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Abstract

Let P be a set of n points in Rd and F be a family of geometric objects. We
call a point x ∈ P a strong centerpoint of P w.r.t F if x is contained in all
F ∈ F that contains more than cn points from P , where c is a fixed constant.
A strong centerpoint does not exist even when F is the family of halfspaces in
the plane. We prove the existence of strong centerpoints with exact constants
for convex polytopes defined by a fixed set of orientations and hyperplanes in
Rd. We also prove the existence of strong centerpoints for abstract set systems
with bounded intersection.

Keywords: discrete geometry, centerpoint, strong centerpoint, convex
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1. Introduction

Let P be a set of n points in Rd. A point x ∈ Rd is said to be a centerpoint
of P if any halfspace that contains x contains at least n

d+1 points of P . Equiva-
lently, x is a centerpoint if and only if x is contained in every convex object that
contains more than d

d+1n points of P . It has been proved that a centerpoint

exists for any point set P and the constant d
d+1 is tight [17].

The notion of centerpoint has found many applications in statistics, combina-
torial geometry, geometric algorithms, etc[4, 13, 14, 19]. Linear time algorithms
to compute approximate centerpoint is given in [6, 10, 11, 12, 18]. Jadhav and
Mukhopadhyay[9] gave a linear time algorithm to compute a centerpoint in the
plane. Chan[5] gave a randomized algorithm that compute the centerpoint in
Rd in O(nd−1) time.

The centerpoint question has been asked for special classes of convex objects.
[1] proves tight bounds for centerpoint for the family of halfplanes, axis-parallel
rectangles and disks in R2. Another well-studied generalization of centerpoint
is to allow more than one point. This is related to an area called ε-nets.
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N ⊂ P is said to be a (strong) ε-net of P w.r.t a family of geometric objects
R if N ∩ R 6= ∅ for all R ∈ R that contains more than εn points from P . N is
called a weak ε-net if N is any subset of Rd. Haussler and Welzl[8] showed that
small-sized ε-nets exist for range spaces of bounded VC-dimension. Small ε-net
question investigates the bounds on ε when the size of ε-net is fixed as a small
constant[1, 3, 7, 15]. Note that a centerpoint is a weak ε-net of size one, w.r.t
convex objects.

A centerpoint need not be a point of P and can be any point in Rd. In this
paper, we study the question of enforcing the centerpoint to be a point of P .
We call such a centerpoint a strong centerpoint.

We now define strong centerpoints in an abstract setting.

Definition 1. Let P be a set of n elements and S is a family of subsets of P .
Then p ∈ P is called the strong centerpoint of P w.r.t S if p ∈ S ∩ P for all
S ∈ S such that |S ∩ P | > cn, where 0 < c < 1 is a fixed constant.

It is easy to see that a strong centerpoint does not exist even when P is a
set of n points in Rd and S is defined by halfspaces. Let P be a set of n points
in convex position. For any point p ∈ P , there exists a halfspace that contains
all the points in P \ {p}. Therefore, a strong centerpoint does not exist for
halfspaces, and by extension, for disks and convex objects.

In this paper, we study the strong centerpoint question and prove tight
bounds for some classes of geometric and abstract objects.

1.1. Our results

Let P be a set of n points in Rd.

1. We prove a strong centerpoint exists for a special class of convex polytopes
viz. convex polytopes defined by a set of fixed orientations. Let F repre-
sent the set of convex polytopes defined by a set of k fixed orientations.
Then there exists a strong centerpoint p ∈ P such that p is contained in
all F ∈ F that contains more than (1 − 1

k )n points from P . Moreover,
this bound is tight. Our proof is constructive and can be converted into a
linear time algorithm to compute strong centerpoint. Our argument is a
generalization of a construction given in Lemma 2 of [2] which proves the
existence of strong centerpoint for axis-parallel rectangles.

2. We prove a strong centerpoint p ∈ P exists for family of hyperplanes in
Rd such that p is contained in all hyperplanes that contain more than
(1− 1

d )n points of P . This constant is also tight.

3. We prove the existence of strong centerpoint for set systems with bounded
intersection. Let (P,Sk) be a set system where P is a set of n elements and
Sk is a collection of subsets of P with the property that the intersection
of any k subsets in Sk contains atmost one element of P . We prove that
a strong centerpoint p ∈ P exists such that p is contained in any S ∈ Sk
such that |S ∩ P | > (1− 1

k )n.
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Section 2 gives some definitions and preliminary results that will be used in
subsequent sections. Section 3 proves the existence of strong centerpoints and
give tight bounds for the family of convex polytopes defined by a set of fixed
orientations. Section 4 proves the existence of strong centerpoints and gives
tight bounds for hyperplanes in Rd. In section 5, we prove the existence of
strong centerpoint for set systems with bounded intersection.

2. Definitions and Preliminary Results

In this section, we give some definitions and preliminary results that will be
used in subsequent sections.

Definition 2. The orientation of a halfspace is the direction of the outward
normal to that halfspace.

Note that if two halfspaces H1 and H2 are of the same orientation then one
of them is contained in the other.

Definition 3. Let C be a convex polytope in Rd. Let H1, · · · , Hk be the half-

spaces defined by faces of C such that C =
k⋂

i=1

Hi. We call H1, · · · , Hk as

defining halfspaces of C.

For a general convex polytope C, the defining halfspaces of C can be of any
orientation. We consider a class of convex polytopes where the orientation of
the defining halfspaces belong to a fixed set.

Let O be a set of orientations.

Definition 4. A family of convex polytopes C is said to be defined by O if for
any C ∈ C, the orientations of all the defining halfspaces of C belong to O.

Many common classes of geometric objects fall into this category. For exam-
ple, axis-parallel boxes are defined by a set of 2d fixed orientations viz. direction
of positive and negative axes in all the d dimensions. Some other geometric ob-
jects that fall into this category are

� Skylines in Rd: Skylines are axis-parallel boxes where one fixed axis, say
the negative axis in the dth dimension, is unbounded. These are convex
polytopes defined by 2d−1 fixed orientations viz., direction of positive axes
in all the d dimensions and direction of negative axes in all d dimensions
except the last one. Figure 1(a) shows skylines in R2.

� Orthants of fixed orientation in Rd: Orthants in Rd can be considered
as intersection of d mutually orthogonal halfspaces. For orthants of fixed
orientation, the orientations of the defining halfspaces are fixed, say as
the direction of positive axes in all the d dimensions. Figure 1(b) shows
orthants in R2.
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(c)(b)(a)

Figure 1: Examples of Convex Polytopes defined by a fixed set of Orientations: (a) Skylines
in R2 (b) Orthants of fixed orientations in R2 (c)Downward facing equilateral triangles

� Downward facing equilateral triangles: These are equilateral triangles with
one side parallel to the X-axis and the corner opposite to this side lies
below it[16]. Therefore, this family of triangles are defined by a set of
three fixed orientations viz., directions at 90◦, 210◦ and 330◦ with positive
X axis(See figure 1(c)).

� Homothets of a k-faced convex polytope where k is a fixed constant.

Definition 5. A set system (P,Sk) is said to be a set system of bounded
intersection if it satisfies the following property: For any k sets in Sk, their
intersection contains atmost one element of P .

Many geometric set systems are set systems with bounded intersection. For
example, geometric set systems defined by straight lines have the property that
any two sets intersect in atmost one point. Similarly, set systems defined by
circles have the property that any three sets intersect in atmost one point.

Lemma 1. Let P be a set of n elements and S2 be a collection of subsets of P
with the property that the intersection of any two sets in S2 contains atmost one
element of P . Then there exists p ∈ P such that p is contained in all S ∈ S2
that contains more than n

2 elements from P .

Proof. If none of the sets in S2 contain more than n
2 elements from P then

there is nothing to prove. Therefore, assume such a set S exists. Let p be any
element in S. We claim that any set that contains more than n

2 elements from
P contains p. Let S1 be any nonempty set in S2. If S1 = S then S1 contains p.
Otherwise |S ∩ S1| ≤ 1 and |S1| ≤ n

2 .

3. Convex Polytopes defined by a fixed set of Orientations

Let P be a set of n points in Rd. Let C be a family of convex polytopes
in Rd defined by a fixed set of orientations. We show the existence of strong
centerpoints for P w.r.t C and prove tight bounds.

4



Theorem 2. Let C be a family of convex polytopes in Rd defined by O and
|O| = k. Then there exists a strong centerpoint p ∈ P with respect to C such
that p is contained in all C ∈ C that contains more than (1 − 1

k )n points from
P . Moreover this bound is tight.

Proof. For each orientation î in O, let halfspace Hi have orientation î and

|Hi ∩ P | = n − n
k + 1. Let E represent the region

k⋂
i=1

Hi. We claim that

|E ∩ P | 6= 0.

Let Hi represent Rd \Hi for all i, 1 ≤ i ≤ k. Now E = Rd \ {
k⋃

i=1

Hi}

|E ∩ P | = n− |(
k⋃

i=1

Hi) ∩ P |

≥ n− k(
n

k
− 1)

≥ k

Therefore, region E contains at least k points from P .
Let p ∈ P be any point in E. We claim that p is a strong centerpoint for P

w.r.t C i.e., p is contained in all C ∈ C that contains more than n− n
k + 1 points

from P .
Let C ∈ C and |C ∩ P | > (1 − 1

k )n. Let H ′1, H
′
2, · · · , H ′k be the defining

halfspaces of C. W.l.o.g assume that Hi and H ′i have the same orientation for
all i, 1 ≤ i ≤ k. Now, either H ′i ⊂ Hi or Hi ⊆ H ′i. Suppose H ′i ⊂ Hi for some
i, 1 ≤ i ≤ k. This implies that C ∩Hi = ∅. Since Hi contains at least n

k points
of P this implies that |C ∩ P | ≤ (1− 1

k )n, a contradiction. Therefore, Hi ⊆ H ′i
for all i, 1 ≤ i ≤ k. Therefore,

E =
k⋂

i=1

Hi ⊆
k⋂

i=1

H ′i = C

Since C contains region E, C contains p.
To prove the lower bound, let P be arranged as k subsets {P1, P2, · · · , Pk}

of equal size. Each Pi is placed at unit distance from the origin along the
orientation î ∈ O.

Therefore, for all i, 1 ≤ i ≤ k, there exists halfspacesHi andH ′i of orientation
î such that Hi ∩ P = P \ Pi and H ′i ∩ P = P . For any point p ∈ Pi, C =(

k⋂
j=1

H ′j

)
∩Hi contains (1− 1

k )n points from P but does not contain p.

Corollary 1. Let P be a set of n points in R2 and T represents the family of
downward facing equilateral triangles. A strong centerpoint p ∈ P exists w.r.t
T such that p is contained in all T ∈ T that contains more than 2n

3 points from
P .
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Proof. The result follows from Theorem 2 and the fact that T is defined by a
set of three fixed orientations.

Corollary 2. Let P be a set of n points in Rd and K represents the family of
skylines. A strong centerpoint p ∈ P exists w.r.t K such that p is contained in
all K ∈ K that contains more than (1− 1

2d−1 )n points from P .

Proof. The result follows from Theorem 2 and the fact that K is defined by a
set of 2d− 1 fixed orientations.

Corollary 3. Let P be a set of n points in Rd and T represents the family of
orthants of fixed orientation. A strong centerpoint p ∈ P exists w.r.t T such
that p is contained in all T ∈ T that contains more than (1 − 1

d )n points from
P .

Proof. The result follows from Theorem 2 and the fact that T is defined by a
set of d fixed orientations.

Corollary 4. Let P be a set of n points in Rd and M represent the family of
homothets of a k-faced convex polytope, C. A strong centerpoint p ∈ P exists
w.r.tM such that p is contained in all M ∈M that contains more than (1− 1

k )n
points from P .

Proof. The result follows from Theorem 2 and the fact that M is defined by a
set of k fixed orientations, viz. the orientations of the faces of C.

4. Hyperplanes in Rd

Let P be a set of n points in Rd, d ≥ 2, and Hd represent the family of
hyperplanes in Rd. In this section, we prove the existence of strong centerpoints
for P w.r.t Hd.

Theorem 3. Let P be a set of n points in Rd, d ≥ 2. Then there exists a
strong centerpoint p ∈ P w.r.t Hd such that p is contained in all hyperplanes
that contain more than (1− 1

d )n points from P . Moreover, this bound is tight.

Proof. We prove the result using induction on d.
Note that when d = 2 the hyperplanes i.e., lines in R2 have the property

that any two lines intersect in atmost one point. Therefore, lemma 1 holds for
lines and the result holds for d = 2.

For d ≥ 3, we construct the strong centerpoint as follows. Let H ∈ Hd

be such that H ∩ P = P ′ and |P ′| = n′ where n′ > n(1 − 1
d ). If no such H

exists, then there is nothing to prove. Let p be a strong centerpoint for P ′

w.r.t Hd−1. We claim that p is contained in any hyperplane H ′ ∈ Hd such that
|H ′ ∩ P | ≥ n(1− 1

d ).
Assume there exists H ′ ∈ Hd that does not contain p. If H ′ is parallel to

H then H ′ ∩ H = ∅ and hence |H ′| ≤ n(1 − 1
d ). Otherwise the intersection

of H ′ and H is a (d − 1)-dimensional hyperplane. Let H ′′ = H ∩H ′. Since p
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is a centerpoint for P ′ w.r.t Hd−1 and H ′′ ∈ Hd−1 , by inductive hypothesis,
|H ′′ ∩ P ′| ≤ (1− 1

d−1 )n′. Therefore

|H ′ ∩ P | ≤ (1− 1

d− 1
)n′ + n− n′

= n− n′

d− 1

≤ (1− 1

d
)n

(since n′ ≥ (1− 1
d )n)

To prove the lower bound, consider P as d disjoint subsets of equal size,
each arranged uniformly along the positive axes in d dimensions. For any point
p ∈ P there exists a hyperplane, containing the origin and perpendicular to the
axis containing p, that does not contain the subset containing p and contains
all the remaining (1− 1

d )n points of P .

5. Set Systems with bounded intersection

In this section, we consider an abstract set system (P,Sk), k ≥ 2, where Sk
has the property that the intersection of any k sets in Sk contains atmost one
element of P . We prove that a strong centerpoint exists for this set system and
prove tight bounds.

Theorem 4. Let P be a set of n elements. Then there exists a strong centerpoint
p ∈ P such that p is contained in any S ∈ Sk that contains more than (1− 1

k )n
elements from P .

Proof. We prove the result by induction on k. When k = 2, the result holds by
lemma 1.

We now prove the result for a general k. Let S′ ∈ Sk be such that |S′| >
(1 − 1

k )n. Let |S′| = n′. Let us define a new set system (S′,Sk−1) where
Sk−1 = {S1∩S′|S1 ∈ Sk}. Now (S′,Sk−1) has the property that the intersection
of any k− 1 sets in Sk−1 contains atmost one element of P . Otherwise, if there
are k − 1 subsets such that their intersection contains more than one element,
the corresponding subsets in Sk along with S′ forms k sets in Sk such that their
intersection contains more than one element, a contradiction.

Let p be a strong centerpoint of S′ w.r.t Sk−1 such that p is contained in all
S1 ∈ Sk−1 that contains more than (1− 1

k−1 )n′ elements from S′. By inductive
hypothesis, such a strong centerpoint exists. We claim that p is contained in all
S ∈ Sk that contains more than (1− 1

k )n elements.
Assume there exists S1 ∈ Sk that does not contain p. We prove that S1

contains atmost (1− 1
k )n elements from P . If S1 ∩S′ = ∅ then |S1| ≤ (1− 1

k )n.
Therefore assume that S1 ∩ S′ 6= ∅. Since S1 does not contain p, S1 contains
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atmost (1− 1
k−1 )n′ points from S′. Hence,

|S1 ∩ P | ≤ (1− 1

k − 1
)n′ + n− n′

= n− n′

k − 1

≤ (1− 1

k
)n

(since n′ ≥ (1− 1
k )n)

It is easy to see that the above proof also generalizes for a set system (P,Sk)
where Sk has the property that the intersection of any k sets in Sk contains
atmost r elements of P where r is a fixed constant.

6. Conclusion and Open Questions

We investigated the existence of strong centerpoints and proved tight bounds
for convex polytopes defined by a fixed set of orientations and hyperplanes in
Rd. We also proved bounds for strong centerpoints for an abstract set system
with bounded intersection. It will be interesting to see if there are other classes
of geometric objects for which a strong centerpoint exists.
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Libre de Bruxelles, 2006.

[8] D. Haussler and E. Welzl. ε-nets and simplex range queries. Discrete &
Computational Geometry, 2(1):127–151, 1987.

[9] S. Jadhav and A. Mukhopadhyay. Computing a centerpoint of a finite
planar set of points in linear time. Discrete & Computational Geometry,
12(1):291–312, 1994.
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