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Abstract—The problem of optimal divisible load distribution  network based scheduling schemes. The mathematical model
in distributed bus networks employing a heterogeneous cluster of for the communication and computation delays are assumed to
processors is addressed. The objective is to minimize the total pro- be proportional to the size of the load that the link carries and

cessing time of the entire load subject to the communication and th tes. Th inal load in this d .
computation delays. In the mathematical model we adopt, both the € processor computes. 1he processing foad In this domain is

granularity of the load fractions and all the associated overheads assumed to be arbitrarily divisible with no precedence relation-
(also referred to as start-up costs) in the process of communication ships between the partitioned fractions. Also, they are compu-
and computation, are considered explicitly in the problem formu-  tationally intensive and hence, partitioning and scheduling the
lation. We introduce a directed flow graphmodel for representing  gntire [oad among the available set of processors on the net-
the load distribution process. This representation is novel to this lit- K minimi th Il finish ti H ina to th
erature. With this model, we first derive a closed-form solution for wor m'n.'m';es e overa m'_s ime. Oweve'," owing to ,e
an optimal processing time. We propose an integer approximation communication and Computatlon dE|ay constraints on the links
algorithm and derive ultimate performance bounds for the class of and the processors, the partitioning schemes that are usually
homogeneous networks. We then extend the problem to a specialpracticed in the parallel processing literature do not produce
class of application problems in which the data patrtitioning is re- optimal, if not acceptable performance, in scheduling these di-

stricted to a finite number of partitions. For this case, we present . ible loads. Th f tric [13 idered in th
a recursive procedure to obtain optimal processing time. We then visible loads. The performance metric [13] considered in these

present two different integer approximation algorithms—PIAand ~Minimization problems is the total processing time of the entire
IIA that could generate integer load fractions and yield subop- load. The primary objective of this theory is to decide on how to
timal solutions. The choice of these algorithms are also analyzed. partition the available load and schedule among the processors
All the re§ults are extended to a class of homqgeneo_us networks 050 that the processing time is minimized.
obtain uI_tlmate performance boun_ds. Several illustrative examples We will now present a very brief summary on some of the rel-
are provided for ease of explanation. . ‘ .
evant recent literature in DLT. In the literature so far, the above
mentioned problem has been studied in terms of architectural
variations such as, single-level tree networks [3], [7], linear net-
works [4], [14], [17], mesh [5], [6], hypercubes [6], bus [2], [7],
I. INTRODUCTION [8], etc. A compilation of the results until 1995 appears in [7].

ESEARCH in the area afivisible load theoryDLT) has Also, issues related t_o muItiproces_sor systems sych.:?\s fault-tol-
demonstrated a significant impact both in terms of thg ance [16], scheduling loads su_bject to the availability of bro-

essors, referred to as release times [19], etc are also studied.

contributions to the domain of parallel and distributed sche he ti , ‘ £ th d ch | q
uling literature, as well as in terms of the applicability of the re- € ime varying nature of th€ processor and channel Speeds

sults to a wide range of research disciplines [2]-[8], [10], [11).S considered by Jeelet al. [19] in the design and analysis of
This multidisciplinary research has attracted a large pool of

g_ad distribution strategies. In [20], [21], using additive over-
searchers since 1988 through the first introductory work on bﬂ‘éad factors that influence the communication and computation
based multiprocessor systems by Cheng and Robertazzi [2]. H

Index Terms—Communication delays, directed graph, divisible
loads, granularity, integer approximation, processing time.

es, a closed-form solution for an optimal processing time is
main attraction is due to its simplicity in formulating and mod- erived and the effect of load sequencing is rigorously carried

eling the problem in a linear fashion, at the same time produciﬂ t. Also, in [20], [21], an integer approximation technique is

a richer set of results that elicits many interesting properties 3 oposed and ultimate “”f'e pgrforma_nce b(_)unq is derived. We
have presented that algorithm in Section Il in this paper for the

purpose of continuity. However, very recently the trend in this
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A. Research Contributions acceptable radius from the optimal solution for the case of homo-
geneousbusnetworks. Thisisthefirsttimethatthe effectofinteger

Our research contributions in this paper are multifold and ad@@proximationtechniquesare studiedinthe DLT literature.
novel to this literature in DLT. This research is an attempt to bring The paper is organized as follows. Section Il introduces the
theresultsofthetheory sofar closertopractice by tuningthe mod@épblem and describes the load distribution strategy. It also
and in proposing a load distribution strategy and solution thiéfroduces the DFG representation for scheduling and derives
can be realized in practice. This contribution precisely gives &nclosed-form solution for the processing time. Section IlI
estimate of how far the solution proposed by the theory will liBroposes an integer approximation algorithm and obtains an
in comparison with the realistic situation. To this end, we tackidtimate time performance bound. Section IV tackles another
two different, but closely related problems. We first introduce @osely related problem in which partitioning the load is re-
directed flowgraph (DFG) representation to describe the loa@fricted to a finite number. Also, in this section, we propose two
distribution process. We believe that this directed flow graph @fferent integer approximation algorithms and obtain ultimate
a generalized representation. This is the first time in this domagrformance bounds. Section V discusses the results obtained
that such a representation is introduced. This representation @d Section VI concludes the paper.
vides complete flexibility in representing any complex schedule
and also to analyze its performance. Apart from serving as an
alternative tool to the timing diagram representation [7], this
representation is simple to use and deriving an optimal solutionWe consider a bus network architecture as showninFig. 1. The
is less cumbersome. We use this representation throughout tiésvork may ormaynothaveadedicated controlprocessororabus
paper. We derive aclosed-form solution foran optimal processiogntroller unit (BCU) [7] to distribute the load among the proces-
time usingamathematicalmodelthataccountsforallthe overhesmts. In this paper, we shall present a rigorous analysis of the time
componentsthatpenalize the performance. We showtheimpagtiefformance ofthe systemforthe casewhenthe networkhas aded-
these overheads that are present in reality in scheduling divisildated BCU to distribute the entire load. It is worth mentioning at
loads. Though this model was considered earlier in the literatutés stage that a bus network is equivalentto asingle level tree net-
[6], closed-form solutions, load sharing conditions, and the inivork or a star network when allthe links have identical speeds|[3],
pact of these overheads on the performance were not analyZ&fl . Thus, all the research contributions in this paper also hold for
Secondly, for a class of applications that demand the load tothés special class of single-level tree networks.
dividedintoafinite numberofpartitions, wefirstderiverealvalued
optimalloaddistributionandthe processingtime.

Thirdly, from an applications perspective, in general, the pr
cessing load may not be truly arbitrarily divisible. An example of The load distribution strategy is described as follows. The
this scenario would be in computing a large size matrix—vectdivisible load is assumed to originate at the BCU. The BCU
product on parallel and distributed systems [8] or in any imagtvides the load inten load fractions, denoted ag, - - -, oy,
processing application[13]. Alarge size matrix or avector may laed distributes them among all the processors in a particular
partitioned for the ease of complex computations. Inthis case, sefjuence, say, - - -, pm, One after other. Upon receiving their
arbitrarily divisible property no longer holds as the load that willespective load fractions, the processors start computing their
be distributed among the processors will be in terms of numbenetpective load fractions. The problem is then to determine the
rows or columnsandnotasafraction ofthe rowsorcolumns. Thogtimal sizes of these load fractions that are assigned to the
ifourmodelcan betunedtofitthis requirement, thenthe strategig®cessors such that the total processing time is a minimum.
proposed bythistheorywould suitanyapplication. Forinstance,limis strategy is referred to angle installmenstrategy in the
theabove mentioned applications, usuallytheload thatis assigtiggtature [7]. We now introduce some notations that will be used
toaprocessorwillbeintermsof certainnumberofrows orcolumttgoughout the paper.

Il. PROBLEM SETTING AND SOME REMARKS

OA_. Load Distribution Strategy and Some Definitions

and hence, we can say that the load that is assigned to a processor Fraction of the load assigned to processor

will be an integral multiple of some fundamental quantity. This; The inverse of the computation speed of processor
fundamental quantity is referred to as theisibility factorand is i

defined as the minimum possilgeanularityof any load fraction 1, Time taken to process a unit load by the standard
that can be assigned to a processor. In practice, most of the times processor.

the choice of an appropriate grain size (granularity) during tite, An additive computation overhead component that
runtime becomes animportantfactor, as the effective speed of the includes the sum of all delays associated with the
network and the processors may vary due to several effects. Thus, computation process.

one of the main concerns of this paper is to propose some integer The inverse of the communication speed of the link.
approximation techniques to generate integer valued sizes offheg, Time taken to transmit a unit load by the communi-
load. One may employ a simple rounding off procedure, however, cation link.

in this case, there is no guarantee that the performance will g, An additive communication overhead component
withinacceptable limitsand alsoitis difficultto quantify by means that includes the sum of all delays associated with
of some performance bounds. Our proposed algorithms follow the communication process.

a systematic way of generating the integer valued load fraction® shall denote the produet?., asE; andz1,, asC, respec-
and guarantee that the time performance converges withintasely throughout the paper. Thus, using the above notations, we
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Processing Load communication node 1 till computation nogelong the
directed arrows.

| Bus Controller Unit | iii)y Critical path, denoted asP(a, m), and is given by

’ P(a, m) = max{F;,(a, m)}, ¢ = 1,2, ---, m, where

P, is as defined above.
This is the longest finish time path in the graph and
represents the time at which the entire load is processed.
iv) Optimal path, denoted asP*(a*, m), which is the
e . e minimum processing time to finish processing the entire
load, i.e.,P*(a*, m) = minger{P(c, m)}.
It has been rigorously proved in the literature [7] tfat op-
Fig. 1. Distributed bus network with: processors and a bus control unittlmal processing time all the finish time Paths ,Of th,e pro.ces_sors
(BCU). must be equalHere too, we shall use this optimality criterion
to analyze the processing time performance of the system.

P1 P bi Pm1 Pm

see that the communication time of a fra_ctlon of t_he logds D. Closed-Form Solutions for the Optimal Processing Time
given by«; C + 6., and the computation time of this load frac-

tion by p; is given by,c; E; + 6., [2]-[19]. In this section, we shall derive a closed-form expression for
an optimal processing time by assuming that the sequence of
B. Directed Flow Graph load distribution is fronp; to p,,, in that order. Further, we shall

. . . how that the presence of such overheads, which are inherently
The load distribution process is described by means of a di- . - . . .

S : resent in any realistic system, will drastically affect the time
rected flow graph as shown in Fig. 2. The figure shows two typés

: .~ “performance and may lead to different design decisions. This
of nodes. The first level of nodes are referred tacasmuni- . L .
. is crucial whenever the optimality of the solution and related
cation nodesand the other nodes are referred tocasnputa- ; : . : . .
. : o o trade-off studies are important in the design. A detailed discus-
tion nodes The weight of a communication nodés given by

. . I sion is presented in Section VI. Throughout this section, this
«o;C + 6., and the weight of the computation nodles given Lo : .
: . sequence of load distribution will be referred to afixad se-
by o; E; + 6.,. The directed arrows between the adjacent com-

i . ,~ quence
munication nodesandi + 1 represent the fact that the commu From Fig. 2, for an optimal solution, equating the finish time

nication of the I(_)ad fractloraxiﬂ t0 pig1 ywll start only af_ter paths Pi(cr, m) and Py1(a, m), we obtain the following re-
the communication of the fractiam; to p; is completed. Simi- cursive equations:

larly, the directed arrows between a communication ricaied '
the computation node denotes thg fact that t.he computation B+ 0ep = i1 (Eig1 + C) + Op + O,

of «; by p; starts only after receiving the entire loag from i1 e 1 1)
BCU. These directed arrows represent taeisal precedence L )
relationships between the events. Thus, we see that this direg@sl rewrite (1) as
flow graph represents the load distribution process completely.

The main advantage of this representation is its simplicity. In the a; = qiy1fiv1 + B, t=1--,m-1 2
DLT theory, as a principle of optimality, an optimal solution is

obtained when all the participating processors stop computii ere((Eiv1 + O)/E;) = fi+1’, and(bepn/E;) = f3;, for aII.

at the same time. This fact is also captured in this flow graph™ L, -+, m—1.Now, expressing each of these load fractions
by equating the finish time paths (defined in Section 11-B) an terms ofev,,, we obtain,

solving the recursive equations. The timing diagram represen- i = comM; + N, i=1,--,m—1 ©)
tation can be elegant and easy to visualize only for simple load

distribution strategies. Using a timing diagram to represent amere

optimal schedule for complex strategies, like multi-installment

m
strategy, is extremely difficult and time consuming. As men-  j7, — H i, i=1--m—1 (4)
tioned earlier, we use this representation to derive optimal pro- j=it1
cessing time throughout the paper. 1 »
N; = 3 i, t=1,---,m—-1 (5
C. Some Definitions pz:: & j:zl—L & ©)

We shall now define the following. Thus. f 3 h i i it vari
) Load distribution , denoted by, defined as am:-tuple abll:asg ;?1[2 Eo) gﬁera\\//v?t?ﬁ t;e )né?aagliigﬁgr:og Suva\CLion V\?vg_ have
(o1, -+, ) suchthal < ; < land} ;" «; = L. ’ 9 g :

- m equations. These equations can be solved to obtain the indi-

The equatior ", «,; = L is referred to asormal- . ) ) o
o o L= . vidual load fractions. Now, using (3) in the normalization equa-
ization equationwhereL is the total load. Let the space,. :
tion, we obtainy,, as

of all possible load distributions be denotedlas
i) Finishtime path of a processay;, denoted a$’;(«, m), _(L—X(m)
is the sum of the weights of the nodes starting from the m Y(m)

(6)
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alC+6cm CX2C+ ecm (IiC"I- ecm ai+lc+ ecm am-lC+ ecm a’mC+ ecm

0 " .- e *@*» m ) Communication
nodes

o,E+0, e
o,E+ 6, ..
oE+ ecp @ v
0B+ 85, el
o E +06 .
mEmlT Y § Computation
m ) nodes
o E + ecp
Fig. 2. Directed flow graph for load distribution in bus networks withprocessors.
where chosen, the maximum number of processors that can be utilized

with the given sequence of load distributiomis = 14. Thus,

molmol ? beyond thisn*, optimal solution ceases to exist. This is due to
X(m) = Z Z Pr H fils () the fact that the value of the overhead factor becogreater
=1 p=i j=itl than 1 and hence, there will not be any gain in the time per-
m-1 m formance even if we attempt to utilize more processors beyond
Yim)=|1+ Z H 1 (8) m*. Therefore, as long as the valueXfm) is less tharnL, we
i=1 j=i+l can utilize all them processors to process the entire load in a

o ) ) o ~ minimum amount of time with this fixed sequence.
Substituting (6) in (3), we obtain the individual load fractions. Thys, we see thatmecessary and sufficienbndition to ob-
From Fig. 2, we obtain the expression for the optimal path agajn an optimal processing time using all theprocessors is

given by
P (", m)=01(C+ E1)+ O + bcp (9)
m—1 m—1 P
Usingi = 1 in (3) and substituting in (9), we obtain Xm)y=>" > "8 I] #|<L (12)
i=1 p=i j=it1
P*(a*, m) = (amM; + N\)(C+ Ey) + 6., + 0. 10 o _ .
( )= ' 2 ) v (10) The above condition is also referred td@ad sharing condition

wherea,,,. M;, andNV; are as defined above. in the literature. What we observe here is a restricted monotonic
Thus, in the above analysis, we have obtained an optimal &gture of the processing time behavior as opposed to the case

lution involving m processors by solving the set of recursivid/nen no overheads were considered in the problem formulation

equations as shown above. Following the above steps, we t4l Given afixed sequence, whenever an optimal solution using

derive the optimal processing time for a systemgbrocessors & K-Processor system, - -, py ceases to exist, then we may
with a BCUwithout overheadg,.,,, = 6., = 0). The optimal utilize a maximal subset of', &’ < k processors in the same
processing time in this case, is given by sequence involving processers - - -, pys to obtain the optimal
processing time. Of course, again we have to check the condition
PHal, m) = M (C+ Ep) (11) (12) for this set of’ processors. _
’ - Y (m) Another observation that one could make from the Fig. 3(a)

is on the rate at which the decrease in the time performance is
whereM; andY (m) are as defined above. achieved. Beyond: = 7 or m = 8, we see that the rate of de-

It is worth mentioning at this juncture that givenmapro- crease of the processing time is not significant and hence one
cessor system, with the inclusion of all the overheads, it magn utilizem = 7 or 8 processors without having to utilize all
not be necessary that an optimal solution exists when one thie processors tith:* = 14. This in a way reduces the overhead
tempts to utilize all then-processors. This behavior can be segprocessing by the system considerably, as it can be seen by the
from Fig. 3(a). We have useld = 1 in generating these perfor-increase in the values df (m) for m = 7 andm = 8, respec-
mance curves. Here, we observe that as we tend to increasstitrady. In [20], [21], rigorous analysis on the influence of this
number of processors, the processing time decreases. Also,owerhead factor is carried out and the effect of load sequencing
have shown the influence &f () [given by (7)], which we will is also analyzed.
refer to as th@verhead factarin Fig. 3(b). From this figure, we  Remarks: As mentioned in Section I, from a practical per-
see that the overhead fact¥m ) also increases asg increases. spective, a divisible load, in general, may not be truly arbitrarily
Also, we observe that for the speed and overhead paramethivssible. An example of this scenario would be in computing a



684 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. 30, NO. 6, NOVEMBER 2000

0.45 1
0.4 —o— With Overheads 0.9
—@— Without Overheads
0.35 0.8
g 0.3 )% 07
5025 . g oe
B m v 0.5
2 02 | T
8 v 204
¢ 0.15 . oo 3
° M D v : : \ g ¢ \ g . g 2 4 03
0.1 T ————o—o 02
0.05 | 0.1
0 s 1 1 L L 1 L 1 1 s i I 1 0
i 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Number of Processors (m) Number of Processors
(a) ()

Speed Parameters:

C [ 8p | Bm [E1]| E2 | BEs | B4 | BEs | Es | E7 | Es | BEg [ Evo | Evi | Evz | Eva | Evg [Ess
0.1 10.02|0.001j0.3/ 0.2 | 01|04 |06 (07|08 |05[09 |11 |13} 1 0.6 0.5 (0.3

Fig. 3. Behavior of the processing time and the overhead factor with respectheterogeneous system).

large size matrix—vector product on parallel and distributed sys-We refer to the optimal solution obtained in Section II-D as
tems [12], [13] or in any image processing application [9]. FaPpt_Sol. As a starting point of our algorithm, we shall assume
instance, in the above mentioned applications, usually the Iahat the initial load distribution, given b@pt_Sol, denoted as
that is assigned to a processor will be in terms of certain numker= («y, -+, a;, -+, o). Leta) = [«;]. Obviously,o] is
of rows or columns. Hence, we can say that the load that is @+ integer. LetA«; = (o) — «1) denote the difference in the
signed will be an integral multiple of some fundamental quawalues of the load fractions assigneghitoObviously A« < 1.
tity, referred to as thelivisibility factor and is defined as the Next, we sety, = [a2]| providedA«a; + Aay < 1. If this con-
minimum possibleggranularity of any load fraction that can bedition fails to hold then, we set}, = |«2]. This process is
assigned to a processor. This is denotetl &sirther, we assume repeated for all the processors and results in a schedute
that the total load containk units of§ load. In other words, the (o, ---, o, -+, &,,), whereo), i = 1, - --, m, IS an integer.
total load isLé, L being a variable anéla constant. Without loss The central idea of this algorithm lies in approximating the real
of generality, all the subsequent results presented in this papaliues of the load fractions given I6yS to integer values either
assume = 1. by using thesmallest integer value that is greater than the cur-
rent real valueor by using agreatest integer smaller than the
I1l. | NTEGERAPPROXIMATION ALGORITHM FOR THE SINGLE current real valueof the load fraction. This process is adopted
INSTALLMENT STRATEGY at every iteration and the idea is either to “push” the excess load

In thi . for the strat lained in Section II- Dto or “accept” the excess load from the adjacent processors. The
n this section, for the strategy explained in Section Aigorithm is described below.

we now propose an algorithm that generates integer load frac
tions and show that this algorithm guarantees a solution that lies

within the acceptable limits of time performance when ComAIgonthm

pared with the optimal solution. It may be recalled that the 061 = [eul;

timal solution obtained in Section 1I-D is by assuming that th&"1 = af — o

load is arbitrarily divisible and that all the processors stop corfor (i=2 i <=m; i=i+])
puting at the same time. The algorithm that is to be present{a\d
in this section restricts the division of the load to integer values. (Sumi—l +fai] — e < 1)

Hence, itis expected that once integer approximation is applied, o = [ay];

all the processors will not stop computing at the same time in-€'S€

stant. We propose an algorithm that is similar to rounding-off ~ “i = e l;

procedure in generating integer load fractions, however takes’%"i = Sumi—1 + (e — c);

exactlyO(m) steps to converge. An interesting feature of the al-

gorithm is that it keeps track of the amount of load that is sched-

uled so far and the amount of load that remains to be scheduledn the above algorithm theum,; represents the accumulated
This feature avoids the possibility of frequent back-tracking aroérry (ZJ _1 sum; + Aw;), whereAe; = (o — o) inith iter-
aids in monitoring the time performance to be within the accemtion. Example 1 presented at the end of next section illustrates
able limits. the above procedure.
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A. Performance Bounds = Pi(da/, m) — P*(a*, m)
In this section, we shall derive some important properties ‘
that lead to the derivation of the performance bounds. One in- = Z BoC + A (16)
j=1

teresting fundamental issue to explore is the following. At the
termination of the algorithm, whether the entire load gets pro-
cessed or not, which shows the convergence property of theRlem Lemma 1, we immediately observe
gorithm. We show below that the algorithm indeed guarantees

this aspect. ;
Lemma 1: In the above algorithmy-1 < sum; < 1,7 =
e g S > AaC+ AwE < (C +E), 17)
’ ’ j=1
Proof: The proof of the lemma is evident from the ’ ) , o
working style of the above algorithm. Q.E.D = Pylor, m) = Pla, m) <P'(a”, m) +(C + E). (18)
Lemma 2: Let sum; be defined as in the above algorithm.
Then,sum,, = 372, Aa; = 0. o Hence the proof. Q.E.D.
_ Proof: We prove this by contradiction. Suppose the above The above theorem explains the “near-optimality” of the so-
claimis nottrue. Then, this means thaim,,, = > ;_; sumi = |ytion obtained by using the above algorithm to the solution gen-

z, andz # 0. Also, we know thaty i" | o; = L andL i/s erated under infinite divisibility assumption by an amount equal
an integer. Rewriting this expression in termsioh; anda;, g the sum of the communication and computation times of the
we obtain,> .7, «f — sumy, = L. This can be rewritten as, smallest units load. The following example demonstrates the

Yy o —x = L. above algorithm and the theorem.

integers must also be an integer. From Lemma 1, we obseryg _ 5 processors with the following parametefs: = 1.0,
thatz = 0, sincez = 0 is the only integer that lies betweengy _ 1.0, ., = 0.002, andf.,, = 0.001. Let the size
—1 and+-1, which contradicts our assumption, thus proving thgf the load bel, = 100 units. Using (10), we obtain the
lemma. o _ Q-E.D. optimal processing time i#*(«*, 5) = 103.231, and load
The_z above lemma justlfle_zs the design Qf the aIgothm Wistribution o = (51.6, 25.8, 12.9, 6.5, 3.2). Using the
;howmg that at the completion of the algorithm, the entire |05}Hteger approximation algorithm, we obtain the integer load
is processed. distribution o/ = (52, 26, 13, 6, 3). We observe that the

Now, for ahomogeneous systeme shall show that the pro- resyits of Lemma 1 and Lemma 2 hold. From (13), for

cessing time solution obtained by the above algorithm is ng ; — 1 2 ... 5 we obtain the finish times of each
greater tharOpt_Sol by an amount equal to the sum of comprocessor  as 104.021, 104.022, 104.023, 103.024, and

munication and computation time &tinits of load. We assume 13 25, respectively. The processing time after integer ap-
that (12) is satisfied for this:-processor sequence, and hencﬁroximation is given by,P(o/, 5) = 104.023. We see that

all them processors participate in processing the load. P(c!, 5) < P*(a*, 5) + (C + E), thus verifying Theorem 1.
Theorem 1: Consider a homogeneous bus network.d’et=

(aq, -+, «;, -+, ay) be the optimal load distribution under

infinite divisibility assumption that give®pt_Sol. Let o = IV. CONSTRAINED PARTITIONING

(af, -+, o, .-+, a,) be the load distribution generated by the

above algorithm that results in a critical paftia’, m). Then, In this section, we tackle another closely related problem

P(a/, m) < P*(a*, m)+ (C+ E). of scheduling divisible loads. As mentioned in Section |, we
Proof: Let P;(¢/, m) = P(«/, m). From Fig. 2, we ob- consider the problem of scheduling a divisible load data under

tain the constraint that the entire load cannot be divided into more

thank partitions. Applications that fall into this kind of treat-
ment mostly belong to image and computer vision data pro-
cessing domain. One of the typical image processing applica-
tions that belongs to such class of problems addressed in this
Similarly, for o* distribution, we obtain paper is the problem of human facial feature detection using
edge counting [12]. This application demands that the entire
i image data cannot be divided into arbitrarily smaller fractions
P*(a*, m) = P (a*, m) = Z @;C 4+ G E + il + Ocp, since the template used in the feature detection process counts

P, m) = Z osC+ oL E + ifep, + 0cp.  (13)

=1

j=1 the edge pixels into three distinct rectangular areas of the image
(14) simultaneously to find a global maximum. These three rectan-
From (13) and (14), we obtain gular areas are separated by a distance that is dynamically al-
tered according to the size of the image and the density of the
Pi(a/, m) — P*(a*, m) edge pixels around the feature areas. The minimum size of each
i of the rectangular areas should be greater than the maximum
= Z(O‘Z —a;)C + (o — ;) E, (15) possible size of a feature area (eye, mouth or nose) of the given

=t facial image. Thus, the image demands a restricted partitioning
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in and processing concurrently on different processors. The fealong the directed arrows. Hergk) denotes the load distri-
sults also hold whenever any restriction on the level of parthution with% nodes, and is given by(k) = {a1, - -+, ax }. In
tioning is imposed. For instance, when granularity of the dataeder to obtain the optimal processing time, we equate all the
becomes an important factor in processing the data on a disish time paths, i.e.P;(s(k)) = Pi+1(s(k)), whereF;(s(k))
tributed system, the approach presented in this paper becowwes be obtained from Fig. 4., as

the natural choice and provides a systematic way to construct

an optimal schedule. In reality, most of the times the selection i r

of an appropriate grain size (granularity) during the runtime bef;(s(k)) = Z aj0+i9cm+z @i By +(r—1)0cp. (19)
comes an important factor, as the effective speed of the network j=1 j=i

and the processors may vary due to the other loading effects.

We address the problem of scheduling such loads which imp@g&te that we have assumed that procegsoeceives install-
restrictions in partitioning in a purely arbitrary fashion. ments out ofc, and hence the last computation nodegfowill
o ) ) ber. It may be noted that by equatidg(s(k)) = F;11(s(k)),
A. Load Distribution Strategy and Recursive Equations we obtain a set of — 1 equations with: unknowns. Now, using
Formally, we state the problem as follows. Let the BClhe fact that the total load & units, we have a total df equa-
start to distribute the processing load frgmto p,,, in at most tions. These equations may be solved to obtain all the individual
k > m installments, i.e., ik rounds of load distribution. load fractions as explained in the previous section. However, for
More specifically, we pose the following questioiven the purpose of computational ease, the above set of path equa-
a distributed bus network withn homogeneous processorgionsP;(s(k)) can be represented in the matrix form. We refer to
and also given that the maximum number of fractigns this matrix agpath matrix Thus, in matrix notation, fok = 5
into which the processing load can be divided, what is trendm = 3, we represent (19) as shown in the first equation
optimal load distribution that minimizes the processing timat the bottom of the page where, the réwdenotes the path
by taking into account all the overhead components thd(s(k)). Now, by equating®;(s(k))andP,; 41 (s(k)), as perthe
penalize the time performanceMote that, here too, the sizesprinciple of optimality [7], we obtainn — 1 recursive equations
of the partitioned load fractions assume any value betwerswolvingm variables. With our normalization equation, we can
[0, L], where,L is the total amount of load. The entire loadsolve all them equations to obtain the individual load fractions.
distribution process by the BCU is represented in the form @hus, the difference betwedn (s(k)) and P;41(s(k)) can be
a directed flow-graph, as shown in Fig. 4. The load distri-represented in a matrix form, referred to adifference matrix
bution process takes place in the following manner. Note thahus, for the casé = 5 andm = 3 the difference matrix is
the schedule shown in Fig. 4, consists lJofcommunication given by the second equation shown at the bottom of the page.
nodes. Lety; denote the load fraction assigned to a processhte that the row in the above: x & matrix is the result of
f(@) = 4, fori < m, and(m mod ¢), fori > m in the Pi(s(k)) — P;+1(s(k)) and the last row is the normalization
installmentg(¢) = [(¢/m)]. Thus, whenk = 5andm = 3, equation. Thé x k difference matrix can be generated for any
p1 is assignedy; and «y in two installmentsyp. is assigned arbitrarym andk values as described in the procedure presented
ag and az in two installments, anghs is assignedys in the in Table I.
first installment. For this case, for the ease of understanding,Jt may be noted that the procedure presented in Table | will
we re-denote the finish time pathas P;(s(k)). Note that the be computationally easy to generate the equations in a matrix
definition of the finish time path is the same, i.e., the sum dé6rm for a givenm andk values. Further, the generated matrix
the weights of the nodes starting from communication nodecan be reused when eitheior m values are altered. Thus, the
till the last computation node through the communication nodelution to our problem lies in simply finding the inverse of the

(C + El) 0 0 El 0 (5] 9cm + 29(;],
C (C + EQ) 0 0 FEs o 20 + 29cp
C C (C + Eg)o 0 3 + 39(3771, + ecp
C C C (C =+ El) 0 o4 40.,, + HCP
C C C C (C + EQ) 843 59crn + ecp
Fy —(C + Eg) 0 E —E, 23} Oem
0 E, —(C + E3) 0 E, o 0
0 0 Es _(C+E1) 0 3 =1 Ocm
0 0 0 El _(C+ EQ) g ecrn,
1 1 1 1 1 s
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Fig. 4. Directed flow graph for load distribution in bus networks wititommunication nodes.
TABLE | tribution in given by, (491.4592, 428.6214, 501.3595, 363.3011,

ke x k DIFFERENCEMATRIX GENERATION PROCEDURE 263.2588), respectively. Thus, for this case any lower value of

k will only result in more processing time.
However, suppose if the processing speed of the processors

The k x k difference matrix

Fori<m-—1, .

. B are much faster, saly = 0.01, then following the above proce-

Ty = = By =0 dure, we see that fdr = 5 and4, the optimal solution does not
Tigrr = =(C + Biy) exist, as some of the values of the load fractions are infeasible.

zi; =0,Yj #i+nm
5= E,Vi=1i+nm
Tij=— L, Vi=i+nm+l, n=1,2,.., i<k

Define ¢(¢) =1 mod m, i # nm, and ¢(¢§) =m,i =nm, n=1,2.., j <k.

Form <i<k,

zi; = Eyy
Tl = =Ty =0
Tiit1 = —(C + Ei mod my+1)

zi; =0,Vj#i+nmj <k

zi5 = Eqw),Vi=i+nm, j <k

Ti; = —Eimed mr1, Vi =i+nm+1, n=12.,j<k
Fori=k,ae;=1,Vj=1,..,k

The RHS column vector of the differcen matrix is given by,
Ziy = Oem, Vi=1,..,k =1, andzy, = L.

Thus, the maximum allowed number of partitionsg:is= 3, for
which the processing time is given by, 2048 units, and the op-
timal load distribution is given by, (2027.7, 20.1, 0.2), respec-
tively. This result is of course intuitively true as the processing
speeds are much faster than the communication speeds, and the
gain achieved in sharing the total load with more than one pro-
cessor is very small.

It may be observed that the difference matrix generated for
k = 5 case can be reused fbr= 3 case, by considering the
first two rows and three columns &f= 5 case and appending
a string of ones as the last (third) row. Further, it may be noted

that the values we have chosen for the parameters are purely
arbitrary and this choice was just for the purpose of demonstra-
difference matrix and multiplying with the transpose of the RH&on.
column vector. However, it may be noted that it is quite possible A very important observation to make at this juncture is that,
that these equations may not yield feasible values (nonnegaiivgjeneral, it may be possible that an optimal solution may not
values) for the load fractions. This means that these equati@xsst fork = kp,.x. This is mainly due to the combined effect of
are not solvable to yield an optimal solution withpartitions the overhead components becoming extremely large, resulting
and usingn processors in the system. Thus, if an optimal solin infeasible values. Thus, the best possible solution may not be
tion does not exists for this particular value/afthen a lower due to partitioning the load intb,,,, installments.
value of% is to be attempted by following the above mentioned
recursive procedure. However, note that the difference matrix
for lower values of: can be extracted directly from the already
generated: x k matrix. Based on the optimal processing time mentioned in the pre-
Example 2: Consider a homogeneous network consisting @fous section, first, we shall propose two algorithms namely,
three processors. Lét = 2.5, C = 0.95, 8., = 0.01, and PIA andlIA that generate integer valued load fractions to in-
6., = 0.01. Also, let L = 2048. Further, let the maximum dividual processors using the optimal solution obtained in the
allowed number of partitions bk,., = 5. This is a typical previous section. Both the algorithms use the optimal load dis-
example of an image processing application in which we cotribution as the initial schedule and this means, the number of
sider an image of siz048 x 2048, and partition the entire communication nodes used in the following algorithms remains
image in terms of number of rows. Hence, we let= 2048. same as that of the optimal solution. Let us denote this optimal
Following the above mentioned procedure, we obtain the ogslution asOpt_Sol. We present two different types of algo-
timal processing time &603.8 units, and the optimal load dis- rithms carrying out integer approximations.

V. SUBOPTIMAL PROCESSINGTIME SOLUTIONS
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A. Algorithm PIA Since every iteration is governed by two indices, we have to

In this algorithm, referred to as PIA (Processor based Inted¥PVe the lemma whedvaries, i.e., suppose the lemma holds at
Approximation), we carry out the integer approximation at eadfy ), then we have to prove f@i + 1, 1). The proof of this
installment for every processor starting from its first installme/ Similar to case ii) shown above, and we omit deta@sE.D.
to its last installment. In doing so, we accumulate the “residue” LeémMma 4:> 72, 552, Aai ; = 0. o
or the “carry” generated in each iteration and propagate it till _Proof: We shall prove this by contradiction. Suppose oth-
nodek is reached. In other words, an excess load (as defin@Vise- This means
in the algorithm) at an installmegt{:) at the processof(¢) is m o
carried to the same processor in the immediate next installment. Z Z Acy ; =z, x #0,

For the ease of developing this method, we now adopt the fol- ’
lowing notations. Let each processggrbe assigned; number

of installments, where; < k, such thab """, n; = k. Then, Also, we know thay ", S, Aai,; = L, Lis an integer.
we denotg the load fraction assigned to processan jthiin- Rewriting the above expression in termsdsf; ; ande; ; we
stallmenty < n; asa;, ;. Note thatthese;, i = 1, - --, m are obtain,>"™ Y. o) ; —x = L. Since the first term on the
obtained from the optimal schedule generated after solving thgg andz J 7

. . . _ ; i the term on the RHS are integersnust also be an
difference matrix described in the previous section. integer. From Lemma 3, we observe that 0 as the only in-

teger between-0.5 and0.5, thus contradicting our assumption.

=1 j=1

Algorithm PIA Hence, the proof. Q.E.D.
sumy = 0; i = 1; This Igmmajustifies the fact that there is no load left without
do { processing. _
For j=1to n { Lemma5b:Foranyi =1, -+, m > ;L A < 1.
it (sum; + [os,;] — ;. ;) <05 Proof: From Lemma 3,
then o ; = [ ;]; - i
else o . =a;l; A A
sum, — SUIZT,T;Z N CL)C;’;JJ_ o —-0.5< AOélJc + Z AOé“k
} =1 k=1 k=1
i =i+ 1;
sum; = swm;_1; } and
while ( ¢ < m); i—l i1
AOq’ LT+ Z AO(Z‘7 <05
=1 k=1 k=1

In the above algorithm theum; is an accumulated carry at ] S )
any @, j)th iteration. At this juncture, an interesting point tgoubtracting first inequality from the second, we prove the

verify is whether the entire load gets processed at the comp@ma. _ _ Q.E.D.
tion of the algorithm or not. We show below that the algorithm e use this result in the following theorem.
indeed guarantees this aspect. Noyv, forghomogene_ous system, we shall show that the above
Lemma 3: Atthe end of any iteratioy, j), —0.5 < sum; < algorithm yields a solution that is no greater than the OS by an
0.5. amount (mC/2) + F).
Proof: We shall prove this by mathematical induction. Theorem 2:Consider a homogeneous system of pro-
When (s, j) = (1, 1), the above assertion holds trivially. AsCESSOrs: Lets™(ny,) = (a1, -+, @ jy -+ Cmn,,)

an induction hypothesis step, suppose it holds,at)( Further, P& the Opt.Sol under infinite divisibility assumption
let us denote theum; at (i, j)th iteration assum;,;, and let that gives the optimal solution, denoted d'(s). Let
Aai,; = o} ; — ai ;. From the algorithm, the expression for’ = (@11, @, ) DE the schedule /generated
the sum at stepi(j) is given by by Algorithm PIA and let the processing time B¥s'(n.,,)).
Then,P(s'(nm,)) < P*(s*(nm)) + ((mC/2) + E).
Proof: Fors* ands’ schedules, the difference in the pro-

i—1 J L X )
cessing times can be obtained from Fig. 4 as,
sum:z Z Aoy g + Aoy, s J=<n; g g
=1 k=1 k=1 ’ /%
P(s'(nm)) — P*(s" (nm)
) m j—1 7
and by the above hypothesis, we hav®,5 < sum; ; < 0.5.
. ! T = Lo = = 3 A . A 1 C
Now, we have the following two cases to consider. L<i<m g <n: ; ;1 ke ; AL
i) If sum; ; + |—Oéi7j+1-| - j41 <05 then,a;7j+1 = n;
|—Oéi7j+1-| andAaL j+1 = |—061‘7 j+1-| — Q% j4+1- This means, + Z AO&Z‘7 kE, (20)

-0.5< SUM;, j41 = SUMm;, j + Aa7‘,7j+1 < 0.5. k=j

II) If sum; ; + fai7j+1-| — O, 41 > 0.5 then,a;7j+1 I - o -
le, j+1] andAcw; j41 = [oy j41] — a4 j41 — 1. This  since, by the definition ofA«; ;. Using Lemma 3 and Lemma
means—0.5 < sum; ; = sum; j4+1 + Ay j41 < 0.5. 5, the result follows. Q.E.D.
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It may be noted that the bound obtained in this case depemuatdire load is given by2605.65, contributed by the finish time
only on the system parameteisandC and on the number of path Ps(s(53)) (by processop.). By Theorem 2, we see that

processorsn. P(s'(ny)) = 2605.65 < P*(s*(ny)) + (mC/2) + E) =
2607.725.
B. Algorithm IIA When we apply the algorithm IIA, we obtain the integer load

distribution as(491, 429, 501, 364, 263), and the processing

In this algorithm, referred to as IIA (Installment based Intege{me of the entire load is given bg605.8, contributed by the
Approximation), we carry outthe integer approximation startirgn- ' '

from node 1 tok (see Fig. 4) in the order in which these loa eles?ht:;g? p?;h%(_( 2)(3)0E)b)é g?ffs?il))fighf?;%n}; we

fracrrons are distributed. In other words, the "excess” load abg11.0. Also, the results of all the lemmas can be immediately
particular processof(:) is carried to its successor in the ord

of the load distribution. Here too, we assume that the schedu
with infinite divisibility assumption, is our initial distribution of
the load fractions. Since this schedule is knosvpriori, we
denote the number of processors involvedjth installment,

rified.
E?Followmg theorem suggests a way to make a choice of the
above algorithms.
Theorem 4:1f C > (E(k/2 — 1)/(m/2 — 1)), then
[A(S(/{}) < Pp[A( (/{}) WherePHA( ( ) andeIA( (/{})

J < .maxi{”i}’ ¢ =1,--, masN;. We now present the are the suboptimal solutions generated by the respective
algorithm. algorithms.
Proof: The proof follows immediately by obtaining the
Algorithm 1A difference between the suboptimal solutions generated by_the
sumy = 0, count = 1, j = 1 a!gorrrhms given by Theorems 2 and 3 and using the condition
do { givenin the theorem. Q.E.D
for i=1to N, { Thus, in our Example 3 above, we see that= 0.95 <

(E(k/2—1)/(m/2—1)) =12.5. Hence, for this system, algo-

if + o | — i) £0.5 : g ; .
(Sumj [, 1 = e j) 7 rithm PIA gives more tighter bound on the time performance.

then OéZ = |—Oéiyj-|
else a; = L%,JJ
sum; = sum; + o; i, — iy VI. DISCUSSION OF THERESULTS
count = count +1; } o S o )
j=j4+1 The research contributions in this paper are significant to this

sum; = sum;_y; } domain of DLT. 'I_'his paper attempts to bridge the gap between
while ( count < k); theory and practice by tuning the model and demonstrating the
performance of the strategies under realistic situations. Since the

effect of overhead components is embedded in the closed-form

In the above algorithm thewm; is an accumulated carry atsolution for the processing time, the decision on the choice on

(4, j)th iteration. It may be noted that the lemmas 3 and 4 hotle number of processors to be utilized under heavily and lightly

true for this case. loaded network conditions can be made immediately. Fig. 3is a
Lemma 6: Z?;j A < k/2. good example to demonstrate this fact. Secondly, any practical

Proof: Result follows by applying Lemma 5, and notingmplementation, based on the strategies proposed in the litera-
that eachAey; ; £ 0.5, 7, -+ -, n;. Q.E.D. ture in DLT, demands quantum load dissemination in terms of

Now, for ahomogeneous system, we shall show that the ab@ither number of rows or columns, need to generate integer load
algorithm yields a solution that is no greater than the OS by distribution arises. It may be noted that the results of this paper

amount ' + (kE/2)). remain unaffected whether column or row-wise striping is car-
Theorem 3:Consider a homogeneous system of praied out in load distribution process. In Example 2, we carry
cessors. Lets*(n.,) = (a1,1, -, 0 j, -, Qmn,) OULTOW Striping in partitioning the load. In Section Ill, we pro-

be the Opt_Sol under infinite divisibility assumption that posed an integer approximation algorithm to generate these in-
gives the optimal solution, denoted &8*(s*(n,,)). Let tegervalued loads in a systematic way such that the suboptimal
s'(nm) = (o4 1, ) ;- oy, , ) be the schedule solutionthatis recommended by this algorithm can be very well
generated by the Algorrthm lIA and et the processing time kpuantified. Through this procedure, we have obtained an ulti-
P(s'(nm)). Then,P(s'(ny,)) < P*(s*(nm)) + C + (kE/2). mate performance bound on the solution generated by this al-
Proof: The result follows immediately by using similargorithm.
line of arguments presented in Theorem 2, however, we useéOne of the useful contributions is td&ected flow graphep-
Lemmas 3 and 6 in this case. We omit the details. Q.E.D. resentation. With the aid of such representation, for instance, a
It may be noted that this bound depends only on the paranmedlti-installment strategy [20], [21], [7] discussed in the litera-
tersE, C andk and not onn. The following illustrative example ture can be easily be constructed and recursive equations can be
describes all the above results. generated by simply writing the path equations. We believe that
Example 3: Consider the first part of Example 2. The opthis representation is elegant in capturing all the features of the
timal processing time is given by*(s*(5)) = 2603.8. We timing diagram and also serves as a generalized representation
apply the algorithm PIA to obtain the integer load distributioto construct and analyze complex scheduling strategies in this
as (491, 428, 501, 364, 264), and the processing time of thedomain.
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We also tackle a closely related problem, but highly usefal finite number. We have proposed a systematic way to gen-
for a specific class of applications in image and computer visi@nate the optimal solution.
processing areas. The results also hold whenever any restrictioRrom practical perspective, we have proposed different in-
on the level of partitioning is imposed. For instance, when grateger approximation algorithms that generate suboptimal solu-
ularity of the data becomes an important factor in processitign from the optimal solution obtained through earlier analysis.
the data on a distributed system, the approach presented in Tiis behavior of these algorithms are analyzed and for the class
paper becomes the natural choice and provides a systematic wlyomogeneous networks, we have derived the ultimate perfor-
to construct an optimal schedule. In reality, most of the timesance bounds. These bounds serve as an excellent estimate of
the selection of an appropriate grain size (granularity) duririge time performance of the system under different network con-
the runtime becomes an important factor, as the effective spefitibns and indicate how far the solution(in practice) lie when
of the network and the processors may vary due to the otleempared to the ideal optimal solution. As mentioned in Sec-
loading effects. As a consequence, the model must be tunedion VI, these solutions may very well reflect the average time
take care of this size dependent behavior. Since from practiparformance when the speed parameters are replaced by their
perspective, generating integer load fractions is mandatory, exerage values.
propose two different algorithms to generate integer load frac-Extensions to this research can be devoted to analyze the
tions namely, IIA and PIA. The algorithms are shown to corbehavior of the strategies and the integer approximation algo-
verge and guarantee that the time performance to be well withithms on different architectures. It would be interesting to de-
acceptable limits. The choice of these algorithms, as shownrive similar performance bounds for these architectures. Also,
Theorem 4, is very important for time critical applications, athe effect of solution back propagation, which is beyond the
the suboptimal solution is influenced by the speed parameterope of this paper, can provide a complete understanding of
of the system and the allowed number of partitions. The integée behavior of the system.
approximation algorithm proposed in Section 3 has the com-
plexity O(m). The complexity of the algorithms PIA and IIA
is O(k). As a final remark, we would like to point out the fol-
lowing. In reality, the quantitie® andC are random, and we The authors would like to thank D. Ligang for his help in
can only discuss the performance with respect to the averggeparing the figures in the manuscript.
values of these quantities. The average values can be either es-
timated or obtained as a result of an empirical study. If we con-
sider the average values for these quantities in Theorems 24, _ o _ _
then these results are much more meaningful in giving an estilll ﬂéaf}ﬁrfetz”y"s?;ﬁ'sV;L”E“,’E"g%‘:ﬁgﬁt_%a‘;'ﬁf_'i%'_zsg ?l(mnlgggrg.suns or
mate of the suboptimal processing time solution under averagey] v. c. Cheng and T. G. Robertazzi, “Distributed computation with com-
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700-712, 1988.
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