, ; and DET
are randomized polynomial time equivalent. It would then follow from the work of Gupta, Garg,
Kayal and Saha (ICALP 2019) that equivalence test for Tr-IMM,, ; over Q is at least as hard as Integer
Factoring. This would then be in sharp contrast with the complexity of equivalence test for IMM,, 4
over Q which can be solved efficiently in randomized polynomial time (by Kayal, Nair, Saha and

Tavenas (CCC 2017)).
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Abstract

Recent Update: Soon after the thesis is written, we (together with Vineet Nair) have succeeded

in showing the converse direction. So, the above conclusion is indeed true!
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Chapter 1

Introduction

Finding efficient algorithms for problems with an algebraic flavour arises often in a wide variety of
theoretical and practical problems. Examples of such algorithms includes the randomized algorithm
for perfect matching [22, 28, 9], Discrete Fourier Transforms [7], matrix multiplication [27] etc. De-
veloping such algorithms is the central objective of computational algebra which is a subarea of
Algebraic Complexity Theory (ACT). These algorithms mostly involve arithmetic operations like
'+’/x” and '+’. This motivates us to look at Arithmetic Circuit Complexity which is the other
subarea of ACT. Arithmetic Circuit Complexity seeks to understand the complexity of computing
polynomials using various circuit models like arithmetic circuits, algebraic branching programs or
arithmetic formulas. There are many natural and fundamental structural as well as algorithmic ques-

tions related to polynomials being computed by these circuit models which we elaborate upon below.

A natural model to compute polynomials are Arithmetic Circuits which are algebraic analogues
of boolean circuits. An arithmetic circuit (see Definition 2.15) takes formal variables as input and
computes a polynomial in these variables using addition and multiplication operations. The size
of the circuit is the total number of operations required by the circuit to compute the polynomial.
Figure 1 depicts an arithmetic circuit computing the polynomial x% + 5x,. Analogous to analyzing
the size and depth complexity of boolean circuit families computing boolean function families, in

arithmetic circuit complexity we analyze the size and depth complexity of arithmetic circuit fam-
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Figure 1.1: Arithmetic Circuit computing x% + 5x;

X1

ilies computing polynomial families'. In an effort to categorize the polynomial families based on
the size of the circuit needed to compute them, Valiant [31] defined the classes VP and VNP simi-
lar to the non-uniform P and NP respectively. VP is the class of (low degree) polynomial families
(see Definition 2.16) that can be computed by polynomial sized arithmetic circuits. The symbolic
determinant polynomial family? (DET,,) and the trace of iterated matrix multiplication polynomial®
(Tr-IMM,, 4) is in VP. Loosely speaking, VNP is the class of polynomial families where coefficient of
any monomial of a given polynomial f in the family is efficiently computable (see Definition 2.17
for a rigorous definition of VNP). The symbolic permanent polynomial family denoted as PERM,,
is in VNP. Although, it is clear that VP is contained in VNP, whether VP L VNP is the central open

question of ACT. Valiant conjectured that this is not the case (Valiant’s Conjecture) [32].

An Arithmetic Formula is an arithmetic circuit whose underlying directed acyclic graph is a tree.
The complexity class VF is equal to the set of (low degree) polynomial families that can be computed
by polynomial sized arithmetic formulas. Clearly the class VF is contained in VP. Another important
complexity class is VBP which consists of polynomial families that can be computed by Arithmetic
Branching Programs (ABP) of polynomially bounded size. An Arithmetic Branching Program of

width w and depth d (i.e. of size wd) computes a polynomial that can be written as the (1,1)-th

A polynomial family {f;};cn is a sequence of polynomials
2DET,, is the determinant of a 1 x n symbolic matrix.
3see Definition 1.3



entry of the product of d matrices ]_[;-i:1 X; where each X; is a w x w matrix. The entries of the X;’s
are linear polynomials in the variables. The polynomial families DET,, Tr-IMM,, 4 are in VBP. In
fact these polynomial families are complete for the class VBP. In this regard we define the notion of
projections which are the algebraic counterparts of reductions in the boolean world. A polynomial
f(x) is a projection of a polynomial g(x) if f can be obtained by substituting each variable of g by
a variable of f or a field constant. A family of polynomials (f,),>1 is a p-projection of (g,,),>1 if
each f, is a projection of g,(,) and p(n) is polynomially bounded. The PERM,, polynomial family
is complete for VNP under p-projections. With this notion of complete polynomials, we can ask the
following question: Is a complete polynomial of one complexity class a p-projection of a complete
polynomial of another complexity class and vice-versa. This helps us to compare two complexity
classes. To separate VP and VNP we need to show that permanent polynomial does not have small
sized arithmetic circuits. In this regard, the following containment is well known: VF C VBP C VP C
VNP; separating any two of these classes requires establishing strong lower bounds [32]. As we do
not know whether VBP = VP, we also do not know if DET,, is complete for VP under p-projections.
However it can be shown that the DET,, polynomial is complete for VP under quasi-polynomial pro-

Jjections [31].

Given an arbitrary n-variate, degree d polynomial f, Baur and Strassen [4] showed an Q)(nlog(d))
lower bound for general circuits and it is an open problem to improve this bound. Lower bound for
restricted circuit classes has also been looked into. [15] showed an Q)(n?) lower bound on formula
size involving n variables. Agarwal and Vinay [3] show that a sufficiently strong exponential lower
bound on depth 4 circuit imply an exponential lower bound on general circuits. Koiran [20] and
Tavenas [29] improved this result and showed that if f can be computed by a general circuit of size

s then there is a depth-4 circuit of size exp(O(\/E log(s))) that computes f.

Polynomial Identity Testing (PIT) is another interesting problem which asks if all the coefficients
of a given polynomial f is 0. PIT has applications in various interesting problems such as efficient
parallel algorithms for perfect matching [22]. If the polynomial f is given explicitly as list of coef-

ficients then the problem is trivial. However, when f is given in some compact representation, say



arithmetic circuit or as a blackbox, then it is not clear if one can efficiently perform identity testing.
Although an efficient randomized algorithm via Schwartz-Zippel Lemma (see Claim 2.1) is known,
an efficient deterministic algorithm for both blackbox and whitebox PIT is still open. In an attempt
to understand the hardness of derandomizing PIT, Kabanets and Impagliazzo [14] showed that de-
randomizing blackbox PIT implies certain lower bounds in arithmetic or boolean world (PERM,,
has small sized circuits or NEXP Z P/Poly). They also showed that a super-polynomial lower bound
for permanent implies an efficient blackbox PIT for polynomial sized circuits. Hence PIT is closely
related to the lower bound problem. Agrawal and Vinay [3] showed that an efficient blackbox PIT
for depth 4 circuits implies an efficient blackbox PIT for general circuits. However we do not know

how to derandomize PIT even for depth 3 circuits.

The Circuit Reconstruction problem asks to efficiently learn a circuit from a complexity class C
computing a polynomial f, given blackbox access to f. It is the algebraic analogue of learning
boolean circuits using membership queries and is closely related to PIT. In fact it is not always
straightforward to devise an efficient reconstruction algorithm for a circuit class € even when we
are given an efficient blackbox PIT for € because of the following reason: A blackbox PIT algorithm
for a circuit class C gives a set of points H{ known as the hitting set such that for any n variate,
degree d polynomial f € C, there exists a point h € J{ such that f(h) # 0. So assuming C is closed
under subtractions, any two circuits in € will compute the same polynomial f if and only if they
agree on all points in the hitting set. Thus the hitting set gives us a way of distinguishing between
two circuits evaluating different polynomials. However it is a non-trivial problem to reconstruct a

circuit computing f even when we are given its values on hitting set.

In this thesis, we look at another important problem called Polynomial Equivalence Testing. Two
n-variate degree d polynomials f, g are said to be equivalent if there is an invertible n x n matrix A
such that f(x) = g(Ax). Given blackbox access to f and g we wish to efficiently compute an A (if
exists) such that f(x) = g(Ax). Consider the simpler case when the polynomials f and g are given
as list of coefficients of monomials. Then, a straight forward approach to the equivalence testing

problem is to treat the entries of the matrix A as variables. Then f(x) = g(Ax) gives us a system of



polynomial equations in the variables of A. However solving a system of polynomial equations is
known to be NP-hard over C, finite fields and is not even known to be decidable over Q. Can we
hope equivalence testing to be easier than solving system of polynomial equations? It turns out that
when f and ¢ are given as list of coefficients, equivalence testing can not be NP-hard unless PH col-
lapses [30, 25]. While this is a strong evidence that equivalence testing is not NP-hard, we also have
evidences which suggests that it is not in P either. For instance, [2] shows that equivalence testing of
degree 3 homogeneous polynomial is as hard as Graph Isomorphism and [F-algebra isomorphism.
In particular, the graph isomorphism problem reduces to testing algebra isomorphism which fur-
ther reduces to equivalence testing of cubic polynomials. A natural way to attack this problem is by
looking at some special cases. For example, let us consider the case when both the polynomials f, g
have some constant degree d. For d = 2, we have efficient equivalence testing algorithms over C,
finite fields and it is randomized polynomial time equivalent to integer factoring over Q. However
equivalence testing of f,g when d = 3 is not even known to be decidable over Q. There is even a
cryptographic encryption scheme that assumes "non-easiness" of equivalence testing of constant de-
gree polynomials [24]. Another special case of this problem is to fix one of the polynomial to belong
to some interersting polynomial family. Many results are known for some well known polynomial
families (like the PERM,,,, DET,, etc...) in this direction which we have elaborated in Section 1.2. In
this thesis, we fix g to be a polynomial coming from Tr-IMM,, ; polynomial family (see Definiton 1.3)
and f to be an n-variate, degree d polynomial given as a blackbox. In the upcoming sections, we

will motivate and formally state this problem and present our results.

1.1 Motivation

In this section we explain why the problem of polynomial equivalence for the Tr-IMM,, ; polynomial

is interesting to us.

Why Equivalence Testing for a fixed family of polynomials? The polynomial equivalence
problem is a very natural algebraic problem. [17] motivates a more general problem, namely the
affine projection problem. An m-variate polynomial f is said to be an affine projection of an n-
variate polynomial g if there exists an A € [F"*™ and b € [F" such that f (x) = g(Ax+b). They show
that this problem is NP-hard in general. Infact, the central question of ACT - the PERM,, vs DET,,



problem (aka whether the permanent polynomial has small sized arithmetic circuits) is a special
case of the affine projection problem. A natural relaxation of this problem is to impose conditions
on the matrix A. When we require A to be full rank, the affine projection problem is known as the
affine equivalence problem. In [17], they show that the affine equivalence problem reduces to the
equivalence problem and also give an efficient affine equivalence test for some special polynomial
families like Perm,,,, Det,, (over C) etc. A motivation for equivalence testing for special polynomial
families naturally arises from Geometric Complexity Theory. GCT is a program introduced by
Ketan Mulmuley and Milind Sohoni [23] to resolve the VP vs VNP problem (more ambitiously P vs
NP) using tools from algebraic geometry and representation theory. We refer the reader to Chapter
4 of Joschua Grochow’s PhD thesis [13] for a better insight. The survey by [1] also provides a con-
cise introduction to GCT. To begin, a problem in arithmetic complexity is translated to a problem in
algebraic geometry, which is then attacked using the tools representation theory. When translated
to algebraic geometry the VP vs VNP problem can be stated as follows: Is the padded permanent
PERM,, , ! polynomial in the orbit closure of the nxn determinant polynomial where 1 = 2m* 9 For
any n-variate polynomial f, the orbit of f consists of those polynomials g such that g(x) = f(Ax)
where A is invertible. In other words, the orbit of f consists of all polynomials that are equivalent to
f. The orbit closure is obtained by taking the Zariski closure of the orbit. A natural algorithmic ques-
tion arising at this point is the following: Given a polynomial f can we efficiently check if f is in the
orbit-closure of the determinant. A starting point would be to understand if we can efficiently check

if f is in the orbit of determinant, which is exactly the equivalence testing problem for determinant.

Why Tr-IMM,, ; polynomial? The Tr-IMM,, ; polynomial is a complete polynomial family for the
class VBP just like the DET and IMM,,, ;2. In the same spirit as above, it is natural to ask if equivalence
testing of Tr-IMM, IMM,, 45, DET can be solved efficiently. For instance, IMM,, ; equivalence test over
Q can be solved efficiently [18] whereas DET equivalence testing over Q is at least INTFACT hard.
In this sense, the complexity of equivalence tests for IMM,, ; and DET are different and dependent

on the underlying field. Could it be the case that the complexity of equivalence test for Tr-IMM,, 4

'PERM,,, ,, = z""™PERM,,, where z is a fresh variable.
’IMM,, ; polynomial is obtained by considering only the (1,1)-th entry of the product of the matrices Q; ... Q.



and DET are more closely tied to each other (independent of the underlying field)? In this thesis,
we take a step towards answering this question. We show that the equivalence test for Tr-IMM,, 4
reduces to equivalence test for DET (see also the "Recent Update" at the end of this chapter). It is
worth noting that an efficient equivalence testing algorithm for one complete polynomial family

need not imply an efficient equivalence test for another complete polynomial family.

1.2 Related Work

Efficient equivalence testing algorithms for other interesting polynomial families have also been
looked into. [17] gave an efficient randomized equivalence testing algorithm for the PERM,,, poly-
nomial, Power Symmetric polynomial, Sum of Products polynomial, Elementary symmetric poly-
nomial over any field (Q, C, finite fields). In [17], they also gave an efficient equivalence testing
algorithm for the DET,, polynomial over C. Recently, [11] gives an efficient randomized algorithm
for determinant equivalence testing over finite fields'!. They also give an efficient randomized re-
duction from integer factoring to determinant equivalence testing over Q. [18] gives an efficient
randomized equivalence test for the IMM,, ; polynomial over Q, C and finite fields. Recall that the

IMM,, ; polynomial is the (1, 1)-th entry of the matrix product given in Definition 1.3.

We would like to acknowledge that the question whether or not it is possible to extend [18]’s algo-
rithm to Tr-IMM,, ; was asked by Avi Wigderson to Vineet Nair at CCC’17 after the presentation of
[18]’s work. Christian Ikenymeyer also pointed out at the same venue that the Tr-IMM,, ; polyno-
mial is more interesting to mathematicians compared to the IMM,, ;. Keeping the "Recent Update"
in mind, we answer Avi’s query by showing that such an extension from equivalence test of IMM,, 4
to equivalence test of Tr-IMM,, 4 is not possible irrespective of the underlying field (unless INTFACT

is easy).

1.3 Problem Statement

We use GL(n,TF) to denote the set of 1 x n invertible matrices over IF. We first define the notion of

equivalence of two polynomials which is the general question of our interest.

lwith some conditions on the characteristic of the field



Definition 1.1 (Affine equivalence) Given anm-variate polynomial f and an n-variate polynomial
g (where m < n), f is said to be an affine equivalent to g if there exists a full rank matrix A € I[F™™™

andb € F" such that f (x) = g(Ax+b).

[17] showed that the problem of testing affine equivalence of two polynomial reduces to the problem

of testing the equivalence of two polynomials which is defined as follows.

Definition 1.2 (Equivalent Polynomials) Two n-variate polynomials f and g are said to be equiv-

alent if there exists an A € GL(n, [F) such that f(x) = g(Ax).

Example 1.1 Let f(xq,x;) = x1 + x% and g(x1,x) = X1 + X, + x%.Then f(x1,x2) = g(A - (x1,x2))
1 1
0o 1|

The problem of testing the equivalence of two polynomials f and g is known to be at least as hard

where A =

as graph isomorphism and algebra isomorphism [2]. However, the converse is not known.

Definition 1.3 (Tr-IMM,, ; polynomial) TheTr-IMM,, ; polynomial is the trace of the matrix product

Q1...Qy where for alli € [d], Q; is a symbolic matrix whose entries are distinct formal variables.
Tr-IMM,, 5 = Trace(Q; ... Qg ) .
Example 1.2

Tr-IMM, 3 = Trace(Q; - Q; - Q3)

where

(1 (1)

%1 *12
Qu=| o)
Xo1 X2

2 (2 3 03
.Q, = Y11 *12 :Qs = 11 %12
G INC) MCNC)

21 %22 21 %22

The total number of variables in Tr-IMM,, 4 is 1 = w?d. We now precisely state our problem.



Problem Statement: Given an n-variate, degree-d polynomial f as a blackbox, find an ef-
ficient algorithm that outputs an A € GL(n,IF) such that f(x) = Tr-IMM,, 4(Ax) if such an A

exists; otherwise it outputs “No such A exists”.

As mentioned earlier, an efficient equivalence test for the Tr-IMM,, ; polynomial implies an efficient

affine equivalence test as well.

1.4 Results

Let DETEQ denote an algorithm that takes as input blackbox access to a n°

-variate, degree n poly-
nomial f and outputs an n? x n? invertible matrix A such that f = DET, (Ax) if such an A exists;
else it outputs ‘No such A exists’. We now state our main result which says that we have an effi-
cient randomized algorithm for checking affine equivalence for Tr-IMM,, ; where w > 1,d > 2, given

oracle access to DETEQ.

Theorem 1.1 Given an n-variate, degree-d polynomial f as a blackbox, and oracle access to DETEQ,
there is a randomized algorithm with running time poly(n, B) (where p is the bit length of coefficients
of f) that outputs with probability 1 — o(1) a full rank matrix A € F"™" and b € [F™ such that
f(x) = Tr-IMM,, 4(Ax + b) (where w > 1,d > 2) if such an A,b exists; otherwise it outputs “No such

A, b exists”.

As affine equivalence testing reduces to equivalence testing [17], it is sufficient to give an efficient

randomized algorithm for equivalence testing for Tr-IMM,, ; (Theorem 1.2).

Theorem 1.2 Given an n-variate, degree-d polynomial f as a blackbox, and oracle access to DETEQ,
there is a randomized algorithm (Algorithm 1) with running time poly(n, B) (where f3 is the bit length of
coefficients of f ) that outputs with probability1—o(1) an A € GL(n,IF) such that f (x) = Tr-IMM,, ;(AX)

(where w > 1,d > 2) if such an A exists; otherwise it outputs “No such A exists”.

Remark: In the remainder of this thesis we will only consider the problem of equivalence testing

for Tr-IMM,, ; when w > 1 and d > 2. When w = 1, the problem can be solved using the blackbox



Input: Blackbox access to f

Reduction to Block Equivalence Testing for Tr-IMM (Steps 1-5)

Solve for Block Equivalence Testing for Tr-IMM to compute A (Step 6)

Check if f(x) = Tr-IMM(Ax) using Schwartz-Zippel lemma (Steps 7-9)

Figure 1.2: High level approach of Algorithm 1

factorization algorithm of Kaltofen-Trager[16]. For reasons elaborated in Chapter 3, our reduction

to DETEQ does not hold when d = 2.

Algorithm and Proof Strategy: Algorithm 1 follows and extends the approach in the algorithm
for equivalence test for the IMM,, ; polynomial given in [18]. The high level idea of the algo-
rithm is as follows: We assume that f and Tr-IMM,, 4 are equivalent, i.e 3 A € GL(#n,IF) such that
f(x) = Tr-IMM,, 4(Ax). We want to devise an algorithm that finds such an A. Our assumption is
valid because if f and Tr-IMM,, ; were not equivalent to begin with, then for any A returned by
the algorithm, f(x) # Tr-IMM,, ;(Ax) which can be checked in randomized polynomial time using
Schwartz-Zippel lemma. Figure 1.2 shows the high level approach of our algorithm. In Steps 1-5,
we reduce our problem to a simpler problem called Block Equivalence Test for Tr-IMM (explained in
Chapter 6). We then solve for Block Equivalence in Step 6 to retrieve A. Each step of this algo-
rithm is elaborated in the subsequent chapters. However, we give a brief description of each step of

Algorithm 1 below.

Step 1: Associated with every n-variate polynomial f, there is the Lie algebra g¢ of f (Chap-
ter 2), which is a vector space consisting of n x n matrices satisfying certain constraints. If f(x) =
Tr-IMM,, 4(Ax) then their corresponding Lie algebra are conjugates of each other, ie g7 = Al

Orr-ny - A (Fact 2.2). It turns out that the elements of gr,._,,, are block-diagonal (Chapter 3). The key

10



idea is to simultaneously block-diagonalize the basis elements of g in order to reconstruct A. For

this purpose we compute a basis of the lie algebra of f.

Step 2: Block diagonalizing the basis elements of gy is equivalent to computing the irreducible

invariant subspaces of the space g (See Section 2.4) which we accomplish using Algorithm 3.

Steps 3,4: We exploit the relation between the irreducible invariant subspaces of gy and the layer

spaces of f to compute a basis for the later (Algorithm 4) and re-order them appropriately.

Step 5: By using a suitable linear map on the basis of the layer spaces of g, the problem is reduced

to Block Equivalence testing for Tr-IMM.

Step 6: In Chapter 6, we give an efficient algorithm (Algorithm 6) for Block Equivalence testing

for Tr-IMM given oracle access to DETEQ. We use this algorithm to finally compute A.

Steps 7-11: We apply Schwartz-Zippel Lemma to check if f is indeed equivalent to Tr-IMM,, 4 to

begin with.

Algorithm 1 Equivalence testing for Tr-IMM,, 4

INPUT: Blackbox access to n variate, degree d polynomial f
OUTPUT: An A € GL(n, [F) such that f(x) = Tr-IMM,, 4(Ax) if such an A exists.

1: Compute a basis B of the Lie algebra g of the polynomial f (refer to Algorithmic Preliminary
1).

2: Using Algorithm 3 and the basis B compute a basis B’ for the irreducible invariant subspaces of
gr.

3: Ufsing Algorithm 4 and the basis B’ compute a permutation of the layer spaces corresponding
to Xl,...,Xd.

4: Reorder the layer spaces in order using Claim 5.1.

Given the layer spaces in correct order, reduce the problem to Block Equivalence Testing using

Claim 5.2.

Solve for Block Equivalence testing using Algorithm 6 and DETEQ orcale to compute A.

Pick a random point a € S where S C IF and |S| > poly(n).

if f(a) = Tr-]MM,, 4(Aa) then

Output A.
10: else
11: Output ‘No such A exists’.

o

Y 3

11



Symmetry Characterization: In Chapter 7, we give a proof of the well known fact that the Tr-IMM

polynomial is characterized by its symmetries (see Definition 7.1).

1.4.1 Comparison with [18]

We point out some important differences of our work from [18]. The major differences arise due
to the difference in the structure of the Lie algebras of Tr-IMM,, ; and IMM,, ;. The Lie algebra of
Tr-IMM,, 4 is block diagonal, whereas the IMM,, ; has corner spaces in addition to the block diag-
onal structure (Chapter 3). Consequently the irreducible invariant subspaces of the corresponding
Lie algebras are slightly different (Chapter 4). In step 3 our algorithm outputs a permutation of the
layer spaces corresponding to Xj,..., X; whereas the algorithm in [18] outputs a permutation of
Xy,...,X4_1. In step 4, the reordering procedure uses the notion of evaluation dimension (see Chap-
ter 5). The evaluation dimension parameters in our algorithm also turns out to be different from [18]
(Chapter 5). It will be clear from the respective chapters that these differences are due to the block

diagonal structure of gr, -

However, the main difference is the following: Block Equivalence testing for IMM,, ; reduces to
set-multilinear ABP reconstruction which can be performed efficiently over any field. But, Block-
Equivalence testing Tr-IMM,, ; polynomial does not reduce to set-multilinear ABP reconstruction.
Instead, we reduce to DETEQ which has an efficient algorithm over C ([17]) and finite fields ([11]).
Also, Block Equivalence testing of Tr-IMM,, ; cannot reduce to set-multilinear ABP reconstruction

over Q unless INTFACT is easy (see "Recent Update" at the end of this chapter).

1.5 Organization of the thesis

In Chapter 2 we set up notations and state important definitions and other preliminaries. Then, in
Chapter 3 we discuss the structure of Lie Algebra of gr,_,, which will be used in our algorithm.
Chapter 4 elaborates on step 2 of Algorithm 1 in which we compute a basis of the irreducible invari-
ant subspaces of g¢. In Chapter 5 we extract the matrix A from the irreducible invariant subspaces of
gr by exploiting the relation between these spaces and the layer spaces of f and reduce the problem

to Block Equivalence testing for Tr-IMM. In Chapter 6, we give an efficient randomized algorithm for

12



Block Equivalence testing for Tr-IMM polynomial given oracle access to DETEQ. Finally in Chapter 7

we provide an alternate proof for symmetry characterization of the Tr-IMM,, ; polynomial.

Recent Update: In [11], they show that DETEQ is randomized polynomial time Turing reducible
to another well known problem known as Full-Matrix Algebra Isomorphism (FMAI) and vice-versa.
In our work we show that equivalence testing for Tr-IMM is randomized polynomial time Turing
reducible to DETEQ. Improving on both these results, Vineet Nair and us have shown that these

three problems are randomized Turing reducible to each other.
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Chapter 2

Preliminaries

In this chapter we develop the notations used in the thesis and cover some background concepts

to understand the work done as part of the thesis.

We begin with some common definitions from linear algebra.

2.1 Linear Algebra

Definition 2.1 (Vector Space) A Vector Space V over a field [F is a set with two operations: vector

addition’+" : VxV — V and scalar multiplication’-' : IF x V — V satisfying the following properties:
1. (V,+) is an abelian group.
2. lg.v=vforallveV.
3 a-(b-v)=(a-b)-v foralla,belF andveWV.
4 (a+b)-v=a-v+b-v foralla,belF andveV.

5.a-(u+v)=a-u+a-v forallaelF andu,veV.
The elements of V are called vectors and the elements of the underlying field IF are called scalars.

Definition 2.2 (Subspace) Let 'V be a vector space and U C V. Then U is called a subspace of V iff it

satisfies the following properties:

14



1. 0€U.
2. Closed under vector addition: u+v € U for allu,v e U.
3. Closed under scalar multiplication: a-u € U foralla € IF andu € U.

It can be easily verified that a subspace of a vector space is also a vector space where the vector addi-
tion and scalar multiplication in U is the vector addition and scalar multiplication of V respectively

restricted to U.

Definition 2.3 (Span) The span U of the vectors vy,...,v, €V is denoted as spang ({vy,..., v,,}) :=

{agvi+...+a,v,laq,...,a, € F}. It is easy to check that span({vy,...,v,}) is a subspace of V.

Definition 2.4 (Linear Independence) Let vy,...,v, € V. The set of vectors {vy,...,v,} is said to
be linearly independent over [F if there exists no non-zero tuple (ay,...,a,) € IF" satisfying a;vy +...+

a,v, = 0. Otherwise they are said to be linearly dependent.

Definition 2.5 (Basis) A basis of a vector space 'V is a set of linearly independent vectors that spans

V.

It can be verified that there exists a bijection between any two basis of V. Thus the cardinality of a

basis of V is independent of the choice of the basis.

Definition 2.6 (Dimension) If the cardinality of a basis of V is n for some n € IN, then 'V is a called

a finite dimensional vector space with dimension denoted as dim(V) := n.

Now we define the notion of a coordinate subspace which will be used in Chapter 4.

Definition 2.7 (Coordinate Subspace) Let ¢; be a unit vector in F" whose i-th coordinate is 1 and
the other coordinates are 0. A coordinate subspace of F" is a space spanned by a subset of the unit

vectors {eq,...,e,}.

In Chapter 4 we compute the irreducible invariant subspaces of the Lie Algebra of the group of sym-
metries of a polynomial f (See Section 2.4 for the definition of Lie Algebra). The related definitions
are given below. For a matrix M € [F"*" and a subspace U C F", MU def {M-v|vell.ltis easy to

observe that MU is a subspace of [F".
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Definition 2.8 (Invariant Subspace) Let M € F"™" be an n x n matrix. Then a subspace U C F" is
an invariant subspace of M if MU C U. Further, let £ Gt spang {My, My, ..., My}, where M; € F™"
for alli € k. Then U is an invariant subspace of £ if M; W C U for alli € [k].

Definition 2.9 (Irreducible Invariant Subspace) An invariant subspace U C IF" of a vector space
L over [F spanned by matrices in IF'™™" is said to be irreducible if there are no invariant subspaces U,

and U, of £ such that U =U; ®U, and Uy, U, are not equal to either {0} or F".

Definition 2.10 (Null Space) Let M € F'™" be an n x n matrix. Then the null space of M denoted
asnull(M):={velF": Mv=0} .

It can be easily verified that the null space is a subspace of [F".

Definition 2.11 (Characteristic polynomial of a matrix) Let M be an n xn matrix. The charac-
teristic polynomial of M denoted as h(x) := det(xI,,— M). Here det(xI,, — M) denotes the determinant

of the matrix xI,, — M.

Algorithm 2 in Section 2.6 gives an efficient method to compute the closure of a vector v under the

action of a vector space £ spanned by matrices in [F"*" which is defined as follows.

Definition 2.12 (Closure of a vector) The closure of a vector v € [F" under the action of a vector

space L over IF spanned by matrices in IF™*" is the smallest invariant subspace of £ containing v.

2.2 The Tr-nv, ; polynomial

This section contains the definitions related to the Tr-IMM,, ; polynomial. Recall that the Tr-IMM,, 4
polynomial is defined as the trace of the product of Q;-Q,... Q4, where Qy,... Q; are wxw symbolic
matrices whose entries are distinct variables. We denote the set of variables in Q) as x; and assume
the following ordering on variables: x; > x, >... > x;. Within a given x;, the variables are ordered
in column major fashion. We either index the variables as {x(lll),x(llz), . ,xﬁj&,, . ,x(liz, x(;lg, . ,ngz,}
or {x1,Xy,...,x,} which should be clear from the context. We drop the subscripts and use Tr-IMM to

mean Tr-IMM,, ; when w and d are clear from the context. Definition 2.13 gives an alternate graph

theoretic definition of the Tr-IMM polynomial.
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Definition 2.13 Consider the directed acyclic graph Gy, given in Figure 2.1. It has d + 1 layers of
vertices with w vertices in each layer. There is an outgoing edge from every vertex in layer k to every
vertex in layer k + 1. The edge from vertex i of layer k to vertex j of layer k + 1 is labelled as xx-c). Call
the i-th vertex in layer 1 and d + 1 ass; and t; respectively and let y : s; — t; denote a path from vertex
s; to vertex t;. The weight of such a path y denoted wt(y) is equal to the product of edge labels on that
path. The polynomial Tr-IMM is defined as:

Z wt(yy) + Z wt(yy)+...+ Z wt(yy) -

Y1:51—h V2:Sp—ot) Vw:Sw—ty

Identifying the label of the edge from vertex i of layer k to vertex j of layer k + 1 with the (i, j)-th

entry of Qy, it can be easily shown that the Tr-IMM,, ; as defined above is equal to Trace(Q; ... Qy).
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Figure 2.1: The Graph Gy

Each monomial in Tr-IMM,, 4 corresponds to a path in Gty This inspires the definition of a path

monomial which will turn out to be a useful terminology.

Definition 2.14 (Path Monomial) A path monomial is a monomial that appears in the Tr-IMM poly-

nomial. Every path monomial corresponds to a s; - t; path in the Gy, graph.
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2.3 Algebraic Models of Computation

In Chapter 1, we gave a brief overview of the various algebraic models of computation. In this
section, we formally define some of these models and the related complexity classes. Arithmetic

circuits are the most natural models to compute polynomials.

Definition 2.15 (Arithmetic Circuits) An arithmetic circuit is a directed acyclic graph. The nodes
having out degree 0 are called the output nodes. The nodes of in degree 0 (input nodes) are labelled
with either formal variables or field constants. All other nodes are labelled with either + or x. Each
node of the circuit computes a polynomial in a natural way which is illustrated in Figure 1.1. The set
of polynomials computed by the circuit are the polynomials computed by the output nodes. The size of

the arithmetic circuit is the total number of node it contains.

Valiant [31] defined the complexity classes VP and VNP which are arithmetic analogues of non-

uniform P and NP respectively.

Definition 2.16 (The Class VP) A family of polynomials{f,},>1 over a field F is called p-bounded

if for each polynomial f, in the family, the following conditions are satisfied:

e the number of variables in f,, is poly(n).

e the degree of f,, is poly(n).
e there exists a poly(n) sized arithmetic circuit C,, that computes f,,.
The class VPy consists of all p-bounded polynomial families over IF.

The symbolic determinant polynomial family, denoted as DET,,, the iterated matrix multiplication

polynomial IMM,, ; and the trace of matrix product polynomial Tr-IMM,, 4 are in VP.

Definition 2.17 (The Class VNP) A polynomial family (f,) is said to be p-definable if there exists
a polynomial family {g,},~1 in VP and a polynomially bounded function p such that

=) Gmxy)

ye{O,l}P(”)

The class VNPg consists of all p-definable polynomial families over IF.
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The symbolic permanent polynomial family denoted as PERM,,,.
While VP is contained in VNP, it is a longstanding open problem to show the separation between

these classes (Conjecture 2.1)

Conjecture 2.1 (Valiant’s Conjecture [32]) VP # VNP whenever F = |F,

2.3.1 Algebraic Branching Programs

Algebraic Branching Programs (ABPs) are another well studied model for computing polynomial

which are defined as follows.

Definition 2.18 (Algebraic Branching Program) An Algebraic Branching Program (ABP) is a lay-
ered directed acyclic graph with a unique source vertex s and a sink vertex t. All edges from layer i to
layeri+1 are labelled by a linear polynomial. Let wt(y) denote the product of edge labels on a path y
from s ~»> t. Then the polynomial f computed by the ABP is given by:

The size of the ABP is the number of edges it contains.

Now we present an alternate equivalent definition of ABPs which we will use often in our thesis.

Definition 2.19 (Algebraic Branching Programs (ABP)) Let X1,...,X; be w x w symbolic ma-
trices whose entries are affine forms in the x € [F" variables. An Algebraic Branching Program A is the

(1,1)-th entry of the product X; - X, ... Xj.

Definition 2.20 (The Class VBP) The class VBPy consists of all polynomial families that can be
computed by ABPs of polynomially bounded size.

[18] defined the notion of layer spaces of an ABP A. Observing that the Tr-IMM,, ; polynomial
can be written as sum of w ABPs, we state a natural extension of their definition better suited for
the purposes of our problem in Definiton 2.21. Our Algorithm crucially uses the relation between
the irreducible invariant subspaces of g; and the layer spaces of f which is explained in detail in

Chapter 5.
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Definition 2.21 (Layer spaces) Let f be the polynomial computed by the Trace(]_[;-j:1 X;) where X;
is a symbolic matrix whose entries are linear forms in the x variables. Let X; C IF" denote the space
spanned by the linear forms in X; !. Then Xi,...,X  are called the layer spaces corresponding to

Xy,..., X respectively.

In Step 1 of Algorithm 6, we will reconstruct a set-multilinear ABP computing a polynomial f. We

state the related definitions below.

Definition 2.22 (Set-Multilinear ABP) Let A be an ABP computed by the (1, 1)-th entry of the ma-
trix product X; - X, ... X; and let x; denote the variables appearing in X; for alli € [d]. The ABP A is

said to set-multilinear whenever i = j impliesx; Nx; = 0 for alli, j € [d].

The notion of a set-multilinear polynomial will be used at various places in this thesis. We say
that a polynomial f is set-multilinear in the variable sets x,...,X, if each monomial of f contains

at most one variable from each of the x; for i € [d].

2.4 Lie Algebra

In Chapter 3, we analyze the structure of the Lie Algebra of the group of symmetries of the Tr-IMM,,, 4

polynomial. We state some useful definitions related to this.

Definition 2.23 (Group of symmetries of a polynomial f) Let f(x) be an n-variate, degree d
polynomial over IF. The group of symmetries of f denoted as Gy is the set of all invertible nxn matrices

A € GL(n,IF) such that f (Ax) = f(x).

Observe that G with the usual matrix multiplication as the group operation forms a group. The
group of symmetries of the determinant polynomial plays an important role in Algorithm 6. We

state the following well known fact without proof.

Fact 2.1 (Group of Symmetries of the determinant polynomial) Let X be an n x n symbolic
matrix and det(X) be the determinant polynomial of X. If Y is an n x n matrix with det(Y) = det(X),

then exactly one of the following holds:

'We can associate every linear form ) " | a;x; with a vector (ay,...,a,) € F".
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1. Y =A-X-B where A and B are n x n matrices with AB = I,,.
2. Y =A-XT.B where A and B are n x n matrices with AB =1I,,.

The Lie Algebra of the group of symmetries of a polynomial f is defined in Definition 2.24. We
abuse terminology and say Lie Algebra of a polynomial f to mean the Lie Algebra of the group of
symmetries of a polynomial f. We work with the following definition of Lie Algebra which was also

used in [17].

Definition 2.24 (Lie Algebra gy of a polynomial f) Let f be a n-variate polynomial. Then the
Lie Algebra of f denoted as gy of the polynomial f is the set of n x n matrices E = (e;;); je(n) € F""
such that the following holds:

af
Z@Z‘]"Xj'a—xizo .

i,jeln]
Recall the ordering xi,...,x, on the variables of Tr-IMM,, ; that was defined in Section 2.2. The i-
th row and the j-th column of a matrix E = (€;;),xn N 9ty is indexed by the variable x;, x; € x
respectively. The following fact says that the Lie Algebra of two equivalent polynomials f and g are
conjugates of each other (see [17, 18] for proof). As discussed in Section 1.4, exploiting this relation

is the starting point of our algorithm.

Fact 2.2 Let f and g be n-variate polynomial such that f (x) = g(Ax) where A € GL(n). Then the Lie
Algebra of f is a conjugate of the Lie Algebra of ¢ via A, i.e.

gr=A"'gAi={ATTMA: M eg,} .

In Chapter 3, we will see that the elements of gr,.,,, have a block-diagonal structure. The following
definition explains the structure of a block-diagonal matrix.
Definition 2.25 (Block-diagonal matrix) Figure 2.2 depicts a block-diagonal matrix. The (i, j)-th

entry of a block-diagonal matrix is 0 whenever x; € X, X; €x; and k # 1.
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In Section 1.4, we mentioned that block diagonalizing a matrix M is equivalent to computing the

basis of the invariant subspaces of M which we elaborate below.

Block diagonalizing a matrix M: Let M € [F"™". We wish to block-diagonalize M. In other
words, we want to compute a basis § = 1 W... W f; such that M is block-diagonal with respect
to the basis f, i.e. [M]g is block-diagonal. Let U; be the space spanned by B;. As [M]; is block-
diagonal, M - U; C U; implying that U; is an invariant subspace of M. Hence computing the basis
f that block-diagonalizes M is equivalent to computing the basis of the invariant subspaces U; for

i€[d],suchthat F" =U; &...®&U,.

Xy X2 X

Figure 2.2: Block-Diagonal Matrix

2.5 Technical Lemmas and Facts

In this section, we state some technical lemmas and facts that we will refer to at various places in

our thesis.

Lemma 2.1 (Schwartz-Zippel Lemma [33],[26]) Let f be an n-variate, degree d polynomial over

IF. Let S CF. Letay,...,a, be chosen from S independently and uniformly at random. Then,

Pr(f(ay,...,a,) =0] Sld—l .
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Proof: The proof is by induction on the number of variables.

- Base case: n = 1If f is a univariate polynomial of degree d, it has at most d roots. So for an

d

a € S chosen uniformly at random ,Pr[f(a) = 0] < ST

+ Let the lemma be true for all polynomials with atmost n — 1 variables. An n variate, degree
d polynomial f(xq,...,x,) can be written as Z;-i:o x{fj(xz,...,xn). Let k < d be the largest
power of x; in any term of f implying f; # 0. Choose a4, 45,...,a, independently and uni-
formly at random from S. Let A denote the event f(ay,4y,...,a,) = 0 and B denote the event
fr(ay,...,a,) = 0. Since f; is a polynomial on n — 1 variables with degree at most d — k, by

induction hypothesis we have,

Pr[B] < % :

Suppose A did not occur. Then the univariate polynomial g(x;) = Z}?:o x{ filay,...,a,) of

degree at most k is not identically 0. So we have,

Pr[BJAC] < |£ .

We now compute Pr[A] using the law of total probability:

Pr[A] = Pr[A A B]+ Pr[A A B]
= Pr[A A B] + Pr[A]Pr[B‘|A]

< Pr[A] + Pr[B|A]
d-k k d

<=
IS IS] 18]

O
We now define the Sylvester matrix and the resultant of two uni-variate polynomials f and g. In

Lemma 2.2 we show that f and g are co-prime if and only if their resultant is 0.
Definition 2.26 (Sylvester matrix of polynomials f and g) Let f(x) = f,,x"+...+ fy and g(x) =
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guX" +...+ gy be degree m and degree n polynomials respectively. The Sylvester matrix of f and g is

denoted by Syl (f,g) and is defined as follows:

o 8m
fn—l fn 8m-1 8m
fn 81
fn—l 80
Sylx(f’g):

i : 0 Sm
P . . )
fo

fo 8o

(m+n)x(m+n)

Definition 2.27 (Resultant of polynomials f and g) Let f and g be univariate polynomials of de-
gree m and n respectively. Then the resultant of f and g denoted by Res,(f,g) is defined as the deter-
minant of the Sylvester matrix of f and g, Syl,(f,g), i.e. Res,(f, g) = det(Syl.(f,g)).

Claim 2.1 Let f and g be two non-zero univariate polynomials of degree n and m respectively. Then
f(x) and g(x) share a non constant factor if and only if there are non-zero univariate polynomials s(x)

and t(x) of degrees at most m — 1 and n— 1 respectively such that f(x)s(x)+ g(x)t(x) = 0.

Proof: Let f and g share a non constant common factor h(x). Then f(x) = f’(x)h(x) and g(x) =
¢’(x)h(x) and deg(f’) < n—1 and deg(g’) < m—1 as deg(h(x)) > 1. Hence f(x)g’(x)+g(x)(—f"(x)) =
0. To show the other direction let us assume that f(x)s(x)+ g(x)t(x) = 0 with deg(s) < m —1 and
deg(t) <n—1, and f and g are co-prime. Since f and g are co-prime there exists polynomial p and

q such that f(x)p(x) + g(x)q(x) = 1. Then



= f(x)p(x)s(x) + g(x)g(x)s(x)
= p(x)(=g(x)t(x)) + g(x)q(x)s(x)
= g(x)(=p(x)t(x) + q(x)s(x)) .

Since s(x) is a non-zero polynomial deg(s) > deg(g) = m which is a contradiction. O

Lemma 2.2 Two univariate polynomials f and g of degrees n and m respectively have a non constant

common factor if and only if Res(f,g) = 0.

Proof: Let f and g have a non constant common factor. Then by Claim 2.1 there are polynomials

s and t of degree m —1 and n — 1 respectively satisfying fs+ gt = 0. Let f(x) =Y\, fix'; g(x) =

Y ogix'ss(x) = Y sixts t(x) = Y7 tix'. Then we have

)t(x) =0

_ m+n—1( i (f

i=0 k=0

f(x)s(x) + g(x)t

i~k Sk gi—kl‘k))xZ =0 .
Treat the coefficients of s and t to be formal variables. Equating the coefficients of each x' in fs+ gt
to zero we get a system of (1 + 1) homogeneous linear equations in the s; and ¢; variables. The

coefficient matrix of such a system of linear equations is the same as the sylvester matrix of f and

g and hence the system has a non-trivial solution if and only if det(Syl,(f,g)) = 0. O

Fact 2.3 and Claim 2.2 will turn out to be useful in Chapter 5.

Fact 2.3 Let{p;(x):i € [m]} and{q;(y): j € [n]} be two sets of linearly independent polynomials over
IF and let x and'y be disjoint. Then the set of polynomials {p;q;(xy) : i € [m],j € [n]} is also linearly

independent over IF.

Proof: Suppose {p;(x) : i € [m]}, {q;(y) : j € [n]} are linearly independent sets of polynomials but
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{piqj(xy) : i € [m],j € [n]} is a linearly dependent set of polynomial.

Z a;jpi(x)q;(y) =0
i€[m]

j€ln]

:(Zﬂlj'q]')m"’---"‘( amj-q]-)pm:O.

j€ln] j€ln]

- Z aij-q; =0;Yi€[m] (. py,...,py, are linearly independent)
jeln]

= a;;=0;Vie[m],je[n] (. qy,...,q, are linearly independent)

Hence the set of polynomials {p;q;(xy) : i € [m], j € [n]} are also linearly independent. O

Claim 2.2 Let f(x),..., f,,(x) be n-variate, degree d polynomials and U = spang/(f;(X),..., fu(X))

where dim(U) = m —r for some r € [0, m — 1]. Further, let

filby) .. fin(by)
M= (fj(b:))i jefm) = | : :

mxm

whereby,...,b,, are chosen independently and uniformly at random from S™ C F" where|S|=d -m-

poly(n). Then with probability at least 1 — ,rank(M) =m—r.

1
poly(n)

Proof: Without loss of generality, let fi,..., f,,_, be a basis of U. Hence rank(M) is at most m —r.

Now we show that, with high probability rank(M) is at least m — r . Define M,,,_, as follows:

fl(bl) fm—r(bl)

fl (bm—r) fm—r(bm—r)

m—-rxXm-—r

To show that rank of M is at least m — r it is sufficient to show that det(M,,_,) = 0 with high
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probability. Let Y be the symbolic matrix

fl(Yl) fm—r(YI)
Y := : : :

fl(Ym—r) fm—r(Ym—r)

m—rXm-—r

where y; is a fresh set of n variables for each i € [m — r| and the yy,...,y,,_1 are pairwise dis-
joint sets of variables. Since {fi,..., f,,_,} are linearly independent, det(Y') is a non-zero polyno-
mial in yy,...,y,,_, variables. Further deg(det(Y)) < dm. Assign by,...,b,,_, for the variable sets
Yi,---,Ym—r respectively independently and uniformly at random from S”. Then by Schwartz-Zippel

Lemma (Lemma 2.1) the probability that det(M,,_,) = 0 is at least 1 — W;’W =1- m. O

2.6 Algorthmic Preliminaries

In this section, we state some well known algorithms without proof.

1. Given blackbox access to an 1 variate, degree d polynomial f, a basis for the Lie Al-
gebra of a polynomial f can be computed. This has been elaborated in [17] where they
give an efficient randomized algorithm to compute a basis for the Lie Algebra of an n variate,
degree d polynomial f that has running time poly(n,d, f) where § is the bit length of the

coefficients.

2. Univariate Polynomial Factorization: [21] gave an efficient deterministic algorithm
(O(poly(n, B)) time), where B is bound on the bit length of the polynomial) to factorize
a univariate polynomial of degree n over QQ. There are efficient randomized algorithms
(O(poly(n,logq)) time) such as [5],[6] to factorize a degree n univariate polynomial over

some finite field ]Fq. .

3. Basis of the null spaces: We can efficiently compute a basis for the null space of any matrix
A € F™" Let A’ be the row reduced echeolon form of A. Then null(A) = null(A”). A basis for
null(A’) can be found by analyzing the equations A’x = 0. It is easy to see that solving this

system of equations by gaussian elimination will take O(n3) time.
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4. Computing the closure of a vector: Let v € [F” and £ be the vector space over [F spanned

by matrices {M;,..., M} € [F™". By definition span(v) € closure(v). If u € closure(v) then
M; - u € closure(v) for each i € [k]. Algorithm 2 computes the closure of a vector v under the
action of £ using this idea. In the while loop (steps 4-6), the algorithm executes steps 5 and 6
only if V=) is a strict subspace of V). Since dim(closure(v) < n, the algorithm terminates

after at most 7 iterations of the while loop.

Algorithm 2 Computing the closure of a vector v under the action of a space £

INPUT: v € F" and a basis {Mj,..., M} of L.
OUTPUT: Basis of the closure(v) under the action of £.

V(0 = {v}. Then T, = {v} is a basis of V(©).

v = spang (To U £ - Ty) and T; be a basis of V(1.
i=1

while V() = V(-1 do

1=1+1

V) = spang (T;_; UL - T;_;) and T; be a basis of V¥,

Output T;.

5. Checking if two n dimensional vector spaces V| and V, are equal: Let V| be the matrix

whose columns are the basis vectors of V;. For V; to be equal to V, we require that for each
basis vector v of V,, the system of linear equation V;x = v has a solution. Solving a system of

linear equations can be done efficiently (O(dim(V;)?) time).

. Set Multilinear ABP Reconstruction: Recall from Chapter 1 that an ABP is the (1,1)-th

entry of wxw matrices X1,..., X; whose entries are linear forms in the variables. Let x; denote
the variables appearing in X;. An ABP is said to set-multilinear whenever i # j implies x; Nx; =
0 for all i,j € [d]. The set-multilinear ABP reconstruction problem is the following: Given
a polynomial f, (re)construct a set-multilinear ABP that computes it. [19] give an efficient

algorithm for the same.
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Chapter 3

The Lie Algebra of Tr-IMM polynomial

In this chapter we discuss the structure of the Lie Algebra of the group of symmetries of the
Tr-IMM polynomial. The equivalence test algorithm in Theorem 1.2 crucially exploits this struc-

ture.

The Lie Algebra of Tr-IMM,, 4 denoted as gry.,,, has already been analysed in [12]. However, in this
chapter we present an alternate analysis of the structure of matrices of g, which would be used
by the equivalence test algorithm of Theorem 1.2. Recall that the rows and columns of matrices
in gy are indexed by variables of Tr-IMM, and that they are ordered using the variable ordering

among these x variables (see Section 2.2).

Recall Definition 2.24 of Lie Algebra from Chapter 2. We are interested in understanding the Lie
Algebra gy, of Tr-IMM polynomial. The space gy, consists of matrices E = (¢;;),,x, that satisfies

the following condition.

JTr-IMM
Zeij-x]'-a—Xi—O . (31)

i,je[n]
Recall the notion of block-diagonal matrices from Definition 2.25. Consider the following catego-

rization of the entries of E:

« Diagonal Entries: These are the entries of E that appear in the diagonal of E. The rows and

columns of each diagonal entry is indexed by the variable x; for some i € [1]. Hence diagonal
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entries are of the form e;; where i € [n].

« Block-Diagonal Entries: These are entries of E that lie on some block of E but are not on
the diagonal. More precisely, these are entries of the form e;; where the row and column of

ejj is indexed by the variables x; € x; and x; € x; respectively with x; # x; and | € [d].

« Corner Entries: These are entries of E that do not lie on any block of E. The row and column

of a corner entry e;; is indexed by variables x; € x; and x; € x respectively with | # k and

Lke[d).

We now re-write Equation 3.1 as follows:

JTr-IMM JTr-IMM JTr-IMM
Zeii-xi-a—xi—i- Z el‘j'Xj'a—.Xi+ Z el'j'X]"a—Xi:O. (32)

i€[n] Xi#X; 1=k
x,',x]-exl X;€X] x]'EXk;

(a)
(0) ()

Note that the terms (a),(b) and (c) correspond to the Diagonal, Block-Diagonal and Corner entries of

E respectively. We now show that these terms do not share any monomials in common.
Observation 3.1 The terms (a), (b) and (c) in Equation 3.2 are pairwise monomial disjoint.

Proof: A monomial in (a) or (b) has exactly one variable from each of the x; for some k € [d]. But
any monomial in (c) has two variables from x; and none from x; where [ # k and [, k € [d]. Hence (c)
is monomial disjoint from (a) and (c). Recall from Definition 2.14 that a path monomial is a monomial
that appears in the Tr-IMM polynomial. Clearly, any monomial in (a) is a path monomial. Whereas,
no monomial in (b) can be a path monomial due to the fact that any two path monomial must differ

by at least two variables. Hence the terms in (a) and (b) are also monomial disjoint. O

We will use the monomial disjointness of (a), (b) and (c) to decompose gr;._,,, into simpler subspaces.

We begin by showing that the matrices in gr,.,,, are block-diagonal.

Lemma 3.1 Let E € gy, Then, E is block-diagonal. Further gr,_p, = Wy @ W, where:
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e Wy, (Block Diagonal Space) is the subspace that consists of n x n block-diagonal matrices E =

€ii)ii whose diagonal entries are 0 and
ij)i,je[n] g

JTr-IMM
) eij X g =0

i,je[n]

* Wy (Diagonal Space) is the subspace that consists of n x n diagonal matrices D = (e;;);c[,] and

JTr-IMM
) e s =g = =0
1

ie[n]

Proof: Let E = (€;j)uxn € Orromy and hence satisfies Equation 3.1. Using Observation 3.1, Equa-

tion 3.1 can be split into the following three monomial disjoint equations.

JTr-IMM
Zeii-xi-T:O; eij¢0:>x,-:x]- (3.3)
ie[n] !
JTr-IMM
Z eij.xj.—ax- :0; eij;tO — x,-,x]-exl,xi:txj (3-4)
i je[n] :
JTr-IMM
Zei]..x]..—zo; e;; 20 = x; €x;,x; €xi,1 2 k. (3.5)
ax,- J ]
i,je[n]

Let W;, W, W, denote the spaces containing n x n matrices satisfying Equations 3.3, 3.4, 3.5 respec-
tively. Clearly g1, = Wg + Wy, + W,.. Further as W; N'W;, = W, N (W, + W;) = 0,, we infer that,
e = Wig @ W, @ W,.. Claim 3.1 shows that W, = {0} implying gr;_u = Wq & Wy

Claim 3.1 Let W, denote the space spanned by matrices satisfying Equation 3.5. Then W, = {0}.

Proof: Let E = (¢;;),xn € W, and hence satisfies Equation 3.5. Every monomial in xj(m% con-

tains two variables from x;. and none from x;. So, the terms x; ITIMM o1 x;, ZIIMM 56 1honomial
k ! ] odx; ] dxyp

disjoint whenever (I,k) = (I’,k’). Hence, we can write separate equations corresponding to each
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such pair (/, k). Fix some (I, k) where | # k. Then we have:

JTr-IMM
Z. N o ox; =0

XiEX],x]'GXk

Collecting terms of the variable x; together we have,

aT -IMM
ZL X ;x ~0 (3.6)

X;€X]

k1 . . . . .. .. .
where L;i )(xk) is a linear form in the x; variables. We now show that this linear form is identically

0 which concludes the proof.

xj

kI

B /—“-\P_\_//—\H\/A/w ty

k k+1 I I+1

Figure 3.1: The Graph G’

Tr-mmm

Consider the graph Gy, Modify this graph as follows: for every x; € x; replace the label of x; by

k.l)

L;i' (xx). We denote this graph as G/ is the

(Figure 3.1). The polynomial computed by G/

Tr-mm Tr-mmm

LHS of Equation 3.6 (which is 0). Suppose for contradiction Lg'l)(xk) # 0. Then there must exist at
least one x; € x; such that the corresponding coefficient ¢;; # 0. Consider some (s, — f,,) path P that
it includes x; and excludes x;. Such a path always exists. Now, set all the variables to 0 except the
variables appearing in path P and x;. Under this assignment the polynomial computed by Glyonn

is non-zero as the linear form LLZ. )( x) = 0. But, G computes a zero polynomial which is a

Tr-nm
contradiction. 0

Remark: Observe that Lemma 3.1 is not true for Tr-IMM,, ; where w = 1 or d = 2. In particular
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when d = 2, the elements of the Lie Algebra of Tr-IMM,, , are not block diagonal. Algorithm 1
crucially exploits the block diagonal structure of the Lie Algebra of Tr-IMM,, ; and hence it does not
extend to the case when d = 2.

We elaborate on the spaces Wj, and W, in Lemma 3.2 and Lemma 3.3 respectively. These lemmas
in particular show that these spaces contain matrices of certain kind which help us to mirror the

approach in [18] to give an equivalence test for Tr-IMM.

3.1 The structure of W,

We introduce few terminologies before explaining the structure of W,. Recall from Definition 2.13
that we can associate a graph Gr,.pvm with the Tr-IMM polynomial. The edges from layer i to layer
i + 1 forms the i-th interface of the graph. The graph Gy, has d interfaces. Roll it into a cylinder
such that the vertex s; coincides with the vertex ¢; for each i € [w] (Figure 3.2). This cylinder also

has d interfaces. Any path monomial is a closed path ! in the cylinder and vice-versa.

1 2 d d+1 2

Figure 3.2: Rolling Gy, into a cylinder

Consider B = (;j)uxn € Wy. It satisfies Equation 3.4 (the ¢;;’s in the equation are replaced by the

corresponding b;;’s). We will now see which terms in this equation have non-zero coefficients.

Consider a term x; - ‘”ﬁcﬂ in Equation 3.4. Let x;, x; € x; for some k € [d]. We say that x; and x;
1
. . . k
are parallel if and x; and x; do not share any common end point in the graph Gry_y, i.e. x; = x;,q),

Xj = xy;) and r # p;s # q. We now make the following observation which can be easily verified.

la closed path is a sequence of vertices v{,v5,...,v,,v; such that (v;,v;,1) is an edge.
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Observation 3.2 The term x;- mi?# where x;, x; € Xy are parallel edges does not share a monomial

with any other term in Equation 3.4.

Observation 3.2 implies that Equation 3.4 does not contain terms of the form x; - aTra% where x;

and x; are parallel. We now look at other terms where x; and x; are not parallel.

Monomials broken at k-th interface: A monomial broken at the k-th interface is of the form

Xijiy * Xiyig -+ Xigip,, * X ...Xii, Yk € [d — 1] where i}, # i, ,. A monomial broken at the d-th

iy ike
. . . .1 k _
interface has the form x; ;, - Xii -+ Xigi! where i = z{. Any monomial in the term xés) . % or
pq
k+1 _ . . . . . .
(qt+ ). % is a monomial broken at k-th interface (Figure 3.3). Infact it can be verified that any
Xst
. . . . . k . k+1 .
monomial broken at the k-th interface is contained in one of the terms x;,s) . BT;% or x;: ).a;rr(%
Xpq Xst

where p,q,s,t € [w]. From the above discussion, we make the following observation.

A

. 1>
D I I

e+l

Zl/
|

Figure 3.3: Monomial broken at k-th interface.

Observation 3.3 Let M. denote the set of all monomials broken at k-th interface, where k € [d]. Then

i # j implies, M; and M]- are disjoint.

The following lemma gives a partial characterization of the space W,,. It is interesting to note that a

similar lemma gave a complete characterization of the block diagonal space in case of IMM,, ; ([18]).

Lemma 3.2 Let Z,, be the space of w x w matrices with diagonal entries 0. Let S be the space spanned
by t x t matrices of the form
-ZTeI, 0
0 L,®Z t

Xt
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where t = 2w? and Z € Z,. Then, B/ ®©...0B, CW, where B, =8 fork € [d].

Proof: Consider B = (b;;),xy € Wy satisfying Equation 3.4. From Observation 3.2 and Observa-
tion 3.3 it is clear that Equation 3.4 consists only of terms corresponding to the monomials broken
at each of the d interfaces and we can split Equation 3.4 into d equations corresponding to the

monomials broken at each of the interface. For some k € [d], the equation for the k-th interface is:

(k) (k) ITr-IMM (k+1) _(k+1) OTr-IMM
Z bipgpn Xpr PHL * Z, Dpgrg) Xra k) =0 (3.7)
p.q.re(w] Xpq p.q.re(w] Xpg

q+r pFr

We now associate subspaces By,..., B; with each of these d equations and show that W, = B; &

..® B,. Let By denote the space of n X n matrices By whose

(k) (k) (k)
* (xpg,xps )-th entry is b(pq pr)”

(k+1) (k+l)

e (xpg "sxrq ')-thentry 1sb +1)

(pa.rq)”
+ the remaining entries are 0.
Further, By satisfies Equation 3.7. For any B € Wy, 4 B; € By,....B; € B; such that B= By +...+Bj.

So W, = By +...+ B,. Further, each B; for i € [d], controls different entries of B. Hence W, =

B ®...0B,.

Consider the spaces B1,..., B/, as defined in the statement of this lemma. To show that B|®...®B, C

Wy, it is sufficient to show that B; C By for each k € [d]. Equation 3.7 can be re-written as:

(k) dTr-IMM (k+1) OTr-IMM
Z lpg P Z pq PRI
p.g€[w] Xpq p.g€[w] Xpq

(k+1) (k+1) (k+1)
where lpq E b xpr dlpq > bpqrq Xrg - (3.8)
re(w]
r#q rvtp

(k+1) k+1)

k ’ .
Let Qy = ( ( ))z]e Qk (I "))1 Jje[w] and Qks1 = (xij )i,je[w]s Q1 = (ll(j )i,je[w]- Equation 3.8
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is equivalent to:

Trace(Qq ... Q-1 Q- Qks+1---Qa + Q1. Qi - Qpyy - Qra2.--Qa) =0 . (3.9)

A sufficient condition for Equation 3.9 to hold is

Q1o Qo1 Q- Qpr1 - Qa+ Q1. Qi - Qg - Qi Q=0

= Qp Qis1 + Q- Q1 =0 . (3.10)

The (i, j)-th entry of Q; is a linear combination of the i-th row of Q. Similarly, the (i, j)-th entry

of Q; ., is a linear combination of the j-th column of Q.. So, 3 Z;,Z, € F¥*¥ such that

Qi1 =21 - Qrs1 and Qp = Qi - Z,.

Since, the coefficient of xf.?)

in the linear form lx.() is 0, the diagonal entries of Z, must be 0. By
similar argument, the diagonal entries of Z; must be 0. So, Z;,Z, € Z,,. Substituting Q, =
Z1 - Qg1 and Q; = Qy - Z, in Equation 3.10, we have Z; = -7, = Z.

Similarly, given a Z € Z,, we can construct B, that satisfies Equation 3.10 as follows. Let Z =

(2i})i je[w]- Then

(k) _ (k) (k+1) (k+1)
lpg = erqxpr dlpq = ZprXrq -
re[w] re[w]
But
(k+1) (k+1) k+1
pq = bpq pr xpr and lpq Z bpg,rq -
re[w)
r¢q r#p
Comparing the coeflicients, we get b =z and bV =2 All other entries of B, is 0. The
’ (pgopr) — 74 (pg.rq) — “P”" k=
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sub matrix of B, indexed by the variables in xj ¥ x; is:

-zT®I, O
0 [,®Z|

Xt

where t = 2w? and Z € Z,,. For each k € [d], define B, to be the space containing n x n matrices B},
as discussed above. Clearly, B; = 8. Any B, € B, satisfies Equation 3.10 and hence Equation 3.9. So
B, C By. Hence, B{ ®...® B, CW,,. O

3.2 The structure of W,

Lemma 3.3 gives a partial characterization of the space W; which will in turn aid us in the proof of

Lemma 3.4.

Lemma 3.3 Let Y, be the space of w x w diagonal matrices. Let Dy be the space of n x n diagonal

matrices which is isomorphic to

~Y®I, 0
0 I,®Y

spanp

txt
wheret = 2w?,Y €Y,,. Then, D@D, ®...&D, CW,

Proof: Let D = (d;;)uxn, € Wy. By definition, it satisfies the following equation:

(k) (k) OTr-IMM
Z Z dij xij PR0 =0 (311

Let, Qx = (xx‘())i,je[w] and Q; = (dx‘c)ng))i,je[w]; Vk € [d]. Then, Equation 3.11 can be re-written as

follows:

d
ZTrace(Ql...Qk_l Q- Qis1---Qa) =0 . (3.12)
k=1
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A sufficient condition for Equation 3.12 to hold is:

Qo Qro1- Q- Qp1---Qa=0 . (3.13)

=~
Il QU
—_

Defined+1:=1and 1 -1 :=d. Let D, € W; be a matrix such that Qi,...,Q,’(_l,QI’HZ,...,Q:j are

all 0 in Equation 3.13. Then, it will satisty the following equation:

Q1o Qo1 Q- Qper1 - Qa+ Q1. Qi - Qg - Qi Q=0

= Q- Qi1 + Qi Qpyy =0 . (3.14)

By comparing the coefficients of the (i, j)th entry of Q]'< - Qps1 and Qy - Q;{ 1> We observe that the

ith

i row of Q; must be equal to the negative of the jt" column of Qy, forany i,j € [w]. So, Q; and

Qy.,, must have the following structure:

(k) (k)
—alxll —awxlw
Q= : .
(k) (k)
__alxwl oo _awwa
(k+1) (k+1)
a1Xq e 01Xy,
’ —
Qk+1 - . : .
(k+1) (k+1)
_awxwl e O Xyw

Clearly Q; and Q;,, can be written as Q; = —QY, Q;,; = YQy,1 where Y € Y, is a diagonal
matrix with diagonal entries ay, ..., @,. The sub matrix of the corresponding D; which is indexed

by the variables in xj WXy, is:

~Y®I, 0
0 LeY|

;t:2w2.

Xt
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All the other entries of Dy will be 0. Conversely, given Y € Y,, we can construct a Dy € Dy, that

satisfies Equation 3.13. This implies

~Y®I, 0
0 I,®Y

Dy = span t:2w2;Y€Hw )

txt

~IMM

3.3 Characteristic polynomial of a random element in g,

Lemma 3.5 says that the characteristic polynomial of a random element L € gr;._,,, is square free with
high probability. This is crucially used in the block-diagonalization of an element g¢. Lemma 3.4 is

used in the proof of Lemma 3.5 .
Lemma 3.4 There is a diagonal matrix D € g, With distinct entries.

Proof: The argument is same as in [18]. We present the proof here for completeness. From Lemma

3.3, we know that Yk € [d], ADy € D where

-Yi®I, 0
0 I,®Y

IR

and Y, € Y,. Treat the entries of the Y as distinct formal variables y) = (}];k))ie[w]' Let D =
(k) (k) 1)
ij Xij

D is a distinct linear form in y variables. There are n such linear forms /;(y),...,1,(y). Suppose we

Dy +...+D;. By Lemma 3.3, D € W,. The (x )-th entry of D is —y](.k) + y§k_ . Each entry of
assign values to these ys uniformly at random from a set S C [F. (All the probabilities given below
is over the randomness of y values).

Fori=jandi,j€[n]

PrlLiy) = (y)] = Prlli(y) - Li(y) = 0] < ﬁ

Let A denote the event that all the n linear forms have distinct values after assigning values to the
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y variables.

Prial= N\ Prili(y) = i(y)]

i#j;i,j€[n]

=1-\/ Priliy)=L(y)]
i#j;i,je[n]
2

>1- =
i

If we take |S| > 12, then Pr[A]> 0. So, there exists a D € W; with all entries distinct.

O

Lemma 3.5 Let Ly,...,L; be a basis of g1 and L = Zle r;L; where r; €g S;S C FF;|S| = 2n3.

Then the characteristic polynomial of L is square free with probability at least 1 — m.

Proof: Let h,(x) be the characteristic polynomial of L. If h,(x) is not square free, then h,(x) and

‘?;;: would share a common factor. Hence to show that h,(x) is square free, it is sufficient to show

that h,(x) and % are co-prime. h,(x) and % are co-prime if and only if Res,(h,(x), %) # 0. Treat

the r’s as formal variables. Then /,(x) is a polynomial in x and the r variables.

Observation 3.4 The Res,(h,(x), %) is not an identically zero polynomial in the r variables with

degree at most 2n?.

Proof: Syl (h,(x), %) isa(2n—1)x(2n—1) matrix whose entries are polynomials in the r variables
of degree at most n. Hence,Res,(h,(x), %) is a polynomial in r variables with degree at most n x
(2n—1) < 2n?. If Res,(h,(x), %) is a identically zero polynomial then h,(x) is not square free for
every setting of the r variables. Set r such that L is a diagonal matrix with distinct diagonal entries

(Such an L exists by Lemma 3.4). For such an L, h,(x) is square free, which is a contradiction. O

Since Res,(h,(x), a;;’) is a not an identically zero polynomial in r, we can apply Schwartz-Zippel

lemma. The probability that Res,(h,(x), %) = 0 where each r; is chosen independently and uni-

formly at random from S is at least 1 — PR . O
2n3 poly(n)
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Chapter 4

Irreducible Invariant Subspaces of g

In this chapter we characterize the irreducible invariant subspaces of gr,.,,, and use this to com-

pute a basis for the irreducible invariant subspaces of a polynomial f equivalent to Tr-IMM,, ;.

4.1 Irreducible invariant subspaces of g,

~IMM

Recall that U is an invariant subspace of g, if for all M € gry ., MU C U. We can associate
an unit vector e¢; € F" to each variable x; € x based on the ordering of the x variables defined
in Section 2.2. Let U, be the coordinate subspace (See Definiton 2.7) spanned by the unit vectors
corresponding to the variables in xj for all k € [d]. In Lemma 4.1 we show that Uy,..., U, are the

only irreducible invariant subspaces of g,
Claim 4.1 Let U be an invariant subspace of Q;_,n- Then U is a coordinate subspace.

Proof: For a vector u = (uy,...,u,) € U. Let S, be the set of all non zero coordinates of u, i.e.
Su:={j:uj#0andj € [n]}and E, := {e; : j € Sy} be the corresponding unit vectors. Further
suppose E := Uy Ey- To show that U is a coordinate subspace,it is sufficient to show that span(E)
= U. Clearly, U C span(E). To complete the proof we show that ¢; € U whenever j € S, for some
uecl.

By Lemma 3.4, there exists a diagonal matrix D € gr,.,, With distinct entries A4,..., A,,. Hence,
Diu=u; = (/\’llul,...,/\;un) € U forall i € [n] and D% = uy = u. Denote |S,| as m. We use the fact

that since A,..., A, are distinct to argue that the vectors uy,...,uy,_1 are linearly independent as
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follows: Let cg,...,c,,_1 € [F be such that cyug+...+c,_1uyn_1 = 0 and not all ¢y, ...,c,,_; are 0. In

particular for each coordinate j € [1,n—1]
u]-(co +C1/\j +... +Cm_1/\;n_1) =0

Notice that each Aj, j € S, is a solution of the equation ¢y +c1A +... + Cpy1A™ 1 = 0. But a
non zero degree m — 1 univariate polynomial in A can have at most m — 1 roots, implying that
co=C=...=Cp_1 =0.

Since uy,...,u,,_; € span(E,) and dim(span({uy,...,u,,_1})) = dim(span(E,)) = m, we infer that

span({ug,...,u,_1}) = span(E,)). Hence ¢; € U where j € Sy for some u € U. O
Lemma 4.1 The only irreducible invariant subspaces of gy are Uy, ..., U .

Proof: Let M € gy, Since M is block-diagonal, M - U; C Uy for k € [d]. Hence Uy,..., U, are
invariant subspaces. We will now show that Uy is irreducible for k € [d]. Let U C Uy for some

k € [d]. We want to show that U = Uy, i.e. Y y € Xy, e, € U. Let 1,, be the all 1 w x w matrix and

1, =1, —1I,. Consider L € gg,_,,, such that
L =By_1+Dj_;+By

where By, Bi._1, Dy_; are defined as follows:

+ By € B, and whose sub-matrix indexed by variables xj & X1 looks like :
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« Dy € D;_, and whose sub-matrix indexed by variables xj_; & x; looks like :

~I,®L, 0
0 I,®I,

The sub matrix of L indexed by the variables from x is the w? x w? matrix
L=1,01,+I,®1,+1,®1, .

Figure 4.1 depicts the structure of L. Superscripts of the variables are dropped from Figure 4.1 for

Yy Xy Yy Xy X Frug  Xovowy
2 | | | | |
11 1
1 1 Inl - | f;[' - 1 I
l l | l l
X.F.. _____ ____1 —___1 L __
wl | | ! ! !
I I | I I
f?:‘ 1 | - === === 1 f:i' |- === === !
I I ) I I
_—— 1l _ ___1 L —__1 | I
I I . I I
1 1 \\ | 1
I I I I
l l h I l
l l \‘ I l
)
1 1 \\ | 1
(k) I I “ I I
L) N - me - R
(k) I | | I |
X;; I : Ly | ————---- | 1o : ———————— I
1
(k I B L ____|
Xuj 1 1 | A 1
l l I - l
| | | . |
1 1 | K 1
1 1 | N 1
1 1 | " 1
I I I - I
) I I I . I
T T
I
" I T T P S R ittt 1
) ! I | I I
Wit 1 1 1 1

Figure 4.1: Structure of L !

clarity. It has w? blocks each of size w x w. The diagonal blocks are 1,, and the remaining blocks

are [,,.

Image taken from [18].
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LetueUandy = xg) be such that the row indexed by vy is non-zero in u. Then from the proof of

Claim 4.1 it follows that ey € U. Since U is invariant Ley € U. In Figure 4.1, Ley is the column of
Ly indexed by the variable xx.(). Looking at the structure of L in Figure 4.1, we make the following

observation.

Observation 4.1 Let C := {x(ll;),x(zl;),...,xg}} and R := {xl(.lf),xg),...,xi.g}. The entries ofLey corre-
sponding to the variable indexed by y’ € CUR are 1 (due to the presence of 1,, matrices and I,, matrices

respectively), implying e,, € U for ally’ € CUR.

We apply Observation 4.1 repeatedly to imply that e, € U for all y € x;. Hence U = U;. We now
show that Uy,..., U, are the only irreducible invariant subspaces of gr;,_,,. Let V be an irreducible
invariant subspace of gry.,, and hence an coordinate space (follows from Claim 4.1). Let e, € V
where x € x; for some k € [d]. Observation 4.1 implies that closure(e,) = Uy. So Uy C V. Hence V
is a direct sum of the U;’s such that e, € V for some x € x;. But V is irreducible, implying that it is

equal to one of these irreducible invariant subspaces. O

4.2 Irreducible Invariant Subspaces of g

Let f be equivalent to Tr-IMM, ie. f(x) = Tr-IMM,, ;(Ax) where A € GL(n,F). The irreducible
invariant subspaces of g are related to the irreducible invariant subspaces of gy, as given by

Corollary 4.1.

Observation 4.2 U is an irreducible invariant subspace of g1y, if and only if A'W is an irreducible

invariant subspace of s .

Proof: If f (x) = Tr-IMM(Ax) theng; = A7 lgr A (from Fact 2.2). Let U be an irreducible invariant
subspace of gy, Then, for any u € U and M € gpy_yy, Mu € U. Let u’ € AU, i.e. u’ = A u for

someuclU.Let M= A"TMA ¢ g¢ where M € gy, Then

M'u' =(A"TMA)(A )

— M'u'=A""(Mu)e AU .
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Hence A~!U is an invariant subspace of g 7- Now we show that A=W is irreducible. Suppose A~1U
is not irreducible. Then A~'U = V; @V, where V; and V, are invariant subspaces of g - But this
would imply U = A-V;®A -V, which is a contradiction. The other direction can proved in a similar

fashion. O

Corollary 4.1 follows from Observation 4.2 and Lemma 4.1.
Corollary 4.1 The only irreducible invariant subspaces of g¢ are AU, ATy,

We exploit the relation between the invariant subspaces of gty and gy to give an efficient ran-
domized algorithm that computes a bases of the irreducible invariant subspaces of gy when given a

basis of g¢.

4.2.1 Computing a basis for the irreducible invariant subspaces of g

Algorithm 3 outputs the irreducible invariant subspaces of g¢ given a basis My, ..., M; of gy. This is
the same algorithm used in [18] to compute the irreducible invariant subspaces of the Lie Algebra of
a polynomial equivalent to IMM,, ; polynomial. After stating the algorithm, we analyze it by tracing

its steps.

Algorithm 3 Computing the irreducible invariant subspaces of g¢

INPUT: A basis {Mj,..., M} of gy.
OUTPUT: A basis of the irreducible invariant subspaces of g.

1: Pick a random element R” € gy as follows: for each i € [t], pick r; €g S independently and
uniformly at random, where S C IF and |S| = 2n°. Define R’ := Yiclti M-
Compute h(x)— the characteristic polynomial of R’.
if h(x) is not square-free then
Output ‘Fail .
Factor h(x) into irreducible factors g (x),..., g;(x) over the field [F.
Find a basis of the null spaces N7,...,N; of g;(R’),..., g(R’) respectively.
For every i € [s], pick an arbitary vector v € N} and compute the closure(v) under the action of
g using Algorithm 2.
8: Let Vq,..., "V, be the list of the closure spaces. Remove duplicates from this list by comparing all
possible pairs of spaces from the list and get the pruned list Vy,...,V;.
9: Output the list {Vy,...,V;}.
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Steps 1-4: Let R’ be a random element of g¢ as chosen in step 1 and R = A- R’ - A7l be the
corresponding random element in g,_,,,. Since the elements of gt,_,,, is block-diagonal (Lemma 3.1),
R is a block-diagonal matrix with individual blocks Ry, ..., R; (Figure 4.2). Further, since R and R’
are similar matrices, they have the same characteristic polynomial denoted as h(x) in step 2. By

Lemma 3.5, h(x) is square free with high probability. This ensures that the check at step 3 succeeds

with high probability.
Xy X3 Xd
Xy R4
xz RZ
X Rd

Figure 4.2: A random matrix R € gpy_pu

Step 5 Since R is block-diagonal, its characteristic polynomial h(x) can be written as product of
the characteristic polynomial of Ry,...,R;. Let hi(x) be the characteristic polynomial of R; where
k € [d]. Then h(x) = [Txe[a)hr(x). Let g1(x),..., gs(x) be the distinct irreducible factors of h(x),
ie. h(x) =[]:_; gi(x). Note that each g;(x) is a factor of some hy(x) where k € [d]. Factoring the
univariate polynomial h(x) into irreducible factors can be performed efficiently (See Algorithmic

Preliminary 2)

Step 6 Let N; be the null space of g;(R) and N; be the null space of g;(R’). In step 6 we compute
a basis of the null spaces N7,...,N; by solving the system of linear equations g;(R’) -x = 0 which

can be done efficiently (See Algorithmic Preliminary 3). It can be easily verified that N; = AN’
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Claim 4.2 explains the relation between these null spaces and the irreducible invariant subspaces of
gy. The algorithm exploits this relation in step 7 to compute these irreducible invariant subspaces.

The proof of Claim 4.2 is provided at the end of the chapter.

Claim 4.2 Let N; be the null space of g;(R) and N be the null space of g;(R’) where g;(x) is an
irreducible factor of the characteristic polynomial hi(x) of some Ry, k € [d]. Then N; C Uy and N} C
A_luk.

Step 7 Instep 7, we compute the closure of an arbitrary vector v € N’ for all i € [s]. This can be
computed efficiently. (See Algorithmic Preliminary 4). In Lemma 4.2 which is proved at the end of

the chapter, we show that the closure of such a vector is an irreducible invariant subspace of gy.

Lemma 4.2 Let N/ be the null space of g;(R’) where g;(x) is an irreducible factor of the characteristic
polynomial hy(x) of some Ry, k € [d] and v € N.. Then the irreducible invariant subspace A~ Uy of 9r

is equal to the closure(v) under the action of g¢.

Steps 8-9: In step 8, we remove the duplicate spaces from the list and output the pruned list in
step 9.

Remark: If f is not equivalent to Tr-IMM, then there does not exist an A € GL(n) such that
f (x) = Tr-IMM,, ;(Ax). We perform a few additional checks after step 8 to handle this case. If the

length of the pruned list is not d then output Fail. If F" = V; &...®V; then output Fail’.

Proofs of some Lemmas and Claims

Claim 4.2 (Restated) LetN; be the null space of g;(R) and N be the null space of g;(R’) where g;(x)
is an irreducible factor of the characteristic polynomial hi(x) of some Ry, k € [d]. Then N; C Uy and
NI C AU

Proof:

Observe that N; C Uy implies that N’ C A~y So, it is sufficient to show that N; C Uy. Let v e N;.

We need to show that v € Uy. Let v; be the rows of v restricted to the variables indexed by x;.
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xy |he(Ry)

X hk{:Rf)

e %ktﬁdj

Figure 4.3: A random matrix R € gy

Consider the matrix hy(R) (Figure 4.3). It is a block-diagonal matrix with blocks hi(Ry),..., hi(Ry).

Since v € N; and g;(x) is a factor of hy(x),

gi(R)-v=0
— hk(R)-VZ 0

- hk(Rl) Vi = 0; Vie [d] .

Further h;(R;).vj = 0 for all j € [d] as h;(x) is the characteristic polynomial of R;. Since hy(x) and

h;(x) are co-prime for k # j, by Bezout’s lemma there exists polynomial p(x) and q(x) € IF[x] such

that

p(xX)hi(x) +g(x)hj(x) = 1
= p(Rj)h(Rj) +q(R)h;i(R;) =1,
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vj = 0 for j = k implies v € Uy. Hence, N; C Uy. O

Lemma 4.2 (Restated) Let N be the null space of g;(R’) where g;(x) is an irreducible factor of the
characteristic polynomial hy(x) of some Ry, k € [d] andv € N. Then the irreducible invariant subspace

A1, of 9y is equal to the closure(v) under the action of gs.

Proof: From Claim 4.2 N’ C A~1U,. Since A~y is irreducible, A~1Uy is the smallest invariant

subspace of gy containing N;. Hence for any vector v € N, A~'U; = closure(b) under the action of

gr. O
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Chapter 5

Computing the layer spaces of f and

reduction to Block Equivalence testing

In this chapter we exploit the relation between the irreducible invariant subspaces of a poly-
nomial equivalent to f (computed in Chapter 4) and the layer spaces of f to compute a basis
for the later. We will also see that the matrix A such that f(x) = Tr-IMM(AX) can be computed
from these layer spaces (reordered appropriately) by reducing the problem to Block Equivalence

testing for Tr-IMM polynomial.

Let f = Tr-IMM,, 4(Ax). Then there exists w xw matrices X,..., X; whose entries are linear forms in
the x variables such that f (x) = Tmce(]_[?:1 X;). Since A is invertible, the entries of Xy, ..., X; are [F-
linearly independent. Recall the definition of Layer Spaces from Definition 2.21. Let X5, ..., X; be the
layer spaces corresponding to Xj,..., X respectively. Algorithm 3 outputs the irreducible invariable
subspaces V1,...,V, of gy where V; = A_lua(i) for all i € [d] and o is a permutation on [d]. Recall
that dim(V;) = w? for i € [d]. The invariant subspace V; can be represented by a 1 x w? matrix V;
where the k-th column of V; is the k-th basis vector of V;. Define V := V;|V,|...|V,;_1|V; to be the
matrix obtained by concatenating the matrices Vj,..., V; in that order. We have already checked if
F"=V,®...®V,; in Algorithm 3. Since F" =V &... ® "V, the basis vectors of the Vy,...,V; are
linearly independent. Hence V™! exists. In this chapter we present an algorithm (Algorithm 4) to
compute a basis for the layer spaces of f given any basis of the irreducible invariant subspaces of

gy (as computed in Algorithm 3). We will also see that these layer spaces are unique.
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Algorithm 4 Computing the layer spaces of f

INPUT: n x n matrix V as described previously.

OUTPUT: Yy,...,Y,— the layer spaces of f .
1: Compute V1.
2: Y; := space spanned by the rows (i — 1)w? to iw? for all i € [d].
3: Output Yy,...,Y, in that order.

The following lemma establishes the correctness of Algorithm 4.

Lemma 5.1 If f = Trace(X;...Xy) and Y4,...,Y, is the output of Algorithm 4 then there exists a

permutation o on [d] such that ); = X, Y i € [d].

Xo(k)

Xg(1) e Xo(k) Xo(d) X1 v Xg(1) e Xo@) e Xo(k)
X1 X1 xa(l) B;(11)
X3
Xs(1) | Boqn)
' B Xo (k) B3 i)
Xa(d) a(d)
X (k) Bo iy Xo(k) Bo (k)
Xg Xo(d) B
Ej E E-1

Figure 5.1: The matrices Ek.E,E_1

Proof: Recall that Uy is the space spanned by coordinate vectors corresponding to the variables
in X ;). Since Vi = A—lu(,(k), Vi can be written as V, = A"'E; where Ej is the following n x w?
matrix (see Figure 5.1): its rows are indexed by the x variables and the columns are indexed by x, (k)
variables. Further, the only non-zero entries of Ej corresponds to the entries whose rows are indexed
by X, x) variables. Define E := E;|...|E; as the concatenation of the matrices Ej, ..., E4. Figure 5.1

depicts the structure of E and E~!. The rows of E are indexed by the variables from xq,...,x; in

the usual order while the columns are indexed by the variables x(1),...,X,(4) in that order.The only
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non-zero entries of E are confined to the blocks B (1), ..., B;(4) where B, ) is the block whose rows
and columns are indexed by the variables in x;x). The columns of E ~1 are indexed by the variables
from xy,...,x,4 in the usual order while the rows are indexed by the variables x;(1),...,X,(q4) in that

order. The non-zero entries of E~! are confined to the blocks B—L. ,..., B~1 where B_! | is the block
o(1) o(d) a(k)

whose rows and columns are indexed by the variables in x; ;). As V = A'E, wehave V' =E71A

(See Figure 5.2). Looking at the structure of V! from Figure 5.2 we infer that the span of rows

(i — 1)w? to iw? is equal to Xy (i) for each i € [d].

Xq Xo(k) ... Xd
Xo(1) X1 Xo(1)
=7l - =1
Xo (k) a(k) Xo(k) Ba(lk)AJ(k)l Bo(yAsra
Xo(t) | Ac(io1 As(k)d
Xo(d) Xq Xo(d)
E~1 A y-1

Figure 5.2: The matrix V~! = E71A

O
Remark: (Uniqueness of the layer spaces) Recall from Chapter 4 that for a polynomial f equiv-
alent to Tr-IMM, the irreducible invariant subspaces of Vy,...,V; of gy are unique. Correctness
of Algorithm 4 implies that the layer spaces of f is also unique in the following sense: Suppose
f(x) = Trace(X; - X;... X) = Trace(X| - X;... X)) where the entries of X; and X/ are linearly in-
dependent linear forms in the x variables. Let X; and X denote the layer spaces of X; and X/

respectively for each i € [d]. Then {X;,..., X4} = {X{,..., X}
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5.1 Reordering the layer spaces

Given some permutation of the layer spaces X (1),..., X4 (4), we wish to recover o. Claim 5.1 says
that this can be done in randomized polynomial time. Before stating the claim, we define the notion
of evaluation dimension which will turn out to be very useful in our proof. This definition is given

in [10] and was also used in [18] to reorder the layer spaces of a polynomial equivalent to IMM,, ;.

Definition 5.1 (Evaluation Dimension) Let f (x) be an n-variate polynomial andx’ C x. Let f (X)y/—q
denote the partial evaluation of f when x” is substituted with a € IE™'|. The evaluation dimension of f

with respect to x’ is defined as:
Evaldim, () := dim(spang ({f (X)y—q : @ € FX1})) |

The following example illustrates the above definition.

Example 5.1 Let f(x1,x;) = X1 + 2x1X, be a polynomial over Q. Substituting x, = a for somea € Q,

we have f(X)(x,)=(a) = (2a + 1)x1. Then Evaldim,(f) = dim(spang({(2a+ 1)x; : a € Q})) = 1.

Claim 5.1 There is a randomized polynomial time algorithm that takes as input the bases of the layer

spaces Xy (1), ..., Xg(q) and outputs o’ which is a rotation of the permutation o with probability atleast
1

oly(n)”

Proof: We first present the high level idea of the proof. We define a linear map p that maps the
x variables to a fresh set of z variables and hence maps the polynomial f(x) to a polynomial h(z)

which can be represented as:
h(z) = Trace(Z; - Z,...Z;)

such that h(z) is a set-multilinear polynomial in the variable sets zy,...,z; where z; denotes the
set of variables appearing in the matrix Z; for each i € [d]. Further the entries of Zy,...,Z; are
[F-linearly independent linear forms in the z variables. We now work with this new polynomial /

to compute o.
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Step 1 Compute the linear map p: Let z; be a fresh set of dim(X), (= w?) variables and z :=
z1W...wWz,. Let y be a map that take each variable in x to a linear form in the z variables satisfying
the following condition: The i-th basis vector of X ) maps to the i-th variable of z;. Replacing the
variables in f(x) by their image under the linear map y, we obtain a new polynomial h(z) which

can be written as follows:
h(z) = Trace(Z; - Z,...Z3)

where Z; is a w X w matrix for i € [d]. The entries of each Z; for i € [d] are [F-linearly independent
linear forms in Z. Further the linear forms in Zj contains variables only from z,-1 ).
Step 2 Compute 0! incrementally: Let Yj = 2Zg-1(1)¥... Wzg-1(j) for j € [d]. The following obser-

1

vation (proved later) helps in computing 0™ incrementally.

Observation 5.1 Letj€[1,d-1],k € [2,d]andz; ¢ y;. Ifk = o 1(j+1) then Evaldimy .,

(h) = w?;

else Evaldimijzk (h) > w?. Further, there is an efficient randomized procedure to compute Evaldimijzk (h).

We can construct ¢! incrementally using Observation 5.1 once we correctly identify y,. If we
choose y = z,-1(1), Observation 5.1 yields o~!. Since Trace(Z, - Z,...Z,_1 - Z,) = Trace(Z, -
Zy...Z2y_5+Zy_1), Observation 5.1 can still be applied in the case when y; is chosen to be z;-1x) for
some k € [2,d]. However, the resulting permutation ¢’ will be some rotation of the permutation o.

O

We now need to establish that Evaldim

yjz (h) can be computed efficiently (Observation 5.1). Fact 2.3

and Claim 2.2 from Chapter 2 will be used in the proof of Observation 5.1.

Proof of Observation 5.1 Recall that i(z) = Trace(Z; ... Z;) and |z;| = w? for all k € [d]. Let V :=

&)Zk|)

spang (h(z)ly].wk:a : o € B denote the space spanned by polynomials obtained by the partial

evaluation of 1 when y; ¥ z; is substituted by some a € F¥i%%! Then EvaldimijZk(h) = dim("V).

We now compute dim(V) in both cases (k = c~!(j+ 1) and k = o~ (j + 1)).
Case : k=0"1(j+1)
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Let G = (gij)wxw = j+zZ]-+3...Zd and Gl = (ggj)wxw = le2"'Zj+1' Then

h(z) will evaluate to g;; when the following system of equations is satisfied:

g[;q:Oforallp;tjandpe[w]

8ji =1
g}q:Oforallqiiandqe[w]

Since the linear forms in Z,..., Z; are linearly independent, there exists an assignment to the vari-
ables in y; Wz;,| such that the above system is consistent. Further every partial evaluation of h
aty; Wz, can be expressed as [F-linear combination of {g;; : i, j € [w]}. Hence {g;; : 1,j € [w]}
spans the space V. From Fact 2.3 it follows that {g;;|i,j € [w]} are linearly independent. Hence
s o (1) = w2 = [z,

Case2: k=0 1(j+1)

Evaldim

We rewrite hi(z) in the following form:

h(Z) :Trace( le] -Z]'+1...Zg(k_1)~ Zo(k) 'Zo(k+l)~-Zd)
—_—
G,:(gi,]‘)wxw P:(pij)wxw Z:(Zij)wxw G:(gij)wxw

= Z Z gi/kpkmzmlgli

ie[w]k,l.me[w]

Similar to the reasoning in Case 1, there exists an assignment to y; W z; such that h(z) evaluates
to p;jgmn for all i, j,m, n € [w] and every partial evaluation of h at y; ¥ z; can be expressed as IF-
linear combination of {p;; g, : 1, j,m,n € [w]}. Hence {p;; g, : i,j,m,n € [w]} spans the space V.
From Fact 2.3 it follows that {p;;|i,j € [w]}, {gunlm, n € [w]} and hence {p;; gy, : i,j,m,n € [w]} are

linearly independent. Therefore, Evaldim

y oz (1) = w* > [z
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An efficient randomized procedure to compute Evaldimy v, (1) Let shivzil c FlYi¥zl ang

Wil independently and uniformly at random and

|S| = poly(n). Choose points aj,...,a,2 from shi
output the dimension of the space spanned by h(a;),...,h(a,2). Let Evaldimijzk(h) = e. Observe

that h(z) can be expressed as follows:

h(z)=) filyjwzi)-q; (5.1)

i€fe]
where f; and g; are variable disjoint and the gy, ..., g, form a basis of the space V (which was defined
in the proof of Observation 5.1). Further {f;|i € [e]}, {g;|i € [e]} are linearly independent sets of
polynomials. Hence, to show that h(ay),...,h(a,) is linearly independent, it is sufficient to show

that the following matrix is full rank:

filar) ... fe(ay)
M| . .

filae) ... fe(ae)

exe

Claim 2.2 implies that the matrix M is full rank with high probability. h(a;),..., h(a,) is linearly in-
dependent implies that the dimension of the space spanned by the polynomials h(a;),...,h(a,?2)
is at least e. Equation 5.1 implies that the dimension of the space spanned by the polynomials

h(ay),...,h(a,2) is at most e. Hence, with high probability dim(spang (h(ay),...,h(a,2))) =e.

5.2 Reduction to Block Equivalence testing
Now that we have the basis of the layer spaces in correct order, we show that computing the matrix

A for which f(x) = Tr-IMM,, ;(Ax) reduces to Block Equivalence testing (defined in Chapter 6.

Claim 5.2 Given the basis of the spaces X1,...,X; in order , the width w and an efficient algorithm
for Block Equivalence testing for Tr-IMM,, 5, we can find an invertible n x n matrix A in polynomial

time such that Tr-IMM,, 4(x) = f (Ax)

Proof: Compute a linear map x — Ax such that the basis vectors of X; maps to distinct variable

in x;. This can be computed efficiently. Let h(x) = f(Ax) Then h(x) = Trace(X; - X5... X;), and the
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entries of X; are linear forms defined by the linear map x > Ax. Since we mapped each basis vector
of X to distinct variables, x; and x; are disjoint whenever i # j and i, € [d], i.e. h(x) is a sum of set-
multilinear ABPs. As f(x) = Tr-IMM,, ;(Ax), we infer that h(x) = Tr-IMM,, ;(Vx) where V = A A

is a block-diagonal matrix. We compute V using Algorithm 6 and obtain A using A = VATl o
In the proof of Claim 5.2, we saw that it is sufficient to compute a V' such that h(x) = Tr-IMM,, 4(Vx)

where V is a block-diagonal matrix. We call this problem as Block Equivalence Testing. In the next

chapter, we will discuss about Block Equivalence Testing in more detail.
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Chapter 6

Block Equivalence Testing

In this chapter we formally define the Block Equivalence Testing problem for the Tr-IMM,, 4

polynomial and show that it reduces to Equivalence Testing for the DET,, polynomial.

In Chapter 5 we saw that the Equivalence testing problem for Tr-IMM,, ; polynomial ! reduces to

the Block Equivalence testing problem which we precisely state below.

Block Equivalence testing for Tr-IMM,, ; polynomial: Given black-box access to an n variate,
degree d polynomial f check if there is an invertible block-diagonal matrix V € F"”" such that
f(x) = Tr-IMM,, 4(Vx). If such a V exists, then output V; else output “no such V exists”

An alternate equivalent restatement of the above problem is as follows :

Block Equivalence testing for Tr-IMM,, ; polynomial: (Alternate version) Given black-box
access to an n variate, degree d polynomial f, check if there are matrices Xj,..., X, such that
f(x) = Trace(X; - X, ... X;) where X; is a w x w matrix whose entries are linearly independent linear
forms in the variable set x; for each i € [d]. Further the variable sets are disjoint, i.e. x; Nx; = 0

whenever i # j. Output X, ..., X, if such matrices exists; else output “no such matrices exist”.

Recall the definition of set-multilinear ABP ? from Definition 2.22. The following claim, which we

lwhere w>2and d > 2
2The size of the ABP is the sum of widths of each layer. In our work, we consider ABPs having the same width w’
at each layer.
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state without proof (see [19]) gives us the width of smallest set-multilinear ABP computing any

polynomial.

Claim 6.1 (Smallest width set-multilinear ABP computing f) Let f(x) be an n-variate, degree
d polynomial which is set-multilinear in the variable sets x1,...,X;. Further, let w’ be the width of
the smallest size uniform width set-multilinear ABP with the variable ordering xq,...,X; computing f .

Then Evaldimy, (f) = w” wherey; =x; ¥... Wx; for eachi € [d].

Recall from the proof of Claim 5.1 that if f is equivalent to Tr-IMM,, 4 then Evaldimy, (f (x)) = w?

where y; = x; W... Wx; for all i € [d]. Hence the smallest width uniform width set-multilinear ABP
computing f has width w?. The following observation which can be easily verified specifies a width

w? set-multilinear ABP that computes f.

Observation 6.1 (A width w?> ABP computing f) Let X;,...,X; be w x w be full rank linear ma-
trices in the variable setsXy,...,X  respectively. Consider a a set-multilinear polynomial f = Trace(Xj -
X,...Xy). Then there exists a set-multilinear ABP A of width w? computing f which is given by
A=Y, Yy...Y; withYy =[Xyy,..., X1, Y = [,®X; foralli € [2,d—1] and X4 = [X],,..., X} 1T

where X1;, X4 denotes the i-th row and j-th column of X1 and X, respectively, i.e.

Xa1
Y1 =[Xi1, o Xiwhw? s Ya=]
de w?x1
and fori € [2,d — 1],
G [
X =|: : ;Y =
(i) i)
Xwi e Xww wXW Xi w2 xw?
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In the remainder of this chapter we will use X; and Y; for all i € [d] to denote the matrices as defined

in Observation 6.1.

6.1 An efficient algorithm for Block Equivalence testing

In [13], they give an efficient algorithm for Block Equivalence testing for Tr-IMM over the field of
complex numbers C (an algebraically closed field). We now present an efficient randomized algo-
rithm (Algorithm 6) for Block Equivalence testing for Tr-IMM which uses oracle access to DETEQ.

Recall from Chapter 1 that DETEQ is an algorithm for determinant equivalence test.

Theorem 6.1 Let f be an n-variate, degree d polynomial which is set-multilinear in the variable sets

X1,...,X4. Given blackbox access to f, the variable setsxy,...,X; and an oracle access to DETEQ, there

is a randomized algorithm (Algorithm 6) with running time poly(n, B) (where B is the bit length of
1

coefficients of f ) that outputs with probability at least 1 — DTyl @ block-diagonal matrix V € GL(n,IF)

such that f(x) = Tr-IMM,, 4(VX) if such an V exists; otherwise it outputs “No such V exists”.
We now elaborate each step of Algorithm 6 and argue its correctness.

Step 1: Set Multilinear ABP computing f: Without loss of generality, assume that f is block-
equivalent to Tr-IMM,, ; polynomial (If it were not, we could test this at the end by evaluating at
random points using Schwartz-Zippel lemma). Hence, f is computable by the ABP Y; - Y,...Y; as
given by Observation 6.1. Further this is the smallest width ABP computing f. Hence, using the
set-multilinear ABP reconstruction algorithm (See Algorithmic Preliminary 6), we can compute an

ABPA=Y, -?2...?,1_1 -i’\dwhere,

Y=Y, Ty
Y, =T\ Y- TyVie[2,d-1] (6.1)
i[\d = Td__ll Yy

and Ty,...,T;_, are w? x w? invertible matrices. Observe that if the ABP computed in Step 1 is

exactly Yy - Y,...Y;_y - Y; then we can recover X;,..., X, trivially and we are done. However we
have YZ instead of Y; at the end of Step 1. In the next step, we exploit this relation between X; and
Y, forallie[2,d—1].
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Algorithm 5 Block Equivalence testing for Tr-IMM,, 4

INPUT: Blackbox access to an 7 variate, degree d polynomial f and the variable sets x1,...,x; such

that f is a set-multilinear polynomial in these variable sets.
OUTPUT: A block-diagonal matrix V € GL(n,IF) such that f(x) = Tr-IMM,, 4(Vx) (if such a V

exists).
1: > Step 1 - Set Multilinear ABP reconstruction of f
2: Compute a width w? set-multilinear ABP A = ?1 . ?2 e ?d—l?d computing f.
3:
4: > Step 2 - Computing blackbox access to ¢; - det(X;)
5: forallie[2,d—1]do
6: Compute det(?i).
7: Factorize det(i’\i) to obtain access to ¢; - det(X;) where c; € IF.
8:
9: > Step 3 - Try to obtain X; from c; - det(X;) using Determinant Equivalence test
10: forallie[2,d—1]do
11: Using Determinant Equivalence Test, compute a w X w matrix X; such that ¢; - det(X;) =
det(X).
12:
13: > Step 4 - Construct Z;
14: forallie[2,d-1]do
15: Compute the w X w matrix Z; = [, ®5(\k.
16:
17: » Distinguish between the matrix and its transpose
18: forallie[2,d—-1]do _ _
19: if there are w? x w? matrice/s\i_l and S; such that T\i—l ?\l =Z;-S; then
20: Compute such Ti—l and S;.
21: else N N
22: Compute f-_l and S; such that T\i—l ?Z = ZiT - S;.
23:
24: > Step 6 - Block Diagonalize ?d—l
25: Compute w? x w? matrices Y/,..., Yé where

Yl/ = /Y\l * T\l_l
Y/ = T, Y- i‘l;\v’i €[2,d-2]
Yy =Ty Yaq- S5l

). _ o1 37
Y =51V, .
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Algorithm 6 Block Equivalence testing for Tr-IMM,, ; (continued...)

26:
27:
28:
29:
30:

31:
32:
33:
34:
35:
36:
37:
38:
39:

40:
41:
42:
43:
44:
45:
46:

> Step 7 - Compute Xé,...,X{;_l
Compute X)), := first w x w block of the block-diagonal matrix Y;_,
forallie[2,d-2]do
Let a; be some non-zero entry (say (p, q)-th entry) of DiDijrl1 where D; and D; | are w X w
matrices as defined in Claim 6.3. Then compute X := (p, q)-th block of Y;.

> Step 8 - Compute X| and X
Compute X)) using the proof of Claim 6.4.
Compute X/ using the proof of Claim 6.5.

> at this point Trace(X| - X;... X)) = f and

> the matrices X7,..., X :; are variable disjoint.

> Step 9 - Compute V

Compute the matrix V by looking at the coefficients of the linear forms in the entries of X for
all i € [d]

> Step 10 - Output the result
Pick a random point a € S” where S C [F and |S| > poly(n).
if f(a) = Tr-IMM,, 4(Va) then
Output V.
else
Output ‘No such V exists’.
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Step 2 - Computing blackbox access to ¢;-det(X;): In this step, we compute blackbox access to
¢; - det(X;) from Y; for all i € [2,d — 1] as follows: First we compute det(Y;). This can be computed
efficiently [8]. Since Y; = [, ® X; and Y, = Tl__l1 -Y; - T;, we have det(Y;) = d,; - det(X;)* where
d; = det(Ti__ll) - det(T;). By applying am efficient polynomial factorization algorithm [16] we can

obtain blackbox access to c; - det(X;) for some c; € FF.

Step 3 - Try to obtain X; from c; - det(X;) using Determinant Equivalence Test: From Step 2,
we have blackbox access to a polynomial computing c; -det(X;) foralli € [2,d —1]. Let X; beawxw

matrix such that det(X;) = ¢; - det(X;). Then exactly one of the following holds (due to Fact 2.1).

JA;, B; such that X; = A; - X; - B; (Case 3-1)

JA;, B, such that X; = A; .Z.T -B; (Case 3-2) .

where A;,B;,A;, B; are w x w invertible numeric matrices with det(A;B;) = ¢; (for Case 3-1) or
det(A;B;) = c; (for Case 3-2). Using equivalence test for the determinant polynomial ([17, 11]) we

can compute Z satisfying exactly one of the above cases for each i € [2,d — 1].

Step 4 - Construct Z;: In Step 4 we compute the w? x w? block-diagonal matrix Z; with Z along

its diagonal blocks.

Step 5 - Find out which case in Step 3 succeeded: For some i € [2,d — 1], suppose Case 3-1 is

true at Step 3, i.e X; = A; )?, - B; for some invertible w X w numeric matrices. Then,

Y;

Il
B

[l
0

'(Iw®Xi)'Ti
(lo®(A; - X;-B))- T,

(I, ®A;) - (I, ®X;) - (I, ® B;)) - T;

Il [l
:ﬂl Jj
— —_— —_— — —_ =

Il
0

(L, ®A)Z;i(I,®B;)-T; .

—_—

-1
T4

Si
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Similarly if Case 3-2 succeeds then ?1 = f‘_ll -ZI.T /S\l Claim 6.2 says that exactly one of these
equations is satisfied. To compute these matrices, treat the entries of i‘—l and 3\, as formal variables
and compare the entries of Y;-T,_; with Z; /S\Z orZ iT /S\Z This will give us a system of linear equations

in the variables of i_l and 3\1 which can be solved using guassian elimination in poly(w?) time.
Claim 6.2 In Step 5 of Algorithm 6 exactly one of the cases succeeds.

Proof: Recall that Vi € [2,d —1]:

Zi= w®§(\i
Y, =T, YT,
Yi=1,®X;

where X; is a w x w symbolic matrix whose entries are linearly independent linear forms. In Step 3,
we computed w X w matrix )/(\l which satisfies exactly one of the following equations: X; = A; Z -B;
or X; = A; )’(\IT - B; for some invertible w x w numeric matrices A;, B;, A;, B;. Accordingly we have

the following two cases:

Y, = I, ®AX;B; Y; =1, ®A;X]B;
V=T (@ AXiB) T, (or) Vi =T} - (L,®AX]B)-T,
V=T, - (I,®A;)Z(I,®B;)-T; V=T (I,®A)Z] (1,®B)- T,

(a) (b)

We claim that both (a) and (b) can not hold simultaneously. Suppose for contradiction let (a) and

(b) be true simultaneously, which implies there exists w? x w?

invertible matrices P, Q such that
PZ,Q=Z I.T. But this contradicts Claim 6.6 (given at the end of the chapter). Hence exactly one of
the cases in Step 5 of Algorithm 6 succeeds. O

Remark: From this point in the algorithm, for the sake of brevity we assume that X; was computed

according to Case 3-1. A similar analysis holds if Case 3-2 was true.
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The following claim says that T\i,l,/S\i computed in Step 5 are unique up to multiplication by certain

matrices. The proof uses Claim 6.7 which is proved at the end of the chapter.

Claim 6.3 (Uniqueness of T,_; and 3\,) For any i € [2,d — 1], the ﬁ_l,/S\i computed in Step 5 of
Algorithm 6 is of the following form:

—_

T =T - (L,®A;)- (D] ®1,)

1—

—

Si=(D;®L,) (I,®B;)-T; .

where D; is a w X w invertible matrix.

Proof: The i,g\, computed in Step 5 satisfies

Substituting ?, = Tl__l1 (I, ®A;)-Z;- (I, ®B;) - T; in the above equation, we get
T T (L,®A)-Z;=2;-S; T, '+ (I, ®B; )
By Claim 6.7, there exists w x w invertible matrix D; such that

Ty T2) - (I,®A)=S;-T;- (I, ® B;') = D; ® I,
implying,

T =T -(L,®A) (D' ®L,)

i—

2
Il

(Di®1w)'(1w®Bi)'Ti .

O

Step 6 - Block Diagonalize ?d—l :  We compute the matrices Y7,..., Yé from ?1, e, ?d in step 6.
Note that the ABP Y| - ;... Y still computes the original polynomial f as the intermediate matrix

multiplications cancels out. We also observe that the matrix Y, _, is a block-diagonal matrix.
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Observation 6.2 Y, | computed in Step 6 of Algorithm 6 is a block-diagonal matrix.
Proof: The Y, | computed in Step 6 is given by:
Vi =Toz Yo1 S5,

Substituting Yy_; = T, - (I, ® Xg_1) - Tyt Ty—z = (Da_1 ®1,) - (I, ® Az')) - (Ty_p) and S| =

(Td__ll) (I, ® B;l) . (D;El ®I,,) in the above equation, we have:

Yé_l = (Dd—l ®Iw) : (Iw ® (Agllxd—lBgll)) ' (Djll ®Iw)
= (Dd—lD;_ll ®Iw)(Iw ®A;£1 - Xg-1- Bil)

=1,® (Ail ~Xg-1- B;ll) .
Clearly Yé_l is a block-diagonal matrix whose diagonal blocks are A;l - X1 -B;ll. O

Now, we describe the structure of the matrices Y3,..., Y, ,.

Observation 6.3 The matrices Y, computed in Step 6 of Algorithm 6 can be written as Y] = (DiD;l1 ®
I,)- (I, ® A7' X;A;,1) wherei € [2,d — 2] and D; is a w x w matrix as defined in Claim 6.1.

Proof: Foranyie€[2,d-2],

Substituting the appropriate expansions of T,_1,Y; and T\i_l in the above equation, we have:

Y] =((Di® L)L ® A Tiy ) (T2 (Lw ® X)) (T (I, ® Aiy1) (D7) © 1))

=(D;D;, ®1,)- (I, ®A; ' X; A1)

i+1

In Steps 7-8, we compute w X w matrices X7,..., X such that f = Trace(X] ... X)).
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Step 7 - Computing Xé,...,X(;_lz In Step 7, we compute the w X w matrices Xé""’X:i—l by
defining them to be suitable sub-matrices of the w? x w? matrices Y/, ..., Yd,—l' Let a; be some non-
zero entry of D,-Dl._+11. Then the corresponding w x w block in Y is ay -AI._lXZ-AZ-H. In Step 7, we
define X/ to be the block «; -AITIXZ-AZ-H of Y/ for all i € [2,d —2] and X, ; to be the first w x w
block of Y, ;. Hence the product X - X3... X | is given by:

X5 X5 X, =a-Ay' Xy X3... X41 - BY

where a = a5 - a3...a 5.
Step 8 - Computing X| and X;:

Claim 6.4 (Computing X)) Given the matrices X,..., X, | computed at Step 7 of Algorithm 6, we
can efficiently compute the w x w matrix X = By_1 X4A where A is a w x w numeric matrix which is

full rank with high probability.
Proof: Define X; := a !X, A, and X,; := B;_; X;. We first make the following observation.
Observation 6.4 Foranyi € [w], the (i,1)-th entry of the product X;- X, can be computed efficiently.

Proof: Fix some i € [w]. Choose an assignment of the variables x,,...,x;_; that sets the (1,1)-
th entry of the product X;X3... X’ | to 1 and the remaining entries to 0. It can be easily verified
that, under this assignment the function f (if it was block-equivalent to Tr-IMM to begin with) will
compute the (i, 1)-th entry of X, - X;. The assignment discussed above exists and can be computed
as follows: Similar to the graph Gy, we defined for the Tr-IMM polynomial, we associate a lay-
ered graph G corresponding to the matrices X,..., X} ;. Then the (1,i)-th entry of the product
X3X5...X) | is the sum of all path weights from the 1st vertex u of first layer of G (corresponding
to the matrix X)) to the i-th vertex v of last layer (corresponding to the matrix X’ ). The (1,i)-th
entry of the product is 1 only if all the edge labels that lie on any path from u to v is non-zero.
Since the linear forms in X/ is linear independent for each i € [w], we can apply an invertible linear
transformation that maps the entries of X’ to distinct formal variables. We can now trivially com-
pute an assignment that sets the (1, i)-th entry of the product to a suitable non-zero number and the

remaining entries to 0. a
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Denote the first column of X; by ¢; = [g1(X1),...,£w(x1)]T and the first column of X; - X; by ¢4 =
[fi(X1,X4),--, fuw(X1,%4)]". Clearly ¢; = X, c;. Choose w points ay,...,a, €, sv* uniformly at ran-
dom where S C IF and |S| > poly(w?). For each i € [w], compute cz; := [fi(a;,Xg),..., fu(ai, x4)]T =
X,;c;(a;) where ¢;(a;) denotes the evaluation of column vector ¢; at point a;. Define X to be
the w x w matrix obtained by stacking these column vectors, i.e. X(; = [c41,€42,--, €4y ). Clearly,
X, = X, A = By_ XA where A is the w x w matrix [c;(a;),¢;(ay),...,¢;(ay)]. As the linear forms

in X are linearly independent, by Claim 2.2 the matrix A is full-rank with high probability. |

Claim 6.5 (Computing X|) Given the matrices X),..., X, | computed in Step 7 of Algorithm 6 and

the matrix X, computed according to Claim 6.4, we can efficiently compute the w x w matrix X| =

a_lA_leAz.

Proof: Fix i,j € [w]. To compute the (i, j)-th entry of X| choose an assignment of the x,,...,xy
variables that sets the (j,i)-th entry of X;X3...X] to 1 and the remaining entries to 0. Such an
assignment exists and can be efficiently computed by an argument similar to Observation 6.4. It can

be easily verified that f computes the (i, j)-th entry of X| where X| = a 'A™1X; A;. |

The following corollary easily follows from Claim 6.4 and Claim 6.5.

Corollary 6.1 Attheend of Step 8 of Algorithm 6, the following holds: Trace(X{-X;... X)) = Trace(X-
X2 e Xd) = f

Step 9,10 - Computing V and output the result: Since Trace(X - X;... X)) = f and the X;’s
are variable disjoint we can compute V' by looking at the coefficients of the entries of X/. Then in
Step 10, we use Schwartz-Zippel Lemma to check if f was indeed block-equivalent to Tr-IMM,, 4 to

begin with and output the result accordingly.

6.2 Additional Claims and Observations

In this section we establish few helpful claims and observations that has been used in the proofs of

Claim 6.2 and Claim 6.3.
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Claim 6.6 Let X = (X;})yxw be a symbolic matrix and Y = X®I,,. Then there does not exist invertible
matrices P, (QQ € GL(w2, IF) such that PY = YTQ. In fact, the claim still holds even when X is aw x w

symbolic matrix whose entries are linearly independent linear forms.

Proof: For contradiction, suppose there exists w? x w? invertible matrices P and Q such that PY =

YT Q. The matrices P, Q looks as shown below.

Py Py ... Py Qi1 Q2 ... Qo

Pwl Pw2 wa le Qw2 wa

w2xw? w2xw?

where each P;; and Q;; is a w X w matrix for all 7, j € [w]. So PY = YTQ implies

P X PpX ... PypX XTQu XTQi, ... XTQuy

P X PpX ... PyX XTle XTQw2 Xthw

w?xw? w2xw?

In particular, for each i, j € [w] P;; X = X TQ; j- Due to Observation 6.5, the first row of I; is 0 for any
arbitrary i, j € [w] implying the first row of P is 0. So P is not invertible which is a contradiction.

This claim still holds even when X is a w xw symbolic matrix whose entries are linearly independent
linear form because we can apply a invertible linear transformation that maps each entry of X to a

distinct formal variable. O

Observation 6.5 Let X = (X;)yxw be a symbolic matrix with distinct entries. Let P = (p;;)yxw and
Q = (qij)wxw be w X w numeric matrices such that PX = XTQ, then the first row of the matrix P has

all entries 0.

Proof: The (1,2)-th entry of PX is : Z}"}:lpljsz- The (1,2)-th entry of XTP is: Z}‘;l qj1%j1-
Clearly the (1,2)-th entry of PX is variable disjoint from the (1,2)-th entry of XT P which means

their corresponding coefficients must be 0. So the first row of P has all entries 0. O
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Claim 6.7 Let X = (x;j)yxw be a symbolic matrix and Y = I,,® X. Let P,Q € GL(w?,TF) such that
PY=YQ. ThenP =Q =D®]I, for some D € GL(w, F).

Proof: Taking Y =1,®I, =I,2, we get P = Q.

Pll Plz oo le
Let P =

P, P,, ... Py,

w2xw?

where each P;; is a w x w matrix for all 7, j € [w]. Since PY = YP, we have P;;X = XP;; for each
i,j € [w]. By Observation 6.6, we infer that each P;; is a scalar matrix whose diagonal entries we
refer to as d;;, ie. B; = d;;I, for each i,j € [w]. Define D = (d;;)yx, Where d;; is the diagonal
entry of the matrix P;;. Clearly P = D ® I,,. Further D is an invertible matrix. If it was not so, then
there exists c¢y,...,¢, € [F not all 0 such that c;D; +... + c,,D,, = 0, where D; refers to the i-th

row of the matrix D. It is easy to verify that the matrix P” = (¢;.F;j),2xy? is not invertible implying

P = (P;j)w2xw? is not invertible which is a contradiction. Hence D is an invertible matrix. O

Observation 6.6 Let X = (x;;)yxw be a symbolic matrix whose entries are distinct formal variables

and let P = (p;j)wxw be aw x w matrix such that PX = XP. Then P = dI, for some d € IF.

Proof: Comparing the (7,1)-th entry of PX and XP, we can infer that the non-diagonal entries of
P are 0. Hence P is a diagonal matrix with diagonal entries p;; for i € [w]. Now we show that all
the diagonal entries are equal. The (i, j)-th entry of PX is p;;x;; whereas the (i, j)-th entry of XP is

pj;x;j; which implies p;; = p;; for all i, j € [w]. O
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Chapter 7

Characterization by Symmetry

In this chapter we discuss the group of symmetries of the Tr-IMM,, ; polynomial and show that

the Tr-IMM,, ; polynomial is characterized by its group of symmetries.

Recall from Definition 2.23 that the group of symmetries of an # variate polynomial f is the set of
all invertible n x n matrices A such that f(x) = f (Ax). We start by defining the characterization by

symmetry property below.

Definition 7.1 (Characterization by symmetry) An n variate, degree d homogeneous polynomial
f is said to be characterized by its group of symmetries G if for every n variate, degree d homogeneous

polynomial g, the following holds: Gy =G, <= f = a g, for some non-zero & € F.
One direction of the above equivalence is trivial as noted in Observation 7.1.
Observation 7.1 Let f = a - ¢ for some non-zero o € IF. Then Sf = 9g.

Proof: Let A € Gy, ie f(x) = f(Ax). Now f(Ax) = a - g(Ax) = a - g(x) = f(x). Hence, A € G,.

Similarly it can be shown that A € §, = A € §;. This implies G = G,. O

7.1 Generating subgroups of G, .

We briefly explain the generating subgroups of the group of symmetries G1,.;vim polynomial which

has been described in [12]. In the reminder of this chapter, we only consider those Tr-IMM,, 5 poly-
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nomials with w > 1 and d > 2. Recall that Tr-IMM,, ; can be written as

Tr-IMM,, 4(x) = Trace(Q - Q,... Qy)

where each Q; is a w x w symbolic matrix whose entries are distinct variables. The three generating

subgroups of G, 1vm are:

1. The Transposition Subgroup 7T: T is the subgroup consisting of two matrices, T = {I,,, N}

where N is the n X n matrix such that Tr-IMM,, ;(Nx) = Trace(Qg . Qg_l e QlT) and N2 =1,.

2. The left-right multiplication subgroup M,, ;: Consider the following linear transforma-

tion M on the x variables given by:

Q1 X;:=Cp-Qp-C
Q> X;:=C;'-Qy-Cy

Q3 X3:=C5'Q3-C5

-1 -1
Qd |_>Xd «-— Cd—l . Qd * CO
where Cy,...,C;_q are invertible matrices in F“*%. Clearly,

Tr-IMM,, 4(Mx) = Trace(X; - X;,... X})
= Trace((Co- Q1 - C1)-(C1 - Q2+ Ca)...(Czly - Qa - G 1)
= Trace(Cy- Q1 - Q...- Qq - Cg') = Trace(Q; - Qz...- Qq - Cy' - Co)

= Tr-IMM,, 4(x) .

The equality in the penultimate line of the above equations follows from the commutativity
of the trace of the matrix product of Q; - Q... Q4-Cy Uand C. The linear map M is defined
by the d matrices Cy, Cy,...,Cy4_;. All such M which can be described as above by some d

invertible matrices Cy, Cy, ..., C4_; are said to be in the left-right multiplication subgroup M, 4
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of Srr-1MM,, ;-

3. The Circular Transformations Subgroup C: This group consists of 7x7n matrices in Grrvm,, ,
that cyclically rotates the order of the matrices in the product expression Q; - Q,...Q,;. A lin-
ear transformation C € C has the following effect on the variables of Tr-IMM,, 4: for each

i €[d], Qi = Q(r—i+1) mod d for some € [d]. This does not change the trace of the product as

Trace(Q1 - Qy...Q;... Qq) = Trace(Q; - Qry1---Qa - Q1. Qr1)-

Theorem 7.1 expresses G, vm in terms of its generating subgroups and has been proved in [12].

Before stating the theorem, we recall some useful definitions from group theory.

Definition 7.2 (Normal Subgroup) A subgroup U of a group G is said to be a normal subgroup of
G (denoted by U < G) if forallge g, gUg ! C U.

Definition 7.3 (Semidirect Product) Let G be a group and N, H be its subgroups. G is said to be a
semidirect product of U and H (denoted by G=U = H)ifG=UH, U <G and U NH = {e}.

For brevity, we denote M, ; by M in the following theorem.
Theorem 7.1 (Symmetries of Tr-IMM) Grpvv = M > (€ T). !

Let Q; denote the i-th row of Q; and Q ; denote the j-th column of Qg for 7, j € [w]. Recall that
IMM,, 4 is defined as the (1, 1)-th entry of the product Q; - Q;... Q4. SoIMM,, ;3 = Q11-Q5... Qg1 -
Qg1- Analogous to the subgroup M, ; of Sty 1mm,, ,-the left right multiplication subgroup for the

IMM,, 4 polynomial is defined below.

The left-right multiplication subgroup M’ , of IMM,, ; polynomial The subgroup M’ , con-

1Observe that C is a normal subgroup of € > T and M is a normal subgroup of G, IMM:-
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sists of linear maps M’ that have the following effect on the variables of IMM,, ;.

QuX11:=011-¢G
Q> Xy:=C1 Q- Cy

Qa1 Xy = C;EQ Qa1 Ca

Qa1+ Xa1:=C;1 - Qa

where Cy,...,C,_; are invertible matrices in F¥*%. Define IMMg)d = Q- Q2...0Qu-1 - Qqj.
Hence, Tr-IMM,, ; = IMMS)d +...+ IMMS/UZI. We now make the following observation.

Observation 7.2 There is an injective map ¢ : M;ud — My, 4 defined as follows: If M’ e M;}d

is defined by the matrices Cy,...,Cy_1 then M := ¢p(M’) is the linear map defined by the matrices
L,,C1,...,C4_1. Inparticular, forall M’ € M;/yd,Tr—IMMw’d(Mx) - vm' (M'x)+.. .+IMM(Lj)d(M’x).

w,d
Proof: Consider a linear map M’ € M, defined by the matrices Cy,...,Cy_;. For each i € [d],
(i)

w,

applying M’ on the variables of IMM_ ', has the following effect:

Qi X1i:=Qqi-Cy
Q> Xy:=C1 Q- Cy

Qi1 Xg1:=C;1,-Caq-Cyy

Qai > Xgi = C,}fl -Cyi

(1)

w,d’

The matrix M corresponds to applying M’ simultaneously to the variables of IMM_ . ..., IMM

w,d

is the following linear map which we denote by M.

Q= Q1-Ci=011-Ci|...1Q1, - Cy
Q- CitQy-Cy
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Qi1+~ Crly Qa1 -Cay

Qi Ci1-Qi=Ci' - Quil...IC;Y, - Quw
Since IMMS,) J(M'x) = IMMS;? ,(x) for all i € [d], Tr-IMM,, 4(Mx) = Tr-IMM,, 4(x) implying M €
S1r-1MM- It is also easy to see that M € M, ; and is defined by the matrices I, Cy,...,Cy_;. O
We will see in the next section that Tr-IMM,, ; is characterized by symmetry just due to the presence

of the left-right multiplication subgroup.

7.2 Tr-mm, 4 is characterized by its group of symmetries

In [18], it has been shown that the IMM,, ; polynomial is characterized by it’s group of symmetries

which we state in Lemma 7.1.

Lemma 7.1 Let f be a homogeneous n variate, degree d polynomial over IF with M/, ; C G and

|F| >d + 1. Then f = a -IMM,, ;4 for some non-zero a € IF.

We use Lemma 7.1 and the following claim to establish characterization by symmetry for the Tr-IMM,, 4

polynomial.

Claim 7.1 Let f be a homogeneous n variate, degree d polynomial over F with M,, ;3 C G and
|F| > d+1. Then f is a set-multilinear polynomial in the variable setsXy,...,X, i.e every monomial in

f has at most one variable from each x;,i € [d].

Proof: Since |F| > d +1, there exists p # 0 € [F which is not an e-th root of unity for all e < d. Fix a
k € [d —1]. Consider M € M, ; which scales the variables in Qy by p and the variables in Qy,; by
p~L. Since f(x) = f(Mx) and p® # 1 for any e < d,the number of variables from x; must be equal
to the number of variables from x;,; in any monomial of f. This is true for any k € [d — 1] and f
being a homogeneous degree d polynomial implies f is a set-multilinear polynomial in the variable

sets xXq,...,X4. O

Lemma 7.2 (Characterization by Symmetry) Let f be a homogeneous n variate, degree d polyno-

mial over F with My, 4 C Gy and|F|>d + 1. Then f = a - Tr-IMM,, 4 for some non-zero a € IF.
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Proof: From Claim 7.1, it follows that f is a set-multilinear polynomial in the variable sets x1,...,X;.

Hence f can be written as follows:

f= Z xgjl-)gi]- = Zx(llj)glj+...+ injj)gwj
i,jelw] jelw] jelw]
where the g;; for i, j € [w] are set-multilinear polynomials in the variable sets x,...,x4. For i € [w],
let f; := Zje[w] xf.;)gij. Thus f = f; +... + f,. Let x1; denote the variables in the i-th row of Q; and
x4 denote the variables in the j-th column of Q. Clearly f; is s set-multilinear polynomial in the
variable sets X1;,X»,...,X,. Infact we show that f; is a set-multilinear polynomial in the variable sets
X1i,X2,...,Xg4;. Consider a linear map M € M, ; defined by the matrices Cy,...,C;_; where C is
a w x w diagonal matrix whose (i, 1)-th entry is p and the remaining entries are 1, and Cy,...,Cy_4
are w X w identity matrices. It is easy to infer that M replaces the x variables by the following lin-
ear forms: X;; > p-Xy; , X4; = P! -Xg;, and all other variables are mapped to themselves. Since
each monomial in f; contains exactly one variable from x1;, to cancel the effect of scaling by p each
monomial in f; must contain exactly one variable from x4;. Hence f; is a set-multilinear polyno-
mial in the variable sets x;;,X»,...,X;;. In the next part of the proof, first we show that for each
iefw] fi =«a; 'IMMiQd for some non-zero «; € F and then finally prove that a; =... = @, = a

implying f = a - (IMM{), + ... + IMM")) = & - Tr-vM, 4.

(#)

w,

From Lemma 7.1, to show that f; = a; - IMM i for some non-zero o € IF, it is sufficient to show
that M’ s C Gf. Recall the injective map ¢ : M4 — M, 4 defined in Observation 7.2. Let
M’ e M, ; be defined by the w x w invertible matrices Cy,...Cy_; and M := ¢(M’) € M, 4 be
defined by the matrices I, Cy,...,Cy_1. Since f; is a set-multilinear polynomial in x1;,X»,...,X4;
for all i € [w], applying M on the variables of f is equivalent to simultaneously applying M’ on
firoos fu- Butas M € My, 4 C Gy, f(x) = f(Mx) = f{(M'x) +... + f,(M’x). Since fi,..., f, are
pairwise monomial disjoint we infer that f;(M’x) = fi(x) for i € [w]. Thus M’ € G implying
M'y,q C Gy, for each i € [w]. We now show that a; = a; =... = ay,. Leti #jandi,j € [w]. Let
I;; be the matrix obtained by swapping i-th and j-th rows of the identity matrix I;,. Consider the

linear map M € M, 4 defined by the w x w matrices Cy = I;;,Cy = Iy,...,C4_1 = I,. M replaces
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the x variables as follows: It exchanges the i-th and j-th rows of Qy, the i-th and j-th columns of

Qg,ie Qq; © Qqj and Qy; < Q. The remaining variables are mapped to themselves.

fx) = a MM+ MM Y 4 g I

w w w w,d

(w)

w,d *

F(Mx) = ay MM, 4+ oMM e iuM Y + a, IMM

w, w

As f(x) = f(Mx) and IMMS) ; and IMML{) 4 are monomial disjoint, we infer that a; = «;. Since this

is true for arbitrary i # j, a1 =... = a, = a. O
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