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u.p. reducible functions

A function f: N — N, is u.p. reducible if,

for every modulus m, there is a period p s.t. for all but finitely manyn € N

f(n) = f(n+p)(mod m)



Essentially increasing function

A function f: N — N, is essentially increasing if,

for every k, f(n) = k for all but finitely manyn € N



Notations

[ = {f| f is essentially increasing and u.p.reducible}
G ={f| f is u.p.preserving}

* H ={f| f is u.p.reducible}



FcaGg

* Let f be essentially increasing and u.p. reducible and A is u.p.

* Take ng, m such that (V\n > nyg)(n € A © n+m € A)

* Then, (Vnq,n, > no)(nl =n, (modm)=>Mn, €EA&n, € A))

* Take ng,pst. (Vvn = ngy) (f(n) =2 nyg & f(n) = f(n + p)(mod m))

* Then,

nzny=f(n),f(n+p) =2ne &) = f(n+p)imod m)

>fn)ede f(n+p)eA
s>neflA)en+pef A

*So, f~1(4) is u.p.



F+G

e Define

Fn) = {O if niseven

n! 0.W.
* fis not essentially increasing and hence f & F.

* And if Ais u.p., f “1(A4) contains either all or no even numbers; and
either only finitely many or all but finitely many odd numbers

*So, f1(A)isu.p.and f € G



G CH

* Let f be u.p. preservingand m € N
s F7Y({jlj = n(mod m)}) isu.p.for0 <n<m-1
* If pis common period for these m u.p. sets, then

f(n) = f(n+p)(mod m)

for all but finitely many n.



G+ H

* For any set A, s.t. Ais non u.p., define

fln) = {7’?! T

* For every m and every n = m,
fm)=f(n+1) =0(mod m)

*So f € H.But{0}isu.p.and f~1({0}) = Aisnotu.p.,,so f € G



H 2 {f|P(f,L)is regular for every regular L < {1}"}

e Let f: N — N be any function. Then,
g=n+fn)
is essentially increasing function.

* Let P(f,L)is regular for every regular L € {1}" and let A is u.p.
* Then,
g (4) = {ilg(d) € A}
= g~ "(A) = {ili + f(i) € A}
= g~ '(4) = {Ixl|x € P(f,{z € {1}"||z] € A})}
isu.p.sog € G € H,sof € H(His closed under sum and
difference (if resulting function is N — N).



H c {f|P(f,L)is regular for every regular L < {1}"}

* Let f be u.p. reducible. Then, g € F, and so, g is u.p. preserving

e Let L € {1}" is regular. Now
P(f,L) = {x[3y (f(x]) = |yl&xy € L)}
= {x[3y (g(|x]) = |xy|& xy € L)}
= {x € {1}"lIx| € g7* {lzllz € L}}
is regular



G={f e H|f *({{jDisu.p.for every j}

* Let f € G, then f € H, and since {j} is u.p. for each j, f ~1({j}) is u.p.
for each .
* For other side, let f € H and f~1({j}) is u.p. for everyj. and let A is
u.p.
* Let ny, p be s.t.
m=2ngyneAdAen+peA

* Then,

{iEAuzno}:( g {j|jzn<modp>})—{j|j<no}

neai
no<n<n+p



* Then,
f7HA) = £ € Alj < ne)US () € Alj = no})
= f71({j € Alj <noHUf ™ (U nea {lj =n(mod P)}) — UlJ <7}

nogsn<n+p

_ (U f‘l({i})) U (( |J wr@ =nomod p)}> - (U fl({i})>>
jEA neA j<ng

j<n0 Nnos=n<n+p



