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Prefix removals of regular languages

@ Languages that consist of prefixes of strings from another language
can be constructed.
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Prefix removals of regular languages

@ Languages that consist of prefixes of strings from another language
can be constructed.
@ Examples :
© FIRST-HALF(L) = {x | y(ly| = |x|] & xy € L)}
@ SQUARE-ROOT(L) = {x | Jy(|xy| = |x|*> & xy € L)}
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Prefix removals of regular languages

@ Languages that consist of prefixes of strings from another language
can be constructed.
@ Examples :
© FIRST-HALF(L) = {x | y(ly| = |x|] & xy € L)}
@ SQUARE-ROOT(L) = {x | Jy(|xy| = |x|*> & xy € L)}
@ We need a characterization which can tell us whether a given prefix
removal of a regular language is regular.
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Definition 1

For each binary relation r on N and each language L,
P(r, L) = {x | 3y(r(Ix],y]) & xy € L)}
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For each binary relation r on N and each language L,
P(r, L) = {x | 3y(r(Ix],y]) & xy € L)}

Definition 2

A relation r is regularity preserving if,
P(r, L) is regular for every regular language L.
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@ We can define regularity preserving functions by expressing a function
f: N — N as a relation {(n, f(n))|n € N}
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For each binary relation r on N and each language L,
P(r, L) = {x | 3y(r(Ix],y]) & xy € L)}

Definition 2

A relation r is regularity preserving if,
P(r, L) is regular for every regular language L.

.

@ We can define regularity preserving functions by expressing a function
f: N — N as a relation {(n, f(n))|n € N}

@ Example, FIRST-HALF(L)

@ Use the function f(n) = n
@ P(f,L) = {x [ Iy(lyl = f(Ix]) & xy € L)}
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A set A C N is ultimately periodic(u.p.) if there exists p > 1 and n, > 0
such that
neAsn+peA
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A set A C N is ultimately periodic(u.p.) if there exists p > 1 and n, > 0
such that

neAsn+peA

Definition 3

A relation r is u.p. preserving if,
r~Y(A) = {i| (3j € A) r(i,j)} is u.p. for every u.p. set A.
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A set A C N is ultimately periodic(u.p.) if there exists p > 1 and n, > 0
such that

neAsn+peA

Definition 3

A relation r is u.p. preserving if,
r~Y(A) = {i| (3j € A) r(i,j)} is u.p. for every u.p. set A.

© Consider the relation r = {(n,n) | n€ N}
© Take any u.pset ACN.
Q@ r'i(A=A
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Characterization as u.p. preserving relations

If L is regular, then {|x| | x € L} is u.p. I
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Characterization as u.p. preserving relations

If L is regular, then {|x| | x € L} is u.p. I
If Ais u.p., then {x € ¥* | |x| € A} is regular for every finite I
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Characterization as u.p. preserving relations

A relation is regularity preserving iff it is u.p. preserving I
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Characterization as u.p. preserving relations

A relation is regularity preserving iff it is u.p. preserving \

Proof (—)

Suppose r is regularity preserving. Let A be any u.p.
Q@ L={1"| ne€ A} is regular.
@ M =0*1nP(r,0"1L) is regular.
@ M= {x|3y(r(Ix[,]y]) & x €01 & y € L)}
© Since M is regular, {|x| | x € M} is u.p.
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Characterization as u.p. preserving relations

A relation is regularity preserving iff it is u.p. preserving \

Proof (—)

Suppose r is regularity preserving. Let A be any u.p.
Q@ L={1"| ne€ A} is regular.
@ M =0*1nP(r,0"1L) is regular.
@ M= {x|3y(r(Ix[,]y]) & x €01 & y € L)}
© Since M is regular, {|x| | x € M} is u.p.
Q@ r }(A)={|x| | x€ M}uU{0}is u.p.
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Characterization as u.p. preserving relations

A relation is regularity preserving iff it is u.p. preserving \

Proof (+)
Assume r is u.p. preserving. Suppose L is regular. From the MN relation
for L, we get finitely many regular sets Ly, ...., L. Define R; such that

{y|xyel&xel;}
QO X'=LULU..UL
(2] L=Lﬁ(L1UL2U...ULk)
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A relation is regularity preserving iff it is u.p. preserving \

Proof (+)
Assume r is u.p. preserving. Suppose L is regular. From the MN relation
for L, we get finitely many regular sets Ly, ...., L. Define R; such that

{y|xyel&xel;}

QX =LULU..ULg

@ L=LN(L1ULU..UL)
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Characterization as u.p. preserving relations

A relation is regularity preserving iff it is u.p. preserving \

Proof (+)

Assume r is u.p. preserving. Suppose L is regular. From the MN relation
for L, we get finitely many regular sets Ly, ...., L. Define R; such that
{y I xyelL&xel;}

QO XY=L ULU..UL

Q@ L=LN(LULlyU..ULy)

Q@ P(r,L)y=(P(r,L)NL1)U(P(r,L)Nn L) U...U(P(r,L)N L)
Q P(r,L)nLi={x|3y(r(|x],ly]) & xy € L} N L;

@ P(r,L)nLi={x||xler*({lyllyeR}}InL

11Sc Regularity Preserving Relations 11th November 2021 11/36



Contents

e U.p. degenerating relations

Regularity Preserving Relations 11th November 2021 12 /36



U.p. degenerating relations

Definition

If a binary relation r is U.P. degenerating then, r=1(A) is finite if A is
finite and r~1(A) is cofinite if A is infinite

Note :- A is a Up set in above definition
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U.p. degenerating relations

Examples of degenerating relations

Consider relation r = {(n, n)|n € N}
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U.p. degenerating relations

Examples of degenerating relations

Consider relation r = {(n, n)|n € N}

pairs which will be in relations r = { (1,1), (2,2), (3,3), (4.4), (5,5), ...}
A is a range of relation r, i.e all possible outputs of relation r

r~1(A) is the domain of the relation r, i.e all possible inputs of relation r

Is set A a up set? If it is a U.P set then is the relation r U.P. degenerating
relation?

v
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U.p. degenerating relations

Examples of degenerating relations
Consider relation r = {(n, n)|n € N}

pairs which will be in relations r = { (1,1), (2,2), (3,3), (4.4), (5,5), ....}
Set A is a UP set
For each i, it can be seen that r(/,j) holds for every j such that i = j

It can be seen that set A is infinite set and also it can be seen that r—1(A)
is also cofinite.

It is also easy to argue that if set A would have been finite then by the
condition on i and j, r~1(A) would also be finite
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U.p. degenerating relations

Examples of degenerating relations
Consider relation r = {({n%J, n— {n%mn e N}

pairs which will be in relations r = { .....(3,12), (4,12) , (4,13), (4,14),
(4,15) ....... (4,20), (5,20), (5,21) .. (5,30), (6,30)..}

A is a range of relation r, i.e all possible outputs of relation r

r~1(A) is the domain of the relation r, i.e all possible inputs of relation r

Is set A a up set? Is relation r UP degenerating relation?

11Sc Regularity Preserving Relations 11th November 2021 16 / 36



U.p. degenerating relations

Examples of degenerating relations
Consider relation r = {(Lnéj, n— Ln%J)|n € N}

pairs which will be in relations r = { .....(3,12), (4,12) , (4,13), (4,14),
(4,15) ....... (4,20), (5,20), (5,21) .. (5,30), (6,30)..}

Set A is a UP set

For each i, it can be seen that r(/,j) holds for every j with
P—f< € P

Lets take i = 4, range for j will be 12 < j < 20

It can be seen that set A is infinite set and also it can be seen that r=1(A)
is also cofinite.

It is also easy to argue that if set A would have been finite then by the
condition on i and j, r~*(A) would also be finite

v
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U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.
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U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.

Proof
Let L be any regular language over )

In proving Theorem 1, we found that regular sets Ly, Lo, ...., Lx and
Ri, Ra, ...., Rk over > such that, for any relation r on N

P(r,L) = (P(r,L)N L) U(P(r,L)Nn L) U...U(P(r,L) N L) .. (defined
earlier)

P(r,L) = UL ({x € Z"lIxl € r({lyl,y € RPN Li)
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U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.

@ For rl and r2 u.p degenerating relations, we define
@ Lj={xeX lxlert(ylyeR}} .. 1<i<k1<j<2)

v
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U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.

@ For rl and r2 u.p degenerating relations, we define
@ Lij={xeX lIxler(lyyeR}} . (1<i<k1<j<2)
Q@ P(r1,L)— P(r2,L)=U% (LixNL)—U (LiaNL)

v
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U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.

@ For rl and r2 u.p degenerating relations, we define

@ Lij={xeX lIxler(lyyeR}} . (1<i<k1<j<2)
Q@ P(r1,L)— P(r2,L)=U% (LixNL)—U (LiaNL)

Q@ P(rl,L)— P(r2,L) = Uk ((Li1 — Li2) N L)

v
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U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.

Proof
@ For rl and r2 u.p degenerating relations, we define
@ Lij={xeX lxler'(lyllyeR})} . 1<i<k1<j<2)
Q@ P(r1,L)— P(r2,L)=U% (LixNL)—U (LiaNL)
Q@ P(r1,L)— P(r2,L) = UK ((Li1— Li2) N L;)
Q@ P(rl,L)— P(r2,L) = Uk ((Li1N(Li2)) N L)

v

11Sc Regularity Preserving Relations 11th November 2021 20/36



U.p. degenerating relations

If r1 and r2 are U.P. degenerating relations, then P(rl,L) — P(r2,L) is
finite for every regular Language L.

Proof

For r1 and r2 u.p degenerating relations, we define

Lij={xeX lIxler(lyl,lyeR}} . 1<i<k1<j<2)
P(r1,L) — P(r2,L) = Uk (Li1 N L) — U% (Lia N L;)

P(r1,L) — P(r2,L) = Ufle((L,-’l —Lio)N L)

P(rl,L) — P(r2,L) = Ufle((L,-,l N(Li2)) N L)

Now if R; is finite, then L;; will be finite and (L;2)¢ will be co-finite
and intersection of these two will be finite. Similarly we can observe
the case when R; will be infinite.

©0 00 O0CO0

v
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U.p. degenerating relations

Examples

Examples ?f degenerlating relations are
r1={(ln2],n~[n2])In € N}
r2={([n}],n— |n3])n € N}

r3 = {(lloga(n)|, n — [logx(n)])[n € N}

If we take any of the the above two relations, lets say 1 and r3 and a
regular language L then P(rl,L) — P(rs3, L) will be finite.

For sufficiently long string x,

x € P(rl,L) <= x € P(r3,L) <= x € P(r2,L)
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Definition 1
A function f : N — N is u.p. reducible if, for every modulus m, there
exists a period p such that f(n) = f(n+ p) mod m for all but finitely

many n € N.
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many n € N.
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Definition 1
A function f : N — N is u.p. reducible if, for every modulus m, there
exists a period p such that f(n) = f(n+ p) mod m for all but finitely

many n € N.

@ f(n) = n?is u.p. reducible.
@ For any m, 3p(n? = (n+ p)?> mod m)
@ (n+ p)? mod m= (n®> mod m+ p(2n+ p) mod m) mod m
© If we take p = m then, n?> = n> mod m which holds for all n.
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Definition 1
A function f : N — N is u.p. reducible if, for every modulus m, there
exists a period p such that f(n) = f(n+ p) mod m for all but finitely

many n € N.

@ f(n) = n?is u.p. reducible.
@ For any m, 3p(n? = (n+ p)?> mod m)
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F(n) = 0 if. n is. even
nl if nis odd

11Sc Regularity Preserving Relations 11th November 2021 23 /36



Definition 1
A function f : N — N is u.p. reducible if, for every modulus m, there
exists a period p such that f(n) = f(n+ p) mod m for all but finitely

many n € N.

@ f(n) = n?is u.p. reducible.
@ For any m, 3p(n? = (n+ p)?> mod m)
@ (n+ p)? mod m= (n®> mod m+ p(2n+ p) mod m) mod m
© If we take p = m then, n?> = n> mod m which holds for all n.

Q
F(n) = 0 if. n is. even
nl if nis odd
@ u.p. reducible Vn > m

11Sc Regularity Preserving Relations 11th November 2021 23 /36



Definition 2

A function f : N — N is essentially increasing if, for every k, f(n) > k for
all but finitely many n € N.
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A function f : N — N is essentially increasing if, for every k, f(n) > k for
all but finitely many n € N.

Q f(n)=n

11Sc Regularity Preserving Relations 11th November 2021 24 /36



Definition 2

A function f : N — N is essentially increasing if, for every k, f(n) > k for
all but finitely many n € N.

Q f(n)=n
@ For any and every k, f(n) > k for n > k
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Definition 2

A function f : N — N is essentially increasing if, for every k, f(n) > k for
all but finitely many n € N.

Q f(n)=n
@ For any and every k, f(n) > k for n > k

0 if nis even
f(n) = L
nl if nis odd

2]
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Definition 2

A function f : N — N is essentially increasing if, for every k, f(n) > k for
all but finitely many n € N.

Q f(n)=n
@ For any and every k, f(n) > k for n > k

0 if nis even
f(n) = L
nl if nis odd

2]

@ Not essentially increasing
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Definition 1

F = {f | f is essentially increasing and u.p. reducible}
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Definition 1

F = {f | f is essentially increasing and u.p. reducible}

Definition 2
G ={f | f is u.p. preserving}
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Definition 1
F = {f | f is essentially increasing and u.p. reducible}

Definition 2
G ={f | f is u.p. preserving}

Definition 3

H = {f | f is u.p. reducible}
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Class of Regularity Preserving functions

FcG
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Class of Regularity Preserving functions

FcG

Proof (C)
Assume f € F. Suppose A with n,, m is u.p.
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Class of Regularity Preserving functions

FcG

Proof (C)
Assume f € F. Suppose A with n,, m is u.p.

Q@ Vn>n,neAsn+meA

@ Vni,n > no, (N =nmod m)= (n € A& n € A)

11Sc Regularity Preserving Relations 11th November 2021 26 /36



Class of Regularity Preserving functions

FcG

Proof (C)
Assume f € F. Suppose A with n,, m is u.p.

Q@ Vn>n,neAsn+meA

@ Vni,n > no, (N =nmod m)= (n € A& n € A)
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Class of Regularity Preserving functions

FcG

Proof (C)
Assume f € F. Suppose A with n,, m is u.p.
Q@ Vn>n,neAsn+meA
@ Vni,n > no, (N =nmod m)= (n € A& n € A)
© Since f € F, f is u.p. reducible for n > nl.
@ n>nl, = f(n),f(n+p)>n, & f(n)=f(n+ p) mod m
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Class of Regularity Preserving functions

FcG

Proof (C)
Assume f € F. Suppose A with n,, m is u.p.

Q@ Vn>n,neAsn+meA

@ Vni,n > no, (N =nmod m)= (n € A& n € A)
© Since f € F, f is u.p. reducible for n > nl.

@ n>n, = f(n),f(n+p)>n, & f(n)=rf(n+p) mod m
@ = (f(neAsf(ntp)eA)=(nef(A) e n+pefl(A)
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Class of Regularity Preserving functions

FcG

Proof (C)
Assume f € F. Suppose A with n,, m is u.p.
Q@ Vn>n,nceAsn+meA
@ Vni,n > no, (N =nmod m)= (n € A& n € A)
@ Since f € F, f is u.p. reducible for n > nl.
@ n>n, = f(n),f(n+p)>n, & f(n)=rf(n+p) mod m
@ = (f(neAsf(ntp)eA)=(nef(A) e n+pefl(A)
@ (A)is u.p.

Recall a f ¢ F. However, f"}(A)isu.p. so f € G
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Class of Regularity Preserving functions
FcaG I

Q f(n)=n. fe€F=fecG. Therefore, f is u.p. preserving. Using
Theorem 1, f is also regularity preserving.
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Class of Regularity Preserving functions
FcaG I

Q f(n)=n. fe€F=fecG. Therefore, f is u.p. preserving. Using
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Q f(n)=n. fe€F=fecG. Therefore, f is u.p. preserving. Using
Theorem 1, f is also regularity preserving.
@ P(f,L) is regular for any regular language L.
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Class of Regularity Preserving functions
FcaG I

Q f(n)=n. fe€F=fecG. Therefore, f is u.p. preserving. Using
Theorem 1, f is also regularity preserving.

@ P(f,L) is regular for any regular language L.
@ P(f,L)is FIRST-HALF(L). Therefore, FIRST-HALF(L) for a regular
language L is regular.

@ f(n)=n*>—-n?

11Sc Regularity Preserving Relations 11th November 2021 27 /36



Class of Regularity Preserving functions

Theorem 4
GCH
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Class of Regularity Preserving functions

Theorem 4
GCH

Assume f € G. Let m be any positive integer.
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GCH

Assume f € G. Let m be any positive integer.
@ Fl(|j=nmod m)isup. for0<n<m-1
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Class of Regularity Preserving functions

Theorem 4
GCH

Assume f € G. Let m be any positive integer.
@ Fl(|j=nmod m)isup. for0<n<m-1
@ We have m u.p. sets. If p is a common period for these sets,
f(n) = f(n+ p) mod m for all but finitely many n.
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Class of Regularity Preserving functions

Theorem 4

GCH

© Let A be a set which is not u.p. Let

if A
f(n) = OI.I‘I €
nlifn¢ A
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Class of Regularity Preserving functions

Theorem 4

GCH

© Let A be a set which is not u.p. Let

if A
f(n) = OI.I‘I €
nlifn¢ A

@ Vmand Vn>m, f(n) =f(n+1) =0 mod m.
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Class of Regularity Preserving functions

Theorem 4

GCH

© Let A be a set which is not u.p. Let

if A
f(n) = OI.I‘I €
nlifn¢ A

@ Vmand Vn>m, f(n) =f(n+1) =0 mod m.
Q@ fecH f1{0})=A So, f¢G
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Class of Regularity Functions
H = {f|P(f, L) is regular for every regular L C {1}*}

Let f be a function. Define an essentially increasing function
g(n) = n+f(n)
@ Let us assume P(f, L) is regular for every regular L C {1}*. Suppose
Ais U.P.

11Sc Regularity Preserving Relations 11th November 2021 30/36



Class of Regularity Functions
H = {f|P(f, L) is regular for every regular L C {1}*}

Let f be a function. Define an essentially increasing function
g(n) = n+f(n)
@ Let us assume P(f, L) is regular for every regular L C {1}*. Suppose
Ais U.P.

o g 1(A) = {ilg(i) € A}
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Class of Regularity Functions
H = {f|P(f, L) is regular for every regular L C {1}*}

Let f be a function. Define an essentially increasing function

g(n) =n+f(n)
@ Let us assume P(f, L) is regular for every regular L C {1}*. Suppose

Ais U.P.
o g 1(A) = {ilg(i) € A}
o g 1(A) = {ili + f(i) € A}
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Class of Regularity Functions
H = {f|P(f, L) is regular for every regular L C {1}*}

Let f be a function. Define an essentially increasing function
g(n) =n+f(n)
@ Let us assume P(f, L) is regular for every regular L C {1}*. Suppose
Ais U.P.
o g '(A) = {ilg(i) € A}
o g Y(A) = {ili + (i) € A}
o g 1(A) = {|x||x € P(f,{z € {1}*||z| € A})} .. (by definition
explained for P(f, L) )
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Class of Regularity Functions
H = {f|P(f, L) is regular for every regular L C {1}*}

Let f be a function. Define an essentially increasing function
g(n) = n+f(n)

@ Let us assume P(f, L) is regular for every regular L C {1}*. Suppose
Ais U.P.

o g7 }(A) = {ilg(i) € A}

o g }(A) = {ili + f(i) € A}

o g 1(A) = {|x||x € P(f,{z € {1}*||z| € A})} .. (by definition
explained for P(f, L) )

o Now we can observe that A and g~*(A) both are u.p sets, therefore g
is u.p preserving and thus g € G C H from theorem 4
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Class of Regularity Functions
H = {f|P(f, L) is regular for every regular L C {1}*}

Let f be a function. Define an essentially increasing function
g(n) = n+f(n)
@ Let us assume P(f, L) is regular for every regular L C {1}*. Suppose
Ais U.P.

g 1(A) = {ilg(i) € A}

g 1(A) = {ili +f(i) € A}

g 1(A) = {|x||x € P(f,{z € {1}*||z] € A})} .. (by definition
explained for P(f, L) )

o Now we can observe that A and g~*(A) both are u.p sets, therefore g
is u.p preserving and thus g € G C H from theorem 4

Now, f(n) = g(n) — n, therefore f € H
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Class of Regularity Functions

H = {f|P(f, L) is regular for every regular L C {1}*}

Assume f is u.p reducible and g be an essentially increasing function
g(n) = n+f(n)
@ Now g € F as it is always increasing and u.p reducible.
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Class of Regularity Functions

H = {f|P(f, L) is regular for every regular L C {1}*}

Proof C
Assume f is u.p reducible and g be an essentially increasing function
g(n) = n+f(n)

@ Now g € F as it is always increasing and u.p reducible.

@ g is also u.p. preserving by Theorem 3
Suppose L C {1}* is regular.
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Assume f is u.p reducible and g be an essentially increasing function
g(n) = n+f(n)
@ Now g € F as it is always increasing and u.p reducible.

@ g is also u.p. preserving by Theorem 3
Suppose L C {1}* is regular.

o P(f,L) = {x | y(f(Ix]) = Iyl & xy € L)}
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Class of Regularity Functions

H = {f|P(f, L) is regular for every regular L C {1}*}

Assume f is u.p reducible and g be an essentially increasing function
g(n) = n+f(n)
@ Now g € F as it is always increasing and u.p reducible.

@ g is also u.p. preserving by Theorem 3
Suppose L C {1}* is regular.

o P(f,L) = {x | y(f(Ix]) = Iyl & xy € L)}
o P(f,L) = {x | 3y(g(lx]) = [xy| & xy € L)} .. (g(n) = n+ f(n))

v

11Sc Regularity Preserving Relations 11th November 2021 31/36



Class of Regularity Functions

H = {f|P(f, L) is regular for every regular L C {1}*}

Assume f is u.p reducible and g be an essentially increasing function
g(n) = n+f(n)
@ Now g € F as it is always increasing and u.p reducible.

@ g is also u.p. preserving by Theorem 3
Suppose L C {1}* is regular.

o P(f,L) = {x | y(f(Ix]) = Iyl & xy € L)}
o P(f,L) = {x | 3y(g(lx]) = [xy| & xy € L)} .. (g(n) = n+ f(n))

o P(f,L)={x € {1}*] x| = g7 *({|zllz € L})}
Now P(f, L) will be regular by Lemma 2

v
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Class of Regularity Functions

Theorem 6
G={feH|FfY{})is u.p for every j}

Assume f € G. By Theorem 4, f € H.
Since {j} is certainly u.p. for each j, f~1({j}) is u.p. (By definition of u.p.
preserving functions )
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Class of Regularity Functions

Proof (D)

Assume f € H and f~1({j}) is u.p for every j. Suppose A is u.p with n,, p
such that
(VYn>no)(ne A= n+pe A

{i€AlJj=no} =(Unean,<ncn+pli | =(nmod p)}) —{j|j<no}

fFHA) =F1({j e Ali <no}) UFY({j € Alj > no})
FHA) = (Ujeajen ) U (Uneany<ncnorplilf(i) = (n mod
P)}) = (Ujcn, F 1))

Since f € H, each of the sets {i | (i) = n mod p} is u.p. From the
assumption, f~1({j}) is u.p for every j. So, f1(A) is u.p.
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@ Applications
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Applications

© Given a binary relation, we can characterize it as a regularity
preserving relation. If we have a regular language, we know for sure
that a finite state automaton exists for the set of strings that satisfy

the given relation.
@ Can achieve performance enhancements on pattern matching.
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