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Abstract

Two polynomials f,g € F[xq,...,z,] over a field F are said to be equivalent if there exists an
n x n invertible matrix A over F such that g = f(Ax), where x = (z;---z,)*. The equivalence
test (in short, ET) for a polynomial family { f,, }men (similarly, a circuit class €) is the following
algorithmic problem: Given input black-box access to g € Fxy,...,z,], determine whether
there exists an f € {f,}men (respectively, a circuit C € &) such that g = f(Ax) (respectively,
g = C(Ax)) for some n x n invertible matrix A over F. If the answer is yes, it also outputs
an f € {fm}men (respectively, a circuit C € ¥) and an n x n invertible certificate matrix A
over F such that g = f(Ax) (respectively, g = C(Ax)). In this thesis, we study equivalence
tests for two polynomial families, namely the families of Nisan-Wigderson design polynomials
(in short, NW) and determinant, and a circuit class, namely the class of reqular read-once
arithmetic formulas. In the process of designing ET for NW, we prove some fundamental
structural and algorithmic results related to the symmetries of NW, namely characterization by
symmetries, characterization by circuit identities, a circuit testing algorithm and a flip theorem.
An invertible matrix A is called a symmetry of NW if NW = NW(Ax).

In the first work, we study some useful properties of the symmetries of NW. NW is an
important polynomial in algebraic complexity theory (ACT) as it has been used to prove lower
bounds for various classes of arithmetic circuits. Similar to NW, other polynomials like the
determinant, the permanent, the IMM, etc. have also been used in many lower bound proofs
in ACT. Unlike these polynomials, which are well-studied, not much is known about NW. The
family of NW is in VNP but it is not known whether it is in VP and or is VNP-complete. In
this work, we fill in some gaps in our understanding of NW by answering certain interesting
questions related to the symmetries of NW. These questions are quite relevant from the context
of geometric complexity theory and have been studied for the permanent. We show that NW
is characterized by its symmetries over C but not over R and Q. Using the symmetries of NW,
we show that NW is characterized by circuit identities over any field. By exploiting the second
property, we give a randomized polynomial time circuit testing algorithm and a flip theorem

for NW. A circuit testing algorithm checks whether a given circuit computes NW and hence
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is a natural special case of ET for NW. A circuit testing algorithm is also required for the
ET for NW. We give a randomized polynomial time reduction from general ET for NW to the
block-permuted ET for NW. Further, we also give a randomized polynomial time algorithm for
a special case of block-permuted ET for NW, which we call block-diagonal permutation scaling
ET for NW. These structural and algorithmic results crucially use some special symmetries of
NW as well as the structure of the group of symmetries of NW, denoted ¥yw. The structure of
“nw was studied in the author’s master’s thesis [Gup17] and is not included in this thesis.

In the second work, we study ET for the family of determinant (in short, DET) over finite
fields and over Q. A randomized polynomial time DET over C was given in [Kay12]. A ran-
domized polynomial time DET over a finite field F, was given in [KNS19], which outputs a
certificate matrix over a degree n extension field of F,, provided the input polynomial is equiv-
alent to the n x n determinant, denoted Det,,. In this work, we give a randomized polynomial
time DET over F,, which outputs a certificate matrix over the base field. We also give the first
randomized DET over Q, which takes oracle access to an integer factoring algorithm (IntFact),
and outputs a certificate matrix over Q. This DET runs in polynomial time in the Turing
machine model if n is bounded. If we remove oracle access to IntFact from DET over Q, then
we get a polynomial time randomized DET for every n, but it outputs a certificate matrix over
an extension field L of Q, where [L : Q] < n. The heart of these algorithms is a randomized
polynomial time reduction from DET to the full matriz algebra isomorphism (FMAI) problem.
This reduction exploits the rich structure of the Lie algebra of the determinant and works over
almost every field. FMALI is a well-studied problem in computer algebra and FMAT algorithms
are known over finite fields and Q. We prove that assuming the Generalized Riemann Hypoth-
esis, there exists a randomized polynomial time reduction from integer factoring to DET for
quadratic forms over Q (i.e., n = 2 case). This shows that it is unlikely to get rid of the IntFact
oracle from DET over Q. We also give a reduction from FMAI to DET over almost every field,
which is efficient if n is bounded. This shows that FMAI and DET are randomized polynomial
time reducible to each other whenever n is bounded.

In the third work, we give the first randomized polynomial time equivalence test with
oracle access to quadratic form equivalence (QFE) for the class of reqular read-once arithmetic
formulas (in short, regular ROFs). An arithmetic formula C over a field F is said to be read-once
if every leaf node of C is labelled by either a distinct variable or a constant from F. ROF's are
well-studied in the literature. An ROF C is called regular if every variable in C is a child of a x
gate. Thus, the class of regular ROFs is a natural subclass of ROFs. An ET for regular ROFs
significantly generalizes QFE over C and ET algorithms for two previously studied sub-classes of

regular ROF's, namely the classes of sum-product polynomials and ROANFs. Equivalence tests

v



Abstract

for these two classes were given recently in [MS21]. Our ET algorithm is based on some useful
properties of the Hessian determinant of a regular ROF like its non-zeroness, knowledge of its
factors and its essential variables. The arbitrary nature of the underlying tree of a regular ROF
makes the analysis of the above mentioned properties of its Hessian determinant technically
challenging. We overcome this challenge by studying the structures and coefficients of some

nice monomials in the Hessian determinant of a regular ROF.
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Chapter 1
Introduction

Isomorphism plays an important role in mathematics. Two mathematical objects A and B of
the “same type” are said to be isomorphic if there exists a structure preserving bijective map
between A and B. Isomorphisms of various algebraic objects like groups, rings, fields, vector
spaces, modules, algebras etc. are well-studied. Let us see an example of an isomorphism
between two groups. Let Z be the set of integers, a be a fixed non-zero integer, and aZ be
the set of integer multiples of a. Then, (Z,+) and (aZ,+) are groups (Definition 2.1) under
integer addition and hence have the same type. Further, ¢ : Z — aZ ; b +— ab is a group
isomorphism, i.e., ¢ is bijective and for every b,c € Z, (b + ¢) = ¢(b) + ¢(c). Now, we
give an example of a vector space isomorphism. Let F be a field (Definition 2.3). Then, F”"
is an F-vector space (Definition 2.5). Let A be an n x n invertible matrix over F. Then,
@ F" — F";a — Aa is a vector space isomorphism from F" to F", i.e., ¢ is bijective and for
every a,b € F" «, 5 € F, p(aa + b) = ap(a) + Se(b).

Computational problems related to isomorphism of two similar objects have been studied.
For example, the graph isomorphism problem (in short, GI), which determines whether two
graphs are same up to permutation of vertices or not, is one of the most important and well-
studied algorithmic problem in theoretical computer science. An extensive research spanning
several decades on getting an efficient algorithm for GI culminated in a quasi-polynomial time
algorithm given by Babai [Bab16], which is one of the breakthroughs of the last decade. Sim-
ilarly, one can ask if given two objects of the same type, can we determine algorithmically if
these are isomorphic? This thesis studies a similar question pertaining to polynomials.

We say that f,g € Flxq,...,x,] are isomorphic (or equivalent) if there exist n linearly
independent linear forms ¢y, ...,¢, € Fzy,...,x,] such that f = g(¢1,...,¢,). In other words,
there exists an n X n invertible matrix A over F such that f = g(Ax), where x = (xq -+ - x,)7 is

a column vector. The problem of testing whether two polynomials given as lists of coefficients
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are isomorphic is known as the polynomial equivalence problem (in short, PE) and is the central
theme of this thesis. To set up the context for PE, we briefly talk about polynomials in Section
1.1.1, about algebraic complexity theory (ACT) in Section 1.1.2, and about the four main
problems in ACT and their relationships with PE in Sections 1.1.3 - 1.1.6.

1.1 Background

1.1.1 Polynomials

Polynomials are extensively used in mathematics. Apart from having numerous applications
in various branches of mathematics, polynomials are also widely used in theoretical computer
science. For example, the Fourier expansion of a Boolean function f, which is a multilinear
polynomial that agrees with f on the Boolean hypercube, plays an important role in the analysis
of f (see [O’D14]). Polynomials have been used in the proof of IP = PSPACE given in [Sha92].
Polynomials have also been instrumental in answering some of the long standing open questions
in combinatorics. For example, a beautiful proof of a near optimal lower bound on the size
of Kakeya sets in finite fields given by Dvir (see [Dvi08]) is based on the polynomial method.
We direct interested readers to [Gut16, Dvil2, Taol3] for more applications of the polynomial
method in various other problems.

Polynomials also appear in algorithms for algebraic and number theoretic problems. Al-
gorithms for such problems have a rich history. These algorithms can be classified into three
categories. The first category contains the algorithms whose outputs are polynomial functions
in their inputs, the algorithms in the second category use polynomial functions in the inter-
mediate stages but their outputs are not polynomial functions in their inputs, and the third
category consists of algorithms whose inputs and outputs are polynomials.

An interesting example from the first category is a matrix multiplication algorithm. The
output of such an algorithm is the product of two input matrices A and B, where every entry
of A- B is a quadratic polynomial in the entries of A and B. A long line of research on matrix
multiplication algorithms given in [Str69, CW90, LG12, Will2, DS13, CU13, LG14, AW21]
aims to understand the exact complexity of this problem. Another example in this category is
an algorithm for computing the determinant of a square matrix A. Using the Leibniz formula,
the determinant of A can be expressed as a polynomial function in the entries of A. Efficient
parallel algorithms are known for determinant computation [Csa76, Ber84, Pip22].

The second category contains many interesting number theoretic algorithms. For example,
[SST1] gave an integer multiplication algorithm, which encodes integers as univariate polyno-

mials and uses an algorithm to multiply two univariate polynomials. This polynomial mul-



tiplication algorithm uses Fast Fourier Transform (FFT), for which an efficient algorithm is
known [CT65]. Algorithms for integer multiplication problems have been extensively studied
[SS71, Fii09, DKSS08] and a recent result by [HvdH21] led to an O(nlogn) time algorithm to
multiply two n bit numbers. Another example in this category is primality testing. A determin-
istic polynomial time algorithm [AKS02] and several randomized polynomial time algorithms
[SS77, Rab80, GK86, ABO3] for this problem are known. The algorithms of [AB03, AKS02]
are based on testing some polynomial identities. Polynomials also appear in solving special
instances of the sum of square roots problem (see [KS12]).

An important example in the last category is a polynomial factorization algorithm. A poly-
nomial time randomized algorithm for factoring univariate polynomials over finite fields [CZ81],
a polynomial time deterministic univariate polynomial factorization algorithm over rational
numbers [LLL82a], and randomized polynomial time reduction from factorization of multivari-
ate polynomials to univariate polynomial factorization [Kal87, Kal89, KT90] are known.

These algorithms have many applications in complexity theory (see [Sha92, GG13, Aarl6)),
cryptography (see [GG13, Koe21]), coding theory (see [GG13]) etc. We direct the interested
reader to [GG13, Coh03, Sho05, Koe21] for an exhaustive exposition to algebraic and number
theoretic algorithms. Designing efficient algorithms involving polynomials is one of the main
objectives of computer algebra and algebraic complexity theory (ACT). PE is one such important

problems in ACT. Now, we briefly review some important problems in ACT.

1.1.2 Algebraic complexity theory (ACT)

ACT is a branch of computational complexity theory, that deals with understanding the
strengths and weaknesses of algebraic computation. A natural model for performing alge-
braic computation is given by arithmetic circuits. An arithmetic circuit takes input a set of
variables x = {z1,...,z,} and computes a polynomial function in x (or simply a polynomial
in x-variables). An arithmetic circuit is represented as a directed acyclic graph, where the leaf
nodes are labelled by x and elements from F and other nodes are labelled by basic arithmetic
operations such as +, —, X and +. See Definition 2.35 for a formal description of an arithmetic
circuit and Figure 1.1.2 for an example. In an arithmetic circuit, every arithmetic operation
on field elements is done in a unit time. If the underlying graph of an arithmetic circuit is a
tree then it is called an arithmetic formula. The following complexity measures are associated
with an arithmetic circuit C: The size of C, which is the number of edges in C and the depth
of C, which is the length of the longest path from an input node to the output node in C. In
a certain sense, size and depth capture the serial and the parallel complexities of computing a

polynomial by an arithmetic circuit respectively.
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Figure 1.1: An arithmetic circuit computing 15z z2x3 + 3 + 6

1.1.2.1 Valiant’s complexity classes

Valiant categorised families of polynomials into two classes, namely p-computable and p-definable
[Val79], which are now popularly known as Valiant’s P and Valiant’s NP, denoted VP and VNP
respectively. A polynomial family {f,}.en € VP if and only if for every n € N, f,, is an n-
variate polynomial, the total degree of f,, denoted deg(f,), is n®®) and f, is computed by

O Examples of interesting polyno-

an arithmetic circuit of size poly(n), where poly(n) = n
mial families in VP are the families of power symmetric polynomials, elementary symmetric
polynomials, determinant polynomials, iterated matrix multiplication (IMM) polynomials.

A polynomial family {f,}neny € VNP if and only if there exist {h,}nen € VP and a polyno-

mial function ¢ : N — N such that for every n € N, f,, is an n-variate polynomial and

folz1, .. xy) = Z Pty (@15 - Ty €1, E4(n))-
(elv'“?et(n))e{O?l}t(n)

Observe that VP C VNP. We might sometime abuse the notation and say that a polynomial
fisin VP (or VNP), which would mean that there exists a polynomial family {f,},en in VP
(respectively, in VNP) such that f = f,, for some n € N. It is known that a family {f, },en is in
VNP if there exists an algorithm that takes input (eq,...,e,) € N* and outputs the coefficient
of x{' -~z in f, in poly(n) time [Val82, Biir00] '. This is popularly known as Valiant’s
criterion. It follows immediately from this criterion that the permanent of an n x n symbolic
matrix is in VNP. It was shown in [Str73c, HY11] that over any field F, if a degree d polynomial
f € F[x] is computed by an arithmetic circuit C of size s then there exists an arithmetic circuit

C' for f such that the size of C' is poly(s,d) and C' does not contain nodes labelled with +

n fact, if the coefficient of z{* - - 2% in f,, can be computed in #P/poly then also {f,,}nen is in VNP (see
Proposition 2.20 of [Biir00]).



operations'. Note that a node labelled with — operation in C’ can be replaced by a + gate and
the labels of the edges going out of this + gate are multiplied with -1. Henceforth, we will only
be interested in the polynomial families in VP and VNP, where the degree of the n-th member
in a polynomial family is poly(n). Further, we will assume from now on that non-leaf nodes in
an arithmetic circuit are labelled by + and Xx.

Similar to the concept of reductions in Boolean complexity theory, we have a notion of
projections in ACT. A polynomial family {f,}.en over a field F is said to be a p-projection
of {gn}nen over F if there exists a polynomial function ¢ : N — N such that for every n € N,
fn and g, are n-variate polynomials and there exists m < t(n) such that f,(z1,...,2,) =
gm(ay, ..., ay), where every a; € FU{xy,...,x,}. This notion of p-projection is used to define
the concept of completeness in ACT. A family {f,},en € VNP is said to be VNP-complete if
every {gn}neny € VNP is a p-projection of {f, }ren. Valiant showed in [Val79] that the family
of permanent is VNP-complete over every field not having characteristic equal to two.? Some
natural VNP-complete polynomial families corresponding to graphs are given in [Biir00].

Observe that the permanent family is one of the ‘hardest’ polynomial families in VNP as
showing that this family is in VP would immediately imply VP = VNP. Valiant conjectured that
the permanent can not be computed by an arithmetic circuit of polynomial size over any field
having characteristic other than two. Proving this would immediately imply that VP is a strict
subset of VNP. The VP versus VNP question has been a long standing open problem from more
than four decades. It is not only the holy grail of ACT but is also one of the most important
open questions in theoretical computer science. Apart from being a natural and important
problem, it is also related to the non-uniform version of the P versus NP problem. It was shown
in [B00, Biir00] that if VP = VNP over finite fields then P/poly = NP/poly. The same result
holds over infinite fields assuming the Generalised Riemann Hypothesis [BU(), Biir00]. However,
the converse of this is not known. Thus, VP versus VNP can be considered as a stepping stone
for the P/poly versus NP/poly and it is hoped that the complete understanding of the exact
relationship between VP and VNP might shed some light on the P/poly versus NP /poly problem.

One of the promising approaches to understand VP versus VNP is geometric complexity theory.
1.1.2.2 Geometric complexity theory (GCT)

GCT is an approach that aims to resolve the VP versus VNP conjecture with the help of
advanced tools and techniques from algebraic geometry and representation theory. It was

proposed by Mulmuley and Sohoni [MSO01]. Its one of the main objectives is to separate the

!Strassen’s argument works over fields having sufficiently large size. This constraint was removed in [HY11].
2Qver the fields of characteristic equal to two, the permanent and the determinant of an n x n symbolic
matrix are the same. Hence, over such fields, the permanent is in VP.



complexities of the determinant and the permanent. GCT aims to show this by proving that

!, is not an affine projection of the

(padded) permanent of an n X n matrix, denoted Perm
determinant of an m x m matrix, denoted Det,,, where m = poly(n) ?. To understand whether
Perm’ is an affine projection (Definition 2.33) of a poly(n) size determinant, GCT considers the
orbit closures® of Perm” and Det,,. If one can show that Perm is not present in the orbit closure
of Det,,, for m = poly(n) then Perm,” is not an affine projection of Det,,. This is because it
is a well-known fact that over fields of characteristic zero, affine projections of a polynomial is
contained in its orbit closure (see Appendix F of [ST21] for a proof of this fact). Since orbit
closures are algebraic varieties, tools from algebraic geometry are potentially useful here. GCT
hopes to show that Perm is not contained in the orbit closure of Det,, for m = poly(n), by
exploiting the characterisation by symmetries property (Definition 2.24) possessed by these two
polynomials. This property lies at the heart of GCT and it also avoids the natural proof barriers.
We talk about this property in Section 1.3.1. We direct the interested reader to Chapter 3 of
[Grol12] and Section 6.6 of [Aar16] for introductory level exposition to GCT.

GCT suggests to study some algorithmic problems to gain more structural insights on orbit
closures of the permanent and the determinant. A natural algorithmic problem in the context
of understanding whether the permanent is in the orbit closure of a polynomial size determinant
is to test whether a polynomial f is in the orbit (Definition 2.34) of the determinant. Such
a question is called equivalence test for the determinant. Kayal gave an equivalence test (in
short, ET) for the determinant over C [Kay12]. In this thesis, we give ET for the determinant
over QQ and finite fields (see Section 1.3.2 and Chapter 4).

1.1.2.3 Equivalence test

In this section, we give some useful definitions related to the equivalence test for the sake of
discussion on connections of ET to other important problems in ACT given in the subsequent
sections. A detailed description of equivalence test is given in Section 1.2.2.

Let { f, }nen be a polynomial family and € be a circuit class. An equivalence test for { f,, }nen
(similarly, for &) is the following algorithmic task: Given two polynomials f(x) and g(x) as

black-boxes * where f € {f,} nen (respectively, f is computed by a circuit in €), determine if

'Let Perm,, denote the permanent of an n x n symbolic matrix X. Then, Perm’ = 2™ "Perm,,, where z is
a fresh variable not appearing in X.

2The non-padded version of the permanent versus the determinant problem is as follows: Is Perm, (x) =
det(B), where B is an m X m matrix, where m = poly(n) and the entries of B are affine forms in x-variables?
As it is more convenient to deal with homogeneous polynomials, the padded version of the permanent versus
determinant problem is studied.

3The orbit closure of an n-variate degree d polynomial f € C[x] is the Zariski closure of the orbit of f

(Definition 2.34), where polynomials in the orbit of f are identified with their coefficient vectors in c("a?).
“A black-box of a polynomial f € F[x] takes input an a € FX! and outputs f(a).
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there exists an invertible matrix A such that g = f(Ax). If yes, output an invertible matrix A
such that g = f(Ax). Hence, ET is a special case of PE, where one of the two input polynomials
comes from either a specific polynomial family or a fixed circuit class. In many cases of ET
for a polynomial family, for example the families of the determinant and the permanent, there
exists a unique f € {f,}nen such that the number of variables in f is equal to the number
of variables in g. Thus, in this case, the polynomial f is implicit and we can only give g as
an input to ET for {f,}.en. But this is not the case with ET for a circuit class € because
there can be many circuits in % having the same number of variables as in g. Thus, if we only
give g as the input to ET for €, the problem becomes ‘harder’ than the usual ET for &. This
is so because now along with finding an invertible matrix A, the algorithm also has to find a
circuit C € € such that g = C(Ax). Thus, this version of ET generalizes the reconstruction
problem for € (see Section 1.1.5). Henceforth, we only consider the ‘harder version’ of ET for
% . In this thesis, we study equivalence tests for two polynomial families, namely the families
of determinant and Nisan- Wigderson design polynomial, and a circuit class, namely the class

of reqular read-once arithmetic formulas (ROFs). The details are given in Section 1.3.

In Sections 1.1.3, 1.1.4 and 1.1.5, we touch upon the three most important problems in ACT,
namely lower bounds, PI'T and arithmetic circuit reconstruction, and highlight their connections
to ET. We give a brief survey of the progress made in these problems in Appendix A. We
briefly talk about an important problem in computer algebra called functional decomposition

of polynomials and its connection to ET in Section 1.1.6.

1.1.3 Lower bounds

Proving a super-polynomial lower bound on the size of arithmetic circuit computing a VNP-
complete polynomial is the main objective of ACT. In last four decades, a lot of research has
happened on lower bounds for various classes of arithmetic circuits. Although, the best known
lower bound on the size of an arithmetic circuit is merely super-linear [Str73a, BS83], several
strong lower bounds are known for many sub-classes of arithmetic circuits. We direct the in-
terested reader to Section A.1 for a brief survey of the progress made in lower bounds. In this

part, we present some connections of lower bounds to the equivalence testing problem.

1. ET and other algorithmic questions for polynomials used in lower bounds. Many
polynomials like the permanent, the determinant, the iterated matrix multiplication polynomial
(in short, IMM), the elementary symmetric polynomial, the power symmetric polynomial etc.

have been used as hard polynomials in several lower bound results. Apart from these, the



Nisan-Wigderson design polynomial, denoted NW, has also been used extensively in many
lower bound results. The definition of NW and a list of lower bounds results which use NW as
a hard polynomial is given in Section 1.3.1. It is natural to develop a good understanding of all
the polynomial families used in the lower bound proofs by studying various useful properties of
these families. In this thesis, we study some interesting properties of NW.

All the families mentioned above except the family of NW are well-studied. The family
of NW is in VNP (see Section 1.3.1) but it is neither known to be in VP, nor known to be
VNP-complete. The family of permanent is VNP-complete over the fields of characteristic not
equal to two. In the absence of a proof that VP = VNP, we have the following natural and
interesting algorithmic problem: Let {f,}nen be a family in VNP, which is not known to be
in VP and f € {f,}nen. Given a circuit C determine whether C computes f. Such a problem
is called as the circuit testing problem for f. Two randomized polynomial time algorithms for
circuit testing are known for the permanent [Lip89, Mull0]. In this thesis, we give a randomized
polynomial time circuit testing algorithm for NW (see Theorem 1.3).

We can also ask the circuit testing question for the orbit (Definition 2.34) of a polynomial
family '. Observe that circuit testing for the orbit of {f,},en is essentially the equivalence
testing problem for {f,,},en. Randomized polynomial time equivalence testing algorithms are
known for the families of permanent, determinant, IMM, power symmetric polynomial and
elementary symmetric polynomial (see the subsection on known results on ET in Section 1.2.2).
In this thesis, we give an interesting special case of ET for the family of NW (see Theorem 1.5).

Another interesting problem for a family {f,}n,en € VNP not known to be in VP is a flip
theorem defined as follows: Suppose f € {f,}nen is such that it is not computable by an
arithmetic circuit of size s. Can we generate a list of certificate points {ay, ..., a,,} efficiently
over the underlying field, where m = poly(s), such that the for every arithmetic circuit C of
size s, there exists an ¢ € [m| such that f(a;) # C(a;)? Flip theorem is important from the
viewpoint of GCT (see [Mull0, Grol2, Aarl6]). A flip theorem is known for the permanent
[Mul10, Mullla], and in this thesis we give a flip theorem for NW (see Theorem 1.4).

2. ET for the determinant important from the perspective of GCT. As seen in Section
1.1.2.2, that understanding whether the permanent is in the orbit closure of a polynomial size
determinant is enough to separate the complexities of the permanent and the determinant. An
ET for the family of determinant is natural first question in this direction as it tests whether a
polynomial is in the orbit of the determinant or not. In this thesis, we study ET for the family

of determinant (see Section 1.3.2).

!The orbit of a polynomial family is the union of the orbits of every member in the family.
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3. ET implies lower bounds for orbits of circuit classes. Let € be a circuit class. It
follows from the discussion given in the previous section on the equivalence testing problem that
ET for % is reconstruction of polynomials in the orbit of €. It was shown in [FK09] that an
randomized polynomial time reconstruction algorithm for a circuit class implies a lower bound
for the same class. This result was derandomized in [Vol16]. Thus, an ET for ¢ implies lower
bounds for the orbit of €. Proving an explicit lower bound for the orbit of read-once algebraic
branching programs (ROABPs) is mentioned as an open question in [ST21] (see Section 7 of
[ST21]). Following [FK09, Vol16] A randomized polynomial time equivalence test for the class
of ROABPs would imply a lower bound for the orbit of ROABPs. The class of ROABPs is

interesting because the affine projection of ROABPs captures algebraic branching programs.

1.1.4 Polynomial Identity Testing (PIT)

Polynomial identity testing is an algorithmic question that determines whether a given arith-
metic circuit computes the identically zero polynomial. If the input is given as a list of coef-
ficients then this is a trivial problem. The input of a PIT algorithm is of two types: either
an arithmetic circuit C, in which case the algorithm has access to the whole circuit, or an
oracle access (also called black-box access) to C, which outputs evaluations of C at points from
the underlying field. The PIT problem in the former and the latter cases are called white-box
PIT and the black-box PIT respectively. A simple polynomial time randomized algorithm is
known for black-box PIT due to the Schwartz-Zippel lemma [DL78, Zip79, Sch80] (Fact 2.13)
but a sub-exponential time deterministic algorithm for the same has remained elusive. PIT has
been used to design many interesting algorithms like algorithms for perfect matchings in graphs
[La79, KUW85, MVV87, FGT16, ST17], algorithms for primality testing [AB03, AKS02], an
algorithm for linear matroid intersection [GT20], etc. PIT has also been used in the proof of
[P=PSPACE [Sha92]. See Section A.2 of Appendix A for a brief survey of results in PIT.

Let {f.}nen be a polynomial family. Suppose we have a deterministic ET for {f,}.en.
In order to determine whether the input polynomial g is equivalent to some f in {f,}nen,
any reasonable E'T algorithm would query black-box of g at points from the underlying field,
which are not roots of g. Otherwise, it would get no information about g. We can obtain a
deterministic PIT algorithm for the orbit of {f,},en using a deterministic ET for {f,},en as
follows: Suppose ¢ is the input of the PIT algorithm. Simulate ET on g. Suppose at some
time, black-box of ¢ returns a non-zero field element. Then, output ‘g is not zero’. Otherwise,
output ‘g is zero’. As a reasonable ET for {f, },,en would query black-box of g at non-roots of g,

provided g is non-zero, the output of the PIT algorithm is correct. In this way, a deterministic



ET for {f,}nen yields a deterministic black-box PIT for the orbit of {f, }nen-

Now, lets see how an ET of a circuit class € implies PIT for 4. Any reasonable ET for &
would output an invertible matrix and the trivial zero circuit ', i.e., a circuit having only one
node labelled with zero, provided the input polynomial g is the identically zero polynomial.
Suppose we have a deterministic ET for %, then we get a deterministic PIT for the orbit of
¢ as follows: Suppose the input of the PIT algorithm is g. We run the ET for ¢ on ¢g. If
the algorithm outputs a trivial zero circuit, we output ‘g is zero’, otherwise we output ‘g is
non-zero’. In this way, a deterministic ET for % implies a deterministic black-box PIT for the
orbit of . However, it is possible that a randomized ET exists for { f,, },en but a deterministic
PIT for the orbit of {f,}nen is not known. For instance, we know efficient randomized ET
for the family of determinant over different fields but a deterministic PIT for the orbit of the
family of determinant is not known (see Section 7 of [ST21]).

Recently, PIT for orbits of various classes of arithmetic circuits have been studied. Quasi-
polynomial time PIT algorithms for orbits of sparse polynomials, read-once arithmetic formulas,
bounded-width read-once algebraic branching programs (ROABPs) etc. were given in [MS21,
ST21, BG21]. After having these black-box PIT algorithms, a natural next question to ask
is whether we can also reconstruct polynomials in the orbits of the circuit classes mentioned
above, which is basically ET for these circuit classes. In this thesis, we give a randomized
polynomial time ET for the class of mildly restricted read-once arithmetic formulas (in short,
ROFs), called regular ROFs .

1.1.5 Arithmetic circuit reconstruction

Reconstruction (or learning) of arithmetic circuits is the following algorithmic problem: Given
black-box access to an arithmetic circuit C of size s computing an n-variate degree d polynomial
f, output some arithmetic circuit C’, which computes f and has size poly(n,d,s). If C and
C’ belong to the same circuit class then the corresponding reconstruction algorithm is said
to be proper, otherwise it is called an improper reconstruction algorithm. Arithmetic circuit
reconstruction is an algebraic analog of the exact learning of Boolean functions given in [Ang88]
and has been widely studied in the past two decades. We give some connections between the
equivalence testing problem and the reconstruction problem below and give a survey of known
results on arithmetic circuit reconstruction in Section A.3 of Appendix A.

Recall that an ET for a circuit class ¢ takes black-box access to a polynomial g(x), de-
termines if g is equivalent to some circuit in € and if yes, computes an invertible matrix A

and constructs a circuit C € ¥ such that ¢ = C(Ax). An ET for € is more general than the

!'Usually, the trivial zero circuit is present in every circuit class.
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reconstruction problem for 4. This is so because given black-box access to a C € €, an ET
for € outputs an invertible matrix A and a C' € € such that C = C'(Ax). Thus, C'(4x) € €.
An ET for a polynomial family {f,}nen can also be considered as an algorithm to reconstruct
polynomials in the orbits of {f,},en. In the following paragraph, we show how equivalence
test algorithms imply average-case reconstruction algorithm. An average-case reconstruction
algorithm for a circuit class @ reconstructs circuits chosen randomly from % according to some

input distribution. See Section A.3 of Appendix A for more details.

Reconstruction algorithms from equivalence tests. We note here three instances where
we obtain average-case reconstruction algorithms from equivalence tests. All these algorithms
reconstruct random circuits satisfying high number of variables property. We will make this

notion precise in the three cases discussed below.

1. Depth 3 powering circuits. A depth 3 powering circuit computes a polynomial of the
type g = (¢ + - + (¢, where d € N and every {; € Flxy,...,z,] is a linear polynomial.
If ¢4,...,0s are F-linearly independent linear forms then observe that g is in the orbit of
the power symmetric polynomial f = z¢ +-- -+ z%. Let C be a random depth 3 powering
circuit - C is obtained by choosing s € N and picking the coefficients of z1,...,z, in
(1, ..., L5 independently and uniformly at random from a large enough finite subset of
F - satisfying n > s. As C is in the orbit of f with high probability, an ET for power

symmetric polynomials also serves as a reconstruction algorithm for C.

A polynomial time ET algorithm for degree three power symmetric polynomials [Har70,
LRA93], popularly known as Jennrich’s algorithm. Later, [Kay11, GKP18] gave random-
ized polynomial time equivalence test for power symmetric polynomials. These algorithms

reconstruct random depth 3 powering circuits in the high number of variables regime.

2. Arithmetic formulas. Recall that an arithmetic formula is an arithmetic circuit, where
the underlying graph is a tree. Let C be an arithmetic formula having an arbitrary
tree structure, where the layers of C are labelled alternatively with + and x gates, the
leaves of C are labelled with random linear forms, and the number of leaf nodes in C
is upper bounded by the number of variables in C. Then, C is in the orbit of an ROF
(Definition 2.38) with high probability. Thus, an ET for ROFs would imply an average-
case reconstruction algorithm for arithmetic formula in high number of variables setting.
In this thesis, we give a randomized polynomial time ET for the class of regular ROF (see
Theorem 1.11) and in a follow-up work [GST22], we give a randomized polynomial time
ET for the class of general ROFs. Both these ET algorithms work over almost all fields
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and take oracle access to PE for quadratic forms over the underlying field.

3. Algebraic branching programs (ABPs). An ABP is described in Definition 2.36.
Let C be an ABP where the underlying graph is arbitrary, the edges of C are labelled
by random linear forms and the number of edges in C is upper bounded by the number
of variables in C. Then, C is in the orbit of an iterated matriz multiplication polynomial
(IMM) ' with high probability. Thus, an ET for IMM reconstructs random ABPs satisfy-
ing the high number of variables condition. A randomized polynomial time ET algorithm

was given in [KNST19]. This algorithm works over almost all fields.

1.1.6 Functional decomposition of polynomials

Let F be a field and x = {xy,...,2,} be the set of variables. The functional decomposition
problem (FDP) is as follows: Given a polynomial f € F[x], determine if there exists a functional

decomposition of f, i.e., there exists a g € Flyy,...,yn] and hq, ..., h,, € F[x]| such that

f=9(h(x),. .. ().

If the answer is yes, output a functional decomposition of f. FDP is a well-studied problem
in computer algebra having applications in many interesting problems like root finding (see
[BZ85]), the N-partition problem (see Page 10 of [Dic89]), the endomorphism invertibility prob-
lem (see Page 11 of [Dic89]), design of asymmetric cryptosystem (see [PGI7]) etc. It is easy
to see that ET is a special case of FDP: Recall that in case of ET for {f,},en (similarly, a
circuit class €), we are given a polynomial g € F[zy,...,x,] over a field F and we want to
algorithmically determine whether there exists an f € {f,}nen (respectively, a circuit C € &)
such that g = f(¢1,...,4,) (9 = C(ly,...,¢,)), where ¢y,.... 4, € Flxy,..., x,| are F-linearly
independent linear forms. If the answer is yes, we have to output an f € {f,}nen (respectively,
a circuit C € €) and F-linearly independent linear forms ¢1,...,¢, € F[xq,...,x,] such that
g= f(l1,...,¢0,). Thus, f 01,... ¢, (respectively, C, ¢1,... £,) is a functional decomposition
of g. Hence, ET for a polynomial family or a circuit class is a special case of the FDP problem.

The univariate version of FDP determines whether for an f € F[x], there exist g,h €
F[z],deg(g) > 1 such that f = g(h(x)) ?. This version of FDP is well-studied. See Chapter
5 of [Coh03] for a detailed overview of the univariate FDP. The univariate FDP is used to

solve univariate polynomial equations in many computer algebra systems (see Section 5.1 of

Let w,d € N and for i € [d], X; = (%i5)ijeqw) be a formal matrix. Then, the iterated matrix multiplication
polynomial, denoted IMM,, 4, is defined as the (1,1)-th entry of X; - Xs--- Xj.

“In this case, it is important that deg(g) > 1. Otherwise, every f € F[z] admits a functional decomposition.
For example, let ¢ = ax + b and h = %f(x) — g, where a,b € F,a # 0. Then, f = g(h(x)).
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[Coh03]). Let us understand with an example how univariate FDP can be helpful in solving a
polynomial equation. Let f = 2! — 32? + 2,h = 2? and g = 2* — 3x + 2. Then, f = g(h(z)).
Thus, solving f = 0 is same as solving g(h(z)) = 0. As h(z) = 2%, from g(h(x)) = 0, we get
2 = 1 and 2? = 2. On solving this, we obtain the solutions z = 1, —1,v/2, —v/2, which are
also solutions of f. The univariate version of FDP is efficiently solvable and several algorithms
are known for the univariate FDP problem [AT85, BZ85, KL89, KLZ96]. In general, FDP is
known to be NP-hard [Dic93]. However, efficient algorithms are known for some special cases
of multivariate FDP (see [vzG90, von90, FP09b, FP09a, FvzGP10]).

1.2 Polynomial equivalence and equivalence testing

1.2.1 The polynomial equivalence problem

Letn € Nyx = {xy,...,z,}, Fbeafield and f, g € F[x|. Recall that the polynomial equivalence
problem (PE) is as follows: given f and g as lists of coefficients, determine if f is equivalent
to g or not. Further, if the answer is yes then output an n x n invertible matrix A over
F such that ¢ = f(Ax). Polynomial equivalence is a natural and an important problem in
ACT. It is a special case of testing whether out of the two given polynomials, one is an affine
projection (Definition 2.33) of the other. Many important problems in ACT like the permanent
versus determinant problem, the matrix multiplication etc. are instances of the affine projection
problem (see [Kay12]). It was shown by Kayal in [Kay12] that the task of determining whether
one polynomial is an affine projection of the other is NP-hard. Since PE is a special case of
testing whether one polynomial is an affine projection of the other, it is natural to ask if PE is
efficiently solvable over the underlying field F.

An immediate solution for PE over F is obtained from an algorithm for polynomial solvabil-
ity over IF - treat the entries of A as formal variables and then solve the system of polynomial
equations in the entries of A originating from f = g(Ax). The polynomial solvability has time
complexity exponential in the input parameters over finite fields [HW99], over R [GV88] and
over C [ler89], and it is not even known to be decidable over Q. However, PE could be an easier
problem than polynomial solvability. It was shown in [Thi98, Sax06] that over finite fields, PE
is in NP N coAM and is unlikely to be NP-complete unless the polynomial hierarchy collapses.
But over C and R, the best known time complexity of PE is same as that of polynomial solv-
ability over these fields, and PE is not even known to be decidable over Q. PE is also related
to the graph isomorphism problem. It was shown in [AS05] that graph isomorphism reduces in

polynomial time to PE for cubic forms (i.e., homogeneous degree 3 polynomials) over any field.
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PE for quadratic and cubic forms. Efficient PE algorithms for quadratic forms (i.e., ho-
mogeneous degree 2 polynomials) over C,R, finite fields having characteristic other than 2
and over Q with oracle access to integer factoring are known (see Section 2.2.3). These algo-
rithms are based on the well-known classification results of quadratic forms over these fields
(see [Ser73, Arall]). On the contrary, it was shown in [AS05] that over any field, graph isomor-
phism reduces in polynomial time to PE for cubic forms. Thereafter, [AS06] showed that over
any F, commutative F-algebra isomorphism reduces in polynomial time to PE for cubic forms
over F. In [AS05, Sax06], the converse of this was shown over the fields containing third roots
of every element of F '. Recently, [GQ21] improved this result by showing that over F having
char(F) = 0 or > 3, PE for cubic forms reduces to the F-algebra isomorphism problem. They
proved this by showing that many isomorphism problems like group isomorphisms for p-groups,
matriz space isometry, matrix space conjugacy, algebra isomorphism, trilinear form equivalence,
and PE for cubic forms (over fields having characteristic other than 2 or 3) are equivalent under
polynomial time reduction. [GQT21] gave an average-case algorithm having running time ¢°™
for deciding if two n-variate cubic forms f(x),g(x) are equivalent over the finite field F,. If
f and g are equivalent, they also output an A € GL(n,F,) such that f = g(Ax). Since their
algorithm is average-case, it works for a large fraction of cubic forms in F,[x]. Over Q, it is not

even known if PE for cubic forms is decidable.

PE in cryptography. Consider the following problem, known as isomorphism of polynomials
with 1 secret (IP1S): Given tuples of polynomials f = (f1,..., fn), 8 = (91,---,9m), Where
every f;,g; € F[x], determine if there exists an invertible matrix A over IF such that f; = g;,(Ax)
for every i € [m]. Note that when m = 1, IP1S is same as PE. IP1S was first introduced and
used in an authentication scheme by Patrin [Pat96]. This authentication scheme relies on the
hardness of PE for cubic polynomials. After that, IP1S has been extensively studied in cryp-
tography (see [BFP15] and the references therein). Recently, efficient algorithms were given
in [BEP15, 1Q19] for the variant of IP1S over finite fields where m > 1 and every polynomial
in f, g is a quadratic form?. For m = 1, this variant of IP1S is same as the PE for quadratic

forms, for which efficient algorithms are known over different fields.

LA more general result was shown in [Sax06], which is as follows: For d € N, if F contains d-th roots of every
element in F then PE for homogeneous degree d polynomials over F reduces to F-algebra isomorphism problem.

“The algorithm in [BFP15] works when the quadratic forms satisfy some “regularity conditions” and the
characteristic of the underlying field is not equal to 2. [IQ19] improved this result and gave an efficient algorithm
over finite fields of odd size for any tuples of quadratic forms f and g.
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1.2.2 Equivalence testing

As PE is hard even for cubic forms, one can ask if there are interesting instances of this
problem other than PE for quadratic forms, which can be solved efficiently. In this direction,
Kayal initiated a new line of work in [Kay11], where one of the two input polynomials given to
a PE algorithm comes from an important polynomial family { f,,},en and other polynomial is
given as black-box. This problem is known as equivalence test (or ET) for {f,}nen. We first
recall the formal definition of ET from Section 1.1.2.3, then recall some of the motivations for
ET discussed before, then compare PE and ET, and finally give a brief overview of the progress
made in the equivalence testing problems.

ET comes in two flavours - ET for a polynomial family {f,},en and ET for a circuit class
%. An ET for {f,}nen (similarly, ') takes inputs as black-box access to g(x) and f(x), where
f € {fn}nen (respectively, f is computed by a circuit in %) and determines if g is equivalent to
f. If the answer is yes, then it outputs an invertible matrix A such that ¢ = f(Ax). Thus, ET
is a special case of PE. We consider the version of this problem where only black-box access
to g is given as input to the ET algorithm and it has to decide if there exists an f € {f,}nen
(respectively, an f computed by a circuit C € &) such that f is equivalent to g. In the case
of ET for many important polynomial families, like the families of the permanent and the de-
terminant, this version of ET is same as the original one because there is a unique f in the
family which has the same number of variables as in g. So, even if f is not given as an input,
the algorithm implicitly knows f. But this is not the case with ET for ¢ as there can be many
circuits in ¢ having the same number of variables as in g. So, in this sense this version of ET
for € is harder than the original ET for % and here the difficulty is twofold as the algorithm
has to output an invertible matrix A and a circuit C € ¥ satisfying g = C(Ax). In this thesis,

we consider the harder version of ET for a circuit class.

Motivation. An ET for {f,},en (similarly, €’) reconstructs orbits (Definition 2.34) of poly-
nomials in {f, }ren (respectively, circuits in €’). The orbit of a polynomial f, denoted orb(f),
is contained in the set of affine projections of f. As mentioned above, affine projections of
polynomials play an important role in ACT. Affine projections of some polynomial families
or apparently weak circuit classes contain some powerful classes of circuits. For example, the
class of arithmetic formulas is contained in the set of affine projections of ROFs (Definition
2.38). The set of affine projection of the iterated matrix multiplication polynomial captures the

class of ABPs. One of the reasons for studying the orbit of a polynomial f is that the affine
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projections of f are contained in the orbit closure' of f. Thus, the study of various properties
of orbits of polynomials can possibly give us crucial insights about their orbit closures.

In this thesis, we study equivalence testing problem for a hard polynomial family, i.e., a
polynomial family not known to be in VP; an easy polynomial family, i.e., the family in VP;
and a circuit class, namely the class of regular ROFs. Here we recall the motivations discussed
at multiple places before to study ET for such polynomial families and circuit classes. As
discussed in Section 1.1.3, ET for a hard polynomial family generalizes the circuit testing algo-
rithm for this family. In the absence of a proof that VP = VNP, a circuit testing algorithm for
a hard polynomial family is an interesting question. In this thesis, we study ET for the family
of Nisan-Wigderson polynomial. We saw in Section 1.1.2.2 that an ET for easy polynomial
families like the determinant are important from the standpoint of GCT. Also, we saw in Sec-
tion 1.1.5 that ET algorithms for the families of power symmetric polynomial and IMM imply
average-case reconstruction algorithm in the high number of variables setting for the classes of
depth 3 powering circuits and ABPs. In this thesis, we study ET for the family of determinant.
We saw in Section 1.1.5 that an ET for ROFs gives an average-case reconstruction algorithm for
arithmetic formulas in the high number of variables setting. Sub-exponential time black-box
PIT algorithms for orbits of ROFs were given in simultaneous works of [MS21] and [ST21].
Apart from this, sub-exponential time black-box PIT algorithms for orbits of sparse polynomi-
als and bounded-width ROABPs have also been studied recently [MS21, ST21, BG21]. Since
the equivalence testing problem is about reconstruction of orbits, it becomes natural to ask if
there exist efficient equivalence tests for the circuit classes considered in [MS21, ST21, BG21].

In this thesis, we give an equivalence test for the class of reqular ROFs.

PE and ET. As noted above that the original versions of ET for a polynomial family or a
circuit class are special instances of PE. Also, the other version of ET for a polynomial family,
where only one polynomial is given as input is also a special case of PE. But the other version
of ET for a circuit class is not exactly similar to PE as now the ET has to also reconstruct a
circuit along with finding a certificate matrix. However, ET for ¢ can be helpful in designing
PFE for orbits of circuits in €. Let us first try to understand this with an example of PE for
quadratic forms over C and then we formally define this problem.

Suppose f is a quadratic form over C such that f has no redundant variables (Definition
2.32) and the number of variables in f is even. Then, f is equivalent to x1xs + -+ 4+ @, 12,
over C, where n is an even number. If f has odd number of variables, then it is equivalent to
1Ty +++ + Tpy_oTp_1 + 22 over C. With the help of Witt’s cancellation theorem [Wit37], this

'Recall from Section 1.1.2.2 that the orbit closure of f is the closure of orb(f) in the Zariski topology.
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case can be reduced to the case when n is even !. A PE for quadratic forms over C takes black-
box access to two quadratic forms f, g and check one by one whether f and g are equivalent
to h := x129 + -+ - 4+ x,_1x, and if these are equivalent to h then computes invertible matrices
Ay, Ay such that f(A;x) = h and g(A;x) = h. This implies f = g(A;A;'x). Thus, PE for
quadratic forms is based on ET for quadratic forms. Now, we formally define the polynomial
equivalence problem for orbits of circuits in %

Let € be a circuit class. Given black-box access to two polynomials f(x), g(x), which are
in the orbits of two unknown circuits, say C;,Cy € ¥ respectively, decide if f is equivalent
to g. Onme of the promising approaches to solve this problem is to first solve ET for % on
inputs f, g, which return invertible matrices A;, A, and C},C, € ¢ such that f = C|(4;x)
and g = C,(A45x). Now the problem reduces to determining whether there exists an invertible
matrix A such that C| = Cy(Ax) and the structures of C; and C;, can be helpful in finding such
an A. In [GST22], we give PE for the orbits of additive-constant-free ROFs, which is based on
the equivalence test for general ROFs given in the same work. This ET for general ROFs is
the generalization of ET for regular ROFs (Theorem 1.11) studied in this thesis. The ET for
general ROFs given in [GST22] is not a part of this thesis.

Known results on ET

ET for important polynomial families. In [Kay12], a randomized polynomial time equiv-
alence test for the family of permanent was given. In this work, we give a special case of ET
for the family of Nisan-Wigderson design polynomial (see Section 1.3.1 and Chapter 3).

In [Kay12], Kayal gave a randomized polynomial time equivalence test for the family of
determinant over C. [KNST19] gave a randomized polynomial time equivalence test for the
family of IMM, which holds over C,Q and finite fields. A polynomial time randomized equiv-
alence test for the family of determinant over finite fields was given in [KNS19], where if the

given n?

-variate polynomial f is equivalent to the n x n determinant over a finite field I, then
the algorithm outputs a certificate matrix A over a degree n estension field of F,. In this
work, we give equivalence tests for the determinant over @Q and finite fields (see Section 1.3.2
and Chapter 4). Our algorithm over F, outputs a certificate matrix over the base field and

not over an extension field. [MNS20] studied the equivalence test for the family of trace-IMM

'Witt’s cancellation theorem says that over any F with char(F) # 2, if o122 + agx3 +- - - + o, 22 and a2 +
Box3 + -+ Bpa? are equivalent over F, where n > 1 and oy, a;, 3; € F*,i € {2,---  n} then o3 + -+ + apz?
and (223 + - -+ B,22 are also equivalent over F (a proof is given in Section 2 of [CMM17]). Thus, over C, it is
enough to test whether f+ 22, and g+ 22 are equivalent to ¢ := 1@ + -+ + Tp_oTpn_1 + 22 + 22, . It is
easy to see that ¢ is equivalent to x1x3 + -+ + xpxp4+1 over C.
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polynomial and building on our work, they showed that the equivalence tests for the families
of determinant and trace-IMM are reducible to each other in randomized polynomial time over
C, Q and finite fields.

In [Kayl1], Kayal gave polynomial time randomized equivalence tests for the families of
power symmetric polynomial and elementary symmetric polynomials. In [GKP18], a ran-
domized polynomial time equivalence test was given for the sum of univariates polynomials.
This problem generalizes the equivalence test for the power symmetric polynomial. Recently,
[KS21a, KS21b] gave a polynomial time randomized equivalence test for the power symmetric
polynomial, which only performs basic arithmetic operations and equality tests. On the other
hand, the ET for the same polynomial given in [Kay11] requires that roots of univariate poly-

nomials can be extracted in a unit time over the underlying field.

ET for circuit classes. In [MS21], randomized polynomial time equivalence tests were given
for the class of sum-product polynomials, i.e., polynomials of the type Zie[s} T;1- - T;q, which
is contained in the class of depth 2 read-once arithmetic formulas (Definition 2.38) and the
class of ROANFs (Definition 2.41). The sum-product polynomials and ROANFS are examples
of regular read-once arithmetic formulas (Definition 2.40). In this thesis, we give a randomized
polynomial time ET for the class of regular ROFs. This result was generalized in a follow-up

work [GST22], where we give a randomized polynomial time ET for the class of general ROF's.

1.3 Motivation and our results

Now, we describe our main contributions. We will follow the notations given in the beginning
of Chapter 2. The content of this section is divided into three parts - the first one contains
some structural and algorithmic results for the Nisan-Wigderson design polynomial, the second
one is about ET for the determinant, and the last part contains an ET for the class of reqular
read-once arithmetic formulas. In each part, we first motivate the problems, then state the
main theorems and then give a summary of our main technical contributions. We elaborate
these summaries by giving detailed proof ideas in Section 1.4. Based on these proof ideas, the

complete proofs are given in Chapters 3, 4 and 5.

1.3.1 Some structural and algorithmic results for NW

In this section, we consider the family of the Nisan-Wigderson design polynomial (in short,
A W), which was introduced in [KSS14]. The results present here about the Nisan-Wigderson
polynomial are from [GS19], which is a joint work with Chandan Saha. We first define the
Nisan-Wigderson design polynomial. Let d be a prime number, £ € N, k << d, F; be the finite
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field of size d, x = {z;; : 4,5 € Fq}, and Fy[z], = {h € F4[2] : deg(h) < k}. Then,

NWar(x) = D ] zine- (1.1)

heF, [Z]k 1€Fy

The Nisan-Wigderson design polynomial was inspired by the set-system given by Nisan and
Wigderson (see Section 2.3 of [NWO94]), where every pair of sets in the set-system has low
intersection. A variant of the Nisan-Wigderson polynomial was also used in [Raz10]. NW has
been used as a hard polynomial in many lower bound proofs (see below). In these works, the
value of k is taken as d¢ for some € € (0,1). Although our results hold for k£ € {1,... ,% — 5},
it is best to think of k = d°, where € € (0,1) is an arbitrary constant. Then, A4 % = {NW, :
d is a prime}. When the value of d is clear from the context, we drop the subscripts from NW,

for notational simplicity. We first record some important properties of this polynomial.

1. Set-multilinearity and homogeneity: Consider the partition x = LﬂieFd x;, where for
every i € Fy,x; = {z;;: j € Fq}. Then, NW,,(x) is set-multilinear with respect to the

partition x = ¥, x;, i.e., every monomial of NWy contains exactly one variable from

1€Fy
every x; '. Thus, NWg is a homogeneous degree d polynomial in d* variables.

2. /W is in VNP: Suppose we are given a monomial m in x variables, where x = W;cp,X;
and d is a prime number. If m is not set-multilinear then the coefficient of m in NW,,
is zero. Oherwise m = xoy, - - T4-14, ,- Let h € [F[z] be obtained by interpolating
{(,1;) - i € Fyq}. If deg(h) < k then the coefficient of m in NW,(x) is 1, otherwise it is
zero. Since these checks can be done in poly(d) time and number of variables in NW, is
d?, it follows from the Valiant’s criterion given in Section 1.1.2.1 that 4% € VNP.

3. Low-intersection property: Let m; and my be two arbitrary monomials of NW.
Then, the number of common variables between m; and msy is at most k. This follows

from the fact that distinct hy, he € F4[2], agree on at most k elements of F,.

NW as a hard polynomial in lower bounds. The low-intersection property of NW has been
exploited many times to give strong lower bounds for various classes of arithmetic circuits.
Different variants of the Nisan-Wigderson polynomials have been used as hard polynomials in
several lower bound proofs given in [Raz10, KSS14, CM14, KS14a, KLSS17, KS16a, KS16b,
KST16, KS17a, GST20, KS22|. Thus, from the perspective of proving lower bounds in ACT,
AW is an important family. Similar to the family of permanent, we know that .4/ # € VNP.

"Whenever we talk about set-multilinearity in this section, Section 1.4.1 or Chapter 3, it is always with
respect to the partition x = ;. Xi.
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But apart from this, we do not know much about other interesting structural and algorithmic
properties of NW, which have been studied for the permanent and other polynomials like the
determinant, IMM, the power symmetric polynomial, the elementary symmetric polynomial,
etc. These polynomials also have been crucially used in many lower bound results.

In this thesis, we study some structural properties related to the symmetries (Definition
2.23) of NW like characterization by symmetries (Definition 2.24). We also give some useful
algorithmic results for NW like a circuit testing algorithm, a flip theorem and a special case of
ET for the family of NW. These results crucially use the symmetries of NW. Such results have
been studied for the permanent. We first motivate the problems we study about NW and then
state them formally. The study of most of these problems originate from GCT (Section 1.1.2.2).

Characterization by symmetries. Our first result is related to the characterisation by
symmetries property (Definition 2.24) of NW over different fields. We mentioned in Section
1.1.2.2 that this property plays an important role in GCT. Let us first see why it is so. There
are some barrier type results in complexity theory, which say that certain approaches can
never yield strong enough lower bounds for a specific model of computation, provided some
widely believed assumptions hold. An example of such a result is the concept of natural proofs
introduced by Razborov and Rudich in [RR97]. At a high level, this result says that assuming
the existence of pseudo-random functions, if any lower bound technique for general Boolean
circuits is based on a property that satisfies the constructivity and largeness criteria (see Section
2.1 of [RR97] for their definitions) then we can not get super-polynomial lower bounds for
general Boolean circuits using this technique. Algebraic variants of natural proofs have also
been studied (see [FSV17, GKSS17, CKSV20]). Thus, if a lower bound technique is based on a
property that does not satisfy either of these two criteria and if there exists an explicit function
that satisfies this property then it may be possible to obtain super-polynomial lower bounds
using this technique. Characterization by symmetries is one such property for polynomials,
which violates the largeness criterion, i.e., this property is not satisfied by a large fraction of
polynomials. This is so because it is known that a random polynomial is not characterised
by its symmetries (see Proposition 3.4.9 in [Grol2]). GCT aims to show a super-polynomial
lower bound on the size of arithmetic circuits computing the permanent by exploiting the
characterization by symmetries properties of the permanent and the determinant.
Characterization of the permanent and the determinant by their symmetries are classical
results in mathematics shown in [MMG62] and [Fro97] respectively. Simpler proofs of these facts
are given in Chapter 3 of [Grol2]. Tt is also known that IMM is characterized by its symmetries
[Ges16, KNST19]. This property also holds for the power symmetric polynomial (see Section
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2 in [CKW11]) but is not possessed by the elementary symmetric polynomial [Hiit16]. As
the family of NW has also been used in lower bound proofs, it is natural to ask whether NW
is characterized by its symmetries over the underlying field. The following two theorems are
devoted to the characterization by symmetries property for NW. This property says that if a
polynomial f is characterized by its symmetries then f is uniquely identified (up to a constant
multiple) by its symmetries. For these theorems, we need the notion of the group of symmetries

of a polynomial f, denoted as ¢; (see Definition 2.23).

Theorem 1.1 (NW characterized by its symmetries over C) Letd be a prime number, F
be a field containing a d-th primitive root of unity', and f be a homogeneous degree d polynomial
in d* variables over F. If INw,, © Gy then [ =a-NWyy for some a € F.

Theorem 1.1 holds over C and a finite field F having a d-th root { # 1 and |F| # d 4+ 1. One

can ask if we can get the same result over R and Q. We answer it in the following theorem.

Theorem 1.2 (NW not characterized by its symmetries over R) Let d be a prime num-
ber and IF be either R, Q or a finite field satisfying d { |F| — 1. Then, NW4 is not characterized

by its symmetries over F.

Thus, NW is characterized by its symmetries over C but not over R and Q. On the other hand,
the permanent of an n x n symbolic matrix is characterized by its symmetries over fields hav-
ing more than n elements (see Proposition 3.4.5 in [Grol12]). In the proof of Theorem 1.2, the
structures of symmetries of NW play a very important role. We showed in the author’s master’s
thesis [Gupl7] that every element of %yw is a product of a permutation matrix and a diagonal
matrix (see Theorem 3.3). A similar result also holds for the group of symmetries of the per-
manent. Certain symmetries of NW used in the proofs of Theorems 1.1 and 1.2 (see Section

1.4.1) also come in handy to show some important algorithmic results for NW mentioned below.

Algorithmic results for NW. As seen before, we do not know whether 4% € VP, ie., NWy
is computable by an arithmetic circuit of size poly(d). In the absence of a proof that VP = VNP,
the algorithmic problem of testing whether a given circuit computes NW is an interesting and
non-trivial problem. This problem is known as the circuit testing problem and makes sense for
every polynomial family not known to be in VP. Two efficient algorithms for circuit testing
are known for the permanent - one based on the self-reducibility of the permanent [Lip89] and

other based on its symmetries [Mull0]. In this thesis, we give a circuit testing algorithm for NW

'An o € F is called a d-th primitive root of unity if a® = 1 and for every 1 < r < d,a” # 1.
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using its symmetries. In particular, this algorithm uses the property that NW is characterized
by circuit identities (see Definition 2.25 and Lemma 3.2). Before stating the result, we give a
useful notation. In the following two theorems, whenever we say a size-s arithmetic circuit, we
would mean an arithmetic circuit C of size s, where the degree of the polynomial computed by
C (also called the degree of C) is bounded by d(s), where § : N — N is a polynomial function.
We state these two theorems over a finite field F satisfying a mild condition on its size. Suitable
versions of these theorems also hold over Q, R and C. In these theorems, d is a prime number

and we assume without loss of generality that §(s) > d.

Theorem 1.3 (Circuit testability) There is a randomized algorithm that takes input black-
box access to a size-s arithmetic circuit C over a finite field F, where |F| > 4-0(s), and determines

whether or not C = NW . with probability 1 — exp(—s), using poly(s) field operations.

The next theorem addresses the question of the following type: Assuming a polynomial (or
a Boolean function) f is not computable by a size-s arithmetic circuit (respectively, a size-s
Boolean circuit), is it easy to “certify” this hardness algorithmically? A result of this kind
is called a flip theorem for f. Flip theorems are known for 3SAT [FPS08, Ats06] and the
permanent [Mull0, Mulllb]. Flip theorem is important from the perspective of GCT (see
[Mul07, Mull0]). We give a flip theorem for NW below, which is also based on the property
that NW is characterized by circuit identities (Lemma 3.2).

Theorem 1.4 (Flip theorem) Suppose NW, . is not computable by size-s arithmetic circuits
over IF, where |F| > 4-6(s). Then, there exist ai, ..., a, € F", where m = poly(s) such that for
every arithmetic circuit C of size at most s, there is an € € [m] satisfying C(as) # NWy(ay). A
set of randomly generated points ay, . .., a,, €. F" has this property with probability 1 —exp(—s).
Moreover, black-box derandomization of PIT for size-(10s) circuits over F using poly(s) field

operations implies ay, ..., a,, can be computed deterministically using poly(s) field operations.

In the above theorem, ay,...,a,, is a short list of certificate points against all arithmetic
circuits of size at most s. At the end, we give a special case of ET for NW, called the BD-PS
equivalence test. This checks whether the given polynomial f is BD-PS equivalent to NW, i.e.,
whether there exist a block-diagonal permutation matrix! A € GL(d?, F) and a diagonal (also
called scaling) matrix B € GL(d? F) such that f = NW(ABx). We call such a matrix AB a
block-diagonal permutation scaling (BD-PS) matrix.

'An A € My (F) is called a block-diagonal permutation matrix if it looks like A = diag(Ag, - .-, Aoy ),
where every o; is a permutation on Fy and A,, is the d x d matrix, where for every I € Fg, the (I, 0;(1))-th entry
of Ay, is 1 and every other entry is 0. We say A,, is the permutation matrix corresponding to o;.
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The motivation for looking into the BD-PS equivalence test for is that it is a special case
of the block-permuted equivalence test (in short, BP ET) for NW. A BP ET for NW does
the following: Given black-box access to an f € F[x], it determines whether there exists an
invertible block-permuted matriz' A over F, such that f = NW(Ax). The reason BP ET
for NW is interesting is that we show that the general ET for NW reduces to its BP ET
in randomized polynomial time over almost any field (see Lemma 3.3 of Chapter 3). Thus, a
randomized polynomial time BP ET for NW would immediately imply a randomized polynomial
time equivalence test for NW. We hope that a BD-PS equivalence test for NW can give us crucial
insights on the BP ET for NW. Another motivation for looking into the BD-PS ET for NW
is that it is a special case of the permutation scaling (PS) equivalence test for NW, i.e., the
underlying matrix is a product of a permutation matrix and an invertible scaling matrix. PS
equivalence test played a very crucial role for the permanent over any field and the determinant
over C. In particular, Kayal in [Kay12] gave randomized polynomial time reduction from general
ET for permanent over any field (similarly, determinant over C) to PS equivalence test for the
permanent (respectively, PS equivalence test for the determinant over C).

Now, we state the theorem on BD-PS equivalence test for NW.

Theorem 1.5 (Block-diagonal permutation scaling ET for NW) Let d be a prime num-
ber, F be a finite field such that d 1 (|F|—1) and |F| > 4d. There is a randomized poly(d,log |F|)
time algorithm that takes input black-box access to a degree d polynomial f € F[x] and correctly
decides if f is BD-PS equivalent to NW with high probability. If the answer is yes then it outputs
a BD-PS matriz C € GL(d*,F) such that f = NW(Cx).

An appropriate version of the above theorem holds over R. The proof ideas of Theorems

1.1-1.5 are given in Section 1.4.1 and their proofs are given in Chapter 3.

Summary of our main technical contributions. We give a high level overview of the key
technical results here. A detailed overview of the proofs of the above mentioned theorems are
given in Section 1.4.1. In this work, we build on the structural results related to the symmetries
and the Lie algebra of NW given in the author’s master’s thesis [Gupl7]. There we obtained
a complete understanding of the Lie algebra of NW. Using this, the Hessian of NW, and
the evaluation dimension measure, we showed that every symmetry of NW is a product of a
permutation and an invertible scaling matrix. In this thesis, we gave some explicit symmetries

of NW over C (see Claim 3.1.1), which imply the characterization by symmetries result for NW

LA d? x d? matrix A is said to be block-permuted with block size d if there exists a d? x d? block-diagonal
matrix B with block size d and a d x d permutation matrix P such that A= B - (P ® I,).
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over C. We also show that some specific symmetries of NW present over C are not present
over R and @, and using this along with the structure of symmetries of NW mentioned above,
we show that NW is not characterized over R and Q. We also prove that NW is characterized
by circuit identities over any field (see Lemma 3.2). This result uses some symmetries of NW.
By exploiting the fact that NW is characterized by circuit identities, we obtain two algorithmic
results for NW: A randomized polynomial time circuit testing algorithm and a flip theorem. We
also give the block-diagonal permutation scaling ET for NW. This ET uses some symmetries of
NW along with a structural insight obtained from the analysis of the Lie algebra of NW given
Chapter 3 of [Gupl7] (see Claim 3.1.2 in this regard).

1.3.2 ET for the determinant over finite fields and over Q

In this section, we present our results on the determinant equivalence test (in short, DET).
These results are taken from [GGKS19], which is a joint work with Ankit Garg, Neeraj Kayal
and Chandan Saha.

Letn € N, X = (;); je), Where ; ; is a variable for every i, j € [n|and x = {x1,1,...,Zpp}.
Let Det,(x) := det(X). Then, Det, is a degree n polynomial. Apart from being a well-studied
object in linear algebra, the determinant also plays an important role in ACT. Det,, has been
used as a hard polynomial in many lower bound proofs [Kal85, SW01, Raz09, RY09, GKKS14a]
and it is also crucial from the perspective of GCT. The family of determinant is complete for
the class of ABPs (Definition 2.36) under p-projections (see [MV97] for a proof). Another poly-
nomial family, which is also complete for the class of ABPs is the family of IMM. A polynomial
time randomized equivalence test for IMM over almost any field was given in [KNST19]. One
might ask whether the family of determinant also possesses an efficient equivalence test over
most fields. As mentioned before in Section 1.1.2, DET is also interesting from the viewpoint
of GCT as it allows us to test whether a given polynomial is in the orbit of the determinant.

We noted in Section 1.2.2 that a randomized polynomial time DET over C was given in
[Kay12]. We also saw that [KNS19] gave a randomized polynomial time DET over a finite field
F,. But one shortcoming of this result is that if the polynomial f given as input to DET is
equivalent to Det,, over I, then the algorithm outputs a “certificate matrix” A over a degree n
extension field of F, such that f = Det, (Ax). In this work, we give a randomized polynomial
time DET algorithm over finite fields, where the output certificate matrix is also over the
base field F, and not over an extension of F,. It was not known before this work if DET is
decidable over Q. We give the first DET algorithm over @, which takes oracle access to an
integer factoring algorithm IntFact and outputs a certificate matrix over Q. This algorithm is

randomized and runs in polynomial time if n is bounded. If we remove oracle access to IntFact
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from the DET algorithm then it outputs a certificate matrix over an extension field I of Q
satisfying [L : Q] < n, where [L : Q] is the degree of field extension (see Definition 2.12). This
variant of the DET is also randomized but runs in polynomial time for every value of n. Now,

we state the main theorems related to DET over finite fields and Q.

Theorem 1.6 (DET over finite fields) Let n € N;x = {x11,..., 2,0}, F be a finite field
such that |F| > 10n* and char(F) 1 n(n—1), and f € F[x| be a degree n polynomial. Then, there
exists a randomized algorithm that takes black-box access to f and decides if f is equivalent to
Det,, or not with high probability. If yes, it outputs an A € GL(n* F) such that f = Det,(Ax),
otherwise it outputs ‘Fail’. The running time of this algorithm is poly(n,log |F|).

Theorem 1.7 (DET over Q) Letn € Nyx = {z11,...,Znn}, f € Q[x] be a degree n polyno-
mial, and B be the bit length of coefficients of f. Suppose we have black-box access to f.

1. There exists a randomized algorithm, which takes oracle access to an integer factoring
algorithm IntFact and decides if f is equivalent to Det,, over Q with high probability. If
yes, it outputs an A € GL(n? Q) such that f = Det,,(Ax), otherwise outputs ‘Fail’. If n

is bounded, the algorithm runs in poly(n, ) time.

2. There exists a randomized poly(n,5) time algorithm, which decides if f is equivalent
to Det, over Q with high probability. If yes, it outputs an A € GL(n? L) such that
f = Det,(Ax), where L is an extension field of Q satisfying [L : Q] < n.

The DET algorithms in Theorems 1.6 and 1.7 have two main steps - The first step is to
reduce DET to the full matriz algebra isomorphism (FMAT) problem in randomized polynomial
time. FMAT is an algorithmic problem that determines whether an F-algebra (Definition 2.18)
o/ C M,2(F) is isomorphic to M,,(F) and if yes, it returns an F-algebra isomorphism (Definition
2.19) ¢ : & — M, (F). In the second step, we invoke the FMAI algorithm, which are known
over finite fields and Q (see Section 2.2.4). Reduction of DET to FMALI is the main technical
contribution of our work and this reduction works over almost every field. We formally state

this result as the following theorem.

Theorem 1.8 (Reduction of DET to FMAI) Let n > 2, [F| > 10n* and char(F) { n(n —

1). Then, there exists a polynomial time randomized algorithm, with oracle access to FMAI
that takes input black-box access to an f € F[x] of degree n and solves DET for f over F with
high probability.

One might wonder if we can get rid of IntFact oracle from the DET algorithm over Q given

in the first part of Theorem 1.7. In the following theorem, we show that it is unlikely.
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Theorem 1.9 (IntFact reduces to DET for quadratic forms over Q) Assuming the Gen-
eralized Riemann Hypothesis (GRH), there exists a randomized polynomial time reduction from
the problem of factoring square-free integers to computing an A € GL(4,Q) such that f =
Dety(Ax), provided f is equivalent to Dets.

In the following theorem, we give a reduction from FMAI to DET, which is polynomial time

if n is bounded.

Theorem 1.10 (FMAI reduces to DET) Letn € N and F be a field that satisfies char(F) t
n. There exists an algorithm, which takes input a basis of an F-algebra <7, has oracle access to
DET over F and decides if <7 is isomorphic as an F-algebra to M, (F) or not using n°™ many

field operations. If the answer is yes, it outputs an F-algebra isomorphism from <o to M, (F).

Remark 1.1 In a follow up work, Theorem 1.10 was improved significantly in [MNS20]. The
authors showed that FMAI reduces in randomized polynomial time to DET.

The proof ideas of these theorems are given in Section 1.4.2 and their proofs are given in

Chapter 4. Now, we give a brief overview of the main technical contribution of this work.

Summary of our main technical contributions. The main result of this work is Theorem
1.8, which gives a randomized polynomial time reduction from DET to FMAI over almost
any field. We give a high level idea of this reduction here and a detailed overview in Section
1.4.2. This reduction is based on the rich structure of the Lie algebra of the determinant,
denoted gpe: (see Section 1.4.2 for the description of gpe:). If the input polynomial f to the
DET algorithm satisfies f = Det(Ax) for some invertible matrix A then gy = A™' - gper - A
(Fact 2.10). The algorithm computes a basis of gy using Fact 2.16, then decomposes gs into
two sub-spaces and picks one of these subspace, which we call %.,. This decomposition of
gy is at the core of the reduction from DET to FMAI and works over almost any field. To
obtain this decomposition, we analyse irreducible invariant spaces (Definition 2.16) of a set
of carefully chosen linear operators on g;. After obtaining .%.,, the algorithm computes the
algebra &7 generated by .., and invokes FMALI algorithm to obtain an F-algebra isomorphism
¢ o — M,(F). Using ¢ and the Skolem-Noether theorem (see Theorem 2.1), the algorithm
computes an invertible matrix B such that f = Det(Bx). We also give a reduction from FMAI
to DET, which is efficient if n is bounded. This reduction exploits the fact that the determinant

is characterized by its Lie algebra (see Lemma 4.5).
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1.3.3 Equivalence test for regular ROF's

An arithmetic formula C over a field F is said to be a read-once arithmetic formula (in short,
an ROF) if every leaf node of C is labelled by either a distinct variable or a constant from F
(Definition 2.38). The class of ROFs is well-studied in the literature. Efficient black-box PIT
algorithms are known for ROFs [SV15, SV14, AFST18, MV18] and this class also has efficient
randomized and deterministic reconstruction algorithms [HH91, BHH95, SV14, MV18]. Tt is
one of the few classes of arithmetic circuits for which we have a deterministic polynomial time
black-box PIT algorithm and a deterministic polynomial time reconstruction algorithm. In this
section, we talk about ET for the class of ROFs. Recall that an ET for ROFs reconstructs
polynomials in the orbits of ROFs. In this thesis, we give a randomized polynomial time ET
for the class of restricted (yet quite expressive) ROFs, which we call reqular ROFs (Definition
2.40). The class of regular ROFs contains some interesting circuit classes like the classes of
sum-product polynomials and ROANFs considered in [MS21]. The ET for regular ROF's takes
oracle access to PE for quadratic forms (in short, QFE) over the underlying field F. This is a
joint work with Chandan Saha and Bhargav Thankey. Before presenting the main theorem, we

motivate why ET for the class of ROFs is an interesting problem in ACT.

1. Relationship with PE for quadratic forms. Efficient QFE algorithms over C, R,
and finite fields having characteristic not equal to 2 and over Q with oracle access to an
integer factoring algorithm are known (see Fact 2.19). These algorithms are based on
well-known results on the classification of quadratic forms (see [Ser73, Arall]). Suppose
f is a quadratic form over C such that f has no redundant variables (Definition 2.32) and
the number of variables in f is even. Then, f is equivalent to zixo + -+ + z,_1x, over
C, where n is an even number. If f has odd number of variables, then it is equivalent
to 19 + <+ + Tpy_oTy_1 + 22 over C. Recall from Section 1.2.2 that with the help of
Witt’s cancellation theorem [Wit37], this case can be reduced to the case when n is even.
A PE for quadratic forms over C takes black-box access to two quadratic forms f, g and
check one by one whether f and g are equivalent to h := xy29+ -+ + x,,_12, and if these
are equivalent to h then computes invertible matrices A, Ay such that f(A;x) = h and
g(Ayx) = h. This implies f = g(A3A;'x). Thus, internally a QFE algorithm is solving
ET for quadratic forms, which is a special case of ET for ROFs as h is a depth-2 ROF.
Thus, an ET for the class of ROFs would clearly generalize QFE over C.

2. Reconstructing orbits of well-studied circuit classes. As mentioned in Section
1.2.2, recently [MS21], [ST21] and [BG21] gave deterministic quasi-polynomial time PIT
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algorithms for the orbits of many interesting circuit classes including sparse polynomi-
als, ROFs and bounded-width ROABPs. So, it is natural to ask if we can also recon-
struct /learn orbits of these circuit classes efficiently or in other words, design efficient ET

algorithms for these circuit classes.

. Relationship with non-degenerate formula reconstruction. Let C be an n-variate
random arithmetic formula, i.e., the C has an arbitrary tree structure, alternate layers
of + and x gates and the leaves of C are labelled by s many random linear forms in n
variables over F. If n > s then with high probability, C is in the orbit of an ROF over a
sufficiently large field F. Thus, an efficient ET for ROF's leads to an efficient algorithm
to reconstruct an n-variate random arithmetic formula in the high number of variables
regime. A randomized polynomial time algorithm for reconstruction of random arithmetic
formulas in the alternating normal form (ANF) was given in [GKQ13]. This algorithm
reconstructs random arithmetic formulas whose underlying tree is a complete binary tree.
Such formulas need not satisfy n > s whereas an ET for ROFs gives an algorithm to

reconstruct random formulas satisfying n > s and having an arbitrary tree structure.

. Generalizes reconstruction algorithm for ROFs. As mentioned above, a polynomial
time deterministic reconstruction algorithm is known for ROFs. ET for ROFs is clearly
a strict generalization of the ROF reconstruction problem as here we aim to find an
invertible matrix A and an ROF C such that the given polynomial f satisfies f = C(Ax).

. Generalization of ET for two sub-classes of ROFs. As mentioned in Section 1.2.2,
[MS21] gave efficient ET's for the classes of sum-product polynomials and ROANFs. It is
easy to see that these are sub-classes of the class of regular ROFs. Thus, an efficient ET

for regular ROFs would generalize these two results.

We now state our main result. In the following theorem, we consider a slightly general
definition of the orbit of a polynomial g, which is orb(g) = {g(Bx+d) : B € GL(n,F),d € F"}.

Theorem 1.11 (ET for regular ROFs) Let n € N,x = {x1,...,2,}, F be a field satisfying
char(F) = 0 or char(F) > n? and |F| > n'?, and f € F[x] be in the orbit of an unknown regular
ROF C. Then, there exists a randomized poly(n) time algorithm that takes input black-box access

to f, has oracle access to QFFE over F and does the following with high probability: It outputs
an A € GL(n,F) such that f(Ax) = C(PSx + b), where P, S € GL(n,F) are permutation and

scaling matrices respectively and b € F".
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Remark 1.2 1. Note that f(Ax) is an ROF. So, we can find an ROF C' using any of
the polynomial time ROF reconstruction algorithm [HH91, BHH95, MV 18] such that C’
computes f(Ax).

2. There are efficient algorithms for QFE over C,R, finite fields not having characteristic
two and over Q with oracle access to an integer factoring algorithm. As ET for reqular
ROFs takes oracle access to QFFE, our ET algorithm is efficient over these fields.

3. Our ET algorithm extensively uses the black-box polynomial factorization by [KKT9I0] (see
Fact 2.17). This is one of the main reasons for constraints on the size and characteristic

of the underlying field in the above theorem.

4. In a follow-up work [GST22], we have removed the regularity condition from Theorem
1.11 and have given a randomized polynomial time ET with oracle access to QFFE for the
class of general ROFs. This algorithm uses several new ideas along with the ones used
in the ET for the class regular ROFs. This improvement is mainly due to my other two

co-authors of this work and hence is not a part of my thesis.

The proof idea and a proof of Theorem 1.11 are given in Section 1.4.3 and Chapter 5 respectively.

Summary of the main technical contributions. We give a high-level overview of the main
technical parts of our work. The equivalence test for the class of regular ROF's extensively uses
some important properties related to the Hessian determinant of a regular ROF - non-zeroness,
knowledge of the essential variables and knowlegde of the factors of the Hessian determinant of
a regular ROF. We study these properties in this thesis. Let C be a regular ROF. We show that
det(H() is non-zero over a field I satisfying either char(F) = 0 or char(F) > [var(C)|. This is
not true over a field F having char(F) < |var(C)|. For example, if C = 12923 then det(Hp) =0
over fields having characteristic equal to two. We also study the factors of det(Hg) and this
allows us to show that all the variables present in C except the variables present in the ‘top-
quadratic term’ of C are essential for det(H, C). Using this knowledge along with QFE over the
underlying field F, we compute an invertible matrix A such that f(Ax) is the sum of variable
disjoint polynomials, where f is the input of the ET algorithm. After this, we obtain black-box
access to the sub-formulas of f' from black-box of f and solve the problem recursively. It is
important that at every step of recursion, black-box access to a sub-formula of f, say fi, is

computed using just one black-box query to the parent of f;, otherwise the running time of our

"By this, we mean sub-formulas of the formula of f obtained from C by replacing leaves labelled with
variables by linearly independent affine forms.
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ET algorithm may be exponential. This is so because the height of the formula of f can be
as large as n. We show how to compute black-box access efficiently at every step of recursion
by using some factors of det(Hy), which are also +-rooted sub-formulas of f. Elaborating on

these key ideas, we give a detailed overview of the proof of Theorem 1.11 in Section 1.4.3.

1.4 Proof ideas

In this section, we give high level proof overviews of the theorems stated in Section 1.3. The
detailed proofs of these theorems are given in subsequent chapters (Chapters 3 - 5). Like Section
1.3, this section also has three main subsections - the first one devoted to the results on NW,

the second one is on ET for the determinant and the last one is on ET for regular ROFs.

1.4.1 Some structural and algorithmic results for NW

We saw five theorems in Section 1.3.1 - the first two were about the characterization by sym-
metries property of NW over different fields, the next two were about the circuit testability and
a flip theorem for NW and the last one was about a special case of ET for NW. We present
the proof overviews of these theorems below. The detailed proofs based on these overviews are
given in Chapter 3. Recall that d is a prime number, k£ = d¢ for some € € (0, 1). For simplicity
of notations, we drop the subscripts from NW,; whenever the value of d is clear. Also, recall
that whenever we mention a set-multilinear polynomial in F[x], it is always with respect to the

partition x = HjieFd x;, where for every i € Fy,x; = {z;; : j € Fq}.
Characterization by symmetries: Proof ideas of Theorems 1.1 and 1.2

We first show how NW is characterized by its symmetries over fields containing a d-th primitive
root of unity. Recall that 4w denotes the group of symmetries (Definition 2.23) of NW. The
rows and columns of matrices in %yw are labelled by the ordered set ((0,0),...,(d—1,d—1)).
Suppose ' contains a d-th primitive root of unity (. We show that the following symmetries

are present in %yw. This helps in proving that NW is characterized by its symmetries over F.

1. A set of diagonal matrices of the type A = diag(fo, ..., B0, -, Ba-1,---,Ba—1), where 5; €
F>*, for every ¢ € Fy, every 3; appears exactly d times on the diagonal and HieFd B = 1.

2. A set of special permutation matrices corresponding to the polynomials in Fg[z]y.
3. A set of special invertible diagonal matrices corresponding to (.
The exact descriptions of these symmetries are given in Claim 3.1.1. Suppose f € F[x] is a

degree d homogeneous polynomial such that %yw C %;. Then, the three types of matrices
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mentioned above are also symmetries of f. The first type ensures that f is a set-multilinear
polynomial. Thus, naturally every monomial of f looks like zg, - - - 4—1,, , and if h is obtained
by interpolating {(¢,1;) : i € Fyq} then deg(h) < d—1. The symmetries of the second type ensure
that if a monomial gy, -+ x4-14, , is present in f then f contains g o4n(0) * ** Ta-1,, ,+h(d-1)
for every h € Fy[z]; and the coeflicients of all these monomials in f are same. The symmetries
of the last type show that f does not contain a monomial xg () - - * Z4—1,n(d—1), Where h € Fylz]
and deg(h) > k. Hence, f = o - NW(x) for some a € F.

Now suppose F is either R, Q or a finite field satisfying d 1 |F| — 1. In this case, the matrices
of first two types are still symmetries of NW but the matrices of the last type are not. We
prove that in the absence of matrices of the third type from %w, NW is not characterized by
its symmetries over F. This proof is based on two results: One is the structure of %yw given
in Chapter 4 of [Gup17], where we showed that %y is generated by certain permutation and
diagonal matrices (see Theorem 3.3), and the other is a structural insight about NW (see Claim
3.1.2) obtained from the analysis of the Lie algebra of NW given in Chapter 3 of [Gup17]. We
exploit these properties to show that there exists a set-multilinear polynomial f € F[x] (the
definition of f is given in Equation (3.2)), which is not a scalar multiple of NW but %nw C ¥.

The proofs of Theorems 1.1 and 1.2 are given in Section 3.1.1 of Chapter 3.

Circuit testing and flip theorem for NW: Proof ideas of Theorems 1.3 and 1.4

Theorem 1.3 gives a randomized polynomial time circuit testing algorithm for NW and Theorem
1.4 proves a flip theorem for NW. These two algorithmic results hinge on a neat structural
property possessed by NW, known as the characterization by circuit identities (see Definition
2.25). This property says that there exists poly(d) many polynomial identities satisfied by
NW, where every polynomial involved in these identities can be computed by a poly(d) size
arithmetic circuit, and an f € [F[x]| satisfies these identities if and only if f is a scalar multiple
of NW. We show in Lemma 3.2 of Chapter 3 that NW is characterized by circuit identities over
any field. Some symmetries of NW play a crucial role in showing this characterization result.
The input of a circuit testing algorithm is black-box access to an arithmetic circuit C and
the task is to determine whether C = NW. Suppose NW is computable by C. Since NW is
characterized by circuit identities, there exist poly(d) many polynomial identities, which are
also satisfied by C. In the algorithm, we check if C satisfies these identities by evaluating them
on random points from F%. If it fails in any of these checks, we output ‘Fail’, and if all of these
tests go through, f = a - NW for some o € F. If it does not fail, we check the coefficient of an
arbitrary monomial in f and if it is not 1, we again output ‘Fail’, else we output that C computes

NW. The Schwartz-Zippel lemma (Fact 2.13) ensures that the algorithm works correctly with
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high probability. The source of randomness in this algorithm is the Schwartz-Zippel lemma.
In case of a flip theorem, we are given that NW is not computed by any arithmetic circuit
of size at most s. We pick poly(d) many points, called witness points, uniformly at random
from F* and using the Schwartz-Zippel lemma we show that if C is an arithmetic circuit of
size s then there exists a point a in the above collection, such that C(a) # NW(a) with high
probability. Further, to show that a polynomial time black-box PIT for size-10s arithmetic
circuits implies that such witness points can be computed in deterministic polynomial time,
we again use the fact that NW is characterized by circuit identities. As no size-s arithmetic
circuit C computes NW, clearly « - NW is also not computed by a size-s arithmetic circuit for
any a € F*. Thus there exists a circuit identity, which is satisfied by NW, but not by C. On
exploiting this and using a black-box PIT algorithm for size-10s arithmetic circuits, we get a
deterministic algorithm that computes a set of poly(d) many witness points in polynomial time.

The proofs of Theorems 1.3 and 1.4 are given in Section 3.2 of Chapter 3.
Equivalence test for NW: Proof idea of Theorem 1.5

In this theorem, we give a randomized polynomial time block-diagonal permutation scaling
equivalence test (in short, BD-PS equivalence test) for NW over finite fields satisfying d t (|F|—1)
and over R. This test determines if there exists a BD-PS matrix (recall the definition of a BD-PS
matrix from Section 1.3.1) C' such that the input polynomial f satisfies f = NW(Cx).

Now, we give a high level overview of the BD-PS equivalence test for NW given in Section 3.2
of Chapter 3. We assume that the input polynomial f is BD-PS equivalent to NW. Otherwise,
we can detect with high probability that f is not equivalent to NW using the circuit testing
algorithm for NW given in Theorem 1.3. The BD-PS ET for NW has two main steps: In the
first step, it recovers a block-diagonal permutation matrix A (recall the definition of a block-
diagonal permutation matrix from Section 1.3.1) such that f(A~'x) is scaling equivalent to NW,
i.e., there exists an invertible scaling (or diagonal) matrix B such that f(A™'B~'x) = NW. This
step works over any field. In the next step, we recover an invertible scaling matrix B such that
f(A~B~1x) = NW. This step works either over finite fields satisfying d 1 (|F| — 1) or over R.

The objective of Step 1 of the BD-PS ET is to construct d permutations oy,...,04_1 on
F; such that if A,, is the d x d permutation matrix corresponding to o; for every ¢ € F; and
A = diag(Ayy, ..., As, ), then f(A™'x) is scaling equivalent to NW. The algorithm starts by
considering a canonical form of oy, ...,04 1 (see Claim 3.2.3) and efficiently constructs a set of
“nice polynomials” in Fy[z]; (see Definition 3.1 and Claim 3.2.4). Using these, we first compute

d — k entries of every o; ! efficiently (see Claim 3.2.5). Then, we compute the remaining entries

'We can treat a permutation on Fy by a size-d tuple.
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of these permutations (see Claims 3.2.6 and 3.2.7). This is how we compute oy, ...,04 1. This
step of the BD-PS ET crucially uses symmetries and the low-intersection property of NW.

In the second step of the BD-PS ET, we again pick a useful subset of Fy[z]; (see Step 2
of Algorithm 8), using which we compute a scaling matrix B such that f(B~'A7'x) = NW.
Using this set, we compute a 0-1 matrix, which helps us obtaining an important system of
linear equations corresponding to NW. We get this system either over finite fields satisfying
d 1 (JF] — 1) (see Equation (3.10)) or F = R (see Equation (3.11)) and solve it to compute
the required invertible scaling matrix B. It is due to this reason that the BD-PS ET holds
over these fields. A similar system of linear equation was immensely helpful in obtaining the

complete understanding of the Lie algebra of NW given in [Gup17] (see Claim 3.1.2).

1.4.2 ET for the determinant over finite fields and over Q

We give proof overviews of the theorems stated in Section 1.3.2. The proofs of these theorems
are given in Chapter 4. Recall that Det,(x) = det(X), where X = (;;); je[n], %, is a variable

for every i,j € [n], x = {z11,...,Znn}, and M, (F) is the set of n x n matrices over F.
Determinant equivalence test: Proof ideas of Theorems 1.6, 1.7 and 1.8

The input of DET is black-box access to f € F[x],deg(f) = n, where F is either a finite field
satisfying the conditions given in Theorem 1.6 or F = Q. We can assume without loss of
generality that f is equivalent to Det,. Otherwise, it would be detected with high probability
that f is not equivalent to Det, using the Schwartz-Zippel lemma. Let A € GL(n? F) such
that f = Det,(Ax). The main component of our DET algorithms is Theorem 1.8, which gives
a randomized polynomial time reduction from DET to the FMAI problem (recall FMAI from
Section 1.3.2). This reduction works over almost any field. We first give a proof idea of this re-
duction and then complete the DET algorithm by invoking FMATI algorithm. FMAI algorithms
are known over finite fields and Q (see Section 2.2.4). For discussing the reduction of DET to
FMALI let F be a field satisfying mild conditions given in Theorem 1.8.

Reducing DET to FMAI. The reduction of DET to FMAI is obtained by exploiting the
Lie algebra (Definition 2.30) of the input polynomial f, denoted gf. The Lie algebra of a
polynomial is a useful tool for ET as the Lie algebras of equivalent polynomials are conjugates
of each other, ie., gy = A7l gpet, - A (see Fact 2.10). gpet, is well-studied and has a nice
structure (see the following paragraph). The same structure gets induced to gy via the above
mentioned conjugacy relation. We start with talking about the structure of gpet, .

It is known that over a field F satisfying char(F) 1 n, gpet, = Lrow ® Leol, Where Loy, :=
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{A®1I,: A€ Z,} and Lo = {I[,® A: A € Z,} (see Definition 2.20), where Z,, = {A €
M, (F) : trace(A) = 0}. A proof of this fact can be found in Section 3.2 of Chapter 3 in [Nail9].
Then, g = Frow ® Feol, Where Froy = A1 Low - A and Foq) = A7 Lo - Ao Clearly,
dim Frow = dim Fo = n? — 1. Let 7 := n? — 1. In the algorithm, we exploit this structural
richness of g; by decomposing it and getting hold of .#,,, and #.,. An important property of
the Lie algebra of a polynomial that is useful here is that given black-box access to a polynomial
f, we can compute a basis of g in randomized polynomial time (see Fact 2.16). Now, we give
an overview of the reduction algorithm, which works over almost every field.

We first compute a basis {Bj,..., By} of g using Fact 2.16 from black-box of f. Now,
using { By, . .., B, }, we compute a “special set” of matrices & = {P,,..., Py.} C My, (F), which
correspond to some specific linear operators on g (the description of these linear operators are
given in Section 4.3.1 of Chapter 4). Such an operator looks as follows: For E € gy, pg : g5 — 9y
maps an F' € gy to EF — FE. Then, & contains the matrices of pg, E € gy, where the rows
and columns of these matrices are labelled by the basis (Bj, ..., By,). The set & is intimately
related to g as follows - we prove that %, and .%,.,, are the only irreducible invariant subspaces
(Definition 2.16) of & (see Lemma 4.1 in this regard). Thus, the objective now is to get hold
of the irreducible invariant subspaces of &?. This is done as follows: We pick a random matrix
Q@ from & and compute its characteristic polynomial, which is denoted h(z). After that, we
factorize h(z) and let hq,..., h; be irreducible factors of h(z) such that none of the h; is a
variable. For every i € [k], we compute a basis of the null space of h;(Q), denoted .4;. Then,
we compute the Z-closure (Definition 2.17) of bases vectors of 47,7 € [k]. The set of these
closures only contains the spaces Z o, and F., (see Lemma 4.1).

The reason .Z.) is interesting at this point because the F-algebra o7 generated by an F-basis
of Fo is isomorphic to M, (F). Let Ly,..., L,2 be an F-basis of &7 computed from a basis of
F o1 Hence we invoke FMALI algorithm on Ly, ..., L,2. As &/ is isomorphic as an F-algebra to
M, (F), the FMALI algorithm returns an F-algebra isomorphism ¢ : &# — M, (F). The Skolem-
Noether theorem (Theorem 2.1) gives us useful information about the structure of ¢ (see Claim
4.3.8), using which we compute an A € GL(n? F) such that f = Det,(Ax). This is how the
reduction from FMAI to DET works and this completes the proof overview of Theorem 1.8.
After reducing DET to FMAI, we invoke known FMAI algorithms over finite fields and QQ and
this is how we get DET over finite fields and Q.

The detailed proof of Theorems 1.6, 1.7 and 1.8 are given in Section 4.2 of Chapter 4.
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Reduction of Intfact to DET over Q: Proof idea of Theorem 1.9

In this theorem, assuming GRH, we give a randomized polynomial time reduction from the
problem of factoring square-free integers to DET for quadratic forms over Q. The proof of
this theorem is based on a result from [Ron87], which assuming GRH gives a randomized
polynomial time reduction from the problem of factoring square-free integers to the following
problem: Given a,b € Q*, find z,y, 2z € Q (not all zero) such that 22 — ay? — bz*> = 0, if such a
solution exists. Let a,b € Q* and f(x) := 27, — ax}, — bz, + abx3,. We show that f satisfies
[ = Dety(Ax) for some A € GL(4,Q) if and only if 22 — ay? — bz = 0 has a non-zero solution
over Q. This gives a randomized polynomial time reduction from factoring square-free integers
to ET for Dety over Q. The proof of Theorem 1.9 is given in Section 4.4 of Chapter 4.

Reduction of FMAI to DET: Proof idea of Theorem 1.10

Let n € N and F be a field satisfying char(F) 1 n. We are given a basis of an F-algebra
o/ C M,2(F), oracle access to DET over F and we want to decide whether .27 is isomorphic as an
F-algebra to M,,(F). If yes, we also want to output an F-algebra isomorphism ¢ : &7 — M, (F).

The algorithm first compute a “special set” {L; ; € M,2(FF) : 4,5 € [n]}, where the entries
of every L;; correspond to the structural constants of o/ '. The details of matrices in this
set are given in Step 2 of Algorithm 11. Using the Skolem-Noether theorem, we show in
Claim 4.5.1 that if <7 is isomorphic to M, (F) then there exists a K € GL(n? F) such that
for every 4,5 € [n],L;; = K~ ' (I, ® Ci;) - K, where C1,...,C,, is an F-basis of M, (TF).
Let L = {Li; : i,j € [n]}, where for every i,j € [n],L;; is the traceless part of L;;, i.e.
Em- =1L;; — M:L#Inz. Then, it follows from above that if .2 is isomorphic to M, (F) then
(f}) = K ' %, K. Another important result we show is that if f € F[x] is such that %, C g;
then f = a - Det,,, where o € F* (see Lemma 4.5), i.e., the determinant is characterized by its
Lie algebra. We now show how these two results imply a reduction from FMAI to DET.

Compute L;;,i,j € [n]| using a basis of &/ and then using these, compute a basis of (L).
Then, we construct a polynomial f € F[x| such that (E> is an F-subspace of g;. This step takes
n?™ many field operations as we compute f in a brute force manner. Using the facts that
determinant is characterized by its Lie algebra and if f’ = Det,(Bx) for some B € GL(n? F)
then gy = (B™! - ZLow - B) ® (B~ - L1 - B), we get that & is isomorphic as an F-algebra to
M, (F) if and only if f = « - Det,. Thus, by running DET on f, we get either an A € GL(n? )
such that f = Det,(Ax) or ‘Fail’ depending on whether f is isomorphic to Det, or not. In

the former case, we use A to compute an F-algebra isomorphism from 7 to M, (F), and in the

"Let {uy,...,u,,} be an F-basis of an F-algebra </. Then, for every i,j € [m] there exist a; jx, k € [m]
such that u; - u; = Zke[m] a; j k. Then, a; ;. 4, j,k € [m] are called as the structure constants of 7.
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latter case, we output ‘o7 is not isomorphic to M, (F)’.

A complete proof of Theorem 1.10 is given in Section 4.5 of Chapter 4.

1.4.3 ET for regular ROFs: Proof idea of Theorem 1.11

We are given black-box access to an n-variate polynomial f(x), which is in the orbit of a regular
ROF C, ie., f = C(Bx +d), where B € GL(n,F) and d € F". The objective is to compute
an A € GL(n,F) such that f(Ax) = C(PSx+ b), where P, S € GL(n,F) are permutation and
scaling matrices respectively and b € F".

The most important ingredient of the ET for regular ROFs is the Hessian determinant
(Definition 2.27) of a regular ROF. Let us first try to understand with an example how the
Hessian determinant can be used in an ET for regular ROFs. Suppose C = x93 + x42576.
Then, it is easy to show that over fields not having characteristic equal to 2, det(HC) # 0
and every w; is a factor of det(Hp). Let f = C(Bx + d), where B € GL(n,F) and d € F".
Suppose Bx+d = ({; -+ ). Then, f = {10ol5+450s. An important property of the Hessian

determinants of equivalent polynomials given in Corollary 2.1 implies that
det(Hy) = (det(B))? det(Hp)(Bx + d).

Then it follows that over fields not having characteristic equal to 2, det(Hy) # 0 and for every
i € [6], ¢; is a factor of det(H). This information is good enough for designing an ET for C.
From black-box of f, we compute black-box access to det(Hy), which can be done efficiently
due to Fact 2.14 and then factorize det(H) using the algorithm in [KT90] (see Fact 2.17).
This algorithm gives us black-box access to «;¢;,i € [6], where a; € F* and g ---ag = 1. We
reconstruct «;¢; for every ¢ € [6] and then compute an A € GL(6,F), which maps every a;¢; to
a distinct variable. Then, f(Ax) = C(PSx + d), where P, S € GL(6,F) are permutation and
scaling matrices and d € IFS.

One can ask how to use this idea to design an equivalence test for arbitrary regular ROFs,
where it may no longer be true that every variable appearing in a regular ROF C is a factor of
det(Hg). In [Kayl11], Kayal gave a promising approach in this direction. We first mention this

approach, and then show how to adapt it in our setting.

A basic approach: Let h = hy(x;) + ha(x2), where x; N xy = (). Kayal gave a randomized
polynomial time algorithm (see Theorem 7.2 in [Kay11]) that takes black-box access to g :=
h(Bx), where B € GL(|x|,F) and computes an A € GL(|x|,F) such that g(Ax) is the sum of

two variable disjoint polynomials, provided the number of essential variables (Definition 2.31)
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in det(H},) is equal to |x|. We denote the number of essential variables of a p € F[x] by Negs(p).

Let C =Ty +---+T,+v " where for every k € [s], T}, is a x-rooted regular ROF, i.e., the root
of T}, is a x gate, and v € F. Then, f = Tj+- - -+ﬁ+7, where for every k € [s], T, = Ti(Bx+d).
We call T, ...,T, and T Tyoone ,ﬁ as the terms of C and f respectively. Without loss of general-
ity, assume that there exists an s; € [s] such that for every k € [s1], deg(Z}) > 3 and for every
le{si+1,... ,s},deg(ﬁ) =2 Letq=Ts 11+ -+Tsand g = f51+1+- - +T,. We call gand q
as the quadratic terms of C and f respectively, and 77, ..., Ty, and ﬁ, e ,ﬁl as non-quadratic
terms of C and f respectively. As C is the sum of variable disjoint polynomials and we are given
black-box access to f in the orbit of C, the basic approach mentioned above seems useful. This
is so because if we are able to make the terms of f variable disjoint, then after that we can
get hold of its terms one by one, factorize the terms and solve the problem for each of these
factors recursively, as each of these factors is an input instance having product-depth? less than
the product-depth of f. However, there is a challenge in obtaining efficient black-box access to
these factors even after making the terms of f variable disjoint. We talk about this challenge

later and show how we handle it. Let us first see how to make the terms of f variable disjoint.

Making terms variable disjoint. The first phase of our ET algorithm computes an invertible
matrix A such that the terms of f(Ax) are variable disjoint. However, there are some technical

challenges in implementing the basic approach, which we list below.

1. det(HC) can be equal to 0: Tt might happen that the Hessian determinant of an arbitrary
regular ROF is zero over the underlying field. For example, if C = xyz9z3 then det(Hp) =

0 over the fields having characteristic equal to two.
2. Ness(det(Hg)) < |[var(C)|: Let C = z12273 + z425. Then, Negs(det(Hgp)) = 3.

In the presence of these two hurdles, we can not implement the basic approach directly.
We now show how we handle these challenges. We overcome the first challenge by proving
in Lemma 5.1 of Chapter 5 that if C is a regular ROF and F satisfies either char(F) = 0 or
char(F) > |var(C)| then det(Hg) # 0. We argue this by studying the structures and coefficients
of some “nice monomials” in det(Hp). We address the second challenge as follows: We prove

in Claim 5.1.3 of Chapter 5 that if T is a x-rooted regular ROF having at least three variables

"For the equivalence testing problem, we assume without loss of generality that C is +-rooted. Otherwise,
using the polynomial factorization algorithm in [KT90], we can reduce an ET for a x-rooted regular ROF to
an ET for a +-rooted regular ROF.

2The product-depth of an ROF C having alternate layers of + and x gates is the maximum number of
x gates in any root to leaf path in C. The product-depth of a polynomial in the orbit of C is same as the
product-depth of C.
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then every variable appearing in T is essential for det(Hyz). This result also follows from the
structure of nice monomials and uses the regularity of T' crucially. Our analysis of det(H) is
quite long due to the study of the structures and the coefficients of some explicit monomials in
it. Soon after this analysis, Bhargav Thankey independently came up with a shorter analysis
of the above mentioned properties of det(Hg). This analysis is given in [GST22]. The proof
approach of Thankey is totally different from ours. The main difference between our proof and
Thankey’s proof is that we study the structures and coefficients of some explicit monomzials of
det(Hg) whereas Thankey showed that det(H() contains non-zero monomials without giving
the details of the structures and coefficients of such monomials. However, this information
is good enough for obtaining all the properties of the Hessian determinant of a regular ROF
required for designing an ET for regular ROFs. See Remark 5.1 in this regard.

Having the above two results in hand, and using the basic approach mentioned before, we
first compute an Ay € GL(|x|,F) such that the non-quadratic terms of f(Agx) are variable
disjoint. Let the variables in non-quadratic terms of f(Agx) be z and y := x\ z. Let |y| = 2m.
We compute black-box access to the homogeneous degree two part ¢’ of f(Apx) in y-variables.
Then, we invoke a QFE algorithm over the underlying field on ¢’ and ¢” := y1 1912+ ~+Ym,1Ym.2-
It returns an A} € GL(]y|,F) such that ¢'(A1y) = ¢”. We extend A to A; € GL(|x|,F) such
that A; and A| maps every y-variable to the same linear form in y-variables and A; maps
every z-variable to itself. It turns out that q(A;Aox) = (y11 + h11) W12+ hio) + -+ (Ym1 +
Pt ) (Ym.2 + o), where for every ¢ € [m],j € [2], h; ; € F[z] is a linear polynomial. Thereafter,
for every i € [m],j € [2], we compute first order partial derivative of f(A;Apx) with respect to
yi,; and get access to y; j + hij, where j' € 2]\ {j}. Fori € [m],j € [2], let hy; = h; + Bij,
where R} ; € F[z] is a linear form and f;; € F. We compute an A; € GL(|x|,F), which maps
every y; j + h ; to y;; and every z-variable to itself. Let A = AyA;Ag. Thus, at the end of this
phase, f(Ax) is the sum of variable disjoint terms.

Now, we give an overview of the other steps of our ET algorithm.

Computing black-box access to the terms of f(Ax). The matrix A computed in the
previous step ensures that for every [ # k € [s],fl(Ax) and 7| k(Ax) are variable disjoint and
q(Ax) = (11 + Bia1)(yie + Bi2) + - + (Yma + Bm1) YUme + Bm2), where 5, ; € F for every
i € [m],j € [2]. At this point, we want to get black-box access to Ty (A4x), ..., Ty, (Ax) from
black-box of f. We only need black-box access to the non-quadratic terms of f as the quadratic
term of f has already been handled. We have the following third technical challenge in this

context (the other two challenges have been mentioned above).

3. How to compute black-box access to T\k(Ax) efficiently for every k € [s1]?
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Let us first explain the meaning of efficient computation of black-box access to T, k(Ax). We want
to compute black-box access to T\k(AX) using only one black-box query to f. Our algorithm
recurses on the product-depth of C. Due to this, if we make more that one black-box query to
f, the algorithm might have exponential running time in n as the product-depth of C can be as
large as n. We now show how to obtain black-box access to T\k(AX) using only one query to f.

First, the algorithm learns the variable sets z1, ..., zs, of T, (Ax),. .. ,ﬁl (Ax) using double
derivatives (see Observation 5.4). Then, it picks a k € [s1] arbitrarily and substitutes every

variable present in x \ z; with 0. Let 7} = Ti,(Ax). Thus, we get black-box access to
9:="Ti+7,

where 7 € F is unknown. Now, the goal is to learn 7’ because after learning 7’ we can subtract
it from black-box of g and get black-box access to 7). The following useful observation comes
in handy here: Since g is a +-rooted ROF, Observation 2.7 implies that ¢ is irreducible. Hence,
g — ' is reducible for some ' € F if and only if 5/ = +/. This uniqueness of +" will play a
key role in the discovery of 4'. Now, we show how to compute 7 efficiently. At this point, the

Hessian determinant becomes useful again.

Now, lets see how the algorithm gets hold of 4. First it computes det(H,) using Fact 2.14,
then factorizes det(H,) using the algorithm in [KT90]. We classify the factors of det(H,) into
two categories, which we call “good factors” and “bad factors”. We will describe these two one
by one. First we talk about good factors. Note that det(H,) = det(Hr;). As deg(T}) > 3,
Corollary 5.1 of Chapter 5 implies that there exists a child @)} ; of the topmost x gate of T}, !
such that ay ;@ ; is an irreducible factor of det(H,) for some ay ; € F*. Such factors of det(H,)
as good factors. All the remaining non-constant factors of det(H,) are called bad factors.

After factorizing det(H;), the algorithm picks a non-constant factor ¢ of det(H,). We first
set up a useful notation. Let ¢ be a fresh variable. For every i € [|zx]], let ¢; be chosen randomly
from a large enough finite set of F. Let z = {2k, : i € [|z|]}. Define 7 : F[z;] — F[t] as follows:
For every p(zi1,..., 2k s|) € Flzi], 7(p) = plait, ... cpyt). It follows from the Schwartz-
Zippel lemma that 7(g) and 7(g) are non-constant polynomials with high probability, provided
F is large enough. Now, the algorithm applies m to black-boxes of g and ¢ and interpolates

7(g) and 7(q). This can be done efficiently as 7(g) and 7(¢) are univariate polynomials. Now,

'As T} is in the orbit of the x-rooted regular ROF T}, we can view 7} as a x-rooted formula, which is
obtained from T} be replacing the leaf nodes labelled with variables with the nodes labelled with corresponding
affine forms obtained from BAx + d.
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consider the following equation, where the coefficients of pand ag are formal variables.

w(g9) =p-7(q) + ao. (1.2)

Suppose a is the set containing the coefficients of p and ay. The algorithm solves the system
of linear equations in a-variables formed by comparing the coefficients of monomials in ¢ in the
L.H.S. and the R.H.S. of Equation (1.2). Now, let us see how the algorithm gets access to 7'

We analyse the behaviour of the algorithm in the following two steps.

Case 1: q is a good factor. Suppose q = ak,jQﬁw-. In this case, the system of linear systems
mentioned above has a solution: One of the solutions is obtained by setting p = = (a;}%)
and ag = 7. Using the fact that deg(p) > 1 with high probability, it is not a difficult task to
show that this system of linear equations in a-variables has a unique solution. Hence, when the

algorithm picks a good factor of det(H,), it always gets hold of +'.

Case 2: q is a bad factor. If the algorithm picks a bad factor then it solves the above system of
linear equations in a-variables, computes some p and ag, and checks whether g — aq is reducible
or not using the algorithm in [KT90]. If yes, it returns black-box access to g — ag. The fact
that g — ag is reducible if and only if ayg = 7' ensures that the algorithm works correctly.

The presence of a good factor in the list of factors of det(H,) ensures that the algorithm
computes 7/ at some point of time. Once the algorithm has ', it subtracts 7/ from black-box

of g to get black-box-access to T}.

Recursively solving factors of T;: Suppose T) = Q) -+ Q) ,, . After getting black-box
access to T}, the algorithm factorizes it using the algorithm in [KT90] and obtains black-box ac-
cess 10 ay Q. 1y s Oy Qo> Where a4, ag € F*and o ;- = 1. Using Claim
2.2.2, the algorithm computes an A" € GL(|z|, F) such that o) Q) 1 (A'zx), . . ., oy, Qo (A'Z)
are variable disjoint. Let j € [my] be picked arbitrarily and ¢ be the map on zg, which substi-
tutes variables of o) ;Q), ;(A'zy,) for every i € [my]\{j} uniformly at random from a large enough
finite subset of F. For i € [my] \ {j}, let ¢(a; Q) ;(A'2z1)) = Bri. The Schwartz-Zippel lemma
ensures that with high probability, £ ; # 0 for every i € [my] \ {j}. Note that we know S ; for
every i € [my|\ {j}. The algorithm first computes black-box access to T} (A'z;) from black-box
of Ty. Since ay ;@ ;(A'zr) = o(T}.(A'z)) Hie[mk}\{j} ﬁ,:zl, by applying ¢ to T} (A'z;) and then

multiplying it with ] NGy P, ! the algorithm gets black-box access to ay, jQ j(A'z). After

’ie[mk
this, the algorithm recurses on «a;, Q). ;(A'z).
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The detailed proof of Theorem 1.11 is given in Chapter 5.

1.5 Organization

The remaining part of this thesis is organized as follows: In Chapter 2, we state the notations
and give some preliminary results. These include some useful definitions, results from linear
algebra and algebra, results related to partial derivatives, Hessian, symmetries, Lie algebra,
essential and redundant variables of a polynomial and some important algorithmic facts. In
Chapter 3, we prove the theorems about the Nisan-Wigderson polynomial stated in Section
1.3.1. Chapter 4 contains the proofs of the theorems on equivalence test for the family of
determinant stated in Section 1.3.2. In Chapter 5, we give a randomized polynomial time
ET for the class of regular ROFs. This ET uses some important properties of the Hessian
determinant of a regular ROF like its non-zeroness, knowledge of its essential variables and
factors. Chapter 6 is devoted to the study of these properties of the Hessian determinant of a
canonical ROF (Definition 2.39) and as a regular ROF is canonical, all these properties hold
for the Hessian determinant of a regular ROF. We give a conclusion of the main contributions

of this thesis and mention some open questions in Chapter 7.
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Chapter 2
Preliminaries

In this chapter, we present some notations and recall some basic mathematical and al-
gorithmic results, which would be required for the later chapters. This chapter has two
sections - the first one contains useful structural results and the next one is devoted to

some important algorithmic results.

Notations. The sets of natural numbers, integers, rational numbers, real numbers and complex
numbers are denoted by N, Z, Q,R and C respectively. Let N* = N\ {0}. Unless otherwise
specified, for n € N* [n] := {1,...,n} and for m,n € N;m < n,[m,n| = {m,...,n}. For a field
F, F* = F\{0}, elements of F are represented by lower case Greek letters like o, 3, y, and vectors
over F are denoted by boldface letters like a, b,d. For n € N, M,,(F) and GL(n,F) denote the
set of n X n matrices and the set of n x n invertible matrices over F respectively, and I,, denotes
the n x n identity matrix. The elements of M, (F) are denoted by upper case Roman alphabets
like A, B, C. Vector spaces over F are represented by U, W and Endg(U) := {¢ : U — U} is the
set of F-linear maps (Definition 2.10). Given a set S, (S) denotes the vector space generated
by S over the underlying field. The sets of variables are represented by x,y,z, F[x] is the
set of polynomials in x variables over F, and polynomials in F[x]| are denoted by f, g, h. For
f € Fix],var(f) denotes the set of variables appearing in f, deg(f) denotes the total degree of
f and for z € x,deg,(f) denotes the highest degree of  in f. A set of variables x would often
be treated as a column vector and for A € GL(n,F), Ax means that A is left multiplied to x.

For n € N, poly(n) means n®W.

2.1 Structural preliminaries

This section is devoted to some useful definition and structural results. We have classified these

into eight parts.
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2.1.1 Algebraic and linear algebraic preliminaries

Definition 2.1 (Group) Let G be a set and o : G x G — G be a binary operation on G.
Then, (G, o) is called a group if it satisfies the following properties.

1. (Associativity): For every gi, 92,93 € G,(g1092) 093 = g1 0 (g2 © g3).
2. (Identity): There exists e € G, such that for every g € G,eog=goe=g.
3. (Inverse): For every g € G, there exists a ¢ € G such that gog = g o g = e.

Further, for every gi,g92 € G, if g1 0 go = g2 © g1 then (G, 0) is called a commutative group.

For example, (Z, +) and (R, x) are commutative groups but (GL(n, R), %) is a non-commutative

group, where x denotes the matrix multiplication operation.

Definition 2.2 (Ring) Let R be a set and +,- be binary operations on R. Then, (R,+,") is

called a ring if (R, +) is a commutative group and the following properties are satisfied.
1. (Associativity of -): For every r1,19,73 € R, (r1 - 13) - 13 =11 - (12 - 73).
2. (Multiplicative identity): There exists an €’ € R such that for everyr € R,r-e’ = ¢ -r =r.

3. (Distributive property): For every ri,re,r3 € R, (11 +12) - 13 = (11 - 73) + (r2 - 73) and

T (ro4+13) = (r1-72) + (110 73).

Further, (R,+, ") is called a commutative ring if for every ri,ro € R, 19 =19 - 11.

For example, (Z, +, X) is a commutative ring, where as (M, (R), +, %) is a non-commutative

ring, where * the denotes matrix multiplication operation.

Definition 2.3 (Field) A ring (F,+,-) is called a field if (F,-) is a commutative group. The
identities of (F,+) and (F,-) are called additive and multiplicative identities of F respectively.

For examples, (Q, +, X), (R, +, x), (C, +, x) and (Z,,, +,, X,) are fields, where n is a prime

number, Z, = {0,...,n—1} and +,, x,, are addition and multiplication modulo n respectively.

Remark 2.1 For simplicity of notations, we would often denote an other algebraic object like

a group or a ring with the underlying set without mentioning the associated operations.
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Definition 2.4 (Characteristic of a field) Let F be a field having 0 and 1 as the additive
and multiplicative identities respectively. We say that F has characteristic n for some n € N*
if it is the smallest number such that n -1 = 0. If such an n does not exist, we say F has

characteristic zero. The characteristic of F is denoted as char(F).
It is an easy exercise to prove the following fact.

Fact 2.1 (Value of the characteristic of a field) Let F be a field. Then, char(F) is either

0 or a prime number.

Definition 2.5 (Vector space and subspace) Let (F,+,-) be a field and (U,+) be a com-
mutative group. Then, U is said to be a vector space over F (or an F-vector space), if there

exists o : F x U — U such that the following properties are satisfied.
1. For every a € F,u,v € Uyao (u+v) = (aou) + (aow).
2. For every a, B € F,u e U, (a-f)ou=ao(fou).

3. For every a, B € F,u € U,(a+ B)ou= (aou)+ (8 ou), where + on the L.H.S. and on
the R.H.S. are operations of F and U respectively.

4. For everyu € U, 1 0u = u, where 1 is the multiplicative identity of F.

Elements of a vector space are called vectors. A subset W C U is said to be an F-subspace of

U if (W, +) is an F-vector space, where + is the binary operation of U.

For example, (M, (F),+) is a F-vector space. Let U = {f € R[zy,...,x,] : deg(f) < d},
where deg(f) denotes the total degree of f. Then, (U,+) is an R-vector space.

In Definitions 2.6 - 2.8, F is a field, U is an F-vector space, and W C U.

Definition 2.6 (Linearly dependent and independent sets) W is said to be F-linearly
dependent if there exist wy,...,w, € W and ay,...,a, € F such that for some i € [n], a; # 0

and cywy + - - - + a,w, = 0. Otherwise, W is said to be F-linearly independent.

Definition 2.7 (Generating system of a vector space) W is said to be a generating sys-
tem (or a spanning set) of U if for everyu € U, there exist wy, ..., w, € W, and oy, ...,a, € F

such that cywy + - - - + aw, = u.
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Definition 2.8 (Basis and the dimension of a vector space) W is said to be an F-basis
of U (or simply a basis of U) if it is F-linearly independent and also a generating system of U.
The dimension of U, denoted dim U, is defined as the cardinality of a basis of U".

For example, for i, € [n], let E;; € M,(F) such that the (i,7)-th entry of E;; is 1
and every other entry is 0. Then, {E;; : i,j € [n]} is an F-basis of (M, (F),+) and thus
dim(M,,(F)) = n?. Let U = {f € Flz] : deg(f) < d}. Then, {1,x,...,2%} is an F-basis of U
and hence dim(U) = d + 1.

It is easy to prove the following.

Observation 2.1 (Linearly independent set extends to a basis) Let F be a field and U
be an F-vector space such that dimU =n. Let W C U be an F-linearly independent set. Then,
there exists a basis of U, which contains W. Thus, if |W| =n then W is a basis of U.

Definition 2.9 (Sum and direct sum of subspaces) Let F be a field, U be an F-vector
space, and W1, Wy be subspaces of U. Then, the sum of Wi and Wy is defined as Wi + Wy :=
{wy +wy : wy € Wy, wy € Wat. Further, Wy + Wy is said to be a direct sum, denoted Wy & W,
if Wi N Wy = {0}, where 0 € U is the zero vector.

It is a simple exercise to prove the following.

Observation 2.2 (Dimension of the direct sum of subspaces) Let F be a field, U be an
F-vector space, and Wy, Wy be subspaces of U such that W1+ W5 is a direct sum. Then, W& W,
s a subspace of U and dim Wy & Wy = dim W7 + dim Ws.

Definition 2.10 (Linear map) LetF be a field and U, W be F-vector spaces. A map ¢ : U —
W is said to be F-linear if for every uy,us € U, o, 5 € F, p(auy + Bug) = ap(uy) + Bo(us). If

© 1is bijective then it is called an isomorphism of F-vector spaces.

For example, let U = {f € F[z] : deg(f) < d}. Then, ¢ : U — F* ag+ajz+- -+ agr? —

(v, - .., ayq) is an isomorphism of F-vector spaces.

Definition 2.11 (Matrix associated with a linear map) Let n,m,r,s € N, F be a field
and Uy and Uy be F-subspaces of F™ and F™ respectively such that dimU; = r and dim Us = s.

Tt is a well-known fact in linear algebra that every vector space over any field F has a basis and any two
bases of an F-vector space have same cardinalities.
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Let ¢ : Uy — Uy be an F-linear map and uy := (uy1,...,u1,) and ug := (ug1,...,Us) be

F-bases of Uy and Uy respectively. For every i € [r], let a;1,...,a;s € F such that

S

plur) = ajjuy;.

J=1

Then, A = (a;;)icp,jels) 15 said to be the matriz associated with ¢ with respect to the ordered

bases uy and vy of Uy and U, respectively.

Definition 2.12 (Extension field and its degree) Let F,LL be fields such that F C L and
the operations of F and same as operation of L restricted to F. Then, L is called an extension
field of F. Note that L is also an F-vector space and the degree of the field extension, denoted
[L : ], is the dimension of L over F.

For example, C is a field extension of R of degree 2 as {1,i} is an R-basis of C.

Definition 2.13 (Algebraically closed field) A field F is said to be algebraically closed if

for every non-constant polynomial f € Fx], there exists an o € F such that f(a) = 0.
It is a well-known fact in mathematics that C is an algebraically closed field.

Definition 2.14 (Algebraic closure of a field) LetF be a field. Then, the algebraic closure
of F, denoted F, is an extension field of F such that for every non-constant f € F[x], there exists
an o € F such that f(a) = 0.

For example, C is the algebraic closure of R. The following is a well-known fact in algebra,

whose proof can be found in any standard textbook on field theory or abstract algebra.
Fact 2.2 FEvery field F has an algebraic closure F.

Definition 2.15 (Invariant space) Let U be an F-vector space, 7 C Endg(U), and W C U
be an F-subspace. Then, U is said to be T -invariant if for every ¢ € T, w € W, p(w) € W. If
T C M,(F) then the ‘invariant space of " means a 7 -invariant subspace of F™.

Definition 2.16 (Irreducible invariant space) Let U be an F-vector space, 7 C Endg(U),
and W C U be a  -invariant space. Then, W is called an irreducible 7 -invariant space if
there do not exist 7 -invariant subspaces Wi, Wy C W such that W = W, & W.
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Definition 2.17 (Closure of a vector) Let U be an F-vector space,  C Endg(U), and
u € U. Then, the closure of u with respect to 7, denoted closures(u), is the smallest T -

wvariant subspace of U containing .

Definition 2.18 (Algebra over a field) Let F be a field and (<7,4) be an F-vector space.
Then, (<7 ,+) is called an algebra over F (or an F-algebra) if there exists o : of X of — o such
that the following properties are satisfied:

1. For every uy, us, u3 € &, (u;+us)ous = uyouz+usous and uio(us+us) = Uy 0Usy+ui 0U3.
2. For every o, 8 € Fuy,us € &, (uy) o (Pug) = (af)(ug o ug).

Further, if o/ also contains the identity with respect to o (called the multiplicative identity) then

o is called as a unital algebra.

For example, (M, (F), +, %) is an F-algebra and popularly known as matriz algebra. Another

example of an F-algebra is (F[x], +, *).

Remark 2.2 Let F be a field, U be an F-vector space, and uy,...,u, € U. Then, the F-
algebra generated by uy, ..., u,, is the set containing finite F-linear combinations of powers of

ag,...,U0,.

Remark 2.3 Whenever we say a basis of an F-algebra <f , we mean an F-basis of the F-vector

space o .

Definition 2.19 (Algebra homomorphism and isomorphism) Let <7, B be F-algebras and
o9 — AB. Then, p is said to be an F-algebra homomorphism if for every ui,us € &, a, 8 €
F, p(au; + Bus) = ap(ur) + Be(us) and o(uy o ug) = p(uy) o p(us). If & B are unital with
multiplicative identities 1, and 1y then o(1,) = lg. Further, ¢ is said to be an F-algebra

isomorphism if it is an F-algebra homomorphism and bijective.

For example, (M, (F),+,*) and (I, ® M,(F),+,x*) are F-algebras, where I,, ® M,(F) =
{I,®A:Ae M,(F)} (see Definition 2.20 below). Then, ¢ : M, — I, ® M,, A I, ® Ais an

F-algebra isomorphism.

Definition 2.20 (Tensor product of matrices) Letn € N*, F be a field, A = (a;;); jepm), B =
(bij)ijem) € Mn(F). Then, the tensor product of A and B, denoted A ® B, is the following

n? x n? matrixz over F
CLLlB cee al,nB

CLn’lB cee ant
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where fori,j € [n],a; ;B = (a;; - bk,l)k,le[n]-

Now, we present an important result, which will be used in the equivalence test for the
determinant given in Chapter 4. This result is a special case of the Skolem-Noether theorem

(see page 173 of [Lor08] for the general statement of the Skolem-Noether theorem).

Theorem 2.1 (Skolem-Noether) Let n,s € N* such that n | s, and &/ C M; be an F-
algebra (containing Is) that is isomorphic to M,, via a map ¢ : M,, — </ . Then, there exists a
K € GL(s,F) such that for every C' € M,,

6(C) = K (Ija @ C) - K.

Definition 2.21 (Characteristic polynomial and eigenvalues) Let n € N,F be a field
and A € M,(F). Then, the characteristic polynomial of A is defined as the determinant of
(xl, — A), where z is a formal variable. The roots of the characteristic polynomial of A are

called as the eigenvalues of A.
It is easy to prove the following.

Fact 2.3 (Similar matrices have same characteristic polynomials) Let n € N, be a
field, A € M,,(F) and B € GL(n,F). Then, the characteristic polynomials of A and B-A- B!

are the same.

The proofs of the following fact can be found in any standard textbook of linear algebra.

Fact 2.4 (Cayley-Hamilton theorem) Let n € NJF be a field, A € M,(F) and p(x) be the
characteristic polynomial of A. Then, p(A) = 0.

Fact 2.5 (Jordan normal form) Letn € N, F be a field and F be the algebraic closure of F.
Let A € M,(F), ay,...,a, € F be distinct eigenvalues of A and oy appears n; times for every
i € [r]. Then, ny+---+n, =n. Fori€ [r], let J; € M,,(F) be an upper triangular matriz',
where every diagonal entry is oy, for 1 € [n; — 1], the (I,1 + 1)-th entry is 1 and every other
entry is 0. Then, there exists a B € GL(n,F) such that

A=B"'.J.B,

where J = diag(Jy, ..., J;) is a block-diagonal matriz having Jy, ..., J, as the diagonal block.

!The matrix J; is called as the Jordan block corresponding to a;.
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Definition 2.22 (Sylvester matrix) Let F be a field, f = apa™ + -+ + 12 + g and g =
Bax® + -+ + Bix + By, where for every i € [m],j € [d],q;, B; € F,am # 0,84 # 0. Then, the
Sylvester matriz of f and g, denoted Sy, is a (m + d) x (m + d) matriz, that looks as follows

Oy, Q1+ 01 g O 0
0 Oy, "+ a9 o Qg 0
ng = 0 0 0 0 Ay, Opp—1 a1 o |,
Ba PBa—1--- Bo 0 0 0 0 O
0 0--- 0 0 0 Bs - B Bo

The following important well-known property associated with Sy, gives us a way to test if

the ged(f, d) is non-constant or not.

Fact 2.6 (Determinant of the Sylvester matrix) Let F be a field and f,g € F[x]. Then,
ged(f, g) is non-constant if and only if det(Sy,q) = 0.

2.1.2 Symmetries of a polynomial

Definition 2.23 (Symmetries of a polynomial) Let n € N|F be a field, x = {z1,...,2,}
and f € F[x|. Then, A € GL(n,F) is called a symmetry of f if f = f(Ax). The set of
symmetries of f is called as the group of symmetries of f, denoted ¥y, as it forms a group with

respect to matriz multiplication.
The following two definitions would be used in Chapter 3.

Definition 2.24 (Characterisation by symmetries) Let F be a field, x be a set of variables
and g € F[x] be a homogeneous polynomial of degree d, i.e., every monomial of g has degree
d. Then, g is said to be characterised by its symmetries if for every degree d homogeneous

polynomial f € F[x], ¥, C 9, implies that f(x) = - g(x) for some o € F.

Definition 2.25 (Characterization by circuit identities) Let g € F[x] be an n-variate
polynomial, and z,u be two sets of constantly many variables and |z| = c. Suppose that there
exist m = poly(n) polynomials ¢(z,u), ..., qn(z, 1) over F such that for every i € [m], q; is
computable by a constant size arithmetic circuit and there are matrices A, ..., A € Flu]™*"
computable by poly(n) size circuits, and the following condition is satisfied: For f € F[x],
¢(f(Anx),..., f(Aiex),u) =0 for every i € [m] if and only if f = «- g for some a € F. Then,

g 18 characterized by circuit identities over IF.
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Definition 2.25 has been taken after slightly modifying Definition 3.4.7 in [Grol2], to suit

our purpose.

2.1.3 Partial derivatives of a polynomial

Definition 2.26 (Partial derivative) Let n,d € N,x = {z1,...,2,},F be a field and [ €
F[x] be a degree d polynomial, where f =Y o G -+ 2" and e = (eq,...,e,). Then, the

first-order partial derivative of f with respect to x; for some i € [n| is defined as

e ei—1
g e ” O A
8@

echn j€ln\{i}

Note that if f is not a constant and char(F) > d then % # 0 for every i € [n]. Now we
record some useful properties of partial derivatives. We direct interested reader to [CKW11]

for many interesting applications of partial derivatives in ACT.

Important properties of partial derivatives. Let f,g € F[x|, o, € F, and « € x be an
arbitrary variable.
1. (Linearity). aﬁ(ozf + Bg) = a —l— ﬁ

2. (Derivative of the product). %fg = % + g%

3. (Chain rule). Let h € Flyi,...,y,] and g = (g1, ..., gr), where g; € F[x] for every i € [r].
Let hog:= h(g1(x),...,g-(x)). Then,

_ 5 ok O
i€[r] agl Oz
where g—h means a S (g). Clearly, § ah - € Flx] for every i € [r].

The chain rule of partial derivatives implies the following observation.

Observation 2.3 Let n € NJF be a field, x = {x1,...,2,}, f € F[x],A € GL(n,F) and
N
Vf= (%)xex. Then,
V(Ax) = AT[V f](4x).
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2.1.4 Hessian of a polynomial

Definition 2.27 (Hessian and the Hessian determinant) Let n € N;x = {z1,...,2,},F
be a field and f € F[x|. Then, the Hessian of f, denoted Hy, is the following matriz

82
Hy = (a af ) !
LiOTj i,j€[n]
2f . 8

Deide; = oo (%) for every i,j € [n]. The determinant of Hy is called as the Hessian
determinant of f. Clearly, det(Hy) € F[x].

where

The following properties are very useful in the equivalence test for regular ROFs given in
Chapter 5.

Fact 2.7 (Lemma 2.6 of [CKWI11]) Let n € Nyx = {z1,...,2,},F be a field, f € F[x], A €
M, (F), and g = f(Ax). Then,
H,= AT . H;(Ax) - A.

It is easy to prove the following.

Fact 2.8 Letn € Nyx = {xy,...,2,},F be a field, b € F*, and f € F[x]. Then,
Hixeiw) = Hy.

These two facts immediately imply the following.

Corollary 2.1 Let n € Nyx = {x1,...,2,},F be a field, g € F[x],A € GL(n,F),b € F" and
f=g9(Ax+Db). Then,
det(H;) = (det(A))* det(H,)(Ax + b).

2.1.5 Lie algebra of a polynomial

We start this section with the following definition, which would be crucially used in Chapter 4.

Definition 2.28 (Lie bracket) Let n € N,F be a field and A, B € M,(F). Then, the Lie
bracket of A, B, denoted [A, B, is defined as [A, B] = AB — BA.

Consider the following definition of the Lie algebra of a polynomial. For a more abstract
definition of the Lie algebra, that is based on the Lie brackets, we direct the reader to Chapter
2 of [Hal03]. The equivalence of this following definition of the Lie algebra of a polynomial and
the definition given in [Hal03] follows from Theorem 2.27 of [Hal03].
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Definition 2.29 (Lie algebra) Letn € N;x = {xy,...,2,},F be a field, f € Fx]| and € be a
formal variable satisfying €2 = 0. Then, the Lie algebra of f, denoted gy, is a subset of M, (F)
such that every A € gy satisfies the following

f((Ln + eA)x) — f(x) = 0.

It follows from the definition that gs is an F-vector space. The following fact is important

and is easy to prove.

Fact 2.9 (Lie algebra closed under Lie bracket) Let f € F[x| and A,B € g;. Then,
[A, Bl € g

The following definition, which we call the working definition of the Lie algebra of a polyno-
mial, uses first order partial derivatives of a polynomial. This definition is taken from [Kay12].
Claim 58 in [Kay12] shown the equivalence of Definitions 2.29 and 2.30.

Definition 2.30 (The working definition of g;) Let n € N,x = {z1,...,2,},F be a field,
and f € Fx]. Then, gy is the set of matrices in M,(F), such that every A = (a;;)i jcin] € 9y

satisfies the following equation.

af
Z Q; ;T4 a—x =0. (21)

The following fact relates Lie algebras of two equivalent polynomials. This fact is Proposition
58 in [Kay12]. This fact will be extensively useful for a special case of the equivalence test of

NW given in Chapter 3 and the equivalence test for the determinant given in Chapter 4.

Fact 2.10 (Conjugacy relation of Lie algebras) Letn € N,;x = {zy,...,2,},F be a field,
[ €F[x],A € GL(n,F) and h = f(Ax). Then,

1

gn=A"-g; A

2.1.6 Essential and redundant variables of a polynomial

Definition 2.31 (Number of essential variables) Let n,s € N;x = {xy,...,z,},F be a
field and f € F[x]. We say that f has s essential variables if there exists an A € GL(n,F) such
that |var(f(Ax))| = s and there does not exist an A" € GL(n,F) such that |var(f(A'x))| < s.

In this case, the number of redundant variables in f is (n — s).
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We borrow the notation Ngs(f) from [Car06] to denote the number of essential variables in
f. The following fact relates Nss(f) with the dimension of <% Tx € x>. The proof of this fact
follows from the proof of Claim 2.3 in [KNST19].

Fact 2.11 (Relation between essential variables and partials) Let n,d € N, be a field
such that char(F) =0 or > d, x = {x1,...,x,}, and f € F[x] be a polynomial having individual
degree at most d. Let U := <% ‘T € x>. Then, Ness(f) = dimU. Further, there exists z C x
such that {g—’; RS z} is a basis of U if and only if there exists an A € GL(n,F) which maps
every variable in x \ z to itself, var(f(Ax)) =z, and Ness(f) = |z|.

By exploiting the relationship given in the above fact, [Car06] gave a polynomial time algorithm
to remove redundant variables from f, when the input is the coefficient vector of f. [Kayll]
gave a randomized algorithm for the same when f is given as a black-box. We talk more about

algorithms to remove redundant variables from a polynomial in Section 2.2.2.

Definition 2.32 (Essential and redundant variables) Letn,d € N;x = {xy,...,2,}, and
F be a field. Then, z C x is called a set of essential variables of f if Ness(f) = |z| and there
exists an A € GL(n,F) such that f(Ax) € F[z]. Once we fix such a z, every other variable in

x 1s said to be redundant for f.

Observe that a set of essential variables of a polynomial need not be unique. The following

three observations would be required for the ET for regular ROFs given in Chapter 5.

Observation 2.4 Letn,d € N, x andy be disjoint sets of variables such that |x|+|y| = n, and
F be a field satisfying either char(F) = 0 or char(F) > d. Let h € F[x] be such that deg(h) < d
and Ness(h) = |x|. Let z Cx Wy and A € GL(n,F) such that |z| = |x| and h(A(x,y)) € F|z].

Then, A maps every x-variable to a linear form in z-variables.

Proof: First, we assume that x = z. Suppose the rows and columns of A are labelled by the

ordered tuple (x,y) and A looks like

A A
Ay Ay

Y

where the rows and columns of Ay, Ay are labelled by x and y respectively. Note that it is
sufficient to show that A; is the zero matrix. Let g(x,y) = h(A(x,y)). Then, it follows from
Observation 2.3 that

Vg(x,y) = AT[VA](A(x,y)), (2:2)
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T
Let Vg = ([Vglx, [Vyly)", where [Vg]x = (@)mex and [Vgly, = (g—g) . Similarly, let

ox
yey
Vh = ([Vhlx, [VRh]y)T. As g,h € F[x], for every y € y,g—i = g—z = 0. This implies [Vg], =

[Vh]y = 0. Since x is the set of essential variables of h, all the entries in [Vh|x are F-linearly
independent and thus all the entries in [Vh]x(A(x,y)) are also F-linearly independent. Now,
it is easy to see from Equation (2.2) and the structure of A that every entry of AT should be
equal to 0. Otherwise, we get a non-zero linear combination of %(A(x, y)),z € x, which is
equal to 0 and this is a contradiction.

Now, suppose x # z. Let P € GL(n,F) be a permutation matrix, that maps x to z, z to x
and every other variable to itself. We know h(A(x,y)) € F[z]. Then, note that h(AP(x,y)) €
F[x]. Now, it follows from the above argument that AP maps every variable in x to a linear
form in x-variables. It is not difficult to see that this implies that A maps every variable in x

to a linear form in z-variables. O

Observation 2.5 Let d € N, x and y be disjoint sets of variables and F be a field satisfying
char(F) = 0 or char(F) > d. Let h(x,y) = g(x)¢ - p(X,y), where deg(h) < d, g(x),p(x,y) are

co-prime and e > 1. Suppose every variable in X is essential for g and

oh oh
j{:(lmzi£'+’§E:,8yE§§ = O,

reEX yey

where o, By € F for every x € x,y € y. Then, a, =0 for every x € x.

Proof: Since h = g(x)¢ - p(x,y) and e > 1, we get

0 4 0 N,
ZO&z (gea—iJre-ge 1-pa—i>+2@,g 8—5:().

TEX yey

e—1

On dividing the above equation by ¢g¢~' and rearranging the terms we get

0 0 0
9<Zaxa—i+2ﬁya—§> +e-p<2axa—i> =0.

rEX yey reEX

As char(F) = 0 or char(F) > d,% # 0,% # 0,2—5 # 0 for every v € x,y € y. Let ¢ =

<erx az% + D ey Byg—z> and p' = (>, oy O./x%). If ¢ =0, then we get p" = 0 . Otherwise,
g divides e - p - p/. Since g and p are co-prime polynomials, ¢ divides p/, which is not possible
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unless p’ = 0 as deg(p’) < deg(g). Thus, in both the cases we get

8
29 .
8x
TrEX
As every variable in x is essential for g, Fact 2.11 we get «a, = 0 for every = € x. a

Observation 2.6 Let d € N, {x1, 22} and y be disjoint sets of variables and F be a field
satisfying char(F) = 0 or char(F) > d. Let h(w1,22,y) = Y ;50 0i(y) - (2122)" be a polynomial
of degree at most d such that p;(y) # 0 for some i > 1. Suppose

oh
ala—+a2—+Zﬁy — ,
1 vey

where ay, sz, By € F for everyy € y. Then, a; = ay = 0.

Proof: As char(F) = 0 or char(F) > d, 2 #£0, 2 833 #0, and 2" , 7 0 for every y € y. Since

" By
):0.

h(x,y) = > i Pi(y)(2122)", the above equation can be written as
Note that in this equation, the polynomials a; (Ziz1 1P xil_lxé), Qo (2121 i-pi-wtah 1),

aq (Zz pi - it ’) + an (Zi-pl Tk 1) +Zﬂy <Z(m1x2)’

i>1 i>1 yey i>0

Op;
dy

and > B, <Z(I1$2)i%—’;> do not have common monomials in z1,z, variables. Thus, each
>0

of these three polynomials should be equal to zero. Suppose oy # 0. Then,

lez 111_0

i>1

As char(F) = 0 or char(F) > d and for every i > 1, p; € F[y], we get from the above equation
that p; = 0 for every ¢ > 1, which is a contradiction. Thus, a; = 0. Similarly, ay = 0. O

2.1.7 Orbit of a polynomial

First consider the following definition.

Definition 2.33 (Affine projection) An n-variate polynomial f(x) is said to be an affine
projection of an m-variate polynomial g if there exist an A € F™*" and a b € F™ such that
f=g9(Ax +b).
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Definition 2.34 (Orbit) Letn € N,x = {x1,...,z,, },F be a field and f € F[x|. Then, the
orbit of f, denoted orb(f), is the set {f(Ax) : A € GL(n,F)}.

It is easy to prove the following fact.

Fact 2.12 Letn € Nyx = {z1,...,x,}, f € F[x] and g = f(Ax+b), where A € GL(n,F) and
b € F". Then, Ness(f) = Ness(g)-

2.1.8 Algebraic models of computation

Definition 2.35 (Arithmetic circuit) Let n € N|F be a field and x = {x1,...,x2,}. An
arithmetic circuit C over F is a directed acyclic graph, where leaf nodes are labelled by x and
constants from F, other nodes are labelled by +, x,—,+ and edges are labelled by constants
from . A node labelled by + or x has arbitrary fan-in and labelled by — or = has fan-in two.
Computation in C happens as follows: Nodes having in-degree zero compute their labels; if v
is a + node (respectively, a x node) having children vy, ..., v, such that for every i € [r|, the
edge connecting v; to v is labelled by c; then v computes Zz‘e[r] a;v; (respectively, Hie[r] a;v;); if

v is a — node (respectively, a + node) having children vy, ve such that edge connecting v; to v

101

has label o then v computes ayvy — agvy (Tespectively, au,

provided asvy # 0). The rational
function computed by the node having out-degree 0 is said to be the output of C.

An example of an arithmetic circuit is given in Figure 1.1.2. We restrict our attention to
arithmetic circuits computing polynomials. As argued in Section 1.1.2, we will assume that the

non-leaf nodes in an arithmetic circuit are labelled by + and x operations.

Definition 2.36 (ABP) Let d € N, F be a field and x be a set of variables. An algebraic
branching program (ABP for short) is a directed acyclic graph having d + 1 layers labelled by
0,...,d, where the first and the last layer have exactly one node each, called the source (denoted
s), and the sink (denoted t) respectively and fori € [d— 1], the i-th layer has w; many vertices.
The edges are present only between vertices of adjacent layers and every edge is labelled by a
linear form in F[x]|. Suppose p = (e1,...,eq) is an s-t path, where e; is an edge from layer

(i — 1) to layer i and the label of e; is the linear form {;. Let g, :={y---Ly. Then > g, is
p:s-t path
the polynomial computed by this ABP.

Definition 2.37 (Arithmetic formula) An arithmetic circuit C is called an arithmetic for-

mula if the underlying graph of C is a tree.

o6



Remark 2.4 Let C be an arithmetic formula. Without loss of generality, we assume from now
on that C has alternate layers of + and X nodes, every non-leaf node in C has fan-in at least

two and every child of a x gate in C computes a non-constant polynomial.

The product-depth of C is the number of x gate in a longest path in C from a leaf node to the

root node of C.

Remark 2.5 Let C be an arithmetic circuit. For convenience, we would also use C to denote
the polynomial computed by C. Similarly, if v is a node of C then v would also denote the

polynomial it computes.

Definition 2.38 (ROF) An arithmetic formula C over a field F is said to be a read-once
arithmetic formula (in short, an ROF) if every leaf of C is labelled by either a distinct variable
or a constant from . If the root node of C is a + node then we call it a +-rooted ROF, otherwise
it 1s called a x-rooted ROF.

It follows immediately from the above definition that every ROF computes a mutlilinear

polynomial. The following useful property of ROF would be frequently used in Chapter 5.

Observation 2.7 (Irreducibility of a +-rooted ROF) Let T be a field and C be a +-rooted
ROF over F. Then, C is irreducible over F.

Proof: Let C=1T,+---+ T+~ , where for every [ € [s], T is either a variable or a x-rooted
sub-ROF of C and v € F. Suppose var(C) = x. We know that C is a multilinear polynomial in

F[x]. We prove the result in two cases.

Case 1: s > 2. Suppose Cisreducible. Then, there exist non-constant polynomials ¢;, go € F[x]
such that C = g1g2. Since C is multilinear, var(g;) Nvar(g2) = 0. As ¢ is non-constant, var(g;)
contains a variable from var(7}) for some [ € [s]. Then, for every k € [s]\ {l}, var(T;) C var(g;),
otherwise we get a monomial in C containing variables from var(7}) and var(7;), which is not
possible. As go is non-constant and var(g;) N var(ge) = 0, var(ge) must contain some variable
in var(7;) \ var(g;). Thus, we get a monomial in C, which contains variables from var(7}) and
var(7},) for some k € [s] \ {{}. This is a contradiction.

Case 2: s = 1. If y =0 then C is not a +-rooted ROF, so v # 0. Then, T} is either a variable
or Ty = Q1+ Qm, where m > 2 and for every i € [m], Q; is either a +-rooted sub-ROF of

C or a variable. If 77 is a variable then C is clearly irreducible. Otherwise, let p; = @1 and
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P2 = Q2+ Q. Then, C = p1py+ and var(p;)Nvar(ps) = (). Suppose there exist non-constant
polynomials gq, g2 € F[x] such that C = g;¢2. As C is multilinear, g, go are also multilinear and

var(g;) N var(gy) = 0. Then,
P2 +7 = 9192 (2.3)
Assume without loss of generality that there exists x; € var(p;) N var(g;). Suppose there

exists y; € var(pa) N var(ge). In this case, we substitute every variable in var(p;) \ {z;} and
var(ps) \ {y1} with random F-constants.! After this, Equation (2.3) looks like

(a1 + ap)(asys + a2) +v = (Bizr + Bo)(Bsyr + Ba),

where g, a1, ag, as, By, b1, B2, B3 € F and it follows from the Schwartz-Zippel lemma (Fact 2.13)
that aq, 83 # 0 with high probability. Now, on substituting x; = ;—‘IO in the above equation,

we get v = (%ﬁo _|_50> (Bsy1 + B2). This can never happen as (—Ozao +50) (Bsyr + Ba)
is either zero or it contains y;, whereas 7 € F \ {0}. Thus we get a contradiction. Now,

suppose var(gz) N var(pe) = 0. Thus, var(py) C var(gi). As go is non-constant, there exists
x) € var(ge)Nvar(p;y). Pick ay] € var(py) arbitrarily. We substitute all variables of var(p;)\{z] }
and var(ps) \ {y}} with random F-constants. Now, using the same argument as before, we get

a contradiction. Hence, C is irreducible over F. O

Definition 2.39 (Canonical ROF) Let F be a field and C be an ROF over F. Then, C is
said to be a canonical ROF if the label associated with every edge in C is one and every + gate

C has at most 1 variable child or at most one constant child but not both.

It is not difficult to show that every ROF is in the orbit of a canonical ROF. Thus, from

the viewpoint of equivalence testing, canonical ROFs capture general ROF's.

Definition 2.40 (Regular ROF) A canonical ROF C over a field is said to be reqular if the

parent of every variable in C is a X gate.

As mentioned in Sections 1.2 and 1.3.3, a useful example of a regular ROF is an arithmetic

circuit in a read-once alternating normal form (ROANF), which is defined below.

Definition 2.41 (ROANF) A canonical ROF C over a field F is said to be in the read-once
alternating normal form (in short, ROANF) if the underlying tree of C is a complete binary tree,

the bottom-most layer contains X nodes, and every leaf node is labelled by a distinct variable.
Thus, if C is an ROANF and has product-depth A then |var(C)| = 42.

'For this, we need |F| > n. If it is not the case, we work with a large enough extension field L. of F and give
the argument over L. Clearly, if C is irreducible over L, it has to be irreducible over F.
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The following property of canonical ROF's is useful for Chapters 5 and 6.

Observation 2.8 (Canonical ROFs are free from redundant variables) Let C be a canon-

ical ROF over a field F and x = var(C). Then, every variable in x is essential for C.

Proof: Fact 2.11 implies that it is sufficient to show that {%—S tx € X} is [F-linearly indepen-
dent. As C is multilinear, for every x € x, % # 0. Consider the following equation

ac

a _— =
T ox
TEX

0, (2.4)

where for every z € x,a, € F. Let x € x be an arbitrary variable. Then, path(x) denotes
the path starting from the root of C to x and the product-depth of z, denoted A, is defined
as the number of product gates appearing on path(z). For i € [A,], let I,; denote the set of
indices of those children of the i-th product gate on path(x), which do not lie on this path.
Let Ny = {Qu,ij @ € [Ay],j € I,;}. Then, for every i € [A;],7 € I, Qs is a sibling of a
+-rooted ROF, which lies on path(z) and is a child of the i-th product gate on path(x). Thus,
(Q)s,i j is either a variable or a +-rooted sub-ROF of C. Observe that

oC
% = H H Qx,i,j-

i€[Ag] j€ e i

Let € x be arbitrary. Then, we claim that there does not exist 2’ € x \ {z} satisfying
A, < A, such that N, C N,.. Suppose this is not true. Then, note that A, = A,. As
N, € Ny and A, = A,/ observe that this means that = and z’ are children of the same + gate
in C. But this contradicts the fact that C is a canonical ROF. Hence, such an 2’ does not exist.

Now, we show that there exists a monomial p, in %—g such that for every 2/ € x, where
Ay < A,, pg is not a monomial of g—g. Let i € [A;],7 € I,; be arbitrary, p,;; be the largest
monomial of ), ;; under a degree lexicographic order on F[x] and p, = Hie[ Auljel,; Pag- Let
2" € x \ {z} be an arbitrary variable such that A, < A,. Suppose the first common ancestor
gate of z and 2/ in C is a + gate. As C is canonical, it is not difficult to see that there exists
a Quij € Ny \ Npy. Otherwise, there exists a Q,;; € N, \ N, such that N, contains the
0Qui;

oz’

factors of but not @, ;. As p,;; is the largest monomial of @), ; ; according to the degree

lexicographic order, it is not difficult to see that in both the cases, we can not get a monomial
. 9C aC
8 /

in 9, ~. We repeat this for

every variable in x in the non-increasing order of their product-depths. Then, it is not difficult

which is divisible by p,; ; and hence p, can not be a monomial of

to see that since C is canonical, for every = € x, o, = 0 in Equation (2.4). O
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Corollary 2.2 (Regular ROFs do not have redundant variables) LetC be a regular ROF

over a field F and x = var(C). Then, every variable in x is essential for C.

2.2 Algorithmic preliminaries

We first give some basic algorithmic results, then give some algorithms related to removal of
redundant variables from a polynomial, then give known PE algorithms for quadratic forms
over different fields, and finally state known algorithmic results on full matriz isomorphism

problem over finite fields and Q.

2.2.1 Basic algorithmic facts
Let F be a field, x be a set of n variables and f € F[x]. Then, black-box of f takes a € F" and

outputs f(a). We first record an important result, which implies a polynomial time randomized
black-box PIT algorithm.

Fact 2.13 (Schwartz-Zippel lemma) [DL78, Zip79, Sch80] Let n,d € N,F be a field such
that |F| > d, S C T be a finite subset satisfying |S| > d, x = {x1,...,x,} and f € F[x| be a

non-zero polynomaial. Then,

d
ai,..., aiErS(f<a1’ ’a”> ) = | |7
where ay,...,a, €. .S means that ay,...,a, are chosen independently and uniformly at random

from S.

Now, suppose we are given input n,d and a black-box of f and we want to decide whether
[ is identically zero or not. We pick a finite set S C F satisfying |S| > d (provided |F| > d)
and pick ay,...,a, €. S. If f(ay,...,a,) =0 we output f = 0 otherwise output C # 0. The
Schwartz-Zippel lemma implies that our result is correct with high probability. Now, we state

other useful results about a polynomial given as black-box.

Fact 2.14 (Computing black-box access to derivatives) Letn,d € N,x = {xy,...,2,},F
be a field satisfying char(F) = 0 or greater than d and f € F[x] be a degree d polynomial. Given

an x € X and black-box access to f, we can compute black-box access to % in poly(n,d) time.

A proof of the above well-known fact is given in Section 2.2 of [KNST19]. The following
fact follows from Clam 2.2 of [KNST19], whose proof is based on the Schwartz-Zippel lemma.
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Fact 2.15 (Computing black-box access to a basis) Let n,d,m € N,x = {zy,...,2,},
and T be a field satisfying |F| > (dm)?. Suppose we are given black-box access to fi,..., fm €

F[x]. Then, there exists a randomized algorithm which computes black-box access to an F-basis

of {f1,..., fm) in time poly(n,m,d).

The following fact allows us to compute black-box access to an F-basis of the Lie algebra of
a polynomial given as black-box. It was proven in [Kay12] and the proof is based on Equation
(2.1) and Facts 2.14 and 2.15.

Fact 2.16 (Computing a basis of g;) Let n,d € N, be a field satisfying char(F) = 0 or
char(F) > d and f € F[x| be a degree d polynomial. Then, there exists a randomized algorithm
that takes black-box access to f and outputs a basis of gy with high probability in poly(n,d)

time.
The following fact is extensively used in the equivalence test given in Chapter 5.

Fact 2.17 (Black-box polynomial factorization algorithm [KT90]) Let n,d € N,F be a
field satisfying char(F) = 0 or char(F) > d and |F| > d®, x = {x1,...,2,}, and f € F[x] be a
degree d polynomial. Then, there exists a randomized algorithm that takes black-box access to f,
oracle access to a univariate polynomial factorization algorithm over F and outputs black-boxes

of non-zero scalar multiples of irreducible factors of f with high probability in poly(n,d) time.

Remark 2.6 In Chapter 5, we assume that univariate polynomials can be factorized efficiently
over the underlying field F. This implies that the factorization algorithm given in Fact 2.17
15 also efficient over F. This assumption holds over finite fields and Q as efficient univariate

polynomial factorization algorithms are known over these fields (see [Ber70, LLL82b]).

Fact 2.18 (Computing closure of a vector) Let m,n € N, F be a field and T C M, be an
F-vector space of dimension m. Then, there exists a polynomial time algorithm, that takes a
v € F" and a basis {M, ..., My} of T and oulputs a basis of closurez(v).

See Section 4.2 of [KNST19] for a proof of the above fact.

2.2.2 Removal of redundant variables

In this section, we talk about algorithms to get rid of redundant variables from a polynomial.
These algorithms would be used in the equivalence test given in Chapter 5. As mentioned in

Section 2.1.6, algorithms to remove redundant variables are known in two settings - when input
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is a list of coefficients [Car(6] and when the input is a black-box [Kayl11] (see also Claim 2.3
of [KNST19]). In this section, whenever we say that a set of variables z is redundant for an
n-variate polynomial f € F[x], we would mean that there exists A € GL(n,F) such that f(Ax)
does not contain any z-variable. In Claim 2.2.1, we present a slightly general version of the
algorithm [Kay11].

Observation 2.9 Let n,d € N,x be a set of n variables and F be a field satisfying either
char(F) = 0 or char(F) > d and |F| > 2n*d. Suppose we are given y' C x,x’ C x and black-box
access to g € F[x| such that deg(g) < d, {g—z Cy € y’} is F-linearly independent, there ezists
y C x' such that'y’ C 'y andy is a set of essential variables of g. Then, such a 'y can be

computed in randomized poly(n,d) time.

Proof:

Procedure 1 Compute-Essential-Vars(g,y’, x')

Input: Black-box access to g € F[x],y’ C x,x" C x, s.t. {g—g Dy € y’} is F-linearly indepen-
dent and 3y C X/, s.t. y/ Cy and y is a set of essential variables of g.
Output: y C X', s.t. y' Cy and y is a set of essential variables of g.

1. F < asubset of F of size at least 2n%d. y +—y’ and z + x' \ y.

2. for z € z do

3. Compute black-box access to % and g—g for every y € y.

4. For x € y U {z}, let a, be chosen uniformly at random from F". C <
(;—i(axl)Ll esul) If det(C) # 0, theny «+~ yU{z} and z + z \ {z}.

5. end for

6. Return y.

It follows from Fact 2.14 that this algorithm runs in poly(n,d) time. Now, we argue its
correctness. Consider a specific iteration of the loop of lines 2 - 5. For x € y U {z}, let
a, = (Gg;)ic[n). For every i € [n], treat a,; as a variable. Note that det(C') # 0 if and only
if N := % : © € yU{z}} is F-linearly independent. Since deg(det(C)) < nd, the Schwartz-
Zippel implies that after substituting a, ;s with random values, the probability that N is linearly

independent but det(C') = 0 is at most QZZ - Now, by using the union bound on the error prob-
ability, we get that y computed at the end of the algorithm satisfies the desired property with

probability at least % a
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Claim 2.2.1 (Eliminating redundant variables) Letn,d € N,F be a field satisfying char(F) =
0 or char(F) > d and |F| > 2nd?, x = {x1,..., 2.}, g € F[x] a degree d polynomial and z C x
be a set of redundant variables of g. Then there ezists a randomized poly(n,d) time algorithm
that takes input z and black-box access to g and outputs an A € GL(n,F) that maps every

z-variable to itself such that g(Ax) Nz = 0 and every variable in var(g(Ax)) is essential.

Proof: The following algorithm is obtained from algorithms given in [Kayll, KNST19] for

removing redundant variables from a polynomial given as black-box.

Algorithm 2 Remove-Redundant-Vars(g, z)

Input: Black-box access to g € F[x] and z C x such that all variables in z are redundant for g.
Output: A € GL(n,F) such that A maps every variable in z to itself and g(Ax) does not

contain a redundant variable, including the z-variables.

1. y < Compute-Essential-Vars(g, 0, x \ z) (Procedure 1), 2’ < x\ y.

2. F < a subset of F of size at least 2n?d.

3. for z € 2’ do

4. Compute the values of o, .,y € y by solving a system of linear equations obtained by
evaluating Equation (2.5) at {a, € F" : y € y}, where a, is chosen independently and

uniformly at random from F™ for every y € y.

dg  0dg
Za%za_y + & = 0. (25)

yey

5. end for
6. Let A € ™" such that Vy € y, z € 2, the (y, z)-th entry of A, is ., the (y,y)-th and
(z,2)-th entry of A is 1 and every other entry is 0. Return A.

It follows from Observation 2.9 that its running time is poly(n,d). Now, we argue its cor-
rectness. Observation 2.9 implies that y is a set of essential variables of f and z Ny = 0.
Hence, z’ is a set of redundant variables of g.

As {g—g Cy € y} forms a basis of {% T € X}, clearly for every z € 2, there exist o, €
F,y € y such that Equation (2.5) is satisfied. Fix z € 2z’ arbitrarily. Let C' be a matrix, whose
rows and columns are labelled by y and for y;,y2 € y, the (y1,y2)-th entry of C' is %(ayg). Let
B, = (—%(ay))yey and o, € FW be such that for y € y, the y-th entry is oy .. Then, Equation
(2.5) implies C' - @, = B,. Now, the Schwartz-Zippel lemma implies that C' is invertible with

high probability and thus we get correct values of o, .,y € y with high probability.
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Consider the matrix A computed in Step 6. Note that is invertible and has the following
structure: A maps every variable in z’ to itself and every y € y to a linear form in y and z'. It

follows from Fact 2.11 that g(Ax) does not have redundant variables including the z-variables.
O

Suppose g1, . . ., gm € F[x] are pairwise variable disjoint polynomials. Then, it is easy to see
that Ness(g1-* gm) = Ness(g1) + -+ + Ness(gm). In Claim 2.2.2, we prove the converse of this
and give an algorithm to compute an A € GL(|x|,F) such that fi(Ax),..., fim(AX) are pairwise

variable disjoint. Before that, we note some useful observations needed for this claim.

Observation 2.10 Let d,m,n € N, T be a field satisfying either char(F) = 0 or char(F) > d,
x={x1,...,x,} and g1, .., gm € F[x] such that deg(gy - gm) < d.

1. Ness(gl e gm) S Ness(gl) + -+ Ness(gm>‘
2. Let Ness(g1 -+ gm) = Ness(g1) + -+ + Ness(gm) and I C [m] be a non-empty set. Then,
Ness (H gz) = Z Ness(gi)-
icl icl
Proof:

1. We know from Fact 2.11 that for every g € F[x], Ness(g) = dim <% .z €x). Fori € [m],

or
Jem\{i}
d, 8353’; # 0 for every i € [m],z € x. Note that for every i € [m], dimU; = dim W;.
Let g = ¢g1-- g and W = % : x€x>. Then, it is easy to see that W is an F-
subspace of Wi + --- + W,,. Hence, dimW < dimW; + --- 4+ dim W,,, which implies

Ness(gl o gm) S Ness(gl) + -+ Ness(gm)-

letU¢=<%:x€x>andW,-:< 1 ¢;-2 :2ex). Aschar(F) = 0 or char(F) >

2. Let I C [m],hy :=[],c;9i and hy := Hie[m]\l gi- We know from Part 1 that Ness(hihs) <
Negs(h1) + Negs(hg).  Suppose Negs(hi) < Y .oy Ness(gi). Then, using Part 1 we get
Ness(hs) < Zie[m]\l Ness(gi), which implies Negs(hiha) < Ness(g1) + -+ - + Ness(gm). This
is a contradiction as hihy = g1 -+ - gm. Hence, Negs([ ;s 9i) = Dt Ness(9i)-

O

Observation 2.11 Let d,n € Nyx = {z1,...,z,} and F be a field satisfying char(F) = 0 or
char(F) > d. Lety C x,p € Fly|, and q € F[x] be such that y is a set of essential variables of
p, deg(pq) < d and Ness(pq) = Ness(D) + Ness(q). Then, y is redundant for q.
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Proof: Let x' C x be a set of essential variables of ¢ and z = x\ y. If X’ Ny = () then y is
redundant for ¢q. Suppose x'Ny # (). In this case, we show that there exists C' € GL(n,F), such
that C' maps every y-variable to a linear form in y-variables, ¢(Cx) does not have redundant
variables and var(q(Cx))Ny = 0. Let y’ Cy and z’ C z such that x’ = y’Wz'. Then, for every
x € x \ X/, there exist oy, 3, € F for every v/ € y’, 2’ € 2’ such that

Zam,y +Zﬁzz aq, 8x

y'ey’ z'cz’!

We call this as the equation corresponding to x. As char(F) = 0 or > d, a—g # 0 for every

x € x. Suppose z € z \ z’. Consider the equation corresponding to z. If there exists ' € y’,

such that o, # 0 then we swap az,yxg—yq, and % in this equation and divide the equation by

: Jq : @y Oq B, 8q 1 9q)\ :

o, . Now, we substitute 5y with — (Zy,,ey Ny} e yl o + Zz et o o8 T m $> in every
equation other that the equation corresponding to z. We 1terat1vely do this for every z \ 7’
satisfying the property that after the substitutions in the previous iterations, for some 3’ € y’
the coefficient of g—; in the equation corresponding to z is still non-zero.

After doing this, we have two sets of equations: in the first set, the R.H.S. of every equation
is g—g for some y € y and in the second set, the R.H.S. of every equation is % for some z € z.
It is easy to note that in every equation in the second set, the coefficient of g—g is equal to O for

every y € y. Let y; C y be such that all the equations in the first set look like

0 0
E o, 2 A , Y1 €Y1, (2.6)
Y1 ax ayl
zex\{y1}

where o/, € F for every y; € y1,2 € x\ {y1}. Similarly, let z; C z be such that all the

T,Y1

equations in the second set look like

q
Z /3.1: ,21 al‘ az 21 € Zl) (27)

zex\{z1} !

where for every z; € z1,x € x\ {z1}, 5., € F. Further, we know that for every z; € z;,z €

T,21

Y, Bi. = 0. Let C be an n x n matrix defined as follows: for every y, € yi,21 € z1,7 €

x \ {yi}, 2" € x\ {z1}, the (y1,91), (21, 21)-th entries of C' are -1, the (z,y;)-th and (2/, z;)-
th entries of C' are o, and 3, , given in Equations (2.6) and (2.7) respectively; for every
x €x\ (y1 Uzy), the (z,2)-th entry of A is 1 and other entries are zero.

Note that for y; € yq, 21 € z; the columns of C' labelled by y; and z; are associated with the

coefficients involved in the Equations (2.6) and (2.7) corresponding to y; and z; respectively.
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Also, notice that z; C z\ z’. It is not difficult to see that for every x € y; Uz, there exists
exactly one equation in the group of equations given in (2.6) and (2.7), where the coefficient of
% is non-zero. Using this we can show that C' € GL(n,F). Observe that C' maps a y-variable to
a linear form in y-variables. Thus, p(Cx) € F[y| and every variable in y is essential for p(Cx).
Further, it follows from the proof of Fact 2.11 given in [KNST19] (see Claim 2.3 in [KNST19])
that ¢(Cx) is free from redundant variables. It is also easy to see that var(¢(Cx)) Ny = 0,

otherwise Ness(pq) < Ness(p) + Ness(q). Thus, y is redundant for q. O

Claim 2.2.2 (Making polynomials variable disjoint) Letn,d,m € N,x = {zy,...,2,},F
be a field satisfying char(F) = 0 or char(F) > d and |F| > 2-nd, and ¢, ..., gm € F[x] such that
Ness(g1+ - gm) = Ness(g1) + -+ Ness(gm). Then there exists a randomized poly(n,d) time algo-
rithm that takes black-box access to gy, ..., gm and outputs an A € GL(n,F) such that for every

i € [m], g; does not contain redundant variables and for i # j € [m], var(g;(Ax)) = var(g;(Ax)).

Proof: We first give the algorithm and then argue its correctness.

Algorithm 3 Make-Polys-Var-Disjoint (g, . . ., gm)

Input: Black-box access to g1, ... gm € F[x] such that Ness(g1 -+ gm) = Ness(g1)++ -+ Ness(gm)-
Output: A € GL(n,F) such that Vi € [m], g;(Ax) does not have redundant variables and for
every i,j € [m],i # j,var(g;(Ax)) Nvar(g;(Ax)) = 0.

1. A+ Ly, y < 0.

2. fori=1,...,mdo

3. A; < Remove-Redundant-Vars(g;(Ax),y),y: < var(g:(AA4;x)).
4. A+ AAy <~ yUy,.

5. end for

6. Return A.

It follows from Claim 2.2.1 that the above algorithm runs in time poly(n,d). The correctness

of the algorithm follows from Subclaim 2.2.1. O

Subclaim 2.2.1 Let i € [m] be arbitrarily chosen and g, A, and'y be as after the i-th iteration
of Algorithm 3. Then, for every j <1, g;(Ax) does not have redundant variables and for every
J.k € il,j # k,g;(Ax) and gp(Ax) are variable disjoint. Further, g(Ax) € Fly| and every

variable in y is essential for g(Ax).

Proof: We prove the subclaim by induction on 7. Suppose ¢ = 1. Then, it follows from

the proof of correctness of Algorithm 2 that g;(Ax) does not have redundant variables and y
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is a set of essential variables of g(Ax). Now, suppose i > 2 and the claim holds for i — 1.
Let ¢ = g1+ gi1, AA = A;--- A1 andy =y, U---Uy; 1. Then, we know from the
induction hypothesis that for every j € [i — 1], g;(A'x) does not have redundant variables, for
every j, k € [i — 1], # k,var(g;(A'x)) Nvar(gx(A'x)) = 0 and ¢'(A'x) € F[y’], such that every
variable in y’ is essential for ¢'(A'x).

Recall g = ¢'g;. Since Ness(g1 - gm) = Ness(g1) + -+ + Ness(gm), Observation 2.10 implies
that Ness(9') = Ness(91) + =+ + Ness(gi-1) and Ness(9) = Ness(9') + Ness(9:). As A’ is an
invertible matrix, Fact 2.12 implies that Ness(g(A'X)) = Negs(g'(A'X)) + Ness(9:(A'x)). Since
from the induction hypothesis, we have that ¢’(A'x) € F[y’] and it has no redundant variables,
it follows from the proof of Observation 2.11 that y’ is a set of redundant variables for g;(A'x).
Then from Claim 2.2.1, A; € GL(n,F) maps every variable in y’ to itself and g;(A’A;x) € Fly;]
is free from redundant variables. Let A = A’A; and y =y’ Uy,. Since A; maps every variable
in y’ to itself, ¢'(Ax) = ¢’(A’x). This immediately implies that for every j € [i], g;(Ax) does
not have redundant variables, for every j, k € [i], j # k, g;(Ax) and gx(Ax) are variable disjoint
and g(Ax) € F[y| does not contain redundant variables. O

The next claim is used in the ET for regular ROF's and it depends on Claim 2.2.2.

Claim 2.2.3 (Making factors variable disjoint) Let d,m,n € N, x = {xy,...,2,} and
F be a field satisfying either char(F) = 0 or char(F) > d and |F| > max{2n?d,d%}. Let
9,915 -+, gm € F[x] be such that g = g1 - - - gm, where g1, ..., gm need not be irreducible, deg(g) <
d and for every i,j € [m],i # j,var(g;) Nvar(g;) = 0. There is a randomized poly(n,d) time
algorithm that takes black-bozx access to g(Bx + d), where B € GL(n,F),d € F" and does the
following:

1. It computes A € GL(n,F) such that for everyi € [m], g;(BAx+d) does not have redundant
variables and for every i,j € [m],i # j,var(g;(BAx + d)) Nvar(g;(BAx +d)) = 0.

2. It also computes a set V = {var(h;;(Ax)) : i € [m],l € [m;]}, where for every i € [m],
there exist m; polynomials h;y, ..., h;m,, such that Hle[mi} hiy = ¢i(Bx +d) and for
distinct 1,1 € [m;], var(h; ;(Ax)) Nvar(h;y (Ax)) = 0.

Proof: We give the algorithm and then argue its correctness.

Algorithm 4 Make-Factors-Var-Disjoint(g(Bx + d))
Input: Black-box access to g(Bx + d), where g = g1 -+ ¢, and Vi, j € [m],i # j,var(g;) N

var(g;) = 0.
Output: A € GL(n,F) and a set V as given in Claim 2.2.3
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1. Factorize g(Bx +d) using Fact 2.17 and N < {hy, ..., hy} is the set of black-boxes of the
irreducible factors of g(Bx + d).

2. while Neoo([T,en ) # 2 nen Ness(h) do

3. Forthefirst i € [|N|], such that Negs(hy -+« h;) # Ness(hi)++ - -+ Ness(hy), find a k € [i—1],
such that Negs(hq -+ hg—1-hi) = Negs(h1) + -+ -+ Ness(hi—1) + Ness(hi) but Negs(hq - - - by, -
hi) < Ness(h) 4 -+ + Ness(hr) + Ness(hi).
N < NU{hg-hi}, N < N\ {hg, h;}.

end while

Let N = {hy,---,hs}. A<+ Make-Polys-Var-Disjoint(hy, ..., hs) (Algorithm 3).

V < {var(h(Ax)),. .., var(hs(Ax))}.

Return A, V.

®© N o

We first figure out the running time of Algorithm 4. Fact 2.17 ensures that Step 1 runs in
randomized polynomial time. Note that there can be at most s’ < d iterations of the the loop
of lines 2-5 and that each iteration executes in poly(n,d) time. Claim 2.2.2 implies that Step
6 also gets executed in randomized poly(n,d) time. In the next step, we can compute V in
randomized polynomial time by using the first-order partial derivatives and a randomized PIT

algorithm. Thus, the above algorithm has running time poly(n, d).

Now, we argue the correctness of this algorithm. We know that ¢ = ¢1---¢,, and for every
i,j € [m],i # j,var(g;) Nvar(g;) = 0. Then, Ness(9) = Ness(g1) + -+ + Ness(gm). Fact 2.11
implies that Ness(g(Bx+d)) = Ness(g1(Bx+d)) + - - - 4+ Negs (gm (Bx+d)). We first collect the
black-boxes of the irreducible factors of g(Bx + d) in N and then keep on updating N in Step
2 until Negs([Tpen ) = D open Ness(h). The following subclaim ensures that Step 2 is correct.

Subclaim 2.2.2 Suppose there exists an i € [|N|], such that Ness(hy---hi—1) = Ness(h1) +
oo+ Negs(hi—1) but Negs(hy -+ h;) < Negs(h1) + -+ -+ Ness(h;). Then, there exists a k € [i — 1],
such that Ness(hy -+~ hg_1-h;) = Ness(h1) + -+ + Ness(hg—1) + Ness(hi) but Ness(hy -+ hg - h;) <
Ness(h1) + « -+ + Ness(hi) + Ness(hi). Further, there exists a j € [m], such that h; and hy are
the factors of g;(Bx + d).

A proof of Subclaim 2.2.2 is given after this proof. This subclaim ensures that after the execution
of the loop of lines 2-5, N = {hy, ..., hs} satisfies Negs(hy - - hs) = Ness(h1) 4+ -4 Ness(hs). So,
we can invoke Algorithm 3 on N, which returns A € GL(n,F), such that hy(Ax), ..., hs(Ax)

are pairwise variable disjoint.
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Now, we have to show that ¢;(BAx + d),..., gn(BAx + d) are pairwise variable disjoint
polynomials. We claim that for every h € N, there exists j € [m], such that for every j' €
m] \ {7}, gcd(h, gj(Bx 4+ d)) = 1. Observe that this is true before the first iteration of the
loop of lines 2-5. Subclaim 2.2.2 implies that if it is ture before an iteration of this loop, then
it is also true after that iteration. For every j € [m], let I; C [s], such that for every [ € I,
h; is a factor of g;(Bx + d), which implies h;(Ax) is a factor of g;(BAx +d). Let ji, ja € [m]
be distinct and arbitrary. As var(g;,) N var(g;,) = 0, we get that g;, and g;, are co-prime,
which implies I;, N I;, = 0. Since hy(Ax),...,hs(Ax) are pairwise variable disjoint, we get
that g1 (BAx+d),..., gm(BAx+d) are also pairwise variable disjoint polynomials. Note that
V = {var(hi(Ax)), ..., var(hs(Ax))} is a required set. O
Proof: [Proof of Subclaim 2.2.2] Suppose for every k € [i —1], Negs(hy - -+ hg—1-h;) = Ness(h1)+
“ o+ Negs(hr—1) + Ness(hi) and Negs(ha - by - hi) = Ness(ha) + -+ + Ness(hr) + Ness(hi). Then,
by setting k = i — 1, we get Negs(h1 - hi—1 - hi) = Ness(h1) + -+ + Negs(hiz1) + Negs(hi),
which is a contradiction. Thus, there exists k € [i — 1], such that Ness(hy---hg—1 - hy) =
Ness(h1)++ - -+ Negs(h—1) + Ness(hi) and Negs(ha -+ - hy-hy) < Negs(hi) 4+ -4 Negs (hie) + Ness(hi).

Now, we want to argue that there exists j € [m], such that by, and h; are factors of g;(Bx+d).
Suppose for every [ € [|[N|], h; € F[x] is such that h, = hj(Bx + d). Then, it is sufficient to
show that there exists j € [m], such that hj and h] are factors of g;. Suppose this is not true
and there exist ji, j2 € [m], j1 # ja, such that h} and h] are factors of g;, and g;, respectively.
For j € {j1,j2}, let I; C [k —1], such that for every [ € I;, hj is a factor of g; and p; := Hlelj hj.

Further, let ¢ := II hj. Then, note that
le[k—1\(1;, Ul;,)

Wywohi_y by =q-pj,-pj,-hi and Ky hiy by =q-pj - pj, - by

Since ¢, p;, and p;, are factors of ( I gj> , gj, and g, respectively, ¢, p;, and p;, are pair-
Je[mMN\{j1.52}
wise variable disjoint polynomials. Also, as Negs(hy -« hg_1-hi) = Ness(h1) + -+« 4 Negs(hg—1) +
Ness(h;), Fact 2.12 implies that
NeSS(h/l T h;c—l ) h;) = NeSS(hll) +oot NeSS(h;eA) + NeSS(h;)~

On using Observation 2.10, the above equation can be written as

Ness(q " DPj1 " Pjs - h;) = Ness(q) + NeSS(pj1) + NeSS(pJé) + NeSS(h;)~ (2.8)
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Similarly, we get Ness(h) -+ hj_q - hl.) = Ness(h)) + -+ - + Ness(h)_1) + Ness(h),), which implies

Ness(q *DPj1 " Pjs - h‘;c) = NSSS(‘]) + NESS(in) + NeSS(pjz) + Ness(hk)- (2'9)

Recall that h} and pj, are the factors of g;,. Then, it follows from Equation (2.8) and Observation
2.10 that Negs(hipj,) = Ness(hf) + Ness(pj,). Then, Claim 2.2.2 implies that there exists A, €
GL(n,F), which maps every variable in var(g;,) to a linear form in var(g;,) and maps every
variable in x\ var(g;,) to itself, such that h}(A;,x) and p;,(A;,x) are variable disjoint. Similarly,
as hy,p;, are factors of gj,, there exists A;, € GL(n,F), which maps every variable in var(g;,)
to a linear form in var(g;,) and maps every variable in x \ var(g;, ) to itself, such that hj (A; x)

and p;, (A;,x) are variable disjoint. Hence,
4" Dj " Pjs - h;c ’ h;(AﬁAjzX) =q " Pj (Ajlx)pjz (Ajzx)h;c(Ajlx)h;(Ajzx)'

The polynomials hj and h] are factors of g;, and g;, respectively, which are variable disjoint as

71 # Ja. Thus, q,pj, (Aj,%), pj,(A;,x), hi(Aj,x) and h}(A;,x) are variable disjoint and we get

Ness(q - Pjr ~ Pja = B - 1) = Negs(hy -+ - hihi) = Z Ness(h}) + Ness(h;),

le[k]
which is a contradiction. Thus, 7; = js. a

2.2.3 PE for quadratic forms

A polynomial f is a quadratic form if it is homogeneous and deg(f) = 2. Recall that PE
for quadratic form (also called quadratic form equivalence and denoted QFE) is the following
problem: Given two n-variate quadratic forms f, g € F[x], check if there exists an A € GL(n,F)
such that f = g(A - x). If the answer is yes, output A € GL(n,F) such that f = g(A -
x). QFE over C,R,Q and finite fields are well-studied and these algorithms are based on
well-known results on classification of quadratic forms. We direct the interested reader to
[Ser73, Lam04, Arall] for a comprehensive discussion on these classification results. In the
following fact, we state the complexity of QFE over different fields. Recall from Theorem 1.11
that the equivalence test for regular ROFs require oracle access to QFE. Then, the following
fact implies that the equivalence test for regular ROF given in Chapter 5 is efficient.

Over R and C, the model of computation is an arithmetic circuit with oracle access to a
root finding algorithm; every arithmetic operation in this circuit takes a unit time. Whereas,
over Q and finite fields, the model of computation is a Turing machine, where the running time

is measured in terms of bit operations.
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Fact 2.19 (QFE over standard fields) Letn € N be the number of variables present in each

of the two quadratic forms given as input to a QFFE algorithm.
1. (Over R and C). There exists a poly(n,d) time algorithm over R and C.

2. (Over a finite field F,). Let F, be such that char(F,) # 2. There is a randomized
poly(n,logq) time QFE algorithm over F,,.

3. (Over Q) [Wall3]. There is a deterministic poly(n, 3) time QFE algorithm over Q with
oracle access to integer factoring, where B is the bit length of the coefficients of the input

quadratic forms.

2.2.4 Full matrix algebra isomorphism

The full matrix algebra isomorphism (FMATI for short) over a field I is the following algorithmic
problem: given a basis B of an F-algebra .7, where dim &/ = n?, determine whether & is
isomorphic as an F-algebra to M, (F). If yes, output an F-algebra from </ to M,(F). In case
of a yes instance, the output of an FMAI algorithm is a basis Ay, ..., A,2 of M, (F) such that
if B={By,...,B,} then the required F-algebra isomorphism ¢ : &7 — M, (FF) is obtained as
follows: for every i € [n?,o(B;) = A;. Recall that the equivalence test for the determinant
given in Chapter 4 takes oracle access to FMAI over finite fields and over Q. In this section,

we record the results on FMAI over finite fields and over Q.

Theorem 2.2 [Theorem 5.1 of [Rén90]] Let F be a finite field. Given a basis of a F-algebra
o/ C M, such that &/ and M, are isomorphic F-algebras, an isomorphism ¢ : &/ — M, can

be constructed in randomized poly(m,log|F|) time.

Theorem 2.3 [Theorem 1 of [IRS12]] There is a randomized algorithm with oracle access to
IntFact that takes input a basis of a Q-algebra o/ C M,, such that </ and M, are isomorphic
F-algebras, and outputs an isomorphism ¢ : &/ — M, with high probability. The algorithm runs
in time polynomial in the bit length of the input, if n is bounded.

Theorem 2.4 [Lemma 2.5 of [BRIO|| There is a randomized algorithm that takes input a basis
of a Q-algebra o/ C M, such that o/ and M, are isomorphic F-algebras, and outputs an
isomorphism ¢ : o @qg L — M, (L) with high probability, where L is an extension field of Q
satisfying [L : Q] < n. The algorithm runs in time polynomial in the bit length of the input.
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Chapter 3

Structural and algorithmic results on

the NW polynomial

In this chapter, we prove the theorems given in Section 1.3.1. The content of this chapter
are present in [GS19], which is a joint work with Chandan Saha. There are two main
sections here: In Section 3.1, we present the characterization by symmetries and charac-
terization by circuit identities properties of NW and Section 3.2 contains three algorithmic
results for NW, namely a circuit testing algorithm, a flip theorem and a BD-PS equivalence

test for NW. These results are based on the symmetries of NW.

We recall the definition of the Nisan-Wigderson polynomial from Section 1.3.1. Let d be a
prime, k € Nk << d, x = {z;; : 1,5 € Fq} and Fy[z], = {h € Fy[2] : deg(h) < k}. Then,

d—1
NWde(X): Z Hxi,h(i)y

hEFd[z]k =0

The number of variables in NWg, is d®. Although, our results hold for any k € [1, f—f — 5], we fix
k = d° for some arbitrarily chosen € € (0,1) as in most of the lower bound proofs using NW,, as
a hard polynomial, £ is chosen to be d°. Henceforth, we would drop the subscripts from NW,
whenever the value of d is clear from the context. We would denote the elements of F and F; by
a, 3,7 and a, b, ¢ respectively, and polynomial in F[x] and F,4[z] by f,g,q and h, p respectively.
We fix n = d*. For m € N* [m] = {0,...,m — 1}. In this chapter, whenever we mention a
set-multilinear polynomial in F[x], it is always with respect to the partition x = W;cp, x;, i.e.,
every monomial of a set-mulitlinear polynomial has one variable from each x;.

In Section 3.1, we give the proofs of Theorems 1.1 and 1.2 along with a lemma that shows
that NW is characterized by circuit identities (Definition 2.25) over all fields. This lemma is
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immensely helpful for the circuit testing algorithm for NW (Theorem 1.3) and a flip theorem
for NW (Theorem 1.4), which are given in Section 3.2. The circuit testing algorithm also has
an application in the BD-PS equivalence test for NW (Theorem 1.5) given in Section 3.2. This
equivalence test uses symmetries and some structural insights from the Lie algebra of NW. The
structure of the Lie algebra of NW, the structure of the symmetries of NW and some continuous

and discrete symmetries of NW were studied in the author’s master’s thesis [Gupl7].

3.1 Structural results

This section is further divided into two subsections: The first one is on the characterization by
symmetries (Definition 2.24) property of NW over different fields and the next one is about the
characterization by circuit identities (Definition 2.25) property of NW.

3.1.1 Characterization by symmetries

We first recall Theorem 1.1 and then give its proof. Also, recall that ¢; denotes the group of
symmetries of f . The rows and columns of matrices in %w are labelled by the ordered set
((0,0),(0,1),...,(d —1,d — 1)). Also, recall that an o € F is called a d-th primitive root of
unity if a? = 1 and for every 1 <r < d,a” # 1.

Theorem 3.1 (NW characterized by its symmetries over C) Let d be a prime number, F
be a field containing a d-th primitive root of unity, and f be a homogeneous degree d polynomial
in d* variables over F. If Gnw,, C 95 then f = a-NWyy, for some o € F.

Before coming to the proof of the above theorem, we give the following useful claim.

Claim 3.1.1 (Useful symmetries of NW) Let d be a prime number and F be a field men-

tioned in Theorem 3.1. Then, the following matrices in M, (F) are in Guw:
1. A diagonal matriz Ag with Ag((4, ), (¢,7)) = Bi € F* fori, j € [d] such that [[;cp, 8; = 1.
2. For h € Fy[z], Ap satisfying An((2,7), (4,7 + h(2))) =1 fori,j € [d] and other entries 0.
3. A diagonal matriz Ay with ((i,7), (i, §))-th entry as 7 fori,j € [d], where £ € [d—k—1].

Proof: By definition, Ag, A, € GL(n,F). Note that for every h € Fy[z]x, A is a permutation
matrix, which implies A, € GL(n,F). Observe that the polynomials NW(Agx), NW(A,x) and
NW(A,x) are obtained from NW(x) by replacing the variable z; ; with §; - z; ;, ¢i . z;; and

T; jyn() respectively, for 4,5 € [d]. Let p € Fy[z], and my, = [[.cp, Zipe). When Ag is applied

i€Fy
on x, m, gets mapped to Hie[d] Bi - m, = m, as Hie[d] B; = 1, implying Ag € Yyw. When A4,
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is applied on x, m, gets mapped to m,;; in other words, the monomials of NW are ‘shifted
around’ and so A, € %yw. When A, is applied on x, m,, is mapped to [[,cy ¢ m,. We
show below that Hie[d] ¢“P@ =1 for every ( € [d — k — 1], thereby implying A, € Ynw.

Observation 3.1 For every p € Fa[x]y and £ € [d —k — 1], [[;cq ¢ivl) = 1

. ; i iCp() _ p2ier, P00 sy :
Proof: As ( # 1 is a d-th root of unity, Hie[d]é P = (~ieky , it is sufficient to show
that >, p i* - p(i) = 0. Suppose p(z) = a,2" + - - + ag, where r < k and a,, ...,a9 € Fy. Then

STitpli) = a, (Zz‘r”) ¥+ ag (Zz’f) .
i€Fy i€lFy i€Fy

Each summand in the R.H.S. of the above equation is of the form a - (Ziele is), where 0 < s <
d—2. As Ziele i = 0, assume that 1 < s <d — 2. Let b be a generator of F;. Then

1— b(d—1)~s
Zl _ZZ - Z th: 1_b5 :Oa ade_lzlian. (3]_)
i€Fq i€FX te[d—1]
Hence, EieFd it -p(i) = 0 implying Hie[d] Cie'P(i) =1. O

Now we are ready to prove Theorem 3.1.

Proof: Let f € F[x] be a non-zero homogeneous degree d polynomial such that %yw C 9.
If f =0, there is nothing to prove. Claim 3.1.1 implies that Ag, A,, A; € ¥, for all choices of
B, ¢, h mentioned in Claim 3.1.1. The presence of Ag in ¢¥; implies that f is a set-multilinear
polynomial. If not then there is a term - m in f, where o € F* and m is a degree-d monomial
with no x-variables for some ¢ € [d]. As F contains a d-th primitive root of unity, it is easy to
verify that |F| # d + 1. Thus, there exists a v € F* such that 44 # 1. Pick such a 7. Now, set
Bi = for i € [d]\{t} and B, = v~@~1 50 that [Ticig B: = 1 is satisfied. When Ag is applied on
x, the term a - m maps to ay? - m # a - m, 1mply1ng that f(Agx) # f(x).

As f is set-multilinear, every term of f is of the kind a,-m,,, where oy, € F*, m,, = HieFd Tip(i)
and p € F4[z] with deg(p) < d—1. This is because any function from F, to F,; can be represented
by a univariate polynomial of degree at most d — 1. We now show that deg(p) < k for every
term a,-m,, in f. Suppose not. Then, there is a term a,,-m,, such that p = a,2"+---+ao, 7 > k
and a, # 0. When A, is applied on x, the term «, - m, gets mapped to Hie[d] Cie'p(i) SOy My,
Now choose ¢ =d—r —1<d—k —2. That Hie[d] C#.p(i) # 1 for this choice of ¢ can be argued
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as follows: Since [];cq ¢ifr) = ¢Tierg PO it s sufficient to show that > ier, i - p(i) # 0.
Expanding the sum,

S it pli) = a, (Zid‘l) +a,_q (Z id_2> T tag (Zid—H) .
i€Fy i€Fy i€Fy i€Fy
As argued in Equation (3.1), the above sum is a, - (d — 1). As char(Fy) =d, a, - (d — 1) # 0,
which implies f(Asx) # f(x). Hence, every term a, - m,, of f must have deg(p) < k. When A4,
is applied on x, a term «,, - m, maps to o, - my4;, which implies o, = ay4,. Running over all
h € Fylz]k, we get a,, = a for every p € Fyz]y, for some o € F*. Hence, f = o - NW. O

Now, we show that if ' does not have a d-th primitive root of unity, the above result does

not hold. In particular, we prove Theorem 1.2, which we recall below.

Theorem 3.2 (NW not characterized by its symmetries over R) Let d be a prime num-
ber and IF be either R, Q or a finite field satisfying d { |F| — 1. Then, NW4y is not characterized

by its symmetries over F.

Proof: AsF does not contain a d-th primitive root of unity, it is easy to see that the matrices
Ay for £ € [d— k — 1] mentioned in Claim 3.1.1 are not contained in %yw over F. To prove this
theorem, we need the following lemma, which says that every diagonal symmetry of NW over F
is of the first kind mentioned in Claim 3.1.1. We exploit this property and show that no matter
which other symmetry is present in 9w over F, NW is not characterized by its symmetries over

F . We first complete this proof assuming Lemma 3.1, which is proved later.

Lemma 3.1 (Diagonal symmetries over F) Let F be a field mentioned in Theorem 3.2. If
D € Ynw is a diagonal matriz over F then D = diag(fo, . .., Ba—1) ® lq, where §; € F* for every

Along with the above lemma, we also need the following result about the structure of ¥yw.

Theorem 3.3 ([Gupl7]) Let d be a prime number and F be a field satisfying |F| > (‘21) and
char(F) # d. If A € 9w then A = DP, where D, P € 9w are diagonal and permutation

matrices respectively.

A proof of the above theorem is given in Chapter 4 of [Gupl7]. Let Py,..., P, be all the
permutation matrices in ¥yw. We now show that there exists a set-multilinear polynomial
f € F[x| such that f is not a non-zero scalar multiple of NW but %yw C %;. Let h € F4[2] has

degree k + 1 and my, := Hie[d] Tipe)- Let S be the smallest set of monomials containing my,
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such that for every monomial m € S, m(Px) € S for every i € {1,...,r}. Clearly, S is a set

of set-multilinear monomials. Suppose f € F[x] is defined as follows

f=> m (3.2)

meS

It follows from Lemma 3.1 that if D € %w is a diagonal matrix and g € F[x] is a set-
multilinear polynomial then D € ¥,. As f is set-multilinear, it is easy to see that all the
diagonal symmetries of NW are contained in ¢;. By definition, all the permutation symmetries
of NW are also contained in ¢;. Thus, Ynw C ¥; but f is not a scalar multiple of NW. O

Proof of Lemma 3.1

Before proving Lemma 3.1, we give some useful results, one of which is the following claim.
This result forms the core of the analysis of the structure of the Lie algebra of NW and has
been proven in Chapter 3 of [Gupl7].

Claim 3.1.2 ([Gupl7]) LetF be a field such that char(F) # d. Consider the linear system over
F obtained from the equations Zie[d] Yine) = 0 for all h € Fy[z]i, where {y; ; : i,j € Fq} are the
variables. The solution space of the system consists of the solutions y;p = yi1 = ... = Yidg—1 = Q4

for every i € Fy, where ag, ...,aq_1 € F satisfy Zie[d} a; = 0, and these are the only solutions.

Some useful matrices. Let D € Mg(F) such that the rows of D are labelled with {(a,b) :
a,b € F;}, where (a,b) is interpreted as bz + a € Fy[z] and the columns of D are labelled by
{(l,r): l,r € Fyq}, where (I,r) corresponds to x;,. Then, the ((a,b), (I,r))-th entry of D is 1 if
2y, is present in HieFd Zipita, €lse it is 0. The dimension of the Lie algebra of NW was studied
in [Gupl7] by analysing the rank of D. In particular, we showed that over a field F satisfying
char(F) # d, the d> — d + 1 rows of D labelled by {(a,b) : a € [d — 1],b € [d]} are F-linearly
independent. Now, we define two useful matrices using D, which would be needed for the proof
of Lemma 3.1. Let u:=d*—d+1and x' = x\ {719,...,%4_10}. Let B be the u x d?* size
matrix obtained by restricting D to the rows indexed by {bz+a:b € [d],a € [d—1]}U{d— 1}
and C be the u X u matrix obtained by restricting B to the columns labelled by x’.

Claim 3.1.3 The absolute value of the determinant of C' over Z is d", where r = O(d?).

Proof: We know that

T
Bx = <Z Tig- - Z Ti(d_1)i" - Z Tigg: - Z i (d—1)i+(d—2) Z xi,(d_1)> ,

i€y i€Fy i€Fy i€Fy i€Fy
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which gives the following set of linear polynomials in x.

Sy = {in’h(i) che{bz4+a : be[d,ac€ [d—l]}U{d—l}}.

i€Fy

Let Sy be the set of d?> — d + 1 distinct linear polynomials in x defined as

Sy ={x;; — i : i €[d],j€[d\{0}}U {me}.

i€Fy
Consider the following easy to prove fact.

Fact 3.1 Suppose 51,55 are two sets of linear polynomials in n variables over F having same

solution spaces. Then, (S1) = (S3) over F.

Then, from Claim 3.1.2 and Fact 3.1, we get
(Sy) = (Sa). (3.3)

Let A be the u x d* coefficient matrix of the polynomials in Sy. Then, Equation (3.3) implies
that there is an M € GL(u,F) such that

M-B=A (3.4)

Let A; be the u x u matrix obtained by restricting A to the columns indexed by x’. It is not
difficult to see from the structures of polynomials in S, that A; is invertible. Hence, Equation
(3.4) implies that M - C'= A, and so C' is also invertible.

We claim that detz(C') = d" for some r € N. Suppose not. Then there exists a prime number
d" # d such that d’ divides detz(C'). Then, the determinant of C' is 0 over the finite field Fy,
which is a contradiction as char(Fy) # d. Since C'is a 0/1 matrix, | detz(C)| < (d* —d + 1)1,
which implies r = O(d?). O

Now we generalize Claim 3.1.2 over the rings containing the inverse of d.

Claim 3.1.4 Let d be a prime number, Z be a ring with multiplicative identity such that d is
invertible in %. Consider the linear system over % obtained from the equations Ziepd Yine) =0
for all h € Fyl2]y, where y; ; : 1,7 € [d] are variables. The solution space of the system consists
of the solutions y;0 = yi1 = ... = Yia—1 = o for every i € [d], where ay,...,aq-1 € X salisfy

Zie[d] o; = 0, and these are the only solutions.
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Proof: Recall matrices B and C'. Observe that B -y = 0 implies the following
C- y =v,

where y' = y \ {¥1.0,.--,%i-10} and the entries of v are linear forms in yy9,...,ya—10. Let
Adj(C) be the adjoint of C'. (Observe that entries of Adj(C) are integers and are well-defined
in #Z.) On multiplying the above equation with Adj(C'), we get

Adj(C) - C -y = Adj(C) - v,

which implies
det(C) -y' =V, (3.5)

where v/ = Adj(C) - v. Clearly, every entry of v/ is a linear form in y,...,94-10. This
equation holds over any commutative ring % with multiplicative identity. In particular, it also
holds over a field F such that char(F) # d. From Claim 3.1.2 we know ;0 = ;1 = ... = ¥ia-1
for every i € [d] and > ;5 vi0 = 0. Thus, for i € {1,...,d —1},j € [d] \ {0} the entry of
v’ indexed by y; ; must be det(C) - y;0, and for j € [d] the entry indexed by yo; must be
det(C) - (—(X% y;0)). From Claim 3.1.3, we know that det(C) = d’. As d is invertible in 2,
on multiplying Equation (3.5) with (det(C))™!, we get the result. O

Now, we are ready to prove Lemma 3.1.
Proof: Let F=R. Let D € 9w be a diagonal matrix, and the ((¢, 7), (i, 7))-th entry of D be
B;; € Rfori,j € [d]. We can express 3;; as 3; ; = (—1)*4-27 where \; ; € {0,1} and 7; ; € R.
On applying D to x, a monomial m;, = HieFd 7 (i) of NW maps to (HieFd(—l)Aah(n . 2%‘,h<¢)).mh,
implying HieFd(—l)Ai»h@) = [Lier, 27»@ = 1. In other words,

Z Nin@ = 0 over [Fy, for all h € Fy[z];, and

S vinw = 0 over R, for all h € Fylz];.

By invoking Claim 3.1.2 (over F = Fy and over F = R) for the above two linear systems, we

get )\i,O == /\i,d—l = >\2 and Yio = 0 = Yid-1 = Vi for every 1€ [d], where )\z S FQ,i S [d]
(similarly, v; € R, € [d]) satisfy >, A = 0 in > (similarly, >, ;7 = 0 in R). This implies
Bio =+ = Pia—1 = B; for every i € [d], where [y, ..., Ba—1 € R satisfy Hie[d} Bi=1. AsQis

a sub-field of R, NW can not have a diagonal symmetry other that diag(fo, . .., B4—1)®14 over Q.
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Let IF be a finite field not containing a d-th primitive root of unity. Then, d t |F| — 1. Let
K = Ly—1. We first argue that d is invertible over . It follows from the pigeonhole principle
that to show d is invertible in %, it is sufficient to show that the map ¢4 : Z — Z;a — da is
injective. Let ay, as € #Z such that da; = das, which implies d(a; — az) = 0 in Z. We also have
(JF| =1)-1=0in Z. If a1 # as then we get a contradiction as d 1 |F| — 1.

Let D = diag(Bop, - - - » Ba—1,4—1), where f3;; € F for every ¢, j € [d]. Then for every i, 5 € [d],

%.i where T is a generator of F*. When D is applied to x, a

monomial m;, = HieFd ;. n(i) of NW gets mapped to (Hiele 7%3)-my,. As D € Gaw, HieFd 7O =

Bi; can be written as 8;; = T

1, which implies

Z diniy =0 over #Z, forall h € Fylz]s.
i€[d]

By invoking Claim 3.1.4 over % for the above system, we get the desired result. a

3.1.2 Characterization by circuit identities

In this section, we prove the following lemma. Recall Definition 2.25 from Chapter 2.
Lemma 3.2 The polynomial NW is characterized by circuit identities over any field F.

Proof: Recall, n = d*>. We show that if an n-variate polynomial f € F[x] satisfies the following
polynomial identities then f = a - NW for some o € F. The rows and columns of the n x n
matrices in the identities below are indexed by the ordered set ((0,0),(0,1),...,(d—1,d—1)).

L. q1(f(Aj(w)x), f(x),u) = 0, for i € [d], where ¢;(z1, 29, u) := 21 — u - 29. Here, A;(u) €
Flu]™™ is a diagonal matrix with the ((4,j), (¢, 7))-th entry as w, for every j € [d], and

the other diagonal entries as 1.

2. 2(f(Agyx), f(x)) =0, for a € F} and r € [k + 1], where ¢a(21,22) := 21 — 22. Here,
Anr € F™™ with the ((4,7), (4,7 + a-4"))-th entry as 1, for every i, j € Fy, and the other

entries as 0.

3. ¢3(f(Ax)) =0, for t € [d]\[k+1], where ¢3(2) := z. Here, A; € F"*" is a diagonal matrix
with the ((¢,0), (¢,0))-th and the ((7,7), (i,7))-th entries as 0, for every i € [k + 1],j €
[d]\{0}, and the remaining diagonal entries as 1.

Observe that there are poly(n) many identities above: d many under item 1, (d—1)(k+1) many
under item 2, and (d — k — 1) many under item 3. Also, it is clear that every ¢; is computable

by a constant size circuit, and the matrices A;(u), A, and A; are computable by poly(n) size
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circuits. The identities under item 1 imply that f is a set-multilinear, homogeneous, degree-d
polynomial. If not then f contains a term [ - m, where the degree of the x;-variables in m is
e # 1 for some i € [d]. On applying A;(u) to x, the term /-m gets mapped to ug-m # uf-m,
implying f(A;i(u) - x) # u- f(x), Le., qi(f(Ai(u) - x), f(x),u) # 0.

As f is set-multilinear and homogeneous, every term of f looks like o, - m,,, where «,, € F*

and m, = TT,cr,

some a € F} and r € [k + 1], a term «, - m, maps to a, - myp,, where h = az” € Fy[z];. Since,

T p(sy for some p € Fg[z] with deg(p) < d — 1. When A, is applied on x, for

f satisfies the identities in item 2, f(A,, - x) = f(x) and so «y - M,y is also a term in f. By
varying a € F} and r € [k + 1], we see that f contains the term «,, - my, for every h € Fy[z]y.
Thus, there is a set S; C Fy[z]4_1 such that f is of the form,

f= Z Qp - Z Mph- (3.6)

pesl hEFd [Z} k

If f# a-NW for all @ € I, then there is a p € Fy[z] with deg(p) > k such that f contains a
term «,, - m,, for some a,, € F*. Let h € F4[z], such that h(i) = —p(i) for all i € [k + 1]. From
Equation (3.6), f contains the term «y, - my.p. As deg(p) > k, h(z) # —p(z). So, there is a
t € [d]\[k+1] such that p(t)+h(t) # 0. On applying A; to x, only those terms of f survive that
contain the variables xq, ..., zxo but do not contain x; ¢, and oy, - mp44, is such a term. Hence,
@3(f(Ar-x)) = f(A; - x) # 0. This contradicts f satisfying the identities in item 3. Therefore,
f =a-NW, for some o € F. On the other hand, any f = a - NW satisfies all the identities.

O

3.2 Algorithmic results

Now, we present three algorithmic results for NW, namely a circuit testing algorithm, a flip
theorem and a BD-PS equivalence test in three subsections. In the following two sections,
whenever we say a size-s arithmetic circuit, we would mean an arithmetic circuit C of size s,
where the degree of the polynomial computed by C (also called the degree of C) is bounded by
d(s), where § : N — N is a polynomial function.

3.2.1 Circuit testability

We recall Theorem 1.3 from Section 1.3.1.

Theorem 3.4 (Circuit testing) There is a randomized algorithm that takes input black-box
access to a size-s arithmetic circuit C over a finite field F, where |F| > 4-5(s), and determines

whether or not C = NW with probability 1 — exp(—s), using poly(s) field operations.
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Proof: Consider the following algorithm.

Algorithm 5 Circuit-testing(C)
Input: Black-box access to a circuit C of size s over F.

Output: ‘True’ if C(x) = NW, else ‘False’.

1. Pick ae, F" and p €, F.

2. forie[d,aeF),relk+1],te[d\[k+1] do

3. if (C(Ai(n)-a) —p-C(a) #0) or (C(As,-a) —C(a) #0) or (C(A;-a) #0) then

4. Return ‘False’.

5.  end if

6. end for

7. Let b € F™ be an assignment obtained by setting x;0 = 1, for i € [d], and all other variables

to zero. If f(b) # 1, return ‘False’. Else, return ‘True’.

Let C be a given circuit of size s over F that computes an n-variate polynomial f = C(x).
Naturally, deg(f) < d(s). Algorithm 5 intends to check, in the for loop 2-6, if f satisfies the
identities given in the proof of Lemma 3.2. If f # o - NW for all o € F, then at least one of the
identities is not satisfied. For the polynomials ¢, ¢» and ¢3 defined in the proof of Lemma 3.2,
observe that the degree of ¢ (f(A;(u)-x), f(x),u) is bounded by 2-J(s), whereas the degrees of
@(f(Au,x), f(x)) and g3(f(Asx)) are at most (s). As |F| > 4-9(s), by Schwartz-Zippel lemma
[Zip79, Sch80], step 4 returns ‘False’ with probability at least % If f=a-NW for some a € F
then all the identities are satisfied, and step 7 ensures that a = 1. Clearly, the algorithm uses
poly(s) field operations. The success probability is boosted from % to 1 —exp(—s) by repeating
the algorithm poly(s) times. O

3.2.2 A flip theorem

Theorem 3.5 (Flip theorem) Suppose NW is not computable by size-s arithmetic circuits
over F, where |F| > 4-6(s). Then, there ezist ai,...,a, € F", where m = poly(s) such that
for every size-s arithmetic circuit C, there is an ¢ € [m] satisfying C(ay) # NW(ay). A set
of randomly generated points ai, ..., a,, €. F" has this property with probability 1 — exp(—s).
Moreover, black-box derandomization of PIT for size-(10s) circuits over F using poly(s) field

operations implies ay, . .., a,, can be computed deterministically using poly(s) field operations.

Proof: Let C be a circuit of size s over a finite field F. As NW is not computable by size-
s circuits over IF' (by assumption), C(x) — NW # 0. The polynomial C(x) — NW has degree
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bounded by d(s), as d(s) > d. By Schwartz-Zippel lemma, for any m € N,

5 m
Pr  [C(ay) = NW(ay), for all £ € [m]] < (%) :
The number of size-s circuits over F is at most 2°°+5 . [F|* (as there are 2° ways to label the
nodes as + and X gates, at most 25 ways to choose the adjacency matrix of the underlying

directed graph, and |F|* ways to label the edges of a given graph). Therefore,

Pr  [3asize-s circuit C such that C(a,) = NW(ay), for all £ € [m]] < [F|*-2°°+>. (%) .
By fixing m = s+ 2s, the above probability can be upper bounded by exp(—s) as |F| > 4-4(s).

Now, let us show that derandomization of black-box PIT implies ay, . .., a,, can be computed
deterministically. Consider the class € of size-(10s) circuits over F on n + 1 variables x & u.
Assume that 5 = {(bo, 1t0),- .-, (buw_1, ftw_1)} € F"*! is a hitting set’ for €, and H is
computable using poly(s) field operations. Let &2 C F" be the set of points that includes
by, ...,by,_1 along with A;(u) - by, Aa, - by and A; - by, where A;, A, ,, A; are the matrices
considered in Lemma 3.2 for every ¢ € [w],i € [d],a € F},r € [k+ 1] and t € [d]\[k + 1].
Finally, & also contains the point b € F" obtained by setting x; o = 1, for ¢ € [d], and all other
variables to zero. Observe that | 22| = poly(s) as |7| = poly(s).

Claim 3.2.1 Let C be a size-s arithmetic circuit over F. Then, there exists an a in & such

that C(a) # NW(a).

Proof: As NW is not computable by size-s circuits, f = C(x) # a - NW for all a € F* 2
Hence, at least one of the identities, in the proof of Lemma 3.2, is not satisfied by f unless
f=0. If f =0 then f(b) # NW(b) = 1, and so let f # 0. The degrees of the polyno-
mials ¢ (f(A4;(w)x), f(x),u), ¢2(f(As,x), f(x)) and ¢3(f(A:x)) mentioned in Lemma 3.2 are
upper bounded by 2-d(s). Also, it can be verified that the polynomials ¢;(f(A;(u)x), f(x), u),
@(f(Ay,x), f(x)) and ¢3(f(Aix)) are computable by size-(10s) circuits on n + 1 variables
x W u. Hence, ¢ is a hitting-set for these polynomials. Without loss of generality, let
@1 (f(A;(u)x), f(x),u) = 0 be an identity that is not satisfied by f. Then, thereis a (by, i¢) €
such that ¢1(f(A;(ue)be), f(be), pe) # 0 implying f(A;(1e)be) # e - f(bg). On the other hand,

'A set of points J# is a hitting-set for a circuit class € if for every circuit C € € computing a non-zero
polynomial, there exists a point b € J# such that C(b) # 0. Black-box derandomization of identity testing for
a circuit class amounts to constructing a hitting-set for the class.

2If o - NW is computable by a size-s circuit C, for some o € F*, then NW is also computable by a size-s
circuit by appropriately scaling some of the edges feeding into the output gate of C by a~!.
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NW(A;(1e)be) = e - NW(by) as NW satisfies all the identities. Therefore, either f(A;(u)by) #
NW(A;(ue)be) or f(bg) # NW(bg). This implies the claim as A;(p) b, and by belong to 2. O

The proof of the theorem follows from the above claim and by observing that & can be

constructed from ¢ using poly(s) field operations. O

3.2.3 Equivalence test for NW

First, we show a randomized polynomial time reduction of equivalence test for NW to block-
permuted ET (in short, BP ET) in Lemma 3.3. Recall from Section 1.4.1 that a BP-equivalence
test for NW checks if there exists an invertible block-permuted matrix A such that the given
polynomial f satisfies f = NW(Ax). A d* x d* matrix A is said to be block-permuted with
block size d if there exists a d? x d? block-diagonal matrix B with block size d and a d x d
permutation matrix P such that A = B - (P ® I;). For the following lemma, we assume that

univariate polynomial factorization over ' can be done in polynomial time.

Lemma 3.3 (Reduction to BP ET) Let F be such that char(F) # d and |F| > 2d?. There
is a randomized algorithm that takes input black-boz access to a degree d polynomial f € F[x]
and does the following with high probability: It outputs black-box access to a degree d polynomial
g € F[x] such that [ is equivalent to NW if and only if g is BP equivalent to NW. Moreover, the
transformation for f can be recovered efficiently from the transformation for g. This algorithm

uses poly(d) many field operations.

Proof:

Algorithm 6 Reduce-ET-to-BP-ET(f)
Input: Black-box access to f € F[x].

Output: If f is equivalent to NW then black-box access to a polynomial which is BP equiv-
alent to NW, otherwise ‘Fail’.

1. Compute a basis L, ..., L, of g using Fact 2.16. If » # d — 1, output ‘Fail’.

2. Let S CF,|F| =d? Let L =a,L; + -+ a,L,, where a; €, S. Compute D € GL(d* F)
st. D7Y- L- D = diag(fi,...,B4) ® L4, where 8; € F. If no such D exists, output ‘Fail.’

3. Output black-box access to f(Dx).

For arguing the correctness of the above algorithm, we need the following lemma from
[Gupl7]. See Chapter 3 of [Gupl7] for a proof of this lemma.
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Lemma 3.4 [Gupl7] Let d be a prime number, k > 1 and F be a field having characteristic
not equal to d. Then, dim gnw = d — 1 over F and the diagonal matrices By, ..., By 1 (defined
below) form an F-basis of gynw. For € € {1,...,d— 1},

1, ifi=0,5€ld
(Bo)apnigy = =1, ifi=4~j€ld

0, otherwise.

Proof of correctness. It follows from Lemma 3.4 and Fact 2.10 that if f is equivalent to NW

then dim gy = d — 1. The correctness of Steps 2 and 3 follows from the next claim.

Claim 3.2.2 With high probability, matriz D can be computed using poly(d) field operations.
Moreover, f is equivalent to NW if and only if f(Dx) is BP equivalent to NW.

O
Analysis of the running time. Fact 2.16 implies that a basis of g; can be computed in ran-
domized poly(d, p) time. We can compute a D mentioned in the algorithm by solving a system

of linear equations in the entries of D originating from D~'- L - D = diag(fy, ..., B4) ® I4.

Proof of Claim 3.2.2. Suppose f = NW(Ax) for A € GL(d? F). Then, Ry,..., R4 1 is a
basis of gnw, where L; = A™1 - R; - A (Fact 2.10). We know that L = a1L; + -+ + ag_1 L4 1,
where ay,...,aq-1 are chosen uniformly at random from S. Pretend that a = {aj,...,aq-1}
are formal variables. Then, L = A~™' - R- A, where R = a;R; + - + a4_1R4—1. Lemma 3.4
implies that R = diag(ay,...,aq) ® Iy, where ay, ..., a4 are linear forms in a-variables, and
ag = —(Zf;ll ;). As |F| > d? Lemma 3.4 implies that there is a setting of the a-variables that
makes oy, ..., aq distinct field elements. In other words, ag, ..., a4 are pairwise distinct linear
forms in a-variables. Hence, from the Schwartz-Zippel lemma, on setting a4, ..., aq uniformly
at random from S, ay, ..., ay become distinct elements of F with high probability.

Compute the characteristic polynomial (Definition 2.21) of L, denoted hy(z) and factorize
it. As f is equivalent to NW, L and R are similar matrices and their characteristic polynomials
are the same. Then hy(2) factorizes as hy(z) = (z—B1)4- -+ (2 — B4)¢, for distinct By,...,8; € F
such that there is an (unknown) permutation o on [d] such that f; = a,; for ¢ € [d]. Suppose
B = diag(B4,. .., B4) ® I. Let D be a d* x d? size formal matrix such that

L-D=D-B. (3.7)

Solve the system of linear equations obtained from Equation (3.7) (by treating the entries of
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D as variables) and pick a random matrix from the solution space; call this solution matrix D.
With high probability D is invertible (as D = A7'P is also in the solution space for a suitable
permutation matrix P). Equation (3.7) implies that

R-A-D=A-D.B.

Recall that R = diag(o,...,aq) ® Ig and B = diag(asy, - - - Qo) ® lg. As ai,..., a4 are
distinct, it is an easy exercise to show that AD is a block permuted matrix. Hence f(Dx) is
BP equivalent to NW. [ |

A BD-PS equivalence test for NW

We saw in Lemma 3.3 that an efficient BP equivalence test for NW immediately implies an
efficient equivalence test for it. In this section, we give a special case of the BP equivalence
test, called BD-PS equivalence test (or block-diagonal permutation scaling equivalence test).
Recall that in the BD-PS equivalence test, the underlying matrix is a product of a block-
diagonal permutation matrix (recall the definition of a block-diagonal permutation matrix from
Section 1.3.1) and an invertible scaling (or diagonal) matrix. We hope that this variant of ET

would give us some useful insights on the BP ET for NW. We first recall Theorem 1.5.

Theorem 3.6 (BD-PS ET for NW) Let d be a prime number, F be a finite field such that
d 1 (|F| — 1) and |F| > 4d. There is a randomized poly(d,log |F|) time algorithm that takes
input black-box access to a degree d polynomial f € F[x| and correctly decides if f is BD-PS

equivalent to NW with high probability. If the answer is yes then it outputs a BD-PS matrix
C € GL(d* F) such that f = NW(Cx).

The BD-PS ET has two steps: First we reduce the BD-PS equivalence test to scaling equiv-
alence test and then solves the scaling equivalence test. In the scaling equivalence test, it is de-
termined whether the given polynomial is equivalent to NW via an invertible scaling matrix. We
assume that the given polynomial f is BD-PS equivalent to NW and the equivalence test com-
putes a block-diagonal permutation matrix A and an invertible scaling matrix B. Thereafter,
it uses a circuit testing algorithm (Theorem 3.4) to determine whether f(A™'B~'x) = NW.

1. Reduction of BD-PS equivalence test to scaling equivalence test.

Assume f = NW(BAx), where A is a block-diagonal permutation matrix and B is an invertible
scaling matrix. Algorithm 7 does not explicitly use the knowledge of the entries of B. Thus, we
may assume without loss of generality that B = I;2. Then, the task reduces to solving the BD

permutation equivalence test for NW. We identify matrix A with d permutations oy, ..., 04 1
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on [d] as A = diag(As,, ..., Ay, ,), where A,, is the d X d permutation matrix corresponding
(o] (Ir7

to o; ,i.e., fori,r,s € [d], A s) =1 if and only if o;(r) = s.

Observation 3.2 Suppose f is BD permutation equivalent to NW, i.e., f = NW(Ax). Then,

a monomial HieFd Tin@) of NW gets mapped to a unique monomial HieFd Tioyni)) Of f.

Algorithm 7 starts by assuming that 0(0) = - -+ = 0%(0) = 0 and 0¢(1) = 1. The symmetries
of NW allow us to make this assumption without loss of generality (see Claim 3.2.3). The aim
is to figure out all the entries of o; '. This is done by carefully picking a bunch of polynomials
from Fy(z], (which we call nice polynomials) and then exploiting the association between f and
NW mentioned in Observation 3.2 using these polynomials. The algorithm works over every

field. The following algorithm gradually discovers the entries of og, ..., 04 1.

Algorithm 7 BD-Permutation-Equivalence( f)
Input: Black-box access to f € F[x].
Output: Black-box access to g € F[x] s.t. if f is BD-PS equivalent to NW then g is scaling

equivalent to NW.
1. Assume that 0¢(0) = --- = 0%(0) = 0 and 0¢(1) = 1 (Claim 3.2.3).

2. Construct a list of nice polynomials in Fy[z]; (Definition 3.1) as mentioned in Claim 3.2.4.

3. Recover (d — k) distinct entries of each permutation oy, ...,04 1 as mentioned in Claim
3.2.5.

4. Let N be a d x d matrix, where the columns and rows are indexed by (oy,...,04-1) and
(0,...,d—1) respectively and for l,i € [d], N(l,7) := o;(l). Pick ly, ..., € [d] such that in
each of the rows indexed by ly, ..., [ at least k 4 1 entries are known (Claim 3.2.6).

5. Use ly, ...l € [d] to recover all the entries of the rows of N as mentioned in Claim 3.2.7.
Compute A = diag(Ay,, .- -, As, ,) and return black box access to f(A™'x)

Proof of correctness. The correctness of Algorithm 7 follows from the following chain of
claims, which are proved immediately after this proof. In these claims, p is the bit complexity
of the coefficients of f.

Claim 3.2.3 (Canonical form of oy, ...,04_1) Suppose f € F[x] is BD permutation equiva-
lent to NW. Then, there exist permutations oy, . ..,0q-1 on [d] such that 0¢(0) = -+ = 04(0) =
0,00(1) =1 and A = diag(Ae,, - .-, As,_,) satisfies f = NW(Ax).

o, is treated as an ordered tuple (0;(0),...,0;(d — 1))
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The above claim helps to kick-start Algorithm 7. After that, we compute certain nice

polynomials, defined below.

Definition 3.1 (Nice polynomials) A set {hg,...,ha—r—1} C Fy[z]x is called a list of nice

polynomials if the following properties are satisfied:

1. For distinct r1,r9 € [d— k|, hy (£) = hyy(£) for every £ € [k] and h,, (€) # h.,(£) for every
tefk,... . d—1}.

2. For every r € [d — k], 00(h.(0)),...,0k(h.(k)) can be computed in poly(d, p) time.

Claim 3.2.4 A list of nice polynomials {ho, ..., hq_r_1} can be computed in poly(d, p) time.

Using the list of nice polynomials, we recover d — k distinct entries of og, ..., 04 1.
Claim 3.2.5 Given a list of nice polynomials {ho, ..., ha—x_1}, we can recover d — k distinct
entries in each of oo, ...,04_1 in poly(d, p) time.

The matrix N defined in the algorithm is filled with some known entries and some unknowns.

The goal is to recover all the entries of N which is accomplished by the following claims.

Claim 3.2.6 Suppose k € |1, g] Then, there exist k 4+ 1 rows in N such that in each of these

rows at least k + 1 entries are known.

Claim 3.2.7 Using k + 1 rows of N indexed by lo, ..., I, (as mentioned in Step /), we can
recover all the entries of N in poly(d, p) time.

This completes the proof of correctness of Algorithm 7. Now, we give the proofs of these

claims one by one.

Proof of Claim 3.2.3. Since f € F[x] is BD permutation equivalent to NW, there exist
permutations o, ..., m4—1 on [d], such that A" = diag(Ax,,..., A, ,) satisfies f = NW(A'x).

)P —1

Let h € F4[z]x such that my(0) = h(0),...,m(0) = h(k). For ¢ € [d], define o; : Fy — F, as
oi(l) == a- (m(l) — h(i)) for all [ € [d],

where a = m. Note that for every i € [d], o; is well defined as m(1) # h(0). The

following observation can be verified easily.

Observation 3.3 oy,...,041 are permutations on Fy. Also, 0¢(0) = -+ = 0,(0) = 0 and
0'0(]_> = 1.

87



For i € [d], let 7; : Fy — F4 be defined as 7;(1) := a - (I — h(i)) for every [ € Fy. Observe that

To, - - -, T4—1 are permutations on Fy and for every i € [d]
0; = T; O ;. (38)

Let A = diag(Aey, ..., As, ,), B’ =diag(B. ,...,B. ). As A, A',C are block diagonal matri-

’ Td—1 T0? Td—1

ces, the above equation implies
A=RB - A.

Observation 3.4 Let B’ be the matriz defined above. Then, B’ € Gyw.

Proof: On applying B’ on x, z;; gets mapped to @; o.(j_n(;)) for every i,j € [d]. This shows
B’ € 9w (similar to item 2 of Claim 3.1.1). O

Since NW(x) = NW(B'x), we get f = NW(B'A’x) = NW(Ax). This completes the proof.

Proof of Claim 3.2.4. We create two lists of d — k distinct polynomials in F[z], namely the
p-list and the h-list as described below. Then we show that the h-list is a list of nice polynomials.

A procedure to create h-list and p-list:

1. Interpolate (0,0),...,(k,0) to get py € F4[z]x and then interpolate (0,1),(1,0),...,(k —
1,0), (k,0) to get hg € Fy[z]. (In this case, po = 0 and hg # 0.)

2. Interpolate (0,0),...,(k—1,0),(k+1,ho(k + 1)) to get p1 € Fy[z]x and then interpolate
(07 1)7 (]-a O) ) (k - ]-’ 0)7 (k7pl(k)) to get hl € Fd[z]k

3. Forr e {2,...,d — k — 1} do the following.

(a) For r; = 1 to r, interpolate (0,0),...,(k —1,0), (k + r1, h,—1(k + 1)) to get p,, €
Fylz]k. (It is argued in Observation 3.6 that p,...,p, are distinct polynomials.)
Pick a polynomial from py, ..., p, that is different from each of py, ..., p,_o. Set that
polynomial to be p,. (It is argued in Observation 3.7 that no polynomial amongst

P1,---,Dr is equal to p._1, and so p, # p; for all i € [r].)
(b) Interpolate (0,1),(1,0),...,(k—1,0), (k,p.(k)) to get h, € Fy[z]x.

We note some easy-to-verify observations about these lists.
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Observation 3.5 1. The p-list and h-list can be computed in poly(d) time and they do not

have a polynomial in common.
2. All polynomials in the p-list (similarly in the h-list) agree on k points, namely 0, ... k—1.

3. For distinct r,r" € [d — k|, p, and h, agree on k points 1,... k, and p,. and h,. agree on
k—1points1,...,k—1.

The following two sub claims imply that {ho, ..., hq_x_1} is a list of distinct nice polynomials.
Subclaim 3.2.1 Fach of the p-list and h-list contains d — k distinct polynomials.

Proof: For some r € [d — k], item 2 of Observation 3.5 implies that if py, ..., p, are pairwise
distinct then hg, ..., h, are also pairwise distinct. We show that py, ..., p, are pairwise distinct
polynomials by induction on r. The base case, i.e. r = 0 is trivially satisfied. Suppose the
hypothesis holds for » — 1, i.e. pg,...,p,—1 are pairwise distinct. This implies hg, ..., h_1
are also pairwise distinct. We construct r polynomials pq,...p, in Fy[z]x by interpolating
(0,0),...,(k—1,0),(k+1,ho—1(k+1));...;(0,0),...,(k—1,0), (k+7,h.—1(k+7)) respectively.

Consider the following observations.
Observation 3.6 pi,...,p, are distinct polynomials in Fy|z].

Proof: Suppose not. Then, there exist distinct r1,ry € {1,...,7}, such that p,, = p,,. This
implies that the polynomials p,, and h,_; agree on k+ 1 points 1,...,k—1,k+r and k& + 7o,
which is a contradiction because p,, and h,_; are distinct polynomials (recall that p,. (0) =0
whereas h,_1(0) = 1). O

Observation 3.7 For everyry € {1,...,7}, pr, # Pr-1-

Proof:  Suppose not. Then, there exists r; € {1,...,r} such that, p,, = p,—1. Then,
pr—1(k +11) = Dr,(k +7r1) = hy—1(k 4+ r1), which along with item 3 of Observation 3.5 implies
that h,_; and p,_; agree on k + 1 points 1,...,k, k 4+ ry, which can not happen as p,_; and
h,_1 are distinct polynomials. O
Hence, py, ..., p, are distinct polynomials. This completes the proof of Subclaim 3.2.1 O
The following fact would be required to prove that {hg,...,hq_r_1} is a list of nice polyno-

mials.

Fact 3.2 Suppose h € Fy|z|i and iy, ..., i € [d] be distinct elements. Given o;,(h(ig)), - .., 04, (h(ix)),
we can compute o;(h(i)) for everyi € [d] \ {io,...,ix} in poly(d, p) time.
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Proof: Since f is BD permutation equivalent to NW, Observation 3.2 implies that on setting

Tig.os0 (hlio) = *** = Tig,o4, (h(ix)) = 1 and other variables x equal to zero, f reduces to

‘. H Ti s (h(i)) where ¢ € F.
i€ld)\{io,...,ix }

It is easy to show that in this case o;(h(7)) for i € [d]\ {io, ..., ix} can be recovered in poly(d, p)

time from black-box access to f. a
Subclaim 3.2.2 For every r € [d — k|, 00(h.(7)),i € [k] can be computed in poly(d, p) time.

Proof: For every r € [d — k],00(h(0)) = 1,0¢(h.(1)) = -+ = op_1(h.(k — 1)) = 0 from
Step 1 of Algorithm 7. We show that oy (h,.(k)) can be computed efficiently by induction on 7.
When r = 0, we know that oy (ho(k)) = 04(0) = 0. Thus, the base case holds. Suppose that the
hypothesis holds for r—1, i.e., we can efficiently compute o (h,_1(k)). Recall that p, is computed
by interpolating (0,0),...,(k — 1,0),(k + 1, h.—1(k + r1)) for some r € {1,...,r}. Using
Fact 3.2 on o¢(hy-1(0)),...,06—1(hr—1(k — 1)), ok (hr—1(k)) we compute ogir, (hpr—1(k +11)) =
Oktr, (Dr(k 4+ 1)) and then using Fact 3.2 again on 0¢(0),...,04-1(0), 0kir, (pr(k + 1)), we
compute o (p,(k)), which is equal to o (h,(k)). O
This completes the proof of Claim 3.2.4.

Proof of Claim 3.2.5. We first show that using S := {ho, ..., hq_x_1}, we can recover (d — k)
distinct entries of each of the permutations oyy1,...,04-1. Fixani e {k+1,...,d — 1}. As
ho, ..., hq_k—1 are nice polynomials, for every h € {hg,...,ha_r-1}, 00(h(0)),...,ox(h(k)) can
be computed efficiently. By invoking Fact 3.2 on oq(h(0)),...,o0x(h(k)) for every such h, we
get 0;(ho(7)),...,0i(ha—r—1(2)). Since hy(i) = ha(7) for every hy # hy € S, and for every i € [k],
we get that for every ¢ € {k,...,d — 1}, hi(f) # ha(¢). From item 2 of Observation 3.5 and
Subclaim 3.2.1 and the fact that o; is a permutation, o;(ho(7)),...,0;(hq_r_1(7)) are d — k
distinct entries of o;.

Now using the d — k known entries of 04,1, we recover d — k distinct entries of each of
00, - - -, 0k. Suppose there exist distinct ly, ..., lq_x_1 € [d], such that ox1(lo), .-, okr1(la—r—1)
are known. Fix an i € [k + 1]. For s € [d — k], let ps be a polynomial in F4[z]; obtained by
interpolating (i’,0), (k + 1,[s) for ' € [k + 1] \ {i}. Observe that these are d — k distinct poly-
nomials. Further, for s; # s5,ps, and p,, agree on k points i’ € [k + 1]\ {i} and p, (i) # ps,(4),
which implies that (o;(po()), ..., 0i(pa—r—1(7))) is a tuple of distinct entries. Using Fact 3.2 on
oi(ps(?')), okr1(ps(k+1)) for i’ € [k+ 1]\ {i}, we obtain d — k distinct values o;(ps(7)) for every
s € [d — k]. This shows that for every ¢ € [k + 1], we can compute d — k distinct entries of o;
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efficiently. This completes the proof. [ |

Proof of Claim 3.2.6. Suppose this is not true. Then, N has at most k& rows such that in
each row at least k£ 4 1 entries are known, and in the remaining at least d — k rows at most k
entries are known. This implies that at most d - k4 (d — k)k entries are known in N. We know
exactly d(d — k) entries in N due to Claim 3.2.5. Thus, d(d — k) < 2dk — k?, which implies

k > g. This is a contradiction. [ ]

Proof of Claim 3.2.7. First we show how to recover all the entries of the rows of /N indexed
by lo, ..., lr. Given that in the rows of N indexed by Iy, ..., [, at least k+ 1 entries are known.
For [ € {ly,..., I}, there exist distinct i, ...,i € [d], such that o, (l),...,0; (I) are known.
Using Fact 3.2 on oy, (1), . .., 04 (1), we recover o;(l) for every i € [d] \ {io, ..., i}

Now we show how to recover o;(1) for every I € [d]\{lo,...,lx} and i € [d]. Let h = z+(I—1).
Clearly, h(i) = I. Let ig,...,ix € [d] be such that lop = i+ 1 —4,...,lx = i + 1 —i. Then,
h(ip) = lo,...,h(ix) = lx. Use Fact 3.2 on the points o;,(h(ip)),. .., 0, (h(ix)) to recover
oi(h(i)), which is o;(1). Thus, we recover all the entries of V. |

This completes the proofs of Claims 3.2.3-3.2.7.
2. Scaling equivalence test for NW. We present the scaling ET for NW over a finite field

F, where d 1 |F| — 1. We also give a scaling equivalence test for NW over R by appropriately
modifying this algorithm. Assume that f is scaling equivalent to NW.

Algorithm 8 Scaling-ET(f)
Input: Black box access to f € F[x].
Output: An invertible diagonal matrix B such that f = NW(Bx).

1. Let B = diag(ap, - .., Q4-1,4-1), where {a;; : 4,5 € [d]} are unknown. Set a9 = -+ =
Ag—1,0 = 1 (Clalm 328)
2. Let S=1(0,z2,...,(d=1)z, 1,z41...,(d=1)z+1, ... ,d=2,z+d=2...,(d—1)z+d—2, d—1)

be the ordered set of d> — d + 1 polynomials in F[z]. For every h € S, query the coefficient
cp, of the monomial HieFd ; n(;) from the black-box of f (Observation 3.8).

3. Let C be a 0/1 matrix of size (d> —d + 1) x (d* — d + 1) whose rows and columns are
indexed by S and y = (Y0,05 - -+, Y0.d—15 Y11+ - s Yl.d—1s - - - s Yd—115 - - - » Yd—1.d—1), Tespectively,
such that for h € S and y;; € y, the (h,y;;)-th entry of C' is 1 if h(i) = j. (It is argued
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in Claim 3.1.3 that | det(C')| is a power of d). Compute the inverse of det(C') in Zjy—, and
denote it by v. (Note that y does not contain the variables {y10,...,¥%4-10}-)

4. Fix a;j € {aoo, ..., aa-1a-1} \ {10, ..., 24—10} arbitrarily. For every h € S, compute the
minor of C' with respect to the row and column indexed by h and y; ; respectively and call
it 0p. Set a5 = [[)eq cﬁfh'”) mod (F|—-1),

5. Return B = diag(ao, - - ., ®a—1,4-1)- (see Claim 3.2.9)

Proof of correctness: The following claims and observations argue the correctness of the

algorithm. We first complete this proof and then prove Claims 3.2.8 and 3.2.9.
Claim 3.2.8 We can assume that ang = -+ = g1 = 1 without loss of generality.

The following observation can be proved easily.

Observation 3.8 Given a monomial m in X variables, we can recover the coefficient of m in

f in poly(d, p) time.
Claim 3.2.9 In Step 4, o, j can be computed in poly(d, p) time. Further, f = NW(Bx).

This completes the proof of correctness of Algorithm 8.

Proof of Claim 3.2.8. As f is scaling equivalent to NW, there exists a C' = diag(fo0, - - - » Bi—1,d-1)
such that f = NW(Cx). Suppose D = diag(a,ﬁi(l),...ﬁ;_lw) ® I, where a = H?:_ll Bio-
Then, from Claim 3.1.1, D € %w, which implies f = NW(DCx). Set B = DC. Hence

Q1o0=...=03—10= 1.

Proof of Claim 3.2.9. For 4, j € [d], suppose «; ; = 7Y%, where T is a generator of F*. Claim
3.2.8 implies that y10 = ... = ya—1,0 = 0. If f = NW(Bx), then a monomial m;, = HieFd T h(i)
of NW gets mapped to cj,-my,, where ¢, = HZ.G]Fd a;ni)- Let ¢, = 7¢. Then, we get the following

system of linear equations for every h € Fy[z], over the ring Zjp ;.

Z Yi,h(i) = Ch- (3.9)

i€Fy

Recall C'; S and y from Step 3 of the algorithm. On restricting to the polynomials in S, we get
C- yT =€,
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T
where € = (e €;...€@4-1)z €1 €s41 .- €d—1)s41---Cd—2 €spd—2--- €(d—1)=4d—2 €d—1) . Recall y

and J;, from Step 3 and 4. From Cramer’s rule, we get

Yig =7 <Z €h - (5h> mod (|F| —1), (3.10)

hes
This immediately implies,

aZ] e Tyi:j — T'Y'(Zheseh'éh> mod (l]Fl_l)7
— en .. — (6py) mod (|F|-1) : : .
As ¢y = 7", a5 = [lheson . As C is a 0/1 matrix, |det(C)| is bounded by
(d* —d+1)!, which implies the bit complexity of det(C) is poly(d). This implies that the above

calculations can be done in poly(d, p) time using repeated squaring. |

Scaling equivalence test for NW over R. We first state the model of computation over R.
We assume that addition, subtraction, multiplication and division of two real numbers can be
done in unit time. In addition, we also assume that the positive real root of a univariate real

polynomial y” — d can be computed in poly(logr) time (see [Bre76, Ye94]).

Suppose a degree d polynomial f € F[x] is scaling equivalent to NW. We wish to find a
B = diag(ao, - - -, 4-14-1) € GL(d? R), such that f = NW(Bx). Note that every «a;; can be
written as o j = (—1)%4-2%5 where s; ; € Fy and 3;; € R. Assume s, ;, 8; ,4,j € [d] are formal
variables. Here also, we can assume without loss of generality that oy g = ... = ag_19 = 1,
which sets s;0 = Bio =0fori € {l,...,d—1}. For h € {az+b : a€[d,be [d—1]}U{d—1},
let ¢, = (—1)% -2 be the coefficient of [ick, Ting) in f. This gives us the following system of

linear equations in 3 and s variables over R and [Fy respectively.

Z BihGiy = Yn and Z Sih(i) = O (3.11)

i€lFy i€Fy

Hereon, the scaling equivalence test for NW over R can be obtained by easily adapting Algorithm

8 to solve the system of linear equations mentioned in Equation (3.11) and compute B.
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Chapter 4

Determinant equivalence test over
finite fields and over QQ

In this chapter, we prove the theorems stated in Section 1.3.2. This chapter is based on
[GGKS19], which is a joint work with Ankit Garg, Neeraj Kayal and Chandan Saha. The
content of the chapter is divided into four sections. In the first section, we state some
useful properties related to the Lie algebra of the determinant. Using these properties
along with other tools, we prove prove Theorems 1.6, 1.7 and 1.8 in the second section.
Our main technical contribution is Theorem 1.8, which reduces DET to FMAI over almost
any field. In the third section, we show that assuming GRH, the integer factoring problem
reduces in randomized polynomial time to DET for quadratic forms over Q. In the last

section, we give a reduction from FMAI over F to DET over F.

We start this chapter by introducing some notations. Let n € N, F be a field, X = (2; ;)i jem
be such that for every i,j € [n], z;; is a variable and x = {x;; : 4,j € [n]}. Then, Det,(x) :=
det(X). Clearly, Det, (x) is a homogeneous polynomial of degree n. Whenever the value of n is
clear from the context, we would drop the subscript of Det,,. Recall that M,,(IF) is the set of nxn
matrices over F. Then, M, (F) is an F-algebra (Definition 2.18) with respect to matrix addition
and matrix multiplication, and this is known as the full matriz algebra. Let Z,(F) be the set
of traceless matrices in M, (F). Then, Z,(F) is clearly an F-vector space. Whenever F is clear
from the context, we will drop F from M, (F) and Z,(F). For i,j € [n],i # j, let E;; € M,, be
such that the (4, j)-th entry of E; ; is 1 and other entries are 0. For £ € {2,...,n}, let E, € M,
be the diagonal matrix, where the (1,1)-th and (¢, ¢)-th entries are 1 and -1 respectively and
other entries are 0. Then, it is easy to see that {E; ;, E; : i,j € [n],i # j,¢ € [2,n]} is an F-basis

of Z, and hence dim Z,, = n?> — 1. We fix r = n? — 1 and m = n? for the rest of this chapter.
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4.1 The Lie algebra of the determinant

In this section, we highlight the structure of the Lie algebra of Det, denoted gpet, which is
well-studied. This structure is very crucially used in designing our DET algorithms. We first
setup the notations required for describing the structure of gpet.

Let I,, € M, be the identity matrix. Let Ao := I, @ M, i.e., Mooy = {1, @ A: A€ M,},
where ® denote the tensor product of matrices (Definition 2.20). Similarly, we define Ao, =
M, ® I, %o =1, Z, and Loy = Z, ® I,. It is easy to see that .#., and .#,,, are FF-
algebras (Definition 2.18) with respect to matrix addition and matrix multiplication and these
are isomorphic as F-algebras (see Definition 2.19) to M,, via the maps ¢ : .o — M,; [, A —
Aand ¢ : Moy — M,; AR, — Arespectively. Further, %, (similarly, %oy ) is an F-subspace
of Mo (respectively, #,oy). The fact that dim Z,, = r implies dim %, = dim Lo = 7. In
fact, we also readily get bases of %, and .Z., from the basis of Z, given before. We record

this property as the following observation.

Observation 4.1 (Standard bases of Z.o1 and ZLow) Fori,j € [n|,i # j, let E;; € M, be
such that the (i,7)-th entry is 1 and other entries are 0, and for ¢ € [2,n], let Ey € M, be a

diagonal matriz with the (1,1)-th and (¢, £)-th entries as 1 and —1 respectively and other entries
as 0. Then,

1. {I,®E;, I, ®E, : i,j€[n],i#j, andl € [2,n]} is a basis of ZL.p. We call this as
the standard basis of £, and denote it as {Si,...,S,}.

2.{E;®1I,, E,®1, : i,j€[n],i#j, andl € [2,n]} is a basis of L. We call this as
the standard basis of Ly and denote it as {S,11,...,So}.

The following well-known fact shows that £, and %, are the only subspaces of gpe:. See
Section 3.2 of [Nail9] for a proof of this fact. This fact will be crucially used later.

Fact 4.1 (Structure of gpet) Let n € N* and F be a field satisfying char(F) 4 n. Then,
9Det, — grow S%) gcol'

Let f = Det, (Ax) for some A € GL(m,F). Claim 2.10 and Fact 4.1 imply the following.

Corollary 4.1 Let A € GL(m,F) and f = Det,(Ax). Let Fp:= A1 - Lo+ A and F oy =
AV L Al Then, g5 = Frow ® Feol-

Henceforth, we would refer to Z., and Zoy (similarly, ., and %) as the Lie sub-

algebras of gpet, (respectively, gr). Now, we note some useful properties of g;.
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Properties of gy

Recall the definition of the Lie bracket of matrices (Definition 2.28) from Chapter 2. In this
section, we first show that gy is closed under the Lie bracket operation. For this, we require

Observations 4.2 and 4.3, which are stated and proved below.

Observation 4.2 (Lie bracket of matrices in .#., and #,ow) Let F € My, and L €
Mrow. Then, [F, L] = 0.

Proof: Let A = (a;;)ijcm, B = (biy)irem € M, such that F = A® I, and L = I, ® B.
Note that for 4,j,l,r € [n], the ((¢,7),(l,7))-th entries of FL and LF are a;j;b;,. Hence,
[F,L] = FL — LF = 0. =

In other words, Observation 4.2 says that matrices in .#,., commute with matrices in .#.).

It is easy to prove the following.

Observation 4.3 (ZLow and %, closed under Lie bracket) For every Ly, Ly € L.y (sim-
ilarly, Zrow), L1, La] € Lo (respectively, Lyrow)-

Note that Corollary 4.1, Observations 4.2 and 4.3 imply the following.

Observation 4.4 (g; closed under Lie bracket) Letn € N, A € GL(n,F) and f = Det, (Ax).
Then, for every E,F € g¢, [E,F] € g;.

The second important property associated with gy is the structure of the F-algebra generated
by an F-basis of %, (see Remark 2.2 in this context). We note it in the following observation

and this property will be very helpful for the DET algorithm.

Observation 4.5 (Algebra generated by Z.,) Letn € N, A € GL(n,F) and f = Det, (Ax).
Let & C M, be the F-algebra generated by a basis of Fey. Then, o = A7 (I, @ M,,) - A.

Proof: Consider the standard basis given in Observation 4.1. It is not difficult to see that
the F-algebra generated by this basis of %, is equal to I,, ® M,,. This along with the fact that
Feol = A7V Lo - A immediately implies that &/ = A1 - (I, @ M,) - A. O

4.2 Reduction from DET to FMAI: The algorithm

In this section, we prove Theorem 1.8. This theorem gives a randomized polynomial time
reduction from DET to FMAI (recall FMAI from Section 2.2.4), which works over any field
satisfying mild conditions on the size and the characteristic. As seen in Section 2.2.4, FMAI
algorithms over finite fields and Q are known. By invoking these algorithms, we get Theorems
1.6 and 1.7 readily from Theorem 1.8. We recall Theorems 1.6 and 1.7 below.
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Theorem 4.1 (DET over finite fields) Let n € N;x = {x11,..., 2,0}, F be a finite field
such that |F| > 10n* and char(F) { n(n—1), and f € F[x| be a degree n polynomial. Then, there
exists a randomized algorithm that takes black-box access to f and decides if f is equivalent to
Det,, or not with high probability. If yes, it outputs an A € GL(n?,F) such that f = Det,(Ax),
otherwise it outputs ‘Fail’. The running time of this algorithm is poly(n,log |F|).

Theorem 4.2 (DET over Q) Let n € N,x = {x11,...,%,,} and f € Q[x] be a degree n
polynomial. Suppose we have black-box access to f. Let B be the bit length of coefficients of f.

1. There exists a randomized algorithm, which takes oracle access to an integer factoring
algorithm IntFact and decides if f is equivalent to Det,, over Q with high probability. If
yes, it outputs an A € GL(n* Q) such that f = Det, (Ax), otherwise outputs ‘Fail’. If n

is bounded, the algorithm runs in poly(n, 3) time.

2. There exists a randomized poly(n, ) time algorithm, which decides if f is equivalent
to Det, over Q with high probability. If yes, it outputs an A € GL(n? L) such that
f = Det,(Ax), where L is an extension field of Q satisfying [L: Q] <n .

As mentioned above, the heart of the algorithms in the above two theorems is Theorem 1.8,

which we recall below.

Theorem 4.3 (Reduction of DET to FMAI) Let n > 2, |F| > 10n* and char(F) t n(n —
1). Then, there exists a randomized polynomial time algorithm, with oracle access to FMAI,
that takes input black-box access to an f € F[x] of degree n and solves DET for f over F with
high probability.

So, now the task is to prove Theorem 4.3. We first give an overview of the reduction from

DET to FMAI, then present the algorithm and then argue its correctness.

An overview of the reduction from DET to FMAI. The algorithm takes black-box access
to a polynomial f of degree n. We assume that f = Det, (Ax) for some A € GL(n,F), otherwise
the algorithm will detect with high probability that f is not equivalent to Det,,. The algorithm
has two phases: In the first phase, it computes an F-basis of the Lie algebra (Definition 2.30)
of f, denoted g, using Fact 2.16. We know from Corollary 4.1 that gy = Frow ® Fea. In

this phase, the algorithm decomposes g; into . and .%,,,. The details of this decomposition

is given in Section 4.3.1. After decomposing g; and obtaining #,,, and %y, the algorithm

!See Definition 2.12 for the meaning of [L : Q.
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computes the F-algebra o7 generated by an F-basis .%.,. Then, it follows from Observation 4.5
that o, M,, are isomorphic F-algebras. In the second phase, we invoke FMAI on an F-basis
{L1,..., Ly} of o/ and it returns an F-algebra isomorphism ¢ : &/ — M,, in the form of an F-
basis {C1, ..., Cy} of M,, where for every i € [m], p(L;) = C;. Then, using the Skolem-Noether
theorem (Theorem 2.1) we compute a B € GL(n,F) from ¢ such that f = Det,(Bx). Now, we
give the formal description of the algorithm. It uses Decompose-Lie-Algebra() (Procedure 10)
as a sub-routine. This procedure takes input black-box access to f and returns a set of » many
F-linearly independent matrices. If f is equivalent to Det then this set is an F-basis of %,.

We give an overview, formal description and the analysis of Procedure 10 in Section 4.3.1.

Algorithm 9 Reduce-DET-to-FMAI(f)
Input: Black-box access to an f € F[x] of degree n, and oracle access to FMAL
Output: A B € GL(m,F) s.t. f = Det(Bx), if such a B exists. Else, output ‘Fail’.

—_

. Suppose {Uy, ..., U,} be the output of Decompose-Lie-Algebra(f) (Procedure 10).

2. Compute an F-basis {L1, ..., Ly} of the F-algebra &7 generated by Uy,...,U,. If k # m,
output ‘Fail’.
3. Invoke the FMAI oracle on (L, ..., L,,) which returns a basis (Cy,...,C,,) of M,.

4. Pick a random M € M, satisfying L, - M = M - (I, ® C;) for every i € [m].

5. Let b be the evaluation of f(Mx) obtained by setting xy; = -+ = x,, = 1 and remaining
x;;'s equal to 0.

6. If M ¢ GL(m,F) or b =0, output ‘Fail’. Else, set D = diag(b, 1,...,1) € M,,.

7. Return ([, ® D) - M,
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4.3 Analysis of the algorithm

In this section, we argue the correctness of Algorithm 9. This will be done in two stages: In
Section 4.3.1 we describe Procedure 10 and argue its correctness. Then, in Section 4.3.2, we

argue the correctness of Steps 2 - 6 of Algorithm 9.

4.3.1 Decomposition of the Lie algebra of f in the orbit of Det,

In this subsection, we prove the following theorem.

Theorem 4.4 (Decomposition of gf) Let n > 2, x = {z11,...,Znn}, F be a field satisfying
|F| > 10n*, and char(F) t n(n—1) and f € F[x] be a degree n polynomial. There is a randomized
algorithm, which takes input black-box access to f and if f is equivalent to Det, it outputs bases
of Frow and F .o with high probability. The running time of this algorithm is poly(n,~y), where
v is the bit length of the coefficients of f.

We first give a high level overview of the decomposition algorithm and then state it formally.

An overview of the decomposition algorithm. We assume f = Det(Ax) for some
A € GL(n,F), otherwise it will be detected with high probability that f is not equivalent
to Det because of the rich structure of gpe;. This algorithm first computes black-box access
to a basis {Bi,..., By} of g using Fact 2.15. Then, using this basis, we compute a basis
{Pg,,...,Pp,, } of aset & C M,,(F), which correspond to a ‘special set’” of F-linear operators
on gr. & and the corresponding set of F-linear operators on gy are described below. Then, we
pick a random matrix @ in &2, compute its characteristic polynomial, denoted h(z). Then, we
factorize h(z) using the algorithms in [Ber70] or [LLL82b] depending on whether FF is a finite
field or Q. As f is equivalent to Det,, the irreducible factors of h(z) guide us to bases of %
and ., as follows: We compute an F-basis of the null space of h'(Q) for every factor b’ of
h(z) such that A’ is not a variable and then compute Z-closure (Definition 2.17) of every vector
in bases of each of these null spaces. Because of the richness of g; induced by gpet,, it turns
out that this set of &-closures of vectors only contains .%,,, and .%., as these are the only
irreducible invariant spaces of &2. This is how we get access to bases of .Z,., and %,. Now,

we first describe the set &2 and then present the algorithm.

The description of & and its properties. Suppose f = Det(Ax) for some A € GL(n,TF).
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Consider the following F-linear operators on g¢: For every F' € gy,

Pr - @f — Or
E v [E, F].

Observation 4.4 implies that for every E € gy, [E, F] € gs. It is easy to see that pp is an
F-linear map. As pp is F-linear, we can associate a matrix Pr € My, with pp (see Definition
2.11), after fixing an ordering of the basis (B, ..., By.) of gy computed by the algorithm. Let
P ={Pp : F € gs}. Then, & is an F-vector space.

Claim 4.3.1 (g; and & are isomorphic vector spaces) LetF be a field such that char(FF) {
n. Then, gy and & are isomorphic as F-vector spaces via the map F +— Pp for every F € gy.

Proof: It is easy to see that &2 is an F-vector space. Consider the following map

Tigr = P
FHPF

Observe that 7 is F-linear and onto. Let F € Ker(r)!. Then Pr = 0, ie., [E,F] = 0 for
every F € gy, and hence L := A - F - A7 € gper commutes with every element of gpe;. Recall
the basis {S1,...,5,:} and {S,41,..., 52} of Lo and L4y given in Observation 4.1. It is not
difficult to show that as if L commutes with {S,..., Sy} then L = « - [,,2 for some o € F. As
trace(L) = 0 and char(F) { n, we have L = 0. Hence, 7 is injective. O

The above claim implies the following.

Observation 4.6 The matrices {Pp,, ..., Pg,.} is a basis of &, which can be efficiently com-
puted from {B, ..., By} (by considering the elements [B;, Bj|, fori,j € [2r]).

We intend to study the irreducible invariant subspaces of &2 in order to compute bases of %,
and Z,. Claim 4.3.2 would be useful in this regard as it relates &2 and gpe:. For that, we need
the following: For i € [2r], let J; := A- B;- A~1. Then, it follows from Fact 2.10 that J;,i € [2r],

is an F-basis of gpet. Like pr, we can associate a F-linear map x, with every L € gpe; as follows:

XL : 9Det — 9Det
K — [K, L).

"Ker(7) is called the kernel of 7 and is defined as Ker(7) := {F € g¢ : TF = 0}.
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Let Qp € My, be the matrix corresponding to the linear map xr, with respect to the (ordered)
basis (Ji,...,J2.). The following claim implies that it is sufficient to focus on gpe while

analysing the invariant subspaces of .
Claim 4.3.2 (& and gpet) For everyi € [2r], Qj, = Pp, and so & ={Qr : L € gpet}-

Proof: Let F € g5, K € gpet and F = AK A, Observe that ugp = vy, where ug, vg are
the coordinate vectors of F, K with respect to the bases (By, ..., Bs,) and (Ji, ..., Jo,) respec-

tively'. Hence, Q,Vk = Vik,j] = Ug,p,) = Pp,up = Pp,vi, implying Q;, = Pg,. O

Like Claim 4.3.1, gpe: and & are isomorphic as F-vector spaces via the map L — @y, for
L € gpet. These connections of & with gy and gpe: Will be very helpful. We will compute a
basis of & using a basis of g; in the algorithm and will analyse some important properties of

& using gper- The algorithm computes two invariant subspaces #; and %5 of &2 defined below.

"= VZ(ala--wCLzr)TEIFQTiZai'JiGiﬂcol )

1€[2r] (41)
V=S v="br,...,by)" €F : Y b+ Ji € Lio
i€[2r]
Clearly, dim(#;) = dim(¥) =r. As B;= A~ J; - A, for i € [2r], we get
V= v=/(ay... a) €F" . Z&Z B; € Ze p,
i€[2r] (42)

V=S v="(b....by) €F": > b-Bi€F

1€[2r]

From bases of #; and %3, and (By, ..., Ba,.), we get bases of %, and ., readily. The aspects
of the space & that help in computing #; and 7, are the facts that these are the only two
irreducible invariant subspaces of #2 and bases of these can be computed from a random element

of &2. These facts are proved and elaborated upon in Section 4.3.1.2.

'Let B = oy By+- - -+a9, By,., where o; € TF for every i € [2r]. Then, the coordinate vector of W with respect
to (Bi,...,Ba) is (a1, ..., a9.). Similarly, we define the coordinate vector of K with respect to (J1,...,J;).
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4.3.1.1 The decomposition algorithm

Now, we present the algorithm and argue its correctness in the next section.

Procedure 10 Decompose-Lie-Algebra( f)

Input: Black box access to f.
Output: Either bases of spaces #; and ¥ (as in Equation (4.2)) or ‘Fail’.

1. Compute a basis {By, ..., By} of g¢ (Fact 2.16), and form the basis {Pg,, ..., Pg,,} of Z.

2. Pick arandom element () = a; Pg, +- - -+aq, Pp,, from &2, where every a; is chosen uniformly
and independently at random from a fixed subset of F of size 10n*.

3. Compute the characteristic polynomial h(z) of Q.

4. Factor h(z) into irreducible factors over F. Let h(z) = 22"V . hy(2)--- hp(z), where
z,hi, ..., h; are mutually coprime and irreducible. If h is not as above, output ‘Fail’.

5. For every i € [k], compute a basis of the null space .4; of h;(Q), pick a vector v from the
basis of .4; and compute a basis of &; := closure»(v) (using Fact 2.18).

6. Remove repetitive spaces from the set {%,...,%}. After this, if we are not left with
exactly two spaces %, and %, then output ‘Fail’. Else, output the basis of %;.

4.3.1.2 Analysis of the procedure

We first analyse & through the lens of a convenient basis of gpet, namely the basis {57, ..., Sa.}
given in Observation 4.1. After that, we argue the correctness of Algorithm 10 in Lemma 4.3.

For K € gpet, let Wi, v € F?" be the coordinate vectors of K with respect to the ordered
bases (Sy,...,S) and (Ji,...,Js,) respectively, where J; = A - B; - A~! for every i € [2r].
There is a basis change matrix H € GL(2r,F) such that for every K € gpet,

vk = H-wg. (4.3)
Recall Q;, from Claim 4.3.2. Let Ry, := H~'- Q- H, for every L € gpet, and
#:={R, : LEgpa}=H ' 2 H. (4.4)
Observe that {Rg,, ..., Rs,, } is a basis of Z. Also,
Rp - wg = Wik 1), (4.5)

for every L, K € gpet. Let us note a few important properties of Z.
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Observation 4.7 (Structure of matrices in #) Every R € # C M, is a block diagonal

matriz having two blocks of size v X r each, i.e., the non-zero entries of R are confined to the
entries {(S;,5;) : 1,7 € [r]} and {(S;,S;) @ i,j € [r+1,2r]}.

Proof: Let L = Ly + Ly € gpet, where Ly € %o, Lo € Liow. From Equation (4.5), Ry, -wg, =
Wis,.[] = WI[Si,L1]+[S:,Lo]- Lhus, Ry - Wg, is either wig, ) if i € [r], or wig, 1, if i € [r+1,2r].
By Observation 4.3, [S;, L1] € L. for ¢ € [r] and [S;, Ls] € Low for i € [r + 1,2r]. Hence Ry
is block diagonal. O

We refer to the two blocks of R as R and R®), corresponding to {S1,...,5.} and
{Sy41,...,59.}, respectively. A snapshot of R is given in Figure 4.1 below. The next ob-
servation follows directly from the definition of Z.

Sy S, Sy s Sy
S\ [T

/////////

/////////

/////////

R 0 matrix

g e
r+1]

,,,,,,,,,,
,,,,,,,,,

/////////

/////////
O t- ////R(Q)////
marlx /s 7 77 /s 7 7 7 7

/////////

O

A A
S, L 000
2r

Figure 4.1: Structure of a matrix R € #

Observation 4.8 (Invariant subspaces of & and %) # is an invariant subspace of Z if
and only if H - W is an invariant subspace of &, where H- W ={H -w:w € ¥'}.

Observation 4.8 allows us to switch from &2 to #Z while studying the invariant subspaces of
. The following lemmas on the invariant subspaces of & are crucial in arguing the correctness
of Algorithm 10. Their proofs are given in Sections 4.3.1.3 and 4.3.1.4 respectively. Lemma 4.1

implies that the decomposition of F?" into irreducible invariant subspaces of Z is unique.

Lemma 4.1 (Irreducible invariant subspaces) Let wx € F 2r for a nonzero K in L.y or
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in Lyow. Then,

closuregp(wg) = {wp : L€ Lyt =W, itKeZL,,
closuregp(wy) = {wp @ L€ Lu} =W, if K€ L.

Moreover, #1 and #5 are the only two irreducible invariant subspaces of Z, and F* = W, O Ws.

Lemma 4.2 (Characteristic polynomial) Let R = Zi€[2r] li(ay, ..., as.) -Rs,, wherelq,... 0y
are F-linearly independent linear forms and aq, ..., as. are picked uniformly and independently
at random from a fized subset of F of size 10n*. Then, with high probability, the characteristic
polynomial hp(2) of R factors as 2"~V - hy(2) - hy(2), where 2, hi(2), ..., h(2) are mutually

coprime irreducible polynomials over .

The following lemma argues the correctness of Procedure 10.

Lemma 4.3 (Correctness of Procedure 10) Suppose f is equivalent to Det. Then, with
high probability, {2, %} = {Feot, Frow}- In fact, we can assume without loss of generality
that 2 = F oo and Uy = Frow.

Proof: In Step 2, we choose a random @) € &. By Equation (4.4), there is an R € #

satisfying the following equation
R = [{_1 QH = alel +"'+CL27~RJ2T = Zl(al,...,agr) 'Rgl +---+€2r(a1,...,a2r) 'RSQM

where {1, ..., 0y are F linear forms in ay,...,as.. As (Ry,..., Ry, ) and (Rg,,...,Rg, ) are
F-bases of Z, it is easy to verify that ¢;(a), ..., ¢s.(a) are F-linearly independent. By Lemma
4.2, Step 4 of Procedure 10 holds with high probability. We know from Fact 2.3 that the
characteristic polynomial of R is same as the characteristic polynomial of (). From Observation
4.7, R is a block diagonal matrix with blocks RV and R®. Let h(z) = g1(2) - ga(2), where
g1(2) and gy(2) are the characteristic polynomials of R®") and R®), respectively. There are a
couple of factors of h, say h; and hs, that divide g, and g¢o, respectively. In Step 5, we compute
the null spaces A1 and A5 of hy(Q) and hy(Q) respectively. As hi(R) = H™'- hy(Q) - H and
ha(R) = H™'-hy(Q)- H, the null spaces of hy(R) and hy(R), denoted by &) and O, respectively,
satisfy the following (due to Equation (4.3)): &) = H™'- A1 and Oy = H™' - 5.

Claim 4.3.3 If wg € Oy (similarly, Wi € O3) then K € £,y (respectively, K € Zo).
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Proof: We give the proof for &}, a similar proof holds for &5. Recall wy is the coordinate
vector of K with respect to the ordered basis (Si,...,S5.) of gpet. Let W%),wg) € F" be
the sub-vectors obtained from wg by restricting it to the indices Si,...,S, and S,4q,..., 59,
respectively. It is sufficient to show wﬁ? =0 to prove K € Z,,. Let R € Z. Then, R is a block

diagonal matrix with R, R®) as the blocks. By definition, hi(R) - wx = 0, which implies
h(RD) - wi = by (R?) - w) = 0.

As go(2) is the characteristic polynomial of R, from the Cayley Hamilton theorem (Fact 2.4),
g2(R®) = 0, which implies
g2(R®) -wg) = 0.

Since hy(z) and go(2) are coprime polynomials, there exist py, pa € F[z] such that

hi(2) - p1(2) + 92(2) - p2(2) = 1.

This implies
hl(R(Q)) 'p1(R(2)) + 92(3(2)) -pg(R(Q)) =1,
On multiplying the above equation with wg), we get Wg?) = 0 showing K € Z.,. a
In Step 5, we pick a vector v from a null space, say .41, and compute closurez(v). Clearly,
v = vi for some K € gpe. So, v € A ifandonlyifwyg = H ' vg € 0. AsZ = H ' P-H,
Observation 4.8 implies that

closure(vy) = H - closureg(wi)
=H-#; (by Claim 4.3.3 and Lemma 4.1)
=N (by Equations (4.1) and (4.3), as Y1 = {vy : L € Z.a}).

Similarly, if we pick a v € .45 then closures(v) = #3. Thus, in Step 6, one of % and % is
1 and the other is #5. Finally, we can take % = #7 and % = ¥5 without loss of generality:
Let P € M,, be the permutation matrix such that P maps z;; to ;;, when multiplied to x.
Clearly, P~! = P. Note that P is a symmetry of Det, i.e.,

Det(x) = Det(Px) and hence f(x) = Det(Ax) = Det(PAx).
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Observe that Lo = P!+ Ziow - P. Hence,
Feo = AP Ly - PA and  Froy = AP L - PA.

As the underlying matrix is unknown to Algorithm 10, we can take it to be either A or PA. O
Before proving Lemmas 4.1 and 4.2, we give a comparison of our decomposition algorithm
with the algorithm for decomposing semisimple Lie algebras given in [de 97| and with the al-

gorithm for decomposition of modules over finite algebras given in [CIK97].

Comparison with decomposition algorithms in [de 97] and [CIK97]. A polynomial
time algorithm for decomposition of semisimple Lie algebra into direct sum of simple Lie
subalgebras was given in [de 97]. This algorithm works over fields having characteristic zero.
Our decomposition algorithm is a special case of the decomposition algorithm given in [de 97]
as gy is a direct sum of %, and .#,.,. However, our algorithm works over any field satisfying
mild conditions on its size and characteristic. It is not clear to us how to adapt the algorithm in
[de 97] in our case. In [CIK97], a randomized polynomial time algorithm was given to decompose
modules over a finite dimensional algebra into indecomposable submodules. This algorithm
works over finite fields. As the decomposition of F?" into irreducible invariant subspaces of Z
is unique (follows from Lemma 4.1), the algorithm in [CTK97] can be used to compute %, and
Frow over finite fields in randomized polynomial time. However, in case of Q, the algorithm
in [CTK97] decomposes modules into submodules in polynomial time, where each submodule is

over an extension field of Q.
4.3.1.3 Proof of Lemma 4.1

We first complete the proof of the lemma assuming the following three claims and then prove
these. The proof of these claims are given for %, and similar proofs hold for .%,.,. Recall

wx is the coordinate vector of K € %, with respect to the ordered basis (S, ..., Ss.) of Zo.

Claim 4.3.4 Let the entry indexed by I,, ® E;; (similarly, E;; ® I,,) in Wi is nonzero for some

i,j € [n],i # j. Then closuregz(wg) contains the unit vector wi,gp,, (respectively, Wg, o1, ).
Claim 4.3.5 Let p,q € [n] and p # q. Then
ClOSHI‘e,@(W[n(@qu) - {WL : L€ gcol} = %

Similarly, closurez(Wg, or,) ={wr : L € Lo} = .
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Claim 4.3.6 Suppose wi € F?" is such that the entry indexed by I,, @ E, (similarly, E, ® I,,)
for € € [2,n] is nonzero, and the entries indexed by I, @ E;; (similarly, E;; ® I,,) are zero for

every i,j € [n],i # j. Then, for some i # ¢,
Wi, 08, € closurez(wg) (respectively, Wy, o1, € closurez(wg)).

Claims 4.3.4, 4.3.5 and 4.3.6 imply that for a nonzero K € %, closure4(wg) = #; (similarly,
for a nonzero K € %y, closurey(wg) = #5). This completes the proof of the lemma. Now,

we prove these claims one by one.

Proof of Claim 4.3.4. First, consider the following subclaim.

Subclaim 4.3.1 There is a diagonal matric R € % such that R(I, ® Ey, 1, ® E;) = R(E, ®
I,E,®1,) =0 for every £ € [2,n], and the remaining 2n* — 2n diagonal entries are distinct

nonzero field elements.

Let R € Z be the diagonal matrix given in Subclaim 4.3.1. Consider the following equation

in the variables a4, ..., as,2_op,
2n%2—2n

E i
WIn®Eij == &i'R Wk
i=1

As the resulting system is a Vandermonde system, there is a solution over F. Before coming
to the proof of Subclaim 4.3.1, we prove some important facts. We state these facts for %,

similar statements hold for %,

Fact 4.2 Let S =1,® E, for { € [2,n]. Then Rg € % is a diagonal matriz that satisfies:
1. Rg) 1s an all zero matrix.
2. If Sy =1, ® Ep,l' € [2,n], then the (St, St)-th entry of Rg is 0.
3. If Sy =1,® Eij.i,j € [n] and i # j, then the (S, S;)-th entry of Rg is

(a) 1 ifi=1and j € {1,0}, or j ={ andi ¢ {1,¢},
(b)) 1 ifi="Candj&{1,0}, orj=1 andi & {1,(},
(c) =2 if (i,5) = (1,0),

(d) 2 if (i,5) = (€,1),
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(e) 0 otherwise.

Proof: Recall that S = I, ® E, for £ € [2,n]. It follows from Observation 4.9 that R(Sz) = 0.
To prove other parts of the fact, let us consider a generic element T' = I, ® Z in %, such that
Z = (aij)ijem)- Clearly, [T, S] = I, ® [Z, Ey.

aiy ... Qip 1 ... 0 ... 0 1 ... 0 ... 0 air ... Qip
[Z,Eg]: Apr ... Qup | ° o ... -1 ... 0f—10 ... =1 ... Of- App ...  Qup
| an1 A | _0 0 0_ _O 0 0_ | an1 A |

_all 0 ... —Qip ... O- [ ai a9 e Qi Ce A1p ]
[Z, EE] = | Gun 0 ... —Qgp ... 0O — —Qy1 —Qyy ... —Qp ... —Qyp

a0 ... —ap 0] | 0 o ... 0 ... 0
This implies i i
0 —Q12 ... —2@71 AT

[Z, Eg] == 20,11 Qyo e 0 e Ay,
_anl 0 e —Ape ... 0 |
Restricting Z to Ey and Ej; for different settings of ¢, 7, ¢ imply the result. a

The following fact immediately follows from Fact 4.2.

Fact 4.3 Let Ry = Zee[z,n} ag - Rp,9p, , where ay, ... ,a, € F. Then Ry is a diagonal matriz
satisfying the following properties:

1. R§2) is a zero block.
2. If Sy =1, ® Ep, U € [2,n], then the (S, S;)-th entry of Ry is 0.

3. If Sy = I, ® Eyj,1,7 € [n],i # j, then the (Sy, St)-th entry of Ry is
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(a’) a; — aj, lfluj € [2,’”],
(b) == +a;) ifi=1,
(¢c) Xk ar+a) ifj=1.

In the next fact, we argue the structures of matrices Ry, g, for i,j € [n],i # j.

Fact 4.4 Let S =1, ® E;; fori,j € [n],i # j. Then, Rg satisfies the following properties:
1. Rg) 1s an all zero matrix.
2. A column indezed by I, ® E,q,p,q € [n],p # q has the following structure:
(a) If p # j and q =i then the column contains exactly one nonzero entry, namely a 1
at the row indexed by I, ® E,;.

(b) If g # i and p = j then the column contains exactly one nonzero entry, namely a —1
at the row indezed by I, @ F;, .

(c) If (p,q) = (j,©) and i,j # 1 then the column has exactly two nonzero entries, namely
al and a —1 at the rows indexed by I, ® E; and I, @ E; respectively.

(d) If (p,q) = (4,1) and j = 1 (similarly, (p,q) = (j,i) and i = 1) then the column has
exactly one nonzero entry, a 1 (respectively, a —1) at the row indexed by I, @ E;
(respectively, I, ® E;).

(e) Otherwise the entire column is zero.
3. A column indexed by I, ® Ey, l € [2,n] has the following structure:
(a) If i,5 # 1, and £ = i then the column has exactly one nonzero entry, namely a —1
at the row indexed by I, ® ;.

(b) If i,5 # 1, and € = j then the column has exactly one nonzero entry, namely a 1 at
the row indexed by I, ® Ejj.

(c) If i =1 and € = j then the column has exactly one nonzero entry, namely a 2 at the
row indexed by I, ® E;;. If i =1 and { # j, then the column exactly one nonzero

entry, a 1 at the row indeved by I, ® Lj;.

(d) If j =1 and ¢ = i, then it has exactly one nonzero entry, a —2 at the row indezed
by I, ® E;;. If j =1 and € # i, then the column contains exactly one nonzero entry,
a —1 at the row indexed by I, ® L;;.

(e) Otherwise the column has all zero entries.
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Proof: First we note a useful observation, which follows from the proof of Observation 4.7.
Observation 4.9 For all i € [r], Rg) = 0. Similarly, for all i € [r+1,2r], quli) =0.

Part 1 follows from Observation 4.9. Let us consider a generic element T'= I, ® Z in %,
such that Z = (aij);jem). Clearly, [T,S] = I, ® [Z, E;;]. A derivation similar to that in the
proof of Fact 4.2, implies the following.

[ 0 0 c. a1, c. 0 |
[Z, EU] = —aﬂ —a,jg e Qi — aj] Ce _ajn y
0 0 .. am ... O

where the rows and columns other than the i-th row and the j-th column are 0. Restricting Z
to E,, and E, for various settings of p, ¢, ¢ imply the result. O

Now we are ready to prove Subclaim 4.3.1.

Proof of Subclaim 4.3.1. We wish to show that & contains a diagonal matrix R such that
R(I,® Ey, I, ® Ey) = R(E,® I,, B, ® I,) = 0 for every £ € [2,n], and the remaining 2n* — 2n

entries of R are distinct nonzero field elements. Let

R= ) (ar Riem +b- Rper,),

Le(2,n]

where ag, by € F. From Fact 4.3 (for both %, and %), R is a diagonal matrix with exactly
2(n — 1) zero diagonal entries and the remaining diagonal entries are distinct nonzero linear
forms in as,...,a, and by, ..., b, (as char(F) # 2). As |F| > (2n2;2"), the Schwartz-Zippel
lemma implies that if we substitute as, ..., a, and b, ..., b, randomly from a fixed subset of F
of size 10n*, then R has the desired property. [ |

This also completes the proof of Claim 4.3.4.

Proof of Claim 4.3.5. We would show that the vectors wg,, ..., Wg, are in closurez(Wr, 5, )-

The three observations below follow from the structure of matrices in % mentioned in Fact 4.4.
L. If S = I,, ® By, where j # p then Rg-Wr,gE8,, = Wi,en5,,- (from Fact 4.4 item 2(a))
2. If S =1, ® B, where i # q then Rg - Wy, ¢p,, = —WrI,08,- (from Fact 4.4 item 2(b))
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3. If ¢ # 1,p=1thenfor S =1, ® Eu, Rs - Wi,08,, = Wi,er,- Similarly, if p # 1, =1
then for S = I, ® By, Rs - Wi,08,, = —WreE,- (From Fact 4.4 item 2(d))

These properties immediately imply that

Wi,0E,, € closurey(Wr,gm,,) for j € (n],j#p,
( ) forie(n]i#q,

Wi,08, € closurep(wWr,ep,,) for ¢#1,p=1,
( )

forp#1,q=1.

pq

W1, 08, € closurez(Wr,om,,

(4.6)
W1, 05, € closurez(wWr, o5,

Now we show that for S = I, ® Ey,wg € closurez(wr,gg,,) for any s,t € [n], s # t.

(s,t) = (p,q), there is nothing to prove. Suppose (s,t) # (p, q).

Case 1: Suppose t # p, then from Equation (4.6), Wi,gg,, € closurez(wr,gg,,). Further,

applying Equation (4.6) on w; gp

s We get Wy op,, € closurey (Wi, ek, ) as s # L.

Case 2: Suppose s # ¢ then from Equation (4.6), wi,gp,, € closurez(wr,epg,,). Further,

applying Equation (4.6) on Wy, gp,,, We get Wi, g, € closurey(Wr,qp,,) as s # t.

Case 3: Let (s,t) = (¢,p). If n > 3 then pick a j € [n]\{p,q}. By applying Equa-
tion (4.6) repeatedly, we have Wi, g, € closurez (Wi, 05,,), WreE,, € closurez(wr,gp,;) and
Wi,0E,, € closurez(Wr,ep,,). If n = 2 then either p or ¢ is 1. Suppose p =1 and s = ¢ # 1,
then wy,gp, € closurey(wr,eg,,) (from Equation (4.6)). On applying Fact 4.4 item 3(d),

Wi,0E, € closurez(wr,qp,) (note that char(F) # 2 as char(F) t n(n — 1)).

To complete the proof of the claim, we would like to show that w;, gg, € closurez (Wi, 25,,)
for every £ € [2,n]. It follows from what we have shown so far that w;,eg,, € closurez(Wr,g,,)-

We conclude from Equation (4.6) that w;,gg, € closures(wy, o5,,)- |

Proof of Claim 4.3.6. Let K € £, and wi = Zpe[m] ap Wi, o5, where a, € F and a; # 0.
Then, for i ¢ {1,(},

R op, WKk = Z apR1,0E,Wi,0E, = (@0 — ;)W 98, from Fact 4.4 items 3(a) and 3(b), and
p€[2,n]

R op, Wk = Z apR1,08,Wi,eE, = (a2 + -+ 2a¢ + -+ + a)Wr, 08, from Fact 4.4 item 3(c).
pE[Q,TL]

111



If Ri,9p, - Wk = 0 for all ¢ € [n]\ {1,¢} then a; = a, for all ¢ € [n]\ {1,¢}, implying

Ry, o, WK =n-a; - Wi, 08, Wwhich is non-zero as char(F) { n. [ |

4.3.1.4 Proof of Lemma 4.2

Let R = Ry, for some L € gpe: and e be the maximum power of z dividing the characteristic
polynomial hgr(z) of R. Clearly, e is greater than equal to the dimension of the null space of
R;. Let us now lower bound the dimension of this null space. Suppose wg is in the null space
of Ry, where K € gpet. Then,

RL'WK:07

which along with Equation (4.5) implies wx,z; = 0. This means [K, L] = 0, i.e., K commutes
with L. Thus, the dimension of the null space of R, is exactly equal to the dimension of the
subspace of gpet, that commute with L. We know that L = Ly + Ly and K = K; + Ko,
where Ly, K1 € Z.o and Lo, Ky € L. Observation 4.2 implies that [K, L] = 0 if and only
if [K1, L1] = [Ks, Lo] = 0. The following claim is helpful in this regard. We first complete the

proof of this lemma assuming the claim below and then prove the claim.

Claim 4.3.7 (Dimension of the subspaces of M,, and 7, commuting with B) Letn €
N and B € M,,. Then, the dimension of the space of matrices in M, (similarly, in Z,) that

commute with B is at least n (respectively, at least n —1).

It follows from Claim 4.3.7 that e > 2(n — 1). We know

R = Z Ei(al, ce ,CLQT-) : Rgi.

i€[2r]

Treat aq,...,as as formal variables. Then, from the above discussion, we get
ha(z) = 2270 - g(2),

where the coefficients of g(z), which is a monic polynomial of degree 2n(n — 1), are polynomials
in ai,...,as of degree at most 2r. As the linear forms ¢;(ay,...,as.),i € [2r], are F-linearly
independent, Subclaim 4.3.1 implies that there is a way to set the a-variables to field constants
such that g(z) is square-free, has only linear factors and is not divisible by z. This means that the
determinant of the Sylvester matrix (Definition 2.22) of g(z) and a%—(;) is a nonzero polynomial
in a-variables of degree at most 8n? (see Fact 2.6 in this context). As g is monic, i.e., the leading

constant of g with respect to the underlying variable ordering is 1, and char(F) { n(n — 1), the
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dimension of the Sylvester matrix does not change with various settings of the a-variables to
field constants. Hence, from the Schwartz-Zippel lemma, if we plug a4, ..., as. with random
values from a subset of F of size 10n?, then with high probability the characteristic polynomial

hr(z) factors as
hr(z) = 2270 ha(2) - u(2),

where z, hq, ..., h; are mutually coprime irreducible polynomials over F. [ |

Proof of Claim 4.3.7. Let F be the algebraic closure (Definition 2.14) of F and Ay, ..., \; be
distinct eigenvalues of B, where for i € [t], \; appears n; times. Then, it follows from Fact 2.5
that there exists a G € GL(n,F) such that B = G - J - G7!, where J = diag(Jy,...,J;), J; is
the n; x n; Jordan block corresponding to \; for every i € [t], and ny +---+n; = n. For a fixed

i € [t], the Jordan block J; € M, (IF) looks like

0 N\

Let .7, < be the spaces of n xn matrices that commute with B, J over F and F respectively. We
claim that . = G~1-.#-G. This is so because if S € . then SB = BS. Using B=G-J-G™,
we get G1SG - J = J - G71SG. Thus, G'SG € .. Thus, G™!-. -G C .. Similarly, it is
easy to show that . C G™1-. - G. Hence, .¥ = G~'-.7 - G. Thus, to prove the claim, it is

sufficient to show that the dimension S is at least n. The structure of .J; given above implies
Ji = Ni - In; + Ni,

where N; is a nilpotent matrix' and looks like

000 ...
000 ... 00

LA € M, is said to be nilpotent if there exists an r € NX such that A” = 0, where 0 is the all zero matrix.
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It is easy to see that I,,,,N;, ..., Ni""_1 are F-linearly independent and they commute with J;.
Since J is a block diagonal matrix, the dimension of the space of matrices commuting with J
over F is at least 2 _icjy i = n. This proves that the dimension of the space of matrices in M,

that commutes with B is at least n.

Let Bi,...,Bs be a basis of the space of matrices in M, (F) commuting with B. We are

interested in the space € of traceless matrices that commute with B. Then,

¢ = a1B1+---+aBs : a,...,a, € F and trace Z%‘Bi =0

1€[s]
Observe that the dimension of % is s — 1, which is at least n — 1 as s > n. [ |

4.3.2 Invoking FMAI

In this section, we argue the correctness of Steps 2 - 6 of Algorithm 9. Recall the FMAI problem
from Section 2.2.4. An algorithm for FMAI takes input an ordered basis (L1, ..., L,) of an
F-algebra @/ C M, such that 7 is isomorphic as an F-algebra to M,,, and outputs a F-algebra
isomorphism ¢ : & — M, in the form of an ordered basis (C1, . .., C,,) of M,,, where C; = ¢(L;)
for i € [m]. Recall m = n?.

If f is not equivalent to Det then it can be detected with high probability by checking if
f(a) = b-Det(M~'a) at a random point a €, S™, where S C F is sufficiently large. So,
assume that f = Det(Ax) for some A € GL(m,F). The correctness of Algorithm 10 ensure
that 21 = .o without loss of generality. Step 2 can be executed efficiently by checking
if U;U; € (Un,...,U,) for i,j € [r]. Observation 4.5 implies that <, M,, are isomorphic F-
algebras, i.e., L; = A™' - (I, ® Bl) - A for every i € [m], where {Bj,..., B/ } is a basis of
M,. In Step 3, the FMAI oracle returns an [F-algebra isomorphism ¢ : &/ — M, such that
{C; == ¢(L;) : 1 € [m]} is an F-basis of M,,. Consider the following claim.

Claim 4.3.8 There exists an S € GL(n,F) such that B, = S~'-C;- S for every i € [m].

Proof: Recall L; = A™'- (I, ® B)- A, for i € [m], where {L1,...,L,,} and {B},..., B! } are
bases of o7 and M, respectively. Consider the following F-algebra isomorphism from M, to </

T:M, —
B'w— A (I, ® B') - A

Let I' = ¢ o1, where ¢ : &/ — M, is the F-algebra isomorphism constructed in Step 3 of
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Algorithm 9. Clearly, I : M,, — M, is an F-algebra isomorphism. On applying the Skolem-
Noether theorem (Theorem 2.1) on I', we get an S € GL(n,F) such that for every i € [m],

B;=S"'-C-8, (4.8)

where I'(B;) = ¢(L;) = C;. O
The above claim implies that L; = A~*(I, ® S™)(I,, ® C;)(I, ® S)A. Then, it is easy to
verify that (I, ®S) and (I, ®S™!) are inverses of each others, which implies L; = A~ (I,,®C;)A.
Hence, the matrix M mentioned in Step 4 of the algorithm exists. Consider the linear system
defined by the equation L; - M = M - (I, ® C;), where the entries of M are taken as variables.
Step 4 is executed by picking the free variables of the solution space of the system from a

sufficiently large subset of F. Finally, the correctness of Step 6 is argued in the following claim.

Claim 4.3.9 Suppose f = Det(Ax), where A € GL(m,F). Then, f = Det((I, ® D)M'x)
with high probability.

Proof: Recall that L; = A™'- (I, ® B;) - A, where Ly, ..., L,, and B}, ..., B/ are bases of the
F-algebras o7 and M,, respectively, and M satisfies the following equation for every i € [m],

Li-M=M-(I,®C)).
This implies, for all i € [m)],
(I, ® B) - AM = AM - (I, ® C}). (4.9)

We view AM as a block matrix of block size n x n. Let My, € M, be the (¢, k)-th block of
AM. Then, from Equation (4.9), we get the Equation 4.10 for every ¢,k € [n| and i € [m]:

Observation 4.10 The block My, € M, is an invertible matriz with high probability.

Claim 4.3.8 implies that A™! - (I, ® S7!) is a candidate for M, and for this choice of M,
M, = S~!. The Schwartz-Zippel lemma then implies the above observation. From Observation

4.10 and Equation (4.10), we get the next equation for every ¢,k € [n| and i € [m],

B} - My, - M} = My, - M;* - BL.
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As B!,..., B! is abasis of M, the above equation implies that M- M;;' commutes with every

matrix in M,,. Thus, according to Observation 4.11, My - Mfll = by, - I,,, for some by, € F.
Observation 4.11 If C' € M, commutes with every B € M, then C' = c- I,, for some ¢ € F.
Observation 4.11 can be easily proved by considering the basis {E;; : i,j € [n]} of M, where
E;; is the matrix having (7, j)-th entry 1 and other entries 0. Thus, we get the following

AM =G® My, = (G®1,) - (I, ® My),

where G = (bg)r ke As [ = Det(A - x), we get

f(Mx) = Det(AMx)
=Det((G® I,,) - (I, ® My;) - x)
= det(G- X - M})
=0b-det(X)
=0b- Det(x)
= Det((I, ® D) - x),

where D = diag(b, 1,...,1) € M,,. This implies

f(x) = Det((I, ® D)M~'x).

4.4 Reduction from integer factoring to DET over

We first recall Theorem 1.9 and then give a proof. In this section, GRH means the Generalized
Riemann Hypothesis.

Theorem 4.5 (IntFact reduces to DET for quadratic forms) Assuming GRH, there ex-
1sts a randomized polynomial time reduction from the problem of factoring square-free integers
to computing an A € GL(4,Q) such that f = Dety(Ax), provided f is equivalent to Dets.

Consider the following result from [Ron87], which is required for the proof of Theorem 4.5.

Fact 4.5 ([Ron87]) Assuming GRH, there is a randomized polynomial time reduction from the
problem of factoring square-free integers to the following problem: Given non-zero a,b € Q, find

rational numbers x,y,z (not all zero) such that x* — ay* — bz* = 0, if such a solution exists.
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The following fact cited in [Ron87] is also required for the proof of Theorem 4.5. We give a

proof for the sake of completeness.

Fact 4.6 Leta,b € Q be non-zero. Then the equation x> —ay? —bz? = 0 has a non-zero rational

2

solution if and only if the equation x* — ay® — bz? + abw* = 0 has a non-zero rational solution.

Proof: If 22 — ay? — bz = 0 has a non-zero solution then the same solution gets extended to
% — ay? — bz? + abw? = 0. Now, suppose x? — ay? — bz? + abw? = 0 has a non-zero solution
(z,y,2,w) € Q' Using this, we will construct a non-zero solution of z* — ay? — bz? = 0.
Suppose a is a perfect square. Then, we immediately get the following solution for z? —
ay? — bz2> + abw? = 0: 2 = 0,w = 0,y = 1,z = \/a. Thus, we can assume that none of a
and b is a perfect square. We have 2? — ay® = b(z? — aw?). Suppose z? — aw? = 0. As b
is not a perfect square, we get + = y = 2z = w = 0. This contradicts the assumption that

2% — ay?® — bz? + abw? = 0 has a non-zero solution. Hence, z° — aw? # 0. Then, we get

(22 — aw?)?
(2t ayw)®  a(wz + yz)?

(22 — aw?)? (22 — aw?)?”

The above equation can be rewritten as 22 — ay? — bz? = 0, where z; = Eiffgi’uf)) = ‘é;”:’if))
and z; = 1. As b # 0, we get that 22 — ay? — b2? = 0 has a non-zero rational solution. O

The proof of Theorem 4.5 follows immediately from the Lemma 4.4 and Fact 4.5.

Lemma 4.4 Let a,b € Q*,x = {xy1,..., 220} and fop = 27, — axt, — bx3 | + abx3,. Then,
fap(x) = Dety(Ax) for some A € GL(4,Q) if and only if the equation z* — ay® — bz*> = 0 has a

non-zero solution over Q. Moreover, such a solution can be efficiently computed using A.

Proof: Suppose, f,,(x) = Dety(Ax), where A € GL(4, Q). This means
fa,b(A_IX) = T11T22 — T12%21.
Let a = (1, O, O, O) and A_l = (ai,j)i,j€[4}' Then,

-1 2 2 2 2
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As A € GL(4,Q), there exists an i € [4] such that a;; # 0. This gives a non-zero rational
solution for the equation 2 — ay? — bz? + abw? = 0. Then, Fact 4.6 implies that 22 —ay? — bz? =
0 also has a non-zero solution over Q. Now, suppose x,y,z € @, not all zero, such that
z? —ay® —bz? = 0. We want to construct an A € GL(4, Q) such that f,,(x) = Dety(Ax). Note
that both y and z can not be simultaneously zero. Otherwise, we get © = y = 2z = 0, which is
a contradiction. This implies that either u? — av? = b or u? — bv? = 0 depending on whether

y # 0 or z # 0. Assume without loss of generality that u? — av? = b. Let

1 0 wu —av
A 01 w —Uu
0 1 —av au
1 0 —u av

It is easy to verify that f,, = Deta(Ax). Now, we show that A € GL(4,Q) by arguing that the
columns C1, ...,y of A are Q-linearly independent. Let f1,..., 8, € Q such that

> BiCi =0.

i€[4]

Observe that the above equation gives us the following equations:

p1 = P2 =0,uf3 = avP, and vPs = ufy.

From the last two equation, we get either get 34 = 0 or u?—av? = 0. Recall that u?>—av? = b # 0.
Hence, £y = 0, which implies 3 = 0. Thus, A € GL(4,Q). This completes the proof. O

4.5 Reduction from FMAI to DET

This section is devoted to the proof of Theorem 1.10, which we recall below.

Theorem 4.6 (FMAI reduces to DET) Let n € N and F be a field that satisfies char(F) t
n. There exists an algorithm, which takes input a basis of an F-algebra <7, has oracle access to
DET over F and decides if A is isomorphic as an F-algebra to M,(F) or not using n®™ many

field operations. If the answer is yes, it outputs an F-algebra isomorphism from < to M, (F).

For this proof, we need a structural result about gpe: given in the following subsection.
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4.5.1 Deteminant characterized by its Lie algebra

The following lemma is a well-known fact over C. Its proof given below holds over any field
satisfying char(FF) t n. Recall from Fact 4.1 that gpet = Lrow ® Leol-

Lemma 4.5 (Characterization of Det by its Lie algebra) Letn € Nyx ={z11,...,Znn},
F be a field satisfying char(F) t n and f € F[x]| be a degree n homogeneous polynomial. If
Lot C g5 then f = aDet,(x) for some a € F.

Proof: Recall the definition of the lie algebra of a polynomial (Definition 2.30). Let B =
(irg), (k) )ijikt,ein) € 9y Then,

5,
D By Tri - (4.11)

or;;
i,k l€n] I

Since £ C gy, we will pick some specific matrices from %, to argue that f is a scalar
multiple of Det,. The basis given in Observation 4.1 becomes helpful here. Let j,I € [n] be
distinct and B = I, ® Ej;. Then, it follows from Equation (4.11) that for every j,1 € [n],j # [,

> i 8f‘ = 0. (4.12)

For j € [n], let B; be the matrix where the (j,j)-th entry is 1 and every other entry is 0 and
B=1,%(Bj—n"'I,). As char(F) { n,n ! exists in F. Then, it is easy to verify that B € Z..
Then, Equation (4.11) implies that for every j € [n],

0 0
S = [ wng | = 1), (4.13

icn 1,7 it j'€ln] 6@/7]-,

where the second equation follows from Euler’s identity and the fact that n ! is present in F. Let
L be the n x n matrix, where for every i, j € [n], the (j,4)-th entry is 2—f] Let X = (2i;)ijcm-
Then, it follows from Equations (4.12) and (4.13) that

LX = f(x) - I,.
Hence )
L= 52 (Adi(x))



where Adj(X) is the adjoint of X. Then, every entry in Adj(X) is a degree n — 1 polynomial.
As every entry in L is a homogeneous degree n— 1 polynomial, Det,, is irreducible, and deg(f) =
deg(Det,,) = n, we get that f = aDet, (x) for some «a € F. O

If we remove the condition char(FF) t n from he above theorem then Det, not characterized
by its Lie algebra. A counter example is f = z7, + Det,(x). Observe that over F satisfying

char(F){n, gf = gpet,. The above lemma immediately implies the following.

Corollary 4.2 Letn € Nyx = {z11,...,Znn}, F be a field satisfying char(F) { n, and f € F[x]
be a homogeneous polynomial of degree n. If there exists A € GL(n? F) such that A='- L+ A C
gr then f = aDet, (Ax) for some a € F.

Proof: It is given that A™! - % - A C gy. Let h = f(A™'x). We know from Fact 2.10 that
gn=A"1-g;- A Then, %o C gn. As char(F) {n, Lemma 4.5 implies that g = aDet, (x) for
some « € F, which implies f = aDet, (Ax). O

We first give the algorithm for Theorem 1.10 and then argue its correctness. Throughout
the following discussion, n € N is fixed and char(F) 1 n.

The algorithm

Algorithm 11 Reduce-FMAI-to-DET(</)
Input: A basis {Bj, ..., B} of an F-algebra & C M,,, and access to an algorithm for DET.
Output: If &7 is isomorphic to M,, as an F-algebra for some n € N then 1 and an F-algebra

isomorphism from 7 to M, otherwise 0.

1. If r # n? for any n € N, output 0 and halt. Else, rename the basis elements as By 1, . . ., By .

2. For i,j € [n], let L; ; € M,> be the matrix corresponding to the left-multiplication action
of B;jon Bys,...,B,,. Thatis B, ; - B, j, = Zil,jl L;; ((i1,71), (12, 92)) - Biy jy -

3. Compute a basis for the traceless parts of L; ;’s, i.e., compute a basis Ly, ..., L of the space
spanned by L;; — tr(ié’l)lnz, B S tr(fl;“”)lnz. If s #n?— 1, output 0 and halt.

4. Find a non-zero homogeneous polynomial f(x) of degree n, satisfying the following equa-

tions for every M € {L, ..., Ly2_1} (these give linear equations in the coefficients of f). If

no such non-zero polynomial exists then output 0 and halt.

Z M((ilajl)v (i27j2>> * Lig,ja * T =0 (414)
11,J1

11,J1,i2,j2€[n]
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5. Run DET on f. If it outputs ‘Fail’ then output 0 and halt. Else, it outputs an A € GL(n, )
such that f(x) = Det, (Ax).

6. Check if there exist Fy1,...,F,, € M, such that A-L;; - A~ = I, ® F;; for all i,5. If
yes, output 1 and the isomorphism ¢(B; ;) = F;; (extended linearly to whole of 27). If no,
check if there exist Fiq,...,F,, € M, such that A-L;; - A~ = F,; ® I, for all 4,j. If
yes, output 1 and the isomorphism ¢(B; ;) = F; ; (extended linearly to whole of &7). If no,
output 0.

Analysis of the algorithm

Claim 4.5.1 Suppose the algebra </ spanned by B 1, ..., By, is isomorphic as an F-algebra
to M,, for some n € N. Let L;;,i,j € [n] be the matrices computed in Step 2 of the above
algorithm. Then, there exist a K & GL(nQ,IF) and Cya,...,Chpn € M, such that for every
i,j €] Lij =K' (I,®Cy) K.

Proof: Recall the matrices Ly 1,..., L,, generated in the algorithm and let .# be the F-
algebra generated by these n? matrices. It is not difficult to show that % is isomorphic as
an F-algebra to /. As &/ is isomorphic to M,, we get that . and M, are isomorphic as
F-algebras. .Z also contains the identity matrix I,,2. Then, the Skolem-Noether theorem (The-
orem 2.1) implies that there exist a K € GL(n?, F) and Cy1,...,C,,, € M, such that for every
ijen,Li,=K*' (I,®C,) K. O

Correctness of Algorithm 11. Since for every n € N, dim M,, = n?, first step of the algorithm
is correct. As {Bi1,...,Bn,} is an F-basis of o7, the matrices Ly 1, ..., L, , mentioned in Step
2 exist. Suppose & is isomorphic as an F-algebra to M, for some n € N. Then, Claim 4.5.1
implies that there exists a K € GL(n? F) and matrices C' 1,...,C,,, € M, such that for every
ije€n,Li; =K' ([,®C;;) K. As L11,..., Ly, is an F-basis of &, it is easy to verify
from above that C' 1,...,C,, is an F-basis of M,,. In the next step, we compute the [F-vector
space spanned by the traceless parts [Zm', i,j € [n] of L;j,i,j € [n]. Then, it follows from the
above discussion that (Ly, ..., Ly2_) = K ' Lo - K.

In Step 4, we compute a polynomial f by solving the set of linear equations in the coefficients
of f obtained from Equation (4.14). As K'- %, - K C gy, it follows from Corollary 4.2 that
f(x) = aDet,(Kx). It is this step which takes n®™ field operations and dominates the overall
time complexity of Algorithm 11. As f is equivalent to Det,,, on invoking Step 5, we get an

A € GL(n,F) such that f = Det,(Ax). As Li,...,L,», spans a Lie algebra of dimension
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n? —1, it follows from the decomposition of gpet, given in Fact 4.1 that these n? — 1 either span

A L Aor A7 L - A. This immediately implies that either of the following conditions
should be true:

1. There exist Fi1,..., F,, € M, such that A-L; ;- A~' = I, ® F;; for every i, j € [n].
2. There exist Fi1,...,F,, € M, such that A-L; ;- A~ = F,; ® I,, for every i,j € [n].

This immediately argues the correctness of Step 6. It is easy to show that whatever the

algorithm outputs is actually an F-algebra isomorphism from .7 to M,,.
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Chapter 5
Equivalence test for regular ROF's

This chapter is devoted to the proof of Theorem 1.11. This is a joint work with Chandan
Saha and Bhargav Thankey. There are three sections in this chapter - in the first one, we
list some important properties of the Hessian determinant of an ROF, which are used in
the equivalence test for regular ROF's, the second section contains the ET algorithm and
the last section contains the analysis of the ET algorithm. The properties of the Hessian

determinant of an ROF stated in the first section are proved in Chapter 6.

Notations. Let C be a regular ROF (Definition 2.40) over a field F. Let x = var(C), where
var(C) refers to the set of variables appearing in C. Then, every variable in x is attached to a
product gate in C. Corollary 2.2 implies that every variable in x is essential (Definition 2.32)
for C. Throughout this section, we will identify a node of C with the polynomial it computes.
It follows from Remark 2.4 that we can assume without loss of generality that C has alternate
layers of + gates and x gates, every non-leaf node in C has at least two children, and none of
the children of a x gate is a constant. Further, as C is regular, there are no edge labels in C.
We will denote + gates of C with @, Q;, Q;; etc. and x gates of C with T, 7;,T; ; etc. We say
that C is +-rooted (similarly, x-rooted) if the topmost gate of C (also called the root of C) is a
+ gate (respectively, a x gate). In this chapter, we consider a slightly more general definition
of the orbit of a polynomial. We say that an n-variate polynomial f is in the orbit of C, denoted
orb(C), if there exist an A € GL(n,F) and a b € F" such that f = C(Ax + b).
We recall Theorem 1.11 below. In this theorem, QFE means PE for quadratic forms.

Theorem 5.1 (ET for regular ROFs) Let n € N,x = {z1,...,2,}, F be a field satisfying
char(F) = 0 or char(F) > n? and |F| > n'3, and f € F[x] be in the orbit of an unknown regular
ROF C. Then, there exists a randomized poly(n) time algorithm that takes input black-box access
to f, has oracle access to QFFE over F and does the following with high probability: it outputs
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an A € GL(n,F) such that f(Ax) = C(PSx + b), where P,S € GL(n,F) are permutation and

scaling matrices respectively and b € F™.

As f is in the orbit of a regular ROF C and as C does not have redundant variables, it
follows from Fact 2.12 that f also does not contain any redundant variable. We introduce a
useful definition here. We say that an n-variate polynomial ¢ is in the PS-orbit of C, denoted
PS-orb(C), if there exist a permutation matrix P € GL(n,F), a scaling matrix S € GL(n,F),
and a vector d € F", such that ¢ = C(PSx + d). Using this terminology, we say that the
algorithm in Theorem 5.1 outputs an A € GL(n,F) such that f(Ax) € PS-orb(C).

In the equivalence test for ROFs (Algorithm 12), we will extensively use some important
properties of the Hessian determinant (Definition 2.27) of C, denoted det Hg. In Section 5.1,
we state these properties for a canonical ROF (Definition 2.39) and give their proofs in Chapter
6. Since every regular ROF C by definition is canonical, these properties hold for det H.

5.1 The Hessian determinant of an ROF

This section is devoted to some important properties of the Hessian determinant of a canonical
ROF, which are needed for Algorithm 12. We only present the statements of these properties
here for the sake of completeness and give their proofs in Chapter 6. The reason for pushing
these proofs to a separate chapter is their long lengths due to a detailed analysis of the Hessian

determinant of a canonical ROF.

Lemma 5.1 (Non-zeroness of det(Hp)) Letn € N andF be a field such that either char(F) =
0or>n. Let C=Ty+---+Ts 4+~ be a canonical ROF over I, where for everyl € [s],T; is a
x-rooted child of the root node in C, |var(1;)| < n,deg(1}) > 2, and v € F. Then, the Hessian

determinant of C is non-zero over F.

As C is an ROF, all T}’s are pairwise variable disjoint, which implies that the Hessian of C

is a block-diagonal matrix, where the blocks on the diagonal are Hessians of 77, ..., T,. Thus
det(Hg) = [ [ det(Hr,). (5.1)
le(s]

Hence, it is sufficient to argue that every det(Hr,) is non-zero over fields of characteristic either
zero or greater than equal to n. So, we focus on an arbitrary term T € {Ty,...,Ts}. If T
is a product of +-rooted ROFs such that each of these +-rooted ROFs has product-depth
at most 1, then we give the complete description of det(Hr) in Claim 6.4.1 of Chapter 6.

Otherwise, we show in Lemma 6.1 of Chapter 6 that det(H7) is non-zero whenever char(F) = 0
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or char(F) > n. This statement may not hold over F, where |F| < n. For example, let
C = 217273. Then, det(H) = 0 over fields having characteristic two.

We prove the non-zeroness of det(Hr) by understanding the structure of some nice monomi-
als in det(Hr). We show that these nice monomials have non-zero coefficients when char(F) = 0
or char(F) > n. The analysis of the coefficients of these nice monomials is long and involved
because of the two reasons: First, the ezact values of these coefficients are helpful in showing
that det(Hr) is non-zero even over fields of relatively small characteristic. Second, the precise
structures of these nice monomials are useful in getting the complete understanding of the
essential variables of det(Hr) in Claim 5.1.2 and Claim 5.1.3, when T is a regular ROF.

In the following claim, we study the factors of the Hessian determinant of C, which are
obtained by carefully analysing the structure of the Hessian of C. The knowledge of these

factors is very crucially used in Algorithm 12.

Claim 5.1.1 (Factors of det(Hg)) Let C a canonical ROF over an arbitrary field F.

1. Let x € x be such that x is a child of a x gate in C that computes a polynomial of degree
at least 3. Then, x is a factor of det(Hp).

2. Let Q be a +-rooted sub-ROF of C and Q1,- - ,Q,, the siblings of Q in C, i.e., for every
i € [m], Q; is either a variable or a 4+-rooted sub-ROF of C, and QQ and Q; have the same
parent in C. Let [var(Q1)| + - + [var(Q.,)| = k. Then, the multiplicity of Q in det(Hg)
is at least (k —1).

The proof of Claim 5.1.1 follows from Claim 6.2.3 of Section 6.2 in Chapter 6, where the
factorization of the Hessian determinant of an arbitrary term 7" of C is studied. Corollary 5.1

follows from Corollary 6.1 of Section 6.2 in Chapter 6.

Corollary 5.1 Let F be an arbitrary field and C =Ty + --- 4+ Ts + v a canonical ROF over I,
where for every | € [s], T} is a x-rooted canonical ROF and vy € F. Ifl € [s] is such that T;
computes a polynomial of degree at least 3, then there is a +-rooted child Q) of T} such that Q)
is a factor of det(Hg).

Now, we discuss the essential variables in the Hessian determinant of a x-rooted regular ROF

T. We have a complete understanding of the essential variables of det(Hr).

Claim 5.1.2 (Variables of det(Hy) for a regular T') Let n € N and F be a field satisfying
either char(F) =0 or > n. Let T be a x-rooted regular ROF over F such that |var(T)| = n. If

n > 3 then all the variables present in T' appear in the Hessian determinant of T
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Claim 5.1.3 (Essential variables of det(Hr) for a regular T') Let n € N and F be a field
satisfying either char(F) = 0 or > n. Let T be a x-rooted reqular ROF over F such that
|var(T)| = n. If n > 3 then all the variables present in T are essential for the Hessian

determinant of T .

Claims 5.1.2 and 5.1.3 are Claims 6.5.3 and 6.5.4 of Section 6.5.7 in Chapter 6 respectively.
Claim 5.1.3 is used in Algorithm 12 to make the terms of the input polynomial f variable
disjoint (see Section 5.3.1). Its proof uses Claim 5.1.2, Observation 2.5 and Observation 2.6.

Remark 5.1 After we obtained this involved analysis of the Hessian determinant of C, Bhargav
Thankey independently came up with a different analysis, which is much shorter and proves all
the results stated here. His analysis is given in Section 3 and its associated appendix of [GST22].
The main difference between our and Thankey’s proofs is as follows: We analyse coefficients
and structures of some explicit monomials in det(HC), which we call nice monomials. The
construction of such monomials and analysis of their coefficients make our proof longer. On
the other hand, Thankey’s proof shows that there exists some high degree monomials (without
giving the explicit description of such monomials or their coefficients in det(HC)) having non-
zero coefficients in det(H).

Howewver, we feel that the knowledge of the structure and coefficients of nice monomials can

be helpful in understanding the Hessian determinant of univariate-substituted ROF's (see Point

1). As the class of univariate-substituted ROFs generalise ROFs, it is natural to ask if we can
use the ideas given here to design an efficient ET for univariate-substituted ROFs. As in the
ET for reqular ROFs given in this chapter, the Hessian determinant of a univariate-substituted
ROF can also turn out to be instrumental in designing an ET for this model. See Section 7.3
of Chapter 6 for motivations to study ET for uniwariate-substituted ROFs.

5.2 Equivalence test

We start by giving an overview of the equivalence test before stating it formally. Recall Fact
2.17, Claims 2.2.2 and 2.2.3 from Chapter 2. These would be used in the algorithm. We are
given that f is in the orbit of an unknown regular ROF C. We can assume without loss of
generality that C is a +-rooted regular ROF. This is so because we can reduce an ET for a
x-rooted ROF to an ET for a +-rooted ROF as follows: Suppose C = Q1 ---Q,, where for
every k € [s],Qy is either a variable or a +-rooted regular ROF. Let f € orb(C), i.e., there
exist a B € GL(n,F) and a d € F" such that f = C(Bx + d). Let Q, = Qu(Bx + d) for
every k € [s]. Using the algorithm in Claim 2.2.2, we compute a matrix Ay € GL(|x|,F) such
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that Qy(Agx), ..., Qs(Agx) are variable disjoint. For k € [s], let x; = var(Qx(4ox)). Now,
we compute black-box access to irreducible factors of f(Apx) using Fact 2.17. It follows from
Observation 2.7 that after factorization, we get black-box access to ak@k(on), k € [s], where
every ap € F* and ay---a, = 1. Now, suppose we have an ET for +-rooted regular ROF's,
which when invoked on a,Qy(Aox), returns an A, € GL(|xz|,F) for every k € [s], such that
ak@k(Ao(Akxk,x \ X)) € PS-orb(Qg). Let A = diag(Ay,...,As). Then, A € GL(]x|,F) and it
is easy to that f(ApAx) € PS-orb(C).

5.2.1 An overview of the algorithm

Let C =T, + --- 4+ Ts + v, where for every k € [s], T} is a x-rooted regular ROF and v € F.
Let f = C(Bx + d), where B € GL(n,F) and d € F". Then, f =T} + - - - + T, + , where for
every k € [S]JA}C = T(Bx +d). We refer to Ty, ...,Ts and ﬁ, . ,T\S as the terms of C and f
respectively. Without loss of generality, assume that there exists an s; € [s] such that for every
k € [s1], deg(T},) = deg(T},) > 3 and for every k € {s1 +1,...,s},deg(T}) = deg(T},) = 2. Let
q=Ts 1+ - +Tsand g = T\SIH 44 ﬁ Then, we call ¢ and ¢ as the quadratic terms of
C and f respectively. The algorithm has two phases, which are described below:

Phase 1: Making terms of f variable disjoint. The objective of this phase is to compute
an Ay € GL(n,F) such that fl(on), . ,ﬁ(on) are variable disjoint (see Procedure 13). This
phase further has the following two steps.

1. Handling non-quadratic terms of f: We first compute the Hessian determinant of
f using Fact 2.14. Lemma 5.1 and Corollary 2.1 ensure that det(H;) # 0 over F. Let
ke {s1+1,...,s}. Then, it is easy to see that det(Hr,) € F*. This along with Equation
(5.1) and Corollary 2.1 implies that

det(Hy) = a- [] det(Hz)(Bx +d),

k6[81]

where o € F*. Let C; =T1+---+ Ty, and f; = fﬁ—- . -+f51. Since deg(7}) > 3 for every
k € [s1], it follows from Claim 5.1.3 that the number of essential variables in det(H¢ )
is equal to the number of variables appearing in C;. Then, using the basic approach
mentioned in Section 1.4.3 (see Claim 2.2.3), we compute an Ay € GL(n,F) such that
Ti(Aox), . .., Ty, (Agx) are variable disjoint.

2. Handling the quadratic term of f: In the previous step, we computed an A, €
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GL(n,F) such that f;(Apx) is a sum of variable disjoint polynomials. However, the
terms of g(Apx) need not be variable disjoint. At this point, we invoke QFE over F and
compute an A € GL(n,F) such that Aj maps every variable in f;(Aox) to itself and
qAX) = (1 + B1) (w2 + B2) + -+ + (Ym—1 + Bm—1)(Ym + Bm), where for every i € [m],
y; & var(fi(Apx)) and ; € F. We update Ay = Ag - Ajy. Then,

f(AOX) = Z fk(AOX) + (yl + ﬁl)(?ﬁ + 52) +oot (ym—l + Bm—l)(ym + Bm)a

ke[s1]

where for every k # k' € [s], var(T},(Aox)) Nvar(Ti (Apx)) = 0. Let f' := f(Agx) and for
ke [s], T, = Th(Aox).

Phase 2: Recursively performing ET on the factors of the terms of f’. The objective
of this phase is to first get black-box access to a term T} of f’ using only one black-box query
to fand if T} = Q) ,---Q},,, then obtain black-box access to a factor @} ; using only one
black-box query to Ty. The algorithm first learns the variable sets of T7, ..., T, , say zi, ..., Z,.

Then, it picks a k € [s1] and for every k' € [s1] \ {k}, it substitutes every variable in z equal

to 0. Thus, we get black-box access to
g:="Ti+7,

where 7/ € F. As shown in the proof overview of Theorem 1.11 given in Section 1.4.3, we
compute 7' using a “good factor” of det(H,) and after that we subtract 7" from the black-box
of g, which allows us to compute black-box of T} using only one query to black-box of f. Once
we have access to T}, we factorize it using Fact 2.17, and then recursively solve the problem for
factors of T} one by one as each of these factors is an instance of f and has product-depth less
than the product-depth of f.

5.2.2 The algorithm

We now give a formal description of the algorithm.

Algorithm 12 Find-Equivalence(f(x))
Input: Black-box access to an n-variate polynomial f in the orbit of an unknown +-rooted

regular ROF C such that every x € x is essential for f.
Output: An A € GL(n,F) such that f(Ax) € PS-orb(C).
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11.

12.
13.
14.
15.
16.
17.
18.

19
20

o e w

If deg(f) =1, return I, xp,.

Let (Ao, y,21,...,2y) be the output of Make-Terms-Var-Disjoint(f). Let z = Wie (o2

Let E=0,V ={z1,...,2z¢} and G = (V, E) be a graph.
for i,j € [s'] do

If there exist z; € z; and z; € z; such that %ﬁgj) # 0 then add the edge (z;,z;) to E.
end for
Let zy,...,z, be the variable sets corresponding to the different connected component of
G. Let € ={z1,...,2s }.
for k € [s1] do

Let T be the output of Compute-Term-Black-Box( f(Ag(zg,x \ zx = 0))).

Use algorithm in Fact 2.17 to obtain black-box access to factors @1, e ,@m of f(on).
Let Ao € GL(|zg|,F) be the output of the Make-Polys-Var-Disjoint(Q1, . . ., Q) (Algo-
rithm 3 in Claim 2.2.2). For [ € [m], 2z, := Var(@l (Ako2zi)) and Zg := 2y \ Zg,-

for [ € [m] do
Let a be a size-|zy,| vector of random field elements and @l = fk(AM(zk,l,Zk,l =a)).
Let Ag, € GL(|zg,|,F) be the output of Find-Equivalence(Q,).
end for
Construct an A;c,O € M, (IF), which maps every z € z;; to Ay o z for every | € [m].
Let Ay = AgoA} o
end for
Construct an A, € M, (F) such that Ajoz = Ayoz,Vz € 74,k € [s1] and Ajoy =y, Vy € y.
Return A Aj,.

Here, we give the input-output behaviours of the procedures Make-Terms-Var-Disjoint()

(Procedure 13) and Compute-Term-Black-Box() (Procedure 14), which are used as subroutines

in the above algorithm. These procedures are formally described in Section 5.3. The procedure
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Make-Terms-Var-Disjoint() takes input black-box access to f in the orbit of an unknown +-
rooted regular ROF such that every variable in x is essential for f and computes a matrix
A € GL(n,F) such that f(Ax) is a sum of variable disjoint terms. The procedure Compute-
Term-Black-Box() takes black-box access to Ty(Apx) + 7/, where T}, is a term of f/,7' € F, and
Ap is the matrix mentioned in Step 2 and outputs black-box access to T\k(AOX) using only one

query to the black-box of f.

5.3 Analysis of the algorithm

The following lemma will establish the correctness of Algorithm 12.

Lemma 5.2 (Correctness of Algorithm 12) Letn € N,x = {xy,...,2,},F be a field such
that char(F) = 0 or char(F) > n? and |F| > n'3, and f(x) be in the orbit of a +-rooted regqular
ROF C such that every x € x is essential for . Let A be the matriz returned by Algorithm 12.

Then, there ezist a permutation matrix P € M, (F), an invertible scaling matriz S € M, (F),

and a b € F" such that f(Ax) = C(PSx + b).

We first give the formal description of Procedure Make-Terms-Var-Disjoint() below and
argue its correctness in Sections 5.3.1 and 5.3.2. Then, we give Procedure Compute-Term-
Black-Box() in Section 5.3.3. After that, we prove Lemma 5.2.

Procedure 13 Make-Terms-Var-Disjoint( f(x))
Input. Black-box access to an n-variate polynomial f in the orbit of an unknown +-rooted

regular ROF such that every x € x is essential for f.

Output. (A,y,z1,...,2y), where A € GL(n,F), s.t. the terms of f(Ax) are variable disjoint,
y = var(q(Ax)), for i # j € [¢'],z; N z; = () and VT}, satisfying deg(T}) > 3,3J, C [¢], s.t.
var(T,(Ax)) = WicJ, Zi-

1. Let h = det(Hf) and (Ay,{z1,...,25}) be the output of Make-Factors-Var-Disjoint(h)
(Algorithm 4 in Claim 2.2.3). Let z = var(h(A;x)) and y = x \ z.
2. If z = var(f(Aix)), return (A1,0,24,...,2y).

3. Let fi = f(Aix), y ={y1,- -  Yam}, and ¢ = y192 + *** + Ym—1Ym-
4. Compute black-box access to the degree-2 homogeneous part ¢’ of f; in y-variables.
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5. Let Ay be the output of QFE (¢/,q). Extend A; € GL(|y|,F) to Ay € GL(n,F), such that
As 0z =z and for every y € y, Ay and A, map y to the same linear form in y-variables.

6. Let fo = f1(Asx).

7. for y € y do

8.  Compute the black-box access to %—];2 and interpolate it. Let 88—’;2 =y + 4, + oy, where
v €y \{y},ls,y € Flz] is a linear form and a,y € F.

9. end for

10. Compute Az € GL(n,F), that maps every ¥ € y to y — £,/ and every z € z to itself.

11. Return (A1 A243,y,21,...,2¢).

Recall f = T+ -—1—71 +~and ¢ = fslﬂ +-- -—1—11, where ¢ is the quadratic term of f. The
objective of the above procedure is to compute an Ay € GL(n, F) such that Ty (Agx), . . . , Tu(Aex)
become variable disjoint. Let I = [s1] and I = {s; + 1,...,s}. Then, we know that for every
ke I, fk computes a polynomial of degree at least 3 and for every k € ]Q,fk computes a
degree 2 polynomial. In Section 5.3.1 we first show how to make the terms of f corresponding to
I, variable disjoint and then show in Section 5.3.2 how to handle the terms of f corresponding

to Iy by using oracle access to QFE over F.

5.3.1 Making terms variable disjoint

In the procedure, we first compute h = det(H;). Lemma 5.1 and Corollary 2.1 imply that
h # 0. Then, it follows from Claim 5.1.2 and Fact 2.7 that for every k € I, det (ka> is a

non-constant polynomial and it is easy to see that for every k € I, det <ka> € F*. Thus,
when we invoke Algorithm 4 in Step 1 and factorize h inside this algorithm, the non-constant
irreducible factors of h are only contributed by det (H@) , k€ I,. Tt follows from Claim 5.1.3

that for all £ € I, all variables appearing in det <ka> are essential. So, Claim 2.2.3 implies
that for every k. k' € I,k # K, det (Hﬂ> (A1x) and det <ka,> (A1x) are variable disjoint,
where A; € GL(n,F) is the matrix obtained in Step 1. The following observation ensures that
A; makes T, k, k € I variable disjoint.

Observation 5.1 For every k, k' € I, k # K/, fk(Alx) and T\k/(Alx) are variable disjoint.

Further for every k € I, fk(Alx) has no redundant variables.

Proof: Fix k € I, arbitrarily. Let x; := var(det(Hr,)) and z; := var (det <ka> (Alx)). We
know from Claim 5.1.2 that x; is the set of variables appearing in T}, and as T} is a regular

ROF, Observation 2.8 and Claim 5.1.3 imply that every variable in x;, is essential for det (Hr, ).
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Claim 2.2.3 implies that z; is a set of essential variables of det(ka)(Alx). Then, it follows
from Fact 2.12 that |xj| = |zx| for every k € I.

Let k € I;. We know ), = Ti(Bx + d), which implies fk(Alx) = Ti(BA;x +d). We know
det(Hy,) € Flxy] and det (Hf) (A1x) € Flzy], which implies det(Hz,)(BAix + d) € Flzy].
As |zg| = |xx| and x; is the set of essential variables of Tk, it follows from Observation 2.4
that BA; maps every variable in x; to a linear form in z;. As x; = var(7}) and BA; maps

every variable in xj to zj, clearly var (T k(Alx)) = 7. Because every variable in x; is es-

sential for Ty, we get that z; is the set of essential variables of T, k(Ai;x). Since for every
kK €, k#Fk 2,0z = @,fk(Alx) and fk/(Alx) are variable disjoint. O

For k € I, let z;, = var (det <ka) (A1X)>. As noted in the proof of Observation 5.1,
fk(Alx) computes a polynomial in F|zg]. Let z = Wiep,zp and y = x \ z. Then, z is the set
of variables appearing in ), ;. Ti(A1x). If I, = [s] then z = x and we are done. Otherwise,

it might happen that there exist a &’ € I, and z € z, such that z € var (T\k/ (Alx)). We show

how to handle the terms corresponding to I, in the following section.

5.3.2 Handling the top quadratic term

Now, we handle the terms corresponding to Io. Recall f; = f(A;x). Then,

= TulAx) + > (lray + lris + 1) (Grzy + loza + ar2) +7,

kely kels

where for every k € I,j € [2], Uy y € Fly|, lx . € Flz] are linear forms and oy, ; € F.
It is easy to verify that the following observation is true. If not, it can be shown the number
of essential variables of f; (which is equal to the number of essential variables of f) is strictly

less than n, which gives a contradiction as f; is in the orbit of an n-variate regular ROF.
Observation 5.2 The set {ly;y : k € I, j € [2|} is F-linearly independent.

In Step 4, we compute black-box access to ¢/, which is the homogeneous degree 2 part of
f1 in y-variables. This is done by multiplying every variable in y with a fresh variable ¢ and
then interpolating the coefficient of #? from the black-box of f;. Note that this coefficient is the
black-box of ¢, which is equal to » ., lk1y - le2y. We rename the set y = {y1,...,ym} to
Y =A{vk1,yk2 : k€ I} Let ¢ = Zkeb Yk.1 - Yk2. Observation 5.2 implies that we can invoke
QFE on (¢, q), which returns A, € GL(|y|,F), such that

q (A\z : Y> = Z Criy - lroy (A\Qy) = Z Ykt * Yk,2- (5.2)

kels kel
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Let As be the extension of 22 in the following manner: For every z € z, Ay maps z to itself and
for every y € y, Ay and A, map y to the same linear form in y-variables. Clearly, Ay € GL(n,F).
Let fo = f1(Asx). The following observation is helpful in understanding fs.

Observation 5.3 Let Ay € GL(n,F) be the matriz computed in Step 5. Then, for every k € I,

there exist linear polynomials hy 1, hyo € Flz], such that

Z(fk,l,y + g+ ) (lreoy + lroe + arp)(A2x) = Z(ym + 1) (Yr2 + hi2).

kel kel

Proof: For every k € I5,j € [2], let p; = Uk j» + i j. Then,

D (lkay + prea) (lrzy + Pr2)(A2x) = Y (U 1y + k1) (Ghoy + Di2),

kels kel
where for k € Iy, j € [2],0} ;, = lk;y(A2x) and as Ay maps every variable in z to itself, for
k € I, j € [2], prj(A2x) = pj. Since Ay € GL(n,F), Observation 5.2 implies that {f} ;@ k €

I5,j € [2]} is F-linearly independent. On expanding the R.H.S. of the above equation, we get

> Wy +Pe1) ooy +Pr2) = D lirylioy + (i yPro + booyPra) + Y peabra. (5.3)

kels kel kel kel

For k € Iy, let hyy, hyp be the coefficients of yro, yk1 in 3 (€41 yPr2 + Ch 0y Pr1) Tespectively.
kels
Then, for every k € Iy, hg 1, hi o € F[z] are linear polynomials and

Z( 2,1,ypk,2 + f;c,Q,yPk:,l) = Z(yk,lhm + Yr2he ).

kel kel

Equation (5.2) implies that Y, ., 0} 0oy = > pcr, Uk - Yr2. Using this and on adding and
subtracting ), . hg1hy2 from Equation (5.3), we get

Z(%J,y + k1) (U oy + Pr2) = Z(ym + hr1) (Y2 + hr2) + Z(pk,lpk;,Z — hiahia).

kela kel kela

Now, we show that Zkeb(pk,lpkﬂ — hgaihk2) = 0. Substitute yi; = yx,; — hy; for every
k € I5,j € [2] in the above equation. Then, we get

Z( 2,1,y + pi@)( 2,2,y +p2,2) = Z YkaYk2 + Z(pk,1pk,2 = hiah2),

kels kels kels
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where p), ; € F[z] is a linear polynomial for every k € I, j € [2]. Note that as the R.H.S. of the

above equation does not have a monomial containing variables from both y and z, we get

Z(f;c,l,yp;fﬂ + K;C,Q,yp;c,l) = 0.
kels

Since {¢,, : k € I, j € [2]} is F-linearly independent, it is easy to see that for every

k € Iy,p),, = Pjo = 0, which implies ), ., (Pr1Pk2 — hi1hr2) = 0. Hence

Z(ék,l,y + Uitz + k) (lroy + ez + ar2)(Az - X) = Z(ykl + hre1) (U2 + hr2)-

kel kel

This observation implies that f5 looks as follows.

f2= Z j:’k<A1A2X) + Z(ym + hi 1) (Yr2 + Pi2) + 1.

kel kel

When we take partial derivatives of f, with respect to yi. 1, yx2 for k € I, we get black-box
access t0 Yg 2 + hio and yy 1 + hi respectively. For k € Iy, 5 € [2] let hy; = Zk,j,z + B ;, where
'[k,j,z € Flz] is a linear form and f;; € F. Now, we compute A3 € GL(n,F), which maps vy ;
to Yk — ZM’Z for every k € Iy,j € [2] and every other variable to itself. Let f3 = fo(Asx).
Let A = A1 A5As. As noted before, A3 A3 maps every variable in z to itself. Thus, for every

k € I, To(Ax) = T)(A;x) and hence Tj(Ax) € F[z;). This implies

fs = f(A%) = TulAx) + > (yra + Brn) (e + Br2) + 7.

kel kel

Since 7] k(Ax) € F[zy] for every k € Iy, the above equation immediately implies that for
every k, k' € [s], k # K,T.(Ax) and Tj(Ax) are variable disjoint. Further, it follows from
Claim 2.2.3 and the proof of Observation 5.1 that for every k € [s1], there exists J; C [s'], such
that var(T}(AX)) = Wie s, z:.

5.3.3 Computing efficient black-box access to a term

Before describing Procedure 14, we show in the following observation that the for loop in Steps
4 - 6 of Algorithm 12 is correct.

Observation 5.4 (Learning variable sets) After execution of the for loop in Steps 4 - 6,
for every k € [s1], z), = var (fk(on))
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Proof: Recall € = {zy,...,2} is the set of variable sets corresponding to the connected
components of the graph G = (V, E), where V' = {z,...,zy}. Pick a k € [s;] arbitrarily and let
fk = @k,l e @kmk If there exists an i € [s'] such that for every [ € [mk],var(@hl(on)) C z,
then var(7},(Aox)) C z;. Suppose this is not the case and there exist i1 # iy € [¢/], I1, I, C [my]
such that Iy N I, = 0, var(]],c,, Qr1) C 2;, and var([ [,ep, Q1) C 2i,. Then, we show in the

following two cases that we add an edge between z;, and z,,.

Case 1. Either my > 3 or deg(Qr1) > 2 and deg(Qx2) > 2. In this case, we know from Corol-
lary 5.1 and Observation 2.7 that for every | € [my], @k,l is an irreducible factor of det(ka).
It follows from Claim 2.2.3 that there exist i1,is € [s],i7 # i3 and I;,Is C [my] such that
Ulehvar(@k,l) C z;, and Ulgzvar(@k,l) C z;,. Let 21 € z;,, 25 € z;, be arbitrary. As z; Nz;, =0,

O?f(Apx)  9°Ti(Aox) M o 01T er, Qran(Aox)\ [0T1,cs, Qui(Aox)
821822 N 621622 N kit (921 322 ’

le[mk}\(llLﬂIQ)

9% f(Aox)
0z1022

Clearly, # 0 and we add an edge between z;, and z;,.

Case 2. my, = 2 and exactly one of ;1 and Q2 is a variable. Without loss of generality,
let Q1 is a variable. It follows from Corollary 5.1 that @k,l is a factor of det(ka). Then,
Claim 2.2.3 implies that there exist distinct 41,45 € [s'] such that Var(ém(on)) C z; and
var(@k,g(on)) Nz, # 0. Pick 2 € z;, and 2z € z;, N Var(@m(on)) arbitrarily.

*f(Ax)  PTp(Ax) 0 [~ 9Qy2(Agx)
821822 B 821822 _@_211 Qk’l(AOX) 822 )
82f(A0x

As z € V&I‘(@\hl(AoX)), clearly ) £ 0 and we add an edge between z;, and z;,.

921022

It follows from these two cases that for every k € [sﬂ,var(f k(Aopx)) is contained in one
connected component of G. Now, suppose z; € var(T}, (Aox)) and z; € var(T}, (Aox)). Then,
% = 0. This implies that we add an edge between z; and z;, if and only if
z;, W z;, C var(Tx(Agx)) for some k € [s1]. Thus, € = {var(T,(A¢x)),...,var(T}, (4px))}. O

Now, we formally describe Procedure 14.

clearly

Procedure 14 Compute-Term-Black-Box(g)

Input: Black-box access to f(AOX) + 4/, where T is a term of f and + € F.
Output: Black-box access to f(AOX) using just one black-box query to f.
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1. Compute black-box access to det(H,) with respect to var(g) and factorize it using Fact

2.17. Let N be the set of black-boxes of the irreducible factors of det(H,).
. for pe N do

[N)

3. Let a be a size-|var(g)| vector containing random field elements. For a fresh variable ¢,
interpolate p(a - t) and g(a - t).
4. Compute p/(t) and 8 € F such that p(a-t)p'(t)+ 5 = g(a-t) by solving a system of linear

equations in the coefficients of p’ and f.
5. If g — 8 is reducible, then return black-box access to g — 5.

6. end for

The correctness of the above procedure is argued in the following claim.

Claim 5.3.1 Let k € [s1], 2 = var(T(Aox)). Then, Compute-Term-Black-Box(A(zy, 2\ z), =
0)) returns black-boz access to Tj,(Agx) with high probability. Moreover, one query to Tj(Aox)

requires just one black-box query to f.

Proof: We know that
F(Aox) = Ty (Agx) + -+ T, (Aox) + G(Aox) + 7.
As Ty (Apx), . .. ,f s, (Aox), @(Apx) are pairwise variable disjoint,
F(Ao(zr,2\ 2 = 0)) = Ti(Aox) + 7/,

where v € F. Let g = f(Ao(zg,z \ 2z = 0)). Note that black-box access to g can be directly
computed from the black-box of f. The objective is to learn +" and then subtract it from the
black-box of g to get black-box access to T\k(on).

The procedure computes N, which is the set of irreducible factors of det(H,) = det(Hz, (4,))-
As deg(Ti(Apx)) > 3, it follows from Corollary 5.1 and Corollary 2.1 that N contains non-zero
constant multiples of at least one child of the root of f(Apx). We call such factors as “good
factors” and other factors are called “bad factors”. Suppose p is a factor of det(H,) picked by

the algorithm. Then, p can either be good or bad. We analyse these two cases separately.

Case 1: p is a good factor. In this case, p is also a factor of fk(on). The procedure

computes p’ and 3, which satisfy

pla-t)p'(t) + 6 = gla-t), (5.4)
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where a is a vector of |zg| many random field elements and ¢ is a fresh variable. One choice
for p/(t) and § are @(a -t) and 4/ respectively. We can compute p'(t) and S as follows:
Interpolate p(a-t) and g(a-t) as univariate polynomials in F[t] and treat the coefficients of p/(t)
and [ as formal variables. Now, solve the system of linear equations in the coefficients of p’(t)
and f by comparing the coefficients of different monomials in ¢ variables in the L.H.S. and the
R.H.S. of Equation (5.4). We now argue that we get a unique solution.

Suppose (p(t), 51) and (p(t), B2) satisty Equation (5.4). Then, we get

pla-t)(py(t) — ph(t)) = b1 — Ba.

As a contains random field elements, the Schwartz-Zippel lemma implies that with high prob-
ability, deg(p(a-t)) > 1. Thus, 51 = B, which further implies p)(t) = p,(t). Because of this,
B =~'. Then, g— 3 is reducible and the procedure halts by returning black-box access to g — .

Case 2: p is a bad factor. In this case, if § = 4’ then we are done. Let 5 # +/. Then, note
that g — 3 is in the orbit of T}, ++" — . It follows from Observation 2.7 that g — 3 is irreducible
and the procedure picks another factor from N.

For the ‘moreover’ part, observe that after learning (3, black-box access to fk(Ag(zk =

aj,x \ zx = 0)) can be computed for any a;, € F#! using just one black-box query to f. O

Now, we are ready to prove Lemma 5.2.

Proof of Lemma 5.2

We prove the lemma by induction on the product-depth A of C. Recall that we want to show
that if A is the matrix computed by Find-Equivalence(f) then f(Ax) € PS-orb(C), where C
is an n-variate regular ROF and f does not have redundant variables. Let A = 0. Then,
C = x; and f is an affine form. As all the variables in f are essential, f = ax; + (8 for some
a,f€F,a#0. Asn =1, f(I,xnx) € PS-orb(C). This proves the base case.

Now, suppose the lemma holds for A > 0 and the product-depth of C is A + 1. Recall
that C = T3 + -+ + Ts + v, f = C(Bx + d) for some B € GL(n,F) and d € F". Then,
f= ﬁ—i—- . -—i—ﬁ—i-% where for every k € [s], fk = Ty (Bx+d). Alsorecall that ¢ = T, 1+ - -+T
is a quadratic form and ¢ = ¢(Bx + d). It follows from the analysis of Procedure 13 given in
Section 5.3.1 that after Step 2 is completed, 71 (Aox), . .., Ty, (Aox), §(Aox) are variable disjoint
polynomials. Further, §(Aox) = (51 + 51)(ts + B2) + & W1 + Brn1) (Yo + ), where for
every i € [m], 5; € F. Observation 5.4 implies that after execution of the for loop in Steps 2-6,
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for every k € [s1], Tp(Aox) = .

Let Py € M, (F) be a permutation matrix such that for every k € [s1], var(Ty(Pox)) = 2z
and var(q(FPox)) =y, where y = {y1,...,ym}. Then, there exist a B’ € GL(n,F) and ad’ € F"
such that f(Ay(B'x+d")) = C(FPyx). Thus, it suffices to prove that f(Agx) € PS-orb(C(Fyx)).
The following claim argues the correctness of the for loop in lines 8-18 for some k € [s;1]. We

first complete the proof of this lemma assuming the claim below and then prove Claim 5.3.2.

Claim 5.3.2 Let k € [s1]. After the execution of the k-th iteration of the for loop in lines 8-18,
there exist a permutation matriz Py, € M, |(F), an invertible diagonal matriz S, € My, |(F)
and a bk S F‘zk‘ such that Tk(A()(Aka,X \ Zk)) = Tk(Po(PkSka + bk, X \ Zk))

As q(Aox) = (11+061)(y2+52)+  +(Ym—1+Bm—1) (Ym~+LBm), clearly there exist a permutation
matrix Py, +1 € My((F), an invertible diagonal matrix Sy, 11 € My (F) and a by, 41 € F¥l such
that q(Aox) = ¢(FPo(Ps; 415541y + bs,+1,x\y)). Let P € M, (F) be a permutation matrix such
that for every k € [s1], 2z € 2y, Poz = Pyoz and for every y € y, Poy = Py, j0y. Let S € M, (F)
be an invertible diagonal matrix such that for every k € [s1], 2z € 2y, S0z = Sy 0z and for every
y €y,Soy =8 10y. Let b € F™ such that for k € [s;], the coordinates of b labelled by zj, are
by and the coordinates labelled by y are by, 1. Since A, maps every z € z; to Ay o z for every
k € [s1] and maps every y € y to itself, we have f(AoAyx) = C(Py(PSx + b)) € PS-orb(C). m

Proof of Claim 5.3.2

Fix a k € [¢']. The correctness of Procedure 14 given in Claim 5.3.1 ensures that after Step
9 is executed, T is the black-box of Tj,(Agx). Suppose that Tj(Aex) = [Ticim, Qr.i(Agx), the
corresponding term Ty (Pyx) of C(Pyx) is Ti(FPox) = Hle[mk Qr, for every | € [my] Qi is either
a variable or a +-rooted sub-ROF of C(Fyx) and Qr 1(Ap(B'x +d')) = Qp;. Then, the factors
Ql, o ,ka of T computed in Step 10 are non-zero constant multiples of Qk 1(Aox), 1 € [my],

respectively. Since Qg 1, ..., Qkm, are variable disjoint ROFs,
Ness (Qk,l ot Qk,mk> - Ness (Qk,l) + -+ Ness (ka> .

AISO, foralll € [mk]a Ness (@l) = Ness (@k,l (AOX)> = Ness (Qk,l) . Slmllaﬂya Ness (@1 e @mk> =
Ness (Qk,l e Qk,mk) . ThUS,

Ness <©1 e @mk> = Ness <@1) + - 4 Negs (@mk> :
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So, from Claim 2.2.2, there exists an Ay o € GL(|zg|, F) such that @1(Ak,0zk), ey @mk (Ar.o0zk)
are variable disjoint. Claim 2.2.2 also implies that @1(Ak70zk), . 7©mk(Ak,0Zk) do not contain
any redundant variable. This means that for all | € [my], |var (Qk;) | = |2k,|, where z,,; =
var (@z(z‘%,o%))- So, there exists a permutation matrix P, € Mzg|(F) such that for all
l € [my), var (Qri(Prozk)) = 2k,

We now analyse the [-th iteration of the inner loop of lines 12-15 for some [ € [my]. As a is
chosen randomly, with high probability @l -7 (Ako (Zgs, 2k \ 2, = a)) is Cz'@k,l(Ao(Ak,OZk, x\
zy)) for some ¢; € F\{0}. Let @; be a regular ROF obtained by multiplying ¢; with Qg (Pr.02k),
pushing it down to the leaves, and removing it from any non-constant leaf.

Let B" = A;;OIB’P,;O, where A}, , € GL(n,F) maps every z € z; to Ay o z and every other
variable to itself, while P/, € M, (F) maps every z € z; to P, o z and every other variable to
itself. Also, let d” = A;;()ld’. It is not difficult to see that @l (B"x +d") = @Q;. Note that the
product-depth of @Q; is at most A. To recursively perform equivalence test on @z we shall show
that there exist a B, € GL(|zy,|,F) and a d; € Fl#xil such that Q, (Biziy + d;) = Qi(z1,).

As @l € F[zy,], every variable in z, is essential for @k,l and @l(B”x +d") € Flzyy), it
follows from Observation 2.4 that B” maps every zj,-variable to a linear form in zy;. Let
[B"] 2y, ixzi, and [B"]4, xx\z,, be obtained by restricting the rows and columns of B” to z, z,
and zg,x \ z; respectively. Then, [B"], xx\z,, = 0 and as B” € GL(n,F), we get that
[B")2,. 2, € GL(|zx,],F). Using this and the fact that var (@z) = 7, we get

Qu(zr1) = Qi ([B//]zhlxzk’l Zy, + [d”]Zk,l> ’

where [d”], = is obtained by restricting d” to zx;. As [B”]
B, = [B"] and d; = [d"],, .
Thus, by the induction hypothesis, Aj; computed in Step 14, is such that there exist a

” is invertible, we can set
kAXZE 1

Zp, 1 X2k |

permutation matrix Py; € M(|zg,|,F), an invertible scaling matrix Sy, € M(|zg,|,F) and
a by, € Flzeil satisfying Qu(Arkzr1) = Qi(PriSkizrs + bry). As Qri(Ao(Arozr, X \ 2)) =
¢t Qu(zy) and Qi(z) = ¢; "+ Qru(Prozi) we get,

@k,l(AO(Akp(Ak,le,la Zg \ Zk,l)a X \ Zk)) = Qk,l(Pk,O(Pk,lSk,lzk,l + bk,la Zg \ Zk,l))-

Since this is true for all [ € [my], after the execution of the for loop of lines 12-15 and Step 16,
for all [ € [my],
Qri(Ao(Arzi, x \ 21)) = Qiot(Pro(PeSkzi, + bi)),

where for all [ € [my] and z € zy;, P, maps z to Py, 0z, Sy maps z to Si,; o z and the z-th
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coordinate of by, is the same as that of the z-th coordinate of by ;. Hence,

~

Tk(AO(Aka, X \ Zk)) = Tk<P0<PkSka + bk, X \ Zk))

This completes the proof. [ |

Running time analysis

We first show that Procedures 13 and 14 run in polynomial time and then analyse Algorithm 12.

Procedure 13. Using Fact 2.14, we can compute det(H) efficiently. Claim 2.2.3 ensures that
Make-Factors-Var-Disjoint() also runs in polynomial time. It is easy to see that all the other

steps of this procedure also run in polynomial time.

Procedure 14. Here also det(H,) can be computed efficiently using Fact 2.14 and then we
can factorize det(H,) in polynomial time using Fact 2.17. As the number of irreducible factors
of det(H,) is at most n, univariate polynomials can be interpolated in polynomial time and a
system of linear equations can also be solved in polynomial time, we get that this procedure

also runs in polynomial time.

Algorithm 12. It follows from the running time analysis of Procedures 13 and 14 that the time
spent by Find-Equivalence() outside the recursive calls is poly(n). First, observe that there are
at most n recursive calls made to Find-Equivalence(). This is so because every recursive call is
made to a polynomial in the orbit of a distinct +-rooted sub-ROF of C. As there are at most
n such sub-ROFs, the number of recursive calls made are also at most n. Now, we show that
each recursive call also takes polynomial time.

Suppose that during the execution of Algorithm 12, at some recursion depth, recursive
call is made to fi(x;), where fi is in the orbit of a +-rooted sub-ROF C; of C. Then, we
obtain black-box of f; by evaluating black-box of f at some known points from F*! and then
subtracting a constant from the black-box of f. Hence, one query to f; can be computed from
one black-box-query to f in poly(n) time and not in poly(|x;|) time. Now suppose a call to
Find-Equivalence( f2(x2)) is made from Find-Equivalence(f;). In this case, the time required
to prepare a black-box for fs is also poly(n) because here we evaluate f on some known points
from F*2| and then subtract an appropriate constant from black-box of f to obtain black-box
of f5. Thus, the running time to prepare a black-box of f; is independent of the recursion depth

of the call for f;. Hence, Algorithm 12 runs in poly(n) time.
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Chapter 6
Hessian determinant of an ROF

In this chapter, we analyse some important properties of the Hessian determinant of a
canonical ROF (Definition 2.39) mentioned in Section 5.1 of Chapter 5. This is a joint
work with Chandan Saha and Bhargav Thankey. These properties are crucially used in
designing an efficient equivalence test for the class of regular ROF (Algorithm 12) given
in Chapter 5. The content of this chapter is divided into five sections. In the first section,
we give a set of useful notations exclusively for this chapter. The second section is devoted
to understanding the structure of the Hessian determinant of a canonical ROF C and the
third section contains the Laplace’s expansion of the Hessian determinant of C. In the
fourth section, we give a complete description of the Hessian determinant of a product-
depth 2 ROF. The last section is devoted to understanding some important properties of

the Hessian determinant of a canonical ROF of arbitrary product-depth.

Let C be a canonical ROF (Definition 2.39) and var(C) denote the set of variables appearing
in C. As C is canonical, it has alternate layers of + gates and x gates, every gate in C has
at least two children, every child of a x gate computes a non-constant polynomial, and every
+ gate has at most one variable child. Recall that the product-depth of C, denoted A, is
equal to the number of x gates in a longest path from a leaf to the root of C. We identify
the polynomial computed by any node v of C with v. In this chapter, we analyse the Hessian
determinant (Definition 2.27) of a x-rooted canonical ROF. We first show that it is sufficient

to understand the Hessian determinant of a x-rooted canonical ROF. Let
C=Ti++T +7,

where there exists at most one [ € [s] such that 7} is a variable, for every k € [s]\ {l}, T is a -
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rooted canonical ROF, and v € F. Then, the Hessian of C, denoted H(C), ! is a block-diagonal
matrix, with the diagonal blocks being Hryy, ..., Hy,, where the rows and columns of every Hr,
are labelled by var(7}). Then, the Hessian determinant of C, denoted det(H (C)), is as follows:

det(H(C)) = [ [ det(H(T)).

Thus, to study det(H(C)), it is sufficient to focus on det(H(T;)) for every [ € [s]. If for any
[ € [s],|var(T})| = 1 then det(H(C)) = 0. Thus, we assume that for every [ € [s], deg(T;) > 2.
Suppose the product-depth of C is A + 1. Henceforth, we focus on an arbitrary term T €
{T1,...,Ts}. The following view of 7" would be helpful in understanding det(H (7).

The ‘extended’ version of T'. For the sake of analysis of H(T), we transform T as follows:
Let p be an arbitrary path in 7' starting from the topmost x gate and ending at a non-leaf
node w, which is connected to at least one variable. Suppose the length of p, i.e., the number of
nodes in p, is £. If £ < (2A + 1) then we disconnect all the variable children from w, add a path
of alternate ‘dummy’ 4+ and x gates, such that the length of this path is (2A + 1) — ¢. Further,
if w is a + gate then the starting node of this path is a X gate and vice-versa. Thereafter, we
connect all the variable children of w to the bottom-most gate of this path, which is a x gate.
Now, the length of p from root to the last dummy gate is 2A + 1. Since C is canonical, if w
is a + gate then it has at most one variable child. Because of this, it is easy to see that the
node w in the original 7" and the node w in the transformed 7' compute the same polynomial.
We would work with this variant of 7" in this section and we call it as the extended canonical
form of T'. So, if T'= Q1 -+ Qy, then for every u € [m], @, is a +-rooted sub-ROF of T" having

product-depth equal to A. A pictorial view of the extended canonical form is given below.

Original canonical ROF C ’ The extended canonical form of C ‘

In this chapter, we have used H(C) instead of the standard notation HC for denoting the Hessian of C.
This is so because we would be using H along with subscripts to denote some ‘special’ submatrices of the Hessian
of C in the later part of this chapter.
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One of the most important properties of det(H(7")) needed for the equivalence test given
in Chapter 5 is that det(H(T")) # 0. We prove that if F satisfies char(F) = 0 or char(F) >
|var(T")| then det(H(T)) # 0 over F. However, it can happen that if F is a finite field and
char(F) < |var(T)| then det(H(T')) = 0. For example, suppose m € N is such that m — 1 is a
prime number and T = z; - - - z,,, then we show in Observation 6.3 that det(H (7)) is divisible
by m — 1, which implies that det(H (7)) = 0 over the fields of characteristic m — 1.

Now, we briefly talk about how to show that det(H (7)) is non-zero. We first give a set of
useful notations in Section 6.1. Then, we analyse the Hessian of T" in Section 6.2 and observe
some important properties about the structure of H(7T'). Now, we preprocess H(T') as follows:
We first take out all the variables and +-rooted sub-ROFs of 7' common from the rows and
columns of H(T). Let the residual matrix be H'(T"). We call det(H'(T")) as the ‘spurious term’
of det(H(T)). det(H'(T)) is a rational function. We study the denominator of det(H'(7T")) in
Observation 6.1 and denote the numerator of det(H'(T)) as gr.

Recall that T'= Q1 - - - @, where for every u € [m], @, is a +-rooted ROF of product-depth
A. If each @, is a variable (i.e., A = 0) then it follows from Claim 6.2.1 and Observation 6.3
that the spurious term of det(H (7)) is equal to m — 1. But, with an increase in the value of
A, the spurious term starts becoming more complex. Thus, to understand this, we use the
Laplace’s expansion of the determinant (Theorem 6.1). In Section 6.3, we study the Laplace’s
expansion of the spurious term of det(H (7)) for a general x-rooted canonical ROF T'. After
that, we give the complete description of the spurious term of det(H (7)) when A = 1 in
Section 6.4. In case of A = 0, the spurious term of det(H (7)) is an integer whereas for A =1,
gr is a multilinear polynomial. So, it appears to us that giving the complete description of
the spurious term of det(H (7)) for higher value of A can be quite challenging because of the
complex combinatorial structure of gr. Thus, for A > 2, we focus on some special monomials
of gr, which we call as the nice monomials of gr.

We show that the coefficients of these nice monomials in gy are non-zero over the fields
of characteristic either 0 or greater than equal to |var(T")|. We are able to do this because
the coefficients of these nice monomials are integers and we get neat factorizations of these
coeflicients, where each factor of the coefficient of any nice monomial is at most |var(T")| — 1.
We want to mention here that although there can be F-constants attached to the 4 gates in T’
but the coefficients of the nice monomials are independent of these F-constants. A large part
of this chapter comprises of Section 6.5, where we understand the structures and coefficients of
nice monomials in gr, where T is a x-rooted canonical ROF having arbitrary product-depth.
As mentioned before, this detailed analysis helps us in showing that det(H (7)) is non-zero over

fields of characteristic zero and finite fields satisfying char(F) > |var(T)|.
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6.1 Notations

Due to the detailed analysis of the Hessian determinant of a x-rooted canonical ROF, we need
a set of useful notations. The notations given in this chapter is divided into two parts: We

present the first part here and give the second part in Section 6.5.
1. x denotes the set of variables appearing in 7" and |x| = n.

2. The top-most x gate in T is denoted by vy and this layer is called as the 0-th layer of T'.

The fan-in of vy is denoted by s,,, which is equal to m.
3. For ¢ € [A],

(a) Let ¥, and [], represent the sets of + gates and x gates in the ¢-th layer of sum
gates and the /-th layer of product gates respectively, starting from the top.! The

gates in ¥, and [[, are denoted by wg, uj, Uy, . .. and vg, vy, Oy, . . . respectively.

(b) For a fixed uy € ¥y, r,,, denotes the number of non-constant children of u, in T and
(Qu, represents the sub-ROF of T rooted at the 4 gate u,. Similarly, for a fixed
v € [1,, sv, and T, denote the number of children of v, and the sub-ROF of T
rooted at the x gate v, respectively. Further, for u, € ¥,,v, € [],,ny, and n,,
represent the number of variables in @), and T,,, respectively.

(c) r(2¢) := > ry, and s([],) := Sup-

ug€y ve€l ],
(d) Let u, € ¥,. Then, v € [r,,] means that v is a non-constant child of u, and v' €

[74,] \ {v} means that v’ is a non-constant child of u, other that v.
(e) Let v, € [[,- Then, u € [s,,] means that u is a child of v, and v’ € [s,,] \ {u} means
that «' is a child of v, other than wu.

4. Let u € [m] be chosen arbitrarily. Then, A, := [m] \ {u}.

5. Let S = {(u7 V) = (ug, ve)eea) : for every £ € [A],ug € [sy, ,],v0 € [TW]}. Notice that S
is the set of all paths in T starting from the first layer of sum gates to the last layer of
product gates in T. For u € [m], let S, := {(u,v) € S : vy = u}?

'The layers of gates in T are always labelled from the top-most gate, which is in the 0-th layer.

?Recall that in an extended canonical ROF, a multiplication gate does not have a constant child.

30mne of the reasons to consider the extended canonical form of T is that it gives a uniform description to
every path in S. This is helpful in defining the nice monomials.
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6. For (U_,V) € S, let X(u,v) ‘= {x(u,v,k) ke [n(uvv)]}, where Nuy) = |X(u,v)|‘ Let R :=
{(u,v,k): (u,v) € S,k € [nuw]}' and for u € [m], R, := {(u,v,k) € R: (u,v) € S, }.

6.2 The structure of the Hessian of an ROF

This is our first step towards understanding det(H (7)), which is a polynomial in F[x]. In this
section, we first investigate the structure of H(7') and then apply some elementary row and
column operations on H(T) to obtain certain factors of det(H(T)). Let (u, v, k), (0, v, k') € R.
Then, it is easy to observe that the ((u, v, k), (u’, v/, k"))-th entry of H(T') is one of the following:

1. If (u,v, k) = (d, v/, k) then the entry is 0.

2. If (u,v) = (0, V') = (ur, v0)eca) and k # £’ then the entry is

X(u,v) H H Q@Z

T(uv,k) * L(uv,k) C€[A] \p€lsv, ,1\{ue}

3. For every i =1,..., A, let (u,v);_1 = (0, V)1 = (ug, Ve)ecfi-1)-
(a) If u; = u; and v; # v} then the entry is 0.
(b) If u; # w} then it is equal to

X(u,v) . X(u’,v’) H Qﬂe H Qm H Qﬁz Qﬂ; .

Pluvk) "WV gy, welso Musul)  te{i+LA},
Te€lony_ I\ {ue) €L,y [\ e},
iels, \u)

Observe that the condition uy € [s,, ]|\ {u¢} implies that s,, , > 2. Since the original 7" and its
extended canonical form compute the same polynomial, it is sufficient to analyse the Hessian
determinant of the extended canonical form. It follows from the structure of H(T') that we
can take out the following things common from the rows and the columns of H(T'): For every

(u,v,k) € R, take out z(yvx from the denominators of each entry of the row and columns

indexed by (u,v,k) and X@uv) - [] ( I Qg£> from the numerator of each entry of
Ce[A] \ur€lsv,_; I\ ue}
the (u, v, k)-th row of H(T'). Note that the polynomials we have taken out common from the

rows and the columns of det(H(T")) become factors of det(H(T')). Let H'(T) be the residual

matrix, which we call the residual Hessian of T.

IR is the set of indices of all the variables in x.

145



Claim 6.2.1 (Factorization of det(H(T))) Let ¢ € [A] and u, € ¥, be chosen arbitrarily
and n,, = Zuze[sué,l}\{uz} ny,, which is equal to the number of variables in the siblings of Qu, -
Then,

det(H(T) = | ] =ty | 11 I1 wee | x det(H'(T)).

(u,v)eS Le[A] N up€lsvy_q]:8v, 1 #1,
’l}ge[’l’uz]
Remark 6.1 By the notation [] I1 Qu, | we mean the product of all the +-
Le[A] | we€lsv,_y]:8v, 1 #1,
we[rw]

rooted sub-ROFs of T" whose parent product gate has fan-in at least 2.

Proof: Observe that the multiplicity of X(v) iS n(y) — 2 for every (u,v) € S. This is
so because we are taking X(uv) common from the numerators of n(,y) many rows and from
the denominators of the row and the column labelled by xv). Fix ¢ € [A],u, € [s,, ,] ar-
bitrarily, such that s,, , # 1, i.e., the x gate v,_; has at least two children. Then, it is
easy to see that the multiplicity of @,, is equal to the number of rows of H(T') from which
Qu, was taken out. Let (u',v', k') € R be arbitrary. Note that @), comes out from the nu-

merator of the entries of the (u/,v’,k’)-th row if and only if u| = uy,...,v; ; = v—; and
up € [Sy,_, ) \{ue},v) € [ruy], - un € [s0 |, VA € [ruy ], K € [n(w )] Then, clearly the multi-
plicity of Q,, is equal to 7, = > Ny, where n,;, = [var(Qu)|. O

wp€[sv,_; [\ {ue}

The structure of H'(T). Note that for (u,v, k), (', v k') € R, the ((u,v,k), (0, v, k'))-th
entry of H'(T') is one of the following.

1. If (u,v, k) = (0, v/, k') then the entry is 0.

2. If (u,v) = (', V') and k # k' then the entry is 1.

3. Forevery i =1,..., A, let (u,v);_1 = (0, v');_1.
(a) If u; = u; and v; # v} then the entry is 0.

X! ,v)" l_.[ H Qar

u
teli+1,4] afels,, I\ {uj} ©
Vt—1

@y

(b) If u; # w then it is equal to

We call det(H'(T)) as the spurious term of det(H(7')). Note that det(H'(T)) is a rational

function in x over F. In the following observation, we analyse the denominator of det(H'(T)).
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Observation 6.1 The denominator of det(H'(T)) is equal to dp :== [] IT Qu,
Le[A] \ up€lsvy_q )80, 1 #1,
vge[rw]

Proof: Let ¢ € [A],us € [s,,_,] be picked arbitrarily, such that s,, , # 1. Let

(U;V)z—1 = (Ulﬂm T au€—1>U€—1>>

where for every i € [( — 1],u; € [Sy,—1],v; € [ry,] (recall that s,, = m). Then, it fol-
lows from the structure of H'(T) that for (@,v,k), (W,v’,k') € R, the denominator of the
((, v, k), (0, v/, k))-th entry is Q,, if and only if (1, %),y = (W, v),—y = (W, V)o_1, iy #

and uy = uy. Let

Vi, ={( VvV EYe R : (0, V)1 = (u,v)i1,u, =u}

and

WW = {(A,\A’,];}) €ER: (ﬁ, \A’)gfl = (u,V)gfl,lALg # UZ} .

It follows from the structure of H'(T) that for any (u’,v',%k’) € V,,, all the entries of the
(W', v', K')-th column of H'(T) restricted to W, are the same. Pick (@, Vv, k) € W,, arbitrarily
and subtract the (@1, v, k)-th row of H'(T) from the (u”,v”,k")-th row of H'(T) for every
(", V" k") e W, \ {(qa, v, l%)} After doing this, note that @), appears in the denominator of
the non-zero entries of exactly one row in H'(T"). Since this is true for every ¢ € [A], uy € [sy,_,],
such that s,, , # 1 and since every such @, is irreducible (Observation 2.7), we get that the
multiplicity of @,, in the denominator of det(H'(T")) is equal to 1. O
Claim 6.2.1 and Observation 6.1 imply the following.

Claim 6.2.2 For ( € [A], let m,, = > Ny, Then,

up€lsvp_y [\ {ue}

det(H(T)) = [ TT =0 | T1 I1 w | <o (6.1)

(u,v)GS ZE[A} UEE[81)£711131)Z717£17
UZE[Tug]

where gy = dr - det(H'(T)) and dr is the denominator of H'(T) defined in Observation 6.1.

This implies the following useful result.
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Claim 6.2.3 (Factors of det(H(T))) Let F be an arbitrary field and T = Q1+ Qn, where
for every u € [m|,Q, is a +-rooted extended canonical ROF having product-depth A.

1. Let (u,v) € S. If either nw,y) > 3 or there exists £ € [A], such that s,, | > 2 and Q,,
computes Xu,v), where nuy) < 2 then every & € X,y is a factor of det(H(T)).

2. Let L € [A], sy, , # 1 and ug € [sy,_,] be such that the polynomial computed by Q., is not
a monomial. Let T, = > Ny, Then, the multiplicity of Qu, in det(H(T')) is at

wp€lsv,_ ]\ {ue}
least m,, — 1.

Proof: Let (u,v) € S be arbitrary. If ng,v) > 3 then it follows from Claim 6.2.2 that every
T € X(uv) is a factor of det(H(T)). Suppose there exists ¢ € [A], such that s,, , > 2 and
Qu, computes X(yv), such that ngy) < 2. It is clear from the extended canonical structure
of T that there does not exist u; € [s,,_,] \ {uc}, such that Q,;, computes a monomial. Thus,
for every uj € [sy,_,] \ {ur},deg(Qu;) > 2. Let n,y) = 2 then Claim 6.2.2 implies that every
T € X(uv) is a factor of det(H(T)). This is so because the multiplicity of @,, in the middle
factor of Equation (6.1) is at least 1.

Now, suppose nv) = 1. We know @,, computes X(,v), which is now a variable. Note
that if n,, > 3 then Claim 6.2.2 implies that X,y is a factor of det(H (7)), as before. Now
suppose 7, = 2. In this case, note that the degree of x(,v) in the factors of det(H (7)) other
that gr is equal to zero. However, we show that x(,+) is a factor of gr. It is not difficult to see
from the structure of H'(T') given above that if (),, appears in the denominator of any entry
of H'(T) then it also appears in the numerator of the same entry as @), computes a monomial
X(uv)- Since s,, | # 1, the multiplicity of @, in the denominator dy of det(H'(7")) computed
in Observation 6.1 is equal to 1. Thus, @,, should be a factor of gr, which is the numerator of
det(H'(T")). Thus, the variable Xy v is a factor of det(H(T)).

The second point of the claim follows immediately from Claim 6.2.2.
O

Corollary 6.1 Let T = Q1 - Q,, for some m > 2, where for every u € [m], Q. is a +-rooted
canonical ROF. If T computes a polynomial of degree at least 3 then there exists u € [m], such
that Q. is a factor of det(H(T)).

Proof: Let m > 3. Then, it follows from Claim 6.2.2 that for every u € [m|,Q, is a factor
of det(H(T)). Now, suppose m = 2. As T computes a polynomial of degree at least 3, there
exists u € [2], such that @, computes a polynomial of degree at least 2, which implies that
|var(Q,)| > 2. Then, @, is a factor of det(H(T')), where v’ € [2] \ {u}. O
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Note that gr € F[x]. Now, our goal is to analyse gr. In Section 6.5, we show that if
char(F) > n or char(F) = 0, gr is not equal to 0, which implies that det(H (7)) # 0 over F.

Now, we simplify H'(T') by applying the following elementary row and column operations
on it: For every (u,v) € S and for every k € [2,nxuv)], subtract the (u,v,1)-th row from
the (u, v, k)-th row and the (u, v, 1)-th column from the (u, v, k)-th column from H'(T"). This
simplification would be very helpful in analysing det(H'(T")). Observe that these elementary
operations do not change the value of det(H'(T)). Let uy,u] € [m],u; # ). Note that before
applying these elementary operations on H'(T), all the entries in the sub-matrix of H'(T), whose
rows are indexed by R,, and columns by {(u’,v', &), k" € [nw )]} for some (0',v') € S, are
X(u/,v/yte[l;!M a;e[svgl:ll]\{ug}Qﬂfs

Qufl

same, i.e., . This implies the following.

Observation 6.2 Let uy,u) € [m],u; # uj, (W, V', k') € Ry (recall Ry ). After applying the
above mentioned elementary operations on H'(T), the (W', V', k')-th column restricted to R,

is mon-zero if and only if k' = 1. Further, the (u,v,k)-th entry in the (u',v’,1)-th column
x(“/v"l).te[zA] ﬂ;G[Své ]\{ué}

restricted to R,, s equal to o = if k=1 and 0 otherwise.
/lll

o1
U

For the sake of reader’s convenience, we present here the matrix H'(T'), where T' = Q1 - - - Q,
and every @), is a +-rooted canonical ROF of product-depth 1. This view would also be helpful
in Section 6.4 where we give the complete description of the spurious term of the Hessian
determinant of a product-depth 2 canonical ROF. For every u € [m], let @), be given by the
following equation

Qu=Xy1 + +Xyp, + u, (6.2)

where for every v € [r,], Xy, is @ monomial in x-variables', |Xu,0| = M), such that for distinct
v,v" € [ry], Xy and x,,,s are variable disjoint and «,, € F. For u € [m], Xy, := Upefr, | Xuws [Xu| =

n,. It is easy to see that H'(T') looks as follows.

X]. XQ “ e Xm
X1 B, F1,2 Tt Fl,m

H'(T) = Xg | Fon By - o : (6.3)
Xm Fm,l Fm,2 T Bm

"We will also treat Xy, 88 a set of variable and the usage should be clear from the context.
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where for distinct uy,u) € [m], Fyy, . is an ny, X ny, size sub-matrix of H'(7T'), whose rows
and columns are labelled by x,, and x,; respectively, and for w € [m], B, is the n, x n, size
sub-matrix of H'(T'), whose rows and columns are labelled by x,,. It follows from the structure

of H'(T) (after applying the elementary operations) that B, looks as

(B0~ 0 0 |
0 By 0 0
By=| + - i (6.4)
0 0--Bypy O
[ 00 0 By, |

, where for every v € [r,], By, is the following matrix.

0 1 1 1

1 -2 —1 - —1
Bu,'u:

1 -1 —1 - —2

T(u,v) X (u,v)

Then, it follows from Observation 6.2 that [, . looks as

xull,l,l .. x“ﬁ’lzn(u’l,l) xu/17271 . e xu/17ru/1’1 o e '/L‘Uinu/l 7n(u/1’7«u, )
1
X
T xu’l,l O xu/1,2 ull’rull O
u1,1,1 Qu, Qu/ Qu’
1 1 1
Turtn,y | 0 0 0 0 0
T xull,l 0 xu’1,2 ul’ru’l O
w2l Qu Qu Qu
1 1 1
F1u1,u’1 = .
Turzn s | O 0 0 0 0
xull,l O xu/1,2 Xu/l’ru/ O
xul »r’LLl:l Qu/ Qul Qul
1 1 1
T g g 0 e 0 0 . 0 . 0
(6.5)

Recall the objective of the remainder of this chapter is to analyse det(H (7)) and in particular
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det(H'(T')). In the following observation, we give the description of det(H (7)) where T is a
product of distinct variables. The proof of this immediately follows from the above discussion

and it is easy to see that in this case, det(H'(T")) is an integer.

Observation 6.3 (Hessian determinant of a multilinear monomial) LetT = xq---x,,,m >
2. Then,
det(H(T)) = (=)™ V- (m—1) ]«

1€[m]

Remark 6.2 (Hessian determinant of a general monomial) Suppose T = z5' - - - xt", where

for every i € [n],e; > 1. Then, it is also not difficult to show that

det(H(T)) = (—1)" ey --en-(er+ea 4 - +ep —1) x (81772 gonn=2),

n

6.3 The Laplace expansion

We start with the following theorem, which gives a useful description of the determinant of a
matrix. We will use this to understand det(H (7).

Theorem 6.1 (Laplace expansion of the determinant) [Jan08] Let F be a field, n € N,
A € M(n,F), whose rows and columns are indezed by the ordered tuple (1,...,n), D = det(A)
and 1 <r <n. Then, for every 1 <1, <--- <1, <n,

D = Z (_1)Zeem(ie+j€)'D(ilai%"'7i7"‘j17j27"'7j7‘)'ﬁ(i17i2>"'air‘jlajZ?"'ajr)a
1<ji <<jr<n
(6.6)
where D(iy, g, ..., | j1,J2,---,Jr) @S the order-r minor lying in the intersection of the i;-th,

... ip-th rows and j-th, ..., j.-th columns of A and D(iy,ia,. .., i, | j1, Jo, ..., jr) 5 the order-

(n — ) minor lying in the intersection of remaining (n — r) rows and (n — r) columns of A.

We call Equation (6.6) as the Laplace expansion of D along {iy,...,i,}. We would use this
to analyse det(H'(7T")). We assume here that the set of children of every gate in 7' is ordered.
Then, for ¢ € [A],u, € ¥, and vy € [],, the sets [u; — 1] and [v; — 1] consist of all the indexes
of all the +-rooted and x-rooted siblings of u, and v,, whose orders are less than u, and v,
respectively. Recall that R = {(u,v,k) : (u,v) € S,k € [n@v)]} is the set of the indices of

variables in C. We first label the rows and columns of H'(7T") with increasing natural numbers
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using the map p : R — N, where for every (u,v, k) € R,

M((uavak)) ::Z Z Na, + Z Ny, + K,

Le[A] \Gpelup—1] Dp€fvg—1]

where for every ¢ € [A], us, vy are the coordinates of (u,v), ng, and n;, are the number of

variables in the +-rooted ROF )3, and x-rooted ROF Tj, respectively. The map p imposes

the order < on R in the following way: let (u,v,k),(u’,v k') € R. Then, (u,v k) <

(u,v,k) if and only if p((u',v',Ek)) < u((u,v,k)). Observe that for every ¢ € [A], n,, =
> Ny, and n,, = > n,,,. Itiseasy to prove the following.

'UgG[TuZ] uz+1€[8ué]

Observation 6.4 < imposes the lexicographic ordering on R.

We will see later in this section how the map p becomes instrumental in the simplification
of the Laplace expansion of det(H'(T)).

From now onwards, we would always treat every subset of R as an ordered set with respect
to <. Let D = det(H'(T')). Fix u; € [m] arbitrarily. Recall the set R, from Section 6.1. Then,

| Ry, | = 1y, . Theorem 6.1 implies that the Laplace expansion of D along R, is given as follows.

CCR,|C|=nu,
> w((uvik)) > p((uvik))
where sgn(R,,,) = (—1)™ehu ,forany C' C R, |C| = n,,, sgn(C) = (—1)mvree

D(R,,|C) is the order-n,,, minor lying in the intersection of rows and columns of H'(T') labelled
by R,, and C respectively and D(R,,|C) is the order-(n — n,,) minor lying in the intersection
of the rows and columns of H'(T) labelled by R,, := R\ R,, and C := R\ C respectively. The
structure of H'(T') and Observation 6.2 imply the following.

Observation 6.5 Let C' C R be an arbitrary set, such that |C| = n,,. If C satisfies one of the
following conditions then D(R,,|C) - D(R,,|C) = 0.

1. |CN Ry | < nyy —2.
2. |CN Ry, | =ny, —1 and (W, V' k') € C\ Ry, such that k' # 1.

3. |CNRy| =ny —1and (u,v, k) € Ry, \ C, such that k # 1.
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Proof:

1. Suppose |C N R,,| < ny, —2. Let H(R,,|C) be the sub-matrix of H'(T), whose rows and
columns are labelled by R,, and C' respectively. Then, det(H(R,,|C)) = D(R,,|C) and
at least two columns in H(R,,|C) are the columns of H'(T) labelled by tuples in R,, and
restricted to R,,. It follows from Observation 6.2 that such columns are F(x)-linearly
dependent. This implies D(R,,|C) = 0.

2. Suppose (', v/, k') € C'\ R,,, such that k¥’ # 1. Observation 6.2 implies D(R,,,|C) = 0.

3. Suppose (u,v,k) € R,, \ C, such that £ # 1. Then, it is easy to see from Observation
6.2 that the column (u, v, k) restricted to the rows labelled by R,, is zero. This implies
that D(R,,|C) = 0.

For u; € [m], recall that A,, = [m]\ {u1}. Let v} € A,, and

Cur {C’(uv vy = (Ruy \{(w,v, DH U{(, v, 1)} : (u,v) €S, (0,v)e Sufl} )

Note that for every C(u,v),(u/,v/) S Cguhufl, |C(u7v),(u/,v/)| = n,,. Every C(U’V%(u/’v/) is ordered by <.
Then, Observation 6.5 implies that Equation (6.7) can be written as follows

D = D(Ry,|Ru,) - D(Ruy[Ru) + Y ( > sonl(Bu):
i

u’léAul ’ /)E% ’

1 (6.8)
Sgn(c(u,v),(u’,v’)) : D<Ru1 |O(u,v),(u’,v’)) : D<Eu1 ya(u,v),(u’,v’))> )

u,v),(u’,

where U(u,v),(u’,v’) = R\ Cruv),w,v) and is ordered by <. Let (u,v) € S,,, (0',v') € Sy,
bty = D mat D | D mat D oma | 1
01€[v1—1] €(2,A] \Gp€lur—1] Dp€fvg—1]

and

b(u’,v’,l) = Z Mgy + Z Z nu + Z nv

0h evf—1] Le[2,A] \ ap€lu),—1] vp€fv,—1]
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Note that by, = p((w,v,1)) = > ng and b1y = p((W', v, 1)) — > ng. Also,
Uy €fug—1] ) eu)—1]
notice that by 1y and by v 1y are the positions of (u, v, 1) and (u’, v/, 1) in the ordered sets R,,

and R,;. Now, we swap a few tuples in each of C(yv) v and U(u,v)’(u/,v/) to bring (u/, v/, 1)
and (u,v,1) to b,v,1)-th and by v 1)-th positions in Cry vy w vy and é(uyv)@:,vf) respectively.
This would be helpful in the simplifying Equation (6.8) and is shown in the following two cases.

1. u; < uj: Observe that in this case, the rightmost tuple in the ordered set C(y v, w/v/) is
(W', v’ 1). Tt is easy to verify that the number of right to left swaps required to bring

/
(u,v),(u’,v’)

(0', v/, 1) to byv,1)-th position in Cyv),w vy is equal to by := 1y, —buv1). Let C
be the resulting set. Similarly, in ﬁ(uy),(u/,v/), the leftmost tuple is (u,v,1). Here, the
number of left to right swaps required to bring (u,v,1) at the by 1)-th position in
— . —

C(U,V),(u’,v/) 1S equal to b2 = Nyy+1 + -+ nu/1,1 + b(u/vv/vl) — 1. Let C(uyv)’(ul’vl) be the
resulting set. Note that CE

is easy to show that:

) and U,(u,v),(u’,v’) are no longer ordered by <. Then, it

u7v)’(u/ 7V/

D(Rm |C(u,V),(u’,V’)) = (_1)b1D(RU1 ICEu,v),(u’,v’))7

U A (6.9)
D(Ru1|O(H,V),(U’,V’)) = (_1) D(RU1|C(u,v),(u’,v’))'

2. u; > uj: In this case the leftmost tuple in the ordered set Clyyv) w vy is (U, v/, 1).
Similarly, the rightmost tuple in Clyv) w.vy is (u,v,1). It is easy to verify that the
number of left to right swaps required to bring (u’,v’,1) at the by 1)-th position in
Cluv),(w vy is equal to by := by v,1) — 1. Similarly, observe that the number of right to left
swaps performed on U(U,V%(u/,‘,/) to bring (u, v, 1) at the bw v,1)-th position in U(u,v)ﬁ(u/,v/)
is equal to by =y, 1 + -+ N — baw v ,1)- In this case, we get

D(Ru, |Clumywry) = (1) D(Ruy [Cly vy (w vy

_ b S A (6.10)
D(Rm‘c(u,V),(u’,V’)) = (_1) D(RU1|C(u,v),(u’,v’))'

The values of sgn(R.y,), sgn(Cluv),w,v')): b1, b2, b3 and by imply the following.

Observation 6.6 Let uy,u) € [m] be such that uy # vy and Cluy) (w vy € Cuyay - Then,
sgn(Ru, ) - Sgn<C(u,V),(u’,V’)) : (_1)b1 ‘ (_1)b2 = sgn(Ry,) - Sgn(c(u,V),(U’,V’)) ‘ (_1>b3 : <_1)b4 =-1L

Then, Equations (6.8), (6.9), (6.10) and the above observation imply the following.
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— = — =/
D= D(Rul ‘Rm)D(Rm ‘Rm) - Z D(Rul ‘Céu,v),(u’,v’))D(Rul ‘C(u,v),(u’,v’))' (611)

ulleAul
Cluv),(w/ v)ECuy

“1
Remark 6.3 1. Let uy € [m].

(a) D(R,,|Ry,) is the determinant of H'(Q.,), which is the residual Hessian of Qu,.
Since H'(Q.,) is a block diagonal matriz where the diagonal blocks are H' (T, ), v; €
[Tuy], D(Ry,|Ryy) = Hvle[rul]det<Hl(Tv1))' As for every vy € [ry,], the product-
depth of T,, is one less that the product-depth of T, we say that det(H'(T,,)) is a
‘product-depth (A — 1)’ instance of D.

(b) Let T, be obtained from T by removing the sub-ROF rooted atu;. Then, D(R,,|Ry,,) =
det(H'(Ty)). Thus, we say that D(R,,|R.,) is a ‘product-depth A and top fan-in

(m — 1) "instance of D.

2. Let up,uj € [m],ur # uf, (u,v) € Sy, (0, V') € Sy. Let H be obtained
from the sub-matriz of H'(T), whose rows and columns are labelled by R,, by replacing
the (0',v',1)-th column with the (a,v,1)-th column of H'(T) confined to R,,. Then,

D(}_ﬁulﬁ’(u’v)’(u,,vl)) = det(H ), wwvyg, ) Stmilarly, let How vy uv),r, be obtained

u7v)7(u/7V/)7Eu1

from the sub-matriz of H'(T), whose rows and columns are labelled by R,, by replac-
ing the (u,v,1)-th column with the (0',v',1)-th column of H'(T) confined to R,,. Then,
D(RullCEu7V)7(u,7v,)) = det(Hw v/),(uv).R,, ). Observe that Hw vy (uv),R,, 5 a smaller in-
stance of H(u;v)7(u:;,)7§ul. Due to this, we say that D(Ru,[Cl, o) () @ @ ‘smaller in-
stance’ of D(Ru,|C vy (uv))-

6.4 The Hessian determinant of a product-depth 2 ROF

In the following claim, we give the complete description of gr, where T' = @)1 - - - Q,,, and for

every u € [m], @, is a +-rooted extended canonical ROF of product-depth 1.

Claim 6.4.1 (The spurious term of det(H(7))) Let n € Nyx = {x1,...,2,} and F be a
field. Let T = Qq -+ Qm, m > 2, where for every u € [m],Q, is a +-rooted extended canonical
ROF of product-depth 1 as given in Equation (6.2) and there exists a u € [m], such that Q,
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computes a polynomial of degree at least 2. Let gr := [] Q. -det(H'(T)). Then,
u€[m|

gr = H (_1>nu—7"u Z Z /8M7VJVI ’ H Xuvy |

u€lm] MeZ([m]) ue M, vy €[ry] ueM

where n, = |[var(Qy)|, 7y s the number of non-constant children of the topmost +-gate of Q.,
P([m]) is the power set of [m], vy = (Vy)uen, and for M =0 or |[M| =1,

BMva = H H (n(u,v) - 1) H Qg (6.12)
awE[m]\M

wE[m] vE[ry]

and for M satisfying |M| > 2, Burvy,, = (—1)MI1=1 By, s Where

5M’VM = H Qg H (n(ﬁ,@) — 1) H (u,0) — 1 <Z n(uvu — ) . (613)

ae[m]\M VE[ry] @E[ge&/{lv ! ueM

In particular, if char(F) =0 or char(F) > n then gr # 0.

Consider the following claim, which is helpful in understanding the minor D(R,,, | C (1), (1l 0)))

used in Equation (6.11). This claim will be used in the proof of Claim 6.4.1. Recall that for

ur € [m], Au, = [m] \ {u }.

Claim 6.4.2 (Coefficients of useful monomials) Let n € N)x = {zy,...,2,} and F be a
field. Let m > 2,u; € [m],u}y € Ay, v1 € [ry,],v] € [ry] and Ay = [m] \ {ur,ui}. Let
M' € P(Ay ), 0 € [rar] be fized arbitrarily for every 4y € M'. Then, the coefficient of the

monomial Xu, 0, [] Xaror in Qu, [l Qur - D(Ru, |C (s o), (a0 15 €qual to
afeM’ uy€A,

“1
H (_1)(nu*7'u)+‘M| H (n(um)_l)au H (nﬂ/fﬂ}l_l) H (n(ullvﬁi)_l) (u) v])-
u€ Ay, uceA gl \M’, afeM’, ﬁie[rull}\{vi}
’UE[Tu] ’f}1€[7'ﬂ/1/]\{f){/

Let q be an arbitrary monomial of Qu, ] Qur - D(Ry, ]C’

"
S(ul, /)) up € Aul,u’l and
uf€A

(u1,v1)

ul,ull

(u”,v") € Syr. Then, q contains X, », and the degree of Xy in q is at most 1.

These two claims complement each other in the following way: To prove Claim 6.4.1, we

need a ‘top fan-in m — 1 instance’ of this claim as well as Claim 6.4.2. Further, to prove
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Claim 6.4.2, we need a ‘top fan-in m — 2 instance’ of Claim 6.4.1. Thus, their proofs are by
mutual induction on each other. Consider the following useful observation, which immediately
follows from Observation 6.2. Recall from notations that S is the set of all the paths in T,
starting from the top-most layer of 4+ gates. When the product depth of 7" is 2, note that
every element of S looks like (u,v), where u € [m|,v € [r,]. Further, recall that in this case,
R ={(u,v, k) : (u,v) € S,k € [n@w]}-

Observation 6.7 Let uy; € [m] be arbitrary, and j be a 0-1 vector, whose entries are labelled
by R, such that if k =1 then the (u,v,1)-th entry is 1 otherwise it is 0. Let R,, = R\ R,, and

E(u’,v’),j,ﬁul T
R, by replacing the (u,v,1)-th column with j restricted to R,,. Then,

be obtained from the sub-matriz of H'(T), whose rows and columns are indexed by

— —/ . Xuq,v1 B
D(R’u1 |C(u1,v1),(u/1,v’1)) - Qul det(H(u’,v’),j,Rul)'

Further, every monomial in Q, [] Qur- D(R,, |62u1’v1)7(u/w,1)) contaings Xy, 4, -

1
uy EA“lvu/l

Remark. We would see a generalization of the above observation in Section 6.5.

Before going to the proofs of these claims, we mention the following observations, which follow
immediately from the matrices given in Equation (6.4) and Equation (6.5). These would be
used in the proofs of Claim 6.4.1 and Claim 6.4.2.

Observation 6.8 Let u € [m|. Then, det(B,) = (=1)""" [[ (nww — 1), where B, is given
VE[ry]

in Equation (6.4).

Observation 6.9 Let uy,uj € [m] be distinct and vy € [ry,], vy € [ry]. Let B, be obtained by
replacing the (uy,v1,1)-th column of By, with the (uy, v}, 1)-th column of F,, .., which is given
in Equation (6.5). Then,

’ /
Xul 71)1

det(Bu1) = (—1)”“1_7‘1‘1 H (’I’L(uh@l) — 1) . n(uhvl) . ?
Uy

D1€[ru; [\{v1}

6.4.0.1 Proof of Claim 6.4.1

We begin by recalling the Laplace expansion of D = det(H'(T")) given by Equation (6.11). As

noted before, every element in S looks like (uy,v;), where u; € [m],v; € [ry,]. We prove this
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claim by induction on m. Suppose m = 2. In this case, we set u; = 1, v} = 2 and thus Equation
(6.11) becomes

R — — =
D =D(Ri|R1) - D(Ri| Ri) — Z D(R1 [ Cly ) 00) DRI Clapyy 2) | - (6.14)

v1€[r1],v2€(rs]

Note that D(R; | R,) = det(B;) and D(R; | R;) = det(B,), (B, is defined in Equation (6.4) for
u € [2]). It follows from Observation 6.8 that

D(Rl | Rl) = (-1)”17“ H (n(l,vl) — 1) and D(El ‘E1> = (—1)”27T2 H (77,(2’”2) — 1)
v1€[r1] v2€[ra]
Further, it follows from Observation 6.9 that

ni—r —X27v
D(R1 ‘ CEl,m),(sz)) = (_1) 1-T1 H (n(ml) - 1) "N,0) ° Q 2 and
o1€fr\{v1} ’

o ng—r X1,
D(Rl | C(l,vl),(Q,'uQ)) = (_1) e H (n(Q,f)z) - 1) : n(2,v2) ' Q_l
t2€[ra]\{v2} !

Let gr = Q1 - Q2 - D. Then, on putting all these equations together, we get

gr = H (_1>nu—ru H (n(u,vu) - 1)@1 : Q2 - Z H (n(uﬂ}u) - 1) : n(u,vu) * Xu,vy,

u€(2] u€(2], v1€[r1], u€l2],
Wy E[ru) v2€[ra] Du€lru]\{vu}

It is easy to see from the above equation that for M € {0, {1}, {2}}, the coefficient of [] xu.,
ucM
in gr is equal to

BMva = H (=1)e H (n(l,vl) —1) H (n(Q,w) —-1)- H Qyy

u€(2] v1€[r1] v2€(ra] u'elm]\M

and for M = {1, 2}, the coefficient of X 4, X2, for vy € [r1], vy € [ro] is equal to

[TEY=EOM T T (s = DO nawn — 1)

u€(2] UEM by €ry]\{vu} ueEM
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Thus, the base case holds. Now, suppose that m > 3 and the lemma holds for (m — 1). Recall
Equation (6.11). As seen before, D(R,, | Ry,) = det(B,,) (B, is defined in Equation (6.4) and
we know det(B,,) from Observation 6.8). Note that D(R,, | R,,) is the restriction of H'(T) to
the sub-matrix whose rows and columns are indexed by variables in (m — 1) sets x,;,u} € Ay,
Thus, from induction hypothesis of this claim, we also know the value of D(R,, | R,,). If we
can figure out D(Ry, | C,, ). (!,
we would be done. As D(R,, |C”u1 o)yl ”1))
and columns of H'(T) in the row block R,, and the column block CT,

Observation 6.9 implies

) and D(R ! \C’(m v1), (w0 )) for every Clu, v),(u) 1) € Cus s
is the minor lying in the intersection of the rows

(o) respectively,
171

X, 7 o
ul,vl

( Uy |C(u1 v1),(u) vl)) = <_1)nu1_rul H (n(UL'Ih) - 1) “N(uy,vp)

D1€[ru; \{v1}

Let M € ZP([m]), v, € [ry) for v € M, and v = (vy)uenm. It is easy to verify that the
statement of the claim holds true for M satisfying either M = () or |[M| = 1. This is so because
in these cases, the monomial [, ., Xu,0, is only present in Qu, Qu; D(Ry,|Ry,) D(Ry,|Ry,) and
not in Qu, Quy D(Ru, |C{,, 1) u0p) - DR ul]C (ur o0,y 0p)) fOT any uy € Ay,

Let M = {uy, v} } and xpry = [] Xu,. Observation 6.8 and the induction hypothesis of this
ueM

claim applied on D(R,, |R,,) imply that the coefficient of x)sy in T+ D(R,, | Ry,) - D(R., | Ru,)

is equal to

H (=1)e H M(uy,01) — H (neuy,e) — 1) H ay, H (M) — 1), (6.15)

wE[m)| 1€ [Ty ] Oy E€[r ] u€[m]\M VE[ry]

u

where T'= Q1 - - - Q,,,. It follows from Observation 6.9 and Claim 6.4.2 that the coefficient

(1 0y ), (0t ’”u’l)) is equal to

H (_1>nu—7“u H (nul,ﬁl_l)n(ul,vul) H (n(u’l,f;’l) ul v, /) H Oy, H

u€lm] 01€[ruy \{vu; } ¥ €lry Moy } u€lm\M  v€[ry]

(6.16)
and the coefficient of this monomial in other terms is equal to 0. On subtracting Equation
(6.16) from Equation (6.15), we get the desired result for |M| = 2.

of the monomial X7y in T D(Ry, | C7,,, o ) D(R,, |C’
I’ ul

Let |[M| > 2 and M,, = M \ {u1}. Then, |M,,| > 2. It follows from Observation 6.8 and
the induction hypothesis of this claim applied on D(R,,|R,,) that the coefficient of x,/, in
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T-D(R,, | R.,) - D(Ry,, | Ry,) is equal to

H (_1)nu_ru(_1)|M|_2 H (Mur o) — 1) H (Nuw) — Doy

w€[m)| 01 € [Ty ] u€[m]\M

H ( (af,97) Z n“1

’a/leMul uleMul

o €lrgr \oas

Here we have used the fact that [m]\ M = ([m] \ {u1}) \ M,,. Note that x,, is present in
T.D( Ul |C(u1 'Ul (upvll)). ( Ul ’C

so because every monomial in Q. - D(R,, |C{

(o), 0p)) only if wy € My, v1 = vy, and vy = v,;. This is

(w00 0 )) contains X, ., and Claim 6.4.2 implies
that every monomial in T, ¢ (ury Qu- D (Ru, | C (ur 00, 0})) €ONbAINS Xy, o, . Let uy € My, and

M’ = My, \{u1}. Hence, |M'| = [M|-2. Observation 6.9 applied on Qy; - D(Ru,|CY,, (W, ,))

and Claim 6.4.2 applied on Hue[m]\{u,l} Qu - D(ﬁul|6;U17'Uu1)7(ul17'0u/1)) imply that the coefficient
of Xay in T'- D(R,, | CY,, . O ull)) - D(R,, |6’(m,vu1)7(u’l,v“&)) for v} € M,, is equal to

H (_1)nu*7‘u(_1)‘M| H (n(ul,@l) — 1)n(u1,vu1) H (n(w) — 1)C¥u

u€lm] 01 €[rug \N{vug } ue[m]\M
VE[ry]

II  (uagan = Do)

U € My,
S [7‘&/1 ]\{vafl }

Here, we have used the fact that [m]\ M = A, \ M', where A, v = [m]\ {ui,u}}. Thus,
on substituting |M’'| = |M| — 2 in the above equation, adding the coefficients of x;;, in
T'D( Uy |C(u1 Wuq )W) v,
the coefficient of this monomial in 7'- D(R,, | Rul) D(R,, | R.,), we get the desired result. This

) D(R,, | C’ (11,00, ) )) for every uj € M,, and subtracting it from

completes the proof of Claim 6.4.1. [ |
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6.4.0.2 Proof of Claim 6.4.2

We prove this by induction on |A,, |. Let m = 2,|A,,| = 1,u; = 1,u] =2 and vy € [r1],vs € [ro)].
Then, Ay, ., =0 and hence M’ = (). Observation 6.9 implies that

o |~ no—r
Q1 D(R1[C ) 0200) = (=177 H (7(2,80) = DN(2i02) X101 -

02€[ra]\{v2}

Thus, the base case holds.

Suppose |A,,| > 2. Let H be the sub-matrix of H'(T"), whose rows and columns are indexed
— — — =
by Ry, and Cy, o) i 0p)- Then, det(H) = D(Ru, | Cyy 01, (ug00))- To prove the result for A,,,
we would look at the Laplace’s expansion of det(H) corresponding to the set of rows indexed
by the ordered set R, = {(u},v}, k') : v} € [ry;], K € [ng v)]}. Consider the ordered set F,
which is obtained from R, by replacing (u1, v, 1) with (uj, vy, 1). Then, E looks as

E = <(u'1, L1), ..o (uy, vy — 1ngy -1y, (w01, 1), (u'l,rufl,n(uzlﬁru,l))> .

Let E = Ry, u = Ry, \Ru. Let uf € Ay, ., where A, o = [m]\{u1, ui}, 0] € [rur], By o be
obtained from the ordered set E by replacing (u1, vy, 1) with (uf, v, 1) and E(,r . be obtained
from the ordered set F by replacing (uf,vy,1) with (u;,v1,1). Then, it is easy to verify that
the structure of H, observation analogous to Observation 6.5 and the Laplace’s expansion of
det(H) imply

—_— _/ —_— — —_— —
D(Rm ‘ C(ul,vl),(u’l,vll)> = D<Ru’1 ‘ E)'D(Rum/l ‘ E>_ Z D(Ru’l | E(u/{,v’l’)) ) D(Ru1,U’1 ‘ E(U’l’,v’l’))
quEAul’u/l,
UIIIG[T'u/II]
(6.17)
It follows from Observation 6.9 that
Qm . D(Ru’l |E) = (—1)71“,1_1”“,1 H (n(uflﬂyl) - 1) TN 0 T Ko (618)
01€[ry N1}
and for uf € Ay, 0] € [ru],
Quy - D(Rug | B o) = (1™ T (e = D) et - Xugag (6.19)

o €fr \oi}
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Notice that D(R,, . | E) is the minor of H'(T), whose rows and columns are indexed by Ry, ..
Thus, it is a smaller instance of the determinant mentioned in the statement of Claim 6.4.1 as
it is the product of (m — 2) preprocessed Hessians H'(T,»),u} € Ay, ;. Thus, by the induction
hypothesis of Claim 6.4.1, we can describe D(Ry, . | E). Not1ce that D(Ru, . | Ewror)) is a

smaller instance of D(R,, |C’ and hence we use the induction hypothesis of this

(u1,v1) ul,v1)>

claim here. Let M' € &(A,, ;) be chosen arbitrarily. We prove the result in the following

three cases.

1. If M/ = @thel’l the coefficient Oqul U1 n Hue[m]\{u’l} Qu ( uh |E(u” ” ) D( uy,u) |E " )

1v7)

is equal to 0 for every uf € Ay, v, v € [ryr] and it follows from the induction hypothe51s
of Claim 6.4.1 the coefficient of x,, ,, in Hue[m}\{u’l} Qu-D(Ry, | E)-D(Ry, ., | E) is equal

to

IT o I (arey = Dnagep TT (g TT (g = 1)

u€ Ay, G UANGE uf €A, W vy Elryy]
Thus, the claim holds in this case.

2. Let M" = {u} and p = Xy, v, - Xyr,v. It follows from Observation 6.9 and the induction
hypothesis of Claim 6.4.1 that the coefficient of p in Hue[m}\{u,l} Qu-D(Ry|E)-D(Ry, | E)

is equal to
I o™ I1 (egep = Dnegepy TT (ewwn = Dew [T (g = 1),
u€Au, 0 €lrys Nwil UCA, oy €lryy]

where Ay, 1 wr = [m]\ {ug, vy, uf}. Observation 6.9 applied on Q. - D(Ry|Euy »ry) and
the induction hypothesis of this claim applied on Hue[m]\{u, ) Q.- D(R u17u1|E 1))
implies that the coefficient of p in Hue[m]\{ul} Qu - D(Ru |Er o)) * D(Ruy ot | Eur o)) 18

I o™ I gep=—Dnwey I weo—Dow [ (wrsp=Dnr

u€A, o€l ) WEA, o Elr I\ vy

and the coefficient of this monomial in the other terms in Equation (6.17) is equal to 0.

Now, the result directly follows by plugging in these coefficients of p Equation (6.17).

3. Suppose |M'| > 2. Let v{ € [ry/] for uf € M'. By applying Observation 6.9 on Q.
D(R,; | E) and induction hypothesis of Claim 6.4.1on  []  Qar-D(Ry, . | E), the coef-
€A /

uy,uy
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ficient of the monomial p := Xy, 0, [ Xarer in Qu,- I Quar-D(Ry | E)-D(Euhu/1 )

afeM’ ,alll€Au1,u/1
is equal to
Ny —Toy M'|—-1
[T om0 I ey = Dnwwny [T (s = 1)
u€ Ay, f)’le[ru/l]\{v’l} ueAulyu/l \M’,
’UE[T‘u}

x H (n(%ﬂh) 1) Z n // // —

aleM’, aveM
o1€[ran\{oY

Note that thiS monomial iS in Qul . H Qulll ( u | E // // )D( U1,u1 ‘ E // // ) only
WA,

if uf € M'" and o] = v{. This is so because every monomial in Qy, - D(Ry|Eq o1y)

contains X, ). Thus, for uf € M’, by Observation 6.9 and induction hypothesis of this

claim, the coefﬁc1ent of pin Qu, - ] i D(Ry | Eqrony) - D(Ruy o | Egur o) s

31 1:V1
u’l’eAu1yu/1
equal to
H (_1)7’Lu—7'11. . (_1)‘M |_1 H (n(ull,ﬁll) _ 1)n(u/1,v’1) H (n(u,v) _ ]_) ©Qly,
u€ Ay, f)’le[ru/l]\{v’l} ueAulyu/l \M’,
’UE[T‘u}
x H <n(u’1’7ﬁ1) —1) T )

aeM’,
o1€lran\(97}

This implies that the coefficient of p in Equation (6.17) is equal to

H (_1)7’lu_7"u . (_1)|M l H (n(u,v) _ ]_) cay | X
u€ Ay, 11,6Au17u/1\M’7

VE[ry]

IT  (rapen -1 (M0 — 1) Nug o))
aeM’, €[y Mot}
or€lray]\(o7}

Let uf € Ay u,v] € [ry] be arbitrarily chosen. Then, we know that D(Ry, . | Ewr o))
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is a smaller instance of D(R,, |€I(u1,v1),(u'1 o)) - Thus, by the induction hypothesis of this
claim, every monomial ¢’ in Hue[m]\ () Qu - D(Ruy, w | By wry) contains x,, ,, and for every
(u”,v") € Sy, the degree of x(y ) in ¢’ is at most 1. Let g be an arbitrary monomial of
D(Ry, | E). Then, it follows from Claim 6.4.1 that the degree of x(y» ) in @ is at most 1.
This along with Equations (6.18), (6.19) and (6.17) implies that if ¢ is an arbitrary monomial
in Qu, [I Qu - DRy, |6/(uwl),(u/17v/1 ) and (u”,v") € Syr then ¢ contains x,,,, and the

uf €A

“17“,1

degree of Xy vy in g is at most 1. This completes the proof of Claim 6.4.2. [ |

6.5 The Hessian determinant of a general ROF

This section contains the major fraction of this chapter. We start this section by giving some

useful notations, which is in continuation with the notations given in Section 6.1.

6.5.1 Notations

1. For every (u,v) € S, let b(u,v) be defined as the number of multiplication gates with
fan-in at least 2, in the path (u,v). Recall nv) = [X@uv)|- If nwv) > 2 then we define

a(u,v) = b(u,v) otherwise a(u,v) = b(u,v) + 1.

2. Let (u,v) = (uq,v1,...,un,va) € S. Suppose there exists ¢ € [A], such that for every
J<i,ru; # 1,8, # 1,7, # 1 and for every k € [i +1,A],r,, =1 and s,,_, = 1. Then,

W(u,v) ZZ{(UI7V/) = (Uhvl, T 7ui—lvvi—luuiav;7u;+1u cee 7U/A> : U; € [Tu] \ {Ui},
for every k € [i + 1,Al, s, =1,1y = 1}_

Suppose (u',v') € Wiyy). Then, it is easy to see that the nodes v; in (u,v) and v] in

(1, v') compute monomials.
3. For every ( € [A],

(a) Let Xy := {up € ¥y : there exists vy € [ry,],ny, = 1}, where n,, is the number of
variables in the x-rooted ROF T,,. Since T' is canonical, it follows immediately
that for every uy € ¥, there exists a unique v, € [r,,], such that n,, = 1. Let
Yo1 =3¢\ Sea

(b) Let M C [m]. Then, £ C % and )" C [, are such that for every u, € £, v, €
Héw, there exist u,u’ € M, such that the + gate wu, is present in the sub-ROF @,
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and the x gate vy is present in the sub-ROF Q.. Further, iy C XM is such that

for every uy, € ié” , the parent x gate of u, has fan-in at least two.

Y = {Dg = (Vyy Jupes, * Vg € X1, Uy, € [1y,], s.t. N, = 1,Vuy € 01,V € [TW]}.

In other words, for every ¢ € [A], v, is a tuple, whose entries are labelled by the +
gates in Y, and for every uy € ¥y, the u,-th entry of v, is exactly one non-constant
child of the + gate u,. Further, for u, € ¥4, if v,, € [ry,] is such that Ny,, = 1 then

the u,-th coordinate of v, is equal to v,,. Since T is canonical, such a v,, is unique.

4. Let ¥ = #1 x --- x ¥a. Then, an element » € ¥ looks as v = (v;)sc[a], Where for every
e [A],v, € V.

The following sets would be used to define the nice monomials in gr.
5. Let u € [m] and » € ¥ be fixed arbitrarily. Then,

(a) Spuo = {(u,v) = (g, Vu, )eepa) © w1 = u, and for £ € [2,A],up € [svuf_l]}. Note here
that for every ¢ € [A], the coordinate v, in (u,v) is fixed by the tuple ». Suppose

u € [m] is such that one of its children computes a variable. Then, |Sp 0| = 1.

(b) For i € [A],

Sp i :{(u, V) = (Uty oy Uiy Ui 1, Vg s - - -5 WA, Vyp) 5 UL = Uy U1 € [Ty, ]
Vj S [277; - 1]7Uj S [Tuj]7uj S [Svjﬂ]?ui S [Sviﬂ]vvi S I:ruz] \ {Um}v

it € [50], Yk € [ +2,A) wi € [su,, ]}

Note that for any (u,v) € Sy, ; and for j € [1,7 — 1], the coordinate v; of (u,v) is
picked arbitrarily from [r,,], v; is picked arbitrarily from [ry,] \ {vy,}, where vy, is
fixed by v and for k € [i + 1, A],v,, is also fixed by v'.

6.5.2 Technical lemmas.

Lemma 6.1 (Description of nice monomials) Let A;n € NJA > 2. be a field such that
either char(F) = 0 or char(F) > n, T = Q-+ Qu, where for every u € [m],Q, is a +-
rooted extended canonical ROF of product-depth A and there exists uw € [m], such that Q,

'We emphasize here again that it is very important that for any + gate u;, [r,,] does not contain the label
of its constant child, if there is any.
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computes a polynomial of degree at least 2 and |var(T)| = n. Let dr be the denominator of
det(H'(T')) given in Observation 6.1 and gr := dr - det(H'(T)). Then, gr = gr, + gr,, where

g = 2 (=1 Bopo, b= 3 (s(II) —r(Z)) +(m—1), po= I I I1 X?l(xuv;’)_l

vey Le[A] u€[m]i€[0,A—1](u,v)ESy 4 i

and Bv = 50,0 H H Bv,u,u where

ue[mlie[A—1]

Poo = Z Nuv) — 1 H H (n@e) — 1)
u€m]

ue[m] (ﬁ,\AI)EW(uyv)
(U’V)ESD,u,o (U,V)Gsv,u,o

and for every u € [m],i € [A —1],

Bo.ui = H Z Nuv) — 1 H H (n@wy —1) |,

(u/vv/)ieBD,u,i (uvv)esv,u,i: (uvv)esv,u,ir (ﬁv‘A’)GW(u,v)
(uvv)i:(ulvvl)i (u7v)i:(ulvvl)i

where By,; = {(0,Vv'); = (u},v],...,u,,v)) : (0,V') € Spy;}. Further, g, € F[x] and g,

y Wiy Y

and gr, are monomial disjoint.

The proof of Lemma 6.1 is dependent on the next lemma, where we understand the minor
D(R,, |6,(u,v),(u,7v,)) given in Equation (6.11). Let uy € [m]. Then, recall A,, = [m]\ {u:i}.
Further, for £ € [A], M C [m], recall the definition of the set S

Lemma 6.2 Let n € N, F be a field such that either char(F) = 0 or char(F) > n, uy,u] €
[m],ur # vy and Ay, = [m] \ {uy,uy}, where m is the fan-in of the top-most gate of T and
n = |var(T)|, where T is a product-rooted extended canonical ROF considered in Lemma 6.1.
Let (u,v) € Sy,, (0, v') € Sy

1. The denominator of D(R,, ]62U7V)7(u,7v,)) is equal to

Qu I Qa I [[ Qz

~ Ay
CZ . U1€Aulyu/1 Le[2,A] a/[ezz 1
((u,v),(u’,v")) = )
H Qu;
Z€[27A]:3v’5_1751

where uy, 0 € 2, A] correspond to (u',v'). Then, ‘5(}_%U1|6/(u,v),(u’,v’)) .= D(R,, |6/(u’v)7(u,,v/))~

diuv),w ) 15 a polynomial in F[x].

166



2. Lety € /7/, (u/, V/) € Sv,u’l,Oa (u7 V) S SD,ULO and

a(d' v')—j
Qo = H X(av) X H H X(w )
(8,9)ESp,uy 0 jela(u’ v')—1] (0 9)ESy 1 o
(09 =( V)8 Al

a(u’ v'") a(t! ¥)—i
X X(u” .y X X(ﬁ’,\?’) .
UIIIEAul’u/17 ZE[A 1], (@',9)ESp a1 i
(u”,V”)GSD,u/f’O u SO

Then, the coefficient of gy, in D( u1|C wv),(uvy) 18 equal to

(=1 nw v H H (n(wr vy —1) H Boa,i |

€Ay, (ﬁ’,\?’)esv’d/l’o i€[A—1]
(u”,V”)EW(ﬁ/";/)

Auy

where ¢ = Y (s( ) — T(ZA“)) + A, | =1 and By g, is defined in Lemma 6.1.
Le[A]
V') € Sy, be picked arbitrarily and q be an arbitrary monomial ofD( w“ \C W), (u' ')
NS Su1 be such that there exists i € [A], such that either (W', v');_y = (0, v )1_1,
up = 4 and vi # 0, or (W,V'); = (@,V'); and v, # t,,. Then, degx(ﬁ,ﬁ,) qg <

(a(W,¥') —i)'. Let uf € Ay, (0", V") € Syr. Then, degyr i q < a(u’,v").

3. Let (u/,
Let (0

/

Remark 6.4 1. Note that if F is a finite field with char(F) > n or char(F) = 0 then for
everyv € ¥, the coefficients of py in gr and gy .. in 5(RH |6,(u,v),(u’,v’)) is non-zero. This

is so because =Y Ny
(u,v)es

2. Let j € [a(W, V') — 1], (0, V') € Sy 0, such that (W', V'); = (W', V'); and 0}, # uj, ;.
Observe that this immediately implies a(Q',¥v') > j. Similarly, for i € [A —1],u} €
Ayy, (W, V') € Spar 4, a(0', V') > i. This implies that py in Lemma 6.1 and gy, in Lemma

6.2 are monomials in X variables.

3. The notation 11 Qu, means the product of all +-rooted sub-ROF's except Q.; on
Le2,AL: sy, #1 )

the path (u',v') whose parent product gates have fan-in at least 2.

1degx(ﬁw,) q means the degree of x4 ¢+ in g.
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Lemma 6.1 and Lemma 6.2 complement each other. We call the monomials of gr as the
nice monomials in gy. Before proceeding with the proofs, we want to draw the attention of
the reader that in the product-depth 2 case (Claim 6.4.1), the nice monomials in gr are the
monomials of the kind [, .., Xuw,, where M = [m] and for v € M, if Q, contains a variable

then v, € [r,] is such that n,,,) = 1 otherwise v, € [r,] is arbitrary.

6.5.3 Proof of Lemma 6.1

We have already seen the proof of this for A =1 in Claim 6.4.1. We now prove this lemma for
a fixed A > 2. Let D = det(H'(T)) and u; € [m] be fixed arbitrarily. We first give the high

level overview of the proof.

Proof idea. Recall gr = dr-det(H'(T)). We look at the Laplace’s expansion of gr after clear-
ing the denominators in Equation (6.11). We aim to find the coefficients of the set of monomials
Py,» € ¥ in gr. In Equation (6.11), we have a positive part and a negative part. We find the
coefficient of a fixed py in the positive part using the induction on Lemma 6.1. We want to
mention here that in the proof, we use induction at two level: One at the top fan-in of 7" for a
fixed product-depth A and other at the product-depth of the underlying x-rooted ROF. After
that, we find the coefficient of py in the negative part of the Laplace’s equation. An immediate
problem is that there are more than one of negative ‘terms’ in the Laplace’s expansion of gr,
captured by the set €, .« for uj € A,, and it is not clear which ‘term’ contains the monomial
py. Using the structure of py, we are able to describe all the negative terms in the Laplace’s
expansion of gr, in which the coefficient of py is non-zero (see Claim 6.5.1). Then, we use
Lemma 6.2 to compute the coefficient of py in the negative part and by subtracting it from the

coefficient of py in the positive part, we get its coefficient in gr.

Now, we start the proof. We start with normalizing Equation (6.11) by removing the
denominators of every term involved in this equation. We first calculate the denominators of

D(Rm |RU1) ’ D<Ru1 |}_%u1>

1. As D(R,,|Ry,) = ]I det(H'(T,,)), it follows from the first point of Remark 6.3

V1E€[Tuy ]

given after Equation (6.11) that by invoking Observation 6.1 on det(H'(T,,)), which
is a product-depth (A — 1) instance of det(H'(T")), for every vy € [ry,], we get that the
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denominator of D(R,,|R,,) is equal to

11 11 ||

1€y, [0E[2,A] | we€lsv,_]:80,_; #1,
’UgE[TuA

2. As noted in Remark 1 given after Equation (6.11), D(R,,|R,,) is a product-depth A and
top fan-in (m — 1) instance of det(H'(T")). Thus, by changing [m] to A,, in the definition

of dr given in Observation 6.1, we get that the denominator of D(R,,|R,,) is equal to

IT @ 11 11 Qu;

u) €Ay, Le[2,A] | up€ls,

This implies that the denominator of D(R,,|Ry,) - D(R.,|R.,) is equal to (S—T. Now, we
vl

calculate the denominator of D(Ru,[Cy v (w ) - D(R,, |€/(uvv)7(u,7v,)), where (u,v) € S,, and

(u',v') € Sy, are arbitrary.

1. As noted in Remark 2 given after Equation (6.11), D(Ru,[C{, ) (w /) 18 @ smaller instance
of D(R U1|C uv),(wvry) Now, if we set uy = uj, Ay, = {ui}, Ay, 0y = 0 and change
Sy, 10 Sy,_,, up to uy for £ € [2,A] in Lemma 6.2, we get that the denominator of

D(Ru, [Cly vy (wvny) 18 equal to

Qu/l H H Qﬂg

ZE[2’A]@,\[€§}7L1}

d u,v),(u/,v/) =
(u,v),(u',v') I1 Qu,
(€[2,A: 50, #1
2. The denominator of D(R ul\C wv) 18 given in Lemma 6.2.
Then, it is not difficult to see that the denominator of D(Ru,[C{, 4 (w.vr)) - D(R,, |6/(u,v)7(u,’v,))

is equal to I R dXT 0 o |- Let

L
£€[2,A)5,, 171 Ze[2,A]:sv2717ﬁ1 £

D(RU1|Ru1) = dy, - D<Ru1|RU1): D(Rm |CEu,v),(u’,v’)) = d(u,V),(u’,V’) ) D<Ru1 |C(Iu,v),(u’,v’))7
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e - B — e — - — =
D(Rul |Ru1) = dy, - D(Rul |Ru1)7 D(Rul |C(u,v),(u’,v’)) = d(u,V)7(u’,V’) ) D(Rul |C(u,v),(u’,v’))7

where J(u,vx(u/,v/) is defined in Lemma 6.2 and gr = dr - D. Then, Observation 6.1 implies

that Equation (6.11) can be rewritten as

gr :Qm ) D<RU1 ’RM)D(EM ’Ful) - 2 : H QW
uf €Ay, LE[2,A]: sy, #1
Cluw) ' v Ebuy g (6.20)

~ ~ = =
X H Quz X D(Rul |Céu,v),(u’,v’))D(Ru1 |C(u,v),(u’,v’))‘
Le(2,A]: SU/£71751

For simplicity, we use the terminology ((u,v), (u’,v’))-th term of Equation (6.20) to refer to

the polynomial II Qu, X 1T Qu, ><lﬂ?/(Ru1 |C7, V).(u’ v,))ﬁ(ﬁul |U,(uyv)’(u,,vl)). Let
te[2,A]: sy, #1 (e2,A):s,, | #1 o

(u,v) € Sy, and (W', V') € Sy, such that uy # uy. Let Heuv) w.v)r,, and H

the n,, x n,, and (n — n,,) x (n — n,,) size sub-matrices of H'(T"), whose rows are indexed

w ), (uv) R, PO

by R, and R,, and columns are indexed by C’Eu v (v and Ul(u’v)( respectively, such

— =
that D(Rul |CEU,V),(U’,V’)) — det(H(u,v),(u’,v’),Rul) and D(Rul ’C(u,v),(u/,v/)) - det(H(u’,v’),(u,v),ﬁul)'

It follows from Observation 6.2 that the only non-zero entry of the (u’,v’,1)-th column of

u’,v/)

X(u/,v/) H H Q@/
‘ tel2Alajels,,  IMupy , .
Hu),(w v'),Ra, 19 o , where uj, ¢ € [A] correspond to (u’, v') and the
X, oyt e
. €l2,Alaye Svg_q up
only non-zero entry of the (u, v, 1)-th column of Hw vy uv) R, 18 o, :

where uy, ¢ € [A] correspond to (u,v). This along with Observation 6.2 implies the following.

Recall from the notations that R is the set of indices of variables.

Observation 6.10 Let j be the 0-1 column vector, whose entries are labelled by (1, v, l;:) €R,
such that if k = 1 then the (4, ¥, k)-entry of j is 1, otherwise 0. Let Huwy g, ond Hoy o7,
be obtained by replacing the columns labelled by (0',v',1) and (u,v,1) in Huy) @/ v R, and

H(u,7v,)’(u7v)’§ul with j restricted to R,, and R,, respectively. Then,

X(u',v") H H Qﬁ2

e2,AlapEls,, I\ {uj}

Qu
Uy

D(Rul lcéu,v),(u’,v’)) = ’ det(H(u,v),j,Rul)
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and

X(u,v) H H Qﬁg

66[2,A]ﬂ(€[3v571}\{ul}

Qu

( u1|C u,v) uv))z 'det<H(u’7v’),j7ﬁu1)'

(u,v),(u’ v)) are d(“W)v(“’N’)

Recall that the denominators of D(Ry,|Cl, ) (wyy) and D(R u1|C’
and J(uv ) (w.) respectively. Then, the denomznators of det(H(u,v)d,Rw) and det(Hw vy ik, )
1

d I d, Iyl —~ d ’ ol
(u,v),(u’,v') (u,v),(u’,v") ; — (u,v),(u’,vh)
are == and S respectively. Let det(Huv)jr,,) = det(Huy)jr,,) X o

1 -
and det(Hwnjr,) = det(Hwvyjr, ) X W Then, after substituting the values of
“1 “1 u1

diuv),(w vy and J(uy),(u/’v/) i the above two equations, we get

| | QW ’ D(Rullcéu,v),(u’,v’)) = X(u',v) | | | | Qﬁ% X det(H(U,V)vjaRul)
Le[2,A]: 8, #1 Le[2,A] UZG[SUIZ 1] Syl, 1751
(6.21)

and

~ __ —
H Quz . D(Rul‘c(u7v)7(ul7vl)) = X(u,v) H H Qﬁé X det(H(Ll',V’),j,ﬁul)'

@G[Q,A]ZSU/£71¢1 LE[2,A] Up€lsv,_4 ] 50, #1
(6.22)

Remark 6.5 Let (a,v) € S. Then, the notation [] II Qa, means the product
ZE[2,A]’I]@€[S@Z71]ZS{,Z71761

of the children of all the x gates on the path (4, V) except Ua, such that each of these X gates

has fan-in at least 2.

Proof: It is shown in Claim 6.5.2 that the denominators of det(Huv) jr,, ) and det(Hw vy jr,, )
1

d . . . :
are “"8’(:" ) and %o V) W) respectively. The remaining details are easy to verify. O
uy ul

It is easy to note the following from the structures of Hyv)r,, and Hyy )iz, -

Observation 6.11 Let uy,u) € [m],u; # ul, p1,p2 be arbitrary monomials of (E(H(uy),jﬂul)
and det(Hw ) 4r,, ) respectively and (0,v) € Sy, and (W', V') € Sy. Then, p1 and py do not
“1

contain X(a/,o") and X(a,v) respectively.

We now calculate the Coef‘ﬁcient of the monomial py in gr, where » € ¥. Recall that
T 11 [T ™Y where Sp.; and a(u,v) are given in Points 5 and 1 of the

wEimlicA-1(uv)ESpns
second part of the notations. The following claim is very helpful as it shows which all terms in

the negative part of Equation (6.20) contain py.
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Claim 6.5.1 Let uy € [m],p € V,uj € Ay, (0,v) € Sy, and (0',v') € Sy. Then, the
monomial py is in the ((u,v), (u',v'"))-th term of Equation (6.20) if and only if (u,v) € Spu, 0
and (W', v') € Sy -

We first complete the proof of Lemma 6.1 assuming the above claim, whose proof is given
in Section 6.5.4. Let v € ¥ be fixed arbitrarily. We now use induction on m of this lemma for
a fixed product-depth A to prove that the coefficient of py in gr is fBy. As m is the fan-in of the
top multiplication gate in 7', m > 2. We analyse the coefficient of py in the following two cases.

Recall the definition of 3, for some ¢ € [A] from Point 3 of the second part of the notations.

Case 1: |{uy,u}} NXEy1| > 1. Without loss of generality, let u; € ¥1;. Then, we know that
there exists a unique vy € [ry,], such that n,, = 1. Let (u,v) € S, be such that the first two
entries of (u,v) from the left are u; and v; and for every ¢ € [2, A],up = v, = 1. Tt is important
to note that Sy, 0 = {(u,v)}, a(u,v) =1 and nv) = [X@v)| = 1. Let H] be the sub-matrix
of H'(T), whose rows and columns are labelled by R,,. Then, observe that all the entries of
the column of H{ labelled by the variable X+ are zero. As D(R,,|R,,) = det(H]), we get
that D(R,,|R.,) = 0. Then, Equation (6.20) looks as

IS ([H o< TI o

uf €Ay, LE[2,A]: 84, #1 ZE[Z,A}:SU/[_lyél
Cluv), @ v)E€Cuy uy (6.23)

~ = =
X D( u1|Cuv ), (u’ v’))D<Ru1|C(u,v),(u’,v’))> )

Let (u,v) € Spu,0, (W, V') € Spur o be picked arbitrarily. We first give a factorization of py
in the ((u,v), (', v’))-th term of Equation (6.20), which would be helpful in figuring out its

coefficient in this term. Recall from Lemma 6.2 that

— a(ﬁ’70’)—j
Qo = H X(a,v) X H H X o)
(A,9)€Sp 0y 0 J€la(u’,v')—1] (o V)GSnu o

(o’ VI)J (' ,v');.4 J+17éuj+1

< 0 <@y I I =™

uf€A, ., zE[A 1], (&/,v)€Sy 4 al i

ot ujeA
(l.l”,V”)ESv u’l’ 0 uq

Let gy, be obtained from the monomial gy s by making the following changes: change (u’,v’)
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to (u,v), set A, v = 0,u" = uy,u; = v, and A,, = {u;}. Then, gy, looks as
1,U7 1 1 1 yU1

wu = ]I xwe < 1 11 Xy

(ﬁ',‘A")ESD,u’I,O j€la(u,v)—1] (8,9)€S8p v 00 (624)

(0,9);=(u,v);, 0417541
a(a,v)—1i
H H X@o) -

1€[A-1] (,9)ESp vy i

Let

_ ga(uv)-1 j—1
Pur = Xuv) H H @) |-
j€la(u,v)—1] (4,¥)ESp 4, 0t
(0,9);=(u,v);, 0 417uj41

_ e v)-1 H H Jj—1
Puy = X v X,
j€la(u’,v)—1] (ﬁ’,\”f’)GSvyull,O:

(@' V)=’ V)05 Ful

Then, it is easy to observe that

Po = Qo - %,u’l *Puq - pu’l (625)

Further, observe that p,, and p,; are contributed by 11 Qu, and I Qu, Te-
Le[2,A]i50,_; #1 €€[2,A]zsv/1717$1

spectively. The following observation argues that the only factorization of py in the ((u, v), (u’, v/))-
th term of Equation (6.20) is given by Equation (6.25).

Observation 6.12 Let uy € Ay, (0, V) € Spuy0 and (W, V') € Sy 0 be arbitrary. Let py =

hi-hg-hsz-hy, where hy, ho, hz, hy are monomials of fi := 11 Quys fo = 11 Qu,
L€[2,A]: sp,_; #1 EE[2,A]:sv/l717§1

- - .
o fs = D(Ru|Cly vy wwry) and fii= D(Ru,[C ) wv) respectively. Then, hy = py,, ha =
Pus b3 = Qouy and hy = quy;, where pu,,Puys o, and gy are the monomials considered in
FEquation (6.25).

Proof: Recall that pp = [] ]I I1 x?l(lu",;’)_i. First observe that for arbitrary iy, iy €

ue[mli€[0,A-1)(uv)ESp i

[A—1], (0, V) € Spu,i, and (0, V') € Sp 1 iy, X(u,v) and X(a,v) are not present in any monomial of
frand fa. Let (0',¥') € Sy 0,7 € [a(u',v') 1], such that (0, v'); = (u',v'); and @4 # u);.
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Then, it follows from Lemma 6.2 that deg, ha < a(,¥') — j. Since D(R,, |Clu) wvr)) 19
a smaller instance of D( U1|C’(uv (wv'))> We can show that if (4, V) € Spu, 0,7 € [a(u,v) —1],
such that (0,v); = (u,v); and @j1 # ujys then deg, hy < a(u, v) — 5. Notice that
degx@w) fs = a(a,v) — 7/ and degx(ﬁ,ﬁ,) fa = a(d,¥v') — 7, degx(ﬁ"}) fi = l,degx(u’v) fi=
a(u,v)—1, degx@,"},) fo=j—1and degx(u,w,) fo=a(u',v')—1. Thisis so because Qo,u1, P> Py
and p,; are monomials of f3, fi, f1, and f; respectively. Then, it follows from Observation
6.14 that deg,  _ fs = degx(ﬁ/ﬁ,) fa = 1. Further, Equations (6.21) and (6.22) imply that
degx(u,,v,) f3= degx(u’v) fa=1. Now, it is easy to see that this immediately implies that h; = p,,
and hy = p,;. This implies that 3 and hy should contain I1 X(w ) and I =@

(ﬁ’,\?’)esv,u/l,o (0,9)€Sp 0y 0
respectively. Let i1,ip € [A — 1], (0, V) € Spa, 4, and (W', V') € Sy i, be arbitrary. Then, it is
not difficult to see from Equations (6.21) and (6.22) that X(w ¢y and X(4,¢) are not present in f3
and f, respectively. This is so because det(H (uv).. R, ) a0 det(H (W), Ra, ) 81ven in Equations
(6.21) and (6.22) do not contain X(w ¢y and X(4,¢) respectively. It follows from this discussion
that h3 = gy, and hy = gy ;- O

The above observation and Equation (6.25) imply that the coefficient of py in the ((u, v), (u’, v'))-
th term is the product of coefficients of gy ., and gy ., in D(R,, |Cluv) (wvy) 2nd D(R., lél(u,v)7(u,7v,))
respectively. Now, we find the coefficient of py in the ((u,v), (u’, v'))-th term of Equation (6.20)

by induction on m.

Base Case: m = 2. Let [m] = {uj,u}}. Pick (0',v') € Sy, o arbitrarily. Observe that in
this case, D( U1|C' wv) () = D( Ry |Cly ), which implies that ﬁ<Ru1|C’u,v),(u',v')> and

D(R., |C wv),(wv)) are snnilar to each other Let gy, be as defined in Lemma 6.2 (note that

v’),(u,v)

in the base case A, ,, = ()). From Lemma 6.2, the coefficient of gy, in D( w |C’(uV (o)) 18

(_1>01 * (v H (n(u”,v”) - 1) H ﬂv,u’l,ia
(& 9)E€Sp 41 0 ic[A—1]
(u " //)GW(u/ o

where ¢; = ) (s(Hf“l) - T(E?“1)> and A,, = {u}}. Recall how ¢y,, was obtained from
Le[A]
vy - This implies the following.
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Observation 6.13 The coefficient of the monomial gy, in D( Ry |Clyy ) 18 equal to

(=) nuy) [T (w0 I Powss

(0,¥)ESY uy 0 1€[A—1]
( ", ”)EW(uv)

where cg = > <s( {udy r(Eé“l}))

Le[A]

Then, the coefficient of py in the ((u,v), (', v'))-th term of Equation (6.20) is equal to

(=" g -y | IIT (wwn—1 JI Bowil|- (6.26)

u€lm) (@',9")ESY 4.0 1€[A—1]
(u”, ”)GW(U/ ')

where b = > (s([[,) — (X)) + (m —1). Since Sy, 0 = {(u,v)}, Claim 6.5.1 and Equation
Le[A]

(6.23) imply that the coefficient of py in gr is equal to

(—1)® ngu) Z N v') H H (N vy — H Bowi | - (6.27)

(u’,v’)ES,J’u/l’O u€m] (0" ¥")ESp 4.0 1€[A—1]
(u”,v”)EW(ﬁ/ﬁ/)

Using the facts that nv) = 1 and Sy, 0 = {(u,v)}, the above equation can be rewritten as

ESHL I DT T i | II  (wwn =1 T Bow

(0 V)5 o, welm] | (&,9)ESp 00 iela—1)
(U,v)ESY u; 0 (" V") EW(w o)

(6.28)
This proves the base case.

Induction step. Let m > 3 and assume the statement holds true for m—1. Let (u’,v') € Sy w1 0
and recall Sy, 0 = {(u,v)}. Let g, and gy, be the monomials defined in Equation (6.24)
and Lemma 6.2 respectively. Then, an argument similar to the one used in Observation 6.12
implies that the factorization of py in the ((u,v), (u’,v’))-th term of Equation (6.20) given in
Equation (6.25) is unique. It is easy to verify from Equation (6.25), Observation 6.13, Lemma

175



6.2 and Claim 6.5.1 that the coefficient of py in gr the same as given by Equation (6.27). As
Nv) = 1, this coefficient is equal to the one present in Equation (6.28). This proves the

induction step.

Case 2: {uy,uj} NX1; = 0. In this case, for every (u,v) € Sy, 0, (W, V') € Spur 0, N(uv) > 2
and nw ) > 2. Recall Equation (6.20). We want to find the coefficient of py in gr. As noted
above, Equation (6.26) gives the coefficient of py in the ((u,v), (u’,v'))-th term of Equation
(6.20), where (u,Vv) € Sy, 0, (U, V') € Sy . Further, Claim 6.5.1 implies that the coefficient
of pp in the negative part of Equation (6.20) is

(—1)b_1 Z N(u,v) Z Z N vy | X

(0,v)€Sp,u; 0 u) €Ay, (u/,v/)ES,;,’u/l’O

(6.29)

H H < N v') _1 H ﬁvm

u€lm] (' ¥")ESp 40 1€[A—1]
(u”,V”)EW(ﬁC‘;/)

In this case, we mainly figure out the coefficient of py in the positive part of Equation (6.20)

and then put the things together. We compute the required coefficient by induction on m.

Base case: m = 2. Let [m] = {uy,u}}. In this case, A, ,, = 0. Note that D(R,,|R.,) =
D(Ry;|R,;), which implies that the two factors D(Ry,|Ry,), D(Ry,|Ry,) of the positive part of
Equation (6.20) are similar and it is easy to see that the positive part of Equation (6.20) looks

as Qm ’ E<Ru1|Ru1) ’ Qu’l : ﬁ(P'Ju’1|Ru’l) Let

[T II Gy andpe = H [T =

i€[0,A—-1](u,v)ESp vy 4 €[0,A—1](u’,v’ eSDu r

Then, note that py = p; - p2. Observe that Qy, - D(R,, |Ry,) and Qu, - D(R Ry |R.) are variable
disjoint. This implies that the above factorization of py in Qu, - D(Ry,|Ru,)- Q e D(R Ry |Ry) is

unique. We first calculate the coefficient of py in Qu, - D(Ry, | Ry, ) and since Qy, - D(R tus |R,,) and
Qu; -IN)(RU/1 |R,) are similar to each other, we also get the coefficient of py in @, - D(R w | Rur).
We noted in Remark 1 given after Equation (6.11) that D(R,,|R.,) = [ det(H'(T%,)) and

ﬁle[rul}

each det(H'(T;,)) is a product-depth (A — 1) instance of det(H'(T")). Fix v, € [r,,] arbitrarily.
By the induction hypothesis of Observation 6.1 on the product-depth of T}, , we get that the
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denominator of det(H'(T5,)) is equal to

dr, = H H Qua,
CE[2,A] | @e€lsp, 4]0, 1 #1,
1716[7‘11@]

Let &&(H’(T@l)) = dr, -det(H'(T},)). Then, clearly we get D(Ry,|Ry,) = II C/I—EE(H/(TM)).
ﬁle[rul]
Let v;y = v,,, where v,, is the coordinate of v labelled by u;, where v is used to define the

monomial py. Then,

D(Ruy|Ry) =[]  det(H'(T3,)) x det(H'(T,,)). (6.30)

D1€[ru; \{v1}

We want to find the coefficient of p; in Qu, - D(Ru,|Ru,). Suppose p, is defined as

pe It I (T s

(va)esv,ul,o ZG[A_I] (U1V)€Sv,u1,i

Since &&(H '(Ty,)) is a product-depth A — 1 instance of gr for every 0, € [ry,], it follows
from Equation (6.30) and Observation 6.14 that for every (@,V) € Sy, 0, the degree of x4 ¢)
in any monomial of D(R,,|Ry,) is at most a(t,¥) — 1. Thus, it is easy to see that p, =

Il  Xuv) - p) is the only factorization of p; in Q,, - D(R,,|Ry,). Thus, the coefficient of

(U’V)Esv,ul,o
p1in Qu, - D(Ry,|Ry,) is equal to the coefficient of p} in D(R,,|R.,).

It is not difficult to see from the definition of Sy, o that I X(u,v) is contributed by
(ufv)esv,ul,o

Q., and we would show that p| is contributed by D(Ry,|Ry,). Let 9, € [7y,] and 1y € [s4,] be
fixed arbitrarily. Let

Sy 61,82,0 = {(u”,v”) = (w1, D1, Uy, Vyg, - UA, V) & Uy = g, £ € [3,A]uy € [Své’_l]}>
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where, for every £ € [2, A], v,y is fixed by ». For i € [A — 2],

L "o N " " " " R/ "
S0 1,01 i1 .—{(u V) =, DUy, U U Vs WAL V) Uy = o, Vg € [ryy]

\V/] € [3,@],u;’ € [S”;'/—l]’vé‘/ = [rug_/],u;;l € [S”U,'-']?Uz/',-f—l S [Tugl_'_l] \ {’ngq_l},

’
1+1

uglﬁ - [Sv’. ],Vk S [Z + 37A]7ug € [Svugl]}’

(6.32)
where Oyl oo ooy U, ATE fixed by ». As v; = v,,, it is easy to note that
So,u1,0 = U Sv,urvup,0 AN Syt = U U S0,u1,01,12,05 (6.33)
u2€[5v, ] 01€[rug [\{v1}02€[ss, ]

Further, for every i € [2, A — 1],

Svui = U U Sv,ur 01 i,i—1- (6.34)

1€ [7"u1 ]ﬂ2 S [5171 }

For vy € [ry,], let

e | | R | B

i€[0,A—2] A2€[s9,] (0", V/")ESY u; 01,09,

This along with Equations (6.33) and (6.34) implies that the monomial p} defined above can be

written as pj = ][] pis- To figure out the coefficient of p 4,, we first show that it is a ‘smaller
1716["'111}

instance’ of py. Recall the definition of Eé“l} from Point 3 of the second part of the notations.

Let E?ulﬁl)} - E}ul} such that every u, € E}ul} lies in the sub-ROF, whose parent is 9; and

(Dé(ul’ﬁl)}) {(u1,01)}

grandparent is u;. Let pllunin)} . — ¢e2,a], Where v, = (U“é)ueezg(“l””” and for

every uy € 2}7(1”1’791)}
for u, € Zé(ul’ﬁl)} \ Zglul’ﬁl)},vw € [ry,] is arbitrary. Then, note that py(,.ey)y in det(H'(T3,))

is similar to pp in gr. Since the product-depth of 77, is one less than the product-depth of 7',

, Uy, € [ru,] satisfies Ny,, = 1, where such v, is unique as 7" is canonical and

the value of a(u”,v") also reduces by 1 for every (u”,v"’) € Sy, 4,.4,.4- Thus,

Dpfi(uy,01)} = H H H XEiS}t:;),),/)_l)_i-

16[07A_2} ﬁ’Qe[Sﬁl] (u/lvvll)esv,ul,f)l,fLQ,i
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Hence, pyieu.oy = P1s,. Since, &evt(H’(qu )) is a product-depth (A — 1) instance of gr,
it follows from the induction hypothesis of Lemma 6.1 on the product-depth (A — 1), that
the coefficient of py 4, in det(H'(T%,)) is equal to (—1)“1 By uy.i0 1] [T  DBoui 6., where

i2€[s5, Ji€[2,A—1]
o= 3 (s (el ) g, 1),
Le(2,A]

Bv,uhf}l,() = Z N vy — 1 H (n(ﬁ’,\?’) - ]') (635)

Gi2€[s5, ], U2€[sp,],
(ullvv”)esn,ul,ﬁl,ﬁz,o (ullvvl/)esv,ul,ﬁl,@,o,

(o’ ,\A/')GW(H//YVN)

and for 4y € [s5] and i € [2, A — 1],

ﬁv,ulyﬁl,ﬁ%i - | | E ’n,(u//,vn) — 1

(O ¥)i€BY uy 0y ,a9,6 | (W V)ESY w61 ,09,i-1
(0" v'");=(4,v);

(6.36)

8 11 11 II (we-D},

(ﬁa‘A’)iGBD,ul,{)l,ﬂQ,i (ullvvl/)esv,ul,131,&2,1'—1 (ﬁlﬂ}/)ew(u”}V”)
(W’ v'");=(0,%);,

A

where By, 6,000 = {(0, V)i = (U1, ...,0;) @ (0, V) € Spuyiy.a0i-1} 1t follows from Equations
(6.33), (6.34), (6.35) and (6.36) that

H Bv,ul,ﬁl,o - 50,’111,1 (637)
01€[ryy [\ {v1}

and for i € [2,A — 1],
H H 5U7u17®1,ﬂ2,i = ﬁv,ul,i- (638)

V1€ [Tul] U € [S{,l ]

This along with Equation (6.33) implies that, the coefficient of p} in ] aé/t(H '(Ty,)) and

ﬁle[rul]
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hence the coefficient of p; in Q,, - D(Ry, |R,,) is equal to

(_1)02 Z n(u,v) -1 H H ﬁv JULLES

(u,v)ESpyul’o (u,v)GS’x),u1 0» 1€[A—1]
(ﬁvo)ew(u,v)

where ¢, = ZZ[:A} (8(1—[;111}) _ r(Zéul})) Similarly, the coefficient of py in Q. - E(Rufl\Rufl)
€
is equal to

(_1)01 Z N v') — 1 H n(u’ V) — H BD BTN
(u,v",)esv,u’l,o (u',v)€eSy 1 w0 i€[A-1]
(o’ V’)GW(UI V)

where ¢; = ) (s( }u,l}) — 7’(2?“)). As py = p1 - pa, these two equations imply that the
Le[A]
coefficient of p; in the positive part of Equation (6.20) is equal to

(—1)cte H Z Neuv) — 1 H (n@w) — 1) H Bo,u,i

u€[m] (1,v)€Sp 4,0 (1,v)ESp 40 i€[A—1]
(ﬁv‘A’)GW(u,v)

Note that ¢; +co =b—1, where b= > (s([[,) —r(>_,)) + 1. Then, Equation (6.20) implies
Le[A]
that on subtracting Equation (6.29) from the above equation, we get that the coefficient of py

in gr is equal to (—1)%By - IT  Bowi where b= > (s(I[,) —r(>_,)) + 1. This proves

1€[A—1],u€[m] Le[A]
the base case.

Inductive step. Let m > 3 and assume that the induction hypothesis holds for m — 1.
Then, we want to find the coefficient of py in the positive part of Equation (6.20). Let p; =

I1 I1 x?l(luv‘)' Tandp, = ] 11 I1 X?l(;l,\’,‘/’))_i- Then, note that py =

i€[0,A—1](0,V)ESY vy i u’leAulie[A—l](u’,v’)eSv’ullyi

p1 - pa. Observe that Q,, - D(Ry,|R.,) and lN)(_ul|}_%ul) are variable disjoint. This implies
that the above factorization of py in Qul - D(Ry,|Ru,) - D(Ry,|Ry,) is unique. We have already
computed the coefficient of p; in @y, ( w | Ry, ) in the base case. Note that p, can be obtained
by replacing [m] with A, in the definition of py. It follows from Remark 1 given after Equation
(6.11), D(R,,|Ry,) is a product-depth A and top fan-in (m — 1) instance of det(H’(T)), thus
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the induction hypothesis of Lemma 6.1 implies that the coefficient of p, in IN)(EM |R,,) is equal

to

(_1)03 Z N v — 1 H H (n(ﬁ’,\?’) - 1) H ﬁv,u’l,h

uj €Ay, uj €Ay, (W V)EW v ie[A-1],
/
(UI’VI)GSD,u’l,o (ulvvl)esv,u’l,o uy €Ay,

where c3 = Y (S(H?ul) — T(Z?“l )) +|Ay, | — 1. On multiplying the coefficients of p; and po
Le[A]
together, we get that the coefficient of py in the positive part of Equation (6.20) is equal to

(—1)2te Z Nuy) — 1 Z Ny — 1| X

(UaV)GSD,ul,O ulleAul
(u/,V/)ESD’u/l 0

H H (nae) —1) % H Bo,u,i-
u€m]

(ﬁ,\AI)EW(u’V) iG[A—l],
(W, v)ESp w0 u€m]
As ¢y + c3 = b — 1, it follows from Equation (6.20) that on subtracting the coefficient given in
Equation (6.29) from the above equation, we get the coefficient of py in g7, is equal to (—1)°By.

This completes the inductive step.

It is clear that gy, and gy, are monomial disjoint. This completes the proof of Lemma 6.1. W

6.5.4 Proof of Claim 6.5.1

Let pp be present in the ((u, v), (1, v'))-th term of Equation (6.20) where (u,v) € S,,, (u/,v') €
Sy and u) € A,,. Then, Equations (6.21) and (6.22) of Observation 6.10 imply that every
monomial of this term contains X(,v) and Xy, and hence Xy v), X@w,v) are present in py.
This implies that there exist i,j € [0, A — 1], such that (u',v') € Sy, ; and (u,v) € Spa, ;-
We want to show that ¢« = j = 0.

Suppose i@ # 0. Then, i € [A — 1] and (0',v') € Sy Let k € [0,i — 1] be such
that v} = vy,..., 0 = vy but vy, # Vit s where o1, ..., v, correspond to (u’,v’) and
Uy, oo Uy, ATE fixed by ». Let (@', V') € Sy o be such that for every ¢ € [k], 4y = uj, vy = v,
and @y, = wpy. Then, 0, = vy . It follows from the definition of py that degx(ﬁ,’{,,> Do

should be equal to a(d’,¥'). As py is in the ((u, v), (', v'))-th term of Equation (6.20), it is easy
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to see from Equations (6.20), (6.21) and Point 3 of Lemma 6.2 that in the ((u,v), (u’,v’))-th
term of Equation (6.20), X(w v is contributed only by

h = H H Qﬁz ( u1|0 u,v) u’v’))

Le(2, A]uze[sv/Z Jisur, [ #1

in the ((u,v),(u’,v’))-th term. This is so because it is easy to see that in Equation (6.21),

det(H(uv)j R, ) does not contain a monomial divisible by X ¢). Let p and g be arbitrary

monomials of the polynomials ][] I Qa, and D(R ul[C’
EG[Q,A]uZG[sv/Z 1] Sy, F1

Then, observe that deng oD < k, as X ) can only be contributed by Q¢ € 2,k + 1].
It follows from Lemma 6.2 that degy o @ < (a(@',v') — (k + 1)). This implies the degree

(uv),(w,v)) Tespectively.

of X(w ) in any monomial of h and hence in any monomial of the ((u,v), (u’,v’))-th term of
[

Equation (6.20) is at most (a(a’,v")—1). Thus, pp is not present in the ((u,v), (u’, v'))-th term

of Equation (6.20), which is a contradiction. Hence, i = 0. Similarly, we can show that j = 0.

It follows from the factorization of pp given in Equation (6.25) and Lemma 6.2 that if
(0, V) € Spuy0, (W, V') € Sp o then py is in the ((u,v), (u',v'))-th term of Equation (6.20).

This proves the converse and completes the proof. [ |

6.5.5 Proof of Lemma 6.2

Recall that the objective of this lemma is to understand D(R,,|C, (wv),(wv). As noted in
Observation 6.10,

det(H u/ V/ . Eu )
( u1|C ), (u, v’ = X(u,v) H H Qﬁg X (Q’ Jd oy , (639)
u1

ZE[QaA] /&ZE[SUg_l]\{ue}

where wug, vy, £ € [2, A] correspond to (u,v) and H w4, is defined in Observation 6.10. Let
Dy = det(Hy vy 4R, ). Consider the following claim.

Claim 6.5.2 Let uy,u) € [m],u; # u’liand J((u,v),(u,,v,)) be as given in Lemma 6.2. Then, the
denominator of Dy is J,((u,v),(u’,v’)) = w. Letv e ¥, (W,V') € Spu 0, (0, V) € Spuo

Ul
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and

’ L a(ﬁ/7"‘,/)7‘] a(u//7v//)
= ] II =@ ™ |~ XGatra)
j€la(u’,v')—1] (ﬁ’,\A/)ESDYu/IYO, u’l’eAULU/l (u”,v”)GSv,u/I/,O

(ﬁlvv/)j :(ulvv/)j s
Ly, ’
Wi 17U

X X2V
11 I =

iE[A-1] €Au; (W ¥)ESp o1

Then, the coefficient of qv . in Dy := D; x d 18 equal to

((a,v),(u’,v")

(_1)cn(u’,v’) H H ( u”v”)_1 H ﬁvul,z )

Uy €Ay, (ﬁ’,fr’)esvyﬁllyo ie[A—1]
(U/I,V//)GW(‘:IIV‘A,/)

where ¢ = > (s(H?”l) - T(ZZA”D + [Au,| — 1 and Byg ; is defined in Lemma 6.1. Let
Le[A]

(W', v') € Sy be picked arbitrarily and q be an arbitrary monomial of Dy. Let (W,¥) €
Su, be such that there exists i € [A], such that either (W',v');y = (0, V)1, v = 4; and
v # 0 or (W, V'), = (W,V'); and uj,, # u;,,. Then, degy o @1 < (a(W,Vv") —1i). Let
uy € Ay, (07, V") € Syr. Then, degyr iy q < a(u”,v").

We first complete the proof of Lemma 6.2 assuming Claim 6.5.2, whose proof is given in Sec-
tion 6.5.6. Equation (6.39) and Claim 6.5.2 imply that the denominator of D(R,,, |C(uv wv'))

is equal to d((mv%(u@v/)). On clearing the denominator of Equation (6.39), we get

E(Eul |6/(u7v)7(u/7v/)) - X(u,v) H H Qﬁ(’. X det(H(u,,V,)J,ﬁul)' (640)

CE[2,A] Gg€lsv, o ]\{ue}

Recall (u,v) € Spu, 0. Note that gou = gy X I[I =Xy Observe that the mono-
7 (ﬁ:‘A’)GSv,ul,o

mial I[I Xy is present in X(uv) [] I Qa,. Since ] I Qa, and

(ﬁvo)esv,ul,o ZE[Q,A}@@E[SW_J\{UZ} gE[Q,A}ﬂgE[SUZ_l]\{UZ}
det(H, (u’,v’),jﬁul) are variable disjoint, the factorizatg)n of v, given in the beginning of this
paragraph is unique. Thus, the coefficient of q,’w,1 in Dy in Claim 6.5.2 is equal to the coefficient
of gy in D( R, |Cluv),(wv)) in Lemma 6.2. This completes the proof of Lemma 6.2. |

183



6.5.6 Proof of Claim 6.5.2

We prove this claim by induction on the product-depth A. Let A = 1 and Dy = det(H (' '), R, ),
where H s ;7,, is the matrix defined in Observation 6.7. It follows from Observation 6.7 and

Claim 6.4.2 that the denominator of D; is equal to  []  Qr. Further, the monomial g "

u’l’EAul’uxl
in this case looks as Hu/{e Aoy Xl where for every uy € Ay, ., vy € [ryr] is picked in the
following way: if there exists 11/1’ € [ryr], such that np vy = 1 then v,y = v{ otherwise v, is
picked arbitrarily. Then, the coefficient of this monomial in D, = [ Qu - Dy is given by
uf€A /

uy,uy

Claim 6.4.2, which is equal to

[[ ptmemotital=t T (nagar = D -

u€ Ay, W/ €Ay,
o1€fra\{o7}

It is not difficult to see that this coefficient is equal to the coefficient of q,’;w,1 given in the
statement of the instance of this claim for A = 1. Further, if uj € A, ., (u”,v") € S,» then
Claim 6.4.2 implies that the degree of Xy vy in any monomial of D, is at most 1. This proves
the base case.

Now, suppose this claim holds for product-depth A — 1. We understand D; by looking at
its Laplace’s expansion. Recall the definition of Ry from notations. Then, \Rufl | = Ny, where
n,, is the number of variables appearing in the +-rooted sub-ROF @Q,; and we assume R, is
ordered by < defined in Section 6.3. Let Ry, . = Ry, \ Ry also be ordered by <. Recall
from Observation 6.10 that the matrix H ./ ;z, is obtained from the sub-matrix of H’ (T)
whose rows and columns are labelled with R,, by replacing the (u,v,1)-th column with the
vector j confined to R,, and not with the (u’,v’, 1)-th column of H'(T) confined to R,,. Then,
Theorem 6.1 implies that

Di= > sgn(Ry)-sgn(C) - D(Ry|C) - D(Ruyu|C).

1 Uy
Cg§u17|c|:nu/1
Let £ be the set of tuples labelling the columns of Hy . ; 7, » Where the first coordinates
of these tuples are v} and E be ordered by <. We want to mention that we have used here

E instead of R, (although both sets are same) to emphasise on the fact that the column of

Hw v, labelled by (u,v, 1) is j confined to R,,. Let E = R,, \ E. Observe that £ = ﬁul,u’l'

Let (u”,v") € Syr, where uf € Ay, v and Ey iy be obtained from E by replacing (u,v, 1)
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with (u”,v”,1), such that Ey .y as an ordered set it is same as E with the change that the
position of (u”,v”,1) in Ey vy and the position of (u,v,1) in E are same. Let E(yr ) be
obtained from the ordered set R,, .. by replacing the tuple (u”,v”,1) in R, ,; with (u,v,1).
) and 6/(

tioned in Section 6.3 respectively and neither E,» ) nor E(u//’v//) is ordered by <. Then, it is

Then, note that Eq, ) and E(unyu) are similar to the sets C’Zu W men-

u’,v/ u,v),(u’,v’)

easy to show that the arguments similar to those used in Section 6.3 to converge to Equation

(6.11) imply the following.

Dy = D(Ru’lyE) ) D(Em,u’l‘ﬁ) - Z D(Ru’lyE(u”,v”)) : D(Eul,u”E(u”,v”)) ) (641)
u/lleAul,u’17
(u”,v”)GSulll

where

1. D(Ry|E(wr ) is the determinant of the matrix obtained from the sub-matrix of Hw v j Ry
whose rows and columns are labelled by R,; and E respectively, by replacing the column
labelled by (u, v, 1) with its (u”, v",1)-th column restricted to R,; .

2. D(Ry,u;|Ewrvn) is the determinant of the matrix obtained from the sub-matrix of
Hy v jRa,» Whose rows and columns are labelled by Rul,u/l and E respectively, by re-

placing the column labelled by (u”,v”, 1) with the vector j confined to Eul,uﬁ :

It is easy to note from the structure of H'(T") given in Section 6.2 that the following equation

holds. det(H )
et (0, v"),§,R,
D(RU'I|E(U”,V”)) = X(u//w//) . H H Q,%/ X Q ; L s
Uy

(e2,A) @/ €ls,n,  \uy

where Hw ) jr,, is obtained from the sub-matrix of H'(T'), whose rows and columns are
labelled by R, by replacing the (u,v,1)-th column with the vector j confined to R,;. Then,
observe that det(Hw v jr ,) = D(Ry |E). Thus,

uy 1

D(Ry;|Eqr ) = X - ] II  Qux T ow
Uy

te2,A] afels,m,  \uy
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Then, Equation (6.41) can be re-written as

D( u1u |E " //))

Dy = D(Ry|E) | D(Ruy 4 |E) — D X 11 Qay - O
WEA Lt o Lef2,], “
(u// V”)Esulll u [Su”/ 1]\{u

(6.42)

Now, we prove Claim 6.5.2 in three parts.

Part 1. The denominator of D;. We first calculate the denominators of the minors in the
R.H.S of Equation (6.42) and then put the things together.

1. Denominator of D(R,|E): As noted above, det(Hw v jr,, ) = D(Ry|E). Then, it is
easy to show that

D(Ry |E) = | | det(H'(Ty)) x det(Huw vy R, o)) (6.43)
w1
o€l \of}

where Hy vy, Ry is the sub-matrix of Hy v, Ry whose rows and columns are labelled
by the set {(0,V,k) € Ry, : 01 = v}, Let Dy = det(H(u’,v’),j,Rufl,vi)- Note that Do is
a product-depth (A — 1) instance of the determinant studied in Claim 6.5.2. Thus,
on replacing [2, A] by [3,A], Ay, by [su] \ {u5} and Ay, by [sy] in the definition of

d’ (u
), vy
6.5.2 for product-depth (A — 1) along with these changes, we get that the denominator

we get the denominator of Dy. So, from the induction hypothesis of Claim

of Dy is equal to

0 QT I @
uze[svxl]\{uQ} £€(3,A] [EELS /1]
Qu’e ,

0€[3,A:s,,, | #1

where uy, ¢ € [3,A] correspond to (u’,v'). Observe that for every o € [ry] \ {v},
det(H'(Ty)) is a product-depth (A — 1) instance of the determinant studied in Lemma
6.1 and can be seen by making the following changes in Lemma 6.1: [A] is replaced by

2, A, ug,vp are replaced with 4, and 0y respectively. Then, by Observation 6.1 we get
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that the denominator of [I  det(H'(Ty)) is equal to
ol Mot}

II |1l 11 Q;
f)’le[ru/l]\{vi} Le(2,A] ﬁze[s%il}:s%il ;él,ﬁge[rﬂ/z]

On putting the things together, observe that the denominator of D(R,;|E) is equal to

I1 ( I1 I1 Qw)
ﬁ1€[ru/1] LE[2,Altp€lss, ]85, ; #1,00€[rq,]
1= .

ZE[Q’A]:S’U%,l #1

2. Denominator of D(R,, . |E): Asnoted above E = R,, ,+, which immediately implies that
D(R,, . |E) is a product-depth A and top fan-in (m — 2) instance of the determinant
computed in Lemma 6.1. Thus, by using the induction hypothesis of Lemma 6.1, we get
that the denominator of D(Rul,u’l |E) is equal to

d2 = H Qu’l/ H H Qué’

uIIIEAul,ull ,U’I/G[T‘ull/] €2,A] UZG[SU/IZ_I]:SU//Z_I;ﬁl,vz’E[Tu/E/}

3. Denominator of D(Euhu/1 |Ewrvry): Observe that it is the smaller instance of the deter-
minant studied in Claim 6.5.2 and by the induction hypothesis of this claim, we get that
the denominator of D(Euwfl |E(u//7v//)) is equal to

I[I Qa II 1;[ Qay
s,

u1 EAul’ulllulll ZE[Q,A}Q/ZQ )

ug
d3 = )
H Qu?

66[27A]:S,U//2717£1
where Ay, = [m] \ {ur, v}, uf} and uy, £ € [2, A] correspond to (u”,v").

Now, on putting these things together, it is not difficult to see that Equation (6.42) implies
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that the denominator of D; is equal to

[I Qu- Il II Qu

CZ ’aleAul,ull ée[QvA}ﬂéeiful
(u7v)7(u/7v/) ::
H ng

EE[ZA]:Sv’g,l #1

This completes the proof of this part. Then, on normalising the denominator of Dy, Equation

(6.42) can be rewritten as

Dy = D(Ru/1|E) D<Ru1,u’1|E> - Z X v') H Q%’ : D(Rul,u/l‘E(u”,v”))
wEA, | e,
(u”,v”)ES,u’l’:u UZE[SU//lil}:
s’“//£—17é1
(6.44)

Where ﬁl = J(uvv)v(u/vv/) ’ Dl’ E(Rull |E) = dl : D(Rull |E)7 ﬁ(ﬁul,ua |E) == d2 ° D(Eul,u’l |E) and
D(RulvuY’E(u”vV”)) = d3 ’ D(Rm,u/l/lE(u”,v”)).

Part 2. Coefficient of ¢, o Let (W', V') € Sy 0 and (u,v) € Sy, 0. We use induction on

| Ay, | to compute the coefficient of gy, W, 10 D;.

Base Case. [A,,| = 1: Let A,, = {u}}. In this case A,, ,; = 0. It is easy to see from Equation
(6.44) that as A, ,, = 0 in this case, we get

Dy = D(Ry |E). (6.45)

Equation (6.43) would be helpful to understand this. Note that on clearing the denominators

in this equation, we get the following.

D(Ry|E)= [ = det(H'(Ty)) x det(Hum)gn, o4)- (6.46)

g
o efru \oi}

Let lN)Q = &EC(H(U’V)J’RH, w ). Let » € 7 be picked arbitrarily. Then, we want to find the
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coefficient of g, . in E(RUHE) For o} € [ry ]\ {v}}, let

B (a(@,¥)—1)—i
ma = ] 11 X(a,v) ’
i€[0,A—2], (ﬁ’y‘?’)ESv,ufl,@'l

aly i
€ [sy] T

G = Xa(ﬁ/,\?/)—j 5 Xa(ﬁ’,\?’)—l Xa(ﬁ’,\?’)—i
2= H (%) (") () o
jERa(u’ V) —1]: €[5y \{ub}, i€2,A-1],
(& 9)ESD 1 of a0 (0,9)E8,ug of 0 v o apomb
(@)= .v");, e (0 VESY ut vt ity i1
il #u.
j+1 j+1

where for any 0} € [ry/], Spu;.0,a;, is defined similar to the one defined in Equation (6.32) and

in the definition of g9, u} is the third coordinate of (u’,v’) from the left. Then, the variants

of Equation (6.33) and Equation (6.34) by replacing uy,v; with uf,v] respectively imply that

q;m,l = q1 - G2, Wwhere ¢ = II  pue- This is so because v; = v, is fixed by v since
ol I\ vt}

(W', V') € Sp.uy0- It follows from the discussion similar to the one given after Equation (6.34)

that py g is present in det(H'(Ty)). As det(H'(Ty)) is a product-depth A — 1 instance of

1
gr studied in Lemma 6.1, we get the coefficient of p; 4 in det(H'(Ty)) from the induction

hypothesis of Lemma 6.1 on the product-depth is equal to

C-
(—=1)™ Bous a0 H H Bout o iy i5

i2,A-1] dh€fs ]

where ¢y = , %A] <3(Hé(ua’®i)}) - T(ZE(UMD}D + sy — 1 and the coefficients Sy 40 and
€2,

Bout o0 a5 1 € [2, A—1] are similar to those defined in Equations (6.35) and (6.36) respectively.

Thus, we get that the coefficient of ¢; in I &\e/t(H "(Ti;)) is equal to
o€l Mot

Cﬁ/

ohelr, vy
1 1
(1) II Bowarmox ] I  Bowora
3y Mot ), ie2.A-1] ofelr, N\l },
45€ls41] i €lsy]

Now, we argue that ¢, is present in D,. Observe that if we make the following changes to

q{,vu,l and use Equation (6.33), it becomes ¢o: replace [A — 1] with [2,A — 1], [a(u/, V') — 1]
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with [2,a(@’, V') — 1], 4} with 43, for © > 1, Sy s With Sp s o i1, set Ay, = [Su], Ay =
[su;]\ {us}. As noted before, D, is a product-depth (A — 1) instance of the determinant studied
in Claim 6.5.2, we get that ¢s is present in 152. Thus, by the induction hypothesis of Claim
6.5.2 on the product-depth A — 1 and applying the above mentioned changes, the coefficient of

g2 in 52 is equal to

(_1)62n(u’,v’) H H (n "'t _1 H 6Dul,vl,u2,z )

ﬁIZE[svll] (ﬁ, ‘A,/)esvu ! u20 2A 1]
( . ”)EW(U/ ')

[s /] [S /} [Sv/] [S,U/]
wherecy = ) < (IL™) —r(xE,™ ))—l—svxl—l. It is easy to verify that (S(HZ ) —-rE, ))

te[2,A] e[2,A]
<S<H§(“/1u”'1)}> o T<E§(“/p”/1)})> _ Thus, Cy = Z (5(1_[?“/17”/1)}) o T(ZE(“L”Q)})) ‘|‘3v’1 —1.
Le[2,A] €[2,A]
As (U, V') € Sy 0, observe that Sy 0 = U Soul ) i.0 U Sl v g0, Which implies the
ahelsor \(uh)

following

11 11 (=1 [ = ]] II (w1

11/26[81}/1] o' ’)eSDu/ Y (ﬁlv‘A’,)ESD,u’l,o (u”,v”)EW(ﬁ/";/)

vuO’

(W V)W o o)

Note that for 9} € [ry]\ {v’l},&(\a/t(H/(Tﬁ/l)) and &&( Huv) iR, ) /) given in Equation (6.46) are
variable disjoint. This implies that the factorization of gy.; as g, W, = @@ in D( w |E) is
unique and thus the coefficient of q’vm,1 in E(Rufl |E) is equal to the coefficient of g; - gz. On
multiplying together the coefficients of ¢; and ¢ and using the variants of Equations (6.37) and
(6.38) by changing u; to v} and v; to v} , we get that the coefficient of Qo N 131 is equal to

(_1)C N(u v H (n(u”,v”) - 1) X H 60,11’1,2‘7

(ﬁ’,\?’)equull’o, i€[A—1]
(u”,v”)EW(ﬁ/";/)

where ¢ = [] (3( ;ull}) — r(Z}ui})). This proves the base case.
Le[A]
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Induction step. Let |A,,| > 2. Recall Equation (6.44). Let Gy, e as given in the claim. Let

a= ]I [ el I N | i
j€la(u’,v')—1] (ﬁ’,@’)eSv’ua’O, i€[A-1] (W V)GSDU i

(ﬁlv{’/)j :(u/vv/)j s

o1 /
U171

and

e= I1 | 1T II =@

i€l0,A-1) \ wfeA, o (W' v")ESy

uy,u

TEhen, note that q,fw,l = ¢ - ¢». It follows from Equition (6.44) that ¢y is contributed by
D(Ry,;|E) and gy is contributed by the other factor of D; in the R.H.S of Equation (6.44). As
D(R,;|F) and that other factor are variable disjoint, the above factorization of q,’;,’u,1 is unique.
We have already calculated the coefficient of ¢; in D(R,/|E) in the base case. Observe that ¢,
is obtained from py on replacing [m] with A,, ., and hence is a smaller instance of py. Now,
we calculate the coefficient of ¢; - g2 in the positive and the negative part of Equation (6.44).
As already noted, D( i, /|E) is a product-depth A and top fan-in (m — 2) instance of the
determinant studied in Lemma 6.1. Thus, it follows from the induction hypothesis of Lemma

6.1 that the coefficient of ¢; - g, in the positive part of Equation (6.44) is equal to

| Y mwwrt| T I w0 T e 647

uf€A, @) € Ay (ﬁ’,o’)esv’all’o, ie[A-1],

u1,1417 ~)
L A
(u”,v”)GSD’u/lx’O () EW o o1 U1 &Au,

where o = 3 ((TT™) = r(Z0™)) + [Auug| = 1= 3 (s(TT*) = r(57)) + | Au| -2

Le[A] te[A]
Now, we compute the coefficient of ¢, in the negative part of Equation (6.44). It is easy to verify

that a claim similar to Claim 6.5.1 implies that ¢, is present in the (u”, v"’)-th term of Equation
(6.44) if and only if (u”,v") € Sy v for some uy € A, .. As seen before D( s uu|E i yrry) 18
a smaller instance of the determinant studied in Claim 6.5.2. Thus, by the induction hypothesis
of Claim 6.5.2, the base case and the variant of Claim 6.5.1 for Equation (6.44), the coefficient
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of gv. in the negative part of Equation (6.44) is equal to

(_1)61 Z Nal v - N’ v'7) H H (n(uv H ﬁvu - (648)

uf€A, ., ) €Au,q (ﬁ’,\?’)esvﬁﬁll’o, i€[A-1],

ug,uy
(W, v”)es,;,,ull,,o (0,9)EW g o) €Ay

On subtracting Equation (6.48) from Equation (6.47), we get that the coefficient of gy, in Dy

is equal to

(=1 nq v H H (M@ vy — 1) H Boayi | »

U €Ay, (ﬁ’,fz’)esv’ﬁ/lﬂo i€[A—1]
(u”,v”)EW(ﬁ/ﬁ/)

where ¢ = > (s(H?“l) —r(X A“1)> +|A,, | — 1. This proves the induction hypothesis.
Le[A]

Part 3. Other details: Let (u',v') € Sy be an arbitrary tuple’ and ¢; be an arbitrary
monomial in D;. Let ¢1 be an arbitrary monomial of D,. Let (W', ¥') € Sy, be such that there
exists ¢ € [A], such that (v/,v');—1 = (0, V);_1,u, = 4} and v] # 0. It follows from Equation
(6.44) that in Dy, X (i v is contributed only by E(Ruzl |E). We give an upper bound on the
degree of x(w ¢y in ¢q; for i = 1 and 7 > 2 separately. Before proceeding, we note the following

observation, which is used in the proof of this part. Its proof is given in the subsequent section.

Observation 6.14 Let T = Q- - Qy,, where for every u € [m|,Q, is a +-rooted extended
canonical ROF of product-depth A. Let (u,v) € S be arbitrary. Then, the degree of X(uy) in

gr 1s at most a(u, V).

Let i = 1. Then, Equations (6.44), (6.45) and (6.46) imply that in Dj, X ') is contributed
only by &evt(H’(T@i)) for some ) € [ry] \ {v1}. As (E(H’(Tﬁi)) is a product-depth A — 1
instance of gr, it follows from Observation 6.14 applied on dAe/t(H '(Ty;)) that in any monomial
of det(H’(T )), the degree of x(w v is at most a(@’',v') — 1 as the product-depth in this case
has reduced by 1. Thus, deg, ¢ < a(t,v') — 1.

Suppose i > 2, then it follows from Equations (6.45) and (6.46) that in D;, only Dy con-
tributes x(w ¢y Let ¢1 = ¢}-¢5 be such that ¢} and ¢) are monomials in Hﬁ’le[rufl}\{”i} &&(H’(T@i))

and D, respectively. Note that ], e }det(H’(T 1)) does not contain Xy ¢). As D, is a

Oy Elr,,

"We are not assuming here that (u’,v') € Sp . 0
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product-depth A — 1 instance of lN)l and as the product-depth has reduced by 1, it follows from
the induction hypothesis of this claim that deg g ¢y g5 < (a(@', V') —1) — (i — 1). Since ¢} does
not contain Xy ¢y, degy ¢n @1 < a(’, V') —i.

Let (0, ¥') € Sy, be such that there exists 7 € [A], such that (u',v'); = (@',V'); and uj; #
@, ,. Then, it follows from Equations (6.44) and (6.46) that in Dy, only D, contributes X (@ o)
Lot Ry = {(@,9,k) € R+ (@,9)imy = (0, v)imy, 0 = @} and Haw im0 be the sub-
matrix of H(u/7v/),j7Ru,l !, Whose rows and columns are indexed by {(0, Vv, k) € Rp ) @ 0 = vj}.
Let D; 1 = det(H(u@V/)’j’R[u,l,u;],vg). Then, it is not difficult to see that D;,; is a product-depth
(A — i) instance of D;.

Now, we recursively expand 51 by using the Laplace’s expansion till level 7. For example,
Equation (6.44) is the expansion of D, till level 1 and in the next level, we expand Do given in
Equation (6.46) using its Laplace’s expansion and so on. The last minor that gets expanded in
this process is BZ Then, it is not difficult to show that by doing so, 5¢+1 is a factor of 51 and
it is the only factor, which contains x(y ¢+). Thus, it is sufficient to upper bound the degree of
X(@,¢) i an arbitrary monomial of IN)Z-H.

Let ¢;11 be an arbitrary monomial of ﬁiﬂ. Then, it is easy to see that if x( ) appears in
¢i+1 for some (@, v) € S then (a,v); = (u/,v');. We know that Eiﬂ is a product-depth (A — 1)
instance of Dy and (/,¥'); = (o', v');,ul,, # uf,,. Then, notice that finding the degree of
X(w o) I g1 is similar to finding the degree of Xy vy € Suflf in an arbitrary monomial ¢; of
Dy for some uf € A, in the product-depth (A — ) set-up. Thus, by using the induction
hypothesis of Claim 6.5.2 on the part of the claim which upper bounds the degree of X v in
q1 for some (u”,v") € Sy, where uj € A, v, we get that the degree of x(y ¢+) in any monomial
of D, is at most a(@, V') — i. This implies degx(ﬁw,)(ql) < a(w,v') —i.

Now, let ui € Ay, and (u”,v") € Sy be arbitrary. It follows from Equation (6.44) that
X(uv) is contributed by the factor of Dy other that D(R,,|E) in the R.H.S of this equation. In
this factor, notice that ﬁ<Eu1,u’1 |E) is a product-depth A and top fan-in m —2 instance of gy and
it follows from Observation 6.14 that the degree of Xy vy in any monomial of B(EUL% |E) is at
most a(u”,v"). Further, let 4, € Ay, o, (@,V) € Sg,. Suppose that either uj # @, or there ex-
ists i € [A], such that either (u”,v");,_1 = (4, V);_1,u; = 4; and v # 0; or (u”,v"); = (0, V'),
and vy, ; # ;1. Since ﬁ(Euhﬁl ]E(fw)) is a smaller top fan-in instance of D for product-depth
A, by using the induction hypothesis of Claim 6.5.2, it is not difficult to show that the degree of
X(u" ) i any monomial of | X ) IT Qay - IN)(}_%%U/I |E(ﬁ7{,)> is at most a(u”,v").

€(2,A],
Uy €lsp,_,1:80,_, #1
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This complete the proof of Claim 6.5.2 [ |

Proof of Observation 6.14

Consider H(T') given in the beginning of Section 6.2 before the factors were taken out common
from the numerators and denominators of its rows and columns. For every k € [nv)], take out
X(uv) from the numerator of the (u, v, k)-th row of H(T) and X from the denominator of the
(u, v, k)-th row and (u, v, k)-th column of H(T). Let (u/,v',k’) € R be arbitrary. Then, the
structure of modified H(T') implies that the numerator of an entry of the (u’,v’, ¥')-th row of
H(T) contains X(y,v) if and only if there exists £ € [A], such that (u,v),—1 = (0, V')_1, up # uy.
This is so because @), is present in the numerator of every entry of this row and @, contains
X(uv)- This immediately implies that the number of rows in the modified H(T') containing X v,

is equal to m,, = > > ny,, where n,, is the number of variables present in the +-
Ce[AJup€lsv,_ ;I\ ue}

rooted sub-ROF @,;,. Thus, the total degree of X(u v) in det(H(T')) is at most nwy)—2+ >_ My,
Le[A]
Consider the factorization of det(H(T')) given in Claim 6.2.2. Observe that there exists a

monomial in ] X?&“",‘;)d I1 II et “|, in which the degree of X(uv) I gr is

(uv)es te[A] w€lsu,_,):
3v571¢1’v€€[ru2]
equal t0 Nuy) — 2+ Y (7, —1). Tt is not difficult to verify that [{Q., : ¢ € [A],u; €
e[A]
(S0, 1] \ {we}}] = a(u,v). This immediately implies that the degree of x(uv) in gr is at most

a(u,v). u

6.5.7 About the essential variables in det(H (7))

We first show that if T is a regular ROF, such that 7" computes a polynomial of degree at
least 3 then all the variables appearing in 7" are essential for det(H (7")) and then talk about
essential variables in det(H (7)) when T is a x-rooted canonical ROF (without the regularity

condition). Consider the following observation.

Observation 6.15 Let (u,v) € S be such that nv) > 2 and T be a x-rooted ROF, such that
|var(T)| = n. Suppose p is an arbitrary monomial in det(H(T)) and o € F is the coefficient of
p in det(H(T)). Then, for every j, k € [nuw)),j # k. degrj(& -p) = deg,, (a-p).

Proof: Suppose this is not true and there exist distinct j, k € [n(u,v)], such that deg, (a-p) =
e1,deg, (a-p) =ey and e; > €. Let var(T) = {z1,...,2,} and c € F*\ {1} be such that it is
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not a root of unity'. Let A be an n x n diagonal matrix, whose rows and columns are indexed
by {x1,...,z,}, such that the x;-th entry of A is ¢, x;-th entry is ¢! and all the other diagonal
entries are 1. As det(A) = 1, Corollary 2.1 implies that

det(H(T)) = det(H(T))(A - x).

We get a monomial ¢~ “2ap in det(H (7)), which is not true as ¢®*~°* # 1. Hence, ¢; = e5. O

Now, we talk about the essential variables of a x-rooted regular ROF.

Claim 6.5.3 Let n € N,F be a field satisfying either char(F) = 0 or char(F) > n, T be a
x -rooted reqular ROF over F and x = {x1,...,x,} be the set of variables appearing in T. If

n > 3 then every variable in x is present in the Hessian determinant of T.

Proof: Consider the extended canonical form of 7" which is T = @ ... Q,,, where m > 2
and for every u € [m], @, is a +-rooted sub-ROF of T" having product-depth equal to A, where
A € N. If A =0 then the claim immediately follows from Observation 6.3 since n > 3.

Suppose x € x is an arbitrary variable. If x is connected to a x gate that computes
a polynomial of degree at least 3 then Claim 6.2.2 implies that = is present in det(H(T)).
Suppose x € x is connected to a X gate, which computes a degree 2 monomial. Since T is a
regular ROF, there does not exist a + gate in T, which has a variable child. Suppose A = 1.
Then, it is easy to verify from Claim 6.4.1 that as T" is a regular ROF, there exists a monomial
in gr that contains z.

Suppose A > 2. We show that there exists a » € ¥/, such that the monomial p, contains x.
Let (u,v) € S be such that © € X(4,v) and n(uv) = 2. Suppose £ € [A] is such that r,, > 2 and
for every i € [( +1,A],r,, = 8,,_, = 1, where u;,v; are the coordinates of (u,v). Since T is a
regular ROF, it is easy to see that there exists » € ¥/, such that the entry in v labelled by wu, is
equal to v,. Since for every i € [( + 1,A],r,, = s,,_, = 1 the entry in » labelled by u; is equal
to v; for every i € [{ 4 1, A]. Thus, py contains Xvy. As either char(F) = 0 or char(F) > n,
Lemma 6.1 implies that the coefficient of py in gr is non-zero. Thus, x € var(det(H(7))). O

This along with Observation 2.5 and Observation 2.6 help us show the following.

Claim 6.5.4 Let n € N and F be a field satisfying either char(F) = 0 or char(F) > n. Let
T be a x-rooted reqular ROF over F, such that |var(T)| = n. If n > 3 then all the variables

present in T are essential for the Hessian determinant of T'.

!One way to do this is to pick ¢ from a finite subset of F size greater than deg(det(H (T))). If F is small, we
work with a large enough extension field G of F and consider det(H (T")) over G. Then, with high probability, ¢
is not a root of unity.
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Proof: Let x = var(7). As n > 3, Lemma 5.1 implies that det(H(T")) # 0. Consider the
following equation.

S Bxadetéf(T)) o

rEX
where for every x € x, 8, € F. Let x € x be an arbitrary variable. Suppose z is a child of a x
gate, which computes a polynomial of degree at least 3. We know from Claim 6.2.2 that x is a
factor of det(H (T")). Then, Observation 2.5 implies that 3, = 0.

Now, suppose z is connected to a x gate, which computes a degree 2 monomial, say x - 2.
Observation 6.15 implies that if p is an arbitrary monomial of det(H(T")) then the degrees
of x and 2’ in p are same. We know from Claim 6.5.4 that x appears in det(H (7)), which
implies that there exists i > 1, such that (z - z’)" has non-zero coefficient in det(H(T)). Then,
Observation 2.6 implies that 5, = 0. Since 3, = 0 for every x € x, Fact 2.11 implies that every
variable in x is essential for det(H(T)). O
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Chapter 7
Conclusion

In this chapter, we summarize our main results and mention some open questions. The central
theme of this thesis is the equivalence testing problem (in short, ET). An ET for a polynomial
family {f,}nen (similarly, a circuit class €’) takes input black-box access to a g € F[x] and
decides whether g is in the orbit of an f € {f,}nen (respectively, a circuit in €). If yes, it
outputs an f € {f,}nen and an A € GL(|x|,F) (respectively, a C € € and an A € GL(|x|,F))
such that g = f(Ax) (respectively, ¢ = C(Ax)). In this thesis, we study equivalence tests for
two polynomial families, namely the families of the Nisan-Wigderson design polynomials (in
short, NW) and the determinant, and a circuit class, namely the class of regular read-once
arithmetic formulas (in short, ROFs). In the process of designing an equivalence test for the
family of NW, we also study some fundamental structural and algorithmic results questions to
the symmetries of NW. An invertible matrix A is called a symmetry of NW if NW = NW(Ax).
The structural questions for NW that we study are related to properties of characterization by
symmetries and characterization by circuit identities, and the algorithmic questions include a
circuit testing algorithm and a flip theorem for NW. These questions are important from the
perspective of GCT and have been studied for the permanent. The content of this chapter is
divided into three parts - the first one is devoted to the results on NW, the second one to the
ET for the family of determinant, and the last one to the ET for the class of regular ROFs.

7.1 Structural and algorithmic results on NW

In ACT, many polynomial families like the families of permanent, determinant, iterated matrix
multiplication (in short, IMM) polynomial, elementary symmetric polynomial, power symmet-
ric polynomial, Nisan-Wigderson polynomial (NW) etc. have been used to prove lower bounds

for various classes of arithmetic circuits. Unlike the other families mentioned here, not much
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is known about the family of NW. We know that the family of NW is in VNP but it is not
known whether it is in VP or VNP-complete. On the other hand, the families of determinant,
IMM, power symmetric polynomial, elementary symmetric polynomial are in VP and the fam-
ily of permanent is VNP-complete. Several other interesting results are also known for other
polynomials. For instance, the permanent, the determinant, the IMM, the power symmetric
polynomials are characterized by their symmetries whereas the elementary symmetric polyno-
mial is not characterized by its symmetries. We also have efficient equivalence tests for all the
polynomial families mentioned before except the family of NW. In addition to this, two efficient
circuit testing algorithms and a flip theorem are also known for the permanent. In the first
work of this thesis, we study characterization by symmetries, circuit testing, flip theorem and

a special case of ET for the family of NW. We talk about these results below.

Structural results. The first result is related to the characterization by symmetries property
(Definition 2.24). This property bypasses the natural proof barrier (see Section 1.3.1). This
property is important from the viewpoint of GCT; GCT aims to exploit the characterization by
symmetries properties of the permanent and the determinant to show that the permanent of an
n x n symbolic matrix is not an affine projection of a poly(n)-size determinant. In this thesis,
we show that NW is characterized by its symmetries over C but not over R and Q. On the
other hand, the permanent of an n x n symbolic matrix is characterized by its symmetries over
fields having more than n elements [MMG62, Gro12]. The main reason for this contrasting result
for NW over different fields is as follows: The characterization by symmetries property of NW
over C very crucially uses some symmetries of NW which are obtained from a d-th primitive
root of unity, where d is a prime number used as a parameter in the definition of NW. We also
show that in the absence of such symmetries over R and Q, NW can not be characterized by
its symmetries over these two fields. To show that NW is not characterized by its symmetries
over R and Q, we use the following two results about NW, which were studied in the author’s
master’s thesis [Gupl7]: The structure of the group of symmetries of NW (see Theorem 3.3)
and a structural insight obtained from the analysis of the Lie algebra of NW (see Claim 3.1.2).

Apart from this, we also showed that NW is characterized by circuit identities (Definition
2.25) over any field. This property means there are poly(d) many polynomial indentities satis-
fied by NW, where every polynomial in each of these identities is computable by a poly(d) size
arithmetic circuit, and an f € F[x] satisfies these identities if and only if f = o - NW for some
a € F. The proof of the property that NW is characterized by circuit identities also uses some
symmetries of NW. This property implies two algorithmic results for NW namely, a circuit

testing algorithm and a flip theorem.
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Algorithmic results. Our first algorithmic result is a randomized polynomial time circuit
testing algorithm for NW over almost any field. It takes input black-box access to a circuit C
and checks whether C computes NW. We know that the family of NW is in VNP but is not
known to be in VP. In the absence of a proof that VP = VNP, it becomes a natural problem to
test if given an arithmetic circuit C, whether C computes NW. Circuit testing for NW is a special
case of E'T for NW and it is also required in an ET for NW. We exploit the characterization
by circuit identities property of NW to design a circuit testing algorithm for NW. Two efficient
circuit testing algorithms are also known for the permanent [Lip89, Mull0].

The second result is a flip theorem for NW. It says that if NW is not computable by
arithmetic circuits of size at most s then in randomized polynomial time, we can compute a list
of poly(s) many ‘witness points’ over the underlying field against all arithmetic circuits of size
at most s. This means that for every circuit C of size at most s, there exists a witness point a
in this list such that NW(a) # C(a). Using the characterization by circuit identities property
of NW, we also show that a polynomial time black-box PIT algorithm for arithmetic circuits of
size-10s implies that we can compute the list of above mentioned poly(s) many witness points
in polynomial time. A flip theorem is also known for the permanent [Mull0, Mull1b].

The third result is related to equivalence test for the family of NW. We give a random-
ized polynomial time reduction from general ET for NW to block permuted ET for NW, which
determines if there exists an invertible block-permuted matrix (recall the definition from Sec-
tion 1.3.1) A such that the input polynomial f satisfies f = NW(Ax). We give a randomized
polynomial time algorithm for a special case of block-permuted ET for NW, which we call block-
diagonal permutation scaling ET (in short, BD-PS ET). A BD-PS ET determines whether there
exists a block-diagonal permutation matrix A (recall the definition from Section 1.3.1) and an
invertible scaling matrix B such that f = NW(ABx). This algorithm works over the field of
real numbers and over finite fields satisfying d 1 (|F| — 1), where d is a prime number used as a
parameter in the definition of NW. The BD-PS ET crucially uses symmetries of NW. On the

other hand, a complete randomized polynomial time ET is known for the permanent [Kay12].

Future work. Our contributions draw more parallels between the permanent and NW: It was
known that both of these polynomials are in VNP. Our work implies that both of these are
characterized by its symmetries over C, both have randomized polynomial time circuit testing
algorithm, and flip theorems hold for both of these. However, certain aspects of the family of

NW are still not clear. We note some interesting open questions about NW below.
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1. Complexity of zero-testing for NW: The zero-testing for NW is the following algo-
rithmic problem: Suppose d is a prime number. Given a point a € {0, 1}d2, determine
whether NW(a) = 0. This is an interesting problem and has been well-studied in the
Boolean complexity theory. It is known as Andreev’s problem in the Boolean complexity
literature (see [Joh86]). It is easy to see that the zero-testing problem for NW is in NP
- if NW(a) = 1 then we can give a set {(i,l;) : i,l; € F;} as a certificate, where for
every 7 € Fg,a;;, = 1 and Hiele x;;, is a monomial of NW. Is the zero testing for NW
NP-complete? This question was stated in [Joh86] and has remained unresolved till date.
Recently, [Pot19] gave an AC°[@®] lower bound for Andreev’s problem. On the other hand,
the zero-testing problem for the permanent is in P - it is related to checking whether a

bipartite graph has a perfect matching.

2. Complexity of NW: We know that the family of NW is in VNP. Is the family of NW in VP
or is it VNP-complete? Complexities of several other useful polynomial families in ACT
like the families of permanent, determinant, IMM, elementary symmetric polynomials etc.
are well-studied. If the family of NW is in VP then the zero-testing for NW can be solved
efficiently. If this family turns out to be VNP-complete then it would also be good as
it will enrich the list of VNP-complete polynomials. Unlike NP-complete functions, we
do not have many examples of VNP-complete families. A list of VNP-complete families
is given in [Biir00] and most of these polynomials have graph theoretic definition. If
NW is VNP-complete then we will also have a VNP-complete family having an algebraic
definition. Apart from this, the complexity of NW is also interesting from the viewpoint
of GCT because some properties like characterization by symmetries, which plays an
important role in GCT, have been studied for NW. If the family of NW turns out to be
VNP-complete then it can be a substitute for the permanent in GCT.

3. A full ET for NW: We saw a special case of ET for NW, which we called the block-
diagonal permutation scaling (BD-PS) ET for NW. This ET crucially used symmetries
and other structural insights of NW. We saw in Section 3.2.3 of Chapter 3 that this ET
is a special case of the block-permuted equivalence test (in short, BP ET) for NW. We
also gave a randomized polynomial time reduction from general ET for NW to its BP ET
over almost every field. Thus, a BP ET for NW would imply a full ET for NW. Can we
design an efficient BP ET for NW? The ideas used in designing a BD-PS ET for NW can
play a crucial role in its BP ET.
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7.2 DET over finite fields and Q

In the second work, we study equivalence testing problem for the determinant (in short, DET).
This is an important problem from the perspective of GCT. As DET deals with checking if a
given polynomial is in the orbit of the determinant, it is a natural first step in the direction
of understanding whether permanent is in the orbit closure of a polynomial size determinant.
Recall from Section 1.1.2.2 that showing this would separate the complexities of permanent
and determinant. A randomized polynomial time DET over C was given by Kayal [Kay12].
A randomized polynomial time DET over a finite field F, was given in [KNS19], where if the
input polynomial is equivalent to the determinant then the DET outputs a certificate matrix

over a degree n extension field of F,. Before our work, DET over Q was not known.

DET over finite fields. In this work, we give a randomized polynomial time DET over finite
fields satisfying mild conditions on the size and the characteristic. Our DET algorithm outputs

a certificate matrix over the base field IF, and not over an extension field of IF,.

DET over Q. We give the first randomized DET over Q with oracle access to an integer fac-
toring algorithm IntFact. If f is equivalent to the determinant of an n x n symbolic matrix, this
DET outputs a certificate matrix over Q. This DET algorithm runs in polynomial time if n is
bounded. However, for unbounded n we have a DET over QQ, which runs in randomized polyno-
mial time but outputs a certificate matrix over an extension field I of Q satisfying [L : Q] < n.
This DET does not require oracle access to IntFact. We show that it is unlikely to get rid of
oracle access to IntFact from the DET over Q. In particular, we show that assuming the Gener-
alized Riemann Hypothesis (GRH), there exists a randomized polynomial time reduction from
factoring square-free integers to DET for quadratic forms (i.e., n = 2 case) over Q. This shows
that assuming GRH, DET for quadratic forms over QQ and IntFact are randomized polynomial

time reducible to each other and hence it is unlikely to get rid of IntFact oracle from DET over Q.

Relation between FMAI and DET. Our main technical contribution is to give a random-
ized polynomial time reduction from DET to another problem called the full matriz algebra
isomorphism (FMAI). This reduction holds over almost every field. FMAI is a well-studied
problem in computer algebra. The FMAI problem takes input an F-algebra < C M,2(F) and
decides whether o7 is isomorphic to the full matrix algebra M, (F). If the answer is yes, it also
outputs an F-algebra isomorphism ¢ : &/ — M, (F). FMAI algorithms are known over finite
fields and over Q (see Section 2.2.4).
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Our reduction from DET to FMAI exploits the rich structure of the Lie algebra of the
determinant, denoted gpet,. It is well-known that over a field F satisfying char(F) {1 n, gpet, =
Lrow D Lo, where Lrow = 2, 1, Lo = 1, ® Z,, I, is the identity matrix and Z,, is the set
of n x n traceless matrices over F. Suppose f = Det(Ax) for some A € GL(|x|,F) then the Lie
algebra of f, denoted gy, is a direct sum of Foy := A7+ Lo - A and F) := A1 Ly - A.
Suppose f € F[x] is the input of DET. In the first phase, the algorithm decomposes g; as
follows: It computes gy and then computes a special set &2 of linear operators on gs. Then, it
computes irreducible invariant spaces (Definition 2.16) of &2. We show that if f is equivalent
to Det, then %, and %, are the only irreducible invariant subspaces of &?. This is how the
algorithm gets hold of %, and Z,,,. The reason this decomposition is important is because
the algebra 7 generated by Z is isomorphic to M, (IF). On invoking FMAI on &7, we get an
F-algebra isomorphism ¢ : & — M, (F). Using ¢ and the Skolem-Noether theorem (Theorem
2.1), we compute an A € GL(n? F) such that f = Det,(Ax), provided f is equivalent to Det,,.

We also give a reduction from DET to FMALI over fields satisfying char(FF) t n, which is effi-
cient when the value of the parameter n is bounded. This reduction crucially uses the property
that the determinant is characterized by its Lie algebra, i.e., if f € F[x] such that %, is an
[F-subspace of gy then f is a scalar multiple of the determinant. In a follow up work, [MNS20]

gave a randomized polynomial time reduction from FMAI to DET for any n.

Future work. Now, we mention an open question in this direction.

1. An efficient DET over Q with oracle access to IntFact. We saw in the first part of
Theorem 1.7 that if we insist that our DET algorithm outputs a certificate matrix over
Q, the DET algorithm takes oracle access to IntFact and is efficient only when the input
parameter n is bounded. We also saw in Theorem 1.9 that it is unlikely to get rid of
IntFact oracle from this variant of DET over Q. Can we design a randomized polynomial
time algorithm, that takes input black-box access to an n?-variate polynomial f over Q,
has oracle access to IntFact, and determines whether f and Det,, are equivalent, outputs

a certificate matrix over Q and runs in poly(n) time for every value of n?

7.3 An ET for regular ROF's

In the third work, we give the first randomized polynomial time ET for the class of regular
ROFs. This ET takes oracle access to quadratic form equivalence (in short, QFE) and works
over fields satisfying some mild restrictions on the size and the characteristic. ET for regular

ROF's generalizes QFE over C and ET algorithms for two sub-classes of regular ROF's, namely
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the class of sum-product polynomials and the class of ROANFs. Efficient ET algorithms for
these two sub-classes were given recently in [MS21]. We gave a randomized polynomial time ET
for the class of general ROFs in a follow-up work [GST22]|. This ET also takes oracle access to
QFE and works over fields satisfying some mild restrictions on the size and the characteristic.
The ET for general ROF's is not a part of this thesis.

Hessian determinant of a regular ROF. The ET for the class of regular ROF's crucially
uses some properties of the Hessian determinant of a regular ROF. We study these properties
for the Hessian determinant of a canonical ROF (Definition 2.39). Since a regular ROF is
canonical by definition, all these properties also hold for the Hessian determinant of a regular
ROF. We list these properties below.

e Non-zeroness of the Hessian determinant. We show that if C is a canonical ROF
then over any field F satisfying char(F) = 0 or char(F) > |var(C)|, the Hessian determi-
nant of C, denoted det(Hg), is non-zero. However, this may not be true over a finite field
F satisfying char(F) < |var(C)|. For example, if C = z,z973 then det(Hp) = 0 over F
satisfying char(F) = 2. We prove the non-zeroness of det(H) by analysing the structures

and the coefficients of some nice monomials in det(H).

e Essential variables of the Hessian determinant. We show that if 7" is a x-rooted
regular ROF such that deg(7) > 3 then every variable appearing in 7" is essential for
det(Hy). This result is obtained by analysing the structures of nice monomials in det(Hr)
and using the fact that 7" is regular. On the other hand, if deg(7") = 2 then det(Hr) € F*.

e Factors of the Hessian determinant. We study factors of the Hessian determinant
of a x-rooted canonical ROF T" and show that if deg(7") > 3, then there exists a child of
the topmost x gate of 7', which is also a factor of det(Hr).

Efficient ET for regular ROFs. The input of the ET algorithm is black-box access to an
f € F[x] in the orbit of a +-rooted regular ROF. Using the polynomial factorization algorithm
in [KT90], we can reduce the ET for a x-rooted ROF to the ET for a +-rooted ROF. In the
first phase, the ET algorithm computes an A € GL(|x|,F) such that f(Ax) is the sum of vari-
able disjoint x-rooted terms. To accomplish this phase, the algorithm uses the knowledge of
essential variables in the Hessian determinant of a regular ROF, a basic approach by Kayal
(see Section 1.4.3) and a QFE over F. In the next phase, the algorithm gets black-box access
to every x-rooted terms of f(Ax) from black-box of f, then factorizes these terms using the

algorithm in [KT90] and then recurses on these terms. The knowledge of the factors of the
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Hessian determinant of a regular ROF plays a crucial role in obtaining black-box access to a
x-rooted term of f(Ax) using just one black-box query to f. It is important that we use ex-
actly one black-box query to f in this case, otherwise the running time of the algorithm can be
exponential in |x| as the product-depth of f can be as large as |x|. This is how the knowledge of
essential variables and factors of the Hessian determinant of a regular ROF plays an important
role in the ET for the class of regular ROFs.

Future work. Now we mention some open questions in this direction.

1. Equivalence test for univariate-substituted ROFs. A univariate-substituted ROF
is an arithmetic formula, which is obtained from an ROF C by replacing every variable
x in C with a univariate polynomial in . The class of univariate-substituted ROFs is
well-studied - polynomial time black-box PIT algorithm and reconstruction algorithm for
univariate-substituted ROFs are known [SV14, MV18]'. We have given a randomized
polynomial time equivalence test for the class of general ROFs in [GST22]. As the class
of univariate-substituted ROFs generalizes the class of ROFs, it is natural to ask the

following: Can we design an efficient E'T for the class of univariate-substituted ROFs?

An ET for univariate-substituted ROFs is an important problem as it generalizes QFE
over arbitrary fields not having characteristic equal to two: Let F be a field such that
char(F) # 2 and g € F[x] be a quadratic form not having redundant variables (Definition
2.32). It follows from the well-known classification results on quadratic forms that ¢ is
in the orbit of h := a12? + -+ + a,z2, where ay,...,q, € F. Thus, QFE over F boils
down to checking if two given quadratic forms are equivalent to h. Note that h is a
depth 2 univariate-substituted ROF. Thus, an ET for univariate-substituted ROF would
generalize QFE over F. An ET for univariate-substituted ROFs would also generalize the
reconstruction algorithm for univariate-substituted ROFs studied in [SV14, MV18] and
equivalence test for sum of univariates model considered in [GKP18]. We hope that the
ideas used in the ET for general ROFs given in [GST22] can be helpful in designing an
equivalence test for the class of univariate-substituted ROFs. We are also hopeful that
the detailed analysis of the Hessian determinant of a canonical ROF given in Chapter
6 can be helpful in analysing the Hessian determinant of a univariate-substituted ROF,

which can be an important component in the ET for univariate substituted ROF's.

2. Equivalence test for other classes of circuits. As mentioned in Section 1.1.4, PIT for

orbits of various circuit classes like ROFs, sparse polynomials, bounded-width ROABPs

'A univariate-substituted ROF was called a preprocessed ROF in [SV14, MV18].
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etc. have been studied recently in [MS21, ST21, BG21]. Like ROFs, do the classes of

sparse polynomials and ROABPs also admit efficient equivalence tests?

A variant of equivalence testing for sparse polynomials, called equivalence testing under
shifts, over rings has been recently studied in [CGS22]. Equivalence testing for sparse
polynomials under shifts is the following algorithmic problem: Let f € R[x| be a poly-
nomial over a ring R. Given f, determine if there exists an a € RI¥l such that number
of non-zero monomials in f(x + a) is less than the number of non-zero monomials in
f. Recently, [CGS22] showed some hardness results for equivalence testing for sparse

polynomials under shifts over integral domains, which are not fields.

. Reconstruction of random arithmetic formulas. As mentioned in Section 1.3.3, an
efficient ET for the class of ROFs implies an efficient algorithm to reconstruct random
arithmetic formulas in the high number of variables setting, i.e., when the number of
variables n is greater than the size s of the formula. Can we reconstruct random arithmetic

formulas efficiently when n is much smaller than s?

205



Bibliography

[Aarl6]

[ABO3]

[AFST18]

[AGKS14]

[Agr05]

[AKS02]

[AM10]

[AMV15]

Scott Aaronson. The p="np. Open problems in mathematics, 2016. https://www.
scottaaronson.com/papers/pnp.pdf. 3, 6, 8

Manindra Agrawal and Somenath Biswas. Primality and identity testing via chi-
nese remaindering. J. ACM, 50(4):429-443, jul 2003. 3, 9

Matthew Anderson, Michael A. Forbes, Ramprasad Saptharishi, Amir Shpilka, and
Ben Lee Volk. Identity Testing and Lower Bounds for Read-k Oblivious Algebraic
Branching Programs. TOCT, 10(1):3:1-3:30, 2018. Conference version appeared
in the proceedings of CCC 2016. 27

Manindra Agrawal, Rohit Gurjar, Arpita Korwar, and Nitin Saxena. Hitting-sets
for roabp and sum of set-multilinear circuits. SIAM Journal on Computing, 44, 06
2014. 234

Manindra Agrawal. Proving lower bounds via pseudo-random generators. In Pro-
ceedings of the 25th International Conference on Foundations of Software Technol-
ogy and Theoretical Computer Science, FSTTCS 05, page 92-105, Berlin, Heidel-
berg, 2005. Springer-Verlag. 233

Manindra Agrawal, Neeraj Kayal, and Nitin Saxena. Primes is in p. Annals of
Mathematics, 160:781 — 793, 09 2002. 3, 9

V. Arvind and Partha Mukhopadhyay. The ideal membership problem and poly-
nomial identity testing. Inf. Comput., 208(4):351-363, apr 2010. 233

Matthew Anderson, Dieter Melkebeek, and Ilya Volkovich. Derandomizing polyno-
mial identity testing for multilinear constant-read formulae. Computational Com-
plexity, 24:695-776, 2015. 233, 234

206


https://www.scottaaronson.com/papers/pnp.pdf
https://www.scottaaronson.com/papers/pnp.pdf

[Ang88|

[Arall]

[ASO5]

[AS06]

[ASSS16]

[ATS5]

[Ats06]

[AV08]

[AW21]

[B00]

BIBLIOGRAPHY

Dana Angluin. Queries and concept learning. Machine Learning, 2(4):319-342,
apr 1988. 10

Manuel Aratjo. Classification of quadratic forms. https://www.math.tecnico.
ulisboa.pt/~ggranja/manuel.pdf, 2011. 14, 27, 70

Manindra Agrawal and Nitin Saxena. Automorphisms of finite rings and applica-
tions to complexity of problems. In 23rd Annual Symposium on Theoretical Aspects
of Computer Science, STACS 2005, pages 1-17, 2005. 13, 14

Manindra Agrawal and Nitin Saxena. Equivalence of f-algebras and cubic forms.
In 23rd Annual Symposium on Theoretical Aspects of Computer Science, STACS
2000, pages 115-126, 2006. 14

Manindra Agrawal, Chandan Saha, Ramprasad Saptharishi, and Nitin Saxena.
Jacobian Hits Circuits: Hitting Sets, Lower Bounds for Depth-D Occur-k Formulas
and Depth-3 Transcendence Degree-k Circuits. SIAM J. Comput., 45(4):1533~
1562, 2016. Conference version appeared in the proceedings of STOC 2012. 233,
234

V. S. Alagar and Mai Thanh. Fast polynomial decomposition algorithms. In
Bob F. Caviness, editor, FUROCAL ’85, pages 150-153, Berlin, Heidelberg, 1985.
Springer Berlin Heidelberg. 13

Albert Atserias. Distinguishing SAT from polynomial-size circuits, through black-
box queries. In 21st Annual IEEE Conference on Computational Complexity (CCC
2006), 16-20 July 2006, Prague, Czech Republic, pages 8895, 2006. 22

Manindra Agrawal and V. Vinay. Arithmetic Circuits: A Chasm at Depth Four.
In 49th Annual IEEE Symposium on Foundations of Computer Science, FOCS
2008, October 25-28, 2008, Philadelphia, PA, USA, pages 67-75. IEEE Computer
Society, 2008. 231, 233

Josh Alman and Virginia Vassilevska Williams. A refined laser method and faster
matrix multiplication. SODA 21, page 522-539, USA, 2021. Society for Industrial
and Applied Mathematics. 2

Peter Biirgisser. Cook’s versus valiant’s hypothesis.  Theor. Comput. Sci.,
235(1):71-88, mar 2000. 5

207


https://www.math.tecnico.ulisboa.pt/~ggranja/manuel.pdf
https://www.math.tecnico.ulisboa.pt/~ggranja/manuel.pdf

[Bab16]

[BBB*00]

[Ber70)]

[Ber84|

[BFP15]

[BG21]

[BGKS21]

[BHHO5]

[BLS16]

BIBLIOGRAPHY

Léaszl6 Babai. Graph isomorphism in quasipolynomial time [extended abstract]. In
Proceedings of the Forty-FEighth Annual ACM Symposium on Theory of Computing,
STOC 16, page 684-697. Association for Computing Machinery, 2016. 1

Amos Beimel, Francesco Bergadano, Nader H. Bshouty, Eyal Kushilevitz, and
Stefano Varricchio. Learning functions represented as multiplicity automata. J.

ACM, 47(3):506-530, may 2000. 235

Elwyn R Berlekamp. Factoring polynomials over large finite fields. Mathematics
of Computation, 24:713-735, 1970. 61, 99

Stuart J. Berkowitz. On computing the determinant in small parallel time using a
small number of processors. Information Processing Letters, 18(3):147-150, 1984.
2

Jérémy Berthomieu, Jean-Charles Faugere, and Ludovic Perret. Polynomial-time
algorithms for quadratic isomorphism of polynomials: The regular case. J. Com-
plex., 31(4):590-616, 2015. 14

Vishwas Bhargava and Sumanta Ghosh. Improved hitting set for orbit of roabps.
In Mary Wootters and Laura Sanita, editors, Approximation, Randomization, and
Combinatorial Optimization. Algorithms and Techniques, APPROX/RANDOM
2021, August 16-18, 2021, University of Washington, Seattle, Washington, USA
(Virtual Conference), volume 207 of LIPIcs, pages 30:1-30:23. Schloss Dagstuhl -
Leibniz-Zentrum fiir Informatik, 2021. 10, 16, 27, 205

Vishwas Bhargava, Ankit Garg, Neeraj Kayal, and Chandan Saha. Learning gen-
eralized depth-three arithmetic circuits in the non-degenerate case. FElectron. Col-

loguium Comput. Complex., page 155, 2021. 236

Nader H. Bshouty, Thomas R. Hancock, and Lisa Hellerstein. Learning arithmetic
read-once formulas. SIAM J. Comput., 24(4):706-735, 1995. Conference version
appeared in the proceedings of STOC 1992. 27, 29

Nikhil Balaji, Nutan Limaye, and Srikanth Srinivasan. An almost cubic lower
bound for XIIY circuits computing a polynomial in VP. Electronic Colloquium on
Computational Complexity (ECCC), 23:143, 2016. 231

208



[BMS13]

[BOTSS)]

[BROO]

[Bre76]

[BS83]

[BSV20]

[BSV21]

[Biir00]

[BZ85]

[Car06]

[CELS18]

BIBLIOGRAPHY

M. Beecken, J. Mittmann, and N. Saxena. Algebraic independence and blackbox
identity testing. Information and Computation, 222:2-19, 2013. 38th International
Colloquium on Automata, Languages and Programming (ICALP 2011). 233

Michael Ben-Or and Prasoon Tiwari. A deterministic algorithm for sparse mul-
tivariate polynomial interpolation. In Proceedings of the Twentieth Annual ACM
Symposium on Theory of Computing, STOC ’88, page 301-309, New York, NY,
USA, 1988. Association for Computing Machinery. 233, 234

Laszl6 Babai and Lajos Ronyai. Computing irreducible representations of finite
groups. Mathematics of Computation, 55(192):705-722, 1990. 71

R.P Brent. Multiple-precision zero-finding methods and the complexity of ele-
mentary function evaluation. Analytic Computational Complexity, pages 151-176,

1976. 93

Walter Baur and Volker Strassen. The Complexity of Partial Derivatives. Theor.
Comput. Sci., 22:317-330, 1983. 7, 230

Vishwas Bhargava, Shubhangi Saraf, and Ilya Volkovich. Reconstruction of depth-4
multilinear circuits. In Proceedings of the Thirty-First Annual ACM-SIAM Sym-
posium on Discrete Algorithms, SODA 20, page 2144-2160, USA, 2020. Society
for Industrial and Applied Mathematics. 235

Vishwas Bhargava, Shubhangi Saraf, and Ilya Volkovich. Reconstruction Algo-
rithms for Low-Rank Tensors and Depth-3 Multilinear Circuits, page 809-822. As-
sociation for Computing Machinery, New York, NY, USA, 2021. 235

Peter Birgisser. Completeness and Reduction in Algebraic Complezity Theory,

volume 7 of Algorithms and computation in mathematics. Springer, 2000. 4, 5, 200

David R. Barton and Richard Zippel. Polynomial decomposition algorithms. Jour-
nal of Symbolic Computation, 1(2):159-168, 1985. 12, 13

Enrico Carlini. Reducing the number of variables of a polynomial. In Algebraic
Geometry and Geometric Modeling, pages 237-247. Springer Berlin Heidelberg,
2006. 53, 62

Suryajith Chillara, Christian Engels, Nutan Limaye, and Srikanth Srinivasan. A
Near-Optimal Depth-Hierarchy Theorem for Small-Depth Multilinear Circuits. In

209



[CGS22]

[CIK97]

[CKS18]

[CKSV20]

[CKW11]

[CM14]

[CMM17]

[Coh03]

[CsaT6]

BIBLIOGRAPHY

Mikkel Thorup, editor, 59th IEEE Annual Symposium on Foundations of Com-
puter Science, FOCS 2018, Paris, France, October 7-9, 2018, pages 934-945. IEEE
Computer Society, 2018. 232

Suryajith Chillara, Coral Grichener, and Amir Shpilka. On hardness of testing
equivalence to sparse polynomials under shifts, 2022. https://arxiv.org/abs/
2207.10588. 205

Alexander Chistov, Gabor Ivanyos, and Marek Karpinski. Polynomial time algo-
rithms for modules over finite dimensional algebras. In Proceedings of the 1997 In-
ternational Symposium on Symbolic and Algebraic Computation, ISSAC '97, page
68-74, New York, NY, USA, 1997. Association for Computing Machinery. 106

Chi-Ning Chou, Mrinal Kumar, and Noam Solomon. Some closure results for
polynomial factorization and applications, 2018. https://arxiv.org/abs/1803.
05933. 233, 234

Prerona Chatterjee, Mrinal Kumar, Adrian She, and Ben Lee Volk. A quadratic
lower bound for algebraic branching programs. In Proceedings of the 35th Computa-
tional Complexity Conference, CCC 20, Dagstuhl, DEU, 2020. Schloss Dagstuhl—
Leibniz-Zentrum fuer Informatik. 20, 230

Xi Chen, Neeraj Kayal, and Avi Wigderson. Partial Derivatives in Arithmetic
Complexity and Beyond. Foundations and Trends in Theoretical Computer Sci-
ence, 6(1-2):1-138, 2011. 21, 50, 51, 232

Suryajith Chillara and Partha Mukhopadhyay. Depth-4 lower bounds, determinan-
tal complexity: A unified approach. In 31st International Symposium on Theoret-
ical Aspects of Computer Science (STACS 2014), STACS 2014, March 5-8, 2014,
Lyon, France, pages 239-250, 2014. 19

Sunil K. Chebolu, Dan McQuillan, and Jan Mina¢. Witt’s cancellation theorem
seen as a cancellation. Expositiones Mathematicae, 35(3):300-314, 2017. 17

Joel S. Cohen. Computer Algebra and Symbolic Computation. CRC Press, 2003.
3,12, 13

L. Csanky. Fast parallel matrix inversion algorithms. SIAM Journal on Computing,
5(4):618-623, 1976. 2

210


https://arxiv.org/abs/2207.10588
https://arxiv.org/abs/2207.10588
https://arxiv.org/abs/1803.05933
https://arxiv.org/abs/1803.05933

[C'T65]

[CU13]

[CW90]

[CZ831]

[de 97]

[Dic89]

[Dic93]

[DKSS08]

[DL78]

[DMPY12]

[DSO07]

BIBLIOGRAPHY

James W. Cooley and John W. Tukey. An algorithm for the machine calculation
of complex fourier series. Mathematics of Computation, 19:297-301, 1965. 3

Henry Cohn and Christopher Umans. Fast matrix multiplication using coherent
configurations. In SODA, 2013. 2

Don Coppersmith and Shmuel Winograd. Matrix multiplication via arithmetic
progressions. J. Symb. Comput., 9(3):251-280, mar 1990. 2

David Geoffrey Cantor and Hans Zassenhaus. A new algorithm for factoring poly-
nomials over finite fields. Mathematics of Computation, 36:587-592, 1981. 3

W.A. de Graaf. Calculating the structure of a semisimple lie algebra. Journal of
Pure and Applied Algebra, 117-118:319-329, 1997. 106

Matthew Thomas Dickerson. The functional decomposition of polynomials. PhD
thesis, Cornell university, 1989. 12

Matthew T. Dickerson. General polynomial decomposition and the s-1-
decomposition are np-hard. International Journal of Foundations of Computer

Science, 04(02):147-156, 1993. 13

Anindya De, Piyush P. Kurur, Chandan Saha, and Ramprasad Saptharishi. Fast
integer multiplication using modular arithmetic. In Cynthia Dwork, editor, Pro-
ceedings of the 40th Annual ACM Symposium on Theory of Computing, Victoria,
British Columbia, Canada, May 17-20, 2008, pages 499-506. ACM, 2008. 3

Richard A. Demillo and Richard J. Lipton. A probabilistic remark on algebraic
program testing. Information Processing Letters, 7(4):193-195, 1978. 9, 60

Zeev Dvir, Guillaume Malod, Sylvain Perifel, and Amir Yehudayoff. Separating
multilinear branching programs and formulas. In Howard J. Karloff and Toniann
Pitassi, editors, Proceedings of the 44th Symposium on Theory of Computing Con-
ference, STOC 2012, New York, NY, USA, May 19 - 22, 2012, pages 615-624.
ACM, 2012. 232

Zeev Dvir and Amir Shpilka. Locally decodable codes with two queries and polyno-
mial identity testing for depth 3 circuits. STAM Journal on Computing, 36(5):1404—
1434, 2007. 233

211



[DS13]

[DSY10]

[Dvi0g]

[Dvil2]

[FGT16]

[FKO9]

[FLMS15]

[FP09a)]

[FPO9b)]

[FPS08]

[Fro97]

BIBLIOGRAPHY

A. Davie and AJ Stothers. Improved bound for complexity of matrix multiplication.
Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 143, 04
2013. 2

Zeev Dvir, Amir Shpilka, and Amir Yehudayoff. Hardness-randomness tradeoffs for
bounded depth arithmetic circuits. SIAM Journal on Computing, 39(4):1279-1293,
2010. 233

Zeev Dvir. On the size of kakeya sets in finite fields. Journal of the American
Mathematical Society, 22(4):1093-1097, jun 2008. 2

Zeev Dvir. Incidence theorems and their applications. Foundations and Trends(®)
in Theoretical Computer Science, 6, 08 2012. 2

Stephen Fenner, Rohit Gurjar, and Thomas Thierauf. Bipartite perfect matching is
in quasi-nc. In Proceedings of the Forty-FEighth Annual ACM Symposium on Theory
of Computing, STOC 16, page 754-763, New York, NY, USA, 2016. Association
for Computing Machinery. 9

Lance Fortnow and Adam R. Klivans. Efficient learning algorithms yield circuit
lower bounds. J. Comput. Syst. Sci., 75(1):27-36, 2009. 9, 234

Hervé Fournier, Nutan Limaye, Guillaume Malod, and Srikanth Srinivasan. Lower
Bounds for Depth-4 Formulas Computing Iterated Matrix Multiplication. STAM J.
Comput., 44(5):1173-1201, 2015. Conference version appeared in the proceedings
of STOC 2014. 231

Jean-Charles Faugere and Ludovic Perret. An efficient algorithm for decomposing
multivariate polynomials and its applications to cryptography. Journal of Symbolic
Computation, 44:1676-1689, 12 2009. 13

Jean-Charles Faugere and Ludovic Perret. High order derivatives and decomposi-

tion of multivariate polynomials. pages 207-214, 01 2009. 13

Lance Fortnow, Aduri Pavan, and Samik Sengupta. Proving SAT does not have
small circuits with an application to the two queries problem. J. Comput. Syst.
Sci., 74(3):358-363, 2008. 22

Georg Frobenius. Ueber die darstellung der endlichen gruppen durch linearc sub-
stitutionen. Sitzungber. der Berliner Akademie, 7:994-1015, 1897. 20

212



[FS13]

[FSS14]

[FSV17]

[FvzGP10]

[Fii09)

[Ges16]

[GG13]

[GGKS19]

[GKS6]

BIBLIOGRAPHY

Michael A. Forbes and Amir Shpilka. Quasipolynomial-Time Identity Testing of
Non-commutative and Read-Once Oblivious Algebraic Branching Programs. In
54th Annual IEEE Symposium on Foundations of Computer Science, FOCS 2013,
26-29 October, 2013, Berkeley, CA, USA, pages 243252, 2013. 234, 235

Michael A. Forbes, Ramprasad Saptharishi, and Amir Shpilka. Hitting sets for
multilinear read-once algebraic branching programs, in any order. In Proceedings
of the Forty-Sixzth Annual ACM Symposium on Theory of Computing, STOC ’14,
page 867875, New York, NY, USA, 2014. Association for Computing Machinery.
233, 234

Michael A. Forbes, Amir Shpilka, and Ben Lee Volk. Succinct hitting sets and
barriers to proving algebraic circuits lower bounds. STOC 2017, page 653—664,
New York, NY, USA, 2017. Association for Computing Machinery. 20

Jean-Charles Faugere, Joachim von zur Gathen, and Ludovic Perret. Decomposi-
tion of generic multivariate polynomials. In Proceedings of the 2010 International
Symposium on Symbolic and Algebraic Computation, ISSAC 10, page 131-137,
New York, NY, USA, 2010. Association for Computing Machinery. 13

Martin Fiirer. Faster integer multiplication. Proceedings of the Annual ACM
Symposium on Theory of Computing, 39, 01 2009. 3

Fulvio Gesmundo. Gemetric aspects of iterated matrix multiplication. Journal of
Algebra, 461:42-64, 2016. 20

Joachim von zur Gathen and Jrgen Gerhard. Modern Computer Algebra. Cam-
bridge University Press, USA, 3rd edition, 2013. 3

Ankit Garg, Nikhil Gupta, Neeraj Kayal, and Chandan Saha. Determinant equiv-
alence test over finite fields and over ). In Christel Baier, Ioannis Chatzigian-
nakis, Paola Flocchini, and Stefano Leonardi, editors, 46th International Collo-
quium on Automata, Languages, and Programming, ICALP 2019, July 9-12, 2019,
Patras, Greece, volume 132 of LIPIcs, pages 62:1-62:15. Schloss Dagstuhl - Leibniz-
Zentrum fiir Informatik, 2019. 24, 94

S Goldwasser and J Kilian. Almost all primes can be quickly certified. In Proceed-
ings of the Fighteenth Annual ACM Symposium on Theory of Computing, STOC

213



[GKOS]

[GKKS14a]

[GKKS14b]

[GKKS16]

[GKL11]

[GKP18]

[GKQ13]

[GKS20]

BIBLIOGRAPHY

'86, page 316-329, New York, NY, USA, 1986. Association for Computing Machin-
ery. 3

Dima Grigoriev and Marek Karpinski. An Exponential Lower Bound for Depth 3
Arithmetic Circuits. In Proceedings of the Thirtieth Annual ACM Symposium on
the Theory of Computing, Dallas, Texas, USA, May 23-26, 1998, pages 577-582,
1998. 231

Ankit Gupta, Pritish Kamath, Neeraj Kayal, and Ramprasad Saptharishi. Ap-
proaching the chasm at depth four. J. ACM, 61(6), dec 2014. 24

Ankit Gupta, Pritish Kamath, Neeraj Kayal, and Ramprasad Saptharishi. Ap-
proaching the Chasm at Depth Four. J. ACM, 61(6):33:1-33:16, 2014. Conference
version appeared in the proceedings of CCC 2013. 231

Ankit Gupta, Pritish Kamath, Neeraj Kayal, and Ramprasad Saptharishi. Arith-
metic circuits: A chasm at depth 3. STAM Journal on Computing, 45(3):1064-1079,
2016. 231, 233

Ankit Gupta, Neeraj Kayal, and Satyanarayana V. Lokam. Efficient Reconstruc-
tion of Random Multilinear Formulas. In IEEE 52nd Annual Symposium on Foun-
dations of Computer Science, FOCS 2011, Palm Springs, CA, USA, October 22-25,
2011, pages 778-787, 2011. 235

Ignacio Garcia-Marco, Pascal Koiran, and Timothée Pecatte. Polynomial Equiva-
lence Problems for Sum of Affine Powers. In Manuel Kauers, Alexey Ovchinnikov,
and Eric Schost, editors, Proceedings of the 2018 ACM on International Sympo-
stum on Symbolic and Algebraic Computation, ISSAC 2018, New York, NY, USA,
July 16-19, 2018, pages 303-310. ACM, 2018. 11, 18, 204

Ankit Gupta, Neeraj Kayal, and Youming Qiao. Random Arithmetic Formulas
Can Be Reconstructed Efficiently. In Proceedings of the 28th Conference on Com-
putational Complexity, CCC 2013, K.lo Alto, California, USA, 5-7 June, 20183,
pages 1-9, 2013. 28, 236

Ankit Garg, Neeraj Kayal, and Chandan Saha. Learning sums of powers of low-
degree polynomials in the non-degenerate case. In Sandy Irani, editor, 61st IEEE
Annual Symposium on Foundations of Computer Science, FOCS 2020, Durham,
NC, USA, November 16-19, 2020, pages 889-899. IEEE, 2020. 236

214



[GKSS17]

[GQ21]

[GQT21]

[GROO]

[Grol2]

[GS19]

[GST20]

BIBLIOGRAPHY

Joshua A. Grochow, Mrinal Kumar, Michael E. Saks, and Shubhangi Saraf. To-
wards an algebraic natural proofs barrier via polynomial identity testing. CoRR,
abs/1701.01717, 2017. 20

Joshua A. Grochow and Youming Qiao. On the complexity of isomorphism prob-
lems for tensors, groups, and polynomials I: tensor isomorphism-completeness. In
James R. Lee, editor, 12th Innovations in Theoretical Computer Science Confer-
ence, ITCS 2021, January 6-8, 2021, Virtual Conference, volume 185 of LIPIcs,
pages 31:1-31:19. Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2021. 14

Joshua A. Grochow, Youming Qiao, and Gang Tang. Average-case algorithms for
testing isomorphism of polynomials, algebras, and multilinear forms. In Markus
Blaser and Benjamin Monmege, editors, 3§th International Symposium on Theoret-
ical Aspects of Computer Science, STACS 2021, March 16-19, 2021, Saarbricken,
Germany (Virtual Conference), volume 187 of LIPIcs, pages 38:1-38:17. Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2021. 14

Dima Grigoriev and Alexander A. Razborov. Exponential Lower Bounds for Depth
3 Arithmetic Circuits in Algebras of Functions over Finite Fields. Appl. Algebra
Eng. Commun. Comput., 10(6):465-487, 2000. Conference version appeared in the
proceedings of FOCS 1998. 231

Joshua Abraham Grochow. Symmetry and equivalence relations in classical and
geometric complexity theory. PhD thesis, Department of Computer Science, The
University of Chicago, Chicago, Illinois, 2012. 6, 8, 20, 21, 50, 198

Nikhil Gupta and Chandan Saha. On the symmetries of and equivalence test
for design polynomials. In Peter Rossmanith, Pinar Heggernes, and Joost-Pieter
Katoen, editors, 44th International Symposium on Mathematical Foundations of
Computer Science, MFCS 2019, August 26-30, 2019, Aachen, Germany, volume
138 of LIPIcs, pages 53:1-53:16. Schloss Dagstuhl - Leibniz-Zentrum fiir Infor-
matik, 2019. 18, 72

Nikhil Gupta, Chandan Saha, and Bhargav Thankey. A super-quadratic lower
bound for depth four arithmetic circuits. In Proceedings of the 35th Computational
Complexity Conference, CCC 20, Dagstuhl, DEU, 2020. Schloss Dagstuhl-Leibniz-
Zentrum fuer Informatik. 19, 231

215



[GST22]

[GT20]

[Gup14]

[Gupl7]

[Gut16]

[GV8S]

[Hal03]

[Har70]

[Has90]

[HH91]

[HS80]

BIBLIOGRAPHY

Nikhil Gupta, Chandan Saha, and Bhargav Thankey. Equivalence test for read-
once arithmetic formulas. Flectronic Colloquium on Computational Complexity
(ECCC), 2022. https://eccc.weizmann.ac.il/report/2022/099/. 11, 17, 18,
29, 38, 126, 203, 204

Rohit Gurjar and Thomas Thierauf. Linear matroid intersection is in quasi-nc.

Comput. Complex., 29(2):9, 2020. 9

Ankit Gupta. Algebraic geometric techniques for depth-4 pit & sylvester-gallai
conjectures for varieties. FElectron. Colloquium Comput. Complex., 21:130, 2014.
233

Nikhil Gupta. Towards a characterization of the symmetries of the nisan-wigderson
polynomial family. Master’s thesis, Indian Institute of Science, 2017. iv, 21, 23,
24, 31, 33, 73, 75, 76, 83, 84, 198

Larry Guth. Polynomial Methods in Combinatorics. University Lecture Series.
American Mathematical Society, 2016. 2

D. Yu. Grigor’ev and N. N. Vorobjov. Solving systems of polynomial inequalities
in subexponential time. J. Symb. Comput., 5(1-2):37-64, feb 1988. 13

Brian C Hall. Lie Groups, Lie Algebras and Representations: An FElementary
introduction. Graduate Texts in Mathematics. Springer, 2003. 51

R. A. Harshman. Foundations of the PARAFAC procedure: Models and condi-
tions for an ”explanatory” multi-modal factor analysis. UCLA Working Papers in
Phonetics, 16:1-84, 1970. 11

Johan Hastad. Tensor Rank is NP-Complete. J. Algorithms, 11(4):644-654, 1990.
235

Thomas R. Hancock and Lisa Hellerstein. Learning read-once formulas over fields
and extended bases. In Manfred K. Warmuth and Leslie G. Valiant, editors,
Proceedings of the Fourth Annual Workshop on Computational Learning Theory,
COLT 1991, Santa Cruz, California, USA, August 5-7, 1991, pages 326-336. Mor-
gan Kaufmann, 1991. 27, 29

J. Heintz and C. P. Schnorr. Testing polynomials which are easy to compute (ex-
tended abstract). In Proceedings of the Twelfth Annual ACM Symposium on Theory

216


https://eccc.weizmann.ac.il/report/2022/099/

[Hiit16]

[HvdH21]

[HW99)

[HY11]

[Ter89)

[1Q19]

[IRS12]

[Jan08]

[Joh86]

[Kal85]

[Kal87]

BIBLIOGRAPHY

of Computing, STOC 80, page 262-272, New York, NY, USA, 1980. Association
for Computing Machinery. 233

Jesko Hiittenhain. The Stabilizer of Elementary Symmetric Polynomials. CoRR,
abs/1607.08419, 2016. 21

David Harvey and Joris van der Hoeven. Integer multiplication in time O(nlogn).
Annals of Mathematics, 193(2):563 — 617, 2021. 3

Ming-Deh Huang and Yiu-Chung Wong. Solvability of systems of polynomial
congruences modulo a large prime. Comput. Complex., 8(3):227-257, dec 1999. 13

Pavel Hrubes and Amir Yehudayoff. Arithmetic complexity in ring extensions.
Theory of Computing, 7:119-129, 01 2011. 4, 5

D. Ierardi. Quantifier elimination in the theory of an algebraically-closed field. In
Proceedings of the Twenty-First Annual ACM Symposium on Theory of Computing,
page 138-147, New York, NY, USA, 1989. Association for Computing Machinery.
13

Gabor Ivanyos and Youming Qiao. Algorithms Based on *-Algebras, and Their
Applications to Isomorphism of Polynomials with One Secret, Group Isomorphism,
and Polynomial Identity Testing. SIAM J. Comput., 48(3):926-963, 2019. Confer-
ence version appeared in the proceedings of SODA 2018. 14

Gébor Ivanyos, Lajos Roényai, and Josef Schicho. Splitting full matrix algebras
over algebraic number fields. Journal of Algebra, 354:211-223, 2012. 71

Milan Janji¢. A proof of generalized laplace’s expansion theorem. Bull. Soc. Math.
Banja Luka, 2008. 151

David S. Johnson. The np-completeness column: An ongoing guide. J. Algorithms,
7(2):289-305, 1986. 200

K. Kalorkoti. A Lower Bound for the Formula Size of Rational Functions. SIAM
J. Comput., 14(3):678-687, 1985. 24, 230

E. Kaltofen. Single-factor hensel lifting and its application to the straight-line
complexity of certain polynomials. In Proceedings of the Nineteenth Annual ACM
Symposium on Theory of Computing, STOC 87, page 443-452, New York, NY,
USA, 1987. Association for Computing Machinery. 3

217



[Kalg9]

[Kay11]

[Kay12]

[K103]

[KL89)

[KLSS14]

[KLSS17]

[KLZ96]

[KMSV13]

BIBLIOGRAPHY

Erich Kaltofen. Factorization of polynomials given by straight-line programs. In
Randomness and Computation, pages 375-412. JAI Press, 1989. 3

Neeraj Kayal. Efficient algorithms for some special cases of the polynomial equiva-
lence problem. In Dana Randall, editor, Proceedings of the Twenty-Second Annual
ACM-SIAM Symposium on Discrete Algorithms, SODA 2011, San Francisco, Cal-
ifornia, USA, January 23-25, 2011, pages 1409-1421. STAM, 2011. 11, 15, 18, 36,
53, 62, 63

Neeraj Kayal. Affine projections of polynomials: extended abstract. In Proceedings
of the 44th Symposium on Theory of Computing Conference, STOC 2012, New
York, NY, USA, May 19 - 22, 2012, pages 643-662, 2012. iv, 6, 13, 17, 23, 24, 52,
61, 199, 201

Valentine Kabanets and Russell Impagliazzo. Derandomizing polynomial identity
tests means proving circuit lower bounds. In Proceedings of the Thirty-Fifth Annual
ACM Symposium on Theory of Computing, STOC 03, page 355-364, New York,
NY, USA, 2003. Association for Computing Machinery. 233

Dexter Kozen and Susan Landau. Polynomial decomposition algorithms. Journal
of Symbolic Computation, 7(5):445-456, 1989. 13

Neeraj Kayal, Nutan Limaye, Chandan Saha, and Srikanth Srinivasan. Super-
polynomial lower bounds for depth-4 homogeneous arithmetic formulas. STOC 14,
page 119-127, New York, NY, USA, 2014. Association for Computing Machinery.
231

Neeraj Kayal, Nutan Limaye, Chandan Saha, and Srikanth Srinivasan. An Expo-
nential Lower Bound for Homogeneous Depth Four Arithmetic Formulas. STAM
J. Comput., 46(1):307-335, 2017. Conference version appeared in the proceedings
of FOCS 2014. 19, 231

Dexter Kozen, Susan Landau, and Richard Zippel. Decomposition of algebraic
functions. J. Symb. Comput., 22:235-246, 01 1996. 13

Zohar S. Karnin, Partha Mukhopadhyay, Amir Shpilka, and Ilya Volkovich. Deter-
ministic identity testing of depth-4 multilinear circuits with bounded top fan-in.
SIAM Journal on Computing, 42(6):2114-2131, 2013. 233

218



[KNS19]

[KNST19]

[Koe21]

[Koil2]

[KS01]

[KS06]

[KSO07a]

[KSOTb]

[KS07¢]

[KS09)]

BIBLIOGRAPHY

Neeraj Kayal, Vineet Nair, and Chandan Saha. Average-case linear matrix factor-
ization and reconstruction of low width algebraic branching programs. Comput.
Complex., 28(4):749-828, 2019. iv, 17, 24, 201, 236

Neeraj Kayal, Vineet Nair, Chandan Saha, and Sébastien Tavenas. Reconstruction
of full rank algebraic branching programs. ACM Trans. Comput. Theory, 11(1):2:1—
2:56, 2019. Conference version appeared in the proceedings of CCC 2017. 12, 17,
20, 24, 53, 60, 61, 62, 63, 66

W. Koepf. Computer Algebra: An Algorithm-Oriented Introduction. Springer Un-
dergraduate Texts in Mathematics and Technology. Springer International Pub-
lishing, 2021. 3

Pascal Koiran. Arithmetic circuits: The chasm at depth four gets wider. Theor.
Comput. Sci., 448:56—65, 2012. 231

Adam R. Klivans and Daniel A. Spielman. Randomness efficient identity testing
of multivariate polynomials. In Proceedings on 33rd Annual ACM Symposium on
Theory of Computing, July 6-8, 2001, Heraklion, Crete, Greece, pages 216-223,
2001. 233, 234

Adam R. Klivans and Amir Shpilka. Learning Restricted Models of Arithmetic
Circuits. Theory of Computing, 2(10):185-206, 2006. 235

Zohar Karnin and Amir Shpilka. Black box polynomial identity testing of general-
ized depth-3 arithmetic circuits with bounded top fan-in. Combinatorica, 31:333—
364, 01 2007. 233

Zohar Karnin and Amir Shpilka. Black box polynomial identity testing of general-
ized depth-3 arithmetic circuits with bounded top fan-in. Combinatorica, 31:333—
364, 01 2007. 235

Neeraj Kayal and Nitin Saxena. Polynomial identity testing for depth 3 circuits.
Computational Complexity, 16:115-138, 01 2007. 233

Neeraj Kayal and Shubhangi Saraf. Blackbox polynomial identity testing for depth
3 circuits. In 2009 50th Annual IEEE Symposium on Foundations of Computer
Science, pages 198-207, 2009. 233

219



[KS12]

[KS14a]

[KS14b]

[KS16a]

[KS16b]

[KS16¢]

[KS17a]

[KS17h]

[KS19]

BIBLIOGRAPHY

Neeraj Kayal and Chandan Saha. On the sum of square roots of polynomials and
related problems. ACM Trans. Comput. Theory, 4(4), nov 2012. 3

Mrinal Kumar and Shubhangi Saraf. The limits of depth reduction for arithmetic
formulas: it’s all about the top fan-in. In Symposium on Theory of Computing,
STOC 2014, New York, NY, USA, May 31 - June 03, 2014, pages 136-145, 2014.
19, 231

Mrinal Kumar and Shubhangi Saraf. Superpolynomial lower bounds for general
homogeneous depth 4 arithmetic circuits. In Automata, Languages, and Program-
ming - 41st International Colloquium, ICALP 2014, Copenhagen, Denmark, July
8-11, 2014, Proceedings, Part I, pages 751-762, 2014. 231

Neeraj Kayal and Chandan Saha. Lower Bounds for Depth-Three Arithmetic
Circuits with small bottom fanin. Computational Complexity, 25(2):419-454, 2016.
Conference version appeared in the proceedings of CCC 2015. 19

Mrinal Kumar and Shubhangi Saraf. Arithmetic circuits with locally low algebraic
rank. In 31st Conference on Computational Complexity, CCC 2016, May 29 to
June 1, 2016, Tokyo, Japan, pages 34:1-34:27, 2016. 19, 233

Mrinal Kumar and Shubhangi Saraf. Sums of products of polynomials in few
variables: Lower bounds and polynomial identity testing. In Proceedings of the
31st Conference on Computational Complexity, CCC 16, Dagstuhl, DEU, 2016.
233

Mrinal Kumar and Ramprasad Saptharishi. An exponential lower bound for ho-
mogeneous depth-5 circuits over finite fields. In 32nd Computational Complexity
Conference, CCC 2017, July 6-9, 2017, Riga, Latvia, pages 31:1-31:30, 2017. 19,
232

Mrinal Kumar and Shubhangi Saraf. On the Power of Homogeneous Depth 4
Arithmetic Circuits. SIAM J. Comput., 46(1):336-387, 2017. Conference version
appeared in the proceedings of FOCS 2014. 231

Neeraj Kayal and Chandan Saha. Reconstruction of non-degenerate homogeneous
depth three circuits. In Moses Charikar and Edith Cohen, editors, Proceedings of
the 51st Annual ACM SIGACT Symposium on Theory of Computing, STOC 2019,
Phoenixz, AZ, USA, June 23-26, 2019, pages 413-424. ACM, 2019. 236

220



[KS21a)

[KS21b)]

[KS22]

[KSS14]

[KST16]

[KT90]

[Kum17]

[KUWS5]

[Lam04]

[LG12]

BIBLIOGRAPHY

Pascal Koiran and Subhayan Saha. Black Box Absolute Reconstruction for Sums
of Powers of Linear Forms. CoRR, abs/2110.05305, 2021. 18

Pascal Koiran and Mateusz Skomra. Derandomization and absolute reconstruction

for sums of powers of linear forms. Theor. Comput. Sci., 887:63-84, 2021. 18

Deepanshu Kush and Shubhangi Saraf. Improved low-depth set-multilinear circuit
lower bounds. 2022. CCC ’22. 19

Neeraj Kayal, Chandan Saha, and Ramprasad Saptharishi. A super-polynomial
lower bound for regular arithmetic formulas. In Symposium on Theory of Comput-
ing, STOC 201/, New York, NY, USA, May 31 - June 03, 201/, pages 146—153,
2014. 18, 19, 231

Neeraj Kayal, Chandan Saha, and Sébastien Tavenas. An Almost Cubic Lower
Bound for Depth Three Arithmetic Circuits. In 43rd International Colloquium on
Automata, Languages, and Programming, ICALP 2016, July 11-15, 2016, Rome,
Italy, pages 33:1-33:15, 2016. 19, 231

Erich Kaltofen and Barry M. Trager. Computing with Polynomials Given By
Black Boxes for Their Evaluations: Greatest Common Divisors, Factorization,
Separation of Numerators and Denominators. J. Symb. Comput., 9(3):301-320,
1990. Conference version appeared in the proceedings of FOCS 1988. 3, 29, 36,
37, 39, 40, 61, 203, 235

Mrinal Kumar. A Quadratic Lower Bound for Homogeneous Algebraic Branching
Programs. In Proceedings of the 32nd Computational Complexity Conference, CCC
17, pages 19:1-19:16, 2017. 230

Richard Karp, Eli Upfal, and Avi Wigderson. Constructing a perfect matching is
in random nc. volume 6, pages 22-32, 12 1985. 9

T.Y. Lam. Introduction To Quadratic Forms QOuer Fields. American Mathematical
Society, 2004. 70

Francois Le Gall. Faster algorithms for rectangular matrix multiplication. In 2012
IEEE 53rd Annual Symposium on Foundations of Computer Science, pages 514—
523, 2012. 2

221



[LG14]

[Lip89]

[LLL82a]

[LLL82b]

[Lor08]

[LRA93]

[LST21]

[LV03]

[L479]

[MM62]

[MNS20]

BIBLIOGRAPHY

Francois Le Gall. Powers of tensors and fast matrix multiplication. In Proceedings
of the 39th International Symposium on Symbolic and Algebraic Computation, 1S-
SAC ’14, page 296-303, New York, NY, USA, 2014. Association for Computing
Machinery. 2

Richard J. Lipton. New directions in testing. In Distributed Computing And
Cryptography, Proceedings of a DIMACS Workshop, Princeton, New Jersey, USA,
October 4-6, 1989, pages 191-202, 1989. 8, 21, 199

Arjen Lenstra, H. Lenstra, and Lovész Laszl6. Factoring polynomials with rational
coefficients. Mathematische Annalen, 261, 12 1982. 3

Arjen K Lenstra, Hendrik W Lenstra, and Laszlé Lovasz. Factoring polynomials
with rational coefficients. Mathematische Annalen, 261(4):515-534, 1982. 61, 99

Falko Lorenz. Algebra Volumne 2: Fields with structures, Algebras and advanced

topics. Springer, 2008. 48

S. E. Leurgans, R. T. Ross, and R. B. Abel. A decomposition for three-way arrays.
SIAM Journal on Matriz Analysis and Applications, 14(4):1064-1083, 1993. 11

N. Limaye, S. Srinivasan, and S. Tavenas. Superpolynomial lower bounds against
low-depth algebraic circuits. In 2021 IEEE 62nd Annual Symposium on Founda-
tions of Computer Science (FOCS), pages 804-814, Los Alamitos, CA, USA, feb
2021. IEEE Computer Society. 231, 232, 233, 234

Richard J. Lipton and Nisheeth K. Vishnoi. Deterministic identity testing for
multivariate polynomials. In Proceedings of the Fourteenth Annual ACM-SIAM

Symposium on Discrete Algorithms, January 12-14, 2003, Baltimore, Maryland,
USA, pages 756-760. ACM/STAM, 2003. 233

Lovéasz Laszl6. On determinants, matchings and random algorithms. volume 79,

pages 565574, 01 1979. 9

Marvin Marcus and Francis May. The permanent function. Canadian Journal of
Mathematics, 14:177-189, 1962. 20, 198

Janaky Murthy, Vineet Nair, and Chandan Saha. Randomized Polynomial-Time
Equivalence Between Determinant and Trace-IMM Equivalence Tests. In Javier

Esparza and Daniel Krél’, editors, 45th International Symposium on Mathematical

222



[MS01]

IMS21]

[Mul07]

[Mul10]

[Mullla]

[Mull1b]

IMV97]

[MV18]

IMVV87]

BIBLIOGRAPHY

Foundations of Computer Science, MFCS 2020, August 24-28, 2020, Prague, Czech
Republic, volume 170 of LIPIcs, pages 72:1-72:16. Schloss Dagstuhl - Leibniz-
Zentrum fiir Informatik, 2020. 17, 26, 202

Ketan Mulmuley and Milind A. Sohoni. Geometric complexity theory I: an ap-
proach to the P vs. NP and related problems. SIAM J. Comput., 31(2):496-526,
2001. 5

Dori Medini and Amir Shpilka. Hitting sets and reconstruction for dense orbits
in vp_{e} and XIIX circuits. In 36th Computational Complexity Conference, CCC
2021, July 20-23, 2021, Toronto, Ontario, Canada (Virtual Conference), volume
200 of LIPIcs, pages 19:1-19:27. Schloss Dagstuhl - Leibniz-Zentrum fiir Infor-
matik, 2021. v, 10, 16, 18, 27, 28, 203, 205

Ketan Mulmuley. On P vs. NP, Geometric Complexity Theory, and the Flip I: a
high level view. CoRR, abs/0709.0748, 2007. 22

Ketan Mulmuley. Explicit proofs and the flip. CoRR, abs/1009.0246, 2010. 8, 21,
22,199

Ketan Mulmuley. Geometric complexity theory vi : The flip via positivity. 2011.
http://ramakrishnadas.cs.uchicago.edu/gct6.pdf. 8

Ketan Mulmuley. On P vs. NP and geometric complexity theory: Dedicated to Sri
Ramakrishna. J. ACM, 58(2):5:1-5:26, 2011. 22, 199

Meena Mahajan and V. Vinay. A combinatorial algorithm for the determinant.
In Proceedings of the Eighth Annual ACM-SIAM Symposium on Discrete Algo-
rithms, SODA 97, page 730-738, USA, 1997. Society for Industrial and Applied
Mathematics. 24

Daniel Minahan and Ilya Volkovich. Complete derandomization of identity test-
ing and reconstruction of read-once formulas. ACM Trans. Comput. Theory,
10(3):10:1-10:11, 2018. Conference version appeared in the proceedings of CCC
2017. 27, 29, 204, 234, 235

Ketan Mulmuley, Umesh V. Vazirani, and Vijay V. Vazirani. Matching is as easy
as matrix inversion. In Proceedings of the Nineteenth Annual ACM Symposium
on Theory of Computing, STOC 87, page 345-354, New York, NY, USA, 1987.

Association for Computing Machinery. 9

223


http://ramakrishnadas.cs.uchicago.edu/gct6.pdf

[Nail9]

[NW94]

[NW97]

[0°'D14]

[Pat96]

[PGO7]

[Pip22]

[Pot19]

[Rab80]

[Raz06)]

BIBLIOGRAPHY

Vineet Nair. On Learning and Lower Bound Problems Related to the Iterated Ma-
trix Multiplication Polynomial. PhD thesis, Indian Institute of Science, Bangalore,
2019. 34, 95

Noam Nisan and Avi Wigderson. Hardness vs randomness. J. Comput. Syst. Sci.,
49(2):149-167, 1994. 19

Noam Nisan and Avi Wigderson. Lower Bounds on Arithmetic Circuits Via Partial
Derivatives. Computational Complezity, 6(3):217-234, 1997. Conference version
appeared in the proceedings of FOCS 1995. 231

Ryan O’Donnell. Analysis of Boolean Functions. Cambridge University Press,
2014. 2

Jacques Patarin. Hidden fields equations (HFE) and isomorphisms of polynomials
(IP): two new families of asymmetric algorithms. In Advances in Cryptology -
EUROCRYPT °96, International Conference on the Theory and Application of
Cryptographic Techniques, Saragossa, Spain, May 12-16, 1996, Proceeding, pages
33-48, 1996. 14

Jacques Patarin and Louis Goubin. Asymmetric cryptography with s-boxes. In
Proceedings of the First International Conference on Information and Communica-
tion Security, ICICS 97, page 369-380, Berlin, Heidelberg, 1997. Springer-Verlag.
12

Nicholas Pippenger. A formula for the determinant, 2022. https://arxiv.org/
abs/2206.00134. 2

Aditya Potukuchi. On the ac”0Joplus| complexity of andreev’s problem. In Arkadev
Chattopadhyay and Paul Gastin, editors, 39th IARCS Annual Conference on Foun-
dations of Software Technology and Theoretical Computer Science, FSTTCS 2019,
December 11-13, 2019, Bombay, India, volume 150 of LIPIcs, pages 25:1-25:14.
Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2019. 200

Michael O Rabin. Probabilistic algorithm for testing primality. Journal of Number
Theory, 12(1):128-138, 1980. 3

Ran Raz. Separation of Multilinear Circuit and Formula Size. Theory of Comput-
ing, 2(6):121-135, 2006. Conference version appeared in the proceedings of FOCS
2004. 232

224


https://arxiv.org/abs/2206.00134
https://arxiv.org/abs/2206.00134

[Raz09]

[Raz10]

[Raz13|

[Ron8&7]

[R6n90]

[RR97]

[RY09]

[Sap15]

[Sax06]

[Sax08]

[Sch80]

[Ser73|

BIBLIOGRAPHY

Ran Raz. Multi-linear formulas for permanent and determinant are of super-
polynomial size. J. ACM, 56(2), apr 2009. 24, 232

Ran Raz. Elusive Functions and Lower Bounds for Arithmetic Circuits. Theory of
Computing, 6(1):135-177, 2010. Conference version appeared in the proceedings
of STOC 2008. 19, 232

Ran Raz. Tensor-Rank and Lower Bounds for Arithmetic Formulas. J. ACM,
60(6):40:1-40:15, 2013. Conference version appeared in the proceedings of STOC
2010. 232

L. Ronyai. Simple algebras are difficult. In Proceedings of the Nineteenth Annual
ACM Symposium on Theory of Computing, STOC 87, page 398-408, New York,
NY, USA, 1987. Association for Computing Machinery. 35, 116, 117

Lajos Ronyai. Computing the Structure of Finite Algebras. J. Symb. Comput.,
9(3):355-373, 1990. 71

Alexander A Razborov and Steven Rudich. Natural proofs. Journal of Computer
and System Sciences, 55(1):24-35, 1997. 20

Ran Raz and Amir Yehudayoff. Lower Bounds and Separations for Constant Depth
Multilinear Circuits. Computational Complezity, 18(2):171-207, 2009. Conference
version appeared in the proceedings of CCC 2008. 24, 232

Ramprasad Saptharishi. A selection of known lower bounds in arithmetic circuits,
2015. Github survey. 232

Nitin Saxena. Morphisms of rings and applications to complexity. PhD thesis,
Indian Institute of Technology, Kanpur, 2006. 13, 14

Nitin Saxena. Diagonal circuit identity testing and lower bounds. In Proceedings
of the 35th International Colloguium on Automata, Languages and Programming -
Volume Part I, ICALP ’08, page 60-71, Berlin, Heidelberg, 2008. Springer-Verlag.
233

Jacob T. Schwartz. Fast Probabilistic Algorithms for Verification of Polynomial
Identities. J. ACM, 27(4):701-717, 1980. 9, 60, 81

Jean-Pierre Serre. A course in arithmetic. Springer, 1973. 14, 27, 70

225



[Sha92]
[Shil6]

[Sho05]

[Shp09]

[Sin16]

[Sin22]

[SS71]

S977]

S997]

[SS11]

SS12]

S13]

BIBLIOGRAPHY

Adi Shamir. Ip = pspace. J. ACM, 39(4):869-877, oct 1992. 2, 3, 9
Yaroslav Shitov. How hard is the tensor rank? arXiv, abs/1611.01559, 2016. 235

Victor Shoup. A Computational Introduction to Number Theory and Algebra. Cam-
bridge University Press, USA, 2005. 3

Amir Shpilka. Interpolation of depth-3 arithmetic circuits with two multiplication
gates. SIAM J. Comput., 38(6):2130-2161, 2009. 235

Gaurav Sinha. Reconstruction of real depth-3 circuits with top fan-in 2. In Pro-
ceedings of the 31st Conference on Computational Complexity, CCC '16, Dagstuhl,
DEU, 2016. Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik. 235

Gaurav Sinha. Efficient reconstruction of depth three arithmetic circuits with top
fan-in two. In Mark Braverman, editor, 13th Innovations in Theoretical Com-
puter Science Conference, ITCS 2022, January 31 - February 3, 2022, Berkeley,
CA, USA, volume 215 of LIPIcs, pages 118:1-118:33. Schloss Dagstuhl - Leibniz-
Zentrum fiir Informatik, 2022. 235

Arnold Schénhage and Volker Strassen. Schnelle multiplikation grofler zahlen.
Computing, 7:281-292, 1971. 2, 3

R. Solovay and V. Strassen. A fast monte-carlo test for primality. SIAM J. Com-
put., 6(1):84-85, mar 1977. 3

Victor Shoup and Roman Smolensky. Lower Bounds for Polynomial Evaluation
and Interpolation Problems. Computational Complexity, 6(4):301-311, 1997. Con-
ference version appeared in the proceedings of FOCS 1991. 232

Nitin Saxena and C. Seshadhri. An almost optimal rank bound for depth-3 iden-
tities. SIAM Journal on Computing, 40(1):200-224, 2011. 233

Nitin Saxena and C. Seshadhri. Blackbox identity testing for bounded top-
fanin depth-3 circuits: The field doesn’t matter. SIAM Journal on Computing,
41(5):1285-1298, 2012. 233

Nitin Saxena and C. Seshadhri. From sylvester-gallai configurations to rank
bounds: Improved blackbox identity test for depth-3 circuits. J. ACM, 60(5),
oct 2013. 233

226



[ST17]

[ST21]

[Str69]

[Str73al

[Str73b]

[Str73c]

[SV10]

[SV14]

BIBLIOGRAPHY

O. Svensson and J. Tarnawski. The matching problem in general graphs is in quasi-
nc. In 2017 IEEE 58th Annual Symposium on Foundations of Computer Science
(FOCS), pages 696707, Los Alamitos, CA, USA, October 2017. IEEE Computer
Society. 9

Chandan Saha and Bhargav Thankey. Hitting sets for orbits of circuit classes and
polynomial families. In Approximation, Randomization, and Combinatorial Opti-
mization. Algorithms and Techniques, APPROX/RANDOM 2021, August 16-18,
2021, University of Washington, Seattle, Washington, USA (Virtual Conference),
volume 207 of LIPIcs, pages 50:1-50:26. Schloss Dagstuhl - Leibniz-Zentrum fiir
Informatik, 2021. 6, 9, 10, 16, 27, 205

Volker Strassen. Gaussian elimination is not optimal. Numer. Math.,
13(4):354-356, aug 1969. 2

Volker Strassen. Die berechnungskomplexiat von elementarysymmetrischen funk-
tionen und von iterpolationskoeffizienten. Numerische Mathematik, 20:238-251,
1973. 7

Volker Strassen. Die berechnungskomplexitat von elementarsymmetrischen funk-
tionen und von interpolationskoeffizienten. Numerische Mathematik, 20:238-251,

1973. 230

Volker Strassen. Vermeidung von divisionen. Journal fir die reine und angewandte
Mathematik, 264:184-202, 1973. 4

Amir Shpilka and Ilya Volkovich. On the relation between polynomial identity
testing and finding variable disjoint factors. In Samson Abramsky, Cyril Gavoille,
Claude Kirchner, Friedhelm Meyer auf der Heide, and Paul G. Spirakis, editors,
Automata, Languages and Programming, 37th International Colloquium, ICALP
2010, Bordeauz, France, July 6-10, 2010, Proceedings, Part I, volume 6198 of
Lecture Notes in Computer Science, pages 408-419. Springer, 2010. 235

Amir Shpilka and Ilya Volkovich. On Reconstruction and Testing of Read-Once
Formulas. Theory of Computing, 10(18):465-514, 2014. Conference version ap-
peared in the proceedings of STOC 2008. 27, 204, 235

227



[SV15]

[SV17]

[SWO1]

[SY10]

[Taol3]

[Tav15]

[Thiog]

[Val79]

[Val82]

[Vol16]

[Vol17]

BIBLIOGRAPHY

Amir Shpilka and Ilya Volkovich. Read-once polynomial identity testing. Comput.
Complex., 24(3):477-532, 2015. Conference versions appeared in the proceedings
of STOC 2008 and APPROX-RANDOM 2009. 27

Shubhangi Saraf and Ilya Volkovich. Black-box identity testing of depth-4 multi-
linear circuits. Combinatorica, 38, 12 2017. 233

Amir Shpilka and Avi Wigderson. Depth-3 arithmetic circuits over fields of char-
acteristic zero. Computational Complexity, 10(1):1-27, 2001. Conference version
appeared in the proceedings of CCC 1999. 24, 231

Amir Shpilka and Amir Yehudayoff. Arithmetic Circuits: A survey of recent results
and open questions. Foundations and Trends in Theoretical Computer Science,
5(3-4):207-388, 2010. 232, 234

Terence Tao. Algebraic combinatorial geometry: the polynomial method in arith-
metic combinatorics, incidence combinatorics, and number theory. EMS Surveys
in Mathematical Sciences, 1, 10 2013. 2

Sébastien Tavenas. Improved bounds for reduction to depth 4 and depth 3. Inf.
Comput., 240:2-11, 2015. Conference version appeared in the proceedings of MFCS
2013. 231

Thomas Thierauf. The isomorphism problem for read-once branching programs
and arithmetic circuits. Chicago J. Theor. Comput. Sci., 1998, 1998. 13

Leslie G. Valiant. Completeness Classes in Algebra. In Proceedings of the 11h An-
nual ACM Symposium on Theory of Computing, April 30 - May 2, 1979, Atlanta,
Georgia, USA, pages 249-261, 1979. 4, 5

L.G. Valiant. Reducibility by algebraic projections. de L’Enseignement Mathema-
tique: Logic and Algorithmic, pages 365 — 380, 1982. 4

Ilya Volkovich. A Guide to Learning Arithmetic Circuits. In Proceedings of the
29th Conference on Learning Theory, COLT 2016, New York, USA, June 23-26,
2016, pages 1540-1561, 2016. 9, 234

Ilya Volkovich. On some computations on sparse polynomials. In Klaus Jansen,
José D. P. Rolim, David Williamson, and Santosh S. Vempala, editors, Approz-

imation, Randomization, and Combinatorial Optimization. Algorithms and Tech-

228



[von90]

[VSBRS3]

[vzG9I0]

[Wall3]

[Wil12]

[Wit37]

[Yaul6]

[Ye94]

[Zip79]

BIBLIOGRAPHY

niques, APPROX/RANDOM 2017, August 16-18, 2017, Berkeley, CA, USA, vol-
ume 81 of LIPIcs, pages 48:1-48:21. Schloss Dagstuhl - Leibniz-Zentrum fiir Infor-
matik, 2017. 235

Joachim von zur Gathen. Functional decomposition of polynomials: The wild case.
Journal of Symbolic Computation, 10(5):437-452, 1990. 13

Leslie G. Valiant, Sven Skyum, S. Berkowitz, and Charles Rackoff. Fast Parallel
Computation of Polynomials Using Few Processors. SIAM J. Comput., 12(4):641—
644, 1983. 231

Joachim von zur Gathen. Functional decomposition ofpolynomials: the tame case.
Journal of Symbolic Computation, 9(3):281-299, 1990. Computational algebraic

complexity editorial. 13

Lars Ambrosius Wallenborn. Computing the hilbert symbol, quadratic form equiv-
alence and integer factoring. Diploma thesis, Rheinischen Friedrich-Wilhelms-
Universitat Bonn, 2013. 71

Virginia Vassilevska Williams. Multiplying matrices faster than coppersmith-
winograd. STOC ’12, page 887-898, New York, NY, USA, 2012. Association for
Computing Machinery. 2

Ernst Witt. Theorie der quadratischen Formen in beliebigen Korpern. J. Reine
Angew. Math., 176:31-44, 1937. 16, 27

Morris Yau. Almost cubic bound for depth three circuits in VP. FElectronic Collo-
quium on Computational Complexity (ECCC), 23:187, 2016. 231

Yinyu Ye. Combining binary search and newton’s method to compute real roots
for a class of real functions. J. Complexity, 10(3):271-280, 1994. 93

Richard Zippel. Probabilistic algorithms for sparse polynomials. In Symbolic and
Algebraic Computation, EUROSAM 79, An International Symposiumon Symbolic
and Algebraic Computation, Marseille, France, June 1979, Proceedings, pages 216—
226, 1979. 9, 60, 81

229



Appendix A

A survey of results on lower bounds,

PIT and reconstruction

In this appendix, we present a brief survey of the progress made in the three most important
problems in algebraic complexity theory, namely lower bounds, polynomial identity testing
(PIT) and reconstruction of arithmetic circuits. We have given an introduction to these three

problems along with their connections with equivalence testing problem in Sections 1.1.3 - 1.1.5.

A.1 Lower bounds

Lower bounds for general circuits, formulas, ABPs. The best known lower bound for
general arithmetic circuits is super-linear. [Str73b, BS83] showed that any arithmetic circuit
computing the d-th power symmetric polynomial or the d-th elementary symmetric polynomial
in n variables requires size 2(nlogd). The situation is slightly better for arithmetic formulas,
for which a quadratic lower bound is known [Kal85, CKSV20]. A quadratic lower bound on the
size of a ‘homogeneous’ algebraic branching program (ABP) (see Definition 2.36) computing
the n-th power symmetric polynomial in n variables was given in [Kuml7]. Later, [CKSV20]
showed that any ‘layered” ABP computing the same polynomial should have size (n?).

As proving good lower bounds for general arithmetic circuits, formulas, or ABPs seem very
difficult, it is natural to focus on the restricted classes of arithmetic circuits. One can hope that
proving strong lower bounds for such restricted classes might also give us a handle on showing
good lower bounds for general arithmetic circuits. One such natural restricted class is the class
of low-depth circuits. It is known because of the depth reduction results in ACT that to prove
super-polynomial lower bounds on the size of general arithmetic circuits, it is sufficient to prove

‘strong enough’ lower bounds on the size of low-depth arithmetic circuits.
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Depth reduction results. [VSBR83] showed that if an n-variate degree d polynomial f is
computed by an arithmetic ciruit of size s then f can also be computed by another arithmetic
circuit of size poly(s,d) and depth O(logd(log s 4+ log d)). Building on this, Agrawal and Vinay
showed in [AV0S8] that if a degree d polynomial f is computed by an arithmetic circuit of

(d+dlog ) then it can also be computed by a depth 4 circuit (i.e., SIIXII circuit) of size

size 2°
20d+dlog ) - This result was further refined in [Koil2, Tav15] and Tavenas showed that if f
having degree d = poly(n) is computed by an arithmetic circuit of size s then it can also be
computed by a depth 4 circuit of size 20(Vd18(sd)logn) " where the fan-in of every x gate in
the resulting depth 4 circuit is upper bounded by O(\/E) These results hold over any field
and if f is homogeneous then the resulting depth 4 circuit is also homogeneous !. Further,
[GKKS16, Tav15] showed that if a degree d = poly(n) polynomial f is computed by a size-
s arithmetic circuit, it can also be computed by a depth 3 circuit (i.e., XIIX circuit) of size
20(vdlogslogn) - Thjig result holds only over the fields of characteristic zero and if f is homogeneous
then the resulting depth 3 circuit need not be homogeneous.

These results say that to show that the permanent of an n x n symbolic matrix is not
computed by arithmetic circuits of size poly(n), it is sufficient to show that every homogeneous
STIOVMITTTIOV] circuit (i.e., a depth 4 circuit where the fan-in of every multiplication gate
is O(y/n)) or a depth 3 circuit (over a field of characteristic zero) for the permanent needs size
gw(vnlogn) " Thig naturally motivates the study of lower bounds for homogeneous depth 4 and

(non-homogeneous) depth 3 arithmetic circuits.

Lower bounds for constant-depth circuits before [LST21]. Depth 2 circuit (i.e., XII
circuit) is the simplest low-depth arithmetic circuit. Any polynomial containing exponentially
many monomials requires XII circuits of exponential size. Thus, the smallest interesting class
from the viewpoint of lower bounds is that of XII3 circuits. Nisan-Wigderson gave an exponen-
tial lower bound on the size of homogeneous XII¥Y circuit over any field in [NW97]. Thereafter,
an exponential lower bound for XIIY circuits over finite fields was given in [GK98, GRO00].
But, before [LST21], the best known lower bound for general XII3 circuits over fields of char-
acteristic zero was almost cubic [KST16, BLS16, Yaul6], which improved a quadratic lower
bound given in [SWO1]. The situation was similar for the depth 4 circuits. A long line of
research converged to a 22(V*1gn) Jower bound for homogeneous depth 4 circuits over any field
[GKKS14b, KSS14, FLMS15, KS14a, KLSS14, KS14b, KLSS17, KS17b]. Before [LST21], the

best known lower bound on the size of a general depth 4 circuit was super-quadratic [GST20].

1 An arithmetic circuit C is said to be homogeneous is every node in C computes a homogeneous polynomial.
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An exponential lower bound for homogeneous depth 5 circuits over small finite fields was given
in [KKS17a]. Before [LST21], the best known lower bound for arithmetic circuits having product-
depth! A = O(logn), was O(An'tx) [SS97, Raz10].

A breakthrough on constant-depth arithmetic circuits by [LST21]. Last year, Limaye,
Srinivasan and Tavenas gave the first super-polynomial lower bound for unrestricted arithmetic
circuits of constant-depth. This was a quantum leap in the status of lower bound for constant-
depth arithmetic circuits. In particular, they showed that for N € N, d = o(log N), if C is an
arithmetic circuit of product-depth A which computes IMM,, 4, where N = n?d, then the size

dexp(—=0(A))

of C is greater than N . Their result holds over any field having characteristic equal to

0 or greater than d.

Lower bounds for mutlilinear circuits. An arithmetic circuit C is said to be multilinear

if every gate in C computes a multilinear polynomial?>. Raz showed in [Raz13] that for d =

O(lo:ﬁ) gn), if an n-variate degree d polynomial f is computed by a polynomial size arithmetic
formula then f can also be computed by a polynomial size set-multilinear circuit. Thus, a
super-polynomial lower bound on the size of set-multilinear circuits computing a low-degree
polynomial implies a super-polynomial lower bound on the size of arithmetic formulas.

In [Raz09], Raz gave a super-polynomial lower bound for arithmetic formulas computing
the determinant or the permanent. Thereafter, he showed in [Raz06] that there exists a multi-
linear polynomial f, which can be computed by a multilinear circuit of size poly(n) but every

@(ogn) which implies a super-polynomial sep-

multilinear formula computing f requires size n
aration between multilinear circuits and multilinear formulas. A super-polynomial separation
between multilinear formulas and multilinear branching programs was given in [DMPY12]. Raz
and Yehudayoff in [RY09] gave a super-polynomial separation between multilinear circuits of
depths A and A + 1, where A is a constant. [CELS18] later improved this result and gave
exponential separation.

We direct interested readers to [SY10, CKW11, Sapl5] for a detailed exposure to lower

bound results in ACT.

IThe product-depth of an arithmetic circuit C is the maximum number of product gates on any path from
an input gate to the output gate of C.
2A polynomial is said to be multilinear if the degree of every variable in this polynomial is at most 1.
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A.2 Polynomial identity testing

Connection between lower bounds and PIT. It was shown in [KI03] that if a polynomial
time algorithm exists for PIT over integers then either NEXP ¢ P/poly or the permanent is not
computed by a polynomial size arithmetic circuit. [KI03] also showed a (partial) converse - if
there exists an exponential time computable multilinear polynomial, which is not computed by
polynomial size arithmetic circuits then PIT has a quasi-polynomial time deterministic algo-
rithm. It was shown in [HS80, Agr05] that if a polynomial time deterministic black-box PIT
algorithm exists then there is a polynomial f, whose coefficients can be computed in PSPACE
and any arithmetic circuit for f has exponential size. Results analogous to [KI103] relating PIT
and lower bounds for bounded depth arithmetic circuits are also known [DSY10, CKS18].

PIT for constant-depth circuits before [LST21]. A tight connection between PIT and
lower bounds makes the task of coming up with a deterministic polynomial time PIT algo-
rithm very challenging. Thus, researchers have focused on restricted models of computations
like low-depth arithmetic circuits. Polynomial time black-box PIT algorithms are known for
depth 2 circuits [BOT88, KS01, LV03]. Before [LLST21], designing efficient sub-exponential
PIT algorithm even for depth 3 circuits appeared very demanding. It follows from the depth
reduction results that polynomial time black-box PIT for depth 4 circuits or depth 3 circuits
imply a sub-exponential time deterministic black-box PIT algorithm for general arithmetic
circuits (see [AV08, GKKS16]). Thus, PIT for special cases of depth 3 and depth 4 arith-
metic circuits was studied. In [Sax08], a polynomial time white-box PIT algorithm for depth
3 powering circuits was given. A black-box PIT algorithm for the same model was given
by [FSS14], which runs in quasi-polynomial time for arbitrary depth 3 powering circuit but
runs in polynomial time if the fan-in of topmost gate (or the top fan-in) of such a circuit
is a constant. PIT for depth 3 circuits with bounded top fan-in has also received a lot of
attention and after lot of work, a polynomial time black-box PIT algorithm is known when
the top fan-in is a constant [DS07, KS07a, KS07¢, KS09, AM10, SS11, SS12, SS13]. A poly-
nomial time black-box PIT algorithm was given in [ASSS16] for depth 3 circuits where the
transcendence degree of the set of polynomials computed by product gates is a constant. PIT
for some restricted classes of depth 4 circuits have also been studied. Polynomial time algo-
rithm for black-box PIT is known for multilinear depth 4 circuits with constant top fan-in
[AMV15, KMSV13, SV17]. Efficient PIT algorithms are also known for depth 4 circuits with
other constraints (see [BMS13, Gupl4, KS16¢, KS16b]).
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A breakthrough on PIT for constant-depth circuits [LST21]. The first sub-exponential
time black-box PIT algorithm for constant-depth arithmetic circuits was given in [LST21],
which appeared a hard nut to crack before this work. This PIT algorithm was achieved by

combining the super-polynomial lower bound for constant-depth circuits given in [LST21] with
a result in [CKS18].

PIT for constant-read arithmetic circuits/ABPs. PIT algorithms have also been studied
for models of computations, where a variable is read constantly many times. Polynomial time
deterministic black-box PIT algorithms are known for read-once arithmetic formulas (ROF's)
[IMV18], for constant-depth constant-read multilinear arithmetic formulas [AMV15] and for
constant-depth constant-occur formulas [ASSS16]. Quasi-polynomial deterministic black-box
PIT algorithms for read-once oblivious algebraic branching programs (ROABPs) with known
variable ordering, for multilinear unknown variable order ROABPs, and for unknown variable
order ROABPs were given in [FS13], [FSS14] and [AGKS14] respectively.

A.3 Arithmetic circuit reconstruction

Relation of circuit reconstruction with lower bounds and PIT. It was shown in [FK09]
that a randomized polynomial time reconstruction algorithm for a circuit class € implies that
there exists a polynomial f, whose evaluations on Boolean inputs can be computed in BPEXP
but f can not be computed by polynomial size circuits from €. After that, [Vol16] showed
that if there exists a deterministic polynomial time reconstruction algorithm for € then there
exists a multilinear polynomial f computable in exponential time such that any circuit from
% that computes f requires exponential size. Observe that a deterministic polynomial time
reconstruction algorithm for % immediately implies a deterministic black-box PIT algorithm
for €. In several cases, deterministic black-box PIT algorithms have led to the discovery of
efficient reconstruction algorithms (see Chapter 5 of [SY10]). Thus, designing polynomial time
reconstruction algorithms (randomized or deterministic) for general arithmetic circuits is a very
challenging task. Similar to PIT and lower bounds, the natural next step in this situation is
to study reconstruction of restricted classes of arithmetic circuits. We give a brief summary of
two types of reconstruction algorithms here: worst-case algorithms, which work for all circuits

in a circuit class ¢ and average-case algorithms, which work for almost all circuits in €.

Worst-case reconstruction algorithms. Deterministic polynomial time algorithms for re-
construction of I circuits are known [BOT88, KS01]. It is easy to see from the depth reduction

results that polynomial time reconstruction algorithms for depth 3 or depth 4 circuits would im-
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mediately imply sub-exponential time reconstruction algorithms for general circuits. Thus, the
next step to focus on sub-classes of depth 3 and depth 4 circuits. One such sub-class is XTI (k)
circuits, where k is the top fan-in of a depth 3 circuit. When k£ = 1, the reconstruction problem is
same as black-box polynomial factorisation problem, for which a randomized polynomial time
algorithm is known [KT90]. A randomized poly(n,|F|) time (respectively, quasi-polynomial
(n,d,|F|) time)" algorithm was given by Shpilka [Shp09] for multilinear 31I3(2) (respectively,
YIIX(2)) circuits?. This result was later derandomized and extended for constant value of k in
[KSO7b]. As the running time of these algorithms depend on |F|, these algorithms are efficient
only over small finite fields. The first polynomial time randomized algorithm for 3TI3(2) cir-
cuits over fields of characteristic zero was given in [Sinl6]. Recently, [Sin22] gave a randomized
reconstruction algorithm for XII1¥(2) circuits, where the running time is poly(n, d, log |F|).
Apart from XII¥(k), reconstuction algorithms for other sub-classes of XIIX¥ circuits have
also been studied. [Has90] and [Shil6] proved that reconstructing a smallest set-multilinear
depth 3 circuit and a smallest depth 3 powering circuit is NP-hard respectively. Random-
ized polynomial time reconstruction algorithms for set-multilinear depth 3 circuits are known
[BBBT00, KS06], where the outputs are read-once algebraic branching programs (ROABPs)
and hence these algorithms are improper. [KS06] also gave a poly(m, n, 2?) algorithm to recon-
struct a XIIY circuit having m multiplication gates. Recently, [BSV21] gave polynomial time
randomized algorithms for reconstructing set-multilinear 11X (k) circuits, depth 3 powering
circuits with top fan-in & and multilinear X113 (k) circuits. In these algorithms, k is a constant.
Their algorithms are deterministic over R and C. Reconstruction algorithms are also studied for
multilinear XIIXII(k) class, where k is the top fan-in. A polynomial time algorithm for k = 1
was given in [SV10]. A deterministic polynomial time reconstruction algorithm for k£ = 2 was
given in [Vol17] and a randomized polynomial time reconstuction algorithm for random mul-
tilinear XIIXII(2) circuits was given in [GKL11]. Recently, a deterministic quasi-polynomial
reconstruction algorithm is given for multilinear XIIXTI(k) is given in [BSV20] when k is a
constant. The running time of their algorithm depends on |F|, hence the algorithm is efficient
only over small fields. A polynomial time reconstruction algorithm for read-once arithmetic
formulas was given in [MV18], which improved the results in [SV14]. A quasi-polynomial time
deterministic algorithm for reconstructing ROABPs was given in [FS13], for which a random-

ized polynomial time algorithm was given by [KS06].

!Unless otherwise specified, n and d denote the number of variables and the degree of the underlying
polynomial respectively.

2The algorithm is proper for multilinear XII%(2) circuits but in case of general L1I%(2) circuits, the algorithm
either outputs a XIIX(2) circuit or a depth 3 circuit of quasi-polynomial size, depending upon the rank of the
underlying polynomial.
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Non-degenerate reconstruction algorithms. As reconstructing an arithmetic circuit in
the worst-case is very challenging and as some of its instances are NP-hard, it is natural to
consider average-case reconstruction algorithms. An average-case algorithm for a class € re-
constructs circuits from % satisfying some non-degeneracy conditions. These conditions are
satisfied with high probability by circuits chosen randomly from % according to some distri-
bution and thus such algorithms work for almost all circuits in 4. As seen above, efficient
(worst-case) reconstruction algorithms for depth 3 and multilinear depth 4 circuits are known
only when the top fan-in is a constant. [KS19] gave a randomized polynomial time algorithm
to reconstruct non-degenerate homogeneous depth 3 circuits. Their algorithm handles circuits
with large top fain-in. In [BGKS21], a polynomial time randomized algorithm for reconstructing
non-degenerate generalized depth 3 circuits was given. A randomized polynomial time recon-
struction algorithm for non-degenerate sum of low-degree polynomials' was given in [GKS20]. A
randomized algorithm for reconstructing random n-variate width w ABPs was given in [KNS19],
where n > 4w?. [GKQ13] gave a randomized polynomial time algorithm to reconstruct random

arithmetic formulas in the alternate normal form (ANF)?.

!Such polynomials have the following structure: f = a; QT + -+ + asQ™, where oy, -+ ,as € F and every
@; is a homogeneous polynomial of degree ¢.

2An arithmetic formula is said to be in the alternating normal form if its underlying tree is a complete
binary tree, where the leaves are labelled by affine forms and it has alternate layers of + and x gate.
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