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Propositional logic

Propositional calculus (PL) over symbols (variables) Pr :

A ::= p ∈ Pr | (¬A) | (A ∨ B)
| true | false | (A ∧ B) | (A → B) | (A ↔ B) definable

A propositional assignment s is a function assigning a boolean
value p[s] in {T ,F} to every propositional variable p in Pr ,
recursively lifted to s |= A.

Definition
Formula A is a consequence of set of formulas Th (Th |= A) if
every assignment which is a model of Th is also a model of A.
A formula A is valid for every assignment s, s |= A.
Formula A is satisfiable (Sat A) if for some assignment s |= A.

Exercise (Duality)
Show that A is valid if and only if ¬A is not satisfiable, and A is
satisfiable if and only if ¬A is not valid.



Sequent rules (Gerhard Gentzen 1934)

A sequent Th ⊢ B is an antecedent set of formulas and a
succedent formula. A derivation is a sequence of steps, each of
which is a (conclusion) sequent which follows from 0 or more
(premiss) previous sequents by application of a rule.

• Antecedent rule (Ant):
Premiss: Th1 ⊢ A. Side condition: Th1 ⊂ Th2.
Conclusion: Th2 ⊢ A.

• Assumption rule (Ass):
Side condition A ∈ Th. Conclusion: Th ⊢ A.

• Proof by cases (PC):
Premisses: Th,A ⊢ B; Th,¬A ⊢ B. Conclusion: Th ⊢ B.

• Proof by contradiction (Ctr):
Premisses: Th,¬A ⊢ B; Th,¬A ⊢ ¬B. Conclusion: Th ⊢ A.

• Disjunction rule for antecedent (Or-A):
Premisses: Th,A ⊢ C; Th,B ⊢ C. Concl: Th, (A ∨ B) ⊢ C.

• Disjunction rules for succedent (Or-S):
Premiss: Th ⊢ A. Conclusions: Th ⊢ (A ∨ B); Th ⊢ (B ∨ A).



Derived rules

• Double negation rule (DN):
Premiss: Th ⊢ ¬¬A. Conclusion: Th ⊢ A.

• 2nd Contradiction rule (Ctr’):
Premisses: Th ⊢ A; Th ⊢ ¬A. Conclusion: Th ⊢ B.

• Chain rule (Ch): Th ⊢ A; Th,A ⊢ B. Conclusion: Th ⊢ B.
• Double negation introduction (DNI):

Premiss: Th ⊢ A. Conclusion: Th ⊢ ¬¬A.
• Excluded middle (EM): Conclusion: Th ⊢ (A ∨ ¬A),
• Disjunctive syllogism (DS):

Premisses: Th ⊢ A ∨ B; Th ⊢ ¬A. Conclusion: Th ⊢ B.
• And rule (And):

Premisses: Th ⊢ A; Th ⊢ B. Conclusion: Th ⊢ ¬(¬A ∨ ¬B).
• Modus ponens (MP):

Premisses: Th ⊢ (A → B); Th ⊢ A. Conclusion: Th ⊢ B.

Theorem (Soundness of sequent calculus)
If Th ⊢ A, then Th |= A.



Consistency

Definition
If for some B, Th ⊢ B as well as Th ⊢ ¬B, then Th is called
inconsistent (Inc Th). Otherwise Th is called consistent
(Con Th).

Lemma (Consistency)

1 If not Th ⊢ A, then Con (Th ∪ {¬A}).

2 If Con Th and Th ⊢ A, then Con (Th ∪ {A}).

For the contrapositive of the first part, suppose Inc (Th ∪ {¬A}).
Then there is a derivation Th,¬A ⊢ A. On the other hand
Th,A ⊢ A by (Ass). So Th ⊢ A by (PC).
By consistency, not Th ⊢ ¬A. (1) and (DN) give the second part.

Exercise (Extension)
If Con Th, then Con (Th ∪ {A}) or Con (Th ∪ {¬A}).



Completeness

Converse to Soundness theorem is the Completeness theorem:
if Th |= A, then Th ⊢ A.

We prove it by proving the contrapositive. Suppose not Th ⊢ A.
By Consistency Lemma (1), Th ∪ {¬A} is consistent.

For contrapositive we have to show not Th |= A. By Duality
Exercise, sufficient to show that Th ∪ {¬A} is satisfiable.
That is, it is sufficient to show:

Theorem (Model construction)
If Con Th then Sat Th.
This will be done in the next lecture.

Exercise
A similar argument shows the Soundness Theorem implies:
If Sat Th then Con Th.
Thus one can check consistency by checking for satisfiability.
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