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Hybrid Automata

3

1 2 3 4

E =
1

p4
!
low

E =
1

p3
!
low

E =
1

p2
!
low

E =
1

p1
!high E =

1

p2
!high E =

1

p3
!high
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Stability Verification for Hybrid Systems
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Preliminaries
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Consider the trajectory view of a system

• An trajectory is a function � : [0,1) ! Rn
.

• A trajectory � of a hybrid system captures the continuous states along an

execution.

• We will use Exec(H) to represent all trajectories of the system.

• �T represents a trajectory which represents a su�x of � starting at time

T . More precisely,

�T (t) = �(t+ T ), 8t � 0



Lyapunov stability
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A hybrid system H is Lyapunov stable with respect to an execution � if

8✏ > 0, 9� > 0, 8�0 2 Exec(H)

|�(0)� �0
(0)| < � ) 8t � 0, |�(t)� �0

(t)| < ✏



Asymptotic stability
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A hybrid systems H is asymptotically stable with respect to a reference

execution � if

• H is Lyapunov stable with respect to �; and

• every execution �0
of H converges of �,

8✏ > 0, 9T > 0, 8t � T, |�0
(t)� �(t)|  ✏
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Lyapunov Stability
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Challenges in Stability Verification 
for Hybrid Systems
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Stability analysis

Eigen  value  analysis  does  not 
suffice for switched linear system

Stability  can  be  determined 
by eigen values analysis

Linear dynamical systems

Stable Stable

Stable Unstable
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Current techniques for Stability 
Verification
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Lyapunov’s second method

V

xy
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ẋ = F (x)

Continuous dynamics: If there exists a Lyapunov function for the 
system, then the system is Lyapunov stable

✤ Continuously differentiable

V : Rn ! R+

@V (x)
@x

F (x)  0 8x

V (x) � 0 8x

V (x) = 0 i↵ x = 0

✤ Positive definite

✤ Function value decreases along any trajectory

Lyapunov function

✤ Common Lyapunov functions
✤ Multiple Lyapunov functions

Switched and hybrid systems:



Lyapunov Function Example
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ẋ = �xSystem

Candidate Lyapunov Function

V (x) = x

2
V̇ (x) = @V

@x

F (x) = 2x · (�x)

V : Rn ! R+

@V (x)
@x

F (x)  0 8x

V (x) � 0 8x

V (x) = 0 i↵ x = 0

Lyapunov Function Conditions



Lyapunov function existence

✤ A quadratic Lyapunov function exists for every stable linear system

✤ It can be computed by solving a linear matrix inequality

✤ In general, there are no such completeness results for non-linear 
systems and hybrid systems (even in the linear case)
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Lyapunov functions for linear systems
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ẋ = Ax

Candidate Lyapunov function: V (x) = x

T
Px

d
dtV (x(t)) < 0 implies ẋT

Px+ x

T
Pẋ < 0

implies Ax

T
Px+ x

T
PAx < 0

implies xT (AP + PA)x < 0

V (x) = x

T
Px is a Lyapunov function for ẋ = Ax if

0 � P

AP + PA � 0

Linear system

The notation Q � 0 stands for x

T
Qx < 0 for all x 6= 0



Multiple Lyapunov Function
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A hybrid system H is Lyapunov stable, if there exists a family of functions Vq,

such that

• Vq is a Lyapunov function for ẋ = F (q)(x) for all x 2 I(q)

• for all e = (q, J, q

0
) 2 E, Vq0(x

0
)  Vq(x) for all (x, x

0
) 2 J

✤ Switching Stabilization for Continuous-time Uncertain Switched Systems: 
Hai Lin and Panos Antsaklis

✤ Decomposition of Stability Proofs for Hybrid Systems: Jens Oehlerking

References:



Automated analysis
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Continuous dynamics:

Template based automated search

✤ Choose a template

✤ Encode the Lyapunov function 

conditions as constraints

V (x) = ax

4 + bx

3 + cx

2 + dx

Find a, b, c, d such that

(4ax3 + 3bx2 + 2cx+ d) · (�x)  0

ax

4 + bx

3 + cx

2 + dx � 0

✤ Solve for the parameters (using 

sum-of-squares programming)

✤ Success depends crucially on the 
choice of the template

✤ The current methods provide no 
insight into the reason for the 
failure, when a template fails to 
prove stability

✤ No guidance regarding the choice 
of the next template

Shortcomings:

ẋ = �x



Counter-example guided abstraction refinement

Property 
violated

Abstraction 
Relation

Analysis 
Results

Abstract                 
Counter-example

Property
Abstract 
System

Concrete 
System

Abstract Model-Check

ValidateRefine

Yes

No

YesNo

Property 
satisfied

✤ CEGAR for discrete systems 
[Kurshan et al. 93, Clarke et al. 00, 
Ball et al. 02]

✤ CEGAR for hybrid systems safety 
verification [Alur et al 03, Clarke et 
al 03, Prabhakar et al 13]
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✤ Success depends crucially on the choice 
of the template

✤ No insight into the reason for the failure, 
when a template fails to prove stability

✤ No guidance regarding the choice of the 
next template

Template based search CEGAR framework
✤ Systematically iterate over the abstract 

systems
✤ Returns a counter-example in the case 

that the abstraction fails
✤ The counter-example can be used to 

guide the choice of the next abstraction



What are the ingredients for 
CEGAR?

19



CEGAR questions
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✤ What pre-orders preserve stability?
✤ How do we construct abstractions?



Pre-orders

✤ A reflexive, transitive ordering on the class of systems 
✤ If a system satisfies the property, then all systems 

below it satisfy as well

Understand the relationship between the concrete and the abstract 
systems which preserve the property of interest

Pre-order for a property

✤ Studied in the context of process algebra for behavioral equivalence [Milner]
✤ In verification, basis for state-space reduction and minimization techniques
✤ Preserve/invariant under several discrete-time properties
✤ Linear Temporal Logic (LTL), Computation Tree Logic (CTL*),  Mu-calculus

Simulations and Bisimulations



Simulations

s1 s2

s01

⌃1

s02

⌃2

R

R

✤ Every path of the first system has a matching path in the second system
✤ Pre-order with respect to safety preservation

Simulation between T1 and T2 is a binary relation R ✓ S1 ⇥ S2

s1 s2R

s01

�1

s02

�2

R

R



Simulation: Example

21 3

4 5 6

7 8 9

21 3

4 5 6

7 8 9

Ci: states in cell i

(x, i) 2 R if x 2 Ci

R is a simulation



Bisimulations

R is a bisimulation between T1 and T2 if bothR andR�1
are simulation relations.

1

4

7

21 3

4 5 6

7 8 9

2 3

5 6

8 9

In general, bisimulation quotient is not finite.
✤ Finite bisimulation quotient - Timed automata, O-minimal hybrid 

automata  [Alur et al., Henzinger et al., Pappas et al., Brihaye et al., PP]
✤ Predicate abstraction, Hybridization, CEGAR algorithms                                

[Alur et al., Dang et al., Clarke et al.]



Pre-order for stability?
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y

x

Lyapunov Stable

x

y

Unstable

(x, y) (x0
, y) (x, y + xy) (x0

, y + x

0
y)

Preorders for reasoning about stability of hybrid systems.Pavithra Prabhakar, Geir Dullerud  and Mahesh Viswanathan. 
15th ACM International Conference on Hybrid Systems: Computation and Control (HSCC), 2012. Honorable mention best paper award.

(0, y), t 7! (t, y) (0, y), t 7! (t, y + yt)

Stability is not invariant under bisimulation!



Uniformly continuous simulations

R is a uniformly continuous simulation from T1 to T2 if

1. R is a simulation and

2. R is uniformly continuous.

8✏ > 0, 9� > 0 such that 8x 2 Dom(R),

R(B�(x)) ✓ B✏(R(x))

x

�

✏
R



Stability Preservation
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Theorem

Let R be a uniformly continuous simulation from T1 to T2, and be consistent with ⌧1 and ⌧2.

T2 is stable with respect to ⌧2 implies T1 is stable with respect to ⌧1

Preorders for reasoning about stability of hybrid systems with inputs. Pavithra Prabhakar, Jun Liu and Richard Murray.
International conference on Embedded Software (EMSOFT), 2013. Invited paper at the 50th Allerton conference.

✤ Uniformly continuous simulation is a pre-order preserving stability. [HSCC’12]   
✤ Uniformly continuous bisimulations define a notion of equivalence for stability.
✤ Extended this to input-to-state stability. [EMSOFT’13, PP, J. Liu, R. Murray]
✤ Continuous simulations suffice for stability with respect to an equilibrium point
✤ Classical stability analysis techniques —- Lyapunov’s second method and 

Linearization —- are instances of stability analysis based on uniformly continuous 
simulations



Are these definitions useful?

V (x) � 0 8x
V (x) = 0 i↵ x = 0

@V (x)
@x

F (x)  0 8x

V : Rn ! R+

a.  Continuously differentiable

b.  Positive definite

c.  Value decreases along any execution

V

ẋ = F (x)

' 2 [0,1) ! Rn

v̇  0

V (') : [0,1) ! R

Lyapunov functions: Concrete abstraction function to a trivially stable system.



Are these definitions useful?

Linearization: A concrete simplification technique using u.c. simulations.

ẋ = F (x)

ẋ = Ax, A = DF (0)

Non-linear system

Linear system

Hartman Grobman Theorem: If 0 is a hyperbolic equilibrium point, then there 
exists neighborhoods U and V, and a homeomorphism h: U -> V such that

'(h(x), t) = h(eAt
x)

ẋ = F (x)

ẋ = Ax

h

x

h(x)

e

tA
x

'(h(x), t)



Abstraction based Analysis

✤ What pre-orders preserve stability?
✤ How do we construct abstractions?

30

✤ Simulations do not preserve stability
✤ Need a modified predicate abstraction



Piecewise Constant Derivative System

9� > 0, 8✏ 2 (0, �]

D
A

B
C

E F

✤ Special structure in a small neighborhood
✤ Homogenous linear constraints matter

8✏ > 0, 9� > 0, [(⌧(0) 2 B�(0)) ) 8t(⌧(t) 2 B✏(0))]

✏

�

0
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Quantitative Predicate Abstraction

A
BC

D
E Fp4

p1

p6

p2p3

p5

p1p2

p3

p4 p5

p6

w6

w5

w2

w4

w1

w3

Weights  capture  information  about 
distance  to  the  equilibrium  point 
along the executions

d1
d2

p1p2
w(e) =

|d2|
|d1|
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Weighted Graph Construction

p1

p2

p4

p3

1 1

11

p1

p2

p4

p3

1/2 1

1/21

p1

p2

p4

p3

2 1

21

p1

p2

p4

p3 p1

p2

p4

p3 p1

p2

p4

p3 p1

p2

p4

p3p1

p2

p4

p3

Product of edge weights = 1 Product of edge weights = 1/4 Product of edge weights = 4

Lyapunov Stable Lyapunov Stable Unstable



Scaling (Weight) Computation
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The weighted graph construction has a 
bisimulation like property for 2D.

p1

d1
d2

w(e) =
|d2|
|d1|

p2

All regions are positive scaling closed

↵d1

↵d2
x

y

z

~a

~b

~d

~d
|~b|
|~a|

|~b+~d|
|~a+~d|

sup
|v2|
|v1|

t � 0, v1 2 p1, v2 2 p2, v2 = v1 + ct

Constant dynamics ẋ = c

Higher dimensions

LP problems:



Quantitative Predicate Abstraction

⇧ = {P1, . . . , Pk} {0, 1}k

b1 !A b2

9s1 2 �⇧(b1), s2 2 �⇧(b2) : s1 !C s2

✤ Set of Predicates ✤ Abstract state-space

✤ Abstract transitions

w

w = sup |s2|
|s1|

Weighted Graph Analysis (Theorem) 

If the abstract weighted graph has edges with infinite weights and no cycles 
whose product of weights is > 1, then the concrete system is Lyapunov stable.



Edge weight computation
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Polyhedral inclusion dynamics ẋ 2 P

P is a polyhedral set

sup
|v2|
|v1|

t � 0, v1 2 p1, v2 2 p2, v2 = v1 + ct

Scaling:

^
ai · x  bi

^
ai · c  bi

^
ai · (v2 � v1)  bit

Constant dynamics ẋ = c
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Polyhedral switched systems

✤ Overlapping guards and invariants

x � 0

x  0

y � 0

q1 q2

q3q4

ẋ = �1
ẏ = 1

ẋ = 1
ẏ = �2

x � 0ẋ = �1
ẏ = �1

x� y < 0

x� y < 0 p1

p2p3

v1

✤ The number of switchings is not bounded
✤ Compute the reachability relation for a strongly connected component

An algorithmic approach to stability verification of polyhedral switched systems. P. Prabhakar, M. G. Soto. ACC’14
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Polyhedral switched systems contd.

Strongly connected component

q1 q2

x2 = x1 + a1t1 + a2t2 + a1t3 + a2t4 + . . .

x1 2 R, x1 + a1t1 2 R, x1 + a1t1 + a2t2 2 R, . . .

x2 = x1 + a1t
0
1 + a2t

0
2

x1 2 R, x2 2 R

q1 q2

x2

x1

q1 q2

x2 x1
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Polyhedral switched systems contd.

Strongly connected component

q1 q2

x2 = x1 + a1t1 + a2t2 + a1t3 + a2t4 + . . .

x1 2 R, x1 + a1t1 2 R, x1 + a1t1 + a2t2 2 R, . . .

x2 = x1 + a1t
0
1 + a2t

0
2

x1 2 R, x2 2 R

x2

x1

x2

x1
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Soundness of Quantitative Predicate Abstraction

Theorem (Absraction)

A polyhedral inclusion hybrid system is Lyapunov stable if
✤ the abstract weighted graph has no edges with infinite weights, and
✤ no cycles with product of edge weights greater than 1

✤ It is an “if and only if” condition if the hybrid system is 2 dimensional.
✤ Soundness also extends to more general class of hybrid systems, however, 

computing a precise abstract weighted graph is a challenge.

Theorem

Verifying Lyapunov/Asymptotic Stability is undecidable in 5 dimensions for 
PCDs, but is decidable in 2 dimension for a more general class of systems.
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Counter-example
✤ Model-checking of the abstract system returns an abstract counter-example 

if the abstract system fails to establish stability.

p1

p2

p4

p3

2 1

21

Abstract Counter-Example (ACE): 
A cycle with product of edge weights greater than 1

✤ Spurious ACE:  If there exist no infinite execution (concrete) of the system 
which follows the edges and weights of the cycle (and diverges)

✤ Validation: Checking if the ACE is spurious.

Validation is not a bounded model-checking problem!
Requires checking for an infinite execution instead of a finite execution.
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Validation

Existence of an infinite concrete counter-example is equivalent to the 
existence of a finite execution along the cycle with certain properties

Facets

p1 p2 p4p3 p1ACE pk

x1 x2 xkx3 x4 xk+1

Theorem (Validation)

A counter example p1 ! p2 ! p3 ! · · · ! p1 is valid

9↵ > 1 9x1 2 p1, . . . , xk 2 pk, xk+1 2 p1

,
x1 ! x2 ! x3 ! · · ·xk ! xk+1, xk+1 = ↵x1



Refinement
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No infinite trajectories 6) the length of the trajectories is bounded

p1 p2 p3 p4

Theorem (Refinement)
✤ If there are no infinite executions, then Reachi(p1) is empty for some i.
✤ If there are no infinite diverging executions, then WReachi(p1) is empty for some i.

Counterexample guided abstraction refinement for stability analysis.  CAV’16



Linear Hybrid Systems
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Linear dynamical systems

Linear dynamical systems
✓
x

y

◆✓
a b
c d

◆✓
ẋ

ẏ

◆
=

45

A very important class of control system

✤ Solution is an exponential function
✤ Need a representation on which optimization can be performed
✤ Approximation methods [Girard et al., Frehse et al., PP]  

Reach(P1, P, P2) = {(s1, s2) | s1 2 P1, s2 2 P2, s1
P s2}
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Switched Linear Systems

x
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(a) ẋ = Ax
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(b) ẋ = Bx

Figure 1: Phase portraits
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(a) System M1

x

y

Wednesday, May 15, 2013

(b) System M2

Figure 2: Sample trajectories

trajectory for each of the system M1 and M2 is shown in
Figure 2. Note that system M1 is Lyapunov stable, whereas
M2 is not.

The graphs G1 and G2 in Figure 3 are quantitative predicate
abstractions of M1 and M2 respectively, using the expres-
sions x and y. The nodes f1 and f3 correspond to the posi-
tive and negative x axes, respectively, and the nodes f2 and
f4 to the positive and negative y axes, respectively. The
reach sets were computed using the tool SpaceEx [7] and
the linear optimization problems were solved using GLPK.
Note that we have eliminated the nodes corresponding to
the quadrants, the reason being that those edges are not
required for the analysis of Condition C2 as long as Condi-
tion C1 holds, that is, the edges involving them have finite
weight. Note that G1 satisfies Condition C2 and hence im-
plies Lyapunov stability of M1. On the other hand, G2 does
not satisfy Condition C2. Though we cannot conclude in-
stability of M2, G2 returns a counter-example, namely, the
cycle f1f2f3f4f1 with weight > 1, explaining a potential
reason for instability. The counter-example suggests that an
infinite diverging execution is feasible by following the cy-
cle infinite time. Such an execution exists in this case, but
might not exist in general due to the conservativeness of the
abstraction.

Remark To illustrate the theoretical foundations behind
the quantitative predicate abstraction, we have presented
a simple construction of the weighted graph in Section 4.
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Figure 10: SpaceX: Graphical representation of the
reach set

(a) Weighted graph G1
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(b) Weighted graph G2

Figure 3: Quantitative Abstractions

However, in a practical application of the technique to a class
of systems, it will be essential to modify the construction to
yield useful abstractions, as in the previous example, where
the nodes corresponding to the quadrants were eliminated.
In general, if a self loop has weight > 1, then it results in
a failed analysis. However, the weight might correspond to
the distance of executions from the origin increasing locally
within a region and does not match with the intuition that
the weight corresponds to scaling of an execution between
boundaries. This can, for instance, be fixed by splitting the
node v with the self loop into two copies v1 and v2, with
all the incoming edges of v directed to v1, all the outgoing
edges of v going out from v2 and the weight of the edge
from v1 to v2 being the weight on the self loop of v. Future
work will focus on optimizing the graph construction for the
particular class of systems and predicates.

6. CONCLUSION
We presented a quantitative predicate abstraction for stabil-
ity analysis, which extends the finite graph construction of
the standard predicate abstraction with weights on the edges
to capture information about the evolution of the distance
of the executions from the origin. We established a formal
connection between the abstract graph and the concrete hy-
brid system using the notion of continuous simulation and
presented conditions on the graph which imply stability of
the concrete hybrid system.

The quantitative predicate abstraction for stability analysis
has several advantages in comparison to traditional methods
based on Lyapunov function search. Firstly, if the abstrac-
tion fails to prove stability, that is, the abstract graph does
not satisfy the conditions, then it provides insights into the
reason for failure by exhibiting a counter-example. Secondly,
adding more predicates to the abstraction procedure pro-
vides a qualitatively better abstraction and hence more pre-
cise analysis. Thirdly, the construction of the abstraction is
compositional; abstraction for each subsystem (for example,
graphs corresponding to matrices A and B in the example)
can be constructed independently and merged. Composi-
tional analysis for stability based on this approach is a topic
for further investigation.

There are several arenas to explore to fully realize the frame-
work presented in the paper. One challenge is to develop
a fully automated abstraction refinement framework analo-
gous to CEGAR [5]. This requires validating the abstract
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trajectory for each of the system M1 and M2 is shown in
Figure 2. Note that system M1 is Lyapunov stable, whereas
M2 is not.

The graphs G1 and G2 in Figure 3 are quantitative predicate
abstractions of M1 and M2 respectively, using the expres-
sions x and y. The nodes f1 and f3 correspond to the posi-
tive and negative x axes, respectively, and the nodes f2 and
f4 to the positive and negative y axes, respectively. The
reach sets were computed using the tool SpaceEx [7] and
the linear optimization problems were solved using GLPK.
Note that we have eliminated the nodes corresponding to
the quadrants, the reason being that those edges are not
required for the analysis of Condition C2 as long as Condi-
tion C1 holds, that is, the edges involving them have finite
weight. Note that G1 satisfies Condition C2 and hence im-
plies Lyapunov stability of M1. On the other hand, G2 does
not satisfy Condition C2. Though we cannot conclude in-
stability of M2, G2 returns a counter-example, namely, the
cycle f1f2f3f4f1 with weight > 1, explaining a potential
reason for instability. The counter-example suggests that an
infinite diverging execution is feasible by following the cy-
cle infinite time. Such an execution exists in this case, but
might not exist in general due to the conservativeness of the
abstraction.

Remark To illustrate the theoretical foundations behind
the quantitative predicate abstraction, we have presented
a simple construction of the weighted graph in Section 4.

x

y

Wednesday, May 15, 2013

Figure 7: Sample execution of System M1

f4

f1

f2

f3

0.52

0.340.52

0.34

Figure 8: Annotated Abstract Graph for System M1

f4

f1

f2

f3

3.2

2.13.2

2.1

Figure 9: Annotated Abstract Graph for System M2

Figure 10: SpaceX: Graphical representation of the
reach set

(a) Weighted graph G1

x

y

Wednesday, May 15, 2013

Figure 7: Sample execution of System M1

f4

f1

f2

f3

0.52

0.340.52

0.34

Figure 8: Annotated Abstract Graph for System M1

f4

f1

f2

f3

3.2

2.13.2

2.1

Figure 9: Annotated Abstract Graph for System M2

Figure 10: SpaceX: Graphical representation of the
reach set

(b) Weighted graph G2

Figure 3: Quantitative Abstractions

However, in a practical application of the technique to a class
of systems, it will be essential to modify the construction to
yield useful abstractions, as in the previous example, where
the nodes corresponding to the quadrants were eliminated.
In general, if a self loop has weight > 1, then it results in
a failed analysis. However, the weight might correspond to
the distance of executions from the origin increasing locally
within a region and does not match with the intuition that
the weight corresponds to scaling of an execution between
boundaries. This can, for instance, be fixed by splitting the
node v with the self loop into two copies v1 and v2, with
all the incoming edges of v directed to v1, all the outgoing
edges of v going out from v2 and the weight of the edge
from v1 to v2 being the weight on the self loop of v. Future
work will focus on optimizing the graph construction for the
particular class of systems and predicates.

6. CONCLUSION
We presented a quantitative predicate abstraction for stabil-
ity analysis, which extends the finite graph construction of
the standard predicate abstraction with weights on the edges
to capture information about the evolution of the distance
of the executions from the origin. We established a formal
connection between the abstract graph and the concrete hy-
brid system using the notion of continuous simulation and
presented conditions on the graph which imply stability of
the concrete hybrid system.

The quantitative predicate abstraction for stability analysis
has several advantages in comparison to traditional methods
based on Lyapunov function search. Firstly, if the abstrac-
tion fails to prove stability, that is, the abstract graph does
not satisfy the conditions, then it provides insights into the
reason for failure by exhibiting a counter-example. Secondly,
adding more predicates to the abstraction procedure pro-
vides a qualitatively better abstraction and hence more pre-
cise analysis. Thirdly, the construction of the abstraction is
compositional; abstraction for each subsystem (for example,
graphs corresponding to matrices A and B in the example)
can be constructed independently and merged. Composi-
tional analysis for stability based on this approach is a topic
for further investigation.

There are several arenas to explore to fully realize the frame-
work presented in the paper. One challenge is to develop
a fully automated abstraction refinement framework analo-
gous to CEGAR [5]. This requires validating the abstract
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Arbitrary switching of two linear systems
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Remark 2. For stability analysis, the only interesting linear hybrid automata
are those in which the invariants and guards are polyhedral sets defined by
homogenous linear constraints. This is because of the observation that both
Lyapunov stability and asymptotic stability are properties which depend only
on a neighborhood of the equilibrium point. Hence, from now on we make this
assumption.

5 Hybrid Predicate Abstraction for Stability Analysis of
Linear Hybrid Automata

In this section, we present our approach for stability analysis of Linear Hy-
brid Systems based on abstraction using predicates. Our method consists of two
phases:

1. Phase 1 - Hybridization: A polyhedral hybrid automaton abstracting a
linear hybrid automaton is constructed such that the Lyapunov (asymptotic)
stability of the former implies the same about the latter.

2. Phase 2 - Quantitative Predicate abstraction: A finite weighted graph
abstracting the polyhedral hybrid automaton is constructed such that certain
conditions on the former implies the Lyapunov and asymptotic stability of
the latter.

Predicate abstraction [13] is a standard technique for constructing finite state
systems which simulates a given (potentially) infinite state system. Hybridiza-
tion is a technique of constructing a hybrid system with simpler dynamics which
simulates a given hybrid system with complex dynamics. Both predicate ab-
straction [2, 1, 6] and hybridization [30, 3, 7] has been extensively studied in the
context of safety verification. These abstractions simulate the original system;
however, it has been shown in [26], that simulations do not su⇥ce to preserve
stability in general. Hence, a modified predicate abstraction was proposed in
[27] for piecewise constant derivative systems and extended in [28] for analyzing
stability of polyhedral hybrid automata. First, we present the abstraction based
stability analysis method [28] and discuss the issues in extending the method for
the class of linear hybrid automata. Next, we consider hybridization methods
proposed in the literature for safety analysis, and discuss their shortcoming for
stability analysis. Finally, we present our novel hybridization technique tailored
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q1 q2 p1

p2

✤ The invariants associated with modes may overlap — unbounded 
number of switching in a region

✤ Tools based on symbolic state space exploration do not reach a fixpoint



Hybridization

✤ Broad approach
✤ Partition the state-space into a finite number of regions
✤ Abstract the dynamics in each region by a simpler dynamics

✤ Rectangular dynamics, Polyhedral dynamics for Linear dynamics 
[Puri et al, Bogomolov et al]

✤ Linear dynamics for non-linear dynamics [Asarin et al, Dang et al]

✤ Crucial parts — state-space partition and the choice of the 
abstract dynamics
✤ Polyhedra inclusion dynamics and conical partitions
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Hybridization for Stability Analysis of Switched Linear Systems
P. Prabhakar, M. G. Soto. HSCC’16



Linear to Polyhedral Inclusion Dynamics
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ẋ = �2x� 4y

ẏ = 20x� 2y

z = (x, y)

Linear Dynamics

ż = Az ż 2 P

P = {Az | z 2 R}

Polyhedral Inclusion Dynamics



Soundness of the construction
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Theorem (Hybridization and stability preservation):

Let  H  be  a  switched  linear  system,  and  let  Poly(H,S)  be  the  hybridized 
polyhedral  hybrid  system with  respect  to  a  partition  S.  If  Poly(H, S)  is 
Lyapunov  (asymptotically)  stable,  then  H  is   Lyapunov  (asymptotically) 
stable

✤ The set of executions of Poly(H, S) is a super set of the executions of H
✤ Stability is preserved by over-approximation

Theorem (Completeness fo linear dynamical systems):

For every linear dynamical system that is asymptotically stable, there exists a 
polyhedral hybrid system abstraction that is asymptotically stable.
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Hybridization for stability

P = {Ax |x 2 R}

y2

y1

a1

z1

p2 p1

x1

x2

a2

z2
ẋ = Ax

p2 p1

R

ẋ 2 P

p2 p1

✤ Conical partitions do not ensure bounded error approximation of 
the reachability relation

✤ However, they ensure bounded error approximation of the scaling



Experimental Comparison
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AVERIST STABHYLI

Dimension/
name

Regions Runtime Proved
Stability

Degree LF found Runtime

2D AS1 129 31 Yes 6 Yes 8

SS4 1 9 <1 Yes 8 − 452

SS8 1 17 <1 Yes 6 − 443

SS16 1 33 1 Yes 4 − 177

3D AS 4 147 194 Yes 6 − 410

SS4 4 771 484 Yes 2 Yes 75

SS8 4 771 470 Yes 2 Yes 15

SS16 4 771 568 Yes 2 Yes 138

4D AS 7 81 625 Yes 2 − 12

SS4 7 81 119 Yes 2 − 101

SS8 7 153 234 Yes 2 − 1071

SS16 7 297 533 Yes 2 − 339

AS 9 − out No 4 Yes 34

SS4 9 81 125 Yes 4 − 105

SS8 9 153 247 Yes 2 − 16

✤ AVERIST proves stability in many more 
cases than Stabhyli

✤ The verification time increases slower with 
respect to the number of regions as 
compared to the degree of the polynomial

✤ Template based search suffers from 
numerical instability

✤ 6th degree polynomial LF found, but no 
8th degree polynomial LF found

✤ LF found for arbitrary switched system, 
but not for restricted switched system

✤ Common LF found, but no multiple LF



Global asymptotic stability
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Global asymptotic stability (GAS)
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A hybrid system is GAS if it is Lyapunov stable and every execution of the 
system starting from any initial state will converge to the origin.

Broad Approach:
Decompose the GAS verification problem to an AS verification problem and a 
RS verification problem

An Algorithmic Approach to Global Asymptotic Stability Verification of 
Hybrid Systems
P. Prabhakar, M. G. Soto. EMSOFT’16



Global asymptotic stability (GAS)
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Observation  1:  The  weighted  graph  captures  the  information  of  the 
executions which remain within a center region (here, ABCDEF)

p1

p2

p4

p3

1/2 3/2

1/23/2

p1

p2

p4

p3

Note: All executions starting within the center region do not remain within 
the center region, even if the system is stable



Global asymptotic stability (GAS)
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Observation 2: A Lyapunov/asymptotic stability proof provides a “stability 
zone” within the center region such that the executions starting from the 
stability zone will remain within the center region

Note: The longest distance an execution can traverse w.r.t the initial point is 
at most 3/2 times
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1/2 3/2
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AVERIST: An Algorithmic VERIfier for STability
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Tool webpage: http://software.imdea.org/projects/averist/
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Region Stability 
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http://software.imdea.org/projects/averist/


Global asymptotic stability for the cruise control 
& automatic gearbox case study
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1. Linear to polyhedral dynamics abstraction

2. QPA to prove local asymptotic stability 

3. Stability zone construction using QPA

4. Region stability with respect to stability zone
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Summary and Research Challenges

59

✤ Hybrid Systems: Syntax and Semantics

✤ Finite state systems: LTL verification

✤ Continuous dynamical systems: stability verification

✤ Safety verification of hybrid systems (bounded and unbounded)

✤ Stability verification of hybrid systems (Lyapunov approach and 
algorithmic approach)
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Template based search illustration
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ẋ = �xSystem

Candidate Lyapunov Function

V (x) = ax

2 + bx+ c

Can be solved using sum-of-squares programming

Find a, b, c such that

V (x) > 0 for all x 6= 0

V (0) = 0

˙

V (x)  0

Find a, b, c such that

ax

2
+ bx+ c > 0 for x 6= 0

c = 0

(2ax+ b)(�x)  0


