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INTRODUCTION MOTIVATION

MOTIVATION

Show that if A is a regular set, then so is
FirstHalves(A) = {x| Jy,| y |=| x | and xy € A}

Can be proved using pebbling technique or using a product automaton.
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INTRODUCTION MOTIVATION

SOME MORE EXAMPLES

Show that if A is a regular set, then so are the following:
A = {x 3y | y =] x |2 and xy € A}
Ax = {x| 3y, |y |= 2¥land xy € A}

A = {x| Jy,| y |= 22" and xy € A}

Presence of non linear functions makes regularity counter-intuitive.
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INTRODUCTION MOTIVATION

BOOLEAN TRANSITION MATRIX

For automaton A = (Q,X,s,9, F)
Boolean Transition Matrix Aisa | Q | x | @ | matrix where

A(u,v) =

1 ifjdaeXstd(u,a)=v
0, otherwise

Power A" gives the n-step transition relations.

m
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INTRODUCTION MOTIVATION

EXAMPLE1L

A2n

Create a Boolean transition matrix A (as described).

Basic problem to be solved in this : How to get A2 from A2"?
Observe that A2n+1) = A2 4 A2",

.. Maintain A\ matrix in the start state.

As input is scanned, the successive state gets updated matrix,
(€)= (Cx0)

"o In nsteps, (1) 5 (A"

If g(s,x) = p, then accept if C(p,f) = 1 for any f € F. Reject
otherwise.
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INTRODUCTION MOTIVATION

EXAMPLE2

Create a Boolean transition matrix A (as described).
Basic problem to be solved in this : How to get AFD? from A7
Now, AD? = AP AN,

.. Maintain (I, I) matrices in start state.

As input is scanned, the successive state gets updated matrices
(C,D) — (CDA, DA?)

" In nsteps, (I,1) B (AT, A2n)

If §(s,x) = p, then accept if C(p,f) =1 for any f € F. Reject
otherwise.

%
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REGULARITY PRESERVING FUNCTIONS DEFINITION

REGULARITY PRESERVING FUNCTIONS

e General class of functions for which the following theorem holds.
If A is regular, then so is

Ar ={x| 3y [y [=f(| x|) and xy € A}

e The class is closed under addition, multiplication, exponentiation,
composition and contains arbitrarily fast growing functions.

e Next, we look at the how to characterize this class in terms of the
concept of ultimate periodicity.
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CHARACTERIZATION USING ULTIMATE PERIODICITY

ULTIMATE PERIODICITY

DEFINITION 1

A set U < N is called ultimately periodic (u.p.) (or semilinear) if

o0
dp>=1 VYVn nelU<——n+pel.
More generally, a function f : N — N is called ultimately periodic if

0
dp=1 Vn f(n)="~f(n+p).

0
V means "for all but finitely many”.
An example of a u.p. set is [k]m, the congruence class of k modulo m

[k]m = {n|n modulo m = k}

m
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CHARACTERIZATION USING ULTIMATE PERIODICITY

PROPERTIES OF ULTIMATELY PERIODIC SETS

Family of u.p. sets is closed under boolean operations.

e If U,V are u.p. with periods p, q respectively, then U ] V is u.p. with
period lcm(p,q).

o For any regular set A, the set lengths(A) is u.p.

e For a u.p. set U, the set {x| | x |€ U} is regular.

m
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CHARACTERIZATION USING ULTIMATE PERIODICITY

A function f : N — N is said to preserve ultimate periodicity if f~1(U) is
u.p. whenever U is.

DEFINITION 3

A function f : N — N is said to be ultimately periodic modulo m(u.p.
mod m ) if the function n — f(n) mod m is ultimately periodic.

g&
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

CONDITIONS

e C1: Arisregular whenever A is.
e C2: Alf is regular whenever A is.

e C3: f preserves ultimate periodicity.
e C4:

@ { is ultimately periodic modulo m for all m > 1; and
® 7 1({x}) is ultimately periodic for all x € N

Ar = {x| dy |y |[=f(] x|) and xy € A}
Ap ={x|Jy|y|=f(lx]|) and y € A}

m
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

LEMMA 1

Lemma 1 The statement C4 (i) is equivalent to the statement that
f=1([i],,) is ultimately periodic for all i and m.

Proof.

For all m,

FH([i],)isup., 0<i<m-—1

m—1

—> ‘i\o Ipi =1 f([i],,)is u.p. with period p;

«—3Ip=1A f1([i],,) is up. with period p (take p = lcm, p;)

i=0
m—1 oo

«—3Ip=1A Vnne f([i],) «—n+pefX[i,)

%
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

PROOF CONTD..

m—1 oo
<—>E|p21_£\0 Vn f(n)eli],, «— f(n+p)eli,
0 m-—1

«—3p=1n A f(n)€lil, — f(n+p)eli,

«—Jp= 1an( ) =f(n+ p) mod m

«—— f is u.p. modulo m.

gf&
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

THEOREM

THEOREM
The four conditions C1 - C4 are equivalent.

Proof. (C1 — C4) To show C4(i), let 0 < k < m — 1, and consider the
regular set (a™)*ak. We have
((a™)*a")r = {x 3y |yl = f(1x]) and xy € {a™"*¥|n > 0}}
—{a' |3jj = f(i) and a'd € {a™"K|n = 0}}
={a'|3jj=f(i)and i +j = k mod m}
={a"|i + f(i) = k mod m},

g&
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

Proor CONTD..

and by C1, this set is regular, thus

lengths(((a™)*a*)¢) = lengths({a’|i + f(i) = k mod m})
= {i|li + f(i) = k mod m}

= £ Y([K])

is u.p., where f'(n) = n+ f(n).

Since this holds for arbitrary k and m, it follows from Lemma 1 that f'(n)
satisfies C4(i) —> f (n) is u.p. modulo m for any m.

Since the function n — (—n) mod m is also u.p., so is the sum

mod f (n)m + (—n) mod m = f (n) — n mod m

= f(n) mod m.

%
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

To show C4(ii), consider regular set a*ba*. Then, a*b N (a*ba”)¢

—{a"b| 3y |y |= f(| a"b |) and a"by € {a"ba"| n = 0}}
—{a"b| 3y |y |= f(n+1) and y = a¥}

={a"bl k =f(n+1)}

= {a"b| n+1 e F1({k})},

by C1, this set is regular, .". lengths({a"b| n+1 € f~1({k})})

={n+1 n+1ef1({k})}
= 1 ({k}) — {0}

is u.p.. = f1(k) is u.p.

%
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

(C4 — C3) Let U be a u.p. set with period p.
U can be expressed as a Boolean combination of a finite set F and sets of

form [i]p:

U=Fo([ilpulilpu ... ulilp),

@ denotes symmetric difference of sets.

- 1(F®([1]p U [i2]p U - U ik]p))
f- 1(F)®( 1([ 1lp )Uf* Hlialp) © e v £ (k] )
(U@ alp) v FH ialp) o FH ([ikp))

xeF

FH(U)

C4, Lemma 1, and closure properties of u.p. sets imply that this set is u.p.

%
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

(C3 - C2)
Ar=1{x|3yeAly|=f( x|}
= {x| 3n € lengths(A) n = f(| x |)}
= {x| f(] x |) € lengths(A)}
= {x| | x |e f *(lengths(A))}
If A is regular

= lengths(A) is u.p.
= f(lengths(A)) is u.p. by C3
— Alf is regular.

%
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

(C2 — C1) Let A be a regular set and let M = (Q, &, 0, s, F) be a
deterministic finite automaton with L(M)=A.
If pe Qand G < Q, define

MpG = (Qa za 57 P, G)

Ar={x| 3y |y [=f(| x|) and xy € A}
={x| 3y |y |= (| x]) and &(s, xy) € F}
= {x| 3y |y |= £(| x|) and 3(5(s, x), y)}
= (J{xI 3y |y |= f(| x |) and &(s,x)=p and d(p,y) € F}

pe@Q

= [Jixl 3(s,)=p} 0 {x| Iy | y |= £(| x |) and &(p, y) € F}
pe@Q

= | J LME) (M)
peQ

By C2 and closure of regular sets under the boolean set operations, this ig&
a regular set.
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CHARACTERIZATION USING ULTIMATE PERIODICITY CONDITIONS FOR REGULARITY PRESERVATION

Thank Youl

L
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