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Notation

Notation

Corresponding operations on Presburger formulas and subsets of

N":
@ V - Conjunction and U - Union (finite)
@ A - Disjunction and N - Intersection (finite)
@ — - Negation and N” — X - Complementation
e 3 - Universal quantifier and 7 : N"*1 — N" - Projection
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Notation

Partial Order on N”

We define a partial order on N”, denoted <.
Given a,b e N" wesaya< bifa; < b V1<i<n.

Lemma: If S C N”is such that elements in S are pairwise
incomparable, then S is finite.

Proof: By induction on n.
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Presburger formulas
Formulas

Sets
Closure Properties

Modified Presburger formulas

Definitions

The set of all (modified) Presburger formulas &7 is the smallest set
satisfying

n n
o ty+ Y tix; = th+ Y tixj, where x; for 1 < i < n are free
i=1 i=1
variables, is in .

o If P; and P, are in &2, then P1 V Py and P1 APy are also in
P,

o If Pisin &, =P isin .

o If P(x1,...,xn) is in &, then (3x;)P(x1,...,%n) is in & for
1<i<n.
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Presburger formulas
Formulas

Sets
Closure Properties

Presburger formulas

Examples

Notice that the following formulas are also in Z7:
n n
o to+ > tix; <ty + Y tix;, equivalent to
i=1 i=1

n n
(Bz)(z+to+ Y tixi = th+ > tix;)
=1

i=1 i=
o (Vxi)P(x1,...,xn), equivalent to —=(3x;)(=P(x1, ..., Xn))-
Some examples:
° Pi(x) = (Fy)x=y+3 Ay<5)
® Po(x,y,z) =(x+3y =4z+7)
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Presburger formulas -
Formulas

Sets
Closure Properties

Presburger sets

Definition and Examples

A set P is called a Presburger set in N7, n > 0 if
P ={(x1,...;xn) € N | P(x1,...,xn) }, and we shall say the
formula P describes the set P.
P is called a Presburger set if it is Presburger in some N, k > 0.
Some examples:

o P ={3,4,5,6,7} = {x e N|P1(x) }

@ P ={(7T+4b—3a,a,b)|a,bc N} ={x e N3|Py(x)}
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Presburger formulas -
Formulas

Sets
Closure Properties

Presburger sets

Closure Properties

Lemma: Presburger sets are closed under U, N, N7 — X and .

Proof: Follows immediately from the definition of Presburger
formulas, since the operations U, N, N" — X and 7 correspond to
V, A, = and (3x;)P(x1, ...xn) on Presburger formulas, and
Presburger formulas are closed under these operations.
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Definitions

Semilinear sets ~ -
Examples

Properties

Semilinear sets

Definitions

Let C, P C N". Define L(C; P) C N” as
k
L(C,P)={x+> tixi|x€ CandV1<i<k,tieNx e€P}.

i=1
C is called the set of constants, and P the set of periods.

L C N" is linear if L = L(C; P) for a singleton set C and a finite
set P.
S C N" is semilinear if it is a finite union of linear sets, i.e.,

k
S = | L(G;; P;) for singleton sets C; and finite sets P;.
i=1
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Definitions
Examples
Properties

Semilinear sets

Semilinear sets

Examples

@ The set N" = £(0";{e1,...,en}) is semi-linear.

@ The set X C N? defined as X = {(x, y)|x > 1} is semi-linear
as X = £((1,0);{(1,0),(0,1)})

@ The set X C N” defined by

X ={(a1,-..,an)|a1 not divisible by 5} is semi-linear because
X = L({e1,2e1,3e1,4e1}; {5e1, €2, ..., €n})
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Definitions
Examples
Properties

Semilinear sets

Semilinear sets

Basic Properties

Lemma:
o For Cl, C2,P - Nn,
E(Cl U G; P) = ﬁ(Cl; P) U ﬁ(CQ; P)
@ For C,P1, P, CN”",
L(L(C; Pr); P2)) = L(C; PLU Py)
() For Cl, P1 - Nk and C2, P2 - NI,
E(Cl; Pl) X ﬁ(Cg; P2) = ﬁ(Cl x Co; (Pl X {0’})U({Ok} X P2))

Proof: Follows from the definition.
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Definitions
Examples
Properties

Semilinear sets

Semilinear sets

Basic Properties

Corollaries:
o If S C N" is semilinear and P C N” is finite, then £(S; P) is
semilinear. )
Follows by noticing that S = |J £(C;; P;) and using lemmas 1

and 2 successively. =

e If X CN"and Y C N™ are semilinear, then X x Y C N+m
is semilinear.
Follows from lemma 3 because the cartesian product
distributes across union.
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Definitions
Examples
Properties

Semilinear sets

Semilinear sets

Closure under Linear Maps

Lemma: If 7: N” — N is a linear map, and A C N" is
semilinear, then 7(A) is semilinear.

k
Proof: As A is semilinear, A= |J £(C;; P;). Then,
i—1

1

r(A) = 7(J £(G:2) = U (£(Ci 2) = U £ r(P))

i=1

Hence, 7(A) is semilinear.
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Definitions
Examples
Properties

Semilinear sets

Semilinear sets

Closure Properties

Theorem: Semilinear sets are closed under U, N, N” — X and .

Proof: Semilinear sets are clearly closed under U, since the finite
union of semilinear sets is a finite union of a finite union of linear
sets, which is simply a finite union of linear sets, and is hence
semilinear.

The proofs for the remaining parts of the theorem are much longer.

Rohit Kumar and Adithya Upadhya Presburger formulas and Semilinear sets



Definitions
Examples
Properties

Semilinear sets

Closure under Intersection

Let L = L(x0; {x1, .-, xp}), L' = L(xq: {x1, ..., x5 }) be linear sets.

P q
Define A= {(y,z) e NPT |xo+ 3" yixi = xg + >_ zix},
=1 i=1

1=

P q
B={(y,z) e NPTI| 3" yix; = 3 zx{}, and
i=1 i=1

1

p
7:NPt9 - N"as 7(y,z) = ) yix;. T is a linear map.
i=1
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Definitions
Examples
Properties

Semilinear sets

Closure under Intersection

Let C and P be the set of minimal elements in A and B — {0"}.
These sets are finite since their elements are pairwise incomparable.
By arguments identical to those for basic Presburger sets, we have
that A= £(C; P) and hence, A is semilinear.
LNl ={xo+u|uecT(A)}, and hence, LN L" is semilinear.

n m
Let X = U L;j and X’ = |J L) be two semilinear sets.

=1 =1

1 n m 1
XNX = U L NL;, afinite union of semilinear sets, and

i=1j=1
hence semilinear.
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Definitions
Examples
Properties

Semilinear sets

Closure under inverses of Linear Maps

Lemma: If 7: N” — N is a linear map, and AC N7 is
semilinear, then 771(A) is semilinear.

Proof: Define n: N" — N n(x) = (x,7(x)). n is linear.
Hence, n(N") is semilinear. Since A is semilinear, N7 x A is
semilinear, and hence, K = n(N") N (N" x A) is semilinear as well.
Define 7 : N™™™ — N 7(x,y) = x. 7 is linear.

Hence 7(K) is semilinear. Note that 7(K) = 771(A), and hence,
771(A) is semilinear.
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Definitions
Examples
Properties

Semilinear sets

Linear Independence of Periods

Lemma: Every linear set L can be written as the union of linear
sets with linearly independent periods.

Proof: By induction on the number of elements in P. The
statement is clearly true if L has only one period.

Assume the statement is true for linear sets with < m periods.

Let L have m+ 1 periods, i.e., L = L(xo; {x1, .., , Xm+1}, and let
the periods be linearly dependent. Then, by a relabelling of indices
of the periods, 3k, 1 < k < m such that for some as,..,am € N

k m
doaixi = Y. aiX;

i=1 i>k
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Definitions
Examples
Properties

Semilinear sets

Linear Independence of Periods

For each j > k, let G; = {xp + bjx; |0 < b; < a;} if a; > 1 and
{x0} otherwise, and P; = P — {x;}. Define Z; = L(C;, Pj)

Claim: L= Z (=2)
>k

Clearly, by definition, Z; C L for each j > k and hence, Z C L.
m

Let y = xo + Z bix;. If bj > aj for all j > k, then
i=1

—xo+be, Za,x, Zax,

i>k

_X0+Z (bi + aj X,+Z

i>k
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Definitions
Examples
Properties

Semilinear sets

Linear Independence of Periods

Thus, we can assume that b; < a; for some j > k. Then,
y =Xo+ bjxj+ > bix; € Zj and hence, L C Z, giving L = Z. Now
=

each Z; has < m [J)eriods and by the induction hypothesis, can be
written as a union of sets with linearly independent periods.
Hence, L can be written as a union of sets with linearly
independent periods and the lemma follows.
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Definitions
Examples
Properties

Semilinear sets

Span of a Basis

Definition: Given {xi,..,xx} C N”,
k
spang{x1,.,xk} ={>_ aixi|ai € ZV1 < i < k}
i=1
Lemma: Let {xi,..,x,} be a set of linearly independent vectors in

N". Then, d kg € N” such that Vy € N”, dk such that
ky € spang{xi,..,xn} and 1 < k < ko.

Proof: It is enough to show that for each ¢; = (0,...0,1,0...0)
(1 at the ith coordinate), 3 k; such that k;e; € spany{xi, ..., xn}.
We show this for i = 1, as the same proof works for all i's. Let
7 :N" — N"! be the projection onto the last n — 1 coordinates.
7 is linear.
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Definitions
Examples
Properties

Semilinear sets

Span of a Basis

{n(x1), ..., m(xn)} € N7 C QL. This is a set of n vectors in a
vector space of dimension n — 1, and is hence linearly dependent.

n
Hence Y g;m(x;) = 0 for some {q;}, with atleast one non-zero g;.

i=1
Clearing denominators, we get > rim(x;) = 0, where {r;} C Z"1.
i=1
Z I’,'ﬂ'(X,') = W(Z r,-x,-) =0 = Z riXi = (kl,O, ,0)

i=1 i=1 i=1
As the x;'s are linearly independent, k; # 0.

Thus, kie; € spanz{xi,...,xn}.
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Definitions
Examples
Properties

Semilinear sets

Span of a Basis

Lemma: Let {xi1,..,x,} € N” be a set of linearly independent
vectors and y € N Let k, denote the smallest k such that

ky € spanz{x1,...,xn}. Let kyy = E a;x; and ky = Z bix;.
i=1

Then, dp € N such that k = pk, and b; = pa;.

n

Proof: Let k = pk, + r, with r < k,. Then, ry = " (bj — pa;)x;
i=1

Hence, ry € spanz{xi,...,xn}, giving r = 0.

The linear independence of {x;} gives b; — pa; =0 V1 </ <n.

Rohit Kumar and Adithya Upadhya Presburger formulas and Semilinear sets



Definitions
Examples
Properties

Semilinear sets

Closure under Complements

Lemma: let L = £(0"; {x1,...,xj,}) be a linear subset of N” with
independent periods. Then N" — [ is semilinear.

Proof: Let P = {xi,...,xj,} be the set of independent periods of

the X. Adjoin n— jo of the ¢;'s to P to get n linearly independent
vectors in N, Let kg be as in the previous lemma.
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

Define the following sets:
o Gt ={yeN"|k,y=>" ajx; = i such that a; < 0} and
i=1
H; =N"—- G;
o Go={yeN"|kyy=>" ajx; = 3i > j such that a; > 0}
i=1
and H2 = H1 — G2
Note that both Gy, G € N” — L. Hence,
N — [ = (Gl U G2)U ((Nn — (Gl U Gz)) — L)
= G]_UGQU((H]_—G2)—L): G1UG2U(H2—L).
Hence, to show that N” — L is semilinear, it suffices to show that
G1, Gy and Hy — L are semilinear.
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

Define the following linear maps:
@ For 1 < k < ko and I C{1,...,n}, define
Tt o NTX N — NTx N, 7 1 (y,a) = (ky + 3 aixi, D aix)
icl il
o m:N"xN"— N" 7(x,y) = x
Define the following subsets of N” x N":
o K={(y,y)lyeN"}. Let T:N" - N"xN", T(y) = (y,y).
Then T is linear, and K = T(N") and is hence semilinear.
e D;={(y,a)|a;>0}. D;=L(enti;{e1,..-,€n}) and hence,
D; is semilinear.
o A= {(y’ a) | aj>0Vie /} A= ‘C(Z €n+is {61,...,62,,})
iel
and hence, A; is semilinear.
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

First, we show Gj is semilinear.

T,:,l(K) and A are semilinear, thus TI:}(K) N Ay is semi-linear, and
7T(Tk_’ll(K) N A;) is semilinear as well.

G=U U W(TI:,I(K) N A;) and hence, G; is semilinear.

k<ko 176
Next, we show Gy is semilinear.

D; is semilinear, thus D; N Tk_}(K) N A, is semi-linear, and
m(DiN T,:,l(K) N A) is semilinear as well.

G=U U U 7(DinNA ﬂT,:,l(K)) and hence, G, is
i>jo IC{1,...,n}—{i} k<ko ’
semilinear.
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

It remains to prove Hy — L is semilinear.
For k < kg and j < jo, define

. J
Bij = {(y,b) € N" x N0 | k,y = > ajx;, aj not divisible by k,}.
i=1

Define Ex = {(y,a) € N" x N? | k,y = Z bix;} and

Fij = {(y, b)| bj is not divisible by k}. Ek and F; are semilinear.
Also, Byj = Ex N Fy; and thus By; is semilinear. Now,

H» — X = |J U 7(Byj). Hence, Ho — L is semi-linear and thus
J<jo k<ko
we are done.
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

Lemma: let L C N” be a linear subset with independent periods.
Then N” — [ is semi-linear.

Proof: Let L = L(xo; {x1,...,xk}) with kK < n.

For each i such that (xg); > 0, define C; = {(u1,...,un)|ui=0

for j# iand 0 < uj < (x0)i} and Pi = {e1,..., €1, €41, ..., €n}.

Then, Z; = L(GC;; P;) is semilinear and G = |J Z; is the set of
x0);i>0

all elements in N” such that y > xq is false.(T)hus, GCN"— L.

Let Y ={y e N"|x <y}. Y =N"—G, and hence,

N'—L=GUN"—-L-G)=GU(Y —L).
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

Now, we show Y — L is semilinear.

Define f : N” — Y, f(y) =y + xo0. Note that

f(L(C; P)) = L(f(C); P) and hence, Z is semilinear = f(Z) is
semilinear. We have that

FUY — L) = YY) - f (L) = N"— £f71(L).

f=(L) = L(0"; {x1,...,xn}) and thus N" — f~1(L) is semilinear by
the previous lemma. Since Y — L C f(N"),

Y —L=f(f"}(Y — L)), and hence, Y — L is semilinear.
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Definitions
Examples
Properties

Semilinear sets

Closure under Complements

Theorem: Let Y C N” be a semilinear subset. Then N7 — Y is a
semilinear subset of N”.

Proof: It is enough to consider the case when Y is linear. By the

m
lemma on independent periods, Y = |J Z; with each Z; being
i=1

m

linear with independent periods. Then, N — Y = (| (N" — Z;).
i=1

By the previous lemma, each N” — Z; is semilinear, and the

intersection of semilinear sets is semilinear. Hence, N7 — Y is
semilinear.
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Semilinear C Presburger

Semilinear sets are Presburger sets

We will now show that every Semilinear set is Presburger.
Let L C N” be linear. Then, L = L(vo; {v1, ..., vk })-
Let vjj, 0 <7 < k,1 <j < ndenote the jt coordinate of v;.

k
Define Pr(x1, ..., xn) := (Fa1)...(Fak) (/\J’.’_1 (xj=wvoj + > a,-v,-j)>
i=1
P1 describes L, and hence L is a Presburger set.
k
If S is semilinear, then S = J L; for linear sets L;.
i=1

k
Define Ps := \/ Py,, and Ps describes S.
=1

=
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Presburger C Semilinear

Presburger Sets are Semilinear Sets
Outline of proof

We will now show that every Presburger set is Semilinear.
We call a Presburger set B C N a basic Presburger set if B is
described by a Presburger formula P, where

n n
P = <t0+ dotixi =ty + > t,fx,->.

i=1 i=1
We show that basic Presburger sets are semilinear. All Presburger
sets are obtained through operations U, N, N” — X and 7 on basic
Presburger sets, and since semilinear sets are closed under U, N,
N" — X and m, all Presburger sets are semilinear.
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Presburger C Semilinear

Basic Presburger sets are Semilinear

Let B be a basic Presburger set described by

n n
P = <t0+ Yotixi=th+ > t{x,-).
=1 i=1
Let P’ be the corresponding homogeneous formula,
(Z tix; = Z t’x,>
Let C be the set of mlnlmal solutions to P and P be the set of
minimal solutions to P’ in N” — {0"}. C and P are finite, since
their elements are pairwise incomparable.
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Presburger C Semilinear

Basic Presburger sets are Semilinear

Claim: B = £(C; P) and hence, B is semilinear.

Proof: Solutions to P’ are closed under addition, and if v solves P
and u solves P’, v + u solves P. Hence, L(C; P) C B.

Now, assume v solves P. Then 3v' € C such that v/ < v.
Further, v — v/ solves P’. We show that any solution of P’ is in
L£(0"; P), and hence B C L(C; P).
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Presburger C Semilinear

Basic Presburger sets are Semilinear

Let v € N” solve P’. We show that v € £(0"; P).
The proof is by induction on s = " v;.

i=1
For s =10, 0" € L(0"; P).
Assume that for s < k, v solves P’ = v € L(0"; P).
Let v be such that s = k + 1. Then, 3v' € P such that v/ < v,
v/ #£0". Then v — v/ has s < k and solves P’, and hence,
v — v/ € L(0"; P). Hence, v € L(0"; P) as well.

This completes the proof of equivalence of Semilinear sets and
Presburger sets.
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