
Automata Theory and Computability

Assignment 1

(Total marks 35. Due on Fri 10th Sep 2021)

1. For a language L over an alphabet A, define

first-halves(L) = {x ∈ A∗ | ∃y : |x| = |y| and xy ∈ L}.

Prove or disprove: if L is regular, then first-halves(L) is regular. (5 )

2. Consider the language L over the alphabet {a, b, c} defined by the following
MSO sentence:

∃x( Qb(x) ∧
∀y(y < x =⇒ Qa(y)) ∧
∀y(y > x =⇒ Qc(y)) ∧
∀y(Qa(y) =⇒ ∃z(y < z ∧Qc(z)))).

Give an automaton or regular expression describing the language L. (5 )

3. Give a Monadic Second Order (MSO) logic sentence over the alphabet
{a, b} that defines the language of all strings over the alphabet {a, b} such
that between every pair of “consecutive” a’s (that is pairs of a’s such that
between them there are no other a’s) there is an odd number of b’s. (5 )

4. Use the algorithm for Presburger Logic done in class to construct an au-
tomaton accepting all the satisfying assigments of the formula

z = 2x− y.

Check your automaton by running it on two words, representing a satis-
fying and unsatisfying assignment respectively. (5 )

5. Construct an automaton that accepts all the satisfying assignments of the
Presburger logic formula

∃y(x + y > 5 ∧ y ≤ 2),

using the inductive procedure described in class. Show the automaton
after each inductive step. (10 )

6. Consider interpreting Presburger logic over finite words over an alphabet
A, just like MSO(A). Let us call this logic PL(A). (5 )

(a) Can it be that for every sentence ϕ of PL(A), the language L(ϕ) is
regular? Say why this may not hold.

(b) Say where an inductive proof that associates an automaton with ev-
ery formula, as done for MSO(A), might break down.


