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Definition



A Run Of  Automaton

• i/p:

•

•

•

•



Example

• Consider L2 = {cnrn | n > 0}.



Non-deterministic Nested Word Automata
can have Multiple 

Initial States 

can have Multiple 

hierarchical States 

can have Multiple 

transitions on same 

symbol `



A Run Of  Non-Dterministic Automaton
• i/p:

•

•

•

•

• The automaton A accepts the nested word n if A has some accepting run over n .



Determinization



Determinization (contd)

• Consider a nested word n with k pending calls , represented as 

• each ni is a nested word with no pending calls

• The initial nested word n1 can have pending returns, and the nested words n2,…, 
nk+1 are well-matched

• After reading n, B will be in state Sk+1, where (Si , ci ) will be the hierarchical state 

for each <ci .

• Si contains the pair (q, q’) iff

• B accepts n if                    . 

(                           )    (                   )    (              )



Internal Transitions

• Consider a nested word n with k pending calls , represented as 

•



Call Transitions

• Consider a nested word n with k pending calls , represented as 

•



Return Transitions
• Consider a nested word n with k pending calls , represented as 

• Two cases 



Return Transitions (contd)
• Case 1 : Example

• Case 2 : Example  



Closure Properties

•Nested word Automata are closed under the following operations

• Union

• Intersection

• Complement

• Concatenation

• Reversal

• Prefixes

• Suffixes

• Homomorphism 



Boolean Closure

•

•

•

• The set of linear states  - Q1 X Q2            ;  The initial state  -

• The set of hierarchical states  - P1 X P2 ;  The initial hierarchical state      

• Transition functions are defined in obvious way. For example, return transition function in product 
can be defined as 

• Final state for                   : 

• Final state for                    : 

• Complement of NWA, A                                                        is 



Concatenation Closure

• If L1 and L2 are regular languages of nested words, then so are L1.L2 and L1
*

.Proof: 

• Let A1 and A2 are the NWAs, with disjoint sets accepting L1 and L2 respectively.

• The NWA simulates A1, and at some point, instead of going to final state of A1, switches to the 
initial state of A2.

• While simulating A2, at a return, if the state labeling the incoming nesting edge is a state of A1, 
then it is treated like the initial state of A2.



Kleene Closure

• Let                                                 be a NNWA that accepts L.

A *  can be modelled as 

• Simulates A step by step, when A changes its state to final state, A* can nondeterministically
update its state to an initial state. 

• Upon this switch A* must treat the unmatched nesting edges as if they are pending

• Initial and final states are Q0.  

•



Kleene Closure (contd)

•

•



Closure under Word Operations 

•

• Reverse of a nested word n : 

•Consider a  

•



Closure under Word Operations (Prefix) 
• Consider a NNWA 

• Then , an automaton B can be defined as 

• states : 

•

• Initial states : {                /                                          } 

• All states are final

• The state of B keeps track the current state of A along with a target state where the run of A can 
end

• Initially, the target state is required to be final state  & this target is propagated along therun



Closure under Word Operations (Prefix- contd) 
• At a call, B can propagate

 either the current target across the linear edge requiring that the current state can reach the target without 
using pending returns

 or the current target across the nesting edge, and across the linear edge, guess a new target state requiring 
that the current state can reach this target using a well-matched word

• The third component of the state is used to keep track of the constraint on whether pending calls and/or 
returns are allowed

• Reachability information necessary for effectively constructing the automaton B are computed



Closure under Word Operations (Prefix- contd) 
•

•

•

• The automaton B accepts a nested word n if there exists a nested word n` such that the concatenation of n 

and n` is accepted by A. 


