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Abstract

The iterated matrix multiplication polynomial (IMMw,d) is the entry in the 1×1 matrix product

Q1 ·Q2 · · ·Qd, where Q1, Qd are row and column matrices of length w, and Qi is a w×w matrix

for i ∈ [d], and the entries in these matrices are distinct variables. The number of variables

in IMMw,d is equal to n = w2(d− 2) + 2w. In this thesis, we study certain learning and lower

bound problems related to IMMw,d. Our first work gives an efficient equivalence test for

IMMw,d. The second work is related to learning affine projections of IMMw,d in the average-

case, and our last work gives lower bounds on interesting restrictions of arithmetic formulas

computing IMMw,d.

An n variate polynomial f is equivalent to IMMw,d if there is an A ∈ GL(n,F) such that

f = IMMw,d(Ax). We design a randomized algorithm that given blackbox/oracle access to an

n variate, degree d polynomial f , with high probability determines whether f is equivalent

to IMMw,d. If f is equivalent to IMMw,d then it returns a w and an A ∈ GL(n,F) such that f =

IMMw,d(Ax). The algorithm works over Q and finite fields of large enough characteristic and

runs in time (nβ)O(1), where β is the bit length of the coefficients of f . The algorithm works

even when Qi is wi−1×wi matrix for i ∈ [d] (w0 = wd = 1), and w1, . . . , wd−1 is unknown to the

algorithm. At its core, the equivalence testing algorithm exploits a connection between the

irreducible invariant subspaces of the Lie algebra of the group of symmetries of a polynomial

f that is equivalent to IMMw,d and the layer spaces of a full-rank algebraic branching program

computing f . This connection also helps determine the group of symmetries of IMMw,d and

show that IMMw,d is characterized by its group of symmetries.

An m variate polynomial f is computed by an algebraic branching program (ABP) of width w

and length d if f is an affine projection of IMMw,d, that is there is an A ∈ Fn×m and a b ∈ Fn

such that f = IMMw,d(Ax + b). We study the average-case complexity of reconstructing ABPs

under a natural distribution – the entries of A and b are chosen independently and uniformly

at random. The equivalence testing algorithm for IMMw,d gives an efficient average-case

reconstruction algorithm for width w ABPs computing m variate, degree d polynomials when
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Abstract

w ≤
√

m
d

. We make progress on reducing this constraint on the width by studying a related

problem called linear matrix factorization (LMF): the input is blackbox access to w2, m variate

degree d polynomials that are entries of the matrix product X1 · · ·Xd, where Xi is a w × w
matrix with linear polynomials as entries for i ∈ [d], and the outputs are d, w×w matrices with

linear polynomials as entries such that their product is equal to X1 · · ·Xd. We give a (mdβ)O(1)

time randomized algorithm that solves the average-case LMF problem when w ≤
√

m
2

. Here β

is the bit length of the coefficients of the input polynomials. In fact, we give a polynomial time

randomized algorithm that solves (worst-case) LMF problem when the input matrix product

is non-degenerate or pure – a notion we define in this work. We show that the factorization

of a pure product is unique in a certain sense, and at a high level it is this uniqueness that

helps the algorithm to compute the factorization. Using the average-case LMF algorithm, we

give a (dw
3
mβ)O(1) time algorithm for average-case ABP reconstruction when w ≤

√
m
2

, which

is an interesting progress on learning ABPs in the context of the m
2

width lower bound known

for homogeneous ABPs [Kum17]. Both the algorithms work over Q and finite fields of large

enough characteristic, but over rationals our output matrices are over a degree w extension

of Q.

On lower bounds, we prove a wΩ(d) size lower bound on multilinear depth three formulas

computing IMMw,d. The lower bound is proved by introducing a novel variant of the partial

derivatives measure called skewed partial derivatives, which found applications in other im-

portant subsequent works. Improving this result to a wΩ(log d) size lower bound on general

multilinear formulas computing IMMw,d would imply a super-polynomial separation between

ABPs and arithmetic formulas [Raz13], which is a long standing open problem. We also

show an exponential separation between multilinear depth three and multilinear depth four

formulas which was a substantial improvement over the quasi-polynomial separation already

known [RY09]. We also consider a restriction of multilinear formulas, called interval set-

multilinear formulas computing IMMw,d, where with every node an interval I ⊆ [1, d] is asso-

ciated and the node computes a set-multilinear polynomial in the variables from the matrices

Qi, i ∈ I. Further, the interval of a product node is the disjoint union of the intervals of its

children and the interval of an addition node is equal to the intervals of its children. Proving

a super-polynomial size lower bound on interval set-multilinear formulas computing IMMw,d

would imply a super-polynomial separation between non-commutative algebraic branching

programs and non-commutative homogeneous formulas. We prove super-polynomial size

lower bound on interval set-multilinear formulas computing IMMw,d, when the interval sizes

of the product nodes are not too big compared to the intervals of its children.
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Invited to ACM Transactions on Computation Theory (ToCT) journal, volume 11(1),

2018.

Conference version appeared in 32nd IEEE Conference on Computational Complexity

(CCC), 2017.

3. Separation Between Read-once Oblivious Algebraic Branching Programs (ROABPs) and

Multilinear Depth Three Circuits,

Joint work with Neeraj Kayal and Chandan Saha,

Invited to ACM Transactions on Computation Theory (ToCT) journal, 2019.

Conference version appeared in 33rd Symposium on Theoretical Aspects of Computer

Science (STACS), 2016.

iii



Contents

Acknowledgements 5

Abstract i

Publications based on this Thesis iii

Contents iv

List of Figures vii

1 Introduction 1

1.1 Arithmetic circuit complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 Lower bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.2 Polynomial identity testing (PIT) . . . . . . . . . . . . . . . . . . . . . 7

1.1.3 Circuit reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.1.4 Equivalence testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.2 Our contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2.1 Equivalence test for IMM . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2.2 Average-case linear matrix factorization and low width ABP circuit re-

construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.2.3 Lower bounds for IMM . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.2.4 PIT for superposition of set-multilinear depth three circuits . . . . . . 28

1.3 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2 Preliminaries 30

2.1 Algebraic circuit models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2 Linear algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.3 Iterated matrix multiplication polynomial . . . . . . . . . . . . . . . . . . . . 34

iv



CONTENTS

2.4 Complexity measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.5 Affine and p-projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.6 Group of symmetries and Lie algebra . . . . . . . . . . . . . . . . . . . . . . . 37

2.7 Algorithmic preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Lie algebra of the IMM and the determinant polynomials 47

3.1 Lie algebra of IMM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.1 Structure of the Lie algebra g
IMM

. . . . . . . . . . . . . . . . . . . . . . 47

3.1.2 Random elements of g
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.1.3 Invariant subspaces of g
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2 Lie algebra of Detn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4 Equivalence testing for IMM 71

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.1.1 Algorithm and proof strategy . . . . . . . . . . . . . . . . . . . . . . . 72

4.2 Almost set-multilinear ABP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.3 Lie algebra of f equivalent to IMM . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3.1 Computing invariant subspaces of the Lie algebra gf . . . . . . . . . . 79

4.3.2 Closure of a vector under the action of gf . . . . . . . . . . . . . . . . 85

4.4 Reconstruction of full-rank ABP for f . . . . . . . . . . . . . . . . . . . . . . . 86

4.4.1 Computing layer spaces from invariant subspaces of gf . . . . . . . . . 87

4.4.2 Reduction to almost set-multilinear ABP . . . . . . . . . . . . . . . . . 90

4.4.3 Reconstructing almost set-multilinear ABP . . . . . . . . . . . . . . . . 94

5 Symmetries of IMM 99

5.1 The group G
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.2 Proof of Theorem 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.3 Characterization of IMM by G
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . . 104

6 Average-case LMF and reconstruction of low width ABP 107

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.1.1 Algorithms and their analysis . . . . . . . . . . . . . . . . . . . . . . . 109

6.1.1.1 Analysis of Algorithm 10 . . . . . . . . . . . . . . . . . . . . 109

6.1.1.2 Analysis of Algorithm 11 . . . . . . . . . . . . . . . . . . . . 112

6.1.1.3 Analysis of Algorithm 12 . . . . . . . . . . . . . . . . . . . . 115

6.1.2 Dependencies between the algorithms . . . . . . . . . . . . . . . . . . 116

v



CONTENTS

6.2 Purity of random matrix product . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.3 Average-case linear matrix factorization: Proof of Theorem 1.2 . . . . . . . . 118

6.3.1 Rearranging the matrices . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.3.2 Determining the last matrix: Proof of Lemma 6.1 . . . . . . . . . . . . 120

6.4 Average-case ABP reconstruction: Proof of Theorem 1.3 . . . . . . . . . . . . 128

6.4.1 Computing the corner spaces . . . . . . . . . . . . . . . . . . . . . . . 128

6.4.2 Finding the coefficients in the intermediate matrices . . . . . . . . . . 135

6.4.3 Non-degenerate ABP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.5 Equivalence test for the determinant over finite fields . . . . . . . . . . . . . . 142

6.5.1 Random element in the Lie algebra of determinant . . . . . . . . . . . 143

6.5.2 Reduction to PS-equivalence testing . . . . . . . . . . . . . . . . . . . 146

7 Lower bounds for IMM 148

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

7.1.1 Proof strategy for Theorems 1.4 and 1.7 . . . . . . . . . . . . . . . . . 149

7.2 Lower bound on multilinear depth three formulas . . . . . . . . . . . . . . . . 150

7.2.1 Proof of Theorem 1.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

7.2.2 Proof of Theorem 1.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.3 Lower bound on α-balanced ISM formulas . . . . . . . . . . . . . . . . . . . . 153

7.3.1 Reduction from homogeneous non-commutative formulas to ISM for-

mulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.3.2 Proof of Theorem 1.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

8 Future Work 159

Bibliography 162

vi



List of Figures

2.1 Naming of variables in IMMw,d . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1 A matrix E in g
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 An ABP computing the term `
(k)
ij · ∂IMM

∂x
(k)
ij

. . . . . . . . . . . . . . . . . . . . . . 51

3.3 A matrix C(a) in W
(a)
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.4 An ABP computing the term x
(1)
p · ∂IMM

∂x
(2)
qr

. . . . . . . . . . . . . . . . . . . . . . 53

3.5 An ABP computing the term x
(1)
q · ∂IMM

∂x
(2)
pr

. . . . . . . . . . . . . . . . . . . . . . 53

3.6 A matrix C(a) in W
(a)
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.7 Submatrix of L restricted to rows/columns indexed by xk . . . . . . . . . . . . 62

3.8 Submatrix of M matrix restricted to rows/columns indexed by x1 ] x2 . . . . 63

4.1 Random element R in g
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.2 Matrix hk(R) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.3 Matrices E1, Ed and Ek . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.4 Matrices E and E−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.1 Matrix A in G
IMM

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.1 Dependencies between the three algorithms . . . . . . . . . . . . . . . . . . . 117

7.1 ABP M . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

vii



Chapter 1

Introduction

Algorithms for algebraic problems have been studied since time immemorial and many beau-

tiful algorithms have been proposed for these problems, for example the Newton’s classical

iterative method for finding roots of a univariate polynomial, a fast algorithm to compute dis-

crete Fourier transform made popular by Cooley and Tukey [CT65]1, algorithms by Strassen

and those after him for matrix multiplication [Str69, CW90, Sto10, Wil14, Gal14] (also see

[PBS10] for a detailed survey on matrix multiplication), and parallel algorithms to com-

pute the determinant of a matrix [Csa76, Ber84, Chi85] are few among many others. Many

of these algorithms perform computations over real or complex numbers and the output of

these algorithms is a polynomial function in the inputs, for example by Leibniz formula, the

determinant of a matrix is a polynomial in the entries of the matrix. Moreover, if we consider

the entries of the matrix to be formal variables then the algorithms2 to compute the deter-

minant only perform basic arithmetic operations like addition, subtraction, multiplication or

division with rational polynomials in the input variables as the operands. Hence, to analyse

the complexity of these algorithms it is natural to desire a computational model that abstracts

out the bit level computations by allowing the algorithm to perform basic operations like ad-

dition/multiplication with field elements free of cost. Additionally such a model should also

enable the algorithm to perform arithmetic operations over the rational functions in the in-

put variables at unit cost. Inspired by the Turing machine model, Lenore Blum, Michael Shub

and Steve Smale defined an algebraic model called the Blum-Shub-Smale (BSS) model which

encapsulates these two properties and aids in better analysing the computational complexity

1The algorithm was first proposed by Gauss and later on it was rediscovered many times in various lim-
ited forms but Cooley and Tukey independently came up with the algorithm and also analysed its asymptotic
complexity.

2think of Gaussian elimination

1



of algebraic algorithms.

The BSS model is a uniform model i.e. there is one algorithm for inputs of all sizes, and its

non-uniform analogs are the algebraic computation trees and the arithmetic circuits/straight

line programs1. Both these algebraic models were considered before the BSS model was de-

fined2 and in fact, the BSS model used the ideas these models were based upon to include the

concept of uniformity in algebraic computation. We restrict our attention to the arithmetic

circuit model in this work and refer the reader to [BSS88] and [PBS10] for more on the BSS

model and algebraic computation tree respectively. Arithmetic circuits are formally defined

in Definition 2.1. The input to an arithmetic circuit are the x = {x1, . . . , xn} variables and it

computes a polynomial in x variables using the four basic arithmetic operations3. An arith-

metic circuit can be viewed as an algorithm computing a polynomial function in x variables.

The two complexity measures associated with an arithmetic circuit are its size and depth. The

size is equal to the number of operations performed by the arithmetic circuit and corresponds

to the sequential time required by the circuit to compute the polynomial, whereas depth is

equal to the parallel time required by the circuit to compute the polynomial. A fundamental

problem in arithmetic circuit complexity is to prove explicit size/depth lower bounds on arith-

metic circuits. In Section 1.1, we elaborate on this lower bound problem and its surprising

connections with other algorithmic problems in algebraic complexity theory like polynomial

identity testing, circuit reconstruction and equivalence testing. In order to put our results in

context, in Section 1.1 we also give a brief account of the previous results on lower bound,

polynomial identity testing, reconstruction and equivalence testing. Then in Section 1.2, we

state our contributions on each of these problems, and we conclude this chapter by providing

the outline for the organization of this thesis in Section 1.3.

1This is similar to the Boolean circuit model which is the non-uniform model corresponding to the Turing
machine.

2Arithmetic circuits were first considered in the work of [Ost54] whereas the first definitions of algebraic
computation trees appear in the works of [Str72, Rab72].

3In Definition 2.1 an arithmetic circuit computes a polynomial using only addition and multiplication oper-
ations. The absence of division operation is justified by a result due to Strassen [Str73b] which we state later,
whereas subtraction can be simulated by multiplying with −1.

2



1.1 Arithmetic circuit complexity

1.1.1 Lower bounds

Algebraic complexity classes: Similar to Boolean function families being classified into com-

plexity classes, in the algebraic world polynomial families are classified into algebraic com-

plexity classes based on how efficiently they can be computed using arithmetic circuits. In this

context, efficiency refers to the size (or depth) of an arithmetic circuit. Analogous to P and

NP in the Boolean world, Valiant [Val79a, Val79b] defined the algebraic complexity classes

VP and VNP. A polynomial family {fn}n∈N, where fn is an n variate polynomial, belongs to

VP if the degree of fn is nO(1) and fn is computable by an nO(1) size arithmetic circuit, for all

n ∈ N. On the other hand {fn}n∈N is in VNP if there is a polynomial family {gm}m∈N in VP

and a polynomial function t : N→ N such that for every n ∈ N there is an m ≤ t(n) satisfying

fn(x) =
∑

y∈{0,1}m−n
gm(x,y) .

To understand the motivations for considering polynomial degree restriction on the polyno-

mial families in VP and VNP we refer the reader to the answer given by Joshua Growchow

in [Gro13]. An important result by Strassen [Str73b] shows that if there is an arithmetic

circuit (having addition, division and multiplication gates) of size s computing an n variate

degree d polynomial f then there is a circuit of size (sd)O(1) that computes f and performs no

division operations. Since the degrees of interesting polynomial families, like those in VP and

VNP are polynomially bounded and our primary interest lies in determining whether these

polynomial families are computable by polynomial size circuits, we henceforth assume that

no division operations are performed by an arithmetic circuit.

Observe that VP ⊆ VNP, and Valiant conjectured that VP 6= VNP. Till today this remains

one of the most important unresolved conjectures in this area. Well-known examples of poly-

nomial families in VP are the elementary symmetric family, the power symmetric family, the

determinant family and the iterated matrix multiplication (IMM) family (see Section 2.3).

Valiant [Val79a] also showed that over fields of characteristic not equal to two, the family

of permanent polynomials is VNP-complete under p-projections (see Definition 2.15). Sub-

sequently other polynomial families derived from computational problems related to graphs,

like computing the number of cliques or Hamiltonian cycles in a directed graph were shown

to be VNP-complete [B00].
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There are two other important circuit models studied in arithmetic circuit complexity, namely

algebraic branching programs (ABP) (see Definition 2.4) and arithmetic formulas (see Def-

inition 2.2). A polynomial family {fn}n∈N is in the complexity class VBP (respectively VF)

if fn is computable by an nO(1) size ABP (respectively arithmetic formula). The determinant

and IMM polynomial families are complete for VBP under p-projections [MV97], whereas

width three IMM polynomial family is complete for VF under p-projections [BC92]. It is easy

to infer from the definitions of ABP and arithmetic formulas that VF ⊆ VBP ⊆ VP ⊆ VNP.

To separate any of these complexity classes remains a major open problem. In the past fifty

years, a significant part of the research in this area has focused on proving super-polynomial

lower bounds on mostly restricted arithmetic circuits/ABPs/formulas, and in the next section

we state few of the well-known results among them. From here on we would refer to the op-

erations performed by a circuit as a node/gate in the circuit, as each node/gate in the circuit

corresponds to an operation.

Previous work

General arithmetic circuit/ABP/formula: Owing to the structure in the computations per-

formed by arithmetic circuit models, proving lower bounds for them is believed to be easier

than proving lower bounds on Boolean circuits, and there is hope that we might be able to

use well-developed tools from different branches of mathematics to prove lower bounds in

the algebraic setting. An indication of this is that P/poly 6= NP/poly implies VP 6= VNP under

the assumption that generalized Reimann hypothesis is true [B00]. Unfortunately though,

we do not know of any super-polynomial lower bound for arithmetic circuits, ABPs or for-

mulas. The best known size lower bound for arithmetic circuits or ABPs1 is Ω(n log d) due to

[BS83, Str73a] where the hard polynomial is xd1 + . . . + xdn. A crucial ingredient in the lower

bound proof of [BS83, Str73a] is the following structural result: if there is a size s arithmetic

circuit computing a polynomial f then there is an O(s) size arithmetic circuit that simulta-

neously computes the first order partial derivatives of f . The lower bound is then proved

by using Bezout’s theorem to show that any arithmetic circuit simultaneously computing the

polynomials xd1, . . . , x
d
n requires size at least Ω(n log d). For arithmetic formulas though, us-

ing a complexity measure based on the transcendental degree of a set of polynomials, an

Ω(n3) size lower bound is known due to [Kal85] where the hard polynomial is Detn – the

1The lower bound for ABPs is on the number of edges in the ABP.
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determinant of the n × n symbolic matrix1. Recently [Kum17] proved an Ω(nd) size lower

bound on homogeneous ABPs2 where the hard polynomial is xd1 + . . .+ xdn. [Kum17] actually

proved that the width of every layer in a homogeneous ABP computing xd1 + . . . + xdn is at

least n
2
, and hence the number of nodes in the ABP is Ω(nd). The argument in [Kum17] is

based on a lower bound on the dimension of the variety of a set of homogeneous polynomials.

Depth-reduction results: Unlike Boolean circuits, a super-polynomial lower bound is not

known for even constant depth arithmetic circuits. To prove a super-polynomial lower bound

on depth k arithmetic circuits, we can assume that the circuit constitutes of k alternating

layers of addition and multiplication gates. This assumption holds without loss of generality

as there is an easy reduction to convert any depth k arithmetic circuit to such an alternating

layered circuit with only a polynomial blow-up in the size. Further, if the hard polynomial

is irreducible as in most cases, then we can also assume that the root or the output gate of

the circuit is an addition gate. Thus the simplest circuit model is the depth two model de-

noted ΣΠ circuits. From the perspective of lower bounds though, this is not an interesting

model as the number of monomials in a polynomial is a lower bound on the size of ΣΠ cir-

cuit computing it. Thus the simplest but still non-trivial arithmetic circuit model is the ΣΠΣ

arithmetic circuit, and even for this model there is no super-polynomial lower bound known3.

An almost cubic lower bound is the best known for ΣΠΣ circuits [KST16a, SW01]. A partial

justification for the absence of strong lower bound for ΣΠΣ circuits is given via a series of

depth reduction results. Firstly, in a remarkable result by [VSBR83] it was shown that if an

n variate degree d polynomial is computable by a size s arithmetic circuit then there is a

size (nds)O(1) and depth O(log d(log d+ log s)) fan-in two arithmetic circuit computing f , and

hence VP = VNC2
4. Building on this depth reduction result, [AV08, Koi12, GKKS16, Tav15]

showed that if an n variate degree d = nO(1) polynomial is computable by a size s arithmetic

circuit then it is computed by a size sO(
√
d) homogeneous ΣΠΣΠ circuit and over character-

istic zero fields by a size sO(
√
d) (non-homogeneous) ΣΠΣ arithmetic circuit. Thus, an nω(

√
d)

size lower bound on either ΣΠΣ or homogeneous ΣΠΣΠ circuits computing an n variate

degree d polynomial in VNP would be sufficient to prove VP 6= VNP. A few lower bound

results have come close to achieving this goal. An nΩ(
√
d) size lower bound on homogeneous

1Notice that this is a sub-quadratic lower bound, but the same analysis can be used to show a quadratic
lower bound for the polynomial

∑n
i=1

∑n
j=1 x

j
iyj (survey by [Sap15]).

2Every node in a homogeneous ABP computes a homogeneous polynomial.
3Exponential lower bound for ΣΠΣ circuits are known over finite fields[GK98], and exponential lower

bounds are also known for homogeneous ΣΠΣ circuits over any field [NW97].
4A family of polynomials {fn}n∈N is in VNCk if degree of fn is nO(1) and fn is computable by a size nO(1)

and depth O((log n)k) fan-in two arithmetic circuit, for all n ∈ N.
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ΣΠΣΠ circuits computing the Nisan-Wigderson1 and the IMM polynomials were shown in

[KSS14, FLMS15, KLSS17, KS17].

Multilinear models: Given the state of art, it is natural to wonder whether we can prove

lower bounds on further restricted circuit models. Multilinearity is one such natural restric-

tion where a multilinear polynomial is computed at every node in a circuit/ABP/formula.

There are at least three motivations to consider multilinear circuit models: a) Important poly-

nomials like the determinant, permanent and IMM are multilinear and it is a natural question

to determine the complexity of computing such polynomials using multilinear circuit mod-

els, b) a super-polynomial size lower bound on multilinear formulas computing an n variate

multilinear polynomial f of degree O( logn
log logn

) implies a super-polynomial size lower bound

on arithmetic formulas computing f [Raz13], and c) techniques developed to prove lower

bounds for them might give us insights to prove lower bounds for general arithmetic circuits.

There is a large body of work devoted to proving lower bounds for multilinear circuit models

and among them the most outstanding result is the quasi-polynomial lower bound on the size

of multilinear formulas computing the determinant or the permanent by [Raz09], which is

obtained by ingeniously analysing the rank of the partial derivative matrix of a polynomial

computed by a multilinear formula. Building on the lower bound by [Raz09], [Raz06] and

[RY08] showed a similar lower bound on the size of multilinear formulas computing an ex-

plicit polynomial that can be computed by a polynomial size multilinear circuit. This result in

particular showed a quasi-polynomial separation between multilinear circuits and multilinear

formulas. Later in [DMPY12], a quasi-polynomial separation between multilinear ABPs and

multilinear formulas was shown by proving a quasi-polynomial lower bound on the size of

multilinear formulas computing an explicit polynomial (namely an arc full-rank polynomial)

that can be computed by a polynomial size multilinear ABP. [RY09] also showed a super-

polynomial separation between multilinear formulas of constant product-depth ∆ and ∆ + 1.

In this work we prove a 2Ω(n) separation between multilinear formulas of product depths one

and two (see Theorem 1.5). In [CELS18] this was improved to an optimal 2Ω(n
1
∆ ) separation

between multilinear formulas of product-depth ∆ and ∆ + 1when ∆ = o
(

logn
log logn

)
. Further

[CLS19] showed that over characteristic zero fields, there is a polynomial computable by a

size s arithmetic formula of product depth ∆ which cannot be computed by a size sω(1) size

multilinear formula of product depth ∆, when ∆ = o(log s). Improving the restriction of ∆

in [CLS19] to O(log s) will imply a super-polynomial separation between arithmetic formulas

and multilinear formulas [Bre74].
1a polynomial family in VNP
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Lower bounds for IMM: Since IMMw,d is complete for ABPs under p-projections, proving

VBP 6= VF is equivalent to showing a super-polynomial lower bound on the size of arithmetic

formulas computing IMMw,d. Using the divide and conquer approach one can easily show that

there is an arithmetic formula of size wO(log d) and product-depth log d computing IMMw,d. This

recursive formula is in fact multilinear, and no multilinear formula or even arithmetic formula

computing IMMw,d of smaller size is known. A non-trivial way to transform an arithmetic for-

mula into a multilinear formula by [Raz13] implies that, to prove VBP 6= VF it suffices to

show either of the following: a) a super-polynomial size lower bound on multilinear formu-

las computing IMMw,d when the degree d = O(log logw), or b) a wΩ(log d) size lower bound

on multilinear formulas computing IMMw,d for d = wo(log d′), where d′ = O( logw
log logw

) 1. Further,

even proving a super-polynomial size lower bound on certain restricted multilinear formulas

called interval set-multilinear formulas (see Definition 1.2) would imply a separation between

homogeneous formulas and ABPs in the non-commutative2 setting.

Although Detn is a p-projection of IMMw,d where w and d are polynomially related to n

[MV97], the quasi-polynomial size lower bound proved on multilinear formulas computing

Detn in [Raz09] does not imply the same for multilinear formulas computing IMMw,d. This is

because the projection is not multilinear, i.e. under the projection, two variables from IMMw,d

map to the same variable in Detn and this destroys the multilinearity of the formula. A sim-

ilar thing is also true for the hard polynomial (arc full-rank polynomial) in [DMPY12]. In

this work we prove a wΩ(d) size lower bound on multilinear ΣΠΣ formulas computing IMMw,d

(see Theorem 1.4). Subsequent to our work [KST16b] proved a wΩ(
√
d) size lower bound on

multilinear depth four formulas computing IMMw,d by significantly extending the techniques

of our work. Recently, a 2Ω(∆d
1
∆ ) size lower bound on product depth ∆ multilinear formu-

las computing IMM2,d was shown when ∆ ≤ log d in [CLS19] building upon a similar lower

bound for set-multilinear formulas in [NW97].

1.1.2 Polynomial identity testing (PIT)

Problem definition and connection to lower bounds: PIT is an algorithmic problem where

a polynomial f computed by a circuit C is given as input to the algorithm, and the task

is to efficiently determine whether the polynomial computed by C is non-zero. Here, we

1We thank Srikanth Srinivasan for bringing implication b to out notice. We refer the reader to Chapter 7
after Theorem 1.4 is restated for a short justification of this implication.

2The variables in a non-commutative polynomial do not commute under multiplication. Thus x1x2 6= x2x1

as non-commutative polynomials.
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say an algorithm is efficient if it performs the above task in time polynomial in the size of

C and the degree of f . The problem is studied in two flavours: a) blackbox/oracle access

to C, where the polynomial can only be queried at points from the field, and b) whitebox
access to C, where the directed acyclic graph corresponding to C is given as an input. An

easy blackbox randomized algorithm for PIT follows from Schwartz-Zippel lemma [DL78,

Zip79, Sch80] but no sub-exponential time algorithm is known for even whitebox PIT. The

PIT problem is one of the very few natural problems known to be in BPP but not known to

be in P. A major reason for this is the connection between PIT and circuit lower bounds.

In [KI04] it was shown that a polynomial time algorithm for whitebox PIT over integers

implies either super-polynomial lower bounds for the family of permanent polynomial1 or

NEXP * P/poly. Also [HS80] and later [Agr05] showed that a polynomial time blackbox

PIT implies exponential lower bounds for circuits computing polynomials whose coefficients

can be computed in PSPACE. In the other direction, [KI04] showed that a super-polynomial

lower bound on any exponential time computable multilinear polynomial family implies a

quasi-polynomial time blacbox PIT. A smiliar connection between PIT and lower bounds as

in [KI04] was later shown for low depth circuits [DSY09]. Algorithms for PIT from lower

bounds have further been explored in the recent work of [KSS19]. Apart from its connection

to lower bounds, efficient derandomization of PIT is interesting in its own right as it has

several applications like parallel algorithms for perfect matching [Lov79, KUW86, MVV87]

and primality testing [AB03]. In fact the polynomial time algorithm for primality testing

[AKS02] and the quasi-NC algorithm for perfect matching were obtained by derandomizing

special instances of the PIT problem [FGT16, ST17]. Since designing an efficient deterministic

PIT algorithm is a difficult problem, it has been accomplished for very few circuit models.

Moreover, although PIT and lower bounds are seemingly equivalent problems for general

circuits, for special circuit models it is usually believed from experience that proving lower

bounds for them is easier than designing a PIT algorithm. Nevertheless the techniques used

to prove a lower bound for restricted circuit models might shed some light on how to design

PIT algorithms for related models.

Previous work

The simplest circuit model for PIT is a ΣΠ circuit for which a polynomial time blackbox PIT

is known [BT88, KS01]. From the depth reduction results stated in the previous section and

the connection between PIT and lower bounds stated above, it follows that a polynomial time

PIT for ΣΠΣ or homogeneous ΣΠΣΠ circuit implies a quasi-polynomial time PIT for general

1which also implies VP 6= VNP
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arithmetic circuits computing low-degree polynomials (see Theorem 5.3 in [GKKS16]). Since

depth three or depth four PIT is a seemingly hard problem, the next step with the view of

making progress would be to study PIT for special types of these circuits. A depth three

powering circuit computes a polynomial which is a sum of powers of linear forms (denoted

Σ ∧ Σ), that is the product gates in the ΣΠΣ circuits are replaced by powering gates, and

[Sax08] used the duality trick to express such a polynomial as a sum of products of uni-

variate polynomials for which a polynomial time whitebox PIT was known due to [RS05].

An nO(log log k) time blackbox PIT is known for depth three powering circuit where k is the

fan-in of the root node (henceforth called top fan-in) [FSS14]. Following a long sequence

of works, a polynomial time blackbox PIT algorithm is now known for ΣΠΣ circuits when

the top fan-in is a constant [DS07, KS07, KS09b, KS11, SS11, SS12, SS13]. Later using the

Jacobian, [ASSS16] gave a polynomial time blackbox PIT for ΣΠΣ formulas when the set

of polynomials computed by the product gates at layer two have a constant transcendence

degree. [ASSS16] also gave a polynomial time blackbox PIT for constant occur formulas with

constant depth, which in particular subsumes constant read formulas of constant depth and

ΣΠΣΠ multilinear formulas with constant top fan-in for which polynomial time blackbox PIT

algorithms were given in [AvMV11, SV18]. A quasi-polynomial time blackbox PIT for con-

stant read multilinear formulas without any depth restriction was also given in [AvMV11].

Recently [MV18] gave a polynomial time blackbox PIT for read-once formulas with no re-

striction on depth. [For15] used the shifted partial measure to give a quasi-polynomial time

blackbox PIT algorithm for polynomials which are sums of powers of constant degree polyno-

mials (Σ ∧ ΣΠ circuits, where the fan-in of the product gates at the fourth layer is a constant).

Since lower bounds for multilinear depth three circuits are known due to [CELS18, RY08]

and also from this work, there is hope that an efficient PIT algorithm can be designed for

multilinear depth three circuits. A sub-exponential time blackbox PIT is known for multilin-

ear depth three circuits [dOSlV16] but no quasi-polynomial time blackbox PIT is known for

this model. Multilinear depth three circuit computes a polynomial which is a sum of prod-

ucts of linear polynomials where each product term partitions the variables among the linear

polynomials. A set-multilinear depth three circuit is a multilinear depth three circuit where

the partition across the product terms remains the same. A polynomial time whitebox PIT

algorithm for set-multilinear depth three circuit follows from [RS05], and later in [FS12] a

quasi-polynomial time blackbox PIT was given when the partition among the variables in the

product gates are known. Finally in [ASS13] using the shift and rank concentration technique

a truly blackbox algorithm running in quasi-polynomial time was designed for set-multilinear
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depth three circuits, where even the partition is unknown. The model read-once oblivious

ABP (ROABP) is a special type of algebraic branching program where each layer is associated

with a unique variable and an edge is labelled by a univariate polynomial in the variable asso-

ciated with the layer the edge belongs to. Computationally, ROABPs subsume set-multilinear

depth three circuits, that is if a polynomial f is computable by a size s set-multilinear depth

three circuit then f is also computable by a size sO(1) ROABP. Again for ROABPs a polyno-

mial time whitebox PIT follows from [RS05] and later a quasi-polynomial time blackbox PIT

with known variable ordering was given in [FS13]. Using the technique of basis isolation a

quasi-polynomial time blackbox PIT with unknown variable ordering was given in [AGKS15].

1.1.3 Circuit reconstruction

Problem definition and hardness: Reconstruction of arithmetic circuits is the algebraic ana-

logue of exact learning [Ang88] of Boolean circuits. A reconstruction algorithm takes as input

a blackbox access to an n variate degree d polynomial f computed by a size s arithmetic cir-

cuit from some circuit model1 C, and outputs an arithmetic circuit (preferably from the same

model) of size not much larger than s (ideally, a polynomial or quasi-polynomial function of

s) computing f . Thus, hardness of reconstruction is related to hardness of approximation

of the minimum circuit size problem. The hardness of the minimum circuit size problem

for Boolean circuits, known as MCSP, is an intensely studied problem in the literature. In

the MCSP problem, we are given the truth-table of a Boolean function and a parameter s

as input and the task is to determine if the function can be computed by a Boolean circuit

of size at most s. Allender and Hirahara [AH17] showed that approximating the minimum

circuit size within a factor of N1−o(1) is NP-intermediate, assuming the existence of one-way

functions, where N is the size of the input truth-table. Another related result is the hardness

of approximating minimum size DNF. Umans [Uma99, TUZ07] showed that n
1
4
−ε factor ap-

proximation of the minimum DNF size of an input DNF of size n, for every constant ε ∈ (0, 1),

is Σp
2-hard. Drawing analogy between the Boolean and the arithmetic worlds, we expect the

reconstruction problem to be hard even if the polynomial function f is given verbosely as

a list of coefficients, and it only gets harder if f is given as a blackbox. If we insist on a

very small approximation factor and on computing an output circuit that belongs to the same

model C as the input circuit (as in proper learning), then the problem becomes NP-hard even

for simple circuit models like set-multilinear depth three circuits and depth three powering

circuits [BIJL18, SWZ19, Shi16, Hås90].
1For example an ABP or an ROABP, in which case we say f is computable by a size s ABP or ROABP

respectively.
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Connection to lower bounds: It is also known that efficient reconstruction implies lower

bounds. It was shown in [FK09] that a randomized polynomial time reconstruction algo-

rithm for an arithmetic circuit model C implies the existence of a function in BPEXP that

does not have polynomial size circuits from C. Also, Volkovich [Vol16] showed that a deter-

ministic polynomial time reconstruction algorithm for C implies the existence of a polynomial

f computable in 2O(n) time such that any circuit from C computing f has exponential size.

Moreover, an efficient reconstruction algorithm for a circuit model automatically gives an ef-

ficient blackbox identity testing algorithm for the same model. In this sense reconstruction

for a circuit model is a harder problem than lower bounds or PIT, and not much is known

about the reverse direction: Do strong lower bounds for a circuit model imply efficient re-

construction for the same model? Even if we believe in the existence of explicit polynomials

with high circuit complexity, we may not hope to get such an implication unconditionally as

reconstruction seems to be an inherently hard problem. However, the answer is less clear

for lower bound proofs with additional features such as “natural proofs”. Taking inspiration

from natural proofs defined in [RR97], the notion of algebraic natural proofs is defined in

[FSV17, GKSS17] to explore the limitations of existing techniques in proving VP 6= VNP 1.

Does natural lower bound proofs imply reconstruction? The intuitive reason for expecting

a somewhat positive answer rests on the high level view that a natural lower bound proof (in

the sense of [RR97]) is able to “efficiently” check some property of polynomials computed by

a circuit model, and the same property might be potentially useful in designing reconstruc-

tion algorithms for the model. Indeed, for Boolean circuits, an interesting result [CIKK16]

showed that the natural lower bound proof framework [RR97] for AC0[p] circuits can be used

to give a quasi-polynomial time PAC learning under the uniform distribution and with mem-

bership queries for the same model. The result generalizes to any circuit model C containing

AC0[p] for some prime p, the “usefulness” parameter of a natural proof for C determines the

efficiency of such a PAC learning algorithm for C. This generic result is preceded by evidences

that hinted at such a connection, like the learning algorithms for AC0 circuits [LMN93] and

AC0 circuits with few majority gates [JKS02]. For circuit models whose known lower bound

proofs do not fit in the natural proof framework, the situation is less clear. Examples of such

models are ACC0 [Wil14] and monotone circuits [Raz85]. A hardness result for polynomial-

time learning of monotone circuits is known assuming the existence of one-way functions

1In another interesting work [EGdOW18], limitations of rank based lower bound methods have been shown
unconditionally towards achieving strong lower bounds for set-multilinear ΣΠΣ circuits and Σ ∧Π circuits.
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[DLM+08]. Analogous to Boolean circuits, does an algebraically natural lower bound proof

(in the sense of [FSV17, GKSS17]) for an arithmetic circuit model imply efficient reconstruc-

tion for the same model? Unlike PAC learning, in the algebraic setting we need to reconstruct

a circuit that computes the input polynomial exactly instead of approximately, as two distinct

polynomial functions differ at far too many points. If we insist on such exact learning in the

Boolean setting (which is closely related to the compression problem for Boolean functions)

then the best known output circuit size for AC0 and AC0[p] functions is exponential in the

number of variables [CKK+15, Sri15, CIKK16], and the best known algorithm for learning

size s DNF in n variables has time complexity 2O(n
1
3 logn log s) [KS04]. In the absence of a

generic connection (analogous to [CIKK16]) in the algebraic setting, we could gather more

evidences for or against such a connection by focusing on restricted classes for which natural

lower bound proofs are known.

There are many interesting arithmetic circuit models for which we know of strong lower

bounds (that are also algebraically natural), but not efficient reconstruction algorithms. In-

stances of such models are homogeneous depth three circuits [NW97, KST16a], homoge-

neous depth four circuits [KLSS17, KS17], constant depth multilinear circuits [RY09, CLS19],

multilinear formulas [Raz09], regular formulas [KSS14], and a few other classes [KS16a,

KS16b]. Even for a more powerful model like homogeneous ABPs, it makes sense to ask

– can we reconstruct sub-linear width homogeneous ABPs efficiently? Recall that a linear

width lower bound for homogeneous ABPs is known [Kum17], and this lower bound proof

is also natural. Unfortunately, there is some amount of evidence that indicate that the prob-

lem remains hard in the worst-case even for models for which natural lower bound proofs

are known. For example, a polynomial time reconstruction algorithm for homogeneous ΣΠΣ

circuits with high degree implies the same for (non-homogeneous) ΣΠΣ circuits and hence,

also a sub-exponential time reconstruction algorithm for general circuits due to the depth

reduction results. Such a reconstruction algorithm would also give a super-polynomial lower

bound for ΣΠΣ circuits via the learning to lower bound connection [FK09]. Similarly, a

polynomial time reconstruction algorithm for constant width (in fact, width three) homoge-

neous ABPs implies a polynomial time reconstruction algorithm for arithmetic formulas due

to the reduction from formulas to width three ABPs in [BC92], and this in turn would give a

super-polynomial lower bound for formulas (by [FK09]). In hindsight it is no wonder that re-

construction has been accomplished for very restricted circuit models and next we state such

models for which efficient reconstruction is known. Then we argue the case for average-case

reconstruction that is reconstruction under some distributional assumption on the polyno-
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mials computed by a model which is a natural and a promising way to make progress on

reconstruction for one of the above mentioned models that lack worst-case reconstruction.

Previous work on reconstruction

Low depth circuits: A polynomial time reconstruction algorithm for depth two circuits fol-

lows from the sparse polynomial interpolation algorithm in [KS01, BT88]. By analysing the

rank of the partial derivative matrix, [KS03] gave a randomized reconstruction algorithm

for ΣΠΣ circuits, where fan-in of every product gate is bounded by d in time polynomial in

the size of the circuit and 2d. Prior to this, a polynomial time randomized reconstruction

algorithm for set-multilinear depth three circuits followed from [BBB+00]. In both [KS03]

and [BBB+00] the output hypothesis is an ROABP. For ΣΠΣ circuits with two product gates

[Shp07] gave a randomized reconstruction algorithm over a finite field F that has running

time quasi-polynomial in m, d and |F|. The running time in [Shp07] is polynomial in m, |F|
if the depth three circuit is additionally multilinear. This algorithm was derandomized and

extended to depth three circuits with constant number of product gates in [KS09a]. The out-

put hypothesis in [Shp07] is a depth three circuit with two product gates (unless the circuit

has a low simple rank1), but it works only over finite fields. Recently, [Sin16] gave a poly-

nomial time randomized reconstruction algorithm for depth three circuits with two product

gates over rationals2; the output of the algorithm in [Sin16] is also a depth three circuit with

two product gates (unless the simple rank of the circuit is less than a fixed constant). For

multilinear depth four circuits with two top level product gates, [GKL12] gave a randomized

polynomial time reconstruction algorithm that works over both finite fields and rationals.

Recently, for multilinear depth four circuits with k top level product gates [BSV19] gave a

deterministic quasi-polynomial time reconstruction algorithm over finite fields, for any con-

stant k. If the input is an n variate degree d polynomial f computed by a size s multilinear

depth four circuit with k top level product gates then the algorithm in [BSV19] runs in time

2(lognds|F|)O(1) and outputs a multilinear depth four circuit of size 2(log s)O(1) computing f , for

any constant k.

Restricted formulas and ABP: [MV18] gave a polynomial time reconstruction algorithm for

read-once formulas by strengthening the analysis in [SV09], the latter has a quasi-polynomial

time reconstruction algorithm for the same model. [FS13] gave a quasi-polynomial time re-

construction algorithms for ROABP, set-multilinear ABP and non-commutative ABP by deran-

1The dimension of the span of the linear forms in the two gates after removing their gcd.
2The result holds over characteristic zero fields. We state it for rationals as bit complexity concerns us.
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domizing the algorithm in [KS03]. Prior to this, the case of non-commutative ABP recon-

struction was solved in [AMS08] assuming blackbox access to the internal gates of the input

ABP.

Average-case reconstruction

As alluded to before, we know strong lower bounds that are algebraically natural for circuit

models like multilinear formulas, homogeneous depth three circuits, homogeneous depth

four circuits, regular formulas etc. For any one of these models lacking efficient worst-case re-

construction, we can attempt to make progress by asking a slightly weaker question: Can we

do efficient reconstruction for almost all polynomials computed by the model? This amounts

to studying the reconstruction problem under some distributional assumptions on the poly-

nomials computed by the model. Such types of reconstruction are called average-case recon-
struction. Similar average-case relaxations of learning problems have been studied in the

Boolean setting, particularly for DNFs [LSW06, JLSW08]. Often than not, an average-case

algorithm in fact gives a worst-case algorithm for inputs satisfying some natural/easy-to-state

non-degeneracy condition which is almost surely satisfied by a random input chosen accord-

ing to any reasonable distribution. We feel that it is worth knowing these non-degeneracy

conditions that make worst-case reconstruction tractable for some of the models mentioned

above.

The distribution under which the reconstruction problem is studied for the above mentioned

model should ideally be polynomial time samplable (P-samplable) and interesting from the

context of lower bounds in the following sense. A lower bound proof for a model C shows

that an explicit n variate degree d polynomial1 is not computable by size s circuits from C,

for some s > max(n, d). Such a proof demonstrates a weakness of the set of n variate degree

d polynomials computable by size s circuits from C. In order to exploit the weakness of this

set in an average-case reconstruction problem for C, we should ideally define an input distri-

bution that is supported on n variate degree d polynomials computable by size s circuits in

C, where s > max(n, d). For many circuit classes, defining such a distribution is a bit tricky

as some of the natural P-samplable distributions tend to be primarily supported on n variate,

degree d polynomials where d or n is closely attached to the size s of the circuits produced by

1Typically, the explicit polynomial has degree d ≤ n, say d =
√
n or d = Θ(n) (as in determinant/permanent

[Raz09, RY09, GKKS14] or the Nisan-Wigderson design polynomial [KSS14] or the elementary/power symmet-
ric polynomials [NW97, SW01, Kum17] or a variant of the design polynomial [KST16a]).
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these distributions, thereby restricting s from being much larger than max(n, d). For example

the distributions defined on multilinear formulas and arithmetic formulas in [GKL11] and

[GKQ13] respectively, which we elaborate upon below.

In [GKL11] a randomized polynomial time average-case reconstruction algorithm was given

for multilinear formulas picked from a natural distribution: every sum gate computes a ran-

dom linear combination of the polynomials computed by its two children (sub-formulas),

and at every product gate the set of variables is partitioned randomly into two equal size sets

between its two children (sub-formulas); the sub-formulas are then constructed recursively.

In [GKQ13], a randomized polynomial time reconstruction algorithm was given for fan-in

two regular formulas of size s picked from a distribution where the coefficients of the vari-

ables in linear polynomials computed at the leaves are chosen independently and uniformly

at random from a large subset of F. The result in [GKQ13] is an average-case reconstruction

algorithm for size s multilinear formulas computing n variate degree d polynomials, where

s = Θ(n). Similarly the result in [GKQ13] is an average-case reconstruction algorithm for size

s fan-in two regular formulas computing n variate degree d polynomials, where s = Θ(nd2).

In comparison, nΩ(log d) size lower bounds are known for multilinear formulas [Raz09] and

regular formulas [KSS14].

However, for some classes, like homogeneous ΣΠΣ circuits and homogeneous ABPs these

requirements from an input distribution i.e. allowing s � max(n, d) can be mitigated easily,

and for both these models there is a simple reduction from reconstruction for homogeneous

ΣΠΣ circuits or homogeneous ABPs to reconstruction for (non-homogeneous) ΣΠΣ circuits

or ABPs (see Section 6.1.1.2). [KS19] gave a randomized polynomial time reconstruction

algorithm for n variate degree d polynomials computed by homogeneous ΣΠΣ circuits satis-

fying certain non-degeneracy conditions when n ≥ 3d2 and the top fan-in is at most ( n
3d

)
d
3 .

The result in [KS19] can also be viewed as an average-case reconstruction algorithm for ho-

mogeneous depth three circuits sampled from the following distribution: the coefficients of

the linear forms computed by the sum gates at the third layer are chosen independently and

uniformly at random from a large enough subset of F. In this work we study average-case

reconstruction of ABPs under a natural distribution (see Definition 1.1). This distribution for

average-case ABP reconstruction (Problem 1.2) is quite appropriate to study as it produces

n variate degree d polynomials computable by ABPs of size s ≈ wd that can potentially be

much larger than max(n, d) with growing width w. Recall a w ≥ n
2

lower bound on ho-

mogeneous ABPs computing the power symmetric polynomial
∑n

i=1 x
d
i is known [Kum17].
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Thus the homogeneous ABP reconstruction problem is interesting for w < n
2
. However, as

mentioned before, in the absence of a super-polynomial lower bound for formulas we can-

not hope to do an efficient worst-case reconstruction for homogeneous ABP of even constant

width [BC92, FK09]. But, can we do average-case reconstruction for w < n
2
? We make

progress in this direction by giving a (dw
3
nβ)O(1) time average-case reconstruction algorithm

for ABPs, where β is the bit length of the coefficients of the input polynomial1, when w ≤
√
n

2

(see Theorem 1.3). The time-complexity of our algorithm is better than the brute force al-

gorithm to reconstruct ABPs, when w ≤
√
n

2
(see the third remark after Theorem 1.3). Also

note that ours is a polynomial time average-case reconstruction algorithm for constant width

ABPs, and if we can achieve the same complexity for worst-case reconstruction (instead of

average-case) then that would imply a super-polynomial lower bound for arithmetic formu-

las. Moreover our algorithm can also be seen as giving a worst-case reconstruction algorithm

for ABPs satisfying certain non-degeneracy conditions (see remarks after Theorems 1.2 and

1.3).

1.1.4 Equivalence testing

Problem definition and hardness: Two n variate polynomials f and g are equivalent if there

is an invertible A ∈ Fn×n such that f = g(A · x). Equivalently in the language of group ac-

tions we say that f is equivalent to g if f is in the orbit of g under the action of GL(n,F).

Equivalence testing is a natural algorithmic problem in computational algebra where two

polynomials f and g are given as input2, and the task is to determine whether f is equivalent

to g. Further, if f is equivalent to g then output an invertible A ∈ Fn×n such that f = g(A ·x).

The equivalence testing problem is at least as hard as the graph isomorphism problem, even

when f and g are cubic forms given in dense representation [AS06]. In fact in [AS05, AS06],

it is shown that the graph isomorphism problem is polynomial time reducible to commutative

F-algebra isomorphism problem, which they showed is polynomial time equivalent to cubic

form equivalence testing when 3 - (|F| − 1) 3. There is a cryptographic application [Pat96]

based on the average-case hardness of the equivalence testing problem for bounded degree

f and g given in dense representation. Also, over finite fields checking whether polynomi-

als f and g are equivalent when f and g are given as a list of coefficients is in NP ∩ coAM

[Thi98, Sax06].

1Over Q our output ABP is over a degree w extension of Q, see the third remark after Theorem 1.2.
2either as blackbox or in the dense representation as a list of coefficients
3The reduction from commutative F-algebra isomorphism problem to cubic form equivalence testing works

over any field.
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Motivation for equivalence testing of special polynomial families: Valiant’s extended

hypothesis states that the permanent is not a quasi-polynomial (qp)-projection of the de-

terminant. Proving this conjecture is sufficient to show VP 6= VNP and is famously known

as permanent versus the determinant problem. Further, even showing that the permanent is

not a p-projection of either the determinant or the IMM polynomial is equivalent to proving

VBP 6= VNP. Geometric complexity theory (GCT) proposed by [MS01] is an approach to

resolve this conjecture by using techniques from algebraic geometry, group theory and repre-

sentation theory. In particular, GCT gives an approach to show that the padded permanent

is not in the orbit closure of polynomial size determinant/IMM. Taking inspiration from GCT

it is natural to ask whether there is an algorithm to check if a given polynomial is in the

orbit closure of polynomial size determinant/IMM. An algorithm for the equivalence testing

problem where f is given as a blackbox and g comes from a fixed polynomial family like the

determinant or the IMM is a natural step towards the search for such an algorithm.

Previous work

In [Kay11] the equivalence testing problem was studied when f is given as a blackbox and

g comes from a fixed polynomial family, and polynomial time randomized algorithms were

given when g is a power symmetric polynomial, an elementary symmetric polynomial or a

sum of products polynomials. Later in [Kay12a] polynomial time randomized equivalence

testing algorithms were given for the permanent and the determinant polynomials using the

Lie algebras (Definition 2.17) of these polynomials. For all polynomials except the determi-

nant the algorithms in [Kay11, Kay12a] work over all fields namely C, Q, and finite fields

of large characteristic, but for the determinant polynomial the equivalence testing algorithm

in [Kay12a] only works over C. All these polynomials considered for equivalence testing are

well-studied from the context of arithmetic circuit lower bounds and have been used to prove

lower bounds for different circuit models. In this work we give a polynomial time random-

ized equivalence testing algorithm for IMM (Theorem 1.1b) using the Lie algebra of IMM.

Our approach in using the Lie algebra of IMM differs from that of [Kay12a] and a comparison

between the two techniques is given in Chapter 4 where we present our algorithm for equiv-

alence testing of IMM. We also give a polynomial time randomized equivalence testing algo-

rithm for determinant over finite fields but the output matrix is over a small extension of the

base field (see Theorem 6.1). This was recently subsumed by the work of [GGKS19] where

they gave a polynomial time randomized equivalence testing algorithm for determinant over
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finite fields1 and Q by reducing it to a well-studied problem in symbolic computation which

they call the ‘full matrix algebra isomorphism’ problem [Rón87, Rón90, BR90, IRS12]. In

the case of finite fields their output is over the base field while in the case of Q the output

is over a small extension of Q. Polynomial time randomized algorithms for block-diagonal

permutation-scaling equivalence testing2 of another important polynomial family, namely the

Nisan-Wigderson polynomial family is given in [GS19].

1.2 Our contributions
Having introduced four major problems in arithmetic circuit complexity, in this section we

motivate and state our contributions towards each of these problems. From here on, we refer

to a linear polynomial as an affine form and a linear polynomial with a zero constant term as

a linear form.

1.2.1 Equivalence test for IMM

Our main result is a polynomial time randomized algorithm for equivalence testing of IMMw,d

(see Section 2.3). Theorem 1.1a gives an algorithm to check whether f is an affine projection

of the polynomial IMMw,d via a full rank transformation (see Definition 2.14). Using known

results on variable reduction and translation equivalence test (see Section 2.7) proving The-

orem 1.1a reduces in randomized polynomial time to giving an equivalence test for IMMw,d

which we state in Theorem 1.1b.

Theorem 1.1a Given blackbox access to an m variate polynomial f ∈ F[x] of degree d ∈ [5,m],
the problem of checking if there exist a w ∈ Nd−1, a B ∈ Fn×m of rank n equal to the number of
variables in IMMw,d, and a b ∈ Fn such that f = IMMw,d(Bx+b) 3, can be solved in randomized
(mβ)O(1) time where β is the bit length of the coefficients of f . Further, with probability at least
1− n−Ω(1), the following is true: the algorithm returns a w ∈ Nd−1, a B ∈ Fn×m of rank n, and
a b ∈ Fn such that f = IMMw,d(Bx + b) if such w, B and b exist, else it outputs ‘no such w, B
and b exist’.

Theorem 1.1b (Equivalence test for IMM) Given blackbox access to a homogeneous n variate
polynomial f ∈ F[x] of degree d ∈ [5, n], where |x| = n, the problem of checking if there exist a

1with the following condition on the characteristic of F: the size n of the matrix and n − 1 does not divide
char(F)

2The transformation matrix A is the product of a block-diagonal permutation matrix and an invertible scaling
matrix.

3A variable set x = {x1, . . . , xm} is treated as a column vector (x1 . . . xm)T in the expression Bx + b. The
affine form entries of the column Bx + b are then plugged in place of the variables of IMMw,d (following a
variable ordering, like the one mentioned in Section 2.3).
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w ∈ Nd−1 and an invertible A ∈ Fn×n such that f = IMMw,d(Ax), can be solved in randomized
(nβ)O(1) time where β is the bit length of the coefficients of f . Further, with probability at least
1 − n−Ω(1) the following holds: the algorithm returns a w ∈ Nd−1, and an invertible A ∈ Fn×n

such that f = IMMw,d(Ax) if such w and A exist, else it outputs ‘no such w and A exist’.

Remarks: The algorithms in Theorems 1.1a and 1.1b work over Q and finite fields of large

enough characteristic, and is obtained by analysing the irreducible invariant subspaces of the

Lie algebra of a polynomial f equivalent to IMMw,d (see Definition 2.17) which are intimately

related to the layer spaces of a full-rank ABP (see Definition 2.5) computing f . Following

are a few additional remarks on Theorem 1.1b. Suppose f = IMMw,d(Ax), where A is an

invertible matrix in Fn×n and w = (w1, w2, . . . , wd−1).

1. Irreducibility of IMMw,d: We can assume without loss of generality that wk > 1 for every

k ∈ [d− 1], implying IMMw,d is an irreducible polynomial. If wk = 1 for some k ∈ [d− 1]

then IMMw,d is reducible, in which case we use the factorization algorithm in [KT90] to

get blackbox access to the irreducible factors of f and then apply Theorem 1.1b to each

of these irreducible factors (Section 4.1.1 has more details on this).

2. Uniqueness of w and A: Assuming wk > 1 for every k ∈ [d− 1], it would follow from the

proof of the theorem that w is unique in the following sense: if f = IMMw′,d(A
′x), where

A′ ∈ Fn×n is invertible, then either w′ = w or w′ = (wd−1, wd−2, . . . , w1). The invertible

transformation A is also unique up to the group of symmetries (see Definition 2.16)

of IMMw,d: if IMMw,d(Ax) = IMMw,d(A
′x) then AA′−1 is in the group of symmetries of

IMMw,d. In Chapter 5, we determine this group and show that IMMw,d is characterized

by it.

3. No knowledge of w: The algorithm does not need prior knowledge of the width vector

w, it only knows the number of variables n and the degree d of f . The algorithm is able

to derive w from blackbox access to f .

4. A related result in [Mur19, Gro12]: Another useful definition of the iterated matrix

multiplication polynomial is the trace of a product of d, w × w symbolic matrices –

let us denote this polynomial by IMM′w,d. Both the variants, IMM′w,d and IMMw,d, are

well-studied in the literature and their circuit complexities are polynomially related.

However, an equivalence test for one does not immediately give an equivalence test for

the other. This is partly because the group of symmetries of IMM′w,d and IMMw,d are not

equal (see Chapter 5 for a comparison).
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Let x1, . . . ,xd be the sets of variables in the d matrices of IMM′w,d respectively. A polyno-

mial f(x1, . . . ,xd) is said to be multilinearly equivalent to IMM′w,d if there are invertible

w × w matrices A1, . . . , Ad such that f = IMM′w,d(A1x1, . . . , Adxd). Grochow [Gro12]

showed the following result: Given the knowledge of the variable sets x1, . . . ,xd, an or-

acle to find roots of univariate polynomials over C and blackbox access to a polynomial

f , there is a randomized algorithm to check whether f is multilinearly equivalent to

IMM′w,d using (wd)O(1) operations over C. Recently, using the techniques from our work,

over Q and finite fields of large enough characteristic, [Mur19] reduced the equivalence

testing of IMM′w,d to the same problem considered by [Gro12] that is multilinear equiv-

alence testing of IMM′w,d. Further using the determinant equivalence testing algorithm

in [GGKS19], [Mur19] is able to solve this over Q and any finite field of large enough

characteristic. Over Q the output matrices are over a degree w extension of Q, and over

finite fields the output matrices are over the base field.

1.2.2 Average-case linear matrix factorization and low width ABP cir-

cuit reconstruction

Choice of Distribution and Problems

We study average-case version of two related problems linear matrix factorization (LMF)

and ABP reconstruction. The average-case LMF problem aids us in making progress on the

average-case ABP reconstruction problem. A matrix is called a linear matrix if all its entries

are affine forms and an ABP of width w and length d can be modelled as a product of lin-

ear matrices X1 · X2 · · ·Xd, where X1, Xd are row and column linear matrices of size w and

X2, . . . , Xd−1 are w×w linear matrices. We denote an ABP of width w and length d computing

an n variate polynomial as a (w, d, n)-ABP. Similarly a (w, d, n)-matrix product is a product of

d, w × w linear matrices with affine forms in n variables as entries. Notice that in the case of

a (w, d, n)-matrix product, X1 and Xd are w × w matrices and not row and column matrices

as in the case of an ABP. A simpler question than reconstruction of ABPs is the LMF problem,

where blackbox access to w2 correlated entries of a (w, d, n)-matrix product F is given as in-

put and the outputs are d′, w × w linear matrices Y1, . . . , Yd′ satisfying F = Y1 · · ·Yd′.

In order to study average-case complexity of these problems, we define a distribution on

polynomials computed by ABPs or matrix products in Definition 1.1. The distributions on

ABPs and matrix products are posed over Fq – a finite field, and it can be defined over Q
by replacing Fq in Definition 1.1 with an appropriate choice of S ⊆ Q. In Definition 1.1, a
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random linear matrix over Fq is a linear matrix, where the coefficients of affine forms are

chosen independently and uniformly at random from Fq.

Definition 1.1 (Random ABP and random matrix product) Given the parameters w, d and
n, a random (w, d, n)-ABP over Fq is a (w, d, n)-ABP X1 · · ·Xd, where X1, . . . , Xd are random
linear matrices over Fq. Similarly a random (w, d, n)-matrix product over Fq is a (w, d, n)-matrix
product X1 · · ·Xd where X1, . . . , Xd are random linear matrices over Fq.

Note that there is a sampling algorithm which when given the parameters w, d, and n outputs

a random (w, d, n)-ABP or a random (w, d, n)-matrix product over Fq, in time (wdn log q)O(1).

Average-case LMF and average-case ABP reconstruction problem can now be posed as follows.

Problem 1.1 (Average-case LMF) Design an algorithm which when given blackbox access to
w2, n variate degree d polynomials {fst}s,t∈[w] that constitute the entries of a random (w, d, n)-
matrix product F over Fq, outputs d, w × w linear matrices Y1, . . . , Yd over Fq (or a small
extension of Fq) such that F = Y1 · Y2 . . . Yd, with high probability. The desired running time of
the algorithm is (wdn log q)O(1).

Problem 1.2 (Average-case ABP reconstruction) Design an algorithm which when given black-
box access to an n variate degree d polynomial f computed by a random (w, d, n)-ABP over Fq,
outputs a (w, d, n)-ABP over Fq (or a small extension of Fq) computing f with high probability.
The desired running time of the algorithm is (wdn log q)O(1).

The probability of an algorithm that solves Problem 1.1 (respectively Problem 1.2) is taken

over the random choice of the input random (w, d, n)-matrix product (respectively random

(w, d, n)-ABP) as well as over the random bits used by the reconstruction algorithm, if it is

randomized.

Our Results

In Theorems 1.2 and 1.3, char(Fq) ≥ (dn)7 and char(Fq) - w (see the first remark after

Theorem 1.2), and L the extension field Fqw . (L can be constructed from a basis of Fq using a

randomized algorithm running in (w log q)O(1) time [vzGG03].) Theorem 1.2 solves Problem

1.1 for n ≥ 2w2.

Theorem 1.2 (Average-case LMF) For n ≥ 2w2, there is a randomized algorithm that takes
as input blackbox access to w2, n variate, degree d polynomials {fst}s,t∈[w] that constitute the
entries of a random (w, d, n)-matrix product F = X1 · X2 · · ·Xd over Fq, and with probability
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1 − (wd)O(1)

q
1 returns w × w linear matrices Y1, Y2, . . . , Yd over L satisfying F =

∏d
i=1 Yi. The

algorithm runs in (dn log q)O(1) time and queries the blackbox at points in Ln.

Remarks:

• The need for going to an extension field is removed owing to a recent result by [GGKS19].

The algorithm in Theorem 1.2 reduces the average-case LMF problem to equivalence

testing for Detw for which we give a (w log q)O(1) time algorithm over Fq, which outputs

a matrix over L. Recently [GGKS19] gave a polynomial time randomized algorithm for

determinant equivalence test over finite fields where the output matrix is over the base

field itself instead of an extension field like in our case. Using the equivalence testing

algorithm of [GGKS19], the algorithm in Theorem 1.2 outputs a matrix product over Fq
and queries the blackbox at points in Fn.

• Average-case LMF over Q: [GGKS19] also gave an algorithm for equivalence testing of

Detw over Q where the output matrix is over a degree w extension of Q. Using the

equivalence testing algorithm of [GGKS19], the algorithm in Theorem 1.2 works over

Q where the output is over a degree w extension of Q.

• The constraint on char(Fq) is a bit arbitrary, the results hold as long as |Fq| and char(Fq)
are sufficiently large polynomial functions in d and n. The requirement of a finite field

Fq and char(Fq) - w is needed in the proof of Theorem 6.1 which gives an equivalence

test for the determinant polynomial over Fq. But owing to a recent result by [GGKS19],

the algorithm in Theorem 1.2 also works over Q. We elaborate on this in the next point.

• Pure matrix product: A (w, d, n)-matrix product X1 · X2 · · ·Xd is pure if it satisfies the

following properties:

1. For every i ∈ [d], Xi is a full-rank linear matrix. A linear matrix is a full-rank

linear matrix if the degree one homogeneous parts of its affine form entries are

Fq-linearly independent. This is a stronger notion than det(Xi) 6= 0 in F(x), where

det(Xi) is the determinant of Xi. In particular it is easy to see that if the affine

forms in Xi are Fq-linearly independent then det(Xi) 6= 0 but vice-versa is not

always true.

2. For every i, j ∈ [d] and i 6= j, det(Xi) and det(Xj) are coprime.

1For q ≥ (dn)7 the probability is 1− 1
(dn)Ω(1) .
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3. For every i, j ∈ [d] and i < j, the w2 polynomial entries of the partial product

Xi+1 · · ·Xj are Fq-linearly independent modulo the affine forms in the first row

and column of Xi
1.

It can be shown (see Claim 6.1 and Claim 6.2) that a random (w, d, n)-matrix product

is a pure matrix product (in short, a pure product) with high probability, for n ≥ 2w2.

Theorem 1.2 actually gives a polynomial time linear matrix factorization algorithm for

a pure product.

• Uniqueness of factorization: The proof of the theorem also shows that linear matrix

factorization of a pure product is unique in the following sense – there are Ci, Di ∈
GL(w,L) such that Yi = Ci ·Xi ·Di, for every i ∈ [d]. Moreover, there are c1, . . . , cd−1 ∈ L×

satisfying C1 = Dd = Iw, Di · Ci+1 = ciIw for i ∈ [d− 1], and
∏d−1

i=1 ci = 1. At a very high

level, it is this uniqueness feature that guides the algorithm in finding a factorization.

Such a factorization need not be unique if only the first two properties are satisfied. For

instance2,[
x1 x2

x3 x4

]
·

[
2x3 − x2 x4

x1 x3

]
=

[
x3 x1

x4 2x3 − x2

]
·

[
x1 x2

x3 x4

]
=

[
2x1x3 x1x4 + x2x3

2x2
3 − x2x3 + x1x4 2x3x4

]
.

Using Theorem 1.2, Theorem 1.3 addresses Problem 1.2 for n ≥ 4w2 and d ≥ 5. The con-

straints on the field in Theorem 1.3 are similar to Theorem 1.2; also see the first two remarks

above.

Theorem 1.3 (Average-case ABP reconstruction) For n ≥ 4w2 and d ≥ 5, there is a ran-
domized algorithm that takes as input blackbox access to an n variate, degree d polynomial
f computed by a random (w, d, n)-ABP over Fq, and with probability 1 − (wd)O(1)

q
3 returns a

(w, d, n)-ABP over L computing f . The algorithm runs in time (dw
3
n log q)O(1) and queries the

blackbox at points in Ln.

Remarks:

1. In Theorem 1.3, the need for going to an extension field arises from the use of the

algorithm in Theorem 1.2. Hence, using the equivalence testing algorithm for Detw by

1The choice of the first row and column are arbitrary. The analysis holds if the entries of Xi+1 · · ·Xj are
Fq-linearly independent modulo the affine forms in some row and column of Xi.

2We thank Rohit Gurjar for showing us a similar example, but with non-coprime determinants.
3For q ≥ (dn)7 the probability is 1− 1

(dn)Ω(1) .
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[GGKS19], the algorithm in Theorem 1.3 outputs a (w, d, n)-ABP over Fq computing f ,

and queries the blackbox at points in Fnq (see the first remark after Theorem 1.2).

2. Comparison to Theorem 1.1a: If n ≥ w2d then with high probability a polynomial com-

puted by a random (w, d, n)-ABP is an affine projection of IMMw,d via a full-rank trans-

formation. Hence, the algorithm in Theorem 1.1a also gives an efficient average-case

reconstruction algorithm for ABPs when w ≤
√

n
d
. Observe that, under this width con-

straint, the size s ≈ wd of an ABP is upper bounded by max(n, d). Whereas, in Theorem

1.3 we give a reconstruction algorithm for w ≤
√
n/2 (independent of d), and hence the

size of the ABPs in this case can be s = Θ(
√
nd). To highlight this improvement, if we set

d = Θ(n) (as in several lower bound results [Kum17, KST16a, SW01, NW97]) then the

width constraint in Theorem 1.1a reduces to w = O(1) and size becomes Θ(n), whereas

the size of the ABPs (width up to
√
n

2
) in Theorem 1.3 is Θ(n1.5) which is significantly

closer to the best known Ω(n2) lower bound for homogeneous ABPs. Also, it is because

of the independence of d on the width constraint that we could infer that the same time

complexity for worst-case reconstruction of constant width homogeneous ABP would

imply a super-polynomial formula lower bound. This is because the process of homog-

enizing a non-homogeneous ABP to a homogeneous ABP (described in Section 6.1.1.2)

bloats up the degree d. These factors underscore the importance of getting rid of the

dependence on d from the width constraint. On the flip side though, the algorithm in

Theorem 1.1a works even when the widths of the intermediate matrices in the ABP

vary and runs in time (wdn log q)O(1), whereas the algorithm in this work cannot handle

varying width ABP and has time complexity (dw
3
n log q)O(1).

3. Comparison to brute force algorithm: A brute-force algorithm to reconstruct a (w, d, n)-

ABP over Fq takes time qΘ(w2dn). The algorithm in Theorem 1.3 takes time sub-exponential

in the quantity w2dn when w ≤
√
n

2
. Note that we can interpolate a polynomial com-

puted by a (w, d, n)-ABP over Fq in (dn log q)O(1) time, but knowing the coefficients of

the polynomial does not give us any immediate information about the (w, d, n)-ABP that

computes it – this point is related to the hardness of the MCSP problem and reconstruc-

tion under dense representation of the input polynomial mentioned before. Hence,

if we want a (w, d, n)-ABP representation for the input polynomial over Fq then even

a (dn log q)O(1) time reconstruction algorithm is non-trivial as dn is sub-exponential in

w2dn for any d = nΩ(1). The complexity of our algorithm is (dw
3
n log q)O(1) which is also

sub-exponential in w2dn for w ≤
√
n/2. For instance, if m = w2dn, w =

√
n/2 and

d = Θ(n) then the trivial complexity is exp(m) and our algorithm’s time complexity is
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exp(
√
m).

4. Increase in time-complexity from LMF to ABP reconstruction: There is one step in the

algorithm that finds the affine forms in X1 and Xd by solving systems of polynomial

equations over Fq, and this takes dO(w3) field operations. Except this step, every other

step runs in (dn log q)O(1) time. If the complexity of this step is improved then the overall

time complexity of the algorithm will also come down.

5. Not pseudorandom: Consider a formal (w, d, n)-ABP where the coefficients of the affine

forms are distinct y-variables, and let h(x,y) be the polynomial computed by this ABP.

Here, m def
= |y| = (n+ 1) · (w2(d− 2) + 2w). If w = O(

√
n), the family H = {h(x,b) : b ∈

Fmq } is not pseudorandom under the distribution defined by b ∈r Fm. That is there is a

polynomial time randomized algorithm that takes as input the
(
n+d
d

)
coefficients of an n

variate, degree d polynomial f such that either f is sampled from H by piciking a b ∈r
Fmq or f is a random n variate, degree d polynomial1 and with high probability does the

following: outputs 1 if the input polynomial f ∈ H and 0 otherwise. The randomized

algorithm (Theorem 2.6 and 3.9 in [HW99]) checks if the variety of f denoted as V(f) 2

has a large subspace in (dw
2
n log q)O(1) time – if f is sampled from H then the w affine

forms inX1 are linearly independent with high probability and the variety of f = h(x,b)

has a subspace of dimension n−w over Fq whereas the variety of a random polynomial

with high probability does not have such a subspace of dimension n−w over Fq. Observe

that (dw
2
n log q)O(1) = dO(n) for w = O(

√
n), and so the algorithm takes time polynomial

in the number of monomials in f to distinguish it from a random n variate, degree d

polynomial thereby implying that H is not a pseudorandom family. However, a family

not being pseudorandom under a distribution does not say much a priori about average-

case reconstruction under the same distribution for the family. The latter is presumably

a much harder problem for arbitrary non-pseudorandom polynomial families.

6. Non-degenerate ABP: Similar to pure product, we can state a set of non-degeneracy con-

ditions such that the algorithm in Theorem 1.3 (with a slight modification) solves the

reconstruction problem for ABPs satisfying these conditions. These non-degeneracy con-

ditions are stated in Section 6.4.3, and the proof of Theorem 1.3 shows that a random

(w, d, n)-ABP satisfies them with high probability, for n ≥ 4w2 and d ≥ 5.
1The

(
n+d
d

)
coefficients of a random n variate, degree d polynomial are chosen independently and uniformly

at random from Fq.
2The variety of an n variate polynomial f(x) is defined as, V(f)

def
= {a ∈ Fn

q | f(a) = 0}.
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1.2.3 Lower bounds for IMM

Separation between multilinear depth three circuits and ROABPs

Our main result is an exponential lower bound on the size of multilinear depth three formulas

computing IMMw,d.

Theorem 1.4 Any multilinear depth three circuit (over any field) computing IMMw,d has top
fan-in wΩ(d) for w ≥ 6.

Theorem 1.4 is proved by introducing a novel variant of the partial derivatives measure

called skewed partial derivatives (see Definition 2.13) that is inspired by [Nis91, Raz09] and

[NW97]. Theorem 1.4 also implies a lower bound for determinant, see Corollary 7.1. As

a consequence of the proof of Theorem 1.4 we also get an exponential separation between

multilinear depth three and multilinear depth four circuits.

Theorem 1.5 There is an explicit family of O(w2d)-variate polynomials of degree d, {fd}d≥1,
such that fd is computable by a O(w2d)-sized multilinear depth four circuit with top fan-in one
(i.e. a ΠΣΠ circuit) and every multilinear depth three circuit computing fd has top fan-in wΩ(d)

for w ≥ 11.

In our Masters thesis and also as part of [KNS16] we proved an exponential size lower bound

on ROABPs computing a polynomial that is computed by a small multilinear depth three

circuit. We state this result in Theorem 1.6 but do not include its proof in this thesis. In

Theorem 1.6, P denotes the set of primes.

Theorem 1.6 There is an explicit family of 3n-variate polynomials {fn}n∈P over any field F such
that the following holds: fn is computable by a multilinear depth three circuit C over F with top
fan-in two and any ROABP over F computing fn has width 2Ω(n).

The explicit polynomial in Theorem 1.6 is constructed from expander graphs, and its ex-

pansion property is used to show that the evaluation dimension (see Definition 2.12) of this

polynomial with respect to any subset of size n
10

is at least 2Ω(n). Whereas for every ROABP

there is a set S of size n
10

such that the evaluation dimension of the polynomial computed by

the ROABP is at most its width. Since IMMw,d can be computed by a (wd)O(1) size ROABP, The-

orems 1.4 and 1.6 together imply a complete separation between polynomial size multilinear

depth three circuits and ROABPs.
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Lower bounds on interval set-multilinear formula

Another interesting restriction in arithmetic circuit computation is non-commutativity. The

variables do not commute under multiplication in a non-commutative polynomial, for exam-

ple x1x2 and x2x1 are distinct non-commutative monomials. [Nis91] used the rank of the

partial derivative matrix to prove exponential size lower bound on non-commutative ABPs

computing a polynomial computed by linear size non-commutative circuits. The result by

[Nis91] shows an exponential separation between circuits and ABPs in the non-commutative

setting. We focus on separating the computational powers of ABPs and homogeneous for-

mulas for non-commutative computation, which is an important open problem. It turns

out that to show a separation between homogeneous non-commutative formulas and non-

commutative ABPs it suffices to prove a super-polynomial lower bound on the size of a more

restricted multilinear formula computing IMMw,d (see Section 7.3.1). We call them interval

set-multilinear formulas and they are defined as follows.

Definition 1.2 (Interval set-multilinear formula) An interval set-multilinear formula φ in
variables x = ]i∈[d]xi computes a set-multilinear polynomial in variable sets x1, . . . ,xd

1. A
node v in φ is associated with an interval I ⊆ [d] such that v computes a set-multilinear polyno-
mial in the variable sets {xi, i ∈ I}. Let I = {i1, i2} where 1 ≤ i1 ≤ i2 ≤ d. If v is product node
with children v1 and v2 then there is an i3 ∈ [i1, i2 − 1] such that the intervals associated with
v1 and v2 are [i1, i3] and [i3 + 1, i2] respectively. If v is an addition node with children v1 and v2

then the same interval I as its parent is associated with v1 and v2.

Note that in the above definition we have assumed the fan-in of the gates is equal to two.

This is without loss of generality and the model can be defined appropriately for arbitrary

arity, but for our results we will stick to fan-in two. An example of an interval set-multilinear

formula is the multilinear formula of size wO(log d) computing IMMw,d obtained via the divide

and conquer approach. We consider a natural restriction of interval set-multilinear formulas

as defined below. In Definition 1.3, if I = [i1, i2], where 1 ≤ i1 ≤ i2 ≤ d, then |I| = i2 − i1 + 1.

Definition 1.3 (α-balanced interval set-multilinear formula) Let α ∈ (0, 1
2
). Then an α-

balanced interval set-multilinear formula satisfies the following: if I is the interval associated
with the product gate v and I1, I2 are the intervals associated with the children of v then the
lengths of I1 and I2 (denoted |I1| and |I2| respectively) are at least

⌈
α|I|

⌉
.

We prove the following size lower bound on α-balanced interval set-multilinear formulas

computing IMMw,d.
1Each monomial in a set-multilinear polynomial in variable sets x1, . . . ,xd has exactly one variable from

every set xi, i ∈ [d].
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Theorem 1.7 The size of any α-balanced interval set-multilinear formula computing IMMw,d is

w
Ω( log d

log 1
α

)
.

Observe that the lower bound in Theorem 1.7 is super-polynomial for α = d−
1

ω(1) , and α < 1
2
.

1.2.4 PIT for superposition of set-multilinear depth three circuits

The work stated in this section is in our masters thesis and is also part of [KNS16], and

we do not include the proof of Theorem 1.8 (stated below) in this thesis. With a view to

making progress on PIT for multilinear depth three circuits we proposed an intermediate

model between set-multilinear depth three and multilinear depth three circuits.

Definition 1.4 (Superposition of set-multilinear depth three circuits) A multilinear depth
three circuit C over a field F is a superposition of t set-multilinear depth three circuits over
variables x = ]ti=1yi, if for every i ∈ [t], C is a set-multilinear depth three circuit in yi variables
over the field F(x \ yi). The sets y1, ...,yt are called the base sets of C.

In Theorem 1.6 we show that the hard polynomial family {fn}n∈N is computed by a multilin-

ear depth three circuit C over F with top fan-in two and simultaneously C is also a super-

position of three set-multilinear depth three circuits. Additionally as part of Theorem 1.6 in

[KNS16] we also show that there is an explicit family of 3n variate polynomials {gn}n∈P over

any field F such that gn is computable by a multilinear depth three circuit C over F with top

fan-in three and simultaneously C is also a superposition of two set-multilinear depth three

circuits whereas any ROABP over F computing gn has width 2Ω(n).

The hard polynomial families in Theorem 1.6 are efficiently computed by a special type

of multilinear depth three circuits - they are both superpositions of constantly many set-

multilinear depth three circuits and simultaneously a sum of constantly many set-multilinear

depth three circuits. Here is an example of a circuit from this class.

C(x,y) = (1 + 3x1 + 5y2)(4 + x2 + y1) + (9 + 6x1 + 4y2)(3 + 2x2 + 5y1)

+(6 + 9x1 + 4y1)(2 + 5x2 + 3y2) + (3 + 6x1 + 9y1)(5 + 8x2 + 2y2).

C(x,y) is a superposition of two set-multilinear depth three circuits with base sets x = {x1}∪
{x2} and y = {y1} ∪ {y2}. But C(x,y) is also a sum of two set-multilinear depth three

circuits with {x1, y2}, {x2, y1} being the partition in the first set-multilinear depth three circuit

(corresponding to the first two products) and {x1, y1}, {x2, y2} the partition in the second set-

multilinear depth three circuit (corresponding to the last two products). For such a subclass of
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multilinear depth three circuits, in our MSc.(Engineering) thesis we gave a quasi-polynomial

time algorithm for blackbox PIT.

Theorem 1.8 Let Cn,m,l,s be a subset of multilinear depth three circuits computing n variate
polynomials such that every circuit in Cn,m,l,s is a superposition of at most m set-multilinear
depth three circuits and simultaneously a sum of at most l set-multilinear depth three circuits,
and has top fan-in bounded by s. Then there is a blackbox PIT algorithm for Cn,m,l,s running in
(ns)O(lm log s) time.

When m and l are bounded by (log ns)O(1), we get a quasi-polynomial time algorithm for

blackbox PIT. The algorithm in Theorem 1.8 is obtained by extending the shift and rank

concentration technique of [ASS13].

1.3 Organization
In Chapter 2, we formally define the different arithmetic circuit models considered in this

work, then introduce some basic concepts like affine projections of a polynomial, the group

of symmetries of a polynomial and its associated Lie algebra, and finally present some known

algorithmic results like computing the derivatives of a polynomial, translation equivalence

test, variable reduction etc. In Chapter 3, we analyse the structures of the Lie algebra of

IMM and determinant polynomials. The structure of the Lie algebra of the determinant is

well-know and we present a proof for completeness. Understanding the structure of the Lie

algebra of these polynomials help us in designing an equivalence testing algorithm for them.

In Chapter 4, we present our equivalence testing algorithm for the IMM polynomial and prove

Theorems 1.1a and 1.1b. The algorithm for equivalence testing of IMM also helps us to show

that IMM is characterized by its group of symmetries, which we present in Chapter 5. In

Chapter 6, we present our algorithms for average-case LMF and average-case ABP recon-

struction and prove Theorems 1.2 and 1.3. In Chapter 7, we present our size lower bounds

on multilinear depth three and α-balanced interval set-multilinear formulas computing IMM,

and prove Theorems 1.4 and 1.7. The contents of Section 3.1 and Chapters 4 and 5 are from

[KNST19] which is a joint work with Neeraj Kayal, Chandan Saha, and Sébastien Tavenas.

The contents of Chapter 6 are from [KNS19] which is a joint work with Neeraj Kayal, and

Chandan Saha. The contents of Section 7.2 are from [KNS16] which is a joint work with

Neeraj Kayal, and Chandan Saha.
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Chapter 2

Preliminaries

In this chapter we introduce a few notations and present some well-known preliminary

results which would aid us in later chapters.

Natural numbers are denoted by N = {1, 2, . . . }. Similarly Q,R,C denote the rational num-

bers, real numbers and complex numbers respectively. The group of invertible n×n matrices

over a field F is denoted as GL(n,F). Similarly the group of matrices with determinant one

over a field F is denoted as SL(n,F). If F is clear from the context then we omit F and write

GL(n) or SL(n). We use ] to denote the disjoint union of sets.

2.1 Algebraic circuit models
Arithmetic circuits and formulas: Arithmetic circuits also called straight line programs is a

natural model to compute polynomials and is defined as follows.

Definition 2.1 (Arithmetic circuit) An arithmetic circuit ϕ over x variables and field F is a
directed acyclic graph, where the nodes having in-degree 0 are called leaf nodes, the nodes having
out-degree 0 are called output nodes, and the remaining nodes are called internal nodes. Further,
suppose u, v are nodes in ϕ such that there is an edge from u to v. Then u is called the child of
v, alternatively v is called the parent of u. The leaf nodes of ϕ are labelled by an x variable or
by an element in F, and every other node is either labelled by a ‘+’ or ‘×’. The edges of ϕ are
labelled by elements in F. A node v in ϕ computes a polynomial ϕv as follows: if v is a leaf node
labelled by x ∈ x (respectively by α ∈ F) then ϕv = x (respectively ϕv = α), if v is labelled by
‘×’ with children v1, v2, . . . , vk and the edge from vi to v is labelled by αi for all i ∈ [k], then
ϕv =

∏k
i=1 αifvi and similarly if v is labelled by ‘+’ with children v1, v2, . . . , vk and the edge from

vi to v is labelled by αi for all i ∈ [k], then ϕv =
∑k

i=1 αifvi. The polynomials computed by ϕ are
the polynomials computed by the output nodes of ϕ.
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In Definition 2.1, we have defined an arithmetic circuit that computes computes multiple

polynomials, but usually in literature an arithmetic circuit has only a single output node.

The size of an arithmetic circuit is equal to the number of nodes in it and the depth of an

arithmetic circuit is equal to the length of the longest path from a leaf node to an output

node. At times the size of an arithmetic circuit is taken as the number of nodes and edges

in the corresponding graph. As the number of nodes and edges in a graph are polynomially

related, so are these two different notions of sizes. Next we define arithmetic formulas.

Definition 2.2 (Arithmetic formula) An arithmetic formula is an arithmetic circuit with the
out-degree of every node being one.

Alternatively an arithmetic formula is an arithmetic circuit whose underlying directed graph

is a tree.

Multilinear formulas: A polynomial f is a multilinear if the degree of every variable in it is

at most one. Important polynomials like the determinant, permanent and the iterated matrix

multiplication (IMM) polynomials are multilinear. Further, a degree d polynomial f is a set-
multilinear polynomial in variable sets x1, . . . ,xd if every monomial in it has one variable

from each xi, i ∈ [d]. Polynomials like determinant, permanent and IMM are set-multilinear.

In case of determinant and permanent the variable sets correspond to variables in a single

column/row. For the IMM the variable sets correspond to variables in each matrix (see Section

2.3). An arithmetic circuit/formula is multilinear if every node in it computes a multilinear

polynomial. In Chapter 7 we prove an exponential separation between multilinear depth four

and depth three circuits which are defined as follows.

Definition 2.3 (Multilinear depth four and depth three circuits) A circuit C =
∑s

i=1

∏di
j=1

Qij(xij) is a multilinear depth four (ΣΠΣΠ) circuit in x variables over a field F, if x = ]dij=1xij

for all i ∈ [s], and Qij ∈ F[xij] is a multilinear polynomial for every i ∈ [s] and j ∈ [di]. If Qij ’s
are linear polynomials then C is a multilinear depth three (ΣΠΣ) circuit. The parameter s is the
top fan-in of C.

Algebraic branching program: In Chapter 6 we study average-case reconstruction of ABP

which is a well-studied model to compute polynomials in arithmetic circuit complexity and is

at least as powerful as arithmetic formulas. In Definition 2.4 and from thereon, a matrix is

called a linear matrix, if all its entries are affine forms in x variables.

Definition 2.4 (Algebraic branching program) An algebraic branching program (ABP) of
width w, and length d over a field F is a product of d linear matrices X1 · X2 . . . Xd, where
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X1, Xd are row and column vectors of length w respectively, and for k ∈ [2, d − 1], Xk is a
w × w matrix. The entries in X1 to Xd are affine forms in the variables x = {x1, x2, . . . , xm}.
The polynomial computed by the ABP is the entry of the 1× 1 matrix obtained from the product∏d

k=1 Xk. An ABP of width w, length d computing an n variate polynomial will be denoted as a
(w, d, n)-ABP.

Remarks:

1. Alternate definition: A more general way to define an ABP is to consider matrices of

varying dimension, that is the i-th matrix has dimension wi × wi+1, and w1 = wd+1 = 1.

Size of such an ABP is equal to
∑d+1

i=1 wi and the width of the ABP is equal to w =

(w2, . . . , wd). Alternatively, an ABP is also defined as a layered directed acyclic graph

with a source s and a sink t. A length d ABP has d + 1 layers with wi nodes in the

i-th layer for i ∈ [d + 1]. The first and the last layers contain one vertex each that is

w1 = wd+1 = 1 and these vertices are labelled s and t respectively. There is an edge

from every vertex in layer i to every vertex in layer i+ 1, for all i ∈ [d], and these edges

between adjacent layers are labelled by affine forms in x variables. The weight of a path

from s to t is the product of the edge labels in the path, and the polynomial computed

by the ABP is the sum of the weights of all paths from s to t. In this case the size of the

ABP is the number of nodes in the graph. It is easy to verify that the two definitions of

ABP are equivalent. We use either of these definitions in our arguments later based on

suitability.

2. Linear matrix product: The product of d, w×w linear matrices X1 ·X2 · · ·Xd with affine

form entries in n variables is called a (w, d, n)-matrix product. We note that in the matrix

product formulation X1, Xd are w × w linear matrices, while in the ABP formulation

X1, Xd are row and column linear matrices of length w respectively.

The concept of a full-rank ABP and the layer spaces of an ABP would be useful to us in

Chapter 4.

Definition 2.5 (Full-rank ABP) A (w, d, n)-ABP over F is a full rank ABP if the w2(d− 2) + 2w

affine forms labelling the edges of the ABP are F-linearly independent.

By identifying a linear form
∑n

i=1 aixi with the vector (a1, . . . , an) ∈ Fn (and vice versa), we

can associate the following vector spaces with an ABP.
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Definition 2.6 (Layer spaces of an ABP) Let X1 ·X2 . . . Xd be a (w, d, n)-ABP over F. Let Xi be
the vector space in Fn spanned by the homogeneous degree 1 parts of the affine forms1 in Xi for
i ∈ [d]; the spaces X1,X2, . . . ,Xd are called the layer spaces of the (w, d, n)-ABP X1 ·X2 . . . Xd.

2.2 Linear algebra
We define some basic concepts from linear algebra with the objective of introducing the

corresponding notations. In the definitions below, the vector spaces are over the field F.

Definition 2.7 (Direct sum) Let U,W be subspaces of a vector space V. Then V is said to be the
direct sum of U and W denoted V = U⊕W, if V = U + W and U ∩W = {0}.

For U,W subspaces of a vector space V, V = U⊕W if and only if for every v ∈ V there exist

unique u ∈ U and w ∈W such that v = u + w. Hence, dim(V) = dim(U) + dim(W).

Definition 2.8 (Null space) Null space N of a matrix M ∈ Fn×n is the space of all vectors
v ∈ Fn, such that Mv = 0.

Definition 2.9 (Coordinate subspace) Let ei = (0, . . . , 1, . . . , 0) be the unit vector in Fn with
1 at the i-th position and all other coordinates zero. A coordinate subspace of Fn is a space
spanned by a subset of the n unit vectors {e1, e2, . . . , en}.

Definition 2.10 (Invariant subspace) Let M1,M2, . . . ,Mk ∈ Fn×n. A subspace U ⊆ Fn is
called an invariant subspace of {M1,M2, . . . ,Mk} if Mi U ⊆ U for every i ∈ [k]. A non-zero
invariant subspace U is irreducible if there are no invariant subspaces U1 and U2 such that
U = U1 ⊕ U2, where U1 and U2 are properly contained in U.

The following observation is immediate.

Observation 2.1 If U is an invariant subspace of {M1,M2, . . . ,Mk} then for every M ∈ L
def
=

spanF{M1, M2, . . . ,Mk}, M U ⊆ U. Hence we say U is an invariant subspace of L, a space
generated by matrices.

Definition 2.11 (Closure of a vector) The closure of a vector v ∈ Fn under the action of a
space L spanned by a set of n× n matrices is the smallest invariant subspace of L containing v.

Here, ‘smallest’ is with regard to dimension of invariant subspaces. Since intersection of two

invariant subspaces is also an invariant subspace of L, the smallest invariant subspace of

L containing v is unique and is contained in every invariant subspace of L containing v.

Algorithm 6 in Section 4.3.2 computes the closure of a given vector v under the action of L

whose basis is given.
1Identify linear forms with vectors in Fn as mentioned above.
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Figure 2.1: Naming of variables in IMMw,d

2.3 Iterated matrix multiplication polynomial

Let w = (w1, w2, . . . , wd−1) ⊆ Nd−1. Suppose Q1 = (x
(1)
1 x

(1)
2 . . . x

(1)
w1 ), QT

d = (x
(d)
1 x

(d)
2 . . . x

(d)
wd−1)

be row vectors, and for k ∈ [2, d − 1], Qk = (x
(k)
ij )i∈[wk−1],j∈[wk] be a wk−1 × wk matrix, where

for i ∈ [w1] x
(1)
i , for i ∈ [wd−1] x

(d)
i and for i ∈ [wk−1], j ∈ [wk] x

(k)
ij are distinct variables. The

iterated matrix multiplication polynomial IMMw,d is the entry of the 1 × 1 matrix obtained

from the product
∏d

i=1Qi. When d and w are clear from the context, we drop the subscripts

and simply represent it by IMM. For all k ∈ [d], we denote the set of variables in Qk as xk;

Figure 2.1 depicts an ABP computing IMMw,d when the width is uniform, that is w1 = w2 =

· · · = wd−1. If the width of the matrices are uniform and are equal to w then we denote the

polynomial as IMMw,d.

Ordering of variables in IMMw,d: We will assume that the variables x1 ] x2 ] · · · ] xd are

ordered as follows: For i < j, the xi variables have precedence over the xj variables. Among

the xl variables, we follow column-major ordering, i.e x(l)
11 � · · · � x

(l)
wl−11 � · · · � x

(l)
1wl
� · · · �

x
(l)
wl−1wl. We would also refer to the variables of IMM as x = {x1, x2, . . . , xn} where xi is the

i-th variable according to this ordering, and n = w1 +
∑d−1

k=2wk−1wk +wd−1 is the total number

of variables in IMMw,d.

2.4 Complexity measures
A lower bound proof on a circuit model is usually proved via a complexity measure which is

a map from F[x] to N. The measure is defined such that it exploits the weakness of the circuit

model and it is additionally beneficial if the map is linear. We have used two complexity

measures, namely evaluation dimension and a novel variant of the dimension of the space of

partial derivatives we call skewed partial derivatives.
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Evaluation dimension: This measure first defined in [FS13]1 is nearly equivalent variant

of another measure, the rank of the partial derivative matrix, first defined in [Nis91] to prove

lower bounds for non-commutative models. Rank of the partial derivatives matrix measure

was also used in [Raz09, Raz06, RY08, RY09, DMPY12] to prove lower bounds and separa-

tions for several multilinear models. These two measures are identical over fields of charac-

teristic zero (or sufficiently large).

Definition 2.12 (Evaluation Dimension) The evaluation dimension of a polynomial g ∈ F[x]

with respect to a set S ⊆ x, denoted as EvaldimS(g), is defined as

dim(spanF{g(x)|∀xj∈S xj=αj : ∀xj ∈ S αj ∈ F}).

Skewed partial derivatives: The partial derivatives measure was introduced in [NW97].

The following is a simple variant of this measure that is also inspired by the measure used in

[Nis91, Raz09].

Definition 2.13 (Skewed partial derivatives) Let f ∈ F[x,y], where x and y are disjoint sets
of variables, and Yk be the set of all monomials in y variables of degree k ∈ N. Define the
measure PDYk(f) as

dim

(
spanF

{[
∂f(x,y)

∂m

]
∀y∈y y=0

: m ∈ Yk

})
.

To prove a lower bound on the size of multilinear depth three formulas computing IMM

(Theorem 1.4) we consider a polynomial f(x,y) which is a projection of IMM, that is f is

obtained from IMM by mapping the variables in IMM to either a variable in f or a field

element. Since the projection preserves the multilinearity of the formula, a lower bound for

f(x,y) implies the same lower bound for IMM. The polynomial f(x,y) is such that there

is a significant difference (or skew) between the number of x and y variables – it is this

imbalance that plays a crucial role in the proof. Both the above measures obey the property

of sub-additivity.

Lemma 2.1 (Sub-additivity) 1. Let g1, g2 ∈ F[x] and S ⊆ x, then EvaldimS(g1 + g2) ≤
EvaldimS(g1) + EvaldimS(g2).

2. Let f1, f2 ∈ F[x,y], then PDYk(f1 + f2) ≤ PDYk(f1) + PDYk(f2).

1They attributed the notion to Ramprasad Saptharishi.
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Proof: For i ∈ {1, 2}, let

Vi = spanF{gi(x)|∀xj∈S xj=αj : ∀xj ∈ S αj ∈ F} and

W = spanF{(g1 + g2)(x)|∀xj∈S xj=αj : ∀xj ∈ S αj ∈ F}.

Every polynomial in W belongs to V1 + V2, where V1 + V2 = {f1 + f2|f1 ∈ V1, f2 ∈ V2}.
Hence, EvaldimS(g1 + g2) = dim(W) ≤ dim(V1 + V2) ≤ dim(V1) + dim(V2) = EvaldimS(g1) +

EvaldimS(g2).

Proving part two is similar to part one. For i ∈ {1, 2} let

Ai = spanF

{[
∂fi(x,y)

∂m

]
∀y∈y y=0

: m ∈ Yk

}
and

B = spanF

{[
∂(f1 + f2)(x,y)

∂m

]
∀y∈y y=0

: m ∈ Yk

}

Again observing B is a subspace of A1 +A2, where A1 +A2 = {g1 + g2|g1 ∈ A1, g2 ∈ A2}, part

two follows.

2.5 Affine and p-projections
Affine projection: Studying polynomials by applying linear transformations (from suitable

matrix groups) on the variables is at the heart of invariant theory.

Definition 2.14 (Affine projection) An m variate polynomial f is an affine projection of a n
variate polynomial g, if there exists a matrix A ∈ Fn×m and a b ∈ Fn such that f(x) = g(Ax+b).

In [Kay12a], it was shown that given an m variate polynomial f and an n variate polynomial

g, checking whether f is an affine projection of g is NP-hard, even if f and g are given in the

dense representation (that is as list of coefficients of the monomials). In the above definition,

we say f is an affine projection of g via a full rank transformation, if m ≥ n and A has rank

n. In the affine projection via full rank transformation problem, we are given an m variate

polynomial f and an n variate polynomial g in some suitable representation, and we need

to determine if f is an affine projection of g via a full rank transformation. [Kay11, Kay12a,

GGKS19] studied the affine projection via full rank transformation problem for g coming from

fixed families and gave polynomial time randomized algorithms to check whether a degree

d polynomial f given as blackbox is an affine projection of g via a full rank transformation,

when g is the elementary symmetric polynomial/permanent/determinant/power symmetric
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polynomial or sum-of-products polynomial. In Chapter 4, we present our algorithm which

checks whether a degree d polynomial given as blackbox is an affine projection of IMMw,d via

a full-rank transformation (see Theorem 1.1a).

p-projections: In arithmetic circuit complexity the notion of reductions is captured by the

concept of p-projections.

Definition 2.15 (p-projections) A polynomial family {fm}m∈N is a p-projection of a polyno-
mial family {gn}n∈N if there is a polynomial function t : N→ N such that for every m ∈ N there
is an n ≤ t(m) such that fm is an affine projection of gn.

If an m variate polynomial f is an affine projection of an n variate polynomial g such that,

n = mO(1) and g is computed by a size s arithmetic circuit (respectively ABP or formula),

then f is computed by an arithmetic circuit (respectively ABP or formula) of size sO(1). Thus

if {fm}m∈N is a p-projection of {gn}n∈N and {gn}n∈N belongs to VP (respectively VBP or VF)

then {fm}m∈N belongs to VP (respectively VBP or VF),

2.6 Group of symmetries and Lie algebra
Definition 2.16 (Group of symmetries) The group of symmetries of a polynomial g ∈ F[x] in
n variables, denoted as Gg, is the set of all A ∈ GL(n) such that g(Ax) = g(x).

The equivalence testing algorithm for the determinant polynomial in Theorem 6.1 uses the

knowledge of the group of symmetries and its associated Lie algebra (see Definition 2.17

below). Let Detn denote the determinant of X = (xij)i,j∈[n], where x = {xij}i,j∈[n], and let

A(X) denote the n× n linear matrix obtained by applying a transformation A ∈ Fn2×n2 on x.

Then Theorem 2.1, which states the group of symmetries of Detn is well-known (for a proof

see [MM59]). Also see the references after Theorem 43 in [Kay12a] for more on GDetn.

Theorem 2.1 An A ∈ GL(n2,F) is in GDetn if and only if there are two matrices S, T ∈ SL(n,F)

such that either A(X) = S ·X · T or A(X) = S ·XT · T .

To design an equivalence test algorithm for IMMw,d (Theorem 1.1b) and Detn we use the

structures of the Lie algebras associated with their group of symmetries. We will abuse termi-

nology slightly and say the Lie algebra of a polynomial to mean the Lie algebra of the group of

symmetries of the polynomial. We will work with the following definition of the Lie algebra

of a polynomial (see [Kay12a]).

Definition 2.17 (Lie algebra of a polynomial) The Lie algebra of a polynomial f ∈ F[x1,

x2, . . . , xn] denoted as gf is the set of all n × n matrices E = (eij)i,j∈[n] in Fn×n such that∑
i,j∈[n] eijxj ·

∂f
∂xi

= 0.
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Remark: Observe that gf is a subspace of Fn×n. It can also be shown that the space gf satisfies

the Lie bracket property: For any E1, E2 ∈ gf , [E1, E2]
def
= E1E2−E2E1 is also in gf . We analyse

the structure of the Lie algebra of the group of symmetries of IMMw,d in Section 3.1. The Lie

algebra of Detn (Lemma 3.7) on the other hand is well-known but we prove it in Section 3.2.

The following fact is well-known. We provide a proof for completeness.

Claim 2.1 If f(x) = g(Ax), where f and g are both n variate polynomials and A ∈ GL(n), then
the Lie algebra of f is a conjugate of the Lie algebra of g via A, i.e. gf = {A−1EA : E ∈ gg} =:

A−1ggA.

Proof: Let Q = (qi,j)i,j∈[n] ∈ gf . Hence,

∑
i,j∈[n]

qijxj ·
∂f

∂xi
= 0 ⇒

∑
i,j∈[n]

qijxj ·
∂g(Ax)

∂xi
= 0 . (2.1)

Let A = (aki)k,i∈[n]. Using chain rule of derivatives,

∂g(Ax)

∂xi
=
∑
k∈[n]

∂g

∂xk
(Ax) · aki .

Let A−1 = (bjl)j,l∈[n] and (Ax)l be the l-th entry of Ax. Then xj =
∑

l∈[n] bjl(Ax)l. From

Equation (2.1),

∑
i,j∈[n]

qij ·

∑
l∈[n]

bjl(Ax)l

 ·
∑
k∈[n]

∂g

∂xk
(Ax) · aki

 = 0 ,

⇒
∑
k,l∈[n]

(Ax)l ·
∂g

∂xk
(Ax) ·

∑
i,j∈[n]

akiqijbjl

 = 0 ,

⇒
∑
k,l∈[n]

xl ·
∂g

∂xk
·

∑
i,j∈[n]

akiqijbjl

 = 0 (Substituting x by A−1x).

Observe that
∑

i,j∈[n] akiqijbjl is the (k, l)-th entry of AQA−1. Hence, AQA−1 ∈ gg implying

gf ⊆ A−1ggA. Similarly, gg ⊆ AgfA
−1 as g = f(A−1x), implying gf = A−1ggA.

The following observation relates the invariant subspaces of the Lie algebras of two equiva-

lent polynomials.

38



Observation 2.2 Suppose f(x) = g(Ax), where x = {x1, x2, . . . , xn} and A ∈ GL(n). Then
U ∈ Fn is an invariant subspace of gg if and only if A−1U is an invariant subspace of gf .

Proof: U is an invariant subspace of gg implies, for all E ∈ gg, E U ⊆ U. Consider E ′ ∈ gf ,

using Claim 2.1 we know there exists E ∈ gg such that AE ′A−1 = E. Since U is an invariant

subspace of AE ′A−1, A−1U is an invariant subspace of E ′. The proof of the other direction is

similar.

2.7 Algorithmic preliminaries
We record some of the basic algorithmic tasks on polynomials that can be performed effi-

ciently and which we require at different places in our algorithms and proofs.

1. Computing homogeneous components of f : The i-th homogeneous component (or the

homogeneous degree i part) of a degree d polynomial f , denoted as f [i] is the sum of the

degree i monomials with coefficients as in f . Clearly, f = f [d] + f [d−1] + · · · + f [0]. Given an

n variate, degree d polynomial f as a blackbox, there is an efficient algorithm to compute

blackboxes for the d homogeneous components of f . The idea is to multiply each variable by

a new formal variable t, and then interpolate the coefficients of t0, t1, . . . , td; the coefficient of

ti is f [i].

2. Computing derivatives of f : Given a polynomial f(x1, x2, . . . , xn) of degree d as a black-

box, we can efficiently construct blackboxes for the derivatives ∂xif , for all i ∈ [n]. The

following observation suggests that it is sufficient to construct blackboxes for certain homo-

geneous components.

Observation 2.3 If g(x1, x2, . . . , xn) is a homogeneous polynomial of degree d then for all i ∈ [n]

∂xig =
∑d

j=1 j · x
j−1
i [g(x1, x2, . . . , xi−1, 1, xi+1, . . . , xn)][d−j].

For every i ∈ [n], constructing a blackbox for ∂xif is immediate from the above observation

as ∂xif = ∂xif
[d] + ∂xif

[d−1] + · · · + ∂xif
[1]. In fact we can use Observation 2.3 repeatedly

to efficiently compute the derivative of f with respect to a constant degree monomial. We

record this in the following claim.

Claim 2.2 There is a deterministic algorithm that given blackbox access to an n variate degree
d polynomial f ∈ F[x], and a monomial µ of constant degree in x, computes blackbox access to
∂µf in (ndβ)O(1) time, where β is the bit length of the coefficients in f .

3. Computing irreducible factors of a polynomial: The following result on blackbox poly-

nomial factorization is by [KT90].
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Lemma 2.2 ([KT90]) There is a randomized algorithm that takes as input blackbox access to
an n variate degree d polynomial f over F, and constructs blackbox access to the irreducible
factors of f over F in (ndβ)O(1) time with success probability 1− (nd)−Ω(1).

Note that the algorithm in Lemma 2.2 also works over Fq, a finite field if the following is

satisfied: If g is an irreducible factor of f with multiplicity e then char(F) - e.

4. Space of linear dependencies of polynomials: Let f1, f2, . . . , fm be n variate polynomials

in F[x] with degree bounded by d. The set U = {(a1 a2 . . . am)T ∈ Fm |
∑

j∈[m] ajfj = 0},
called the space of F-linear dependencies of f1, f2, . . . , fm is a subspace of Fm. We would like

to find a basis of the space U given blackbox access to f1, f2, . . . , fm. Suppose the dimension

of the F-linear space spanned by the polynomials f1, f2, . . . , fm is m− r then dim(U) = r. An

algorithm to find a basis of U can be derived from the following claim. The space U is equal

to the null space of M as defined in Claim 2.3 with high probability.

Claim 2.3 With probability at least 1− 1
nO(1) , the rank of the matrix M = (fj(bi))i,j∈[m] is m− r

where b1,b2, . . . ,bm are chosen independently and uniformly at random from Sn ⊂ Fn with
|S| = dm · nO(1).

Proof: Recall, we assumed that the dimension of the F-linear space spanned by the n variate

polynomials f1, f2, . . . , fm is m − r. Without loss of generality assume f1, f2, . . . , fm−r form a

basis of this linear space. Clearly, the rank of M = (fj(bi))i,j∈[m] is less than or equal to m− r.
Let Mm−r = (fj(bi))i,j∈[m−r]. That det(Mm−r) 6= 0 with probability at least 1 − 1

nO(1) over the

random choices of b1,b2, . . . ,bm can be argued as follows: Let yi = {y(i)
1 , y

(i)
2 , . . . , y

(i)
n } for

i ∈ [m− r] be disjoint sets of variables. Rename the x = {x1, x2, . . . , xn} variables in fj(x) to

yi and call these new polynomials fj(yi) for i, j ∈ [m− r]. Let Y be an (m− r)× (m− r) ma-

trix whose (i, j)-th entry is (fj(yi))i∈[m−r]. Since f1, f2, . . . , fm−r are F-linearly independent,

det(Y ) 6= 0 – this can be argued easily using induction. As deg(det(Y )) = d(m− r) ≤ dm, by

Schwartz-Zippel lemma, det(Mm−r) 6= 0 with probability at least 1− 1
nO(1) .

5. Eliminating redundant variables:

Definition 2.18 (Essential and redundant variables) We say an n variate polynomial f has
s essential variables if there exists an A ∈ GL(n) such that f(Ax) is an s variate polynomial and
there exists no A′ ∈ GL(n) such that f(A′x) is a t variate polynomial where t < s. An n variate
polynomial has r redundant variables if it has s = n− r essential variables.
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If the number of essential variables in a polynomial f(x1, x2, . . . , xn) is s then without loss of

generality we can assume that the first s variables x1, x2, . . . , xs are essential variables and

the remaining variables are redundant. An algorithm to eliminate the redundant variables

of a polynomial was considered in [Car06], and it was shown that if the coefficients of a

polynomial are given as input then we can eliminate the redundant variables in polynomial

time. Further, [Kay11] gave an efficient randomized algorithm to eliminate the redundant

variables in a polynomial given as blackbox. For completeness, we give the algorithm in

[Kay11] as part of the following claim.

Claim 2.4 Let r be the number of redundant variables in an n variate polynomial f of degree d.
Then the dimension of the space U of F-linear dependencies of {∂xif | i ∈ [n]} is r. Moreover, we
can construct an A ∈ GL(n) in randomized (ndβ)O(1) time such that f(Ax) is free of the set of
variables {xn−r+1, xn−r+2, . . . , xn}, where β is the bit length of the coefficients of f .

Proof: Let B = (bij)i,j∈[n] ∈ GL(n) such that f(Bx) is a polynomial in x1, x2, . . . , xs, where

s = n− r. For n− r + 1 ≤ j ≤ n

∂f(Bx)

∂xj
= 0

⇒
n∑
i=1

bij ·
∂f

∂xi
(Bx) = 0 (by chain rule)

⇒
n∑
i=1

bij ·
∂f

∂xi
= 0 (substituting x by B−1x).

Since B ∈ GL(n), we conclude dim(U) ≥ r. Let {(a1j a2j . . . anj)
T : (n− dim(U) + 1) ≤ j ≤ n}

be a basis of U. Then,
n∑
i=1

aij ·
∂f

∂xi
= 0.

Let A ∈ GL(n) such that for (n−dim(U)+1) ≤ j ≤ n, the j-th column of A is (a1j a2j . . . anj)
T

and the remaining columns of A are arbitrary vectors that make A a full rank matrix. Then,

n∑
i=1

aij ·
∂f

∂xi
= 0 ⇒

n∑
i=1

aij ·
∂f

∂xi
(Ax) = 0 ⇒ ∂f(Ax)

∂xj
= 0.

This implies f(Ax) is a polynomial free of xj variable for (n − dim(U) + 1) ≤ j ≤ n. Hence,

dim(U) ≤ r.
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Blackbox for polynomials ∂x1f, ∂x2f, . . . , ∂xnf can be constructed in (ndβ)O(1) time from black-

box access to f and a basis for the space U of F-linear dependencies of polynomials ∂x1f, ∂x2f, . . . ,

∂xnf can also be constructed in randomized (ndβ)O(1) time (see Section 2.7). Thus, we

can construct an A ∈ GL(n) (similar to the construction shown above) from a blackbox

access to f in randomized (ndβ)O(1) time such that f(Ax) is free of the set of variables

{xn−r+1, xn−r+2, . . . , xn}. We summarize this in Algorithm 1.

Algorithm 1 Eliminating redundant variables
INPUT: Blackbox access to an n variate polynomial f(x).
OUTPUT: An r and an A ∈ GL(n) such that r is the number of redundant variables in f and
f(Ax) is free of the variables xn−r+1, xn−r+2, . . . , xn.

1: Compute blackbox access to ∂x1f, ∂x2f, . . . , ∂xnf (see Section 2.7).
2: Compute a basis {v1,v2, . . . ,vr} of the space of F-linear dependencies of ∂x1f, ∂x2f, . . . ,
∂xnf (using the random substitution idea in Claim 2.3). /* This step succeeds in
computing the required basis with high probability. */

3: Construct an A ∈ GL(n) such that the last r columns of A are v1,v2, . . . ,vr and the
remaining columns of A are chosen arbitrarily to make A a full rank matrix.

4: Return r and A.

6. Efficient translation equivalence test: Two n variate degree d polynomials f, g ∈ F[x]

are translation equivalent (also called shift equivalent in [DdOS14]) if there exists a point

a ∈ Fn such that f(x + a) = g(x). Translation equivalence test takes input blackbox access

to two n variate polynomials f and g, and outputs an a ∈ Fn such that f(x + a) = g(x) if

f and g are translation equivalent else outputs ‘f and g are not translation equivalent’. As

before, let β be the bit lengths of the coefficients of f and g. A randomized (ndβ)O(1) time

algorithm is presented in [DdOS14] to test translation equivalence and find an a ∈ Fn such

that f(x+a) = g(x), if such an a exists. Another randomized test was mentioned in [Kay12a],

which we present as proof of the following lemma.

Lemma 2.3 There is a randomized algorithm that takes input blackbox access to two n variate,
degree d polynomials f and g, and with probability at least 1 − 1

nO(1) does the following: if f is
translation equivalent to g, outputs an a ∈ Fn such that f(x + a) = g(x), else outputs ‘f and g
are not translation equivalent’. The running time of the algorithm is (ndβ)O(1), where β is the
bit length of the coefficients of f and g.

Proof: We present the algorithm formally in Algorithm 2. If it succeeds in computing a point

a ∈ Fn in the end (in step 20), it performs a randomized blackbox polynomial identity test
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(PIT) to check whether f(x+a) = g(x) (in step 22). If f and g are not translation equivalent,

this final PIT finds it with probability at least 1 − 1
nO(1) . So, for the analysis of the algorithm

we can assume there is an a = (a1 a2 . . . an)T ∈ Fn such that f(x + a) = g(x). The strategy

outlined below helps to argue the correctness of Algorithm 2.

Strategy: Suppose f(x + a) = g(x). By equating the degree d and degree d− 1 homogeneous

components of f and g we get the following equations,

f [d] = g[d] and

f [d−1] +
n∑
i=1

ai ·
∂f [d]

∂xi
= g[d−1] ⇒

n∑
i=1

ai ·
∂f [d]

∂xi
= g[d−1] − f [d−1]. (2.2)

Let fi = ∂f [d]

∂xi
for i ∈ [n]. Blackbox access to the homogeneous components of f : f [0], f [1], . . . ,

f [d], the homogeneous components of g: g[0], g[1], . . . , g[d] and f1, f2, . . . fn can be constructed

from blackbox access to f and g in (ndβ)O(1) time (see points 1 and 2 in Section 2.7). If

f1, f2, . . . , fn are F-linearly independent then with high probability over the random choices

of b1,b2, . . . ,bn ∈ Fn the matrix (fj(bi))i,j∈[n] has full rank (from Claim 2.3). Hence, we can

solve for a1, a2, . . . , an uniquely from Equation (2.2). In the general case (when f1, f2, . . . , fn

may be F-linearly dependent), the algorithm repeatedly applies variable reduction and degree
reduction (as described below) to compute a.

Variable reduction - We construct a transformation A ∈ GL(n) such that f [d](Ax) has only the

essential variables x1, . . . , xm (see Claim 2.4). Let f̃ = f(Ax), g̃ = g(Ax). It is sufficient to

compute a point b = (b1 b2 . . . bn)T ∈ Fn such that f̃(x + b) = g̃(x) as

f̃(x + b) = g̃(x) ⇒ f(Ax + Ab) = g(Ax) ⇒ f(x + Ab) = g(x).

So we can choose a = Ab. As in Equation (2.2),

f̃ [d] = g̃[d] and
m∑
i=1

bi ·
∂f̃ [d]

∂xi
= g̃[d−1] − f̃ [d−1]. (2.3)

The derivatives ∂xi f̃
[d] for i > m are zero as f̃ [d] = f [d](Ax) has only the essential vari-

ables x1, x2, . . . , xm. Also the polynomials {∂xi f̃ [d] : i ∈ [m]} are F-linearly independent (by

Claim 2.4). Hence, we can solve for unique b1, b2, . . . , bm satisfying Equation (2.3) as before.
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Degree reduction - To compute bm+1, bm+2, . . . , bn we reduce the problem to finding a point that

asserts translation equivalence of two degree d−1 polynomials. Let b′ = (b1 b2 . . . bm 0 . . . 0)T ,

f̂ = f̃(x + b′). Further, let e ∈ Fn such that f̂(x + e) = g̃(x). Then the first m coordinates of

e must be zero1 and we can choose b = b′ + e. We have the following equations,

f̂ [d](x + e) + (f̂ − f̂ [d])(x + e) = g̃[d](x) + (g̃ − g̃[d])(x)

⇔ f̃ [d](x + e) + (f̂ − f̂ [d])(x + e) = g̃[d](x) + (g̃ − g̃[d])(x) (as f̂ [d] = f̃ [d]).

Since f̃ [d] has only x1, x2, . . . , xm variables and the first m coordinates of e are zero, the above

statement is equivalent to

f̃ [d](x) + (f̂ − f̂ [d])(x + e) = g̃[d](x) + (g̃ − g̃[d])(x)

⇔ (f̂ − f̂ [d])(x + e) = (g̃ − g̃[d])(x) (from Equation (2.3)).

The polynomials f̂ − f̂ [d] and g̃− g̃[d] have degree at most d− 1 and blackboxes for these poly-

nomials can be constructed in (ndβ)O(1) time. Therefore the problem reduces to computing a

point e ∈ Fn that asserts translation equivalence of two degree (d− 1) polynomials.

Correctness of Algorithm 2: In steps 4-11, the algorithm carries out variable reduction and

computes a part of the translation b that we call b′ in the above argument. The remaining

part of b (which is the vector e above) is computed by carrying out degree reduction in step

12 and then inducting on lower degree polynomials. These parts are then added appropri-

ately in step 17, and finally an a is recovered in step 20.

7. Computing basis of Lie algebra: The proof of the following lemma is given in [Kay12a],

for completeness we present the proof here.

Lemma 2.4 There is a randomized algorithm which when given blackbox access to an n variate
degree d polynomial f , computes a basis of gf with probability at least 1− 1

nO(1) in time (ndβ)O(1)

where β is the bit length of the coefficients in f .

Proof: Recall, the Lie algebra of f is the set of all matricesE = (eij)i,j∈[n] such that
∑

i,j∈[n] eijxj·
∂f
∂xi

= 0. Hence, gf is the space of linear dependencies of the polynomials xj · ∂f∂xi for i, j ∈ [n].

Using Observation 2.3, we can derive blackboxes for these n2 polynomials and then compute

a basis of the space of linear dependencies with high probability using Claim 2.3.
1as b1, b2, . . . , bm can be solved uniquely
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7. Solutions of polynomial equations: Let g1, . . . , gm ∈ F[x] be n variate, degree d poly-

nomials. Then the set I def
= {

∑m
i=1 higi | h1, . . . , hm ∈ F[x]} is called the ideal generated

by g1, g2, . . . , gm in F[x]. Further, let F denote the algebraic closure of F. Then the set

VF(I)
def
= {a ∈ Fn | gi(a) = 0 for all i ∈ [m]} is called the variety or the algebraic set de-

fined by I over F. VF(I) is zero-dimensional if it has finitely many points. We say a point

a ∈ VF(I) is F-rational if a ∈ Fn. The proof of the next result follows from [Ier89] (see also

[HW99]).

Lemma 2.5 ([Ier89]) There is a randomized algorithm that takes input m, n variate, degree
d polynomials g1, g2, . . . , gm generating an ideal I of F[x]. If VF(I) is zero-dimensional and all
points in it are F-rational then the algorithm computes all the points in VF(I) with probability
1− exp(−mnd log q). The running time of the algorithm is (mdn log q)O(1).

A similar result, but for homogeneous g1, . . . , gm, follows from [Laz01].
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Algorithm 2 Translation equivalence test
INPUT: Blackbox access to two n variate, degree d polynomials f and g.
OUTPUT: A point a ∈ Fn such that f(x + a) = g(x), if such an a exists.

1: Set ` = d, p = f and q = g.
2:
3: while ` > 0 do
4: Using Algorithm 1 find an m and an A` ∈ GL(n) such that the variables

xm+1, xm+2, . . . , xn do not appear in p[`](A`x). /* With high probability m is the number
of essential variables in p[`]. */

5: Let p̃ = p(A`x) and q̃ = q(A`x). Construct blackbox access to p̃[`], p̃[`−1], q̃[`], q̃[`−1] and
∂xi p̃

[`] for i ∈ [m].
6: Check if p̃[`] = q̃[`]. If not, output ‘f and g are not translation equivalent’ and stop. /*

The check succeeds with high probability. */
7: Solve for unique b1, b2, . . . , bm satisfying

m∑
i=1

bi ·
∂p̃[`]

∂xi
= q̃[`−1] − p̃[`−1] (using the random substitution idea in Claim 2.3).

If the solving fails, output ‘f and g are not translation equivalent’. /* This step succeeds
with high probability if m is the number of essential variables in p[`] in step 4. */

8: if m = n then
9: Set b` = (b1 b2 . . . bn) and exit while loop.

10: else
11: Set b` = (b1 b2 . . . bm 0 . . . 0) ∈ Fn.
12: Construct blackbox access to (p̃−p̃[`])(x+b`) and (q̃−q̃[`])(x). Set p = (p̃−p̃[`])(x+b`),

q = (q̃ − q̃[`])(x) and ` = `− 1.
13: end if
14: end while
15:
16: while ` < d do
17: Set b`+1 = b`+1 + A`b`.
18: Set ` = `+ 1.
19: end while
20: Set a = Adbd.
21:
22: Pick a point c uniformly at random from Sn ⊂ Fn with |S| = d.nO(1) and check whether

f(c + a) = g(c). /* With high probability f(c + a) 6= g(c) if f and g are not translation
equivalent.*/

23: if f(c + a) = g(c) then
24: Output the point a.
25: else
26: Output ‘f and g are not translation equivalent’.
27: end if
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Chapter 3

Lie algebra of the IMM and the
determinant polynomials

In this chapter we describe the structure of the Lie algebras of the iterated matrix multi-

plication and the determinant polynomials. In the case of IMMw,d, we also describe all the

possible irreducible invariant subspaces of its Lie algebra. The understanding of the struc-

ture of the Lie algebras of these polynomials helps us in proving the results presented in

the next few chapters. The contents of Section 3.1 are from our work [KNST19]. Lemma

3.7 in Section 3.2 is well-known (see [Kay12a]), we provide a proof for completeness.

3.1 Lie algebra of IMM

Dropping the subscripts w and d, we refer to IMMw,d as IMM. We show that the Lie algebra,

g
IMM

consists of well-structured subspaces and by analysing these subspaces we are able to

identify all the irreducible invariant subspaces of g
IMM

.

3.1.1 Structure of the Lie algebra g
IMM

Recall that x = x1 ] x2 ] · · · ] xd are the variables of IMM which are also referred to as

{x1, x2, . . . , xn} for notational convenience. The x variables are ordered as mentioned in

Section 2.3.

Lemma 3.1 Let W1,W2,W3 be the following sets (spaces) of matrices:

1. W1 consists of all matrices D = (dij)i,j∈[n] such that D is diagonal and

n∑
i=1

diixi ·
∂IMM

∂xi
= 0.

47



2. W2 consists of all matrices B = (bij)i,j∈[n] such that

∑
i,j∈[n]

bijxj ·
∂IMM

∂xi
= 0,

where in every summand bij 6= 0 only if xi 6= xj and xi, xj ∈ xl for some l ∈ [d].

3. W3 consists of all matrices C = (cij)i,j∈[n] such that

∑
i,j∈[n]

cijxj ·
∂IMM

∂xi
= 0,

where in every summand cij 6= 0 only if either xi ∈ x2, xj ∈ x1 or xi ∈ xd−1, xj ∈ xd.

Then g
IMM

= W1 ⊕W2 ⊕W3.

Before proving Lemma 3.1 we show how it helps us to almost pin down the structure of an

element E ∈ g
IMM

.

Elaboration on Lemma 3.1: An element E = (eij)i,j∈[n] of g
IMM

is an n × n matrix with

rows and columns indexed by variables of IMM following the ordering mentioned in Section

2.3. Since
∑

i,j∈[n] eijxj ·
∂IMM
∂xi

= 0, E appears as shown in Figure 3.1, where the row indices

correspond to derivatives and column indices correspond to shifts1. The proof will show that

E is a sum of three matrices D ∈W1, B ∈W2 and C ∈W3 such that

1. D contributes to the diagonal entries.

2. B contributes to the block-diagonal entries of E corresponding to the locations:

• (x
(1)
i , x

(1)
j ) where i, j ∈ [w1] and i 6= j

• (x
(d)
i , x

(d)
j ) where i, j ∈ [wd−1] and i 6= j

• (x
(l)
ij , x

(l)
pq ) where i, p ∈ [wl−1] and j, q ∈ [wl] for l ∈ [2, d− 1], and (i, j) 6= (p, q).

3. C contributes to the two corner rectangular blocks corresponding to:

• rows labelled by x2 variables and columns labelled by x1 variables

• rows labelled by xd−1 variables and columns labelled by xd variables.
1Borrowing terminology from the shifted partial derivatives measure [Kay12b].
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x
(1)
1 x

(1)
w1 x

(2)
11 x

(2)
21 x

(2)
w1w2

xdxd−1

x
(1)
1

x
(1)
w1

x
(2)
11

x
(2)
21

x
(2)
w1w2

xd

xd−1

derivatives

shifts

: contributed by a matrix in W1

: contributed by a matrix in W2

: contributed by a matrix in W3

Figure 3.1: A matrix E in g
IMM

Proof of Lemma 3.1: Since W1 ∩W2 = (W1 +W2)∩W3 = {0n}, where 0n is the n× n all zero

matrix, it is sufficient to show g
IMM

= W1 + W2 + W3. By definition, W1 + W2 + W3 ⊆ g
IMM

.

We now show that g
IMM
⊆ W1 + W2 + W3. Let E = (eij)i,j∈[n] be a matrix in g

IMM
. Then∑

i,j∈[n] eijxj ·
∂IMM
∂xi

= 0. We focus on a term xj · ∂IMM
∂xi

and observe the following:

(a) If xi = xj then the monomials of xi · ∂IMM
∂xi

are also monomials of IMM. Such monomials

do not appear in any term xj · ∂IMM
∂xi

, where xi 6= xj.

(b) If xi 6= xj and xi, xj belong to the same xl then every monomial in xj · ∂IMM
∂xi

has exactly

one variable from every xk for k ∈ [d]. Such monomials do not appear in a term xj · ∂IMM
∂xi

,

where xi ∈ xl and xj ∈ xk and l 6= k.

49



Due to this monomial disjointness, an equation
∑

i,j∈[n] eijxj ·
∂IMM
∂xi

= 0 corresponding to E

can be split into three equations:

1.
∑n

i=1 diixi ·
∂IMM
∂xi

= 0.

2.
∑

i,j∈[n] bijxj ·
∂IMM
∂xi

= 0, where bij 6= 0 in a term only if xi 6= xj and xi, xj ∈ xl for some

l ∈ [d].

3.
∑

i,j∈[n] cijxj ·
∂IMM
∂xi

= 0, where cij 6= 0 in a term only if xi ∈ xl and xj ∈ xk for l 6= k.

Hence every E = (eij)i,j∈[n] in g
IMM

equals D +B + C where

• D ∈W1 is a diagonal matrix,

• B ∈W2 is a block-diagonal1 matrix with diagonal entries zero,

• C is a matrix with nonzero entries appearing outside the above block-diagonal.

To complete the proof of the lemma we show the following.

Claim 3.1 Except those entries of C whose rows and columns are indexed by x2 and x1 variables
respectively, or xd−1 and xd variables respectively, all the other entries are zero.

Proof: In a term x
(l)
pq · ∂IMM

∂x
(k)
ij

where l 6= k, every monomial has two variables from xl and no

variable from xk. Hence from the equation corresponding to C we get separate equations for

every pair (l, k) due to monomial disjointness:

∑
p∈[wl−1],q∈[wl]

∑
i∈[wk−1],j∈[wk]

cpq,ijx
(l)
pq ·

∂IMM

∂x
(k)
ij

= 0, where l 6= k.

Collecting coefficients corresponding to ∂IMM

∂x
(k)
ij

in the above equation we get

∑
i∈[wk−1],j∈[wk]

`
(k)
ij ·

∂IMM

∂x
(k)
ij

= 0, where `(k)
ij is a linear form in the variables from xl. (3.1)

Figure 3.2 depicts a term `
(k)
ij · ∂IMM

∂x
(k)
ij

using an ABP that computes it. So the LHS of the above

equation can be computed by an ABP B that has edge labels identical to that of the ABP for

IMM, except for the edges in layer k. The (i, j)-th edge of layer k in B is labelled by `(k)
ij . Sup-

1An entry is in the block-diagonal if and only if the variables labelling the row and column of the entry are
in the same xl for some l ∈ [d].
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`
(k)
ij

s t

Figure 3.2: An ABP computing the term `
(k)
ij · ∂IMM

∂x
(k)
ij

pose `(k)
ij 6= 0 and the coefficient of the variable x(l)

pq in `
(k)
ij is nonzero, i.e. cpq,ij 6= 0. If (l, k)

is neither (1, 2) nor (d, d−1) then the assumption cpq,ij 6= 0 leads to a contradiction as follows.

Consider an s to t path P in B that goes through the (i, j)-th edge of layer k (which is labelled

by `(k)
ij ) but excludes the (p, q)-th edge of layer l (which is labelled by x(l)

pq ), the (p, i)-th edge

of layer k − 1 if l = k − 1 and the (j, q)-th edge of layer k + 1 if l = k + 1 (we can notice this

is always possible since (l, k) is neither (1, 2) nor (d, d − 1)). Then, if we retain the variables

labelling the edges of P outside the layer k and the variable x(l)
pq , and set every other variable

to zero then P becomes the unique s to t path in B with nonzero weight (since cpq,ij 6= 0).

But this contradicts the fact that ABP B is computing an identically zero polynomial (by Equa-

tion (3.1)).

Therefore, g
IMM
⊆W1 + W2 + W3 implying g

IMM
= W1 ⊕W2 ⊕W3.

In order to get a finer understanding of g
IMM

and its dimension we look at the spaces W1,W2

and W3 closely, and henceforth call them the diagonal space, the block-diagonal space and the

corner space respectively.

Corner space W3:

Lemma 3.2 (Corner space) The space W3 = W
(a)
3 ⊕W

(b)
3 where W(a)

3 = A1⊕A2⊕· · ·⊕Aw2 and
W

(b)
3 = A′1⊕A′2⊕· · ·⊕A′wd−2

such that for every i ∈ [w2] Ai is isomorphic to the space of w1×w1

anti-symmetric matrices over F, and for every j ∈ [wd−2] A′j is isomorphic to the space of wd−1×
wd−1 anti-symmetric matrices over F. Hence dim(W3) = 1

2
[w1w2(w1 − 1) + wd−1wd−2(wd−1 − 1)].

We briefly elaborate on the statement of the lemma before presenting the proof.

Elaboration on Lemma 3.2: Every element C ∈ W3 can be expressed as a sum of two
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n×n matrices C(a) ∈W
(a)
3 and C(b) ∈W

(b)
3 . C(a) looks as shown in Figure 3.3, where for every

i ∈ [w2] C
(a)
i is an anti-symmetric matrix. The structure of C(b) is similar1 to that of C(a) with

non zero entries restricted to the rows indexed by xd−1 variables and columns indexed by xd

variables.

x1

x
(2)
11

x
(2)
w11

x
(2)
1w2

x
(2)
w1w2

x1

C
(a)
1

C
(a)
w2

all entries outside
the bordered region

are zero

Figure 3.3: A matrix C(a) in W
(a)
3

Proof of Lemma 3.2: Recall, W3 is the space of all matrices C = (cij)i,j∈[n] such that

∑
i,j∈[n]

cijxj ·
∂IMM

∂xi
= 0, (3.2)

where in every nonzero summand either xi ∈ x2, xj ∈ x1 or xi ∈ xd−1, xj ∈ xd. In Equa-

tion (3.2) every monomial in a term x
(1)
p · ∂IMM

∂x
(2)
qr

has two variables from x1. Similarly, every

monomial in a term x
(d)
p · ∂IMM

∂x
(d−1)
qr

has two variables from xd respectively. Owing to monomial

disjointness, Equation (3.2) gives two equations

∑
r∈[w2]

∑
p,q∈[w1]

c(1)
pqrx

(1)
p ·

∂IMM

∂x
(2)
qr

= 0, and (3.3)

∑
q∈[wd−2]

∑
p,r∈[wd−1]

c(d)
pqrx

(d)
p ·

∂IMM

∂x
(d−1)
qr

= 0. (3.4)

Thus W3 = W
(a)
3 ⊕W

(b)
3 where W

(a)
3 consists of matrices satisfying Equation (3.3) and W

(b)
3

consists of matrices satisfying Equation (3.4). We argue the following about W(a)
3 .

1once we rearrange the rows in C(b) indexed by variables in xd−1 according to row major ordering (instead
of column major ordering) of variables in xd−1.
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Claim 3.2 W
(a)
3 = A1 ⊕ A2 ⊕ · · · ⊕ Aw2 where every Ai is isomorphic to the space of w1 × w1

anti-symmetric matrices over F.

Proof: Figure 3.4 depicts an ABP computing the term x
(1)
p · ∂IMM

∂x
(2)
qr

. Every monomial in c(1)
pqrx

(1)
p ·

∂IMM

∂x
(2)
qr

is divisible by x(1)
p x

(1)
q . The only other term in Equation (3.3) that contains monomials

q
x

(1)
q

x
(1)
p r

s t

Figure 3.4: An ABP computing the term x
(1)
p · ∂IMM

∂x
(2)
qr

divisible by x(1)
p x

(1)
q is c(1)

qprx
(1)
q · ∂IMM

∂x
(2)
pr

. Figure 3.5 depicts an ABP computing x(1)
q · ∂IMM

∂x
(2)
pr

. Since

x
(1)
p

x
(1)
q

p

r

s t

Figure 3.5: An ABP computing the term x
(1)
q · ∂IMM

∂x
(2)
pr

the terms in Figures 3.4 and 3.5 have no monomials in common with any other term in Equa-

tion (3.3) it must be that c(1)
pqr = −c(1)

qpr. Moreover, if p = q then c(1)
pqr = 0. Thus Equation (3.3)

gives an equation for every r ∈ [w2]

∑
p,q∈[w1],p 6=q

c(1)
pqrx

(1)
p ·

∂IMM

∂x
(2)
qr

= 0, (3.5)

such that the matrix Cr = (c
(1)
pqr)p,q∈[w1] ∈ Fw1×w1 is anti-symmetric. Further any anti-symmetric

matrix can be used to get an equation like Equation (3.5). Thus, as shown in Figure 3.6, every

matrix C(a) ∈ W
(a)
3 is such that for every r ∈ [w2], the w1 × w1 submatrix (say C(a)

r ) defined

by the rows labelled by the x(2)
qr variables and the columns labelled by the x(1)

p variables for

p, q ∈ [w1] is anti-symmetric. Also, any matrix satisfying the above properties belongs to W
(a)
3 .
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x1

x
(2)
11

x
(2)
w11

x
(2)
1w2

x
(2)
w1w2

x1

C
(a)
1

C
(a)
w2

all entries outside
the bordered region

are zero

Figure 3.6: A matrix C(a) in W
(a)
3

Naturally, if we define Ar to be the space of n×n matrices such that the w1×w1 submatrix de-

fined by the rows labelled by the x(2)
qr variables and the columns labelled by the x(1)

p variables

for p, q ∈ [w1] is anti-symmetric and all other entries are zero then W
(a)
3 = A1⊕A2⊕· · ·⊕Aw2 .

0

Similarly, it can be shown that W
(b)
3 = A′1 ⊕ A′2 ⊕ · · · ⊕ A′wd−2

where every A′i is isomor-

phic to the space of wd−1×wd−1 anti-symmetric matrices. This completes the proof of Lemma

3.2.

Block-diagonal space W2: In the following lemma, Zwk denotes the space of wk × wk ma-

trices with diagonal entries zero for k ∈ [d − 1]. Also, for notational convenience we assume

that w0 = wd = 1. We will also use the tensor product of matrices: if A = (ai,j) ∈ Fr×s and

B ∈ Ft×u, then A⊗B is the (rt)× (su) matrix given by

A⊗B =


a1,1B · · · a1,sB

...
...

...

ar,1B · · · ar,sB

 .

Lemma 3.3 (Block-diagonal space) The space W2 = B1⊕B2⊕· · ·⊕Bd−1 such that for every
k ∈ [d− 1], Bk is isomorphic to the F-linear space spanned by tk × tk matrices of the form[

−ZT ⊗ Iwk−1
0

0 Iwk+1
⊗ Z

]
tk×tk

where Z ∈ Zwk and tk = wk(wk−1 + wk+1). (3.6)
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Hence, dim(W2) =
∑d−1

k=1(w2
k − wk).

The proof is presented after we briefly state the structure of the matrices in W2.

Elaboration on Lemma 3.3: An element B ∈ W2 is a sum of d − 1, n × n matrices

B1, B2, . . . , Bd−1 such that for every k ∈ [d − 1], Bk ∈ Bk and the non zero entries of Bk

are restricted to the rows and columns indexed by xk ] xk+1 variables. The submatrix in Bk

corresponding to these rows and columns looks as shown in Equation (3.6).

Proof of Lemma 3.3 Recall w0 = wd = 1 and Zwk denotes the space of wk × wk matrix with

diagonal entries 0, and W2 is the space of all matrices B = (bij)i,j∈[n] such that

∑
i,j∈[n]

bijxj ·
∂IMM

∂xi
= 0, (3.7)

where in every term bij 6= 0 only if xi 6= xj and xi, xj ∈ xl for some l ∈ [d]. The following

observation is easy to verify.

Observation 3.1 Suppose l ∈ [2, d− 1]. A term x
(l)
i1j1
· ∂IMM

∂x
(l)
i2j2

where i1 6= i2 and j1 6= j2 does not

share a monomial with any other term in Equation (3.7).

Hence for l ∈ [2, d − 1], terms of the kind x
(l)
i1j1
· ∂IMM

∂x
(l)
i2j2

where i1 6= i2 and j1 6= j2 are absent

in Equation (3.7). A monomial appearing in a nonzero term of Equation (3.7) is of the form

x
(1)
i1
· x(2)

i1i2
· · · x(k)

ik−1ik
· x(k+1)

i
′
kik+1
· · · x(d−1)

id−1id
· x(d)

id
where ik 6= i

′

k, for some k ∈ [d− 1]. We say such a

monomial is broken at the k-th interface. Observe the following.

Observation 3.2 The terms x(k)
pr · ∂IMM

∂x
(k)
pq

where p ∈ [wk−1], q, r ∈ [wk], q 6= r, and x(k+1)
mj · ∂IMM

∂x
(k+1)
ij

where i,m ∈ [wk], j ∈ [wk+1], i 6= m are the only two whose monomials are broken at the k-th
interface.

Thus from Equation (3.7) we get (d − 1) equations one for each interface by considering

cancellations of monomials broken at that interface. For k ∈ [2, d− 2], let Bk be the space of

all n× n matrices Bk such that

1. the entry corresponding to the row labelled by x(k)
pq and the column labelled by x(k)

pr is

b
(k)
pq,pr ∈ F for p ∈ [wk−1], q, r ∈ [wk] and q 6= r,

2. the entry corresponding to the row labelled by x(k+1)
ij and the column labelled by x(k+1)

mj

is b(k+1)
ij,mj ∈ F for i,m ∈ [wk], j ∈ [wk+1] and i 6= m,
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3. all other entries of Bk are zero, and

4. ∑
p∈[wk−1], q,r∈[wk], q 6=r

b(k)
pq,prx

(k)
pr ·

∂IMM

∂x
(k)
pq

+
∑

i,m∈[wk], j∈[wk+1], i 6=m

b
(k+1)
ij,mj x

(k+1)
mj · ∂IMM

∂x
(k+1)
ij

= 0.

(3.8)

We can define spaces B1 and Bd−1 similarly considering monomials broken at the first and

the last interface respectively. As Equation (3.7) can be split into (d − 1) equations, one for

every interface, W2 = B1 + B2 + · · · + Bd−1. Since the spaces B1, . . . ,Bd−1 control different

entries of n× n matrices, W2 = B1 ⊕B2 ⊕ · · · ⊕Bd−1.

Claim 3.3 For k ∈ [2, d− 2], Bk is isomorphic to the F-linear space spanned by tk × tk matrices
of the form[

−ZT ⊗ Iwk−1
0

0 Iwk+1
⊗ Z

]
tk×tk

where Z ∈ Zwk and tk = wk(wk−1 + wk+1).

Proof: Collecting same derivative terms in Equation (3.8) we get

∑
p∈[wk−1],q∈[wk]

`(k)
pq ·

∂IMM

∂x
(k)
pq

+
∑

i∈[wk],j∈[wk+1]

`
(k+1)
ij · ∂IMM

∂x
(k+1)
ij

= 0, (3.9)

where `(k)
pq is a linear form containing variables x(k)

pr such that r 6= q, and `(k+1)
ij is a linear form

containing variables x(k+1)
mj such that m 6= i. Here is a succinct way to write Equation (3.9):

Q1 ·Q2 · · ·Q
′

k ·Qk+1 ·Qk+2 · · ·Qd−1 ·Qd + Q1 ·Q2 · · ·Qk ·Q
′

k+1 ·Qk+2 · · ·Qd−1 ·Qd = 0, (3.10)

where Q1, . . . , Qd are matrices as in Section 2.3, Q′k = (`
(k)
pq )p∈[wk−1],q∈[wk] and Q′k+1 =

(`
(k+1)
ij )i∈[wk],j∈[wk+1]. This implies

Q
′

k ·Qk+1 + Qk ·Q
′

k+1 = 0,

as Q1, . . . , Qd have distinct sets of variables, and the variables appearing in Q
′

k and Q
′

k+1 are

the same as in Qk and Qk+1 respectively. The variable disjointness of Qk and Qk+1 can be

exploited to infer Q′k+1 = Z · Qk+1 and Q′k = −Qk · Z where Z is in Fwk×wk (even if Qk, Qk+1

may not be square matrices). As the linear form `
(k)
pq is devoid of the variable x(k)

pq , it must be

that Z ∈ Zwk . Moreover, any Z ∈ Zwk can be used along with the relations Q′k+1 = Z · Qk+1
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and Q′k = −Qk · Z to satisfy Equation (3.10) and hence also Equations (3.8) and (3.9).

Let Z = (zim)i,m∈[wk]. Since Q
′

k+1 = Z · Qk+1, the coefficient of x(k+1)
mj in `

(k+1)
ij is zim for

every j ∈ [wk+1]. Hence in Equation (3.8), b(k+1)
ij,mj = zim for every j ∈ [wk+1]. Similarly, since

Q
′

k = −Qk ·Z the coefficient of x(k)
pr in `(k)

pq is −zrq for every p ∈ [wk−1]. Hence in Equation (3.8)

b
(k)
pq,pr = −zrq for every p ∈ [wk−1]. Thus the submatrix of Bk defined by the rows and columns

labelled by the variables in xk and xk+1 looks like[
−ZT ⊗ Iwk−1

0

0 Iwk+1
⊗ Z

]
tk×tk

where tk = wk(wk−1 + wk+1) and all other entries in Bk are zero. Hence Bk is isomorphic to

the space generated by tk × tk matrices of the above kind. This proves the claim.

We can similarly show that B1 is isomorphic to the space generated by square matrices of

the form [
−ZT 0

0 Iw2 ⊗ Z

]
t1×t1

where Z ∈ Zw1 and t1 = w1 + w1w2,

and Bd−1 is isomorphic to the space generated by square matrices of the form[
−ZT ⊗ Iwd−2

0

0 Z

]
td−1×td−1

where Z ∈ Zwd−1
and td−1 = wd−1wd−2 + wd−1.

This completes the proof of Lemma 3.3.

Diagonal space W1: In the next lemma, Ywk denotes the space of wk × wk diagonal ma-

trices for k ∈ [d− 1]. As before we assume w0 = wd = 1.

Lemma 3.4 (Diagonal Space) The space W1 contains the space D1 ⊕ D2 ⊕ · · · ⊕ Dd−1 such
that for every k ∈ [d − 1], Dk is isomorphic to the F-linear space spanned by tk × tk matrices of
the form[

−Y ⊗ Iwk−1
0

0 Iwk+1
⊗ Y

]
tk×tk

where Y ∈ Ywk and tk = wk(wk−1 + wk+1). (3.11)

Hence, dim(W1) ≥
∑d−1

k=1wk.
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The proof is presented after we elaborate on the structure of matrices in D1.

Elaboration on Lemma 3.4: An element D ∈ D1 ⊕D2 ⊕ · · · ⊕Dd−1 is a sum of d− 1, n× n
matrices D1, D2, . . . , Dd−1 such that for every k ∈ [d − 1], Dk ∈ Dk and the non zero entries

of Dk are restricted to the rows and columns indexed by xk ] xk+1 variables. The submatrix

in Dk corresponding to these rows and columns looks as shown in Equation (3.11).

Proof of Lemma 3.4: The proof is similar to the proof of Lemma 3.3. Recall w0 = wd = 1

and Ywk denotes the space of wk × wk diagonal matrices. Every D ∈W1 satisfies an equation

of the following form

∑
i∈[w1]

d
(1)
i x

(1)
i ·

∂IMM

∂x
(1)
i

+
d−1∑
k=2

∑
i∈[wk−1],j∈[wk]

d
(k)
ij x

(k)
ij ·

∂IMM

∂x
(k)
ij

+
∑

i∈[wd−1]

d
(d)
i x

(d)
i ·

∂IMM

∂x
(d)
i

= 0.

A succinct way to write the above equation is

d∑
k=1

Q1Q2 · · ·Qk−1Q
′

kQk+1 · · ·Qd = 0, (3.12)

where Q
′
1 = (d

(1)
i x

(1)
i )i∈[w1] is a row vector, Q′d = (d

(d)
i x

(d)
i )Ti∈[wd−1] is a column vector, Q′k =

(d
(k)
ij x

(k)
ij )i∈[wk−1],j∈[wk], and Q1, . . . , Qd are matrices as in Section 2.3. For every k ∈ [d − 1],

let us focus on those Dk ∈ W1 for which the matrices Q′1, . . . , Q
′
k−1, Q

′
k+2, . . . , Q

′
d are zero in

Equation (3.12). Such a Dk satisfies the following equation,

Q1 ·Q2 · · · ·Q
′

k ·Qk+1 · · ·Qd +Q1 ·Q2 · · ·Qk ·Q
′

k+1 · · ·Qd = 0. (3.13)

Using a similar argument as in the proof of Lemma 3.3 we get Q′k+1 = Y ·Qk+1 and Q′k = −Qk ·
Y where Y ∈ Ywk . Further, any Y ∈ Ywk can be used along with the relations Q′k+1 = Y ·Qk+1

and Q′k = −Qk · Y to satisfy Equation (3.13). The set of Dk ∈ W1 satisfying Equation (3.13)

forms an F-linear space; call it Dk. Every Dk ∈ Dk is such that the submatrix defined by the

rows and the columns labelled by the variables in xk and xk+1 looks like[
−Y ⊗ Iwk−1

0

0 Iwk+1
⊗ Y

]
tk×tk

where Y ∈ Ywk and tk = wk(wk−1 + wk+1),

and all other entries in Dk are zero. Moreover, any n× n matrix with this structure is in Dk.

Thus Dk is isomorphic to the space of all tk× tk matrices of the form shown above. It can also
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be easily verified that every matrix in D1 + . . . + Dd−1 can be expressed uniquely as a sum of

matrices in these spaces. Hence W1 ⊇ D1 ⊕D2 ⊕ · · · ⊕Dd−1 completing the proof of Lemma

3.4.

3.1.2 Random elements of g
IMM

In Lemma 3.5 we show that the characteristic polynomial of a random matrix R in g
IMM

is

square-free with high probability. From Claim 2.1 this implies that the characteristic poly-

nomial of a random matrix R′ in the Lie algebra of a polynomial f equivalent to IMM is

also square-free with high probability. This is helpful in designing an equivalence testing

algorithm for IMM (see Theorem 1.1a).

Claim 3.4 There is a diagonal matrix D ∈ g
IMM

with all entries distinct.

Proof: From Lemma 3.4, we know that for k ∈ [d − 1] the submatrix of Dk ∈ Dk defined by

the rows and columns indexed by the variables in xk ] xk+1 is[
−Yk ⊗ Iwk−1

0

0 Iwk+1
⊗ Yk

]
,

where Yk ∈ Yk. Let the (i, i)-th entry of Yk be y
(k)
i and pretend that these entries are dis-

tinct formal variables, say y variables. Consider the matrix D =
∑d−1

i=1 Di and observe the

following:

a. For k ∈ [2, d − 1], the (x
(k)
ij , x

(k)
ij )-th entry of D is y(k−1)

i − y
(k)
j where i ∈ [wk−1] and

j ∈ [wk].

b. The (x
(1)
i , x

(1)
i )-th and (x

(d)
j , x

(d)
j )-th entry of D are −y(1)

i and y
(d−1)
j respectively, where

i ∈ [w1] and j ∈ [wd−1].

In particular, all the diagonal entries of D are distinct linear forms in the y variables. Hence,

if we assign values to the y variables uniformly at random from a set S ⊆ F such that

|S| ≥ n2 then with non zero probability D has all diagonal entries distinct after the random

assignment.

Lemma 3.5 If {L1, L2, . . . , Lm} is a basis of the Lie algebra g
IMM

then the characteristic poly-
nomial of an element L =

∑m
i=1 riLi, where ri ∈R F is picked independently and uniformly at

random from [2n3], is square free with probability at least 1− 1
nO(1) .
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Proof: Pretend that the ri’s are formal variables. The characteristic polynomial hr(x) of

L is a polynomial in x with coefficients that are polynomial of degree at most n in r =

{r1, r2, . . . , rm} variables.

Observation 3.3 The discriminant of hr(x), disc(hr(x)) := resx(hr,
∂hr
∂x

), is a non zero polyno-
mial in r variables of degree at most1 2n2, where resx(hr,

∂hr
∂x

) is the resultant of hr and ∂hr
∂x

when
treated as univariates in x.

Observation 3.3 is proved at the end of the section. Since disc(hr(x)) is not an identically

zero polynomial in the r variables and has degree less than 2n2, if we set every r variable uni-

formly and independently at random to a value in [2n3] then using Schwartz-Zippel lemma

with probability at least 1 − 1
nO(1) , gcd(hr,

∂hr
∂x

) = 1. This implies with probability at least

1− 1
nO(1) , hr(x) is square free.

Proof of Observation 3.3: hr is a monic polynomial in x of degree n and ∂hr
∂x

is a polyno-

mial in x of degree (n− 1). Also the coefficient of xn−1 in ∂hr
∂x

is r variable free. The Sylvester

matrix of hr and ∂hr
∂x

with respect to variable x is a (2n−1)×(2n−1) matrix. Thus, resx(hr,
∂hr
∂x

)

is a polynomial in the r-variables of degree less than 2n2. If resx(hr,
∂hr
∂x

) is identically zero as

a polynomial in r then for every setting of r to field elements gcd(hr,
∂hr
∂x

) 6= 1 implying hr is

not square free. This would contradict Claim 3.4 as we can set the r variables appropriately

such that L is a diagonal matrix with distinct diagonal entries, and hr for such a setting of the

r variables is square free.

3.1.3 Invariant subspaces of g
IMM

The ordering of the variables in IMM allows us to identify them naturally with the unit vectors

e1, e2, . . . , en in Fn – the vector ei corresponds to the i-th variable in the ordering. We will

write ex to refer to the unit vector corresponding to the variable x. Let U1,2 represent the

coordinate subspace spanned by the unit vectors corresponding to the variables in x1 ] x2.

Similarly Uk represents the coordinate subspace spanned by the unit vectors corresponding

to the variables in xk for k ∈ [2, d−1], and Ud−1,d represents the coordinate subspace spanned

by the unit vectors corresponding to the variables in xd−1 ] xd. In Lemma 3.6, we establish

that U1,2,U2, . . . ,Ud−1,Ud−1,d are the only irreducible invariant subspaces of g
IMM

.

Claim 3.5 Let U be a nonzero invariant subspace of g
IMM

. If u = (u1, u2, . . . , un)T ∈ U and
uj 6= 0 then ej ∈ U, implying U is a coordinate subspace.

1A careful analysis could show that the degree is in fact n(n− 1), but we do not need such a precision here.
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Proof: Claim 3.4 states that there is a diagonal matrix D ∈ g
IMM

with distinct diagonal entries

λ1, λ2, . . . , λn. Since U is invariant forD, if u = (u1, u2, . . . , un)T ∈ U then (λi1u1, λ
i
2u2, . . . , λ

i
nun) ∈

U for every i ∈ N. Let Su := {j ∈ [n] | uj 6= 0} be the support of u 6= 0. As λ1, λ2, . . . , λn are

distinct, the vectors (λi1u1, λ
i
2u2, . . . , λ

i
nun) are F-linearly independent for 0 ≤ i < |Su|. Hence,

the unit vector ej ∈ U for every j ∈ Su. It follows that U is the coordinate subspace spanned

by those ej for which j ∈ Su for some u ∈ U.

Lemma 3.6 The only irreducible invariant subspaces of g
IMM

are U1,2, U2, . . . , Ud−1, Ud−1,d.

Proof: It follows from Lemma 3.1 and Figure 3.1 that U1,2, U2, . . . , Ud−1, Ud−1,d are invariant

subspaces. We show in the next two claims that the spaces U1,2, U2, . . . , Ud−1, Ud−1,d are

irreducible.

Claim 3.6 No invariant subspace of g
IMM

is properly contained in Uk for k ∈ [2, d− 1].

Proof: Let U ⊆ Uk be an invariant subspace of g
IMM

. From Claim 3.5 it follows that U is a

coordinate subspace. For t ∈ N, let 1̃t
def
= 1t − It, where 1t is the t × t all one matrix. From

Lemma 3.3, there are matrices Bk−1 and Bk in g
IMM

such that the submatrix of Bk−1 restricted

to the rows and the columns labelled by the variables in xk−1 ] xk looks like[
−1̃wk−1

⊗ Iwk−2
0

0 Iwk ⊗ 1̃wk−1

]
, and

the submatrix in Bk restricted to the rows and the columns labelled by the variables in xk ]
xk+1 looks like [

1̃wk ⊗ Iwk−1
0

0 Iwk+1
⊗−1̃wk

]
.

From Lemma 3.4, there is a diagonal matrix Dk−1 in g
IMM

such that the submatrix restricted

to the rows and the columns labelled by the variables in xk−1 ] xk looks like[
−Iwk−1

⊗ Iwk−2
0

0 Iwk ⊗ Iwk−1

]
.

Let L = Bk−1 +Bk+Dk−1. The submatrix of L restricted to the rows and the columns labelled

by the variables in xk looks as shown in Figure 3.7. For notational simplicity we write wk−1

as w in Figure 3.7. If ex is a unit vector in U, where x = x
(k)
ij is a variable in xk then the

matrix L maps ex to Lex which is the column of L labelled by the variable x. This column

vector has all entries zero except for the rows labelled by the variables in xk. Restricting to
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x
(k)
11 x

(k)
w1

x
(k)
1j x

(k)
wjx

(k)
ij x

(k)
wwk

x
(k)
1wk

x
(k)
11

x
(k)
w1

x
(k)
1j

x
(k)
wj

x
(k)
ij

x
(k)
1wk

x
(k)
wwk

1w Iw Iw Iw

Iw 1w Iw Iw

Iw Iw 1w Iw

Iw Iw Iw 1w

Figure 3.7: Submatrix of L restricted to rows/columns indexed by xk

these rows and looking at Figure 3.7, we infer that the rows of Lex labelled by the variables

x
(k)
1j , x

(k)
2j , . . . , x

(k)
wk−1j

are 1 (in particular, these entries are nonzero). We use this knowledge

and that Lex ∈ U to make the following observation, the proof of which is immediate from

Claim 3.5.

Observation 3.4 If ex ∈ U, where x = x
(k)
ij then ex′ ∈ U for every x′ ∈ {x(k)

1j , x
(k)
2j , . . . , x

(k)
wk−1j

}.

Moreover, it follows from the presence of Iw matrices in Figure 3.7 that for every j′ ∈ [wk]

there is the variable y = x
(k)
ij′ such that the row labelled by y in Lex is 1, implying1 ey ∈ U.

Hence from Observation 3.4, ey′ ∈ U for every y′ ∈ {x(k)
1j′ , . . . , x

(k)
wk−1j′

}. Since this is true for

every j′ ∈ [wk], ey ∈ U for every variable y ∈ xk implying U = Uk.

Claim 3.7 The invariant subspaces U1,2 and Ud−1,d are irreducible, and the only invariant
subspace properly contained in U1,2 (respectively Ud−1,d) is U2 (respectively Ud−1).

Proof: We prove the claim for U1,2, the proof for Ud−1,d is similar. Suppose U1,2 = V ⊕W

where V,W are invariant subspaces of g
IMM

(and so also coordinate subspaces). A unit vector

ex, where x ∈ x1 is either in V or W. Suppose ex ∈ V; we will show that V = U1,2. Without loss

of generality, let x = x
(1)
1 . Arguing as in the proof of the previous claim, we infer that there is a

1follows again from Claim 3.5.
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matrix M ∈ g
IMM

such that the submatrix of M restricted to the rows and the columns labelled

by the variables in x1 and x2 looks as shown in Figure 3.8, in which w = w1 and C is a w1×w1

anti-symmetric matrix with all non-diagonal entries nonzero. All the other entries of M are

zero. The vector Mex is the first column of M and it is zero everywhere except for the rows

x
(1)
1 x

(2)
11 x

(2)
12 x

(2)
13

x
(2)
1w2

x
(2)
ww2

x
(1)
1

x
(2)
11

x
(2)
12

x
(2)
13

x
(2)
1w2

x
(2)
ww2

−1w

1w

1w

1w

Iw

Iw Iw

Iw

Iw Iw

C

C

C

0’s

Figure 3.8: Submatrix of M matrix restricted to rows/columns indexed by x1 ] x2

labelled by the variables in x1]x2. Among these rows, unless y ∈ {x(2)
11 , x

(2)
12 , . . . , x

(2)
1w2
} the row

of Mex labelled by y is nonzero. Thus (from Claim 3.5), ey ∈ V for y ∈ x1 and y = x
(2)
ij where

i ∈ [2, w1] and j ∈ [w2]. Let y = x
(2)
ij for some i ∈ [2, w1] and j ∈ [w2]. From Figure 3.8, the

row of Mey labelled by x(2)
1j is nonzero and so, for y′ = x

(2)
1j , ey′ is also in V. Hence, V = U1,2

and U1,2 is irreducible. To argue that the only invariant subspace properly contained in U1,2

is U2, let V ⊂ U1,2 be an invariant subspace of g
IMM

. From the above argument it follows that

ex /∈ V for every x ∈ x1 (otherwise V = U1,2). This implies V ⊆ U2 and from Claim 3.6 we

have V = U2.

In the proof of Claim 3.6 we have shown that the closure of ex under the action of g
IMM

is

Uk for any x ∈ xk, where k ∈ [2, d − 1]. Similarly, in the proof of Claim 3.7 we have shown

that the closure of ex under the action of g
IMM

is U1,2 (respectively Ud−1,d) for any x ∈ x1

(respectively x ∈ xd). This observation helps infer that the spaces U1,2, U2, . . . , Ud−1, Ud−1,d

are the only irreducible invariant subspaces of g
IMM

: Suppose V is an irreducible invariant

subspace. If ex ∈ V for some x ∈ xk where k ∈ [2, d − 1], then Uk ⊆ V as Uk is the closure of

ex. If ex ∈ V for some x ∈ x1 (respectively x ∈ xd) then U1,2 ⊆ V (respectively Ud−1,d ⊆ V)

as U1,2 (respectively Ud−1,d) is the closure of ex. Therefore V is a direct sum of some of the

irreducible invariant subspaces U1,2, U2, . . . , Ud−1, Ud−1,d. Since V is irreducible, it is equal to
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one of these irreducible invariant subspaces.

Corollary 3.1 (Uniqueness of decomposition) The decomposition,

Fn = U1,2 ⊕ U3 ⊕ · · · ⊕ Ud−2 ⊕ Ud−1,d

is unique in the following sense; if Fn = V1 ⊕ V2 ⊕ · · · ⊕ Vs, where V′is are irreducible invariant
subspaces of g

IMM
, then s = d − 2 and for every i ∈ [s], Vi is equal to U1,2 or Ud−1,d, or some Uk

for k ∈ [3, d− 2].

Proof: Since Vi’s are irreducible invariant subspaces, from Lemma 3.6 it follows that for every

i ∈ [s] Vi equals one among U1,2, U2, . . . , Ud−1, Ud−1,d. Since V1,V2, . . . ,Vs span the entire Fn,

the only possible decomposition is Fn = U1,2 ⊕ U3 ⊕ · · · ⊕ Ud−2 ⊕ Ud−1,d.

3.2 Lie algebra of Detn
Before delving into the Lie algebra of the determinant polynomial we set up some notations

that are useful in the arguments presented in this section.

Notations: Let X = (xi,j)i,j∈[n] and Detn be the determinant of X. We reuse symbols to

denote the set of variables in Detn as x = {x1,1, x1,2, . . . , xn,n}, and the define an ordering

among these variables as follows: Order the x variables in a column-major fashion, and

within a column i ∈ [n] the variables are ordered as x1,i > x2,i > . . . > xn,i. We will prove the

following theorem. We use Zn to denote the space of n× n traceless matrices, and Lrow, Lcol

to denote the spaces of n2 × n2 matrices Zn ⊗ In, In ⊗ Zn respectively. Lastly, we assume that

the the rows and columns of the n2×n2 matrices in gDetn are indexed by the variables of Detn
ordered as above.

This section is devoted to proving Lemma 3.7 which describes the structure of matrices in the

Lie algebra of Detn. Lemma 3.7 is well-known, and we present a proof here for completeness.

Lemma 3.7 Let n ∈ N× and F a field such that char(F) - n. Then the Lie algebra of Detn is
equal to the direct sum of two sub Lie algebras Lrow and Lcol, i.e. gDetn = Lrow ⊕ Lcol.

Proof: Since Lrow∩Lcol = {0}, it is sufficient to show gDetn = Lrow+Lcol. An element E ∈ gDetn

satisfies ∑
i1,j1,i2,j2∈[n]

e(i1,j1),(i2,j2)xi2,j2 ·
∂Detn
∂xi1,j1

= 0 . (3.14)

Here e(i1,j1),(i2,j2) is the entry of E whose row and column are indexed by xi1,j1 and xi2,j2 re-

spectively. For convenience, if i1 = i2 and j1 = j2 then we denote e(i1,j1),(i1,j1) as ei1,j1. We will
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show that E satisfies Equation 3.14 if and only if the entries of E satisfy a set of equations:

Equation 3.18a, 3.18b, 3.18c, and 3.19. In particular these equations together characterize

the matrices in gDetn.

We focus on a term xi2,j2 · ∂Detn
∂xi1,j1

and observe the following.

Observation 3.5 Any monomial of xi2,j2 · ∂Detn
∂xi1,j1

is a monomial of Detn if and only if i1 = i2 and
j1 = j2, (i.e we derive and shift by the same variable)

From Observation 3.5 we can split Equation 3.14 as follows.

∑
i1,j1,i2,j2∈[n]
i1 6=i2 or j1 6=j2

e(i1,j1),(i2,j2)xi2,j2 ·
∂Detn
∂xi1,j1

= 0 . (3.15a)

∑
i1,j1∈[n]

ei1,j1xi1,j1 ·
∂Detn
∂xi1,j1

= 0 . (3.15b)

Equation 3.15a corresponds to the non-diagonal entries of E and Equation 3.15b corresponds

to the diagonal entries of E. We analyze these two sets of entries separately. First let us focus

on the non-diagonal entries.

Non-diagonal entries: With respect to the entries of E in Equation 3.15a we show the

following.

Claim 3.8 In Equation 3.15a, if i1 6= i2 and j1 6= j2 then e(i1,j1),(i2,j2) = 0.

Proof: View the polynomial xi2,j2 · ∂Detn
∂xi1,j1

as a univariate polynomial in xi2,j2 over the ring

F[x \ {xi2,j2}]. Since i1 6= i2 and j1 6= j2, degree ofxi2,j2 · ∂Detn
∂xi1,j1

is equal to two. Let

xi2,j2 · ∂Detn
∂xi1,j1

= x2
i2,j2
· f + xi2,j2 · g, where f, g ∈ F[x \ {xi2,j2}]. The claim follows by observing

that the monomials in x2
i2,j2
· f are unique to the term xi2,j2 · ∂Detn

∂xi1,j1
, that is any monomial in

x2
i2,j2
· f is a monomial in xp2,q2 · ∂Detn

∂xp1,q1
if and only if xi1,j1 = xp1,q1 and xi2,j2 = xp2,q2.

From Claim 3.8, we have that the non-zero terms in Equation 3.15a correspond to terms

where we derive and shift by variables in the same row, or where we derive and shift by

variables in the same column. Thus, we may rewrite Equation 3.15a as follows.

∑
i,j1,j2∈[n]
j1 6=j2

e(i,j1),(i,j2)xi,j2 ·
∂Detn
∂xi,j1

+
∑

i1,i2,j∈[n]
i1 6=i2

e(i1,j),(i2,j)xi2,j ·
∂Detn
∂xi1,j

= 0. (3.16)
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Focus on the terms xi,j2 · ∂Detn
∂xi,j1

and xi2,j · ∂Detn
∂xi1,j

and observe the following.

Observation 3.6 1. For i, j1, j2 ∈ [n] and j1 6= j2, any monomial in xi,j2 · ∂Detn
∂xi,j1

has one
variable from each row, no variable from column j1, two variables from column j2, and
one variable from every other column apart from j1 and j2.

2. For i1, i2, j ∈ [n] and i1 6= i2, any monomial in xi2,j · ∂Detn
∂xi1,j

has one variable from every
column, no variable from row i1, two variables from row i2, and one variable from every
other row apart from i1 and i2.

In particular terms
∑

i,j1,j2∈[n]
j1 6=j2

e(i,j1),(i,j2)xi,j2 · ∂Detn
∂xi,j1

and
∑

i1,i2,j∈[n]
i1 6=i2

e(i1,j),(i2,j)xi2,j · ∂Detn
∂xi1,j

are mono-

mial disjoint, and hence

∑
i,j1,j2∈[n]
j1 6=j2

e(i,j1),(i,j2)xi,j2 ·
∂Detn
∂xi,j1

= 0. (3.17a)

∑
i1,i2,j∈[n]
i1 6=i2

e(i1,j),(i2,j)xi2,j ·
∂Detn
∂xi1,j

= 0. (3.17b)

The claim below helps us to characterize the non-diagonal entries of E.

Claim 3.9 1. Let µ be a monomial of the term xi,j2 · ∂Detn
∂xi,j1

in Equation 3.17a such that the
two variables of column j2 are xi,j2 and xp,j2 for p ∈ [n] and p 6= i. Then µ is a monomial
of the term xp1,q2 · ∂Detn

∂xp1,q1
in Equation 3.17a if and only if p1 = i or p1 = p, and q2 = j2 and

q1 = j1. Further, if Char(F) 6= 2 then the coefficient of µ in xi,j2 · ∂Detn
∂xi,j1

and xp,j2 · ∂Detn
∂xp,j1

are
1 and -1, or -1 and 1 respectively (i.e they have opposite signs).

2. Let µ be a monomial of the term xi2,j · ∂Detn
∂xi1,j

in Equation 3.17b such that the two variables
of row i2 are xi2,j and xi2,q for q ∈ [n] and q 6= j. Then µ is a monomial of the term
xp2,q1 · ∂Detn

∂xp1,q1
in Equation 3.17b if and only if p1 = i1 and p2 = i2, and q1 = j or q1 = q.

Further, if Char(F) 6= 2 then the coefficient of µ in xi2,j · ∂Detn
∂xi1,j

and xi2,q · ∂Detn
∂xi1,q

are 1 and -1,
or -1 and 1 respectively (i.e they have opposite signs).

Proof: We prove part 1 of the claim, the proof of part 2 is similar. Since µ is a monomial in

xi,j2 · ∂Detn
∂xi,j1

, µ has no variable from column j1 and two variables from column j2 and one vari-

able from every other column apart from j1 and j2 (from Observation 3.6). Since q1 6= q2 in

Equation 3.17a it must be that q1 = j1 and q2 = j2. Further, as xp1,j2 is part of every monomial

in xp1,j2 · ∂Detn
∂xp1,j1

, we have p1 = i or p1 = p.
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We now prove that the signs of the coefficients of µ in the two terms are opposite. Let

µ1 =
µ·xi,j1
xi,j2

and µ2 =
µ·xp,j1
xp,j2

. Then observe that the monomials µ1, and µ2 are monomials of

Detn, and the coefficient of µ in xi,j2 · ∂Detn
∂xi,j1

and xp,j2 · ∂Detn
∂xp,j1

are the coefficients of µ1 and µ2

in Detn. Since µ1, and µ2 are monomials of Detn, there are two permutations σ, τ of [n], such

that µ1 =
∏n

k=1 xk,σ(k), and µ2 =
∏n

k=1 xk,τ(k) and the coefficient of µ1, µ2 in Detn are the signs

of the permutation σ, τ respectively. From the definition of µ1 and µ2, we have for all k ∈ [n],

k 6= i, and k 6= p σ(k) = τ(k). Also σ(i) = j1, σ(p) = j2, τ(i) = j2, and τ(p) = j1. Hence

τ = 〈j1, j2〉 · σ, where 〈j1, j2〉 denotes the transposition that swaps j1 and j2. This implies the

signs of σ and τ are opposite of each other.

It follows from Claims 3.8 and 3.9 that the non-diagonal elements of a matrix E in gDetn

are characterized by Equations 3.18a, 3.18b and 3.18c.

e(i1,j1),(i2,j2) = 0 for all i1, i2, j1, j2 ∈ [n], i1 6= i2 and , j1 6= j2 . (3.18a)

e(i1,j1),(i1,j2) = e(i2,j1),(i2,j2) for all i1, i2, j1, j2 ∈ [n] and j1 6= j2 . (3.18b)

e(i1,j1),(i2,j1) = e(i1,j2),(i2,j2) for all i1, i2, j1, j2 ∈ [n] and i1 6= i2 . (3.18c)

The matrix below depicts the structure of the non-diagonal entries of a matrix E that satisfies

Equations 3.18a, 3.18b, and 3.18c, when n = 2.
∗ e(1,1),(1,2) e(1,1),(2,1) 0

e(1,2),(1,1) ∗ 0 e(1,1),(2,1)

e(2,1),(1,1) 0 ∗ e(1,1),(1,2)

0 e(2,1),(1,1) e(1,2),(1,1) ∗


The diagonal elements of the above matrix are denoted by ∗. Notice e(2,1),(2,2) = e(1,1),(1,2), and

e(2,2),(2,1) = e(1,2),(1,1) due to Equation 3.18b and, e(1,2),(2,2) = e(1,1),(2,1) and e(2,2),(1,2) = e(2,1),(1,1)

due to Equation 3.18c. Next we anaylse the diagonal elements of E by analysing the terms

in Equation 3.15b.

Diagonal elements: Observe that for a monomial µ = xi,σ(i) in Detn, where σ is a permuta-

tion of [n], µ is a monomial in term xi1,j1 · ∂Detn
∂xi1,j1

of Equation 3.15b, if and only if j1 = σ(i1).
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Thus the diagonal elements of a matrix E in gDetn are characterized by Equation 3.19.∑
i∈[n]

ei,σ(i) = 0 for all permutations σ of [n]. (3.19)

From the above discussion it is easy to make the observation below.

Observation 3.7 A matrix E ∈ gDetn if and only if the entries of E satisfy Equations 3.18a,
3.18b, 3.18c and 3.19.

Further it is easy to observe that a matrix in Lrow⊕Lcol satisfies Equations 3.18a, 3.18b, 3.18c

and 3.19, and hence from the above Observation Lrow + Lcol ⊆ gDetn. Claim 3.10 shows that

gDetn ⊆ Lrow + Lcol.

Claim 3.10 Let E ∈ gDetn. Then there are matrices M,N ∈ Zn such that E = M ⊗ In + In⊗N .

Proof: The matrices M = (mi,j)i,j∈[n], N = (ni,j)i,j∈[n] are defined as following. For i, j ∈ [n]

and i 6= j, mi,j = e(i,1),(j,1) and ni,j = e(1,i),(1,j). For i ∈ [n], let ai =
∑
j∈[n] ei,j

n
1, and for i, j ∈ [n]

let e′i,j = ei,j − ai. Then for i ∈ [n] m(i, i) = ai, and n(i, i) = e′1,i . The matrix below, depicts

M ⊗ In + In ⊗N , for n = 3. We will show E = M ⊗ In + In ⊗N , and M,N ∈ Zn.

a1 + e′1,1 n1,2 n1,3 m1,2 0 0 m1,3 0 0

n2,1 a1 + e′1,2 n2,3 0 m1,2 0 0 m1,3 0

n3,1 n3,2 a1 + e′1,3 0 0 m1,2 0 0 m1,3

m2,1 0 0 a2 + e′1,1 n1,2 n1,3 m2,3 0 0

0 m2,1 0 n2,1 a2 + e′1,2 n2,3 0 m2,3 0

0 0 m2,1 n3,1 n3,2 a2 + e′1,3 0 0 m2,3

m3,1 0 0 m3,2 0 0 a3 + e′1,1 n1,2 n1,3

0 m3,1 0 0 m3,2 0 n2,1 a3 + e′1,2 n2,3

0 0 m3,1 0 0 m3,2 n3,1 n3,2 a3 + e′1,3



Since E ∈ gDetn, the non-diagonal entries of E satisfy Equations 3.18a, 3.18b and 3.18c

(from Observation 3.7). Hence the non-diagonal entries of E are equal to the non-diagonal

entries of In ⊗M + N ⊗ In. Also
∑

i∈[n] e
′
1,i = 0 implies N ∈ Zn. To show that the diagonal

entries of these two matrices are equal, it is sufficient to show that for all i, j ∈ [n], e′j,j = e′i,j.

1Over finite fields, if char(F) - n then this is equivalent to multiplying by the multiplicative inverse of n · 1F,
where 1F is multiplicative identity of F.
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We will show this using Equation 3.19, which is satisfied by the diagonal entries of E (from

Observation 3.7). Let t =
∑

i∈[n] ai. Consider the following equations we get corresponding

to different permutations.

ej,j +
∑
q∈[n]
q 6=j

eq,q = e′j,j +
(∑
q∈[n]
q 6=j

e′q,q
)

+ t = 0 (3.20a)

ej,i + ei,j +
∑
q∈[n]
q 6=i,q 6=j

eq,q = e′j,i + e′i,j +
( ∑

q∈[n]
q 6=i,q 6=j

e′q,q
)

+ t = 0 (3.20b)

ej,j + ep,i + ei,p +
∑

q∈[n],i 6=j
q 6=i,q 6=j

eq,q = e′j,j + e′p,i + e′i,p +
( ∑
q∈[n],i 6=j
q 6=i,q 6=j

e′q,q
)

+ t = 0 p ∈ [n], p 6= i, p 6= j

(3.20c)

ep,i + ei,j + ej,p +
∑

q∈[n],i 6=j
q 6=i,q 6=j

eq,q = e′p,i + e′i,j + e′j,p +
( ∑
q∈[n],i 6=j
q 6=i,q 6=j

e′q,q
)

+ t = 0 p ∈ [n], p 6= i, p 6= j

(3.20d)

Equation 3.20a corresponds to the identity permutation on [n], Equation 3.20b corresponds

to the transposition 〈i, j〉, Equation 3.20c corresponds to the transposition 〈p, i〉 and Equation

3.20d corresponds to the cycle 〈p, i, j〉. Subtracting Equation 3.20b from Equation 3.20a, we

have

e′j,j − e′j,i = e′i,j − e′i,i . (3.21)

Similarly subtracting Equation 3.20d from Equation 3.20c, for all p ∈ [n], and p 6= i p 6= j we

have

e′j,j − e′j,p = e′i,j − e′i,p . (3.22)

Adding Equation 3.21 and Equations 3.22 for all p ∈ [n], and p 6= i p 6= j we have

(n− 1)e′j,j −
∑

p∈[n],p 6=j

e′j,p = (n− 1)e′i,j −
∑

p∈[n],p 6=j

e′i,p .

We add and subtract e′j,j and e′i,j to the LHS and RHS of the above equation respectively,

n · e′j,j −
∑
p∈[n]

e′j,p = n · e′i,j −
∑
p∈[n]

e′i,p .

Since
∑

p∈[n] e
′
j,p = 0, and

∑
p∈[n] e

′
i,p = 0, and char(F) - n it follows that e′j,j = e′i,j. Since

e′j,j = e′i,j for all i, j ∈ [n], from Equation 3.20a we have t =
∑

i∈[n] ai = 0, and hence N ∈ Zn.
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This completes the proof of the claim.

Since M ⊗ In ∈ Lrow and In⊗N ∈ Lcol, we have from Claim 3.10 that gDetn ⊆ Lrow +Lcol.0
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Chapter 4

Equivalence testing for IMM

In this chapter we give a polynomial time randomized algorithm for equivalence testing

of IMM. The contents of this chapter are from our work [KNST19].

4.1 Introduction
An m variate polynomial f is an affine projection of an n variate polynomial g via a full-rank
transformation, if m ≥ n and there is a full-rank matrix A ∈ Fn×m and a b ∈ Fn such that

f(x) = g(Ax+b) (see Definition 2.14 and the statements below the definition). In the affine

projection via full-rank transformation problem, an m variate polynomial f and an n variate

polynomial g is given as input (in some representation) where m ≥ n, and the task is to

determine whether f is an affine projection of g via a full-rank transformation. Using vari-

able reduction and translation equivalence test (described in Section 2.7) [Kay12a] reduced

the affine projection via full-rank transformation problem in randomized polynomial time

to equivalence testing that is when m = n and A ∈ GL(n,F) (see also Section 4.1.1). The

equivalence testing problem introduced in Section 1.1.4, is at least as hard as graph isom-

porhism, even when f and g are degree three polynomials given in the dense representation,

that is as a list of coefficients. [Kay11, Kay12a, GGKS19] considered the affine projection

projection via full-rank transformation problem when f is given as blackbox and g comes

from a fixed polynomial family, and gave efficient randomized algorithms for it when g is an

elementary symmetric polynomial/permanent/determinant/power symmetric polynomial or

sum-of-products polynomial (see Section 1.1.4 for more details). In this chapter, we present

the algorithms in Theorems 1.1a and 1.1b stated in Section 1.2.1 which checks whether a

polynomial given as blackbox is an affine projection of IMMw,d (see Section 2.3) via a full-

rank transformation. We restate the theorems below and throughout this chapter assume

F = Q, but our results also hold over a finite field of large enough characteristic.
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Theorem 1.1a: Given blackbox access to an m variate polynomial f ∈ F[x] of degree d ∈ [5,m],
the problem of checking if there exist a w ∈ Nd−1, a B ∈ Fn×m of rank n equal to the number of
variables in IMMw,d, and a b ∈ Fn such that f = IMMw,d(Bx+b) 1, can be solved in randomized
(mβ)O(1) time where β is the bit length of the coefficients of f . Further, with probability at least
1−n−Ω(1), the following is true: the algorithm returns a w, a B ∈ Fn×m of rank n, and a b ∈ Fn

such that f = IMMw,d(Bx + b) if such w, B and b exist, else it outputs ‘no such w, B and b

exist’.

Theorem 1.1b (Equivalence test for IMM) Given blackbox access to a homogeneous n variate
polynomial f ∈ F[x] of degree d ∈ [5, n], where |x| = n, the problem of checking if there exist a
w ∈ Nd−1 and an invertible A ∈ Fn×n such that f = IMMw,d(Ax), can be solved in randomized
(nβ)O(1) time where β is the bit length of the coefficients of f . Further, with probability at least
1− n−Ω(1) the following holds: the algorithm returns a w, and an invertible A ∈ Fn×n such that
f = IMMw,d(Ax) if such w and A exist, else it outputs ‘no such w and A exist’.

Detailed remarks on the above theorems are given in Section 1.2.1. Observe that if f is an

affine-projection of IMMw,d via a full-rank transformation then f is computed by a full-rank

ABP (see Definition 2.5) of width w and length d, and hence the algorithm in Theorem 1.1a

also reconstructs a full-rank ABP for f . Next, we present the algorithms in Theorems 1.1a

and 1.1b, and the proof strategies for them.

4.1.1 Algorithm and proof strategy

The algorithm in Theorem 1.1a is given in Algorithm 3. At first, we trace the steps of this

algorithm to show that proving Theorem 1.1a reduces to proving Theorem 1.1b using known

methods. Then, we give an equivalence test for IMMw,d in Algorithm 4, which is the contribu-

tion of the work presented in this chapter. Some relevant definitions, notations and concepts

can be found in Chapter 2.

Reduction to equivalence test for IMM

We are given blackbox access to an m variate polynomial f(x̃) in Algorithm 3 where x̃ =

{x1, . . . , xm}. Suppose f = IMMw′,d(B
′x̃ + b′) for some unknown w′ ∈ Nd−1, b′ ∈ Fn and

B′ ∈ Fn×m of rank n, where n is the number of variables in IMMw′,d.

(i) Variable reduction (Step 2): The number of essential/redundant variables of a polyno-

mial remains unchanged under affine projection via full-rank transformation. Since

1A variable set x = {x1, . . . , xm} is treated as a column vector (x1 . . . xm)T in the expression Bx + b. The
affine form entries of the column Bx + b are then plugged in place of the variables of IMMw,d (following a
variable ordering, like the one mentioned in Section 2.3).
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IMMw′,d has no redundant variables (follows easily from Claim 2.4), the number of

essential variables of f equals n. The algorithm eliminates the m − n redundant vari-

ables in f by using Algorithm 1 (in Section 2.7) and constructs a C ∈ GL(m) such

that g = f(Cx̃) has only the essential variables x = {x1, . . . , xn}. It follows that

g = IMMw′,d(A
′x + b′), where A′ ∈ GL(n) is the matrix B′ · C restricted to the first

n columns.

(ii) Equivalence test (Steps 5-9): Since g = IMMw′,d(A
′x + b′), its d-th homogeneous compo-

nent g[d] = IMMw′,d(A
′x). In other words, g[d] is equivalent to IMMw′,d for an unknown

w′ ∈ Nd−1. At this point, the algorithm calls Algorithm 4 to find a w and an A ∈ GL(n)

such that g[d] = IMMw,d(Ax), and this is achieved with high probability.

(iii) Finding a translation (Steps 12-17): Since g is equal to IMMw′,d(A
′ · (x + A′−1b′)) =

g[d](x+A′−1b′), g is translation equivalent to g[d]. With high probability, Algorithm 2 (in

Section 2.7) finds an a ∈ Fn such that g = g[d](x + a), implying g = IMMw,d(Ax + Aa).

Thus b = Aa is a valid translation vector.

(iv) Final reconstruction (Steps 20-26): From the previous steps, we have g = IMMw,d(Ax +

b). Although the variables {xn+1, . . . , xm} are absent in g, if we pretend that g is a

polynomial in all the x̃ variables then g = IMMw,d(A0x̃ + b), where A0 is an n × m

matrix such that the n × n submatrix formed by restricting to the first n columns of

A0 equals A and the remaining m − n columns of A0 have all zero entries. Hence

f = g(C−1x̃) = IMMw,d(A0C
−1x̃ + b) which explains the setting B = A0C

−1 in step 20.

The identity testing in steps 21-23 takes care of the situation when, to begin with, there

are no w′ ∈ Nd−1, b′ ∈ Fn and B′ ∈ Fn×m of rank n such that f = IMMw′,d(B
′x̃ + b′).

Equivalence test for IMM

Algorithm 3 calls Algorithm 4 on a blackbox holding a homogeneous n variate polynomial

f(x) of degree d ≤ n, and expects a w ∈ Nd−1 and an A ∈ GL(n) in return such that f =

IMMw,d(Ax), if such w and A exist. First, we argue that f can be assumed to be an irreducible

polynomial.

(a) Assuming irreducibility of input f in Algorithm 4: The idea is to construct blackbox access

to the irreducible factors of f using the efficient randomized polynomial factorization

algorithm in Lemma 2.2, and and perform equivalence testing for IMM of smaller de-

gree. This process succeeds with high probability and the details are as follows: If f is
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Algorithm 3 Reconstructing a full-rank ABP
INPUT: Blackbox access to an m variate polynomial f(x̃) of degree d ≤ m.
OUTPUT: A full-rank ABP computing f if such an ABP exists.

1: /* Variable reduction */
2: Use Algorithm 1 to compute n and C ∈ GL(m) such that g = f(Cx̃) has only the essential

variables x = {x1, . . . , xn} of f . If d > n, output ‘f does not admit a full-rank ABP’ and
stop.

3:
4: /* Equivalence test: Finding w and A */
5: Construct a blackbox for g[d], the d-th homogeneous component of g (see Section 2.7).
6: Use Algorithm 4 to find a w ∈ Nd−1 and an A ∈ GL(n) such that g[d] = IMMw,d(Ax).
7: if Algorithm 4 outputs ‘no such w and A exist’ then
8: Output ‘f does not admit a full-rank ABP’ and stop.
9: end if

10:
11: /* Finding a translation b */
12: Use Algorithm 2 to find an a ∈ Fn such that g = g[d](x + a).
13: if Algorithm 2 outputs ‘g is not translation equivalent to g[d]’ then
14: Output ‘f does not admit a full-rank ABP’ and stop.
15: else
16: Set b = Aa.
17: end if
18:
19: /* Identity testing and final reconstruction */
20: Let A0 be the n×m matrix obtained by attaching m− n ‘all-zero’ columns to the right of

A. Set B = A0C
−1.

21: Choose a point a ∈ Sm at random, where S ⊆ F and |S| ≥ nO(1).
22: if f(a) 6= IMMw,d(Ba + b) then
23: Output ‘f does not admit a full-rank ABP’ and stop.
24: else
25: Construct a full-rank ABP A of width w from B and b. Output A.
26: end if

not square-free (which can be easily checked using Lemma 2.2) then f cannot be equiv-

alent to IMMw,d for any w, as IMMw,d is always square-free. Suppose f = f1 · · · fk, where

f1, . . . , fk are distinct irreducible factors of f . If there are w′ ∈ Nd−1 and A′ ∈ GL(n)

such that f = IMMw′,d(A
′x), then the number of essential variables in f is n (as IMMw′,d

has no redundant variables). Also, f1 · · · fk = h1(A′x) · · ·hk(A′x) where h1, . . . , hk are

the irreducible factors of IMMw′,d. The irreducible factors of IMMw′,d are ‘smaller IMMs’

74



in disjoint sets of variables1. Let the degree of f` be d` and n` the number of essential

variables in f`. Then n1 + . . . + nk = n. Now observe that if we invoke Algorithm 3 on

input f`, it calls Algorithm 4 from within on an irreducible polynomial, as f` is homoge-

neous and irreducible. Algorithm 3 returns a w` ∈ Nd`−1 and B` ∈ Fn`×n of rank n` such

that f` = IMMw`,d`(B`x) (ignoring the translation vector as f` is homogeneous). Let

w ∈ Nd−1 be the vector (w1 1 w2 1 . . . 1 wk)
2, and A ∈ Fn×n such that the first n1 rows

of A is B1, next n2 rows is B2, and so on till last nk rows is Bk. Then, f = IMMw,d(Ax).

Clearly, A must be in GL(n) as the number of essential variables of f is n. Thus, it is

sufficient to describe Algorithm 4 on an input f that is irreducible.

(b) A comparison with [Kay12a] and our proof strategy: [Kay12a] gave equivalence tests

for the permanent and determinant polynomials by making use of their Lie algebra

(see Definition 2.17). Algorithm 4 also involves Lie algebra of IMM, but there are

some crucial differences in the way Lie algebra is used in [Kay12a] and in here. The

Lie algebra of permanent consists of diagonal matrices and hence commutative. By

diagonalizing a basis of gf over C, for an f equivalent to permanent, we can reduce the

problem to the much simpler permutation and scaling (PS) equivalence problem. The

Lie algebra of n× n determinant, which is isomorphic to sln ⊕ sln, is not commutative.

However, a Cartan subalgebra of sln consists of traceless diagonal matrices. This then

helps reduce the problem to PS-equivalence by diagonalizing (over C) a basis of the

centralizer of a random element in gf , for an f equivalent to determinant. Both the

equivalence tests involve simultaneous diagonalization of matrices over C. It is a bit

unclear how to carry through this step if the base field is Q and we insist on low bit

complexity. The Lie algebra of IMM is not commutative. Also, we do not know if going

to Cartan subalgebra helps, as we would like to avoid the simultaneous diagonalization

step. Instead of Cartan subalgebras, we study invariant subspaces (Definition 2.10) of

the Lie algebra g
IMM

. A detailed analysis of the Lie algebra (in Section 3.1) reveals the

structure of the irreducible invariant subspaces of g
IMM

. It is observed that these invariant

subspaces are intimately connected to the layer spaces (see Definition 2.6) of any full-

rank ABP computing f . At a conceptual level, this connection helps us reconstruct a

full-rank ABP. Once we have access to the layer spaces, we can retrieve the unknown

width vector w whence the problem reduces to the easier problem of reconstructing an

almost set-multilinear ABP (Definition 4.1).
1Recall, IMMw,d is irreducible if wk > 1 for every k ∈ [d− 1] where w = (w1, . . . , wd−1).
2the notation means the entries of w1 are followed by 1, followed by the entries of w2, then a 1 again, and

so on.
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We now give some more details on Algorithm 4. Suppose there is a w ∈ Nd−1 such that f is

equivalent to IMMw,d. The algorithm has four main steps:

(i) Computing irreducible invariant subspaces (Steps 2-6): The algorithm starts by comput-

ing a basis of the Lie algebra gf . It then invokes Algorithm 5 to compute bases of the

d irreducible invariant subspaces of gf . Algorithm 5 works by picking a random ele-

ment R′ in gf and factoring its characteristic polynomial h = g1 · · · gs. By computing

the closure of vectors (Definition 2.11) picked from null spaces of g1(R′), . . . , gs(R
′), the

algorithm is able to find bases of the required invariant spaces.

(ii) Computing layer spaces (Step 9): The direct relation between the irreducible invariant

spaces of g
IMM

and the layers spaces of any full-rank ABP computing f (as shown in

Lemma 4.3) is exploited by Algorithm 7 to compute bases of these layer spaces. This

also helps establish that all the layer spaces, except two of them, are ‘unique’ (see

Lemma 4.2). The second and second-to-last layer spaces of a full-rank ABP are not
unique; however the bigger space spanned by the first two layer spaces (similarly the

last two layer spaces) is unique. Algorithm 7 finds bases for these two bigger spaces

along with the d− 2 remaining layer spaces.

(iii) Reduction to almost set-multilinear ABP (Steps 12-15): The layer spaces are then cor-

rectly reordered in Algorithm 8 using a randomized procedure to compute the appro-

priate evaluation dimensions (Definition 2.12). The reordering also yields a valid width

vector w. At this point, the problem easily reduces to reconstructing a full-rank al-

most set-multilinear ABP by mapping the bases of the layer spaces to distinct variables.

This mapping gives an Â ∈ GL(n) such that f(Âx) is computable by a full-rank almost

set-multilinear ABP of width w. It is ‘almost set-multilinear’ (and not ‘set-multilinear’)

as the second and the second-to-last layer spaces are unavailable; instead, two bigger

spaces are available as mentioned above.

(iv) Reconstructing a full-rank almost set-mutlilinear ABP (Steps 18-22): Finally, we recon-

struct a full-rank almost set-mutlilinear ABP computing f(Âx) using Algorithm 9. This

algorithm is inspired by a similar algorithm for reconstructing set-multilinear ABP in

[KS03], but it is a little different from the latter as we are dealing with an ‘almost’

set-multilinear ABP. The reconstructed ABP readily gives an A ∈ GL(n) such that f =

IMMw,d(Ax).

A final identity testing (Steps 25-30) takes care of the situation when, to begin with, there is

no w ∈ Nd−1 that makes f equivalent to IMMw,d.
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Algorithm 4 Equivalence test for IMM

INPUT: Blackbox access to a homogeneous n variate degree d polynomial f (which can be
assumed to be irreducible without any loss of generality).
OUTPUT: A w ∈ Nd−1 and an A ∈ GL(n) such that f = IMMw,d(Ax), if such w and A exist.

1: /* Finding irreducible invariant subspaces */
2: Compute a basis of the Lie algebra gf . (See Section 2.7.)
3: Use Algorithm 5 to compute the bases of the irreducible invariant subspaces of gf .
4: if Algorithm 5 outputs ‘Fail’ then
5: Output ‘no such w and A exist’ and stop.
6: end if
7:
8: /* Finding layer spaces from irreducible invariant subspaces */
9: Use Algorithm 7 to compute bases of the layer spaces of a full-rank ABP computing f , if

such an ABP exists.
10:
11: /* Reduction to almost set-multilinear ABP: Finding w */
12: Use Algorithm 8 to compute a w ∈ Nd−1 and an Â ∈ GL(n) such that h = f(Âx) is

computable by a full-rank almost set-multilinear ABP of width w.
13: if Algorithm 8 outputs ‘Fail’ then
14: Output ‘no such w and A exist’ and stop.
15: end if
16:
17: /* Reconstructing an almost set-multilinear ABP: Finding A */
18: Use Algorithm 9 to reconstruct a full-rank almost set-multilinear ABP A’ computing h.
19: if Algorithm 9 outputs ‘Fail’ then
20: Output ‘no such w and A exist’ and stop.
21: end if
22: Replace the x variables in A’ by Â−1x to obtain a full-rank ABP A. Compute A ∈ GL(n)

from A.
23:
24: /* Final identity testing */
25: Choose a point a ∈ Sn, where S ⊆ F and |S| ≥ nO(1).
26: if f(a) 6= IMMw,d(Aa) then
27: Output ‘no such w and A exist’ and stop.
28: else
29: Output w and A.
30: end if

4.2 Almost set-multilinear ABP
In the proof of Theorem 1.1b, we eventually reduce the equivalence test problem to checking

whether there exists an A ∈ GL(n), such that an input polynomial h(x) (given as blackbox)
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equals IMMw,d(Ax), where w is known, x is the variables of IMMw,d, and A satisfies the

following properties:

1. For all k ∈ [d] \ {2, d − 1}, the rows indexed by xk variables contain zero entries in

columns indexed by variables other than xk.

2. The rows indexed by x2 and xd−1 variables contain zero entries in columns indexed by

variables other than x1 ] x2 and xd−1 ] xd respectively.

If there exists such a block-diagonal matrix A then we say h is computed by a full-rank almost
set-multilinear ABP as defined below.

Definition 4.1 ( full-rank almost set-multilinear ABP) A full-rank almost set-multilinear

ABP of width w = (w1, w2, . . . , wd−1) and length d is a product of d matrices X1 · X2 . . . Xd,
where X1 is a row vector of size w1, Xd is a column vector of size wd−1 and Xk is a wk−1×wk ma-
trix for k ∈ [2, d−1]. The entries in Xk are linear forms in xk variables, for all k ∈ [d]\{2, d−1},
and the entries in X2 and Xd−1 are linear forms in x1 ] x2 and xd−1 ] xd variables respectively,
where x1 ] x2 · · · ] xd is the set of variables in IMMw,d.

Conventionally, in the definition of set-multilinear ABP, the entries of Xi are linear forms in

just xi variables – the ABP in the above definition is almost set-multilinear as matrices X2

and Xd−1 violate this condition. An efficient randomized reconstruction algorithm for set-

multilinear ABP follows from [KS03]. In order to apply a similar reconstruction algorithm to

full-rank almost set-multilinear ABPs, we fix a canonical representation for the first two and

the last two matrices as explained below.

Canonical form or representation: We say a full-rank almost set-multilinear ABP of width

w is in canonical form if the following hold:

(1a) X1 = (x
(1)
1 x

(1)
2 . . . x

(1)
w1 ),

(1b) the linear forms in X2 are such that for l, i ∈ [w1] and l < i, the variable x(1)
l has a zero

coefficient in the (i, j)-th entry (linear form) of X2, where j ∈ [w2].

(2a) Xd = (x
(d)
1 x

(d)
2 . . . x

(d)
wd−1)T ,

(2b) the linear forms in Xd−1 are such that for l, j ∈ [wd−1] and l < j, the variable x(d)
l has a

zero coefficient in the (i, j)-th entry (linear form) of Xd−1, where i ∈ [wd−2].
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The following claim states that for every full-rank almost set-multilinear ABP there is another

ABP in canonical form computing the same polynomial, and the latter can be computed

efficiently.

Claim 4.1 Let h be an n variate, degree d polynomial computable by a full-rank almost set-
multilinear ABP of width w = (w1, w2, . . . , wd−1) and length d. There is a randomized algorithm
that takes input blackbox access to h and the width vector w, and outputs a full-rank almost set-
multilinear ABP of width w in canonical form computing h, with probability at least 1− n−Ω(1).
The running time of the algorithm is (nβ)O(1), where β is the bit length of the coefficients of h.

We prove the claim in Section 4.4.3. The algorithm is similar to reconstruction of set-

multilinear ABP in [KS03], except that the latter needs to be adapted suitably as we are

dealing with almost set-multilinear ABP.

4.3 Lie algebra of f equivalent to IMM

Let f be an n variate polynomial such that f = IMMw,d(Ax), where w = (w1, w2, . . . , wd−1) ∈
Nd−1 and A ∈ GL(n). It follows, n = w1 +

∑d−1
i=2 wi−1wi +wd−1. We recall the notation defined

in Section 3.1.3. The variables in IMM are identified with the unit vectors e1, e2, . . . , en in Fn

– the vector ei corresponds to the i-th variable as per the variable ordering defined among x

variables. The unit vector ex corresponds to the variable x, and U1,2 denotes the coordinate

subspace spanned by the unit vectors corresponding to the variables in x1 ] x2. Similarly Uk

denotes the coordinate subspace spanned by the unit vectors corresponding to the variables

in xk for k ∈ [2, d−1], and Ud−1,d denotes the coordinate subspace spanned by the unit vectors

corresponding to the variables in xd−1 ] xd.

From Observation 2.2 and Lemma 3.6 we know A−1U1,2, A−1U2, . . . , A−1Ud−1, A−1Ud−1,d

are the only irreducible invariant subspaces of gf , and A−1U2 (respectively A−1Ud−1) is the

only invariant subspace properly contained in A−1U1,2 (respectively A−1Ud−1,d). Also from

Corollary 3.1 it follows that Fn = A−1U1,2 ⊕ A−1U3 ⊕ · · · ⊕ A−1Ud−2 ⊕ A−1Ud−1,d. In this

section, we give an efficient randomized algorithm to compute a basis of each of the spaces

A−1U1,2, A−1U2, . . . , A−1Ud−1, A−1Ud−1,d given only blackbox access to f (but no knowledge

of w or A).

4.3.1 Computing invariant subspaces of the Lie algebra gf

First, we efficiently compute a basis {L′1, L
′
2, . . . , L

′
m} of gf using the algorithm stated in

Lemma 2.4. By Claim 2.1, L1 = AL
′
1A
−1, L2 = AL

′
2A
−1, . . . , Lm = AL

′
mA
−1 form a basis of
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R1

R2

R3

Rd

Rd−1

Rd−2

x1

x2

x3

xd

xd−1

xd−2

x1 x2 x3 xdxd−1xd−2

all entries outside
the bordered region

are zero

Figure 4.1: Random element R in g
IMM

g
IMM

. Suppose R
′

=
∑m

i=1 riL
′
i is a random element of gf , chosen by picking the ri’s inde-

pendently and uniformly at random from [2n3]. Then R = AR
′
A−1 =

∑m
i=1 riLi is a random

element of g
IMM

and it follows from Lemma 3.5 that the characteristic polynomial of R is

square-free with probability at least 1 − n−Ω(1). So assume henceforth that the characteristic

polynomial of R (and hence also of R′) is square-free.

Moreover, from Figure 3.1 it follows that R has the structure as shown in Figure 4.1. Let

h(x) =
∏d

i=1 hi(x) be the characteristic polynomial of R and R
′, where hi(x) is the char-

acteristic polynomial of Ri, and g1(x), g2(x), . . . , gs(x) be the distinct irreducible factors of

h(x) over F. Suppose N
′
i is the null space of gi(R

′
). Thus Ni, the null space of gi(R)

(equal to A · gi(R
′
) · A−1), is AN

′
i for i ∈ [s]. We study the null spaces N1,N2, . . . ,Ns in

the next two claims and show how to extract out the irreducible invariant subspaces of gf
from N

′
1,N

′
2, . . . ,N

′
s (as specified in Algorithm 5).

Claim 4.2 For all i ∈ [s], let Ni and N
′
i be the null spaces of gi(R) and gi(R

′
). Then

1. Fn = N1 ⊕N2 ⊕ · · · ⊕Ns = N
′
1 ⊕N

′
2 ⊕ · · · ⊕N

′
s.

2. For all i ∈ [s], dim(Ni) = dim(N
′
i) = degx(gi).

Proof: Since N
′
i = A−1Ni and A−1 ∈ GL(n), it is sufficient to show Fn = N1 ⊕ N2 ⊕ · · · ⊕ Ns

and dim(Ni) = degx(gi). Further, observe that each subspace Ni is non-trivial – if N1 = {0}
then for all v ∈ Fn, h(R) · v = g1(R)g2(R) · · · gs(R) · v = 0 implying g2(R) · · · gs(R) · v = 0. As

the characteristic polynomial and the minimal polynomial have the same irreducible factors
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this gives a contradiction.

To show the sum of Ni’s is a direct sum it is sufficient to show the following: if
∑s

l=1 ul = 0

where ul ∈ Nl then ul = 0 for l ∈ [s]. Define for i ∈ [s]

ĝi :=
s∏

j=1,j 6=i

gj(x) =
h(x)

gi(x)
. (4.1)

Since ĝi(R) · uj = 0 for j 6= i,

ĝi(R) ·

(
s∑
l=1

ul

)
= ĝi(R) · ui = 0. (4.2)

As gi(x) and ĝi(x) are coprime polynomials, there are pi(x), qi(x) ∈ F[x] such that

pi(x)gi(x) + qi(x)ĝi(x) = 1 ⇒ pi(R)gi(R) + qi(R)ĝi(R) = In

⇒ (pi(R)gi(R)) · ui + (qi(R)ĝi(R)) · ui = ui.

Both (pi(R)gi(R)) · ui = 0 (as ui ∈ Ni) and (qi(R)ĝi(R)) · ui = 0 (by Equation (4.2)). Hence

ui = 0 for all i ∈ [s].

Let R̃ be the linear the linear map R restricted to the subspace Ni (this is well defined as Ni

is an invariant subspace of R). Then, gi(R̃) = 0. Since gi is irreducible, from Cayley-Hamilton

theorem it follows that gi divides the characteristic polynomial of R̃ implying degx(gi) ≤
dim(Ni). As a consequence, we have

n =
s∑
i=1

degxgi ≤
s∑
i=1

dimNi ≤ dimFn = n. (4.3)

Each inequality is an equality, which proves the claim.

Claim 4.3 Suppose gi(x) is an irreducible factor of the characteristic polynomial hk(x) of Rk

(depicted in Figure 4.1) for some k ∈ [d]. Then the following holds:

1. If k ∈ [2, d− 1] then Ni ⊆ Uk (equivalently N
′
i ⊆ A−1Uk).

2. If k = 1 then Ni ⊆ U1,2 (equivalently N
′
i ⊆ A−1U1,2), and if k = d then Ni ⊆ Ud−1,d

(equivalently N
′
i ⊆ A−1Ud−1,d).
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Proof: Figure 4.2 depicts the matrix hk(R) and as shown in it, call the submatrix restricted to

the rows labelled by variables in x2 and columns labelled by variables in x1 ]x2, Mk,2; define

Mk,d−1 similarly. Let v ∈ Ni. For every j ∈ [d], let vj be the subvector of v restricted to the

hk(R1)

hk(R2)

hk(Rd)

hk(Rd−1)

x1

x2

xd

xd−1

x1 x2 xdxd−1

Mk,2

Mk,2

Mk,d−1

Mk,d−1

Figure 4.2: Matrix hk(R)

rows labelled by variables in xj, and v1,2 (respectively vd−1,d) be the subvector of v restricted

to the rows labelled by variables in x1]x2 (respectively xd−1]xd). Since v ∈ Ni, gi(R) ·v = 0

implying hk(R) · v = 0. Thus we have the following set of equations:

hk(R1) · v1 = 0

Mk,2 · v1,2 = 0

hk(Rj) · vj = 0 for j ∈ [3, d− 2]

Mk,d−1 · vd−1,d = 0

hk(Rd) · vd = 0.

(4.4)

Case a: k ∈ [2, d − 1]; since hj(x) is the characteristic polynomial of Rj, hj(Rj) = 0 implying

hj(Rj)·vj = 0 for every j ∈ [d]. As k 6= 1, hk(x) and h1(x) are coprime and from Equation (4.4)

hk(R1)·v1 = 0. Hence, v1 = 0 and for a similar reason vd = 0 as k 6= d. Thus in Equation (4.4)

we have
Mk,2 · v1,2 = hk(R2) · v2 = 0

Mk,d−1 · vd−1,d = hk(Rd−1) · vd−1 = 0.

Therefore for every j ∈ [d], hk(Rj) · vj = 0. If j 6= k then hj(x) and hk(x) are coprime, thus

from hj(Rj) · vj = 0 we infer vj = 0 and hence v ∈ Uk.
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Case b: k = 1 or k = d; let k = 1, the proof for k = d is similar. Since hk(Rd) · vd = 0,

hd(Rd) · vd = 0, and hk(x), hd(x) are coprime, we get vd = 0. Hence from Equation (4.4),

Mk,d−1 · vd−1,d = hk(Rd−1) · vd−1 = 0.

Again for j ∈ [3, d], hk(Rj) ·vj = 0 and hj(x), hk(x) are coprime for every j 6= k. Hence vj = 0

for j ∈ [3, d] implying v ∈ U1,2.

Claim 4.4 1. If gl1(x), gl2(x), . . . , glr(x) are all the irreducible factors of hk(x) for k ∈ [2, d−1]

then A−1Uk = N
′

l1
⊕N

′

l2
⊕ · · · ⊕N

′

lr
.

2. If gl1(x), gl2(x), . . . , glr(x) are all the irreducible factors of h1(x)h2(x) (respectively
hd−1(x)hd(x)) then A−1U1,2 = N

′

l1
⊕N

′

l2
⊕ · · · ⊕N

′

lr
(respectively A−1Ud−1,d = N

′

l1
⊕N

′

l2
⊕

· · · ⊕N
′

lr
).

Proof: If k ∈ [2, d− 1] then N
′

l1
+ N

′

l2
+ · · ·+ N

′

lr
is a direct sum and

dim(A−1Uk) = degx(hk) =
r∑
j=1

degx(glj) =
r∑
j=1

dim(N
′

lj
), which follow from Claim 4.2.

Hence from Claim 4.3, A−1Uk = N
′

l1
⊕N

′

l2
⊕· · ·⊕N

′

lr
. The proof for the second part is similar.

0

Lemma 4.1 Given as input bases of the null spaces N′1, N
′
2, . . . , N

′
s we can compute bases of the

spaces A−1U1,2, A
−1U2, . . . , A

−1Ud−1, A
−1Ud−1,d in deterministic polynomial time.

Proof: Recall N′i is the null space of gi(R
′
), where gi(x) is an irreducible factor of hk(x) for

some k ∈ [d].

Case A: k ∈ [2, d− 1]; from Claim 4.3 it follows that N′i ⊆ A−1Uk. Pick a basis vector v in N
′
i

and compute the closure of v under the action of gf using Algorithm 6 given in Section 4.3.2.

Since the closure of v is the smallest invariant subspace of gf containing v, by Claim 3.6 the

closure of v equals A−1Uk.

Case B: k = 1 or k = d; the arguments for k = 1 and k = d are similar. We prove it for

k = 1. From Claim 4.3 we have N
′
i ⊆ A−1U1,2. Pick a basis vector v of N′i and compute its

closure under the action of gf using Algorithm 6. Similar to case A, this gives us an invariant

subspace of gf contained in A−1U1,2 and by Claim 3.7 this invariant subspace is either A−1U2

or A−1U1,2. However, N′i ∩ A−1U2 (by Claim 4.4) is empty, as gi(x) is an irreducible factor of
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h1(x) (not h2(x)). Hence v /∈ A−1U2 and the closure of v must be A−1U1,2.

To summarize, first we pick a random element R′ in gf , find its characteristic polynomial

h(x) and factorize h(x) to get the irreducible factors g1(x), g2(x), . . . , gs(x). Then we compute

the null spaces N′1,N
′
2, . . . ,N

′
s of g1(R′), g2(R′), . . . , gs(R

′) respectively. By applying Lemma

4.1, we find the invariant subspaces of gf , A−1U1,2, A−1U2, . . . , A−1Ud−1, A−1Ud−1,d from

these null spaces. We present this formally in Algorithm 5.

Algorithm 5 Computing irreducible invariant subspaces of gf
INPUT: A basis {L′1, L′2, . . . , L′m} of gf .
OUTPUT: Bases of the irreducible invariant subspaces of gf .

1: Pick a random element R′ =
∑m

j=1 rjL
′
j in gf , where rj ∈R [2n3].

2: Compute the characteristic polynomial h(x) of R′.
3: if h(x) is not square-free then
4: Output ‘Fail’ and stop.
5: end if
6: Factor h(x) = g1(x) · g2(x) . . . gs(x) into irreducible factors over F.
7: Find bases of the null spaces N′1,N

′
2, . . . ,N

′
s of g1(R′), g2(R′), . . . , gs(R

′) respectively.
8: For every N′i, pick a vector v in the basis of N′i and compute the closure of v with respect

to gf using Algorithm 6 given in Section 4.3.2.
9: Let {V1,V2, . . . ,Vs} be the list of the closure spaces; check for all i 6= j and i, j ∈ [s],

whether Vi = Vj to remove repetitions from the above list and get the pruned list
{V1,V2, . . . ,Vd}1.

10: Output the set {V1,V2, . . . ,Vd}.

Comments on Algorithm 5:

a. Observe that in step 6 of the algorithm we need F to be Q (as assumed) or a finite field

because univariate factorization can be done effectively over such fields [LLL82, Ber67,

CZ81].

b. When Algorithm 5 is invoked in Algorithm 4 for an n variate degree d polynomial f ,

there may not exists a w ∈ Nd−1 and an A ∈ GL(n) such that f = IMMw,d(Ax). We

point out a few additional checks that need to be added to the above algorithm to

handle this case. In step 9, if the pruned list (after removing repetitions) has size other

than d then output ‘Fail’. Also from Claim 3.7, exactly two subspaces in the pruned list

{V1,V2, . . . ,Vd}, say V2 and Vd−1, should be subspaces of other vector spaces, say V1

1reusing symbols
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and Vd respectively. We can find these two spaces by doing a pairwise check among the

d vector spaces. If such subspaces do not exist among V1,V2, . . . ,Vd then output ‘Fail’.

Further, if Fn 6= V1 ⊕ V3 ⊕ · · · ⊕ Vd−2 ⊕ Vd (assuming V2 ⊆ V1 and Vd−1 ⊆ Vd) then

output ‘Fail’.

c. It follows from the above discussion , if f = IMMw,d(Ax) then we can assume V3,V4, . . . ,

Vd−2 are the spaces A−1U3, A
−1U4, . . . , A

−1Ud−2 in some unknown order. The spaces

V1,V2 and Vd,Vd−1 are either the spaces A−1U1,2, A
−1U2 and A−1Ud−1,d, A

−1Ud−1 re-

spectively, or the spaces A−1Ud−1,d, A
−1Ud−1 and A−1U1,2, A

−1U2 respectively.

4.3.2 Closure of a vector under the action of gf

Algorithm 6 computes the closure of v ∈ Fn under the action of a space L spanned by n× n
matrices. Let {M1,M2, . . . ,Mm} be a basis of L where Mi ∈ Fn×n. For a set of vectors

T = {v1,v2, . . . ,vq} ⊆ Fn, let L · T denote the set {Mavb | a ∈ [m] and b ∈ [q]}.

Algorithm 6 Computing the closure of v under the action of L
INPUT: v ∈ Fn and a basis {M1,M2, . . . ,Mm} of L.
OUTPUT: Basis of the closure of v under the action of L.

1: Let V(0) = {v} and V(1) = spanF{v,M1v, . . . ,Mmv}.
2: Set i = 1.
3: Compute a basis of V(1) and let T1 = {v1,v2, . . . ,vq1} be this basis.
4: while V(i−1) 6= V(i) do
5: Set i = i+ 1.
6: Compute a basis for V(i) = spanF{Ti−1 ∪ L · Ti−1} and let Ti = {v1,v2, . . . ,vqi} be this

basis.
7: end while
8: Output Ti.

Claim 4.5 Algorithm 6 computes the closure of v ∈ Fn under the action of L in time polynomial
in n and the bit length of the entries of v and M1,M2, . . . ,Mm.

Proof: The closure of v under the action of L is the F-linear span of all vectors of the form µ.v,

where µ is a non-commutative monomial in M1,M2, . . . ,Mm (including unity). Algorithm 6

computes exactly this set and hence the closure of v. Moreover, dim(V(i)) ≤ n and in every

iteration of the while loop dim(V(i)) > dim(V(i−1)), until V(i) = V(i−1). Hence, Algorithm 6

runs in time polynomial in n and the bit length of the entries of v and M1,M2, . . . ,Mm. 0
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4.4 Reconstruction of full-rank ABP for f
Let f be a polynomial equivalent to IMMw,d for some (unknown) w ∈ Nd−1. In this section,

we show that the invariant subspaces of gf let us compute a w ∈ Nd−1 and an A ∈ GL(n)

such that f = IMMw,d(Ax). Since f is equivalent to IMMw,d, it is computable by a full-rank

ABP X1 ·X2 . . . Xd−1 ·Xd of width w and length d with linear form entries in the matrices. We

call this full-rank ABP A which, as explained below, is not the only full-rank ABP computing f .

Many full-rank ABPs for f : The full-rank ABP X ′1 · X ′2 · · ·X ′d resulting from each of the

following three transformations on A still computes f ,

1. Transposition: Set X ′k = XT
d+1−k for k ∈ [d].

2. Left-right multiplications: Let A1, . . . , Ad−1 be matrices such that Ak ∈ GL(wk) for every

k ∈ [d− 1]. Set X ′1 = X1 ·A1, X
′

d = A−1
d−1 ·Xd, and X ′k = A−1

k−1 ·Xk ·Ak for k ∈ [2, d− 1].

3. Corner translations: Suppose {C11, C12, . . . , C1w2} and {Cd1, Cd2, . . . , Cdwd−2
} are two sets

containing anti-symmetric matrices in Fw1×w1 and Fwd−1×wd−1 respectively. Let Y2 ∈
F[x]w1×w2 (respectively Yd−1 ∈ F[x]wd−2×wd−1) be a matrix with its i-th column (re-

spectively i-th row) equal to C1i · XT
1 (respectively XT

d · Cdi). Set X ′2 = X2 + Y2,

X
′

d−1 = Xd−1 + Yd−1, and X ′k = Xk for k ∈ [d] \ {2, d− 1}.

In each of the above three cases f = X ′1 ·X ′2 · · ·X ′d; this is easy to verify for cases 1 and 2, in

case 3 observe that X1 · C1i ·XT
1 = XT

d · Cdi ·Xd = 0.

It turns out that the full-rank ABPs obtained by (repeatedly) applying the above three trans-

formations on A are the only full-rank ABPs computing f . This would follow from the discus-

sion in Chapter 5. Although there are multiple full-rank ABPs for f , the layer spaces of these

ABPs are unique (Lemma 4.2). This uniqueness of the layer spaces essentially facilitates the

recovery of a full-rank ABP for f . Let us denote the span of the linear forms1 in X1 and X2

(respectively Xd−1 and Xd) by X1,2 (respectively Xd−1,d).

Lemma 4.2 (Uniqueness of the layer spaces of full-rank ABP for f) SupposeX1 ·X2 · · ·Xd

andX ′1 ·X ′2 · · ·X ′d are two full-rank ABPs of widths w = (w1, w2, . . . , wd−1) and w′ = (w′1, w
′
2, . . . ,

w′d−1) respectively, computing the same polynomial f . Then one of the following two cases is true:

a. w′k = wk for k ∈ [d − 1], and the spaces X′1,X
′
1,2,X

′
3, . . . , X

′
d−1,d,X

′
d are the spaces

X1,X1,2,X3, . . . ,Xd−1,d,Xd respectively.
1Identify linear forms with vectors in Fn as mentioned in Definition 2.6.
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b. w′k = wd−k for k ∈ [d − 1], and the spaces X′1,X
′
1,2,X

′
3, . . . , X

′
d−1,d,X

′
d are the spaces

Xd,Xd−1,d,Xd−2, . . . ,X1,2,X1 respectively.

The lemma would help characterize the group of symmetries of IMM in Chapter 5; the proof

would follow readily from Claim 4.6 in Section 4.4.2. With an eye on Chapter 5 and for better

clarity in the reduction to almost set-multilinear ABP in Section 4.4.2, we take a slight detour

and show next how to compute these ‘unique’ layer spaces of A.

4.4.1 Computing layer spaces from invariant subspaces of gf

Algorithm 5 outputs bases of the irreducible invariant subspaces {Vi | i ∈ [d]} of gf . Recall, we

assumed without loss of generality that V2 and Vd−1 are subspaces of V1 and Vd respectively.

The spaces V1,V2 and Vd,Vd−1 are either the spaces A−1U1,2, A
−1U2 and A−1Ud−1,d, A

−1Ud−1

respectively, or the spaces A−1Ud−1,d, A
−1Ud−1 and A−1U1,2, A

−1U2 respectively. Every other

Vk is equal to A−1Uσ(k) for some permutation σ on [3, d − 2] (σ is not known at the end of

Algorithm 5). Hence,

Fn = V1 ⊕ V3 ⊕ · · · ⊕ Vd−2 ⊕ Vd. (4.5)

Since V2 ⊆ V1, we can start with a basis of V2 and fill in more elements from the basis of V1

to get a new basis of V1. Thus we can assume the basis of V2 is contained in the basis of V1.

Likewise, the basis of Vd−1 is contained in the basis of Vd.

Order the basis vectors of V1 such that the basis vectors of V2 are at the end and order the

basis vectors of Vd such that the basis vectors of Vd−1 are at the beginning. For k ∈ [3, d− 2],

the basis vectors of Vk are ordered in an arbitrary way. Let uk denote the dimension of Vk for

k ∈ [d]. We identify the space Vk with an n× uk matrix Vk, where the i-th column in Vk is the

i-th basis vector of Vk in the above specified order. Algorithm 7 computes the layer spaces of

A using V1 to Vd. Let t2 = u1 and tk = uk + tk−1 for k ∈ [3, d− 2].

Comments on Algorithm 7: Algorithm 4 invokes Algorithm 7 only after Algorithm 5, which

returns ‘Fail’ if Fn 6= V1⊕V3⊕· · ·⊕Vd−2⊕Vd (see comments after Algorithm 5). This ensures

Equation (4.5) is satisfied and so V −1 exists in step 2 of the above algorithm, even if there

are no w ∈ Nd−1 and A ∈ GL(n) such that f = IMMw,d(Ax).

Lemma 4.3 If f = X1·X2 · · ·Xd and Y1,Y1,2,Y3, . . . ,Yd−2,Yd−1,d,Yd is the output of Algorithm 7
then there is a permutation σ on [3, d− 2] such that the following hold:

1. For every k ∈ [3, d− 2], Yk = Xσ(k).
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Algorithm 7 Computing the layer spaces of A
INPUT: Bases of the irreducible invariant subspaces of gf .
OUTPUT: Bases of the layer spaces of A.

1: Form an n× n matrix V by concatenating the columns of the matrices V1, V3, . . . , Vd−2, Vd
in order, that is V = [V1 | V3 | . . . | Vd−2 | Vd].

2: Compute V −1. Number the rows of V −1 by 1 to n.
3: Let Y1 be the space spanned by the first u1−u2 rows of V −1, and Y1,2 be the space spanned

by the first u1 rows of V −1. Let Yd−1,d be the space spanned by the last ud rows of V −1 and
Yd be the space spanned by the last ud− ud−1 rows of V −1. Finally, for every k ∈ [3, d− 2],
let Yk be the space spanned by the rows of V −1 that are numbered by tk−1 +1 to tk−1 +uk.
Output the bases of the spaces Y1,Y1,2,Y3, . . . ,Yd−2,Yd−1,d,Yd in order.

2. Either Y1,Y1,2 and Yd,Yd−1,d are X1,X1,2 and Xd,Xd−1,d respectively, or Y1,Y1,2 and Yd,Yd−1,d

are Xd,Xd−1,d and X1,X1,2 respectively.

Proof: Assume V1 and Vd are the spaces A−1U1,2 and A−1Ud−1,d respectively. In this case

we will show Y1,Y1,2 and Yd,Yd−1,d are X1,X1,2 and Xd,Xd−1,d respectively1. Hence, u1 =

w1 + w1w2, u2 = w1w2, ud−1 = wd−2wd−1 and ud = wd−1 + wd−2wd−1. From the order of the

columns in V1 and Vd we have V1 = A−1E1 and Vd = A−1Ed, where E1 and Ed are n× u1 and

n× ud matrices respectively and they look as shown in Figure 4.3. The rows of E1 and Ed are

E1 Ed Ek

x1

x2

x3

xd

x1 x2

xd

xd−1

xd−2

x1

xd−1 xd xσ(k)

xσ(k)

B1,2

Bd−1,d

Bσ(k)

Figure 4.3: Matrices E1, Ed and Ek

labelled by n variables in x1 to xd, whereas the columns of E1 are labelled by variables in x1

and x2 and the columns of Ed are labelled by variables in xd−1 and xd. Moreover, the nonzero

1If V1 and Vd are the spaces A−1Ud−1,d and A−1U1,2 respectively, then Y1,Y1,2 and Yd,Yd−1,d are Xd,Xd−1,d
and X1,X1,2 respectively – the proof of this case is similar.
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entries in these matrices are restricted to the shaded region in Figure 4.3.

For k ∈ [3, d−2], Vk = A−1Uσ(k) where σ is a permutation on [3, d−2]. Hence, uk = wσ(k)−1wσ(k)

and Vk = A−1Ek where Ek is a n × uk matrix and looks as shown in Figure 4.3. Again the

rows of Ek are labelled by the variables x1 to xd, whereas the columns of Ek are labelled by

variables in xσ(k). The nonzero entries in Ek are restricted to the shaded region in Figure 4.3

whose rows are labelled by variables in xσ(k). Let E be the concatenation of these matrices,

E = [E1 | E3 | E4 | . . . | Ed−2 | Ed]. The rows of E are labelled by x1,x2, . . . ,xd as usual,

but now the columns are labelled by x1,x2,xσ(3), . . . ,xσ(d−2),xd−1,xd in order as shown in

Figure 4.4. Then V = A−1E implying V −1 = E−1A. Owing to the structure of E, E−1 looks

as shown in Figure 4.4. The rows of E−1 are labelled by x1,x2,xσ(3), . . . ,xσ(d−2),xd−1,xd in

x1

x2

x3

xσ(3)

xd−2

xd

xd−1

x1 x2 xσ(3) xσ(d−2) xdxd−1

0’s

0’s

E

B1,2

Bd−1,d

Bσ(3)

x1

x2

xσ(3)

xσ(d−2)

xd

xd−1

x1 x2 x3 xσ(3) xdxd−1

0’s

0’s

E−1

B−1
1,2

B−1
d−1,d

B−1
σ(3)

Figure 4.4: Matrices E and E−1

order, whereas the columns are labelled by the usual ordering x1,x2, . . . ,xd. The submatrix of

E−1 restricted to the rows and columns labelled by the variables in x1 and x2 is B−1
1,2 and that

labelled by the variables in xd−1 and xd is B−1
d−1,d. For k ∈ [3, d− 2] the submatrix restricted to

the rows and columns labelled by xσ(k) is B−1
σ(k). We infer the following facts:

(I) The space spanned by the first u1 − u2 (that is w1) rows of V −1 is equal to the space

spanned by the first w1 rows of A, the latter space is X1.

(II) The space spanned by the first u1 (that is w1 + w1w2) rows of V −1 is equal to the space

spanned by the first w1 + w1w2 rows of A, the latter space is X1,2.

(III) The space spanned by the last ud (that is wd−1 + wd−2wd−1) rows of V −1 is equal to the

space spanned by the last wd−1 + wd−2wd−1 rows of A, the latter space is Xd−1,d.

89



(IV) The space spanned by the last ud− ud−1 (that is wd−1) rows of V −1 is equal to the space

spanned by the last wd−1 rows of A, the latter space is Xd.

(V) For k ∈ [3, d − 2] the space spanned by the rows of V −1 that are numbered by tk−1 + 1

to tk−1 + uk is equal to the space spanned by the rows of A labelled by xσ(k), the latter

space is Xσ(k).

4.4.2 Reduction to almost set-multilinear ABP

The outline: Once the invariant spaces of gf are computed, the reduction proceeds like this:

As observed in the proof of Lemma 4.3, the matrix V in Algorithm 7 equals A−1E where

E looks as shown in Figure 4.4. If f = IMMw,d(Ax) then f(V x) = IMMw,d(Ex). Owing to

the structure of E, f(V x) is computed by a full-rank almost set-multilinear ABP (Defintion

4.1), except that the ordering of the groups of variables occurring in the different layers

of the ABP is unknown as σ is unknown. The ‘correct’ ordering along with a width vector

can be retrieved by applying evaluation dimension, thereby completing the reduction. For a

slightly neater presentation of the details (and with the intent of proving Lemma 4.2), we

deviate from this strategy a little bit and make use of the layer spaces that have already been

computed by Algorithm 7.

The details: Algorithm 7 computes the spaces Y1,Y1,2,Y3, . . . ,Yd−2,Yd−1,d,Yd which (accord-

ing to Lemma 4.3) are either the spaces X1,X1,2,Xσ(3), . . . ,Xσ(d−2),Xd−1,d,Xd respectively, or

the spaces Xd,Xd−1,d,Xσ(3), . . . , Xσ(d−2),X1,2,X1 respectively, for some unknown permutation

σ on [3, d− 2]. The claim below shows how to correctly reorder these layer spaces.

Claim 4.6 There is a randomized polynomial time algorithm that takes input the bases of the
layer spaces Y1,Y1,2,Y3, . . . ,Yd−2,Yd−1,d,Yd and with probability at least 1−n−Ω(1) reorders these
layer spaces and outputs a width vector w′ such that the reordered sequence of spaces and w′

are:

1. either X1,X1,2,X3, . . . ,Xd−2,Xd−1,d,Xd and (w1, w2, . . . , wd−1) respectively,

2. or Xd,Xd−1,d,Xd−2, . . . , X3,X1,2,X1 and (wd, wd−1, . . . , w1) respectively.

Proof: The algorithm employs evaluation dimension to uncover the permutation σ. Assume

that Y1,Y1,2,Y3, . . . ,Yd−2,Yd−1,d,Yd are the spaces X1,X1,2,Xσ(3), . . . ,Xσ(d−2),Xd−1,d,Xd respec-

tively1. In this case, the algorithm reorders the spaces to a sequence X1,X1,2,X3, . . . ,Xd−2,

1The proof of the other case is similar.
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Xd−1,d, Xd and outputs w′ = w. For every k ∈ [3, d − 2], let zk be a set of dim(Yk) many

variables. Let z1 (similarly, zd) be a set of dim(Y1) (similarly, dim(Yd)) variables, and let z2

(similarly, zd−1) be a set of dim(Y1,2) − dim(Y1) (similarly, dim(Yd−1,d) − dim(Yd)) variables.

Finally, let z = z1 ] . . . ] zd be the set of these n fresh variables.

Compute a linear map µ that maps x variables to linear forms in z variables such that the

following conditions are satisfied:

(a) For every k ∈ [3, d − 2], the linear forms corresponding1 to the basis vectors of Yk map

to distinct variables in zk.

(b) The linear forms corresponding to the basis vectors in Y1 (similarly, Yd) map to distinct

variables in z1 (similarly, zd).

(c) The linear forms corresponding to the basis vectors in Y1,2 (similarly, Yd−1,d) map to

distinct variables in z1 ] z2 (similarly, zd−1 ] zd).

Conditions (b) and (c) can be simultaneously satisfied as the basis of Y1 (similarly, Yd) is

contained in the basis of Y1,2 (similarly, Yd−1,d) by their very constructions in Algorithm 7. As

f = IMMw,d(Ax), the map µ takes f to a polynomial h(z) that is computed by a full-rank ABP

A′ of width w and length d such that the sets of variables appearing in the d layers of A′ from

left to right are z1, z1 ] z2, zσ−1(3), . . . , zσ−1(d−2), zd−1 ] zd, zd in order.

The following observation, the proof of which is given later, helps find σ−1 incrementally

from blackbox access to h(z). Let y2 = z1 ] z2 and yj = z1 ] z2 ] zσ−1(3) ] · · · ] zσ−1(j), for

j ∈ [3, d− 2].

Observation 4.1 For every j ∈ [2, d− 3] and k ∈ [3, d− 2] such that zk 6⊂ yj,

1. Evaldimyj]zk(h) < |zk|, if k = σ−1(j + 1), and

2. Evaldimyj]zk(h) > |zk|, if k 6= σ−1(j + 1).

The proof of the observation also includes an efficient randomized procedure to compute

Evaldimyj]zk(h).

1Recall, linear forms in x variables and vectors in Fn are naturally identified with each other.
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Finally, the algorithm outputs the reordered layer spaces Y1,Y1,2,Yσ−1(3), . . . ,Yσ−1(d−2),Yd−1,d,Yd

which is the ordered sequence of spaces X1,X1,2,X3, . . . ,Xd−2,Xd−1,d,Xd. The width vector w′

can be readily calculated now by inspecting the dimensions:

w′1 = dim(X1) = w1,

w′2 =
dim(X1,2)− w1

w1

= w2,

w′k =
dim(Xk)

wk−1

= wk, for k ∈ [3, d− 2],

w′d = dim(Xd) = wd, and

w′d−1 =
dim(Xd−1,d)− wd

wd
= wd−1.

This gives w′ = w. This completes the proof the claim. Below we give the proof of Observa-

tion 4.1

PROOF OF OBSERVATION 4.1: Let Z1 · Z2 · · ·Zd be equal to A′, the full-rank ABP of width

w = (w1, w2, . . . , wd−1) computing h, where the linear forms in Zi are in zσ−1(i) variables for

i ∈ [3, d−2], the linear forms in Z1, Zd are in variables z1, zd respectively, and the linear forms

in Z2, Zd−1 are in z1 ] z2, zd−1 ] zd variables respectively.

Case 1: Suppose k = σ−1(j + 1), implying |zk| = wjwj+1. Let G = Zj+2 · Zj+3 · · ·Zd and

the t-th entry of G be gt for t ∈ [wj+1]. As the linear forms in Z1, Z2, . . . , Zj+1 are F-linearly

independent, for every t ∈ [wj+1] there is a partial evaluation of h at yj ] zk variables that

makes h equal to gt . Also, every partial evaluation of h at yj ] zk variables can be ex-

pressed as an F-linear combination of g1, g2, . . . , gwj+1
. Hence, from Observation 4.3 it follows,

Evaldimyj]zk(h) = wj+1 < |zk|.

Case 2: Suppose k 6= σ−1(j + 1). The variables zk appear in the matrix Zσ(k), so |zk| =

wσ(k)−1wσ(k). Let G = Zσ(k)+1 · Zσ(k)+2 · · ·Zd and the t-th entry of G be gt for t ∈ [wσ(k)].

Further, let P = (plm)l∈[wj ],m∈[wσ(k)−1] be equal to Zj+1 · Zj+2 · · ·Zσ(k)−1. As the linear forms

in Z1, Z2, . . . , Zj and Zσ(k) are F-linearly independent, there is a partial evaluation of h at

the yj ] zk variables that makes h equal to plmgt for l ∈ [wj],m ∈ [wσ(k)−1] and t ∈ [wσ(k)].

By Observation 4.3, {gt | t ∈ [wσ(k)]} are F-linearly independent; using a proof similar to

that of Observation 4.3 we can show that the polynomials {plm | l ∈ [wj],m ∈ [wσ(k)−1]}
are also F-linearly independent. This implies the set of polynomials {plmgt | l ∈ [wj],m ∈
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[wσ(k)−1] and t ∈ [wσ(k)]} are F-linearly independent, as plm and gt are on disjoint sets of

variables. Since every partial evaluation of h at yj ] zk variables can be expressed as an

F-linear combination of the set of polynomials {plmgt | l ∈ [wj],m ∈ [wσ(k)−1] and t ∈ [wσ(k)]},
Evaldimyj]zk(h) = wjwσ(k)−1wσ(k) = wj · |zk| > |zk|.

A randomized procedure to compute Evaldimyj]zk(h): Choose evaluation points a1, . . . , an2 for

the variables yj ] zk independently and uniformly at random from a set S|yj]zk| ⊂ F|yj]zk|

with |S| = nO(1). Output the dimension of the F-linear space spanned by the polynomials

h(a1), . . . , h(an2) using Claim 2.3.

We argue that the above procedure outputs Evaldimyj]zk(h) with probability at least 1−n−Ω(1).

Let Evaldimyj]zk(h) = e. Observe that in both Case 1 and 2, e ≤ n2. Also, in both the cases h

can be expressed as

h =
∑
i∈[e]

fi(yj ] zk) · qi, (4.6)

where fi and qi are variable disjoint. The polynomials q1, . . . , qe are the polynomials g1, . . . , gwj+1

in Case 1; they are the polynomials {plmgt | l ∈ [wj],m ∈ [wσ(k)−1] and t ∈ [wσ(k)]} in Case 2.

Just as we argue that q1, . . . , qe are F-linearly independent, we can show that f1, . . . , fe are

also F-linearly independent. So, by Claim 2.3 the rank of the matrix M = (fc(ar))r,c∈[e] is e

with high probability. This implies the polynomials h(a1), . . . , h(ae) are F-linearly indepen-

dent also with high probability. The correctness of the procedure follows from the observation

that the dimension of the F-linear space spanned by h(a1), . . . , h(an2) is upper bounded by e

(from Equation (4.6)).

Note: Until the algorithm in the claim is applied to reorder the spaces, Algorithm 4 is to-

tally oblivious of the width vector w (it has been used only in the analysis thus far). So,

due to the legitimacy of the transposition transformation mentioned at the beginning of this

section, we may as well assume that the w′ in the above claim is in fact our w, and the output

ordered sequence of spaces is X1,X1,2,X3, . . . ,Xd−2,Xd−1,d,Xd.

Claim 4.7 Given bases of the spaces X1,X1,2,X3, . . . ,Xd−2,Xd−1,d,Xd and w, we can find an Â ∈
GL(n) in polynomial time such that f(Âx) is computable by a full-rank almost set-multilinear
ABP of width w.

Proof: Identify the variables x1, . . . , xn with the variables x1] . . .]xd of IMMw,d following the

ordering prescribed in Section 2.3. The map x 7→ Âx should satisfy the following conditions:
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(a) For every k ∈ [3, d − 2], the linear forms corresponding1 to the basis vectors of Xk map

to distinct variables in xk.

(b) The linear forms corresponding to the basis vectors in X1 (similarly, Xd) map to distinct

variables in x1 (similarly, xd).

(c) The linear forms corresponding to the basis vectors in X1,2 (similarly, Xd−1,d) map to

distinct variables in x1 ] x2 (similarly, xd−1 ] xd).

Conditions (b) and (c) can be simultaneously satisfied as the basis of X1 (similarly, Xd) is

contained in the basis of X1,2 (similarly, Xd−1,d) by construction. Such an Â can be easily

obtained.

We summarize the discussion in Algorithm 8.

Algorithm 8 Reduction to full-rank almost set-multilinear ABP
INPUT: Bases of the layer spaces Y1,Y1,2,Y3, . . . ,Yd−2,Yd−1,d,Yd from Algorithm 7.
OUTPUT: A w ∈ Nd−1 and an Â ∈ GL(n) such that f(Âx) is computable by a full-rank
almost set-multilinear ABP of width w.

1: Reorder the layer spaces to X1,X1,2,X3, . . . ,Xd−2,Xd−1,d,Xd and obtain w (using
Claim 4.6). /* This step succeeds with high probability if f is equivalent to IMMw,d

for some w. */
2: Find Â ∈ GL(n) from the reordered spaces and w (using Claim 4.7).

Comments on Algorithm 8: The proof of Claim 4.6 includes Observation 4.1 which helps

Algorithm 8 in step 1 to reorder the layer spaces. If f is not equivalent to IMMw,d for some

w then Algorithm 8 may fail in step 1, as at some stage it may not be able to find a variable

set zk such that Evaldimyj]zk(h) < |zk| (see proof of Observation 4.1). When Algorithm 4

invokes Algorithm 8, if step 1 fails then the latter outputs ‘Fail’ and stops.

4.4.3 Reconstructing almost set-multilinear ABP

We prove Claim 4.1 in this section. Let h = f(Âx); identify x with the variables x1] . . .]xd of

IMMw,d as before. From Claim 4.7, h is computable by a full-rank almost set-multilinear ABP

of width w. Algorithm 4 uses Algorithm 9 to reconstruct a full-rank almost set-multilinear

ABP for h and then it replaces x by Â−1x to output a full-rank ABP for f . The correctness of

Algorithm 9 is presented as part of the proof of Claim 4.1. We begin with the following two

observations.
1Recall, linear forms in x variables and vectors in Fn are naturally identified with each other.
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Observation 4.2 If h is computable by a full-rank almost set-multilinear ABP of width w then
there is a full-rank almost set-multilinear ABP of width w in canonical form computing h.

Proof: SupposeX1·X2 · · ·Xd is a full-rank almost set-multilinear ABP of width w = (w1, w2, . . . ,

wd−1) computing h. Let X ′1 = (x
(1)
1 x

(1)
2 . . . x

(1)
w1 ) and X ′d = (x

(d)
1 x

(d)
2 . . . x

(d)
wd−1). We show there

are matrices X ′2 and X ′d−1 satisfying conditions (1b) and (2b) respectively of canonical form

(defined in Section 4.2) such that h = X ′1 ·X ′2 ·X3 · · ·Xd−2 ·X ′d−1 ·X ′d. We prove the existence of

X ′2 = (l′ij)i∈[w1],j∈[w2]; the proof for X ′d−1 is similar. It is sufficient to show that there is such an

X ′2 satisfying X1 ·X2 = X ′1 ·X ′2. Denote the j-th entry of the 1×w2 matrix X1 ·X2 as X1 ·X2(j).

Similarly X ′1 · X ′2(j) represents the j-th entry of X ′1 · X ′2. Let gi be the sum of all monomials

in X1 · X2(j) of the following types: x(1)
i x

(1)
k for k ∈ [i, w1], and x

(1)
i x

(2)
pq for p ∈ [w1], q ∈ [w2].

Clearly,

X1 ·X2(j) = g1 + g2 + · · ·+ gw1 .

If l′ij
def
= gi/x

(1)
i then

X1 ·X2(j) = x
(1)
1 l′1j + x

(1)
2 l′2j + · · ·+ x(1)

w1
l′w1j

.

Since l′ij is the (i, j)-th entry of X ′2, we infer X1 ·X2(j) = X ′1 ·X ′2(j). By definition, x(1)
k does

not appear in l′ij for k < i, and thus condition (1b) is satisfied by X ′2.

Observation 4.3 LetX1·X2 · · ·Xd be a full-rank almost set-multilinear ABP, and Ck = Xk · · ·Xd

for k ∈ [2, d]. Let the l-th entry of Ck be hkl for l ∈ [wk−1] . Then the polynomials {hk1, hk2, . . . ,

hkwk−1
} are F-linearly independent.

Proof: Suppose
∑wk−1

p=1 αp · hkp = 0 such that αp ∈ F for p ∈ [wk−1], and not all αp = 0.

Assume without loss of generality α1 6= 0. Since the linear forms in Xk, . . . , Xd are F-linearly

independent, there is an evaluation of the variables in xk ] · · · ] xd to field constants such

that hk1 = 1 and every other hkp = 0 under this evaluation. This implies α1 = 0, contradicting

our assumption.

Notations for Algorithm 9: For k ∈ [d − 1], let tk = |x1 ] x2 ] · · · ] xk| and mk =

|xk+1 ] xk+2 ] · · · ] xd|. The (i, j)-th entry of a matrix X is denoted by X(i, j), and ewk,i

denotes a vector in Fwk with the i-th entry 1 and other entries 0. Let yi denote the follow-

ing partial assignment to the x1 variables: x(1)
i , . . . , x

(1)
w1 are kept intact, while the remaining

variables are set to zero. Similarly, zj denotes the following partial assignment to the xd

variables: x(d)
j , . . . , x

(d)
wd−1 are kept intact, while the remaining variables are set to zero. The

notation h(ai,xk,bj) means the variables x1 ] . . . ] xk−1 are given the assignment ai ∈ Ftk−1

and the variables xk+1 ] . . . ] xd are given the assignment bj ∈ Fmk . The connotations for
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h(yi,x2,bj) and h(ai,xd−1, zj) are similar. The function nO(1) is a suitably large polynomial

function in n, say n7.

Proof of Claim 4.1: By Observation 4.2, there is a full-rank ABP X ′1 · X ′2 · · ·X ′d in canonical

form computing h. Hence X1 = X ′1 = (x
(1)
1 x

(1)
2 . . . x

(1)
w1 ) and Xd = X ′d = (x

(d)
1 x

(d)
2 . . . x

(d)
wd−1).

We show next that with probability at least 1−n−Ω(1), Algorithm 9 constructs X2, X3, . . . , Xd−1

such that X2 = X ′2 · T2, Xd−1 = T−1
d−2 · X ′d−1 and Xk = T−1

k−1 · X ′k · Tk for every k ∈ [3, d − 2],

where Ti ∈ GL(wi) for i ∈ [2, d− 2].

Steps 3–13: The matrix X2 is formed in these steps. By Observation 4.3, the polynomials

h31, . . . , h3w2 are F-linearly independent. Since b1,b2, . . . ,bw2 are randomly chosen in step 3,

the matrix T2 with (r, c)-th entry h3r(bc) is in GL(w2) with high probability. Let X ′2T2(i, j) be

the (i, j)-th entry of X ′2T2. Observe that

h(yi,x2,bj) = X ′2T2(i, j) · x(1)
i + . . .+X ′2T2(w1, j) · x(1)

w1
.

As h(yi,x2,bj) is a quadratic polynomial, we can compute it from blackbox access using the

sparse polynomial interpolation algorithm in [KS01]. By induction on the rows, X2(p, j) =

X ′2T2(p, j) for every p ∈ [i + 1, w1] and j ∈ [w2]. So in step 8, gj = X ′2T2(i, j) · x(1)
i leading to

X2(i, j) = X ′2T2(i, j) in step 9.

Steps 15–23: The matrices X3, . . . , Xd−2 are formed in these steps. By the time the al-

gorithm reaches step 17, it has already computed X2, . . . , Xk−1 such that X2 = X ′2T2 and

Xq = T−1
q−1X

′
qTq for q ∈ [3, k − 1], where Tq ∈ GL(wq). So, X ′1 . . . X

′
k−1 = X1 . . . Xk−1T

−1
k−1. As

the linear forms in X1, . . . , Xk−1 are F-linearly independent (otherwise the algorithm would

have terminated in step 13 or 21), we can easily compute points {a1, a2, . . . , awk−1
} satisfying

the required condition in step 17. By Observation 4.3, the polynomials h(k+1)1, . . . , h(k+1)wk

are F-linearly independent. Since b1,b2, . . . ,bwk are randomly chosen in step 18, the ma-

trix Tk with (r, c)-th entry h(k+1)r(bc) is in GL(wk) with high probability. Now observe that

h(ai,xk,bj) is the (i, j)-th entry of T−1
k−1X

′
kTk, which implies Xk = T−1

k−1X
′
kTk from step 20.

Steps 25–35: In these steps, matrix Xd−1 is formed. The argument showing Xd−1 = T−1
d−2X

′
d−1

is similar to the argument used for steps 3–13, except that now we induct on columns instead

of rows.
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Algorithm 9 Reconstruction of full-rank almost set-multlinear ABP
INPUT: Blackbox access to an n variate polynomial h and the width vector w.
OUTPUT: A full-rank almost set-multilinear ABP of width w in canonical form computing
h.

1: Set X1 = (x
(1)
1 x

(1)
2 . . . x

(1)
w1 ) and Xd = (x

(d)
1 x

(d)
2 . . . x

(d)
wd−1)T .

2:
3: Choose w2 random points {b1,b2, . . . ,bw2} from Sm2 such that S ⊂ F and |S| = nO(1).
4: Set i = w1.
5: while i ≥ 1 do
6: for every j ∈ [w2] do
7: Interpolate the quadratic h(yi,x2,bj).
8: Set gj = h(yi,x2,bj)−

∑w1

p=i+1 X2(p, j) · x(1)
p .

9: If gj is not divisible by x(1)
i , output ‘Fail’. Else, set X2(i, j) = gj/x

(1)
i .

10: end for
11: Set i = i− 1.
12: end while
13: If the linear forms in X2 are not F-linearly independent, output ‘Fail’.
14:
15: Set k = 3.
16: while k ≤ d− 2 do
17: Find wk−1 evaluations, {a1, a2, . . . , awk−1

} ⊂ Ftk−1, of x1 ] x2 ] · · · ] xk−1 variables such
that X1 ·X2 · · ·Xk−1 evaluated at ai equals ewk−1,i.

18: Choose wk random points {b1,b2, . . . ,bwk} from Smk such that S ⊂ F and |S| = nO(1).
19: Interpolate the linear forms h(ai,xk,bj) for i ∈ [wk−1], j ∈ [wk].
20: Set Xk(i, j) = h(ai,xk,bj) for i ∈ [wk−1], j ∈ [wk].
21: If the linear forms in Xk are not F-linearly independent, output ‘Fail’.
22: Set k = k + 1.
23: end while
24:
25: Find wd−2 evaluations, {a1, a2, . . . , awd−2

} ⊂ Ftd−2, of x1 ] x2 ] · · · ] xd−2 variables such
that X1 ·X2 · · ·Xd−2 evaluated at ai equals ewd−2,i .

26: Set j = wd−1.
27: while j ≥ 1 do
28: for every i ∈ [wd−2] do
29: Interpolate the quadratic h(ai,xd−1, zj).
30: Set gi = h(ai,xd−1, zj)−

∑wd−1

q=j+1Xd−1(i, q) · x(d)
q .

31: If gi is not divisible by x(d)
j , output ‘Fail’. Else, set Xd−1(i, j) = gi/x

(d)
j .

32: end for
33: Set j = j − 1.
34: end while
35: If the linear forms in Xd−1 are not F-linearly independent, output ‘Fail’.
36:
37: Output X1 ·X2 · · ·Xd−1 ·Xd as the full-rank almost set-multilinear ABP for h.
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The output ABP X1 . . . Xd is in canonical form as X ′1 . . . X
′
d is also in canonical form. It is

clear that the total running time of the algorithm is (n, β)O(1), where β is the bit length of the

coefficients of h which influences the bit length of the values returned by the blackbox.
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Chapter 5

Symmetries of IMM

In this chapter we determine G
IMM

and show that IMM is characterized by G
IMM

. To the

best of our knowledge, the group of symmetries of IMMw,d has not been studied previously.

The contents of this chapter are from our work [KNST19].

The group of symmetries of an n variate polynomial f , denoted as Gf is the set of all A ∈
GL(n,F) such that f(x) = f(Ax) (see Definition 2.16). Suppose for any n variate degree

d polynomial g, Gg = Gf implies f = αg for some non-zero α ∈ F. Then we say f is

characterized by Gf . In this chapter, we determine the group of symmetries of the iterated

matrix multiplication polynomial (IMMw,d, as defined in Section 2.3) and show that IMMw,d

is characterized by its group of symmetries.

5.1 The group G
IMM

Before we begin, we make a note of a few notations and terminologies below.

• Calligraphic letters H, C, M and T denote subgroups of G
IMM

. Let C and H be subgroups

of G
IMM

such that C ∩H = In and for every H ∈ H and C ∈ C, H · C · H−1 ∈ C. Then

CoH denotes the semidirect product of C and H. The semidirect product of C and H is

the set CH, which can be easily shown to be a subgroup of G
IMM

, and it also follows that

C is a normal subgroup of CoH.

• For every A ∈ G
IMM

the full-rank ABP obtained by replacing x by Ax in Q1 · Q2 · · ·Qd is

termed as the full-rank ABP determined by A. This full-rank ABP also computes IMM.

• Let X be a matrix with entries as linear forms in y ] z variables. We break X into two

parts X(y) and X(z) such that X = X(y) + X(z). The (i, j)-th linear form in X(y)
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(respectively X(z)) is the part of the (i, j)-th linear form of X in y (respectively z)

variables.

Three subgroups of G
IMM

: As before, let w = (w1, w2, . . . , wd−1) and wk > 1 for every k ∈
[d− 1]. In Theorem 5.1 below, we show that G

IMM
is generated by three special subgroups.

1. Transposition subgroup T: If wk 6= wd−k for any k ∈ [d − 1] then T is the trivial group

containing only In. Otherwise, if wk = wd−k for every k ∈ [d − 1] then T is the group

consisting of two elements In and T . The matrix T is such that the full-rank ABP

determined by T is QT
d ·QT

d−1 · · ·QT
1 . Clearly, T is a permutation matrix and T 2 = In.

2. Left-right multiplications subgroup M: An M ∈ GL(n) is in M if and only if the full-rank

ABP X1 · X2 · · ·Xd determined by M has the following structure: There are matrices

A1, . . . , Ad−1 with Ak ∈ GL(wk) for every k ∈ [d − 1], such that X1 = Q1 · A1, Xd =

A−1
d−1 · Qd, and Xk = A−1

k−1 · Qk · Ak for k ∈ [2, d − 1]. It is easy to verify that M is a

subgroup of G
IMM

and is isomorphic to the direct product GL(w1)× . . .× GL(wd−1).

3. Corner translations subgroup C: A matrix C ∈ GL(n) is in C if and only if the full-

rank ABP X1 · X2 · · ·Xd determined by C has the following structure: There are two

sets {C11, C12, . . . , C1w2} and {Cd1, Cd2, . . . , Cdwd−2
} containing anti-symmetric matrices

in Fw1×w1 and Fwd−1×wd−1 respectively such that X2 = Q2 + Y2 and Xd−1 = Qd−1 + Yd−1,

where Y2 ∈ F[x1]w1×w2 (respectively Yd−1 ∈ F[xd]
wd−2×wd−1) is a matrix with its i-th

column (respectively i-th row) equal to C1i ·QT
1 (respectively QT

d · Cdi). For every other

k ∈ [d] \ {2, d− 1}, Xk = Qk. Observe that Q1 · C1i ·QT
1 = QT

d · Cdi ·Qd = 0. It can also

be verified that C is an abelian subgroup of G
IMM

and is isomorphic to the direct product

Aw2
w1
× A

wd−2
wd−1, where Aw is the group of w × w anti-symmetric matrices under matrix

addition and Ak
w is the k times direct product of this group.

Theorem 5.1 (Symmetries of IMM) G
IMM

= CoH, where H = Mo T.

We prove Theorem 5.1 in Section 5.2. Following are a couple of remarks on it.

(a) Characterization: We prove IMM is characterized by G
IMM

in Lemma 5.1. The groups M

and C generate the ‘continuous symmetries’ of IMM.

(b) Comparison with a related work: In [Ges16] a different choice of the IMM polynomial is

considered, namely the trace of a product of d square symbolic matrices – let us call this
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polynomial IMM′ 1. The group of symmetries of IMM′ is determined in [Ges16] and it is

shown that IMM′ is characterized by GIMM′. The group of symmetries of IMM′, like IMM,

is generated by the transposition subgroup, the left-right multiplication subgroup, and

(instead of the corner translations subgroup) the circular transformations subgroup – an

element in this subgroup cyclically rotates the order of the matrices and hence does not

change the trace of the product.

5.2 Proof of Theorem 5.1
We recall the notations introduced in the previous chapter. Let X1 · X2 · · ·Xd be a full-rank

ABP with linear forms as entries in matrices X1, . . . Xd. Then Xk denotes the space spanned

by the linear forms in Xk for k ∈ [d], X1,2 and Xd−1,d denotes the space spanned by the linear

forms in X1, X2, and Xd−1, Xd respectively. Similarly from Section 2.3, Q1 · · ·Qd is the ABP

computing f , and Qk denotes the space spanned by the linear forms in Qk for k ∈ [d], Q1,2 and

Qd−1,d denotes the space spanned by the linear forms in Q1, Q2, and Qd−1, Qd respectively. We

begin with the following observation which is immediate from Lemma 4.2.

Observation 5.1 If X1 ·X2 · · ·Xd is a width w′ = (w′1, w
′
2, . . . , w

′
d−1) full-rank ABP computing

IMMw,d then either

1. w′k = wk for k ∈ [d − 1], and the spaces X1,X1,2,X3, . . . , Xd−1,d,Xd are the spaces
Q1,Q1,2,Q3, . . . ,Qd−1,d,Qd respectively, or

2. w′k = wd−k for k ∈ [d − 1], and the spaces X1,X1,2,X3, . . . , Xd−1,d,Xd are the spaces
Qd,Qd−1,d,Qd−2, . . . ,Q1,2,Q1 respectively.

From the definitions of T, M and C it follows that C ∩M = C ∩ T = M ∩ T = In. The claim

below shows G
IMM

is generated by C, M and T.

Claim 5.1 For every A ∈ G
IMM

, there exist C ∈ C, M ∈M and T̃ ∈ T such that A = C ·M · T̃ .

Proof: Let X1 · X2 · · ·Xd be the full-rank ABP A of width w determined by A. If wk = wd−k

for k ∈ [d − 1] then the spaces X1,X1,2,X3, . . . , Xd−1,d,Xd are either equal to Q1,Q1,2,Q3,

. . . ,Qd−1,d,Qd respectively or Qd,Qd−1,d,Qd−2, . . . ,Q1,2,Q1 respectively (from Observation 5.1).

Otherwise if wk 6= wd−k for any k ∈ [d − 1] then the spaces X1,X1,2,X3, . . . , Xd−1,d,Xd have

only one choice and are equal to Q1,Q1,2,Q3, . . . ,Qd−1,d,Qd respectively. We deal with these

two choices of layer spaces separately.
1The complexities of IMM and IMM′ are polynomially related to each other, in particular both are complete

for algebraic branching programs under p-projections. But their groups of symmetries are slightly different.
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Case A: Suppose X1,X1,2,X3, . . . , Xd−1,d,Xd are equal to Q1,Q1,2,Q3, . . . ,Qd−1,d,Qd respectively.

Hence A looks as shown in Figure 5.1. The linear forms in X2, Xd−1 are in variables x1 ]

x1

x2

x3

xd

xd−1

x1 x2 x3 xdxd−1

all entries outside
the shaded region

are zero

Figure 5.1: Matrix A in G
IMM

x2,xd−1 ] xd respectively. Further,

d∏
k=1

Xk = X1 · (X2(x1) +X2(x2)) ·

(
d−2∏
k=3

Xk

)
· (Xd−1(xd−1) +Xd−1(xd)) ·Xd = IMM.1

Since A is a full-rank ABP and each monomial in IMM contains one variable from each set xk,

X1 ·X2(x2) ·

(
d−2∏
k=3

Xk

)
·Xd−1(xd−1) ·Xd = IMM, and also

X1 · X2(x1) ·
∏d−2

k=3Xk · Xd−1(xd−1) · Xd = 0 and X1 · X2(x2) ·
∏d−2

k=3 Xk · Xd−1(xd) · Xd = 0

implying

X1 ·X2(x1) = 0Tw2
and Xd−1(xd) ·Xd = 0wd−2

, (5.1)

where 0w is a zero (column) vector in Fw. Observation 5.2 proves the existence of a matrix

M ∈M such that the full-rank ABP determined byM isX1·X2(x2)·X3 · · ·Xd−2·Xd−1(xd−1)·Xd.

Observation 5.2 There are matrices A1, . . . , Ad−1 with Ak ∈ GL(wk) for every k ∈ [d− 1], such
that X1 = Q1 · A1, X2(x2) = A−1

1 · Q2 · A2, Xd−1(xd−1) = A−1
d−2 · Qd−1 · Ad−1, Xd = A−1

d−1 · Qd,
and Xk = A−1

k−1 ·Qk · Ak for k ∈ [3, d− 2].

1We abuse notation slightly and write the 1× 1 matrix [IMM]1×1 as IMM.
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Proof: To simplify notations, we write X2(x2), Xd−1(xd−1) as X2, Xd−1 respectively. We have

X1 ·X2 · · ·Xd−1 ·Xd = Q1 ·Q2 · · ·Qd−1 ·Qd = IMM,

where the dimensions of the matrices Xk and Qk are the same, and the set of variables

appearing in both Xk and Qk is xk, for every k ∈ [d]. Since the linear forms in X1 are

F-linearly independent, there is an A1 ∈ GL(w1) such that X1 = Q1 · A1, implying

Q1 · [A1 ·X2 · · ·Xd−1 ·Xd − Q2 · · ·Qd−1 ·Qd] = 0

⇒ X2 · · ·Xd−1 ·Xd = A−1
1 ·Q2 · · ·Qd−1 ·Qd,

as the formal variable entries of Q1 do not appear in the matrices Xk, Qk for k ∈ [2, d]. The

rest of the proof proceeds inductively: Suppose for some k ∈ [2, d− 1],

Xk · · ·Xd−1 ·Xd = A−1
k−1 ·Qk · · ·Qd−1 ·Qd, where Ak−1 ∈ GL(wk−1).

Let pk =
∑d

i=k+1 |xi|. Since the linear forms in Xk+1, . . . , Xd−1, Xd are F-linearly independent,

for every l ∈ [wk] there is a point al ∈ Fpk such that the wk × 1 matrix Xk+1 · · ·Xd−1 ·Xd eval-

uated at al has 1 at the l-th position and all its other entries are zero. Let Ak be the wk × wk
matrix such that the l-th column of Ak is equal to Qk+1 · · ·Qd−1 · Qd evaluated at al. Then,

Xk = A−1
k−1 ·Qk · Ak. As the linear forms in Xk and Qk are F-linearly independent, it must be

that Ak ∈ GL(wk). Putting this expression for Xk in the equation above and arguing as be-

fore, we get a similar equation with k replaced by k+1. The proof then follows by induction.

We now show the existence of a C ∈ C such that the full-rank ABP determined by C · M
is X1 · X2 · · ·Xd, from which the claim follows by letting T̃ = In. Since the linear forms

in X1 are F-linearly independent, there are w1 × w1 matrices {C11, C12, . . . , C1w2} such that

the i-th column of X2(x1) is C1iX
T
1 . So from Equation (5.1), X1 · C1i ·XT

1 = 0 (equivalently

Q1·C1i·QT
1 = 0) implying C1i is an anti-symmetric matrix for every i ∈ [w2]. Similarly, there are

wd−1×wd−1 anti-symmetric matrices {Cd1, Cd2, . . . , Cdwd−2
} such that the i-th row of Xd−1(xd)

is XT
d Cdi. Let C ∈ GL(n) be such that the ABP determined by it is Q1Q

′
2Q3 · · ·Qd−2Q

′
d−1Qd

where Q′2 = Q2 + Y2 and Q′d−1 = Qd−1 + Yd−1, the i-th column (respectively i-th row) of

Y2 (respectively Yd−1) is C1iQ
T
1 (respectively QT

d−1Cdi). By construction, C ∈ C and the ABP

determined by C ·M is X1 ·X2 · · ·Xd.

Case B: Suppose X1,X1,2,X3, . . . , Xd−1,d,Xd are the spaces Qd,Qd−1,d,Qd−2, . . . ,Q1,2,Q1 respec-
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tively. This implies wk = wd−k for k ∈ [d− 1] and hence the full-rank ABP determined by T is

QT
d · QT

d−1 · · ·QT
1 . From here the existence of M ∈ M and C ∈ C such that the full-rank ABP

determined by M · C · T is X1 ·X2 · · ·Xd follows just as in Case A. This completes the proof

of the claim.

Observe that if T ∈ T then for every M ∈ M, T ·M · T−1 ∈ M. Let H = M o T. Clearly,

C∩H = In. The following claim along with Claim 5.1 then conclude the proof of Theorem 5.1.

Claim 5.2 For every C ∈ C and H ∈ H, H · C ·H−1 ∈ C.

Proof: Let H = M · T where M ∈ M and T ∈ T, and A = MT · C · T−1M−1. Suppose

X1 ·X2 · · ·Xd−1 ·Xd is the ABP determined by A. The matrices T and T−1 in A together ensure

that the spaces X1,X1,2,X3, . . . , Xd−1,d,Xd are equal to Q1,Q1,2,Q3, . . . ,Qd−1,d,Qd respectively.

Also the matrices M and M−1 together ensure that Xi = Qi for i ∈ [d]\{2, d−1}, X2(x2) = Q2

and Xd−1(xd−1) = Qd−1. Arguing as in Claim 5.1, we can infer that A ∈ C.

5.3 Characterization of IMM by G
IMM

For every f = α · IMM, where α ∈ F and α 6= 0, it is easily observed that Gf = G
IMM

. We

prove the converse in the following lemma for any homogeneous degree d polynomial in the

x variables.

Lemma 5.1 Let f be a homogeneous degree d polynomial in n variables x = x1 ] . . . ] xd.
If |F| > d + 1 and the left-right multiplications subgroup M of G

IMM
is contained in Gf then

f = α · IMM for some nonzero α ∈ F.

Proof: First, we show that such an f is set-multilinear in the sets x1, . . . ,xd: Every monomial

in f has exactly one variable from each of the sets x1, . . . ,xd. As |F| > d+1, there is a nonzero

ρ ∈ F that is not an e-th root of unity for any e ≤ d. Every element in M is defined by d − 1

matrices A1, . . . , Ad−1 such that Ak ∈ GL(wk) for every k ∈ [d− 1]. For a k ∈ [d− 1], consider

the element M ∈ M that is defined by Ak = ρ · Iwk and Al = Iwl for l ∈ [d − 1] and l 6= k.

Then, f(M · x) = f(x1, . . . , ρxk, ρ
−1xk+1, . . . ,xd), which by assumption is f . Comparing the

coefficients of the monomials of f(M · x) and f , we observe that in every monomial of f

the number of variables from xk and xk+1 must be the same as ρ is not an e-th root of unity

for any e ≤ d. Since k is chosen arbitrarily and f is homogeneous of degree d, f must be

set-multilinear in the sets x1, . . . ,xd.
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The proof is by induction on the degree of f . For i ∈ [w1], let x2i be the set of variables in the

i-th row of Q2, and Q2i be the 1 × w2 matrix containing the i-th row of Q2. Let IMMi be the

degree d − 1 iterated matrix multiplication polynomial computed by the ABP Q2i · Q3 · · ·Qd.

As f is set-multilinear, it can be expressed as

f = g1 · x(1)
1 + . . .+ gw1 · x(1)

w1
, (5.2)

where g1, . . . , gw1 are set-multilinear polynomials in the sets x2, . . . ,xd. Moreover, we can

argue that gi is set-multilinear in x2i,x3, . . . ,xd as follows: Consider an N ∈M that is defined

by a diagonal matrix A1 ∈ GL(w1) whose (i, i)-th entry is ρ and all other diagonal entries are

1; every other Al = Iwl for l ∈ [2, d − 1]. The transformation N scales the variable x(1)
i by ρ

and the variables in x2i by ρ−1. By comparing the coefficients of the monomials of f(N · x)

and f , we can conclude that gi is set-multilinear in x2i,x3, . . . ,xd for every i ∈ [w1].

Let M′ be the subgroup of M containing those M ∈ M for which A1 = Iw1. From Equa-

tion (5.2), we can infer that gi(M ·x) = gi for M ∈M′, and hence the left-right multiplications

subgroup of G
IMMi

is contained in the group of symmetries of gi. As degree of gi is d − 1, by

induction1 gi = αi · IMMi for some nonzero αi ∈ F and

f = α1 · IMM1 · x(1)
1 + . . .+ αw1 · IMMw1 · x(1)

w1
. (5.3)

Next we show that α1 = . . . = αw1 thereby completing the proof.

For an i ∈ [2, w1], let A1 ∈ GL(w1) be the upper triangular matrix whose diagonal entries are

1, the (1, i)-th entry is 1 and remaining entries are zero. Let U be the matrix in M defined

by A1 and Al = Iwl for l ∈ [2, d − 1]. The transformation U has the following effect on the

variables:

x
(1)
i 7→ x

(1)
1 + x

(1)
i and

x
(2)
1j 7→ x

(2)
1j − x

(2)
ij for every j ∈ [w2],

every other x variable maps to itself. Applying U to f in Equation (5.3) we get

f = f(U · x)

1The base case d = 1 is trivial to show.

105



= α1 · (IMM1 − IMMi) · x(1)
1 + . . .+ αi · IMMi · (x(1)

1 + x
(1)
i ) + . . .+ αw1 · IMMw1 · x(1)

w1

= f + (αi − α1) · IMMi · x(1)
1 ,

⇒ αi − α1 = 0.

Since this is true for any i ∈ [2, w1], we have α1 = . . . = αw1.
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Chapter 6

Average-case LMF and reconstruction of
low width ABP

In this chapter we present our algorithms for average-case LMF and average-case ABP

reconstruction. The contents of this chapter are from [KNS19].

6.1 Introduction
Algebraic branching program (ABP) (see Definition 2.4) is a powerful circuit model that

captures the complexity of computing polynomials like the determinant and the IMM. Two

related problems average-case linear matrix factorization (LMF) (Problem 1.1) and average-

case ABP reconstruction (Problem 1.2) were defined in Section 1.2.2. The average-case LMF

is an easier problem than average-case ABP reconstruction, as in the former we have blackbox

access to w2 correlated entries of a random (w, d, n)- matrix product, whereas in the latter we

have blackbox access to just one polynomial computed by a random (w, d, n)-ABP. We give an

efficient randomized algorithm for average-case LMF over Fq in Theorem 1.2, when n ≥ 2w2.

The algorithm for average-case LMF in Theorem 1.2 also helps us to give an algorithm for

average-case ABP reconstruction over Fq in Theorem 1.3. We restate both the theorems

below for the convenience of the reader. Throughout this chapter we assume F = Fq with

char(Fq) ≥ (dn)7 and char(Fq) - w (see the first remark after Theorem 1.2 in Section 1.2.2),

and L the extension field Fqw .

Theorem 1.2 (Average-case LMF) For n ≥ 2w2, there is a randomized algorithm that takes
as input blackbox access to w2, n variate, degree d polynomials {fst}s,t∈[w] that constitute the
entries of a random (w, d, n)-matrix product F = X1 · X2 · · ·Xd over F, and with probability
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1 − (wd)O(1)

q
1 returns w × w linear matrices Y1, Y2, . . . , Yd over L satisfying F =

∏d
i=1 Yi. The

algorithm runs in (dn log q)O(1) time and queries the blackbox at points in Ln.

Theorem 1.3 (Average-case ABP reconstruction) For n ≥ 4w2 and d ≥ 5, there is a ran-
domized algorithm that takes as input blackbox access to an n variate, degree d polynomial f
computed by a random (w, d, n)-ABP over F, and with probability 1− (wd)O(1)

q
2 returns a (w, d, n)-

ABP over L computing f . The algorithm runs in time (dw
3
n log q)O(1) and queries the blackbox

at points in Ln.

Detailed remarks on both the above Theorems are given in Section 1.2.2. Theorem 1.2 gives

a worst-case reconstruction reconstruction algorithm for pure matrix products (see the third

remark after Theorem 1.2 in Section 1.2.2). Similarly Theorem 1.3 gives worst-case recon-

struction for an ABP satisfying a set of non-degeneracy conditions which we state in Section

6.4.3. The algorithms in the above theorems are given in Section 6.1.1.

The proof of Theorem 1.2 requires an efficient equivalence test for the determinant. Recall,

an n variate polynomial f(x) is an affine projection via a full-rank transformation of Detw, if

there is an A ∈ Fw2×n of rank w2 and an a ∈ Fw2 such that f = g(Ax+a). Further, for w2 = n,

f is equivalent to g if there is an A ∈ GL(n,F) such that f = g(Ax). Given blackbox access

to a n variate, degree w polynomial f , where n ≥ w2, the theorem below below determines

whether f is an affine projection of Detw via a full-rank transformation over finite fields – it

returns a B ∈ Lw2×n of rank w2 and a b ∈ Lw2.

Theorem 6.1 There is a randomized algorithm that takes as input blackbox access to a n vari-
ate, degree w polynomial f ∈ F[x], where n ≥ w2, and does the following with probability
1 − nO(1)

q
: If f is affine equivalent to Detw then it outputs a B ∈ Lw2×n of rank w2 and a

b ∈ Lw2 such that f = Detw(Bx + b), else it outputs ‘no such B and b exists’. The algorithm
runs in (n log q)O(1) time and queries the blackbox at points in Ln.

Remarks: Similar to the case of IMMw,d, using variable reduction (Algorithm 1) and transla-

tion equivalence testing (Algorithm 2) the above problem is reduced to equivalence testing of

Detw. Below we compare our algorithm with the algorithms for equivalence testing of Detw
in [Kay12a] and [GGKS19].

1. Comparison to [Kay12a]: An efficient equivalence test for the determinant over C was

given in [Kay12a]. The computation model in [Kay12a] assumes that arithmetic over C
1For q ≥ (dn)7 the probability is 1− 1

(dn)Ω(1) .
2For q ≥ (dn)7 the probability is 1− 1

(dn)Ω(1) .
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and root finding of univariate polynomials over C can be done efficiently. While we fol-

low the general strategy of analyzing the Lie algebra of the determinant and reduction

to PS-equivalence from [Kay12a], our algorithm is somewhat simpler: Unlike [Kay12a],

our algorithm does not involve the Cartan subalgebras and is almost the same as the

simpler equivalence test for the permanent polynomial in [Kay12a]. The simplification

is achieved by showing that the characteristic polynomial of a random element of the

Lie algebra of Detw splits completely over L with high probability (Lemma 6.5) – this is

crucial for Theorem 1.2 as it allows the algorithm to output a matrix factorization over

a fixed low extension of F, namely L.

2. Comparison to [GGKS19]: After this work, [GGKS19] gave an algorithm for determi-

nant equivalence test over finite fields1 where the output of the algorithm is over the

base field itself instead of an extension field like in our case. Their work also gave a de-

terminant equivalence test over Q where the output is over a degree w extension of Q.

The algorithm in [GGKS19] is different from ours and is achieved by giving a polyno-

mial time randomized reduction from the equivalence testing problem to a well-studied

problem in symbolic computation which they call the ‘full matrix algebra isomorphism’

problem [Rón87, Rón90, BR90, IRS12].

6.1.1 Algorithms and their analysis

The algorithms mentioned in Theorem 1.2, 1.3 and 6.1 are given in Algorithm 10, 11 and

12 respectively. In this section, we briefly discuss their correctness and complexity – for the

missing details, we allude to the relevant parts of the subsequent sections.

6.1.1.1 Analysis of Algorithm 10

Since F = X1 ·X2 · · ·Xd is a random (w, d, n)-matrix product, with probability 1− (wdn)−Ω(1),

the first two properties of a pure product are satisfied: Every Xi is a full-rank linear matrix,

and det(X1), det(X2), . . . , det(Xd) are coprime irreducible polynomials (see Claim 6.1). Claim

6.2 shows that the third property of a pure product is also satisfied with probability 1 −
(wdn)−Ω(1). We analyze Algorithm 10 assuming that F is a pure product over F (which also

implies that F is a pure product over L). The third property of a pure product will be used

only in Observation 6.5 in Section 6.3.2. The algorithm has three main stages:

1. Computing the irreducible factors of det(F ) (Steps 2–6): From blackbox access to the

entries of F , a blackbox access to det(F ) is computed in (wdn log q)O(1) time using

1with a mild condition on the characteristic and the size of the finite field
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Algorithm 10 Average-case matrix factorization
INPUT: Blackbox access to w2, n variate, degree d polynomials {fst}s,t∈[w] that constitute
the entries of a random (w, d, n)- matrix product F = X1 ·X2 · · ·Xd.
OUTPUT: Linear matrices Y1, Y2, . . . , Yd over L such that F = Y1 · Y2 . . . Yd.

1: /* Factorization of the determinant */
2: Compute blackbox access to det(F ).
3: Compute blackbox access to the irreducible factors of det(F ); call them g1, g2, . . . , gd.
4: if the number of irreducible factors is not equal to d then
5: Output ‘Failed’.
6: end if
7:
8: /* Affine equivalence test for determinant */
9: Set j = 1.

10: while j ≤ d do
11: Call the algorithm in Theorem 6.1 with input as blackbox access to gj; let Bj and bj be

its output. Construct the w×w full-rank linear matrix Zj over L determined by Bj and
bj.

12: if the algorithm outputs ‘gj not affine equivalent to Detw’ then
13: Output ‘Failed’.
14: end if
15: Set j = j + 1.
16: end while
17:
18: /* Rearrangement of the matrices */
19: Call Algorithm 13 on input blackbox access to F and Z1, . . . , Zd, and let Y1, . . . , Yd be its

output.
20: if Algorithm 13 outputs ‘Rearrangement not possible’ then
21: Output ‘Failed’.
22: end if
23:
24: Output Y1, Y2, . . . , Yd.
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Gaussian elimination. Subsequently, using Kaltofen-Trager’s factorization algorithm

[KT90], blackbox access to the irreducible factors g1, g2, . . . , gd of det(F ) are constructed

in (wdn log q)O(1) time (see Lemma 2.2). Since det(X1), . . . , det(Xd) are coprime irre-

ducible polynomials, there is a permutation σ of [d], and ci ∈ F× for all i ∈ [d], such that

ci · det(Xi) = gσ(i) and
∏d

i=1 ci = 1. For the next two stages, assume w > 1 as the w = 1

case gets solved readily at this stage.

2. Affine equivalence test (Steps 9–16): Let j = σ(i) and X ′i be the matrix Xi with the affine

forms in the first row multiplied by ci. Then, gj = det(X ′i) = ci · det(Xi), which is affine

equivalent to Detw. At step 11, the algorithm in Theorem 6.1 (given in Section 6.5) finds

a Bj ∈ Lw2×n of rank w2 and bj ∈ Lw2 such that gj = Detw(Bjx + bj), with probability

1 − (wdn)−Ω(1). Let Zj be the matrix obtained by appropriately replacing the entries of

the w × w symbolic matrix with the affine forms in Bjx + bj such that det(Zj) = gj =

det(X ′i). This certifies that there are matrices Ci, Di ∈ SL(w,L) satisfying, Zj = Ci·X ′i ·Di

or ZT
j = Ci · X ′i · Di (see Theorem 2.1 in Section 2.6). Multiplying the first column of

Ci with ci, and calling the resulting matrix Ci again, we see that there are matrices

Ci, Di ∈ GL(w,L) satisfying, Zj = Ci · Xi · Di or ZT
j = Ci · Xi · Di. Observe that such

Ci, Di are unique up to multiplications by elements in L× i.e., if Ci ·Xi ·Di = C ′i ·Xi ·D′i,
where Xi is a full-rank matrix, then C ′i = αCi and D′i = α−1Di for some α ∈ L×.

3. Rearrangement of the retrieved matrices (Steps 19–22): This stage is the most crucial

part of Algorithm 10. At step 19, Algorithm 13 constructs the matrices Y1, Y2, . . . , Yd

by determining the permutation σ and whether Zσ(i) = Ci · Xi · Di or ZT
σ(i) = Ci · Xi ·

Di. Internally, Algorithm 13 uses Algorithm 14, which when given blackbox access

to Fd = F and a Z (that is either Zk or ZT
k for some k ∈ [d]), does the following

with probability 1 − (wdn)−Ω(1): If Z = Cd · Xd · Dd then it outputs a D̃d = adDd

for some ad ∈ L×. For all other cases – if Z = Ci · Xi · Di or ZT = Ci · Xi · Di

for i ∈ [d − 1], or ZT = Cd · Xd · Dd – it outputs ‘Failed’. Algorithm 14 uses the

critical fact that F is a pure product to accomplish the above and locate the unique

last matrix. The running time of the algorithm, which is (wdn log q)O(1), and its proof of

correctness (which also gives the uniqueness of factorization mentioned in the remark

after Theorem 1.2) are discussed in Section 6.3.2. Algorithm 13 calls Algorithm 14 on

inputs F,Zk and F,ZT
k for all k ∈ [d]. If Algorithm 14 returns a matrix D̃d for some

k ∈ [d] on either inputs F,Zk or F,ZT
k then it sets Md = Zk or Md = ZT

k respectively, and

σ(d) = k. Subsequently, Algorithm 13 computes blackbox access to a length d−1 matrix

product Fd−1 = F ·D̃d ·M−1
d = X1 · · ·Xd−2 ·(Xd−1 ·adC−1

d ), and repeats the above process
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to compute Md−1 and σ(d− 1) with the inputs Fd−1 and {Z1, . . . , Zd}\Zσ(d). Thus, using

Algorithm 14 repeatedly, Algorithm 13 iteratively determines σ and Md,Md−1, . . . ,M2:

At the (d− t+1)-th iteration, for t ∈ [d−1, 2], it computes a matrix D̃t = at(Ct+1 ·Dt) for

some at ∈ L×, sets Mt and σ(t) accordingly, creates blackbox access to Ft−1 = Ft · D̃t ·
M−1

t and prepares the list {Z1, . . . , Zd}\{Zσ(d), Zσ(d−1), . . . , Zσ(t)} for the next iteration.

Finally, setting Y1 = F1 and Yi = Mi · D̃−1
i , for all i ∈ [2, d], we have F =

∏d
i=1 Yi.

6.1.1.2 Analysis of Algorithm 11

Let f be the polynomial computed by a (w, d, n)-ABP X1 ·X2 · · ·Xd. We can assume that f is

a homogeneous degree-d polynomial and the entries in each Xi are linear forms (i.e., affine

forms with constant term zero), owing to the following simple homogenization trick.

Homogenization of ABP: Consider the (n+ 1)-variate homogeneous degree-d polynomial

fhom = xd0 · f
(
x1

x0

,
x2

x0

, . . . ,
xn
x0

)
.

The polynomial fhom is computable by the (w, d, n)-ABP X̃1 · X̃2 · · · X̃d, where X̃i is equal to

Xi but with the constant term in the affine forms multiplied by x0. If we construct an ABP

for fhom then an ABP for f is obtained by setting x0 = 1. We give an overview of the three

main stages in Algorithm 11. As in Algorithm 10, the matrices X1, X2, . . . , Xd are assumed to

be full-rank linear matrices and further, for a similar reason, the 2w linear forms in X1 and

Xd are assumed to be F-linearly independent. For a field K ⊇ F, we say f is zero modulo a

K-linear space X = spanK{l1, . . . , lw}, where the li are linear forms in K[x], if f is in the ideal

of K[x] generated by {l1, . . . , lw}. This is also denoted by f = 0 mod 〈l1, . . . , lw〉.

1. Computing the corner spaces (Steps 2–6): Polynomial f is zero modulo each of the two

w-dimensional F-linear spaces X1 and Xd spanned by the linear forms in X1 and Xd

respectively. We show in Lemma 6.2, if n ≥ 4w2 then with probability 1 − (wdn)−Ω(1)

the following holds: Let K ⊇ F be any field. If f = 0 mod 〈l1, . . . , lw〉, where the li
are linear forms in K[x], then the li either belong to the K-span of the linear forms in

X1 or belong to the K-span of the linear forms in Xd. In this sense, the spaces X1 and

Xd are unique. The algorithm invokes Algorithm 15 which computes bases of X1 and

Xd by solving O(n) systems of polynomial equations over F. Such a system has dO(w2)

equations in m = O(w3) variables and the degree of the polynomials in the system is

at most d; we intend to find all the solutions in Fm. It turns out that owing to the

uniqueness of X1 and Xd, the variety over F (the algebraic closure of F) defined by such
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Algorithm 11 Average-case ABP reconstruction
INPUT: Blackbox access to a n variate, degree d polynomial f computed by a random
(w, d, n)-ABP.
OUTPUT: A (w, d, n)-ABP over L computing f .

1: /* Computing the corner spaces */
2: Call Algorithm 15 on f to compute bases of the two unique w-dimensional F-linear spaces

X1 and Xd, spanned by linear forms in F[x], such that f is zero modulo each of X1 and
Xd.

3: if Algorithm 15 outputs ‘Failed’ then
4: Output ‘Failed to construct an ABP’.
5: end if
6: Compute a transformation A ∈ GL(n,F) that maps the bases of X1 and Xd to distinct

variables y = {y1, y2, . . . , yw} and z = {z1, z2, . . . , zw} respectively, where y, z ⊆ x. Let
r = x \ (y ] z), X ′1 = (y1 y2 . . . yw), X ′d = (z1 z2 . . . zw)T and f ′ = f(Ax).

7:
8: /* Computing the coefficients of the r variables in the intermediate matrices */
9: Construct blackbox access to the w2 polynomials that constitute the entries of the w × w

matrix F = ( ∂f ′

∂yszt
|y=0,z=0)s,t∈[w] .

10: Call Algorithm 10 on input F to compute a factorization of F as S2 · S3 · · ·Sd−1.
11: if Algorithm 10 outputs ‘Failed’ then
12: Output ‘Failed to construct an ABP’.
13: end if
14:
15: /* Computing the coefficients of the y and z variables in the intermediate matrices */
16: Call Algorithm 16 on inputs f ′ and {S2, S3, . . . , Sd−1} to compute matrices T2, T3, . . . , Td−1

such that f ′ is computed by the ABP X ′1 · T2 · · ·Td−1 ·X ′d.
17: if Algorithm 16 outputs ‘Failed’ then
18: Output ‘Failed to construct an ABP’.
19: end if
20: Apply the transformation A−1 on the x variables in the matrices X ′1, X

′
d, and Tk for k ∈

[2, d− 1]. Call the resulting matrices Y1, Yd, and Yk for k ∈ [2, d− 1] respectively.
21: Output Y1 · Y2 . . . Yd as the ABP computing f .
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a system has exactly two points and these points lie in Fm. From the two solutions,

bases of X1 and of Xd can be derived. The two solutions of the system are computed by

a randomized algorithm running in (dw
3

log q)O(1) time ([Ier89, HW99], see Lemma 2.5)

– the algorithm exploits the fact that the variety over F is zero-dimensional. Thus, at

step 2, the two spaces are either equal to X1 and Xd or Xd and X1 respectively. Without

loss of generality, we assume the former. Once bases of the corner spaces X1 and Xd are

computed, an invertible transformation A maps the linear forms in the bases to distinct

variables (as the linear forms in X1 and Xd are F-linearly independent).

2. Computing the coefficients of the r variables (Steps 9–13): There is an ABP X ′1 ·X ′2 . . . X ′d
computing f ′ = f(Ax), whereX ′1 andX ′d are equal to (y1 y2 . . . yw) and (z1 z2 . . . zw)T

respectively. For k ∈ [2, d − 1], let Rk = (X ′k)y=0,z=0 and F = R2 · R3 . . . Rd−1. As

X1 ·X2 · · ·Xd is a random (w, d, n)-ABP, R2 · R3 . . . Rd−1 is a random (w, d− 2, n− 2w)-

matrix product over F. The (s, t)-th entry of F is equal to
(

∂f ′

∂yszt

)
y=0,z=0

, for s, t ∈ [w].

Blackbox access to each of the w2 entries of F are constructed in (wdn log q)O(1) time

using Claim 2.2. From F , Algorithm 10 computes linear matrices S2, . . . , Sd−1 over L
in r = x \ (y ] z) variables such that F = S2 · S3 . . . Sd−1. Moreover, the uniqueness

of factorization implies there are linear matrices T2, . . . , Td−1 over L in the x-variables,

satisfying (Tk)y=0,z=0 = Sk, such that f ′ is computed by the ABP X ′1 · T2 · · ·Td−1 ·X ′d.

3. Computing the coefficients of y and z variables in Tk (Steps 16–20 ): Algorithm 16 finds

the coefficients of the y and z variables in the linear forms present in T2, . . . , Td−1 in

(wdn log q)O(1) time. We present the idea here; the detail proof of correctness is given in

Section 6.4.2. In the following discussion, M(i, j) denotes the (i, j)-th entry, M(i, ∗) the

i-th row, and M(∗, j) the j-th column of a linear matrix M . Let us focus on finding the

coefficients of y1 in the linear forms present in T2(1, ∗), T3, . . . , Td−2, Td−1(∗, 1). There

are w2(d−4)+2w linear forms in these matrices and these would be indexed by [w2(d−
4) + 2w]. Let ce be the coefficient of y1 in the e-th linear form le for e ∈ [w2(d− 4) + 2w].

We associate a polynomial he(r) in r variables with le as follows: If le is the (i, j)-th entry

of Tk then he
def
= [S2(1, ∗) · S3 · · ·Sk−2 · Sk−1(∗, i)] · [Sk+1(j, ∗) · Sk+2 · · ·Sd−2 · Sd−1(∗, 1)] ,

by identifying the 1 × 1 matrix of the R.H.S with the entry of the matrix. Observe that

if f ′ is treated as a polynomial in y and z variables with coefficients in L(r) then the

coefficient of y2
1z1 is exactly

∑
e∈[w2(d−4)+2w] ce ·he(r). On the other hand, this coefficient

is
(

∂f ′

∂y2
1z1

)
y=0,z=0

, for which we can obtain blackbox access using Claim 2.2. This allows
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us to write the equation,

w2(d−4)+2w∑
e=1

ce · he(r) =

(
∂f ′

∂y2
1z1

)
y=0,z=0

. (6.1)

For d ≥ 5, we show in Lemma 6.3 and Corollary 6.1 that the polynomials he, for e ∈
[w2(d − 4) + 2w], are L-linearly independent with probability 1 − (wdn)−Ω(1), over the

randomness of the input f . By substituting random values to the r variables in the

above equation, we can set up a system of w2(d− 4) + 2w independent linear equations

in the ce variables. The linear independence of the he polynomials ensures that we can

solve for ce (by Claim 2.3).

6.1.1.3 Analysis of Algorithm 12

Algorithm 12 Determinant equivalence test
INPUT: Blackbox access to an n variate, degree w polynomial f , where n ≥ w2.
OUTPUT: If f is affine equivalent to Detw then output a B ∈ Lw2×n of rank w2 and a b ∈ Lw2

such that f = Detw(Bx + b), else output ‘f not affine equivalent to Detw’.
1: /* Reduction to equivalence testing */
2: Use ‘variable reduction’ (Algorithm 1) and ‘translation equivalence’ (Algorithm 2) to com-

pute a (w2, w) polynomial that is equivalent to Detw if and only if f(x) is affine projection
of Detw via a full-rank transformation.

3: /* The above step succeeds with high probability. Reusing symbols, the input to the next
step is blackbox access to a (w2, w) polynomial f(x).

4:
5: /* Reduction to Permutation-Scaling (PS)-Equivalence */
6: Use Algorithm 17 to compute a D ∈ GL(w2,L) such that f(Dx) is PS-equivalent to Detw

if and only if f(x) is equivalent to Detw. /* This step succeeds with high probability. */
7:
8: /* Doing the PS-equivalence */
9: This step follows from [Kay12a].

Algorithm 12 has three stages:

1. Reduction to equivalence testing: Applying known techniques – ‘variable reduction’ (Al-

gorithm 1) and ‘translation equivalence’ (Algorithm 2) – the affine projection via full-

rank testing problem is reduced in randomized polynomial time to equivalence testing

for Detw with high probability. A (w2, w)-polynomial g(x) is equivalent to Detw if there

exists a Q ∈ GL(w2,F) such that g = Detw(Qx). An equivalence test takes blackbox ac-

cess to a (w2, w)-polynomial g(x) as input and does the following with high probability:
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If g is equivalent to Detw then it outputs a Q ∈ GL(w2,L) such that g = Detw(Qx) else it

outputs ‘g not equivalent to Detw’. From such a Q, a required B ∈ Lw2×n of rank w2 and

a b ∈ Lw2 satisfying f = Detw(Bx + b) can be computed easily. For the next two stages

we set n = w2, and reusing symbols the input to the next stage is blackbox access to a

(w2, w)-polynomial f(x). The goal in the next two stages is to determine whether f(x)

is equivalent to Detw.

2. Reduction to Permutation-Scaling (PS)-Equivalence: At this stage the equivalence test-

ing problem is reduced to a simpler problem of testing whether a polynomial given as

blackbox is permutation-scaling (PS)-equivalent to Detw. A (w2, w) polynomial g(x) is

PS-equivalent to Detw if there is a permutation matrix P and a diagonal matrix S such

that g = Detw(PSx). The reduction is given in Algorithm 17. The algorithm proceeds by

computing an F-basis of the Lie algebra of the group of symmetries of f (denoted as gf ,

see Lemma 2.4). It then picks an element F uniformly at random from gf and computes

its characteristic polynomial h(x). Since F ∈ gf , it is similar to a L ∈ gDetw (see Claim

2.1 in Section 6.5.1), implying that their characteristic polynomials are equal. As F is a

random element of gf , L is also a random element of gDetw . In Lemma 6.5, we show that

the characteristic polynomial h of a L ∈r gDetw is square-free and splits completely over

L, with high probability. (This lemma makes our reduction to PS-equivalence simpler

than [Kay12a], enabling the equivalence test to work over finite fields.) The roots of h

are computed in randomized (w log q)O(1) time ([CZ81], see also [vzGG03]). From the

roots, a D ∈ GL(w2,L) can be computed such that D−1FD is diagonal1. Thereafter, the

structure of the group of symmetries of Detw and its Lie algebra helps argue, in Section

6.5.2, that f(Dx) is PS-equivalent to Detw.

3. Doing the PS-equivalence: This step follows directly from [Kay12a] (see Lemma 6.4).

6.1.2 Dependencies between the algorithms

Figure 6.1 illustrates the dependencies between the three main algorithms. Algorithm 11

calls Algorithm 10 on input F , which is a random (w, d − 2, n)-matrix product. With high

probability Algorithm 10 returns a factorization of F as S2 · S3 · · ·Sd−1 to Algorithm 11. Sim-

ilarly Algorithm 10 calls Algorithm 12 d times on inputs g1, g2, . . . , gd respectively, where the

gj are (n,w) polynomials. For every j ∈ [d], with high probability Algorithm 12 returns a

Bj ∈ Lw2×n of rank w2 and a bj ∈ Lw2 satisfying gj = Detw(Bjx + bj) to Algorithm 10.

1In [Kay12a], a basis of the centralizer of F in gf is computed first and then a D ∈ GL(w2,C) is obtained
that simultaneously diagonalizes this basis.
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Algorithm 11: Average-case ABP reconstruction

Algorithm 10: Average-case linear matrix factorization

Algorithm 12: Determinant equivalence test

Calls on input F

Calls on input gj

Returns a factorization of
F as S2 · S2 · · ·Sd−1

Returns a matrix Bj
and a vector bj

Figure 6.1: Dependencies between the three algorithms

6.2 Purity of random matrix product
In this section we prove that a random (w, d, n)-matrix product is a pure product with high

probability if n ≥ w2. Claim 6.1 shows that a random matrix product satisfies the first two

conditions of a pure product with high probability.

Claim 6.1 Let X1 · X2 · · ·Xd be a random (w, d, n)-matrix product over F. If n ≥ w2 then
X1, X2, . . . , Xd are full-rank linear matrices and det(X1), det(X2), . . . , det(Xd) are coprime irre-
ducible polynomials with probability 1− (wd)O(1)

q
.

Proof: Let Y = (lst)s,t∈[w] be a linear matrix, where lst =
∑n

i=1 cst,ixi. Treat the w2n coeffi-

cients, c = {cst,i | s, t ∈ [w], i ∈ [n]} as formal variables. The matrix Xi, for all i ∈ [d] is

constructed by choosing the values of c variables independently and uniformly at random

from F. Consider the w2 × n coefficient matrix of a w × w linear matrix where the rows are

indexed by the linear forms, columns are indexed by the variables and the (s, t)-th entry is

the coefficient of the variables indexing the t-th column in linear form indexing the s-th row.

It is trivial to see that the rank of the coefficient matrix is equal to the dimension of the linear

space spanned by the linear forms in the linear matrix. For n ≥ w2, the rank of the coefficient

matrix of M is w2 over F(c). Hence, by union bound and Claim 2.3 with probability at least

1 − d2w
q

, rank of the coefficient matrix of Xi, for all i ∈ [d] is w2. Since Detw is an irreducible

polynomial, with probability at least 1 − d4w
q

, det(X1), det(X2), . . . , det(Xd) are distinct irre-

ducible polynomials. The following claim implies that a random matrix product satisfies

the third property of a pure product with high probability.

Claim 6.2 If E = Q1 · · ·Q` is a random (w, `,m)-matrix product over F, where w2 +1 ≤ m ≤ n

and ` ≤ d, then the entries of E are F-linearly independent with probability 1− (w`)O(1)

q
.
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Proof: Treat the coefficients of the linear forms in Q1, Q2, . . . , Q` as distinct formal variables.

In particular

Qk =
m∑
i=1

U
(k)
i xi for k ∈ [`] ,

where the U (k)
i are w × w matrices and the entries of these matrices are distinct u-variables.

The entries of the matrix product E are polynomials in the x-variables over F(u). If we

show the w2 entries of E are F(u)-linearly independent then an application of Schwartz-

Zippel lemma implies the statement of the claim. On the other hand, to show that the entries

of E are F(u)-linearly independent, it is sufficient to show that the entries are F-linearly

independent under a setting of the u-variables to F elements. Consider such a setting: For

every k ∈ [`] \ {1}, let U (k)

w2+1 = Iw and U
(k)
i = 0 for all i ∈ [m] \ {w2 + 1}. Let U (1)

i = 0

for all i ≥ w2 + 1 and set U (1)
1 , . . . , U

(1)

w2 in a way so that the linear forms in
∑w2

i=1 U
(1)
i xi are

F-linearly independent. It is straightforward to check that the entries of E under this setting

are F-linearly independent.

6.3 Average-case linear matrix factorization: Proof of The-

orem 1.2
The algorithm in Theorem 1.2 is presented in Algorithm 10. To complete the analysis, given

in Section 6.1.1.1, we need to argue the correctness of the key step of rearrangement of the

matrices (Algorithm 13) by finding the last matrix (Algorithm 14). As the functioning of

Algorithm 13 is already sketched out in Section 6.1.1.1, the reader may skip to Section 6.3.2.

For completeness, we include an analysis of Algorithm 13 in the following subsection.

6.3.1 Rearranging the matrices

Recall, we have assumed F is a pure (w, d, n)-matrix product X1 · X2 · · ·Xd over F, and

hence also a pure product over L. The inputs to Algorithm 13 are d full-rank linear ma-

trices Z1, Z2, . . . , Zd over L such that there are matrices Ci, Di ∈ GL(w,L) and a permutation

σ of [d] satisfying Zσ(i) = Ci · Xi · Di or ZT
σ(i) = Ci · Xi · Di for every i ∈ [d]. Algorithm 13

iteratively determines σ (implicitly) by repeatedly using Algorithm 14. The behavior of Algo-

rithm 14 is summarized in the lemma below. For the lemma statement, assume n ≥ 2w2, Z is

a full-rank linear matrix over L, and Ft is a pure (w, t, n)-matrix product R1 ·R2 · · ·Rt over L,

where t ≤ d. Further, there are matrices C,D ∈ GL(w,L) and i ∈ [t] such that Z = C · Ri ·D
or ZT = C ·Ri ·D.

Lemma 6.1 Algorithm 14 takes input Z and blackbox access to the w2 entries of Ft, and with
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Algorithm 13 Rearrangement of the matrices
INPUT: Blackbox access to F , and w × w full-rank linear matrices Z1, Z2, . . . , Zd over L.
OUTPUT: Linear matrices Y1, Y2, . . . , Yd over L such that F = Y1 · Y2 · · ·Yd.

1: Set t = d, k = 1, and Fd = F .
2: while t > 1 do
3:
4: while k ≤ t do
5: Call Algorithm 14 on inputs Ft and Zk.
6: if Algorithm 14 outputs D̃ then
7: /* Such a D̃ = atDt for some at ∈ L×. */
8: Rename Zk as Zt and Zt as Zk, and set D̃t = D̃. /* σ is determined implicitly. */
9: Set Mt = Zt and Ft−1 = Ft · D̃t ·M−1

t .
10: Set k = 1 and t = t− 1.
11: Exit the (inner) loop.
12: end if
13:
14: Call Algorithm 14 on inputs Ft and ZT

k .
15: if Algorithm 14 outputs a D̃ then
16: /* Such a D̃ = atDt for some at ∈ L×. */
17: Rename Zk as Zt and Zt as Zk, and set D̃t = D̃. /* σ is determined implicitly. */
18: Set Mt = ZT

t and Ft−1 = Ft · D̃t ·M−1
t .

19: Set k = 1 and t = t− 1.
20: Exit the (inner) loop.
21: end if
22: Set k = k + 1.
23: end while
24:
25: if k = t+ 1 then
26: Exit the (outer) loop.
27: end if
28:
29: end while
30:
31: if t ≥ 2 then
32: Output ‘Rearrangement not possible’.
33: else
34: Set Y1 = F1, and Yt = Mt · D̃−1

t for all t ∈ [2, d]. Output Y1, . . . , Yd.
35: end if
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probability 1− (wd)O(1)

q
does this: If Z = C ·Rt ·D then it outputs a D̃ = aD for an a ∈ L×, and

for all other cases – Z = C ·Ri ·D or ZT = C ·Ri ·D for i ∈ [t− 1], or ZT = C ·Rt ·D –
it outputs ‘Failed’.

Algorithm 14 and the proof of Lemma 6.1 are presented in Section 6.3.2. We analyze Algo-

rithm 13 below by tracing its steps:

Step 2: The algorithm enters an outer loop and iterates from t = d to t = 2. For a fixed

t ∈ [d, 2] at the start of the loop the following conditions are satisfied: a) Ft is a pure (w, t, n)-

matrix product R1 · R2 · · ·Rt over L, here for t = d, Ri = Xi for all i ∈ [d]. b) There is a

permutation σt of [t], and for every i ∈ [t] there are matrices Ci, Di ∈ GL(w,L) such that

either Zσt(i) = Ci · Ri ·Di or ZT
σt(i)

= Ci · Ri ·Di. In the loop, the algorithm determines σt(t)

and whether Zσt(t) = Ct ·Rt ·Dt or ZT
σt(t)

= Ct ·Rt ·Dt.

Steps 4–23: Inside the inner loop, the algorithm calls Algorithm 14 on inputs Ft, Zk (step 5)

and Ft, ZT
k (step 13) for all k ∈ [t]. By Lemma 6.1, only when k = σt(t), Algorithm 14 returns

a D̃ = atDt for some at ∈ L×. The renaming of Zk and Zt (in steps 7 and 15) ensures that we

have a suitable permutation σt−1 of [t− 1] in the next iteration of the outer loop. The setting

of Mt (in steps 8 and 16) implies that Mt = Ct ·Rt ·Dt. Hence,

Ft−1 = Ft · D̃t ·M−1
t = (R1 ·R2 · · ·Rt−1) · (atC−1

t ).

Note that Ft−1 is a pure (w, t − 1, n)-matrix product over L. By reusing symbols and calling

Rt−1 · (atC−1
t ) as Rt−1, and a−1

t Ct ·Dt−1 as Dt−1, we observe that the two conditions at step 2

are satisfied in the next iteration of the outer loop.

Step 34: As Ft−1 = Ft · D̃t ·M−1
t at every iteration of the outer loop, setting Yt = Mt · D̃−1

t

implies Ft−1 = Ft · Y −1
t for every t ∈ [d, 2]. Therefore, F = Fd = Y1 · · ·Yd.

6.3.2 Determining the last matrix: Proof of Lemma 6.1

We give an overview of the proof by first assuming that Z is the ‘last’ matrix in the pure prod-

uct Ft. The correctness of the idea is then made precise by tracing the steps of Algorithm 14.

Overview: Suppose Z = C ·Rt ·D, where C,D ∈ GL(w,L). As Z is a full-rank linear matrix, we

can assume the entries of Z are distinct variables, by applying an invertible linear transforma-

tion. For any polynomial h ∈ L[x], h mod det(Z) can be identified with an element of L(x).

120



This is because, det(Z) is multilinear and so there is an injective ring homomorphism from

L[x]/(det(Z)) to L(x) via a simple substitution map taking a variable to a rational function.

Let Z ′, F ′t ∈ L(x)w×w be obtained by reducing the entries of Z and Ft, respectively, modulo

det(Z). The coprimality of the determinants of R1, . . . , Rt and their full-rank nature imply,

D · KernelL(x)(Z
′) = KernelL(x)(F

′
t),

and these two kernels have dimensions one. A basis of KernelL(x)(Z
′) can be easily derived as

Z is known explicitly. However, we only have blackbox access to F ′t . To leverage the above

relation, we compute bases of KernelL(F ′t(a)) and KernelL(Z ′(a)) for several random a ∈r Fn,

and form two matrices U, V ∈ GL(w,L) from these bases so that D equals U · V −1 (up to

scaling by elements in L×). Hereafter, KernelL will also be denoted as Ker in Algorithm 14

and its analysis.

Applying an invertible linear map (Step 2): The invertible linear transformation lets us assume

that Z = (zlk)l,k∈[w], where the zlk are distinct variables in x.

Reducing Z and Ft modulo det(Z) (Step 5): The reduction of the entries of Z and the blackbox

entries of Ft modulo det(Z) is achieved by the substitution,

z11 = −
∑w

k=2 z1k ·N1k

N11

where Nlk denotes the (l, k)-th cofactor of Z for l, k ∈ [w]. After the substitution, the matrices

become Z ′ and F ′t = R′1 · R′2 · · ·R′t respectively. As there are i ∈ [t] and C,D ∈ GL(w,L) such

that either Z = C ·Ri ·D or ZT = C ·Ri ·D, we have either Z ′ = C ·R′i ·D or (Z ′)T = C ·R′i ·D
and hence det(Z ′) = det(R′i) = det(F ′t) = 0.

Observation 6.1 1. KernelL(x)(Z
′) = spanL(x){(N11 N12 . . . N1w)T},

2. KernelL(x)((Z
′)T ) = spanL(x){(N11 N21 . . . Nw1)T}.

Hence, KernelL(x)(Z
′) has dimension one, and the observation below implies KernelL(x)(F

′
t) is

also one dimensional. The proof follows from the coprimality of det(R1), det(R2), . . . , det(Rt).

Observation 6.2 For all j ∈ [t] and j 6= i, det(R′j) 6= 0, and so the dimension of KernelL(x)(F
′
t)

is one.
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Algorithm 14 Determining the last matrix
INPUT: Blackbox access to a (w, t, n)-matrix product Ft = R1 · · ·Rt and a full-rank linear
matrix Z over L.
OUTPUT: A matrix D̃ ∈ GL(w,L), if Z = C ·Rt ·D. The output matrix D̃ is equal to aD for
some a ∈ L×.

1: /* Applying an invertible linear map */
2: Let the first w2 variables in x be z = {zlk}l,k∈[w]. Compute an invertible linear map A

that maps the affine forms in Z to distinct z variables, and apply A to the w2 blackbox
entries of Ft. Reusing symbols, Z = (zlk)l,k∈[w] and Ft is the matrix product after the
transformation.

3:
4: /* Reducing Z and Ft modulo det(Z) */
5: Let Nlk be the (l, k)-th cofactor of Z, for l, k ∈ [w]. Substitute z11 =

−
∑w
k=2 z1kN1k

N11
in Z and

in the blackbox for Ft. Call the matrices Z ′ and F ′t respectively after the substitution.
6:
7: /* Computing the kernels at random points */
8: for k = 1 to w + 1 do
9: Choose ak,bk ∈r Fn. Compute bases of Ker(F ′t(ak)), Ker(Z ′(ak)), Ker(F ′t(bk)),

Ker(Z ′(bk)). Pick non-zero uk ∈ Ker(F ′t(ak)), vk ∈ Ker(Z ′(ak)), wk ∈ Ker(F ′t(bk)), sk ∈
Ker(Z ′(bk)). If the computation fails (i.e., N11(ak) = 0 or N11(bk) = 0), or any of the
kernels is not one dimensional, output ‘Failed’.

10: end for
11:
12: /* Extracting D from the kernels */
13: Compute αk, βk, γk, δk ∈ L for k ∈ [w] such that uw+1 =

∑w
k=1 αkuk, vw+1 =∑w

k=1 βkvk, ww+1 =
∑w

k=1 γkwk and sw+1 =
∑w

k=1 δksk. If the computation fails, or
any of αk, βk, γk, δk is zero for some k ∈ [w], output ‘Failed’.

14:
15: Set U, V,W, S ∈ Lw×w such that the k-th column of U, V,W, S are αk·uk

βk
, vk, γk·wk

δk
, sk

respectively. If any of U, V,W, S 6∈ GL(w,L), output ‘Failed’.
16:
17: if UV −1SW−1 is a scalar matrix then
18: Set D̃ = U · V −1 and output D̃.
19: else
20: Output ‘Failed’. /* The check fails w.h.p if Z is not the ‘last’ matrix */
21: end if
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Computing the kernels at random points (Steps 8–10): The following observation shows that

the algorithm does not fail at step 9 with high probability. The proof is immediate from the

above two observations and an application of the Schwartz-Zippel lemma.

Observation 6.3 Let ak,bk ∈r Fn for k ∈ [w + 1]. Then, for every k ∈ [w + 1], and a = ak or
bk,

1. Ker(Z ′(a)) = spanL{(N11(a) N12(a) . . . N1w(a))T},

2. Ker((Z ′(a))T ) = spanL{(N11(a) N21(a) . . . Nw1(a))T},

and Ker(F ′t(ak)), Ker(F ′t(bk)) are one dimensional subspaces of Lw, with probability 1− (wd)O(1)

q
.

Extracting D from the kernels (Steps 13 – 21): We analyse these steps for three separate cases.

The analysis shows that if Z is the ‘last’ matrix then the algorithm succeeds with high proba-

bility, otherwise the test at step 17 fails with high probability.

Case a [Z = C ·Rt ·D]: From Observation 6.2, det(R′j(ak)) and det(R′j(bk)) are nonzero with

high probability, for all j ∈ [t− 1] and k ∈ [w + 1]. Assuming this, the following holds for all

k ∈ [w + 1]:

D · Ker(Z ′(ak)) = Ker(F ′t(ak)) ,

D · Ker(Z ′(bk)) = Ker(F ′t(bk)) . (6.2)

Hence, at step 9, there are λk, ρk ∈ L× such that

D · vk = λkuk, D · sk = ρkwk for k ∈ [w + 1].

Step 13 also succeeds with high probability due to the following claim.

Claim 6.3 With probability 1− (wd)O(1)

q
, any subset of w vectors in any of the sets {u1,u2, . . . ,uw+1},

{v1,v2, . . . , vw+1}, {w1,w2, . . . ,ww+1}, or {s1, s2, . . . , sw+1} are L-linearly independent.

Proof: From Observation 6.3, for the sets {v1,v2, . . . , vw+1} and {s1, s2, . . . , sw+1} it is suf-

ficient to show that any w columns of the w × (w + 1) matrices (N1i(aj))i∈[w],j∈[w+1] and

(N1i(bj))i∈[w],j∈[w+1] are L-linearly independent with high probability. As the cofactorsN11, . . . ,

N1w are L-linearly independent, the above follows from Claim 2.3. For the sets {u1,u2,

. . . ,uw+1} and {w1,w2, . . . ,ww+1}, it follows from Equation 6.2 that there are λk, ρk ∈ L×
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such that D · vk = λkuk and D · sk = ρkwk for all k ∈ [w + 1]. Since D is invertible, the claim

follows for these two sets as well.

At this step, vw+1 =
∑w

k=1 βkvk and sw+1 =
∑w

k=1 δksk, and so by applying D on both

sides,

λw+1uw+1 =
w∑
k=1

βkλkuk, ρw+1ww+1 =
w∑
k=1

δkρkwk .

Also, uw+1 =
∑w

k=1 αkuk and ww+1 =
∑w

k=1 γkwk. By Claim 6.3, none of the αk, βk, γk, δk is

zero and
λk
λw+1

=
αk
βk

,
ρk
ρw+1

=
γk
δk
, for all k ∈ [w].

From the construction of matrices U, V,W and S at step 15,

D · V = λw+1U , D · S = ρw+1W,

and U, V,W, S ∈ GL(w,L) (by Claim 6.3). Therefore, UV −1SW−1 is a scalar matrix.

Case b [ZT = C ·Rt ·D]: In this case, the check at step 17 fails with high probability. Suppose

the algorithm passes steps 13 and 15, and reaches step 17. We show that UV −1SW−1 being

a scalar matrix implies an event E that happens with a low probability. The event E can be

derived as follows:

Let M def
= U · V −1, and c ∈ L× such that M = cW · S−1. Assuming the invertibility of R′j(ak)

and R′j(bk) for j ∈ [t − 1] (Observation 6.2), and as in Equation 6.2, the following holds for

all k ∈ [w + 1].

D · Ker((Z ′(ak))T ) = Ker(F ′t(ak)) ,

D · Ker((Z ′(bk))T ) = Ker(F ′t(bk)) .

By Observation 6.3, we can assume the above four kernels are one-dimensional. Hence, at

step 9 there are pk ∈ Ker((Z ′(ak))T ) and qk ∈ Ker((Z ′(bk))T ) satisfying D · pk = uk and

D · qk = wk, for every k ∈ [w + 1]. Consider the w × w matrices P and Q such that the k-th

column of these matrices are αk
βk
pk and γk

δk
qk respectively, where αk, βk, γk, δk are the constants

computed at step 13. Clearly, D · P = U and D · Q = W , where U,W are the matrices com-

puted at step 15.
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As M = cW · S−1 (by assumption), we have D−1MS = cD−1W = cQ. Hence, for k ∈ [w],

D−1M · sk =
cγk
δk

qk.

At step 13, ww+1 =
∑w

k=1 γkwk and sw+1 =
∑w

k=1 δksk. Multiplying D−1 on both sides and

D−1M on both sides of these two equations respectively,

qw+1 =
w∑
k=1

γkqk, and D−1M · sw+1 =
w∑
k=1

cγkqk .

⇒ D−1M · sw+1 = cqw+1. (6.3)

From Observation 6.3, there are λ1, λ2 ∈ L× such that

sw+1 = λ1 · (N11(bw+1) N12(bw+1) . . . N1w(bw+1))T ,

qw+1 = λ2 · (N11(bw+1) N21(bw+1) . . . Nw1(bw+1))T .

Let D−1M = (mlk)l,k∈[w]. Using the above values of sw+1 and qw+1 in Equation 6.3 and

restricting to the first two entries of the resulting column vectors, we have

λ1

(
w∑
k=1

m1kN1k(bw+1)

)
= cλ2N11(bw+1) , λ1

(
w∑
k=1

m2kN1k(bw+1)

)
= cλ2N21(bw+1) .

Thus we get the following relation,

N21(bw+1)

(
w∑
k=1

m1kN1k(bw+1)

)
= N11(bw+1)

(
w∑
k=1

m2kN1k(bw+1)

)
.

Event E is defined by the above equality, i.e. we say E has happened whenever the above

equality holds. Now observe that D−1M is independent of the random bits used to choose

bw+1, one way of seeing this is that D−1M is already fixed before bw+1 is chosen. Hence, it is

sufficient to show that the above equality happens with low probability over the randomness

of bw+1, for any arbitrarily fixed m11, . . . ,m1w and m21, . . . ,m2w from L. Moreover, as D−1M

is invertible, we can assume – not all in {m11, . . . ,m1w} or {m21, . . . ,m2w} are zero. The

following observation and Schwartz-Zippel lemma complete the proof in this case.

Observation 6.4 N21(z) (
∑w

k=1 m1k ·N1k(z)) 6= N11(z) (
∑w

k=1m2k ·N1k(z)) as polynomials in
F[z].
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Proof: Suppose the two sides are equal. As N21(z) and N11(z) are irreducible and coprime

polynomials, N21(z) must divide
∑w

k=1m2k · N1k(z). But the two polynomials have the same

degree and they are monomial disjoint, thereby giving us a contradiction.

Case c [Z = C ·Ri ·D or ZT = C ·Ri ·D for some i ∈ [t− 1]]: Assume Z = C ·Ri ·D for some

i ∈ [t− 1]. The case ZT = C · Ri ·D can be argued similarly. Similar to Case b, we show that

if the algorithm passes steps 13 and 15, and reaches step 17 then UV −1SW−1 being a scalar

matrix implies an event E that happens with very low probability. Hence, the check at step

17 fails with high probability. The event E can be derived as follows:

Let M def
= U · V −1, and c ∈ L× be such that M = c ·WS−1. From the construction of W and S,

cγk
δk

wk = M · sk , for all k ∈ [w],

where γk, δk are as computed at step 13. Since ww+1 =
∑w

k=1 γkwk and sw+1 =
∑w

k=1 δk · sk,

c ·ww+1 = M · sw+1. (6.4)

Let H def
= D−1 ·R′i+1 · · ·R′t. From Observation 6.2, the following holds,

H−1 · KernelL(x)(Z
′) = KernelL(x)(F

′
t).

Let n = (N11(bw+1) N12(bw+1) . . . N1w(bw+1))T . From Observation 6.3, and as H(bw+1) is

invertible with high probability over the random choice of bw+1, there are λ1, λ2 ∈ L× such

that

ww+1 = λ1H
−1(bw+1) · n

sw+1 = λ2n.

Substituting the above values of ww+1 and sw+1 in Equation 6.4, we have

cλ1H
−1(bw+1) · n = λ2M · n , ⇒ cλ1n = λ2H(bw+1) ·M · n.

Let H ·M = (hlk)l,k∈[w]. Restricting to the first two entries of the vectors in the above equality,
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and observing that M is independent of bw+1, we have

cλ1N11(bw+1) = λ2

(
w∑
k=1

h1k(bw+1) ·N1k(bw+1)

)
,

cλ1N12(bw+1) = λ2

(
w∑
k=1

h2k(bw+1) ·N1k(bw+1)

)
.

Hence, we get the following relation

N11(bw+1) ·

(
w∑
k=1

h2k(bw+1) ·N1k(bw+1)

)
= N12(bw+1) ·

(
w∑
k=1

h1k(bw+1) ·N1k(bw+1)

)
. (6.5)

Event E is defined by the above equality, that is E happens if the above equality is satisfied.

Observe that the entries of the matrix product H ·M = (hlk)l,k∈[w] are rational functions in

x variables and are independent of the random bits used to choose bw+1. We show next the

probability that the above equality holds is low over the randomness of bw+1.

So far we have used only the first two properties of a pure product Ft, i.e, every Ri is full-

rank and det(R1), . . . , det(Rt) are mutually coprime. However, these two properties are not

sufficient to ensure the uniqueness of the last matrix in the product (as mentioned in a remark

after Theorem 1.2). In the following observation, we use the third property of a pure product

which ensures the desired uniqueness of the last matrix.

Observation 6.5 Let n ≥ 2w2. Then all the entries of H · M are nonzero polynomials after
setting the variables in z1

def
= {z11, z21, z31, . . . , zw1} to zero.

Proof: H ·M = D−1 ·R′i+1 · · ·R′t ·M = (hlk)l,k∈[w]. Recalling the substitution z11 =
−

∑w
k=2 z1kN1k

N11

at step 5, we observe that the rational function hlk becomes a polynomial under the setting

z11 = z21 = . . . = zw1 = 0, the variable z11 does not even appear in hlk. Let Qj = (Rj)z1=0.

By observing (Rj)z1=0 = (R′j)z1=0, it follows that (H ·M)z1=0 = D−1 · Qi+1 · · ·Qt ·M . By the

third property of a pure product, the entries of Qi+1 · · ·Qt are L-linearly independent. Hence,

none of the entries of D−1 ·Qi+1 · · ·Qt ·M is zero, as M ∈ GL(L, w) whenever the algorithm

passes step 15.

Observation 6.6 N11(x) · (
∑w

k=1 h2k(x)N1k(x)) 6= N12(x) · (
∑w

k=1 h1k(x)N1k(x)) as rational
functions in L(x).

Proof: Suppose N11(x) · (
∑w

k=1 h2k(x)N1k(x)) = N12(x) · (
∑w

k=1 h1k(x)N1k(x)). By substituting

z1 = 0 in the equation, the R.H.S becomes zero whereas the L.H.S reduces to N2
11 · (h21)z1=0,
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which is nonzero (by Observation 6.5).

Noting that the degrees of the numerator and the denominator of hlk are upper bounded

by wd, we conclude that the equality in Equation 6.5 happens with a low probability over the

randomness of bw+1.

In case c if ZT = C · Ri · D to begin with then the argument remains very similar except

in Observation 6.5, the variables in the first row and column of Z (instead of just the first

column) are substituted to zero.

6.4 Average-case ABP reconstruction: Proof of Theorem 1.3
The algorithm for average-case ABP reconstruction is presented in Algorithm 11, Section

6.1.1.2. The algorithm uses Algorithm 15 and Algorithm 16 during its execution – we present

and analyze these two algorithms in the following subsections.

6.4.1 Computing the corner spaces

Let f be the polynomial computed by a random (w, d, n)-ABP X1 · X2 · · ·Xd over F, where

n ≥ 4w2 and d ≥ 5.

Lemma 6.2 With probability 1 − (wd)O(1)

q
over the randomness of f , the following holds: Let

K ⊇ F be any field and f = 0 mod 〈l1, . . . , lk〉, where the li are linear forms in K[x]. Then
k ≥ w and for k = w, the space spanK{l1, . . . , lw} equals the K-span of either the linear forms in
X1 or the linear forms in Xd.

The above uniqueness of the corner spaces, X1 and Xd (defined in Section 6.1.1.2), helps

compute them in Algorithm 15. The proof of the lemma is given at the end of this subsection.

Canonical bases of X1 and Xd: For a set of variables y ⊆ x and a linear form g in F[x], define

g(y)
def
= gx\y =0. We say g(y) is the linear form g projected to the y variables. Let x1, . . . , xw

and v be a designated set of w + 1 variables in x, and u = x \ {x1, . . . , xw, v}. With n ≥ 4w2,

a random (w, d, n)-ABPX1·X2 · · ·Xd satisfies the following condition with probability 1−wO(1)

q
:

(*a) The linear forms in X1 (similarly, Xd) projected to x1, . . . , xw are F-linearly inde-

pendent.
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If the above condition is satisfied then there is a C ∈ GL(w,F) such that the linear forms in

X1 · C are of the kind:

xi − αiv − gi(u), for i ∈ [w], (6.6)

where each αi ∈ F and gi is a linear form in F[u]. Thus, we can assume without loss of

generality, the linear forms in X1 are of the above kind. Similarly, the linear forms in Xd are

also of the kind:

xi − βiv − hi(u), for i ∈ [w], (6.7)

where each βi ∈ F and hi is a linear form in F[u]. Moreover, with probability 1 − wO(1)

q
over

the randomness of the ABP, the following condition is satisfied:

(*b) α1, . . . , αw and β1, . . . , βw are distinct elements in F.

The task at hand for Algorithm 15 is to solve for αi, gi and βj, hj, for i, j ∈ [w], assuming

that conditions (*a) and (*b) are satisfied. The bases defined by Equations 6.6 and 6.7 are

canonical for X1 and Xd.

We analyze the three main steps of Algorithm 15 next:

1. Partitioning the variables (Step 2): The reason to partition the u variables into sets

u1, . . . ,um each of size 4w2 − (w + 1) is to ensure that the polynomial f` = fu\u` =0 for

all ` ∈ [m] is computed by a random (w, d, 4w2)-ABP. Hence the linear forms in the first,

and the last matrix of the random ABP computing f` are xi−αiv−gi(u`) for i ∈ [w], and

xi − βiv − hi(u`) for i ∈ [w] respectively. The only thing to note here is, if n− (w + 1) is

not divisible by 4w2 − (w + 1) then we allow the last two sets um−1 and um to overlap –

the algorithm can be suitably adjusted in this case.

2. Reduction to solving systems of polynomial equations (Steps 5–13): At step 7, the task of

computing (α1, . . . , αw, g1(u`), . . . , gw(u`)) such that

f` = 0 mod 〈x1 − α1v − g1(u`), . . . , xw − αwv − gw(u`)〉,

can be reduced to solving for all F-rational points of a system of polynomial equations

over F as follows: Treat α1, . . . , αw and the 4w3−w(w+1) coefficients of g1(u`), . . . , gw(u`),

say w, as formal variables. Substitute xi = αiv + gi(u`) for every i ∈ [w] in the blackbox

for f`, and interpolate the resulting polynomial p in the variables α1, . . . , αw,w, v,u`
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Algorithm 15 Computing the corner spaces
INPUT: Blackbox access to a f computed by a random (w, d, n)-ABP.
OUTPUT: Bases of the two corner spaces X1 and Xd modulo which f is zero.

1: /* Partitioning the variables */
2: Choose w+1 designated variables x1, x2, . . . , xw, v, and let u = x\{x1, . . . , xw, v}. Partition

u into sets u1,u2, . . . ,um, each of size 4w2 − (w + 1). .
3:
4: /* Reduction to solving m systems of polynomial equations */
5: for ` = 1 to m do
6: Set f` = fu\u` =0.
7: Solve for all possible (α1, . . . , αw, g1(u`), . . . , gw(u`)), where each αi ∈ F and gi(u`) is a

linear form in F[u`] such that
f` = 0 mod 〈x1 − α1v − g1(u`), . . . , xw − αwv − gw(u`)〉.

8: if Step 7 does not return exactly two solutions for (α1, . . . , αw, g1(u`), . . . , gw(u`)) then
9: Output ‘Failed’.

10: else
11: The solutions be (α`1, . . . , α`w, g1(u`), . . . , gw(u`)) and

(β`1, . . . , β`w, h1(u`), . . . , hw(u`)).
12: end if
13: end for
14:
15: /* Combining the solutions */
16: if | ∪`∈[m] {(α`1, . . . , α`w), (β`1, . . . , β`w)}| 6= 2 then
17: Output ‘Failed’.
18: else
19: Without loss of generality, (α`1, . . . , α`w) = (α1, . . . , αw) and (β`1, . . . , β`w) = (β1, . . . , βw)

for every ` ∈ [m]. Set gi(u) =
∑

`∈[w] gi(u`) and hi(u) =
∑

`∈[w] hi(u`) for every i ∈ [w].
20: Return {xi − αiv − gi(u)}i∈[w] and {xi − βiv − hi(u)}i∈[w] as the bases of X1 and Xd.
21: end if
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with coefficients in F. The interpolation, which can be done in (dw
3

log q)O(1) time, gives

p in dense representation (i.e. as a sum of monomials). As the individual degrees of

the variables in p are bounded by d, we only need |F| > d to carry out this interpo-

lation. Now by treating p as a polynomial in the variables v,u` with coefficients in

F(α1, . . . , αw,w), and equating these coefficients to zero, we get a system of dO(w2) poly-

nomial equations in O(w3) variables with degree of each polynomial equation bounded

by d. By Lemma 6.2, such a system has exactly two solutions over F and moreover, these

two solution points are F-rational. Hence, by applying Lemma 2.5, we can compute the

two solutions for (α1, . . . , αw,w) at step 7, in (dw
3

log q)O(1) time.

3. Combining the solutions (Steps 16–21): The correctness of the steps follows from condi-

tion (*b).

Uniqueness of the corner spaces: Proof of Lemma 6.2

As n ≥ 4w2, a random (w, d, n)-ABP X1 · · ·Xd satisfies the following condition with probabil-

ity 1− (wd)O(1)

q
:

(**) For every choice of three (or less) matrices among X2, X3, . . . , Xd−1, the linear forms

in these matrices and X1 and Xd are F-linearly independent.

So, it is sufficient to prove the following restatement of the lemma.

Lemma 6.2. Suppose f is computed by a (w, d, n)-ABP X1 ·X2 · · ·Xd satisfying the above con-
dition (**). If f = 0 mod 〈l1, . . . , lk〉, where the li are linear forms over K ⊇ F, then k ≥ w and
for k = w, the space spanK{l1, . . . , lw} equals the K-span of either the linear forms in X1 or the
linear forms in Xd.

We prove the lemma first for d = 3, and then use this case to prove it for d > 3.

Case [d = 3]: There is an A ∈ GL(n,F) such that f(Ax) is computed by (y1 y2 . . . yw) ·
(rij)i,j∈[w] · (z1 z2 . . . zw)T , where y = {yi}i∈[w], r = {rij}i,j∈[w] and z = {zj}j∈[w] are distinct

variables in x. If f = 0 mod 〈l1, . . . , lk〉, then f(Ax) = 0 mod 〈l1(Ax), . . . , lk(Ax)〉. Next, we

show that if f(Ax) = 0 modulo k′ linear forms h1, . . . , hk′ ∈ K[y ] z ] r] then k′ ≥ w, and for

k′ = w, the space spanK{h1, . . . , hw} equals either spanK{y1, . . . , yw} or spanK{z1, . . . , zw}. It

follows that k ≥ k′ ≥ w, and for k = w, the linear forms l1(Ax), . . . , lw(Ax) must belong to

K[y]z]r] (otherwise, we will have f(Ax) = 0 modulo less than w linear forms in K[y]z]r]),
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and hence spanK{l1, . . . , lw} equals the K-span of either the linear forms in X1 or the linear

forms in Xd.

Reusing symbols, assume that f is computed by X1 · X2 · X3, where X1 = (y1 y2 . . . yw),

X2 = (rij)i,j∈[w] and X3 = (z1 z2 . . . zw)T , and f = 0 mod 〈l1, . . . , lk〉, where the li are linear

forms in K[y ] z ] r]. Suppose k ≤ w; otherwise, we have nothing to prove. Consider the

reduced Gröbner basis1 G of the ideal 〈l1, . . . , lk〉 with respect to the lexicographic monomial

ordering defined by y � z � r. There are sets Sy, Sz ⊆ [w] and Sr ⊆ [w] × [w], satisfying

|Sy|+ |Sz|+ |Sr| ≤ k, such that G consists of linear forms of the kind:

yi − gi(y, z, r) for i ∈ Sy,

zj − hj(z, r) for j ∈ Sz,

r`e − p`e(r) for (`, e) ∈ Sr,

where gi, hj and p`e are linear forms over K in their respective sets of variables. Let X ′1, X
′
2, X

′
3

be the linear matrices obtained from X1, X2, X3 respectively, by replacing yi by gi(y, z, r), r`e
by p`e(r) and zj by hj(z, r), for i ∈ Sy, (`, e) ∈ Sr and j ∈ Sz. Then,

X ′1 ·X ′2 ·X ′3 = 0. (6.8)

The dimension of the K-span of the linear forms of X ′1 is at least (w − |Sy|), that of X ′2 is

at least (w2 − |Sr|), and of X ′3 is at least (w − |Sz|). Also, there are C,D ∈ GL(w,K) such

that X ′1 · C,D ·X ′3 are obtained (via row and column operations on X ′1 and X ′3, respectively)

from X1, X3 respectively, by replacing yi by gi(0, z, r) and zj by hj(0, r), for i ∈ Sy and j ∈ Sz.

Consider the following equation,

(X ′1C) · (C−1X ′2D
−1) · (DX ′3) = 0. (6.9)

By examining the L.H.S, we can conclude that for s ∈ [w]\Sy and t ∈ [w]\Sz, the coefficient of

the monomial yszt over K(r) is the (s, t)-th entry of C−1X ′2D
−1 which must be zero. Hence, the

dimension of the K-span of the linear forms in C−1X ′2D
−1 is at most w2− (w−|Sy|)(w−|Sz|).

As the dimension of the K-span of the linear forms in X ′2 remains unaltered under left and

1See [CLO07]. Equivalently, think of the set of linear forms obtained from a reduced row echelon form of
the coefficient matrix of l1, . . . , lk.
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right multiplications by elements in GL(w,K), we get the relation

w2 − |Sr| ≤ w2 − (w − |Sy|)(w − |Sz|)

⇒ (w − |Sy|)(w − |Sz|) ≤ |Sr|

⇒ w2 − (|Sy|+ |Sz|)w + |Sy| · |Sz| ≤ |Sr|

⇒ w2 − (w − |Sr|)w + |Sy| · |Sz| ≤ |Sr|, as |Sy|+ |Sz|+ |Sr| ≤ k ≤ w

⇒ |Sr|w + |Sy| · |Sz| ≤ |Sr|.

As |Sy|, |Sz|, |Sr| ≥ 0, we must have |Sr| = 0, and either |Sy| = 0 or |Sz| = 0.

Suppose |Sr| = |Sz| = 0 (the case for |Sr| = |Sy| = 0 is similar). Then, Equation 6.9 simplifies

to

(X ′1C) · (C−1X2) ·X3 = 0.

If k < w then there is a ys in X1 that is not replaced while forming X ′1C from X1. By

examining the coefficient of ys over K(r, z) in the L.H.S of the above equation, we arrive at a

contradiction. Hence, k = w, in which case Equation 6.8 simplifies to

X ′1 ·X2 ·X3 = 0.

The entries of X ′1 are linear forms in z and r, and so X ′1 = X ′1(z) +X ′1(r) where the entries of

X ′1(z) (similarly, X ′1(r)) are linear forms in z (respectively, r). The above equation implies

X ′1(z) ·X2 ·X3 = 0 and X ′1(r) ·X2 ·X3 = 0,

as the two L.H.S above are monomial disjoint. It is now easy to argue that X ′1(z) = X ′1(r) = 0,

implying X ′1 = 0 and hence the reduced Gröbner basis G is in fact {y1, . . . , yw}.

Case [d > 3]: As before, by applying an invertible transformation, we can assume that

X1 = (y1 y2 . . . yw), X2 = (rij)i,j∈[w] and Xd = (z1 z2 . . . zw)T . Let u = x \ (y ] z ] r) and

k ≤ w. Consider the reduced Gröbner basis G of the ideal 〈l1, l2, . . . , lk〉 with respect to the

lexicographic monomial ordering defined by u � y � z � r. There are sets Su ⊆ [n−w2−2w],

Sy, Sz ⊆ [w] and Sr ⊆ [w2], satisfying |Su| + |Sy| + |Sz| + |Sr| ≤ k, such that G consists of

linear forms of the kind:

um − tm(u,y, z, r) for m ∈ Su,

133



yi − gi(y, z, r) for i ∈ Sy,

zj − hj(z, r) for j ∈ Sz,

r`e − p`e(r) for (`, e) ∈ Sr,

where tm, gi, hj and p`e are linear forms over K in their respective sets of variables. Let X ′ be

the matrix obtained from X by replacing um by tm(u,y, z, r), yi by gi(y, z, r), zj by hj(z, r),

and r`e by p`e(r), for m ∈ Su, i ∈ Sy, j ∈ Sz, and (`, e) ∈ Sr. Then,

X ′1 ·X ′2 ·X ′3 · · ·X ′d = 0.

Let X(u)
def
= (X)y=z=r=0. By treating the L.H.S of the above equation as a polynomial in u-

variables with coefficients from K(y, z, r) and focusing on the degree-(d − 3) homogeneous

component of this polynomial, we have

X ′1 ·X ′2 ·X ′3(u) · · ·X ′d−1(u) ·X ′d = 0. (6.10)

If X ′3(u) · · ·X ′d−1(u) ∈ GL(w,K(u)) then there is a c ∈ F|u| such that C = X ′3(c) · · ·X ′d−1(c) ∈
GL(w,K). Define

f1 = X1 ·X2 · C ·Xd,

and observe that Equation 6.10 implies f1 is zero modulo the linear forms,

yi − gi(y, z, r) for i ∈ Sy,

zj − hj(z, r) for j ∈ Sz,

r`e − p`e(r) for (`, e) ∈ Sr.

By applying Case [d=3] on f1, we get the desired conclusion, i.e. k = w and the K-

span of the above linear forms (hence also that of {l1, . . . , lk}) is either spanK{y1, . . . , yw}
or spanK{z1, . . . , zw}. So, suppose X ′3(u) · · ·X ′d−1(u) 6∈ GL(w,K(u)) in Equation 6.10. Then,

there is a j ∈ [3, d − 1] such that det(X ′j(u)) = 0. Observe that X ′i(u) can be obtained from

Xi(u) by replacing um by tm(u, 0, 0, 0) for m ∈ Su. That is,

X ′i(u) = Xi(u) mod 〈{um − tm(u, 0, 0, 0)}m∈Su〉, for every i ∈ [3, d− 1].

As Xj(u) is full-rank (which follows from condition (**)) and det(X ′j(u)) = 0, the fact below

implies |Su| = w, |Sy| = |Sz| = |Sr| = 0.
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Observation 6.7 If the symbolic determinant Detw is zero modulo s linear forms then s ≥ w.

Hence, Equation 6.10 simplifies to

X1 ·X2 ·X ′3(u) · · ·X ′d−1(u) ·Xd = 0,

⇒ X ′3(u) · · ·X ′d−1(u) = 0. (6.11)

The above equality can not happen and this can be argued by applying induction on the

number of matrices in the L.H.S of Equation 6.11:

Base case: (d = 4) The L.H.S of Equation 6.11 has one matrix X ′3(u). As X3(u) is

full-rank (by condition (**)), it cannot vanish modulo w linear forms.

Induction hypothesis: Equation 6.11 does not hold if the L.H.S has at most d − 4

matrices.

Inductive step: (d > 4) Suppose Equation 6.11 is true. As the 2w2 linear forms

in X3(u) and Xd−1(u) are linearly independent (condition (**) again), by Obser-

vation 6.7, at least one of X ′3(u) and X ′d−1(u) is invertible. This gives a shorter

product where we can apply the induction hypothesis to get a contradiction.

6.4.2 Finding the coefficients in the intermediate matrices

Following the notations in Section 6.1.1.2, y = {y1, . . . , yw} and z = {z1, . . . , zw} are subsets

of x, r = x \ (y ] z), X ′1 = (y1 y2 . . . yw) and X ′d = (z1 z2 . . . zw)T . When Algorithm 11

reaches the third and final stage, it has blackbox access to a f ′ ∈ F[x] and linear matrices

S2, . . . , Sd−1 ∈ L[r]w×w returned by Algorithm 10, such that S2 ·S3 · · ·Sd−1 is the linear matrix

factorization of a random (w, d − 2, n − 2w)-matrix product R2 · R3 · · ·Rd−1 over F. Fur-

ther, there exist linear matrices T2, . . . , Td−1 ∈ L[x]w×w satisfying (Tk)y=0,z=0 = Sk for every

k ∈ [2, d−1], such that f ′ is computed by the ABP X ′1 ·T2 · · ·Td−1 ·X ′d−1. The task for Algorithm

16 is to efficiently compute the coefficients of the y and z variables in Tk. At a high level,

this is made possible because of the uniqueness of such Tk matrices: Indeed the analysis of

Algorithm 16 shows that with high probability the coefficients of y and z in T3, . . . , Td−2 are

uniquely determined, and (if a certain canonical form is assumed then) the same is true for

matrices T2 and Td−1.

Canonical form for T2 and Td−1: Matrix T2 is said to be in canonical form if for every l ∈ [w]

the coefficient of yl is zero in the linear form at the (i, j)-th entry of T2, whenever i > l.

Similarly, Td−1 is in canonical form if for every l ∈ [w] the coefficient of zl is zero in the linear

form at the (i, j)-th entry of Td−1 whenever j > l. It can be verified (see Section 4.2), if f ′
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is computed by an ABP X ′1 · T2 · · ·Td−1 ·X ′d−1 then it is computed by another ABP where the

corresponding T2 and Td−1 are in canonical form, and the other matrices remain unchanged.

Linear independence of minors of a random ABP: The lemma given below is the reason Al-

gorithm 16 is able to reduce the task of finding the coefficients of the y and z variables to

solving linear equations. In the following discussion, the i-th row and j-th column of a matrix

M will be denoted by M(i, ∗) and M(∗, j) respectively.

Let R2 · R3 · · ·Rd−1 be a random (w, d − 2, n − 2w)-matrix product in r-variables over F. For

every s, t ∈ [w], R2(s, ∗) · R3 · · ·Rd−2 · Rd−1(∗, t) is a random (w, d − 2, n − 2w)-ABP having

a total of w2(d − 4) + 2w linear forms in all the Rk matrices. Let us index the linear forms

arbitrarily by [w2(d− 4) + 2w]. We associate a polynomial g(s,t)
e with the e-th linear form, for

every e ∈ [w2(d− 4) + 2w], as follows: If the e-th linear form is the (`,m)-th entry of Rk then

g(s,t)
e (r)

def
= [R2(s, ∗) ·R3 · · ·Rk−2 ·Rk−1(∗, `)] · [Rk+1(m, ∗) ·Rk+2 · · ·Rd−2 ·Rd−1(∗, t)],

by identifying the 1 × 1 matrix of the R.H.S with the entry of the matrix. The polynomials

{g(s,t)
e : e ∈ [w2(d−4)+2w]}, will be called the minors of the ABPR2(s, ∗)·R3 · · ·Rd−2·Rd−1(∗, t).

Recall the iterated matrix multiplication polynomial (IMMw,d) is computed by a (w, d, n)-ABP

X1 ·X2 · · ·Xd where each entry in Xi is a distinct variable for all i ∈ [d], and hence the set of

minors of this ABP is equal to the set of first order partial derivatives of IMMw,d. This in spirit

is similar to the more well-known notion of the minors of the Detw polynomial which is equal

to the set of its first order partial derivatives.

Lemma 6.3 For d ≥ 5, with probability 1 − (wd)O(1)

q
over the randomness of R2 · · ·Rd−1 the

following holds: For every s, t ∈ [w], the minors {g(s,t)
e : e ∈ [w2(d − 4) + 2w]}, are F-linearly

independent.

The proof of the lemma is given at the end of this section. Due to the uniqueness of factoriza-

tion, the matrices S2, . . . , Sd−1 in Algorithm 11 are related to R2, . . . , Rd−1 as follows: There

are Ci, Di ∈ GL(w,L) such that Si = Ci · Ri ·Di, for every i ∈ [2, d − 1]; moreover, there are

c2, . . . , cd−2 ∈ L× satisfying C2 = Dd−1 = Iw, Di ·Ci+1 = ciIw for i ∈ [2, d− 2], and
∏d−2

i=2 ci = 1.

Define minors of the ABP S2(s, ∗) · S3 · · ·Sd−2 · Sd−1(∗, t), for every s, t ∈ [w], like above. The

edges of the ABP are indexed by [w2(d − 4) + 2w] and a polynomial h(s,t)
e is associated with

the e-th linear form as follows: If the e-th linear form is the (`,m)-th entry of Sk then

h(s,t)
e (r)

def
= [S2(s, ∗) · S3 · · ·Sk−2 · Sk−1(∗, `)] · [Sk+1(m, ∗) · Sk+2 · · ·Sd−2 · Sd−1(∗, t)]. (6.12)
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It is a simple exercise to derive the following corollary from the lemma above.

Corollary 6.1 For d ≥ 5, with probability 1 − (wd)O(1)

q
the following holds: For every s, t ∈ [w],

the minors {h(s,t)
e : e ∈ [w2(d− 4) + 2w]} are L-linearly independent.

We are now ready to argue the correctness of Algorithm 16 by tracing its steps.

1. Computing the partial derivatives (Step 2): In this step, we compute all the third order

partial derivatives of f ′ using Claim 2.2.

2. Computing almost all the coefficients of the y and z variables (Steps 6–13): Equations

6.13 and 6.14 are justified by treating f ′ as a polynomial in the y and z variables

with coefficients from L(r), and examining the coefficients of y2
szt and ysz2

t respectively.

A linear system obtained at step 9 or step 11 has w2(d − 4) + 2w variables and the

same number of linear equations. Corollary 6.1, together with Claim 2.3, ensure that

the square coefficient matrix of the linear system is invertible (with high probability),

and hence the solution computed is unique. The uniqueness implies that the solutions

obtained across multiple iterations of the loop do not conflict with each other. For

instance, the coefficients of ys in the linear forms in T2(s, ∗), T3, . . . , Td−2 get computed

repeatedly at step 9 for every value of t ∈ [w] – uniqueness ensures that we always get

the same values for these coefficients. This also shows that the matrices T3, . . . , Td−2

are unique. By the end of this stage, the coefficients of y and z variables are computed

for all the linear forms, except for the coefficients of yl in T2(s, ∗) for l > s, and the

coefficients of zl in Td−1(∗, t) for l > t. These coefficients are retrieved in the next stage.

3. Computing the remaining y and z coefficients in T2 and Td−1 (Steps 16–19): For an s ∈ [w],

consider the following minors of S2(s, ∗) · S3 · · ·Sd−2 · Sd−1(∗, 1):

S3(m, ∗) · S4 · · ·Sd−2 · Sd−1(∗, 1) for all m ∈ [w].

Without loss of generality, let these minors be h(s,1)
1 , . . . , h

(s,1)
w . Let l > s. By treating

f ′ as a polynomial in the y, z variables, with coefficients from L(r), and examining the

coefficient of ysylz1 in f ′, we arrive at the equation,

w∑
e=1

ce · h(s,1)
e +K(r) =

(
∂f ′

∂ysylz1

)
y=0,z=0

,

137



Algorithm 16 Computing the coefficients of y and z variables in Tk
INPUT: Blackbox access to f ′ and linear matrices S2, . . . , Sd−1 ∈ L[r]w×w.
OUTPUT: Linear matrices T2, T3, . . . , Td−1 ∈ L[x]w×w such that f ′ is computed by y · T2 ·
T3 · · ·Td−1 · zT , satisfying (Tk)y=0,z=0 = Sk for every k ∈ [2, d− 1].

1: /* Computing the partial derivatives */
2: Compute blackbox access to ( ∂f ′

∂ysylzt
)y=0,z=0 and ( ∂f ′

∂yszlzt
)y=0,z=0 for all s, l, t ∈ [w].

3: For every s, t ∈ [w], let {h(s,t)
e : e ∈ [w2(d − 4) + 2w]} be the minors of the ABP S2(s, ∗) ·

S3 · · ·Sd−2 · Sd−1(∗, t), as defined in Equation 6.12.
4:
5: /* Computing almost all the coefficients of the y and z variables in Tk*/
6: Set E = w2(d− 4) + 2w.
7: for every s, t ∈ [w] do
8: Pick a1, . . . , aE ∈r F|r| independently.
9: Solve the linear system over L defined by∑

e∈[E]

ce · h(s,t)
e (ai) =

(
∂f ′

∂y2
szt

)
y=0,z=0

(ai), for i ∈ [E], (6.13)

for a unique solution of {ce}e∈[E]. If the coefficient matrix is not invertible, output
‘Failed’.

10: For every e ∈ [E], set the solution value of ce as the coefficient of ys in the e-th linear
form of the ABP T2(s, ∗) · T3 · · ·Td−2 · Td−1(∗, t).

11: Solve the linear system over L defined by∑
e∈[E]

de · h(s,t)
e (ai) =

(
∂f ′

∂ysz2
t

)
y=0,z=0

(ai), for i ∈ [E], (6.14)

for a unique solution of {de}e∈[E].
12: For every e ∈ [E], set the solution value of de as the coefficient of zt in the e-th linear

form of the ABP T2(s, ∗) · T3 · · ·Td−2 · Td−1(∗, t).
13: end for
14:
15: /* Computing the remaining y and z coefficients in T2 and Td−1 */
16: for every s, t ∈ [w] do
17: For every l > s, compute the coefficients of yl in the linear forms in T2(s, ∗) by setting

up a linear system similar to Equation 6.13, but with the R.H.S replaced by ∂f ′

∂ysylz1
.

18: For every l > t, compute the coefficients of zl in the linear forms in Td−1(∗, t) by setting
up a linear system similar to Equation 6.14, but with the R.H.S replaced by ∂f ′

∂y1zlzt
.

19: end for
20:
21: The coefficients of the r variables in the linear forms in Tk remain the same as that in Sk,

for all k ∈ [2, d− 1]. Output T2, T3, . . . Td−1.
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where c1, . . . , cw are the unknown coefficients of yl in the linear forms of T2(s, ∗), and

K(r) is a known linear combination of some other minors. The fact that K(r) is known

at step 17 follows from this observation – while forming a monomial ysylz1, we either

choose ys from X ′1 and yl from T2(s, ∗) or T3, . . . , Td−1(∗, 1), or yl from X ′1 and ys from

T3, . . . , Td−1(∗, 1). In the latter case, we are using the fact that T2 is in canonical form,

and so ys does not appear in T2(l, ∗). As the coefficients of ys, yl in T3, . . . , Td−1(∗, 1) are

known from the computation in steps 6–13, we conclude that K(r) in known. Thus,

we can solve for c1, . . . , cw by plugging in w random points in place of the r variables

and setting up a linear system in w variables. Corollary 6.1 and Claim 2.3 imply the

w×w coefficient matrix of the system is invertible, and hence the solution for c1, . . . , cw

is unique. The correctness of step 18 can be argued similarly, and this finally implies

that T2 and Td−1 (in canonical form) are unique.

Linear independence of minors: Proof of Lemma 6.3

We have to show that the minors of R2(s, ∗) ·R3 · · ·Rd−2 ·Rd−1(∗, t) are F-linearly independent

with high probability, for every s, t ∈ [w], where R2 ·R3 · · ·Rd−1 is a random (w, d−2, n−2w)-

matrix product. We will prove it for a fixed s, t ∈ [w], and then by union bound the result

will follow for every s, t ∈ [w]. As n ≥ 4w2 and d ≥ 5, we have n − 2w ≥ 3w2 and d − 2 ≥ 3.

So, it is sufficient to show the linear independence of the minors of a random (w, d, n)-ABP

X1 ·X2 · · ·Xd in x-variables, for n ≥ 3w2 and d ≥ 3.

Treat the coefficients of the linear forms in X1, . . . , Xd as formal variables. In particular,

X1 =
n∑
i=1

U
(1)
i xi, Xk =

n∑
i=1

U
(k)
i xi for k ∈ [2, d− 1], Xd =

n∑
i=1

U
(d)
i xi, (6.15)

where U
(1)
i and U

(d)
i are row and column vectors of length w respectively, U (k)

i is a w × w

matrix, and the entries of these matrices are distinct u-variables. We will denote the (`,m)-th

entry of U (k)
i by U (k)

i (`,m), and the m-th entry of U (d)
i by U (d)

i (m). From the above equations,

X1 · X2 · · ·Xd is a (w, d, n)-ABP over F(u). We will show in the following claim that the

minors of this ABP are F(u)-linearly independent. As the coefficients of the x-monomials

of these minors are polynomials (in fact, multilinear polynomials) of degree d − 1 in the u-

variables, an application of the Schwartz-Zippel lemma implies F-linear independence of the

minors (with high probability) when the u-variables are set randomly to elements in F (as is

done in a random ABP over F).
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Claim 6.4 The minors of X1 ·X2 · · ·Xd are F(u)-linearly independent.

Proof: We will prove by induction on d.

Base case (d=3): Clearly, if the minors are F-linearly independent after setting the u-variables

to some F-elements then the minors are also F(u)-linearly independent before the setting. As

n ≥ w2 + 2w, it is possible to set the u-variables in X1, X2, X3 such that the entries of these

matrices (after the setting) become distinct x-variables. The minors of this u-evaluated ABP

X1 ·X2 ·X3 are monomial disjoint and so F-linearly independent.

Inductive step: Split the w2(d− 2) + 2w minors of X1 ·X2 · · ·Xd into two sets: The first set G1

consists of minors ge, for e ∈ [w2(d − 3) + 2w], such that the e-th linear form is the (`,m)-th

entry of some matrix Xk satisfying k 6= d and if k = d − 1 then m = w. The second set G2

consists of minors ge, for e ∈ [w2(d − 3) + 2w + 1, w2(d − 2) + 2w], such that the e-th linear

form is either the (`,m)-th entry of Xd−1 for m 6= w, or the `-th entry of Xd. Set G1 has

p = w2(d− 3) + 2w minors and G2 has w2 minors.

Suppose µ1, . . . , µp are monomials in x-variables of degree d − 2. Imagine a (w2(d − 2) +

2w) × (w2(d − 2) + 2w) matrix M whose rows are indexed by the minors in G1 and G2, and

columns by monomials µ1x1, µ2x1, . . . , µpx1 and xd−1
2 , xd−1

3 , . . . , xd−1
w2+1, The (g, σ)-th entry of M

contains the coefficient of the monomial σ in g, this coefficient is a multilinear polynomial in

the u-variables. In a sequence of observations, we show that there exist µ1, . . . , µp such that

det(M) 6= 0.

Consider the variable u def
= U

(d)
1 (w). The following observations are easy to verify.

Observation 6.8 1. Variable u does not appear in any of the monomials of the (g, σ)-th entry
of M if g ∈ G2 or σ ∈ {xd−1

2 , . . . , xd−1
w2+1}.

2. Variable u appears in some monomials of the (g, σ)-th entry of M if g ∈ G1 and σ ∈
{µ1x1, . . . , µpx1}, irrespective of µ1, . . . , µp.

Observation 6.9 Let g ∈ G1 and σ ∈ {µ1x1, . . . , µpx1}. If we treat the (g, σ)-th entry of M as
a polynomial in u with coefficients from F[u \ u] then the coefficient of u does not depend on the
variables:

(a) U
(d)
i (j) for j 6= w and i ∈ [n],
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(b) U
(d)
i (w) for i ∈ [2, n],

(c) U
(d−1)
i (`,m) for `,m ∈ [w] with m 6= w, and i ∈ [n].

Denote the union of the u-variables specified in (a), (b) and (c) of the above observation by

v.

Observation 6.10 The set {gv=0 : g ∈ G1} equals the set {h · ux1 : h is a minor of X1 ·
X2 · · ·Xd−1(∗, w)}.

By the induction hypothesis, the minors of X1 · X2 · · ·Xd−1(∗, w), say h1, . . . , hp, are F(u)-

linearly independent. Hence there are p monomials in x-variables of degree d − 2 such that

h1, . . . , hp, when restricted to these monomials, are F(u)-linearly independent. These p mono-

mials are our choices for µ1, . . . , µp. Let N be the p×p matrix with rows indexed by h1, . . . , hp

and columns by µ1, . . . , µp, and N(h, µ) contains the coefficient of the monomial µ in h. Then,

det(N) 6= 0. Under these settings, we have the following observation (which can be derived

easily from the above).

Observation 6.11 The coefficient of up in det(M), when treated as a polynomial in u with
coefficients from F[u \ u], is det(N) · det(M0), where M0 is the submatrix of M defined by rows
indexed by {g : g ∈ G2} and columns by xd−1

2 , . . . , xd−1
w2+1.

The next observation completes the proof of the claim by showing det(M) 6= 0.

Observation 6.12 det(M0) 6= 0.

The proof of the above follows by noticing that M0 looks like (fi(uj))i,j∈[w2], where u1, . . . ,uw2

are some disjoint subsets of the u-variables and f1, . . . , fw2 are F-linearly independent poly-

nomials. The observation then follows from Claim 2.3.

6.4.3 Non-degenerate ABP

From the analysis, it can be easily shown that Theorem 1.3 gives a reconstruction algorithm

for a (w, d, n)-ABP X1 · X2 · · ·Xd, where 4w2 ≤ n ≤ dw
2, and the following conditions are

satisfied:

1. There are w + 1 variables {x1, x2, . . . , xw, v} ⊂ x such that the linear forms in X1

(similarly Xd) projected to x1, x2, . . . , xw (i.e. after setting the variables other than

x1, x2, . . . , xw to zero) are F-linearly independent. Further, if u = x \ {x1, x2, . . . , xw, v}
then in the bases {xi−αiv− gi(u) | i ∈ [w]} and {xi−βiv−hi(u) | i ∈ [w]} of the spaces

X1 and Xd (defined in Section 6.1.1.2) respectively, where αi, βi ∈ F and gi, hi are linear

forms in the u-variables, α1, α2, . . . , αw, β1, β2, . . . , βw are distinct elements of F.
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2. For every set r ⊆ x of size 4w2 the following holds: The linear forms in X1, Xd and every

choice of three matrices among X2, . . . , Xd−1, projected to the r-variables, are F-linearly

independent.

3. The matrix product X2 · X3 · · ·Xd−1 modulo the F-linear space spanned by the linear

forms in X1 and Xd is a pure product.

4. The minors of the ABP X2(s, ∗) ·X3 · · ·Xd−1(∗, t) (where X2(s, ∗) denotes the s-th row

of X2 and Xd−1(∗, t) the t-th column of Xd−1) modulo the F-linear space spanned by the

linear forms in X1 and Xd are F-linearly independent , for all s, t ∈ [w].

Given a (w, d, n)-ABP, it can be checked whether the ABP satisfies condition 1 in deterministic(
n

w+1

)
(wn log q)O(1) time, condition 2 in deterministic

(
n

4w2

)
(wdn log q)O(1) time, and conditions

3 and 4 in randomized (wdn log q)O(1) time. The one thing to note here is that, to reconstruct

an ABP satisfying the above conditions, Algorithm 15 needs to be slightly modified as follows:

At step 2, instead of working with a designated set of w + 1 variables, the algorithm checks

condition 1 for every choice of w + 1 variables till it finds a correct choice. Then the running

time of the algorithm is
(

n
w+1

)
(wn log q)O(1) +(dw

3
n log q)O(1), which equals (dw

3
n log q)O(1) for

n ≤ dw
2.

6.5 Equivalence test for the determinant over finite fields
We prove Theorem 6.1 in this section. Using variable reduction (Algorithm 1) and transla-

tion equivalence (Algorithm 2) the determining whether f is an affine projection of Detw via

full-rank is reduced to equivalence testing. This is done in the same way as the reduction for

IMM was done from Theorem 1.1a to Theorem 1.1b in Chapter 4. Thus for the rest of this

section we set n = w2 and determine whether the n variate polynomial f is equivalent to Detw.

The equivalence test for Detw is done in two steps: In the first step, the problem is re-

duced to the simpler problem of PS-equivalence testing. The second step then solves the

PS-equivalence test. A (w2, w)-polynomial f ∈ L[x] is PS-equivalent to Detw if there is a

permutation matrix P and a diagonal matrix S ∈ GL(w2,L) such that f = Detw(PSx).

Lemma 6.4 ([Kay12a]) There is a randomized algorithm that takes input blackbox access to
f , which is PS-equivalent to Detw, and with probability 1− wO(1)

q
outputs a permutation matrix

P and a diagonal matrix S ∈ GL(w2,L) such that f = Detw(PSx). The algorithm runs in
(w log q)O(1) time.
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It is in the first step where our algorithm differs from (and slightly simplifies) [Kay12a]. This

reduction to PS-equivalence testing is given in Section 6.5.2. As in [Kay12a], the algorithm

uses the structure of the group of symmetries and the Lie algebra of Detw. An estimate of

the probability that a random element of the Lie algebra of gDetw has all its eigenvalues in L
(Lemma 6.5) is key to the simplification in the first step.

6.5.1 Random element in the Lie algebra of determinant

From Lemma 3.7, it is easy to observe that gDetw contains a diagonal matrix with distinct

elements on the diagonal. The next claim can be proved using this observation.

Claim 6.5 Let L1, . . . , L2w2−2 be an F-basis of gDetw , and L =
∑2w2−2

i=1 αi · Li, where α1, . . . ,

α2w2−2 ∈r F are picked independently. Then, the characteristic polynomial of L is square-free
with probability 1− wO(1)

q
.

The following lemma is the main technical contribution of this section. We use Lemma 6.5

together with Claim 2.1 to infer that with probability at least 1
2w2 a random matrix from

the Lie algebra of a polynomial equivalent to Detw has w2 distinct eigenvalues in L, which

crucially helps us to reduce equivalence testing to PS-equivalence testing.

Lemma 6.5 Let L1, . . . , L2w2−2 be an F-basis of gDetw , and L =
∑2w2−2

i=1 αi · Li, where α1, . . . ,

α2w2−2 ∈r F are picked independently. Then, the characteristic polynomial of L is square-free
and splits completely over L with probability at least 1

2w2 .

Proof: Let h(y) be the characteristic polynomial of L. From Claim 6.5, h is square-free with

probability 1 − wO(1)

q
. From Lemma 3.7, L = L1 + L2 where L1 ∈ Lrow and L2 ∈ Lcol. As

L is uniformly distributed over gDet, so is L1 over Lrow and L2 over Lcol. In other words, if

L1 = Z1⊗Iw and L2 = Iw⊗Z2 then Z1, Z2 are both uniformly (and independently) distributed

over Zw. If the characteristic polynomial of Z1 (similarly Z2) is irreducible over F then the

eigenvalues of Z1 (respectively, Z2) lie in L and are distinct. If this happens for both Z1 and

Z2 then there are D1, D2 ∈ GL(w,L) such that D−1
1 Z1D1 and D−1

2 Z2D2 are diagonal matrices.

This further implies,

(D−1
1 ⊗ Iw) · (Iw ⊗D−1

2 ) · L · (Iw ⊗D2) · (D1 ⊗ Iw)

is a diagonal matrix, due to the observation below. In particular if Z1 and Z2 are diagonaliz-

able then L is diagonalizable.

Observation 6.13 For any M,N ∈ Fw×w, (M ⊗ Iw) and (Iw ⊗ N) commutes. Also, if M,N ∈
GL(w,F) then (M ⊗ Iw)−1 = (M−1 ⊗ Iw) and (Iw ⊗N)−1 = (Iw ⊗N−1).
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We will show that the characteristic polynomial of Z ∈r Zw is irreducible with probability

δ and hence with probability at least δ2 the characteristic polynomial of L splits completely

over L. Much like the proof of Claim 6.5, it can be shown that the characteristic polynomial

of Z ∈r Zw is square-free with probability 1 − wO(1)

q
. Hence, if the characteristic polynomial

of Z ∈r Z′w, where Z′w ⊂ Zw consists of matrices with distinct eigenvalues in F, is irreducible

with probability ρ then δ ≥ ρ · (1− wO(1)

q
). Next, we lower bound ρ.

Let P be the set of monic, degree-w, square-free polynomials in F[y] with the coefficient of

yw−1 equal to zero. Define a map φ from Z′w to P,

φ : Z 7→ characteristic polynomial of Z.

Since Z is a traceless matrix the coefficient of yw−1 is zero in the characteristic polynomial of

Z. The map φ is onto as the companion matrix of p(y) ∈ P belongs to its pre-image under φ.

Let φ−1(p(y)) be the set of matrices in Z′w that map to p.

Claim 6.6 Let p(y) ∈ P. Then

(qw − 1) · (qw − q) · · · (qw − qw−1)

qw
≤ |φ−1(p(y))| ≤ (qw − 1) · (qw − q) · · · (qw − qw−1)

qw(1− w
q
)

.

Proof: Let Cp be the companion matrix of p(y). If the characteristic polynomial of a Z ∈ Z′w

equals p(y) then there is an E ∈ GL(w,F) such that Z = E · Cp · E−1, as the eigenvalues of

Cp are distinct in F. Moreover, for any E ∈ GL(w,F), E · Cp · E−1 ∈ Z′w has characteristic

polynomial p(y). Hence, φ−1(p(y)) = {E · Cp · E−1 | E ∈ GL(w,F)}. Suppose E,F ∈ GL(w,F)

such that F · Cp · F−1 = E · Cp · E−1. Then E−1F commutes with Cp. Since Cp has distinct

eigenvalues in F, E−1F can be expressed as a polynomial in Cp, say h(Cp), of degree at most

(w−1) with coefficients from F. Let F[y]≤(w−1) denote the set of polynomials in F[y] of degree

at most w − 1. Conversely, if h ∈ F[y]≤(w−1) and h(Cp) is invertible then F = E · h(Cp) is such

that F · Cp · F−1 = E · Cp · E−1. As h1(Cp) 6= h2(Cp) for distinct h1, h2 ∈ F[y]≤(w−1), we have

|φ−1(p(y))| = |GL(w,F)|
|{h ∈ F[y] : deg(h) ≤ (w − 1) and h(Cp) ∈ GL(w,F)}|

.

The numerator is exactly (qw − 1) · (qw − q) · · · (qw − qw−1), and the denominator is trivially

upper bounded by qw. A lower bound on the denominator can be worked out as follows: Let

λ1, . . . , λw ∈ F be the distinct eigenvalues of Cp. If h(y) = aw−1y
w−1+aw−2y

w−2+. . .+a0 ∈ F[y],
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then h(λ1), . . . , h(λw) are the eigenvalues of h(Cp). Observe that

Prh∈rF[y]≤(w−1) {h(λi) = 0, for some fixed i ∈ [w]} ≤ 1

q
,

⇒ Prh∈rF[y]≤(w−1) {h(λi) = 0, for any i ∈ [w]} ≤ w

q
,

⇒ Prh∈rF[y]≤(w−1) {h(Cp) ∈ GL(w,F)} ≥ 1− w

q
.

Hence, the denominator is lower bounded by qw(1− w
q
).

Let ρp = |φ−1(p(y))|
|Z′w|

, the probability that p(y) is the characteristic polynomial of Z ∈r Z′w.

From Claim 6.6, it follows that

|Z′w| ≤
(qw − 1) · (qw − q) · · · (qw − qw−1)

qw(1− w
q
)

· |P| ⇒ 1− w

q
≤ ρp · |P| .

We show in the next claim that a p ∈r P is irreducible over F with probability at least 1
w

(1 −
2

qw/2
), implying the characteristic polynomial of Z ∈r Z′w is irreducible over F with probability

ρ ≥ 1
w

(1− 2
qw/2

)(1−w
q
). Therefore, the probability that the characteristic polynomial of Z ∈r Zw

is irreducible over F is δ ≥ 1
w

(1 − 2
qw/2

)(1 − w
q
)(1 − wO(1)

q
). As q ≥ w7, the probability that the

characteristic polynomial of L ∈r gDetw splits completely over L is at least δ2 ≥ 1
2w2 .

Claim 6.7 A polynomial p ∈r P is irreducible over F with probability at least 1
w

(1− 2
qw/2

).

Proof: Let F be the set of monic, degree-w, square-free polynomials in F[y]. The difference

between F and P is that a polynomial in P additionally has coefficient of yw−1 equal to zero.

We argue in the next paragraph that the fraction of F-irreducible polynomials in F and in P

are the same. As irreducible polynomials are square-free, the number of irreducible polyno-

mials in F is at least qw−2qw/2

w
[vzGG03]. Hence, the fraction of irreducible polynomials in F

is at least 1
w

(1− 2
qw/2

).

Define a map Ψ from F to P as follows: For a u(y) = yw + aw−1y
w−1 + . . . + a0 ∈ F, define

Ψ(u) = u(y− aw−1

w
). Observe that the coefficient of yw−1 in Ψ(u) is zero. It is also an easy exer-

cise to show that Ψ(u1) = Ψ(u2) if and only if there exists an a ∈ F such that u1(y) = u2(y+a).

As u(y) is irreducible over F if and only if u(y+a) is irreducible over F, for a ∈ F, the fraction

of F-irreducible polynomials in F is the same as that in P.

This completes the proof of Lemma 6.5.
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6.5.2 Reduction to PS-equivalence testing

Algorithm 17 gives a reduction to PS-equivalence testing for Detw. Suppose the input to the

algorithm is a blackbox access to f = Detw(Ax), where A ∈ GL(w2,F). We argue the correct-

ness of the algorithm by tracing its steps:

Algorithm 17 Reduction to PS-equivalence
INPUT: Blackbox access to a (w2, w)-polynomial f ∈ F[x] that is equivalent to Detw over F.
OUTPUT: A D ∈ GL(w2,L) such that f(Dx) is PS-equivalent to Detw over L.

1: Compute an F-basis of gf . Let {F1, F2, . . . , F2w2−2} be the basis. Set j = 1.
2:
3: for j = 1 to w3 log q do
4: Pick α1, . . . , α2w2−2 ∈r F independently. Set F =

∑
i∈[2w2−2] αi · Fi.

5: Compute the characteristic polynomial h of F . Factorize h into irreducible factors over
L.

6: if h is square-free and splits completely over L then
7: Use the roots of h to compute a D ∈ GL(w2,L) such that D−1 · F ·D is diagonal.
8: Exit loop.
9: else

10: Set j = j + 1.
11: end if
12: end for
13:
14: if No D found at step 7 in the loop then
15: Output ‘Failed’.
16: else
17: Output D.
18: end if

Step 1: An F-basis of gf can be computed efficiently using Lemma 2.4.

Step 3–12: At step 4 an element F of gf is chosen uniformly at random. By Claim 2.1,

F = A−1 · L ·A, where L is a random element of gDetw . Lemma 6.5 implies, in every iteration

of the loop, h (at step 5) is square-free and splits completely over L with probability at least
1

2w2 . Since the loop has w3 log q iterations, the algorithm finds an h that is square-free and

splits completely over L, with probability at least 1− 1
q
. Assume that the algorithm succeeds in

finding such an h, and suppose λ1, . . . , λw2 ∈ L are the distinct roots of h. The algorithm finds

a D in step 7 by picking a random solution of the linear system obtained from the relation

F ·D = D · diag(λ1, . . . , λw2) treating the entries of D as formal variables. We argue next that
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f(Dx) is PS-equivalent to Detw over L.

By Lemma 3.7, L = L1 + L2 where L1 ∈ Lrow and L2 ∈ Lcol. In other words, there are

Z1, Z2 ∈ Zw such that L1 = Z1 ⊗ Iw and L2 = Iw ⊗ Z2. It is easy to verify, if L has distinct

eigenvalues then so do Z1 and Z2. Hence, there are D1, D2 ∈ GL(w,F) such that D1Z1D
−1
1

and D2Z2D
−1
2 are both diagonal, implying

M
def
= (D1 ⊗ Iw) · (Iw ⊗D2) · L · (D−1

1 ⊗ Iw) · (Iw ⊗D−1
2 )

is diagonal (by Observation 6.13) with distinct diagonal entries. Also,

D−1 · F ·D = (AD)−1 · L · (AD)

= ((D1 ⊗ Iw) · (Iw ⊗D2) · AD)−1 ·M · ((D1 ⊗ Iw) · (Iw ⊗D2) · AD)

As both D−1 · F · D and M are diagonal matrices with distinct diagonal entries, it must be

that

(D1 ⊗ Iw) · (Iw ⊗D2) · AD = P · S,

where P is a permutation matrix and S ∈ GL(w2,F) is a diagonal matrix (see Claim 63

of [Kay12a]). Now observe that Detw((D1 ⊗ Iw)x) = β · Detw(x) and Detw((Iw ⊗ D2)x) =

γ · Detw(x), for β, γ ∈ F \ {0}. Hence,

Detw(P · Sx) = Detw((D1 ⊗ Iw) · (Iw ⊗D2) · ADx)

= βγ · Detw(ADx)

= βγ · f(Dx)

⇒ f(Dx) = Detw(P · S ′x),

where S ′ ∈ GL(w2,F) is also diagonal. Therefore, f(Dx) is PS-equivalent to Detw over F. As

f(Dx) ∈ L[x], it is a simple exercise to show that f(Dx) must be PS-equivalent to Detw over

L.

147



Chapter 7

Lower bounds for IMM

In this chapter we present our lower bounds on mutlilinear and interval set-multilinear

(ISM) formulas computing IMM. The contents of Section 7.2 are from our work [KNS16].

7.1 Introduction
Multilinear depth three formulas: An arithmetic formula is multilinear if every node in

it computes a multilinear polynomial. Multilinear depth three and depth four circuits are

defined in Definition 2.3. Note that at constant depth an arithmetic circuit can be transformed

into an arithmetic formula with only a polynomial blow-up in size. The main result presented

in this chapter is an exponential lower bound on the top fan-in of any multilinear depth three

circuit computing IMMw,d (as defined in Section 2.3).

Theorem 1.4: Any multilinear depth three circuit (over any field) computing IMMw,d has top
fan-in wΩ(d) for w ≥ 6.

Theorem 1.4 is proved in Section 7.2, and the main proof ideas are discussed in Section

7.1.1. After our work, [KST16b] proved a wΩ(
√
d) lower bound on the size of multilinear depth

four circuits computing IMMw,d. As mentioned in Section 1.1, from the work of [Raz13] it

follows that, to prove VBP 6= VF it suffices to improve these results to either of the following:

a) a super-polynomial size lower bound on multilinear formulas computing IMMw,d where

d = O( logw
log logw

), or b) a wΩ(log d) size lower bound on multilinear formulas computing IMMw,d

for d = wo(log d′), where d′ = O( logw
log logw

). Implication (a) follows from [Raz13] easily, whereas

for (b) the self-reducibility of IMMw,d can be used to show that a wΩ(log d) size lower bound

on multilinear formulas computing IMMw,d for d = wo(log d′), where d′ = O( logw
log logw

), implies a

super-polynomial size lower bound on multilinear formulas computing IMMw,d′.

148



As a consequence of the proof of Theorem 1.4 we also get an exponential separation between

multilinear depth three and multilinear depth four circuits.

Theorem 1.5: There is an explicit family of O(w2d)-variate polynomials of degree d, {fd}d≥1,
such that fd is computable by a O(w2d)-sized multilinear depth four circuit with top fan-in one
(i.e. a ΠΣΠ circuit) and every multilinear depth three circuit computing fd has top fan-in wΩ(d)

for w ≥ 11.

Theorems 1.4 and 1.5 are proved in Section 7.2. Theorem 1.4 implies the following corollary

(already known due to [RY09]) as IMMw,d is a projection of Detwd that preserves multilinearity

of the formula, i.e. under this projection every variable of IMMwd has a unique pre-image

consisting of a variable in Detwd.

Corollary 7.1 ([RY09]) Any multilinear depth three circuit (over any field) computing Detd,
the determinant of a d× d symbolic matrix, has top fan-in 2Ω(d).

Interval set-multilinear (ISM) formulas: Special kinds of multilinear formulas called ISM

formulas were defined in Definition 1.2. It is well-known that if IMMw,d is computable by a

size s homogeneous non-commutative formula then there is a size sO(1) ISM formula comput-

ing IMMw,d; we present a proof of this in Section 7.3.1. Thus to prove a super-polynomial size

lower bound on homogeneous non-commutative formulas computing IMMw,d it is sufficient

to prove a super-polynomial size lower bound on ISM formulas computing IMMw,d. Such a

lower bound would imply a super-polynomial separation between ABPs and homogeneous

formulas in the non-commutative world, which is an important open problem. With the view

of making progress on this problem, we consider an intermediate model– α-balanced ISM

formula (see Definition 1.3). We prove super-polynomial size lower bounds on α-balanced

ISM formulas computing IMMw,d when α = d−
1

ω(1) , and α < 1
2
.

Theorem 1.7:The size of any α-balanced interval set-multilinear formula computing IMMw,d is

w
Ω( log d

log 1
α

)
.

The proof of Theorem 1.7 is in Section 7.3.2, and the main proof ideas are discussed in

Section 7.1.1. In Theorem 1.7 for α = d−
1

f(d) , where f(d) = ω(1) and f(d) < log d, the depth

of the formula is at least log d and at most (d
1

f(d)
−1 log d).

7.1.1 Proof strategy for Theorems 1.4 and 1.7

Theorem 1.4 is proved by introducing a new variant of the dimension of the space of partial

derivatives measure called skewed partial derivatives, that is inspired by both [NW97] and
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[Raz09, RY09]. At a high level, the idea is to consider a polynomial f in two sets of variables

x and y such that |y| � |x|. If we take derivatives of f with respect to all degree k mono-

mials in y variables and set all the y variables to zero after taking derivatives then we do

expect to get a ‘large’ space of derivatives (especially, when f is a ‘hard’ polynomial) simply

because |y| is large. On the other hand, in any depth three multilinear circuit C comput-

ing f , the dimension of the space of derivatives of a product term is influenced only by the

number of linear polynomials containing the x variables as all the y variables are set to zero

subsequently. Thus, the measure is somewhat small for a product term of C as |x| � |y|. By

subadditivity of the measure (Lemma 2.1), this implies high top fan-in of C computing f . A

notable distinction from [Raz09, RY09] is that there is a significant difference in the sizes of

the |x| and y variables (hence the name ’skew’), and further, the variable sets x and y are

fixed deterministically, a priori, and not by random partitioning of the entire set of variables.

Theorem 1.7 is proved in two steps. First, inspired by a depth-reduction result given for

multilinear formulas in [Raz09], we show that if IMMw,d is computable by a size s α-balanced

interval set-multilinear formula then it can be expressed as a sum of at most s terms, where

each term is a product of set-multilinear polynomials. Further, corresponding to each term

T in this expression there are t = Ω( log d

log 1
α

) indices i1, . . . , it ∈ [d − 1] such that the following

holds: a) 1 ≤ i1 < i2 < . . . < it ≤ d − 1, and b) T = f1 · · · ft+1, where f1 is a set-multilinear

polynomial in the variable sets x1, . . . ,xi1, fj is a set-multilinear polynomial in the variable

sets xij−1+1, . . . ,xij for j ∈ [2, t], and ft+1 is a set-multilinear polynomial in the variable sets

xit+1, . . . ,xd. Additionally, we show that there is a set S ⊂ [d], |S| = t + 1 such that for every

term T = f1 · · · ft+1, fj has variables from exactly one variable set xi, for j ∈ [t+ 1] and i ∈ S.

In the second step, we substitute the x variables as follows: a) for i /∈ S the variables in xi

are substituted such that Qi turns into a w × w identity matrix after the substitution, that is

x
(i)
u,v = 0 for all u, v ∈ [w], u 6= v, and x

(i)
u,u = 1 for all u ∈ [w], b) the variables x for i ∈ S

remain untouched. After such a substitution each term in the depth-reduction expression is

transformed into a product of t+1 linear forms `1 · · · `t+1, where `j has variables from exactly

one variable set xi, for j ∈ [t + 1] and i ∈ S. Hence, we have a multilinear depth three

circuit (in fact set-multilinear depth three) with top fan-in at most s that computes an IMM

polynomial of width w and length t+ 1. Since t = Ω( log d

log 1
α

), Theorem 1.4 implies s = w
Ω( log d

log 1
α

)
.

7.2 Lower bound on multilinear depth three formulas
The proofs of Theorems 1.4 and 1.5 are inspired by a particular kind of projection of IMMw,d

considered in [FLMS15]. We say a polynomial f is a simple projection of another polynomial
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g if f is obtained by simply setting some variables to field constants in g.

7.2.1 Proof of Theorem 1.4

The proof proceeds by constructing an ABP M of width w and length d such that (a) the

polynomial computed by M, say f , is a simple projection of IMMw,d, and (b) any multilinear

depth three circuit computing f has top fan-in wΩ(d). Figure 1 depicts the ABP M.

Y1 Yi Yi+1 YkAiX1 X2 X2i X2i+1 X2k w

d = 4k − 1

Figure 7.1: ABP M

Description of M. The polynomial f , computed by M, is defined over two disjoint sets of

variables, x and y. The y variables are contained in k matrices, {Y1, ..., Yk}; the (u, v)-th

entry in Yi is a formal variable y(i)
u,v. There are (k− 1) matrices {A1, ..., Ak−1}, such that all the

entries in these matrices are ones. The x variables are contained in 2k matrices, {X1, ..., X2k}.
Matrices X1 and X2k are row and column vectors of size w respectively. The u-th entry in X1

(similarly, X2k) is x(1)
u (respectively, x(2k)

u ). All the remaining matrices {X2, ..., X2k−1} are

diagonal matrices in the x variables, i.e. the (u, u)-th entry in Xi is x(i)
u and all other entries

are zero for i ∈ [2, 2k − 1]. The matrices are placed as follows: Between two adjacent Y

matrices, Yi and Yi+1, we have three matrices ordered from left to right as X2i, Ai, and X2i+1

for every i ∈ [1, k − 1]. Ordered from left to right, X1 is on the left of Y1 and X2k is on the

right of Yk. Naturally, we have the following relation among k and d: d = 4k− 1, i.e. k = d+1
4

.

Thus |x| = 2wk and |y| = w2k. This imbalance between the number of x and y variables

plays a vital role in the proof. Denote the polynomial computed by this ABP M as f(x,y).

The following claim is easy to verify as f is a simple projection of IMMw,d.

Claim 7.1 If IMMw,d is computed by a multilinear depth three circuit having top fan-in s then f
is also computed by a multilinear depth three circuit having top fan-in s.

We show every multilinear depth three circuit computing f has top fan-in wΩ(d) for w ≥ 6.
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Lower bounding PDYk(f). Let Ỹk ⊆ Yk be the set of monomials formed by picking exactly

one y-variable from each of the matrices Y1, ..., Yk and taking their product. Then, |Ỹk| = w2k.

Recall PDYk(f) denotes the skewed partial derivative of f as defined in Definition 2.13.

Claim 7.2 PDYk(f(x,y)) = |Ỹk| = w2k.

Proof: The derivative of f with respect to a monomial m ∈ Yk is non-zero if and only if

m ∈ Ỹk. Also, such a derivative ∂f
∂m

is a multilinear degree-r monomial in x-variables. The

derivatives of f with respect to two distinct monomials m and m′ in Ỹk give two distinct mul-

tilinear degree-r monomials in x-variables. Hence, PDYk(f) = |Ỹk|.

Upper bounding PDYk of a multilinear depth three circuit.

Lemma 7.1 Let C be a multilinear depth three circuit having top fan-in s computing a polyno-
mial in x and y variables. Then PDYk(C) ≤ s · (k + 1) ·

(|x|
k

)
if k ≤ |x|

2
.

Proof: Let C =
∑s

i=1 Ti, where each Ti is a product of linear polynomials on disjoint sets

of variables. From Lemma 2.1, PDYk(C) ≤ s · maxi∈[s] PDYk(Ti). We need to upper bound

the dimension of the “skewed” partial derivatives of a term Ti = T (say). Let T =
∏q

j=1 lj,

where lj is a linear polynomial. Among the q linear polynomials at most |x| of them contain

the x variables. Without loss of generality, assume the linear polynomials l1, . . . , lp contain

x-variables and the remaining lp+1, . . . , lq are x-free (here p ≤ |x|). Let Q =
∏q

j=p+1 lj. Then,

T = Q ·
∏p

j=1 lj. We take the derivative of T with respect to a monomial m ∈ Yk and then

substitute the y variables to zero. Applying the product rule of differentiation and observing

that the derivative of a linear polynomial with respect to a variable makes it a constant we

have the following: [
∂T

∂m

]
y=0

=
∑
S⊆[p]
|S|≤k

αS
∏

j∈[p]\S

[lj]y=0

where αS ’s are constants from the field. Here m is a representative element of the set

Yk. Hence every such derivative can be expressed as a linear combination of
∑k

t=0

(
p
t

)
≤

(k + 1) ·
(|x|
k

)
polynomials, where the last inequality is due to k ≤ |x|

2
(if t > p then

(
p
t

) def
= 0).

Therefore, PDYk(T ) ≤ (k + 1) ·
(|x|
k

)
and PDYk(C) ≤ s · (k + 1) ·

(|x|
k

)
.

It follows from Claim 7.2 and Lemma 7.1 that the top fan-in s of any multilinear depth

three circuit computing f(x,y) is such that

s ≥ w2k

(k + 1) ·
(

2wk
k

) ≥ w2k

(k + 1) · (2we)k
= wΩ(d),
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as w ≥ 6 and k ≤ |x|/2 (required in Lemma 7.1). Claim 7.1 now completes the proof of

Theorem 1.4.

7.2.2 Proof of Theorem 1.5

We now show that the polynomial f(x,y), computed by the ABP M, can also be computed

a multilinear depth four circuit of size O(w2d) and having top fan-in just one. ABP M has k

matrices, Y1, . . . , Yk, containing the y-variables. Associate with each matrix Yi two matrices

containing the x variables, one on the immediate left X2i−1, and one on the immediate right

X2i. Every monomial in f is formed by picking exactly one variable from every matrix and

taking their product. Once we pick y(i)
u,v from Yi, this automatically fixes the variables picked

from X2i−1, and X2i, as these are diagonal matrices. Moreover, any variable can be picked

from Yi irrespective of which other y variables are picked from Y1, . . . , Yi−1, Yi+1, . . . , Yk. This

observation can be easily formalized to show that

f =
k∏
i=1

∑
u,v∈[n]

x(2i−1)
u · y(i)

u,v · x(2i)
v .

The size of this multilinear ΠΣΠ circuit is O(w2k) = O(w2d).

7.3 Lower bound on α-balanced ISM formulas

7.3.1 Reduction from homogeneous non-commutative formulas to ISM

formulas

The variables in a non-commutative polynomial do not commute under multiplication oper-

ation. For example x1x2 − x2x1 is a non-zero non-commutative polynomial. A homogeneous

non-commutative formula is defined akin to a homogeneous commutative formula, i.e. it is

an arithmetic formula where every node in it computes an homogeneous non-commutative

polynomial with the only exception being that there is now an ordering among the children

of the product gates to determine the order of multiplication. In particular, if v is a product

node in a homogeneous non-commutative formula with children v1, . . . , vk ordered from left

to right as v1 � v2 � . . . � vk, and suppose φv, φvi denotes the non-commutative polynomial

computed by nodes v, vi respectively for all i ∈ [k], then φv = φv1 · φv2 · · ·φvk . In Lemma

7.2 we prove that if IMMw,d is computed by a size s fan-in two depth d homogeneous non-

commutative formula then it is also computed by a size s depth d ISM formula. Since a size s

homogeneous non-commutative formula (of arbitrary fan-in) can be easily transformed into
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an sO(1) size fan-in two homogeneous non-commutative formula, Lemma 7.2 implies that if

IMMw,d is computed by a size s homogeneous non-commutative formula (of arbitrary fan-in)

then it is also computed by a size sO(1) ISM formula. In case of fan-in two homogeneous

non-commutative formula, we refer to the children v1, v2 of a product node v as its left and

right child respectively with v1 � v2.

Lemma 7.2 If IMMw,d is computed by a size s depth d fan-in two homogeneous non-commutative
formula then it is also computed by a size s depth d interval set-multilinear formula.

Proof: Let ϕ be a fan-in two homogeneous non-commutative formula computing IMMw,d.

Since the formula is homogeneous we assume without loss of generality that every leaf node

is labelled by a variable and hence every node in ϕ computes at least a degree one polynomial.

We associate with every node in ϕ an interval I ⊆ [1, d] such that the degree of the polynomial

computed by a node v in ϕ is equal to the length of the interval associated with it. The

intervals are associated inductively starting from the root, which is assigned the interval

[1, d]. Since the root of ϕ computes IMMw,d, the length of the interval associated with it is

equal to the degree of the polynomial it computes. Assume inductively we have assigned an

interval I = [i1, i2], where 1 ≤ i1 ≤ i2 ≤ d with a node v computing a polynomial of degree

dv equal to |I| = i2− i1 + 1. The intervals associated with the children of v are determined as

follows:

1. If v is an addition node with children v1 and v2 then we associate the same interval I

with both the children v1 and v2. Since ϕ is homogeneous, the degree of the polynomials

computed by v1 and v2, denoted dv1 and dv2 respectively, is equal to dv the degree of its

parent node.

2. Suppose v is a product node and v1 and v2 is its left and right child respectively. Since ϕ

is homogeneous, the degrees of the polynomials computed by nodes v1 and v2, denoted

dv1 and dv2 respectively, satisfy dv1 + dv2 = dv and dv1 , dv2 > 0. Let i3 = i1 + dv1 − 1. Then

associate the intervals [i1, i3] and [i3 + 1, i2] with nodes v1 and v2 respectively. It is easy

to infer that the degrees of the polynomials computed by the nodes v1 and v2 are equal

to the intervals associated with it.

Since the leaf nodes compute degree one polynomials, they are associated with unit length

intervals of the type [i, i], where i ∈ [d]. Perform the following substitution at every leaf node:

if a leaf node v associated with an interval [i, i] is labelled by a variable x ∈ xj, where i, j ∈ [d]

and i 6= j, then substitute the leaf node by 0. Call the formula ϕ after this substitution as

ψ. It is easy to verify that ψ along with the intervals associated with its nodes as above is an
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interval set-multilinear formula in variable sets x1, . . . ,xd, that is if I is the interval associated

with a node v then v computes a set-multilinear polynomial in the variables xi, i ∈ I. Next

we argue ψ still computes IMMw,d.

Let v be a node in ϕ, ϕv be the degree dv polynomial computed by v, and I = [i1, i2] be

the interval associated with v as above. Then dv = i2 − i1 + 1. Partition the degree dv non-

commutative monomials in x1, . . . ,xd variables that have non-zero coefficient in ϕv into valid

and invalid monomials as follows: a monomial µ = xj1xj2 · · ·xjdv is valid if xjk ∈ xi1+k−1 for

all k ∈ [d], and the remaining monomials are invalid. Write ϕv as a sum of two polynomials

ϕv,valid and ϕv,invalid. Every monomial in ϕv,valid (respectively ϕv,invalid) is a valid (respectively

invalid) monomial. The following claim completes the proof of the lemma.

Claim 7.3 Let v be a node in ϕ and ψ, and ϕv, ψv be the polynomials computed by v in ϕ, ψ

respectively. Then ϕv,valid = ψv.

Proof: We prove this claim using induction starting from the leaves. Let v be a leaf node

labelled by x, and [i, i] be the interval associated with v, where i ∈ [1, d]. If x ∈ xi then

ϕv = ϕv,valid = ψv, and if x ∈ xi then ϕv,valid = ψv = 0. Hence the claim is true for all leaf

nodes. Let v1 and v2 be the children of v in ϕ and ψ, and ϕv1 , ψv1 (respectively ϕv2 , ψv2) be

the polynomials computed by v1 (respectively v2) in ϕ, ψ respectively. Then from induction

hypothesis, ϕv1,valid = ψv1 and ϕv2,valid = ψv2. If v is an addition node then the same intervals

are associated with v, v1, and v2. Hence, ϕv,valid = ϕv1,valid + ϕv2,valid = ψv1 + ψv2 = ψv. If v is a

product node then observe that ϕv,valid = ϕv1,valid · ϕv2,valid = ψv1 · ψv2.

Let r be the root of ϕ and ψ, and ϕr, ψr be the polynomials computed by r in ϕ, ψ respectively.

Then from Claim 7.3, ϕr = ϕr,valid = ψr = IMMw,d.

7.3.2 Proof of Theorem 1.7

Recall IMMw,d is the entry of the 1× 1 matrix product Q1 · · ·Qd as defined in Section 2.3. Let

ϕ be a size s, α-balanced ISM formula computing IMMw,d. Let t be such that
⌊
αt d

⌋
≥ 2, and⌊

αt+1d
⌋
< 2, and S = {1, 1 +

⌊
(1− α)d

⌋
, 1 +

⌊
(1− α2)d

⌋
, . . . , 1 +

⌊
(1− αt)d

⌋
}. Notice that for

i < t and 0 < α < 1
2

, (1 − αi)d + 1 < (1 − αi+1)d. Hence, |S| = t + 1. For convenience of

notation we index the elements in S as follows: S[1] = 1, and S[a] = 1 +
⌊
(1 − αa−1)d

⌋
for

a ∈ [2, t+ 1].

Let g1, . . . , gm be m set-multilinear polynomials and i1, . . . , im−1 ∈ [d− 1], where 1 ≤ i1 < i2 <

. . . < im−1 ≤ d− 1, such that g1 is a set-multilinear polynomial in the variable sets x1, . . . ,xi1,
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ga is a set-multilinear polynomial in the variable sets xia−1+1, . . . ,xia for a ∈ [2,m− 1], and gm
is a set-multilinear polynomial in the variable sets xim−1+1, . . . ,xd. Then we say the product

g1 · · · gm is a m-set-multilinear product with respect to the indices (i1, . . . , im−1). In Lemma

7.3, we show that IMMw,d can be expressed as a sum of at most s (the size of ϕ) terms which

are (t+ 1)-set-multilinear products, and satisfy a certain property with respect to set S.

Lemma 7.3 If ϕ is a size s, α-balanced interval set-multilinear formula computing IMMw,d then
IMMw,d can be expressed as sum of at most s terms, where each term is equal to the product of
t+1 set-multilinear polynomials. Further, corresponding to each term Tp = fp,1 · · · fp,t+1 p ∈ [s],
there are t indices 1 ≤ ip,1 < ip,2 < . . . < ip,t ≤ d− 1 such that the following two conditions are
satisfied:

1. fp,1 · · · fp,t+1 is a (t+ 1)-set-multilinear product with respect to the indices (ip,1, . . . , ip,t),

2. The elements of S are such that S[1] ∈ [1, ip,1], S[a] ∈ [ip,a−1 + 1, ip,a] for a ∈ [2, t], and
S[t+ 1] ∈ [ip,t + 1, d]

We prove Lemma 7.3 at the end of the section, and complete the proof of Theorem 1.7 using

Lemma 7.3. Let IMMw,d = T1 + . . . + Ts, where a term Tp is as given by Lemma 7.3. For

j ∈ [d] \ S, in each term Tp p ∈ [s], substitute the variables in xj such that Qj becomes a

w × w identity matrix if j 6= d, and substitute the variables in xd such that Qd becomes a w

length unit vector with a one in the first entry if d ∈ [d] \ S. Let T̃p denote the polynomial

Tp after these substitutions. From properties 1 and 2 of the above lemma, T̃p is equal to the

product of t + 1 linear forms `p,1 · · · `p,t+1, where `p,a is a linear form in xS[a] variables for all

a ∈ [t + 1]. Further, let f =
∑

p∈[s] T̃p. Then (up to renaming of variables) f is equal to the

iterated matrix multiplication polynomial of width w and length t + 1. Hence,
∑

p∈[s] T̃p is a

multilinear depth three expression computing IMMw,t+1 and since t = Ω( log d

log 1
α

), Theorem 1.4

implies s = wΩ(t+1) = w
Ω( log d

log 1
α

)
.

Proof of Lemma 7.3

To prove the lemma we introduce some notations. Let e denote the root of ϕ which we

assume without loss of generality is a sum node. For a gate v in ϕ, ϕv denotes the polynomial

computed at gate v. Let v in ϕ be a product gate with the associated interval [i1, i2]. Then

there is an i3 ∈ [i1, i2 − 1] such that the children of v are associated with intervals [i1, i3] and

[i3 + 1, i2]. The interval [i1, i3] is called the left part of the interval [i1, i2], and the child of v

associated with this interval is denoted as v`. Similarly [i3 + 1, i2] is called the right part of the

interval [i1, i2], and the child of v associated with this interval is denoted as vr. If the product

156



gate is denoted using an additional index like va then we denote the children of va as va,` and

va,r respectively. A right-path p is a path (e→ v1 → v2 → . . .→ vl) in ϕ from the root node e

to a leaf node vl such that, if va is a product node for some a ∈ [1, l − 1] then va+1 = va,r. We

use P to denote the set of all right-paths in ϕ. The proof of Observation 7.1 follows from the

fact that corresponding to each leaf node in ϕ there is one path from the leaf node to e.

Observation 7.1 The cardinality of P is at most s.

We will express the polynomial computed by ϕ as a sum of |P | terms, where each term

corresponds to a right-path in P . Let p be a right-path s → v1 → . . . → vl in P , and let

u1, u2, . . . , uk be the product gates in p ordered from left to right. Observe that k ≤ l − 1, as

vl is a leaf node labelled by a variable in xd. The term corresponding to p, denoted as Tp is

defined as ϕu1,`
· ϕu2,`

· · ·ϕuk,` · ϕvl. The proof of Observation 7.2 follows from the definitions

of P and the term corresponding to a right-path in P .

Observation 7.2 IMMw,d =
∑

p∈P Tp.

The proof of Lemma 7.3 is almost complete from Observations 7.1 and 7.2 and all that re-

mains to show is that a term Tp, p ∈ P satisfies properties 1 and 2 in Lemma 7.3. In Obser-

vation 7.3 We use the α-balance property of ϕ to prove that the number of product gates in a

right-path in ϕ is at least t.

Observation 7.3 Let p be a right-path s → v1 → . . . → vl in P , and let u1, u2, . . . , uk be the
product gates in p ordered from left to right. Then k > t.

Proof: Since uk is the last product node in path p, the interval associated with it is [d, d].

Further as ϕ is α-balanced, the interval associated the t-th product gate in the path p has

length at least bαtdc ≥ 2. Since the length of the interval associated with uk is equal to one,

k > t.

Observation 7.4 is proved by just using the interval property of ϕ.

Observation 7.4 Let Tp = ϕu1,`
· · ·ϕuk,` · ϕvl. Then there are indices 1 ≤ jp,1 < jp,2 < . . . <

jp,k = d− 1 such that ϕu1,`
· · ·ϕuk,` · ϕvl is a k + 1-set-multilinear product in (jp,1, . . . , jp,k).

Proof: We prove this inductively starting with u1. Since u1 is the first product gate in

path p from root to leaf, the interval associated with u1 is [1, d]. Let jp,1 ∈ [d − 1] be

such that the intervals associated with u1,` and u1,r are [1, jp,1] and [jp,1 + 1, d] respectively.

Thus ϕu1,`
is a set-multilinear polynomial in the variable sets x1, . . . ,xjp,1. Assume there are
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indices jp,2 < . . . < jp,b where b < k, satisfying the following properties: ϕu1,`
is a set-

multilinear polynomial in the variable sets x1, . . . ,xjp,1, ϕu2,`
is a set-multilinear polynomial

in the variable sets xjp,1+1, . . . ,xjp,2, . . . , ϕub,` is a set-multilinear polynomial in the vari-

able sets xjp,b−1+1, . . . ,xjp,b, and ϕub,r is is a set-multilinear polynomial in the variable sets

xjp,b+1, . . . ,xd. Since ub+1 is the next product node after ub in path p, the interval associated

with ub+1 is [jp,b + 1, d]. Let jp,b+1 ∈ [d − 1] be such that the intervals associated with ub+1,`

and ub+1,r is [jp,b + 1, jp,b+1] and [jp,b+1 + 1, d] respectively. Hence, ϕub+1,`
is a set-multilinear

polynomial in the variable sets xjp,b+1, . . . ,xjp,b+1
. Finally, jp,k = d− 1 follows by noticing that

vl is a leaf node and the interval associated with it is [d, d].

Although the indices {jp,1, jp,2, . . . , jp,k} in Observation 7.4 ensures that a term Tp, p ∈ P sat-

isfies property 1 in Lemma 7.3, it might not satisfy property 2. We will choose a set of indices

{ip,1, . . . , ip,t} ⊆ {jp,1, . . . , jp,k} (from Observation 7.3 k > t) with respect to which the term Tp

satisfies both properties 1 and 2. First, observe that for any set {ip,1, . . . , ip,t} ⊆ {jp,1, . . . , jp,k},
where 1 ≤ i1 < . . . < it < d − 1, we can regroup Tp = ϕu1,`

· · ·ϕuk,` · ϕvl by combining adja-

cent polynomials appropriately into t+1 set-multilinear polynomials fp,1, . . . , fp,t+1 such that,

Tp = fp,1 · · · fp,t+1 is a (t + 1)-set-multilinear product in (i1, . . . , it). We now show how to

choose ip,1, . . . , ip,t.

We use the α-balance property to determine the set ip,1, . . . , ip,t with respect to which the

term Tp satisfies both properties 1 and 2. For a ∈ [t], ip,a = maxb∈[k]{jp,b ≤
⌊
(1−αa)d

⌋
}. Since

ϕ is α-balanced, it is easy to observe that jp,1 < d − dαde =
⌊
(1 − α)d

⌋
. Hence, to argue the

correctness of this choice it is sufficient to show that ip,1, ip,2, . . . , ip,t chosen as above satisfies

ip,1 < ip,2 < . . . < ip,t. We prove this in Claim 7.4 and thereby conclude the proof of Lemma

7.3.

Claim 7.4 Let ip,a = jp,b for some a ∈ [t − 1] and b ∈ [k − 1]. Then jp,b ≤
⌊
(1 − αa)d

⌋
and

jp,b+1 ≤
⌊
(1− αa+1)d

⌋
and this in particular implies ia < ia+1.

Proof: Since ip,a = jp,b , it follows that jp,b ≤
⌊
(1− αa)d

⌋
. From the proof of Observation 7.4,

we know that the interval associated with node ub+1 in right-path p ∈ P , is [jp,b + 1, d] and

the intervals associated with its children ub+1,` and ub+1,r are [jp,b + 1, jp,b+1] and [jp,b+1 + 1, d]

respectively. The length of the interval associated with ub+1 is d−jp,b ≥ d−
⌊
(1−αa)d

⌋
≥ αad,

as d ∈ N. Since ϕ is α-balanced the length of the interval associated with ub+1,r is at least⌈
α(d − jp,b)

⌉
. Hence, d − jp,b+1 ≥

⌈
α(d − jp,b)

⌉
≥
⌈
αa+1d

⌉
implying jp,b+1 ≤ d −

⌈
αa+1d

⌉
≤⌊

(1− αa+1)d
⌋
.
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Chapter 8

Future Work

Circuit reconstruction: Our main contributions on problems related to learning in arithmetic

circuit complexity are the algorithms for equivalence testing of the iterated matrix multipli-

cation polynomial, average-case linear matrix factorization and average-case reconstruction

of low-width algebraic branching programs. There are a few interesting questions that natu-

rally arise from these works that need to be addressed in the future. We make a note of these

questions below.

1. The algorithm in Theorem 1.3 solves average-case ABP reconstruction for (w, d, n)-ABP

X1 · · ·Xd, when w ≤
√
n

2
. The running time of this algorithm is (dw

3
nβ)O(1), where β

is the bit length of the coefficients of the input polynomial. There is one step in the

algorithm that computes a bases of the space spanned by the linear form in X1 and Xd

(denoted X1 and Xd respectively) which takes (dw
3
nβ)O(1) time and the remaining steps

run in (dnβ)O(1) time. An efficient algorithm to compute the corner spaces X1 and Xd of

a random (w, d, n)-ABP will bring down the overall complexity of the algorithm. Since

in Lemma 6.2 we show that with high probability these corner spaces are unique for

a random (w, d, n)-ABP when w ≤
√
n

2
, there is hope that computing them efficiently is

possible. An approach in this direction could have been the study of the structure of the

Lie algebra of a polynomial computed by a random (w, d, n)-ABP when w ≤
√
n

2
, but it

turns out that the Lie algebra of such a polynomial is trivial with high probability.

2. A polynomial computed by a (w, d, n)-ABP X1 · · ·Xd is zero modulo the linear space Xi,

for every i ∈ [d]. Using this weakness of the ABP it is easy to show that the width of

any homogeneous ABP computing xn1 + . . . + xnn is at least
√

n
2
. Theorem 1.3 solves

reconstruction for non-degenerate (w, d, n)-ABPs X1 · · ·Xd, when w ≤
√
n

2
, by turning

this weakness into a non-degeneracy condition. This is achieved by ensuring that the
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linear forms in a matrix Xi are F-linearly independent, that is dim(Xi) = w2 for i ∈
[2, d − 1] and dim(Xi) = w for i ∈ {1, d}. [Kum17] proved a n

2
lower bound on the

width of any homogeneous ABP computing xn1 + . . . + xnn. The lower bound proof in

[Kum17] exploits the fact that the first order derivatives of a polynomial computed by a

homogeneous (w, d, n)-ABP is zero modulo the following 2w polynomials for any i ∈ [d−
1]: X1 · · ·Xi(∗, j) and Xi+1(j, ∗) · · ·X

d
, j ∈ [w], where Xi(∗, j) (respectively Xi+1(j, ∗))

denotes the j-th column (respectively row) of Xi (respectively Xi+1). It remains open to

design an algorithm for non-degenerate/average-case reconstruction for ABPs of width

at most n
2

by defining a non-degeneracy condition based on the weakness of the ABP

model exploited by [Kum17].

3. The proof Theorem 1.2 shows that a random (w, d, n)-matrix product is a pure product

when w ≤
√

n
2
, whose linear factorization is unique (in the sense mentioned in the

third remark after Theorem 1.2). For w significantly larger than
√
n, say w = n2, can

we show that linear factorization of a random (w, d, n)-matrix product is unique?

4. In the third remark after Theorem 1.1b, the polynomial IMM′w,d was defined as the

trace of a product of d, w × w symbolic matrices. As noted in the remark, using the

techniques from this work [Mur19] reduces the equivalence testing problem for IMM′w,d
to multilinear equivalence equivalence testing for IMM′w,d. Also using the determinant

equivalence testing algorithm in [GGKS19], [Mur19] is able to solve the multilinear

equivalence testing of IMM′w,d over Q and any finite field of large enough characteristic.

Over Q the output matrices are over a degree w extension of Q, and over finite fields the

output matrices are over the base field. An immediate future direction that follows from

the work of [Mur19], is to give an efficient algorithm for the multilinear equivalence

testing of IMM′w,d over Q, where the output matrices are over Q instead of a degree w

extension of Q.

Lower bounds: We prove a wΩ(d) lower bound on multilinear depth three circuit comput-

ing IMMw,d in Theorem 1.4. Subsequent to our work, a wΩ(
√
d) lower bound on the size of

multilinear depth four circuit computing IMMw,d was proved in [KST16b]. A 2Ω(∆d
1
∆ ) lower

bound on the size of product-depth ∆ multilinear formulas computing IMM2,d was proved

in [CLS19]. Extending these results to a wΩ(log d) size lower bound on multilinear formulas

computing IMMw,d will imply VBP 6= VF, when d = wo(log d′) and d′ = O( logw
log logw

). Even a super-

polynomial size lower bound on multilinear formulas computing IMMw,d for d′ = O( logw
log logw

)

will imply VBP 6= VF.

160



In Theorem 1.7, we prove a w
Ω( log d

log 1
α

)
size lower bound on α-balanced interval set-multilinear

formulas computing IMMw,d. For α ≥ d
−1
ω(1) and α < 1

2
this is a super-polynomial lower

bound. A possible direction for the future is to prove a super-polynomial lower bound for

much smaller values of α. A super-polynomial size lower bound on interval set-multilinear

formulas (without the α-balance restriction) computing IMMw,d implies a separation between

ABPs and homogeneous formulas in the non-commutative setting.

Polynomial identity testing: [dOSlV16] gave subexponential time blackbox PIT for mul-

tilinear depth three circuits. In our Masters thesis, we gave a quasi-polynomial time blackbox

PIT for an interesting subclass of multilinear depth three circuits which are superposition of

constantly many set-multilinear depth three circuits and simultaneously also a sum of con-

stantly many set-multilinear depth three circuits (see Section 1.2.4). We could attempt to

make progress on the quest for a quasi-polynomial time blackbox PIT for multilinear depth

three circuits by trying to give a quasi-polynomial time blackbox PIT for multilinear depth

three circuits that are superposition of constantly many set-multilinear depth three circuits.
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[BIJL18] Markus Bläser, Christian Ikenmeyer, Gorav Jindal, and Vladimir Lysikov. Gen-

eralized Matrix Completion and Algebraic Natural Proofs. In Proceedings of the
50th Symposium on Theory of Computing, STOC 2018, 2018. 10

163



BIBLIOGRAPHY
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