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Substitution in Formulas (EFT 111.8)

Let ¢ be an S-formula with a free var x. Let t be an S-term. Then
the substitution of t for x in ¢, written ¢[t/x], is the S-formula
obtained by replacing each free occurrence of x in ¢ by t.

If M = (D,I,A) is a model, the formula ¢[t/x] should say the
same thing about the domain element M(t) in M that ¢ says
about A(x) in M.

Example

Let ¢ be the formula
Jz(z + z = x).

@ Then ¢[y/x] is the formula
dz(z+z=y).

@ What should ¢[z/x] be?
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Substitution in Formulas (EFT 111.8)

Let ¢ be an S-formula with a free var x. Let t be an S-term. Then
the substitution of t for x in ¢, written ¢[t/x], is the S-formula
obtained by replacing each free occurrence of x in ¢ by t.

If M = (D,I,A) is a model, the formula ¢[t/x] should say the
same thing about the domain element M(t) in M that ¢ says
about A(x) in M.

Example

Let ¢ be the formula
Jz(z + z = x).

@ Then ¢[y/x] is the formula
dz(z+z=y).

@ What should ¢[z/x] be? Not the formula 3z(z + z = z),
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Substitution in Formulas (EFT 111.8)

Let ¢ be an S-formula with a free var x. Let t be an S-term. Then
the substitution of t for x in ¢, written ¢[t/x], is the S-formula
obtained by replacing each free occurrence of x in ¢ by t.

If M = (D,I,A) is a model, the formula ¢[t/x] should say the
same thing about the domain element M(t) in M that ¢ says
about A(x) in M.

Example

Let ¢ be the formula
Jz(z + z = x).

@ Then ¢[y/x] is the formula
dz(z+z=y).

@ What should ¢[z/x] be? Not the formula 3z(z + z = z), but
something like

Julu + u = 2).
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lllustrating Substitution Lemma
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Substitution Definition

Let ¢ be an S-formula, x1, ..., x, be distinct variables, and
ti,...,t, be S-terms. Then ¢[t1/x1,...,ts/xn] denotes the
formula obtained by simultaneously substituting t; for x; in .

If ¢ =3z(z+z = x A r(x,y)), what should p[y/x,w/y] be?

First define substitution on terms: t[t1,..., ty/x1,...,Xn].

Definition (Substitution for terms)

c[ti/x1, .., tn/Xn] = c
x[t1/x1, -y tn/Xn) = t;if x; = x, else x
f(ty, .. t)t/xt, .. ta/xa] = F(t[tr/x1,- .-, ta/Xa]s- -,

tilti/x, . .., tn/xn])
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Substitution Definition ctd.

Definition (Substitution for formulas)

(
(
(
(p v
(3

t=t)ta/x1, .-, tn/Xn]
R TV
B )[tl/Xla“'atn/Xn]
)[tl/Xla R tn/Xn]
xQ)[t1/X1, - - - s tn/Xn]

tn/Xn)

t[t1 /X1, .oy ta/Xa] = t'[t1/X1, .., b

r(tilt/xe, .. tn/Xn), - o, telta/xa, b

~(pltr/x1s- - s t/xa])

((p[tl/Xl,...,tn/X,,] \/’l/}[fl/Xl,..., n

Ju(elu/x, ti, /Xis - ti, /Xi.])
where X, ..., X;, are those x;s whig
occur free in dxy and t; # x;, and

u is x if x does not occur in tj,...
otherwise u is a var which does not
occur in @, ti, ..., ¢t

Im*"
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Exercise

What is
Q r(vo,f(vi,v))[va/vi, vo/va, v/ v3]
Q Ivor(vo, f(vi, v2))[va/wo, f(va, v2)/va]
Q Ivor(vo, f(vi, v2)) [vo/v1, va/va, va/vo]
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Subsitution Lemma

Lemma (Substitution)

M = QO[t]_/X]_, o00g tn/Xn]
iff

MIM(t1)/x] - - - [M(tn)/xa] & .

In particular,
M E o[t/x] iff M[M(t)/x] E ¢.
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Prenex Normal Form (EFT VIIL4)

Theorem (Prenex Normal Form)

For every FO formula ¢ we can construct a logically equivalent
formula 1 such that:

@ 1 is of the form Qix1 - -+ Qnxn X (with n > 0), where each Q;
is “3" or “Y", and x is quantifier-free;

o free(p) = free(v);

@ and the number of quantifiers in ¢ and ) are the same.
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Prenex Example

Prenex normal form example

-3Ixp(x) V Vxr(x) =
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Prenex Example

Prenex normal form example

—3xp(x) V Vxr(x) = VxVy(=p(x)Vr(y))
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Some Useful ldentities

© =1 means “g is logically equivalent to ¢".

If ¢ =1 then —p = -,

If o =1 and ¢’ =1/, then pV ¢ =9 V.
If ¢ =1 then Ixp = Ixy and Vxp = Vxi).
—3dxp = Vx—p and =Vxp = Ix—p.

If x & free(v)) then:

o dxp Vi = Ix(e V).
o Vxp Vi = Vx(p V).

©0 00O
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Proof of Prenex Theorem

Argue by induction on the number of quantifiers in ¢ (and in the
inductive step, by induction on the height of ¢).

5 | [ IxVyVz(r(x, y, z))

Formula
Height

— I I I
0 1 2 3 4 5

#Quantifiers ——
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Proof of Prenex Theorem

@ Base case: 0 quantifiers, hence ¢ is quantifier-free, and we
can take ¥ = .

@ Induction step: Consider ¢ with n+ 1 quantifiers. Use further
induction on height of ¢ (P(k): If ¢ has n+ 1 quantifiers and
has height k then ¢ has a prenex equivalent with same
number of quantifiers and free vars):

o Base case: Atomic formula, vacously true since no quantifiers.
o Induction step: Consider cases

°

° pVx

o dxv
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Prenex Proof

prenex

\‘/

prenex

Ix
@

prenex



Prenex Normal Form
[elelelelole) }

lllustrating Prenex Procedure

prenex
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