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u.p. reducible functions

A function , is u.p. reducible if,

for every modulus m, there is a period p s.t. for all but finitely many 



Essentially increasing function

A function , is essentially increasing if,

for every k, for all but finitely many 



Notations

•

•

•



• Let f be essentially increasing and u.p. reducible and A is u.p.
• Take ଴ such that ଴

• Then, ଵ ଶ ଴ ଵ ଶ ଵ ଶ

• Take ଴
ᇱ s.t. ଴

ᇱ
଴

• Then,
଴
ᇱ

଴

ିଵ ିଵ

• So, ିଵ is u.p.



• Define 

• f is not essentially increasing and hence 
• And if A is u.p., ିଵ contains either all or no even numbers; and 

either only finitely many or all but finitely many odd numbers
• So, ିଵ is u.p. and 



• Let f be u.p. preserving and 
• ିଵ is u.p. for 
• If p is common period for these m u.p. sets, then

for all but finitely many n.



• For any set A, s.t. A is non u.p., define

• For every m and every ,

• So . But {0} is u.p. and ିଵ is not u.p., so 



• Let f: be any function. Then,

is essentially increasing function.
• Let ∗ and let A is u.p.
• Then,

ିଵ

ିଵ

ିଵ ∗

is u.p. so (H is closed under sum and 
difference (if resulting function is ).



• Let f be u.p. reducible. Then, , and so, g is u.p. preserving
• Let ∗ is regular. Now

∗ ିଵ

is regular



• Let , then , and since {j} is u.p. for each j, ିଵ is u.p. 
for each j.

• For other side, let and ିଵ is u.p. for every j. and let A is 
u.p.

• Let ଴ be s.t.
଴

• Then,

଴

௡∈஺
௡బஸ௡ழ௡ା௣

଴



• Then,
ିଵ ିଵ

଴
ିଵ

଴

ିଵ
଴

ିଵ
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௡బஸ௡ழ௡ା௣
଴

= ራ 𝑓ିଵ {𝑗}
௝∈஺

௝ழ௡బ

⋃ ራ {𝑖|𝑓(𝑖) ≡ 𝑛 𝑚𝑜𝑑 𝑝 }
௡∈஺

௡బஸ௡ழ௡ା௣

− ራ 𝑓ିଵ {𝑗}

௝ழ௡బ


